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The Three-Terminal Interactive

Lossy Source Coding Problem

Leonardo Rey Vega, Pablo Piantanida and Alfred O. Hero III

Abstract

The three-node multiterminal lossy source coding problem is investigated. We derive an inner bound
to the general rate-distortion region of this problem which is a natural extension of the seminal work by
Kaspi’85 on the interactive two-terminal source coding problem. It is shown that this (rather involved)
inner bound contains several rate-distortion regions of some relevant source coding settings. In this way,
besides the non-trivial extension of the interactive two terminal problem, our results can be seen as a
generalization and hence unification of several previous works in the field. Specializing to particular
cases we obtain novel rate-distortion regions for several lossy source coding problems. We finish by
describing some of the open problems and challenges. However, the general three-node multiterminal

lossy source coding problem seems to offer a formidable mathematical complexity.

Index Terms

Multiterminal source coding, Wyner-Ziv, rate-distortion region, Berger-Tung inner bound, interactive

lossy source coding, distributed lossy source coding.
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I. INTRODUCTION
A. Motivation and related works

Distributed source coding is an important branch of study in information theory with enormous
relevance for the present and future technology. Efficient distributed data compression may be
the only way to guarantee acceptable levels of performance when energy and link bandwidth
are severely limited as in many real world sensor networks. The distributed data collected by
different nodes in a network can be highly correlated and this correlation can be exploited at
the application layer, e.g., for target localization and tracking or anomaly detection. In such
cases cooperative joint data-compression can achieve a better overall rate-distortion trade-off
that independent compression at each node.

Complete answers to the optimal trade-offs between rate and distortion for distributed source
coding are scarce and the solution to many problems remain elusive. Two of the most important
results in information theory, Slepian-Wolf solution to the distributed lossless source coding
problem [1] and Wyner-Ziv [2]] single letter solution for the rate-distortion region when side
information is available at the decoder provided the kick-off for the study of these important
problems. Berger and Tung [3]], [4] generalized the Slepian-Wolf problem when lossy recon-
structions are required at the decoder. It was shown that the region obtained, although not tight
in general, is the optimal one in several special cases [5]—[8] and strictly suboptimal in others
[9]. Heegard and Berger [10] considered the Wyner-Ziv problem when the side information at
the decoder may be absent or when there are two decoders with degraded side information.
Timo et al [11] correctly extended the achievable region for many (> 2) decoders. In [[12] and
the references therein, the complementary delivery problem (closely related to the Heegard-
Berger problem) is also studied. The use of interaction in a multiterminal source coding setting
has not been so extensively studied as the problems mentioned above. Through the use of
multiple rounds of interactive exchanges of information explicit cooperation can take place using
distributed/successive refinement source coding. Transmitting “reduced pieces” of information,
and constructing an explicit sequential cooperative exchange of information, can be more efficient
that transmitting the “total information” in one-shot.

The value of interaction for source coding problems was first recognized by Kaspi in his sem-

inal work [13]], where the interactive two-terminal lossy source coding problem was introduced
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and solved under the assumption of a finite number of communication rounds. In [[14]] it is shown
that interaction strictly outperforms (in term of sum rate) the Wyner-Ziv rate function. There
are also several extensions to the original Kaspi problem. In [15] the interactive source coding
problem with a helper is solved when the sources satisfy a certain Markov chain property. In
[16]-[18] other interesting cases where interactive cooperation can be beneficial are studied. To
the best of our knowledge, a proper generalization of this setting to interactive multiterminal

(> 2) lossy source coding has not yet been observed.

B. Main contributions

In this paper, we consider the three-terminal interactive lossy source coding problem presented
in Fig. [Il We have a network composed of 3 nodes which can interact through a broadcast rate-
limited —error free— channel. Each node measures the realization of a discrete memoryless source
(DMS) and is required to reconstruct the sources from the other terminals with a fidelity criterion.
Nodes are allowed to interact by interchanging descriptions of their observed sources realizations
over a finite number of communication rounds. After the information exchange phase is over,
the nodes try to reconstruct the realization of the sources at the other nodes using the recovered
descriptions.

The general rate-distortion region seems to pose a formidable mathematical problem which
encompass several known open problems. However, several properties of this problem are

established in this paper.

General achievable region

We derive a general achievable region by assuming a finite number of rounds. This region
is not a trivial extension of Kaspi’s region [13] and the main ideas behind its derivation are
the exchange of common and private descriptions between the nodes in the network in order to
exploit optimality the different side informations at the different nodes. As in the original Kaspi’s
formulation, the key to obtaining the achievable region is the natural cooperation between the
nodes induced by the generation of new descriptions based on the past exchanged description.
However, in comparison to Kaspi’s 2 node case, the 3 nodes interactions make significant
differences in the optimal action of each node at the encoding and decoding procedure in

a given round. At each encoding stage, each node need to communicate to two nodes with

November 7, 2018 DRAFT



(9612,1312) ()313,1713) ()%2171721) ()?2371723)

2
<: Encoder 1 (: Encoder 2 :)

X2

3 Encoder3

by

(X31>D31 X327D32)

Figure 1: Three-Terminal Interactive Source Coding. There is a single noiseless rate-limited
broadcast channel from each terminal to the other two terminals. D;; denotes the average per-

letter distortion between the source X" and Xg measured at the node i for each pair i # j.

different side information. This is reminiscent of the Heegard-Berger problem [10]], [[11]], whose
complete solution is not known, when the side information at the decoders is not degraded.
Moreover, the situation is a bit more complex because of the presence of 3-way interaction.
This similarity between the Heegard-Berger problem leads us to consider the generation of two
sets of messages at each node: common messages destined to all nodes and private messages
destined to some restricted sets of nodes. On the other hand, when each node is acting as a
decoder the nodes need to recover a set of common and private messages generated at different
nodes (i.e. at round [/ node 3, needs to recover the common descriptions generated at nodes 1
and 2 and the private ones generated also at nodes 1 and 2). This is reminiscent of the Berger-
Tung problem [4]—[6], [19] which is also an open problem. Again, the situation is more involved
because of the cooperation induced by the multiple rounds of exchanged information. Particularly
important is the fact that, in the case of the common descriptions, there is cooperation based
on the conditioning on the previous exchanged descriptions in addition to cooperation naturally
induced by the encoding-decoding ordering imposed by the network. This explicit cooperation
for the exchange of common messages is accomplished through the use of a special binning

technique to be explained in Appendix [B]
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Besides the complexity of the achievable region, we give an inner bound to the rate-distortion
region that allows us to recover the two node Kaspi’s region. We also recover several previous
inner bounds and rate-distortion regions of some well-known cooperative and interactive —as

well as non-interactive— lossy source coding problems.

Special cases

As the full problem seems to offer a formidable mathematical complexity, including several
special cases which are known to be long-standing open problems, we cannot give a full converse
proving the optimality of the general achievable region obtained. However, in Section |V| we
provide a complete answer to the rate-distortion regions of several specific cooperative and
interactive source coding problems:

(1) Two encoders and one decoder subject to lossy/lossless reconstruction constraints without
side information (see Fig. [2).

(2) Two encoders and three decoders subject to lossless/lossy reconstruction constraints with
side information (see Fig. [3).

(3) Two encoders and three decoders subject to lossless/lossy reconstruction constraints, reversal
delivery and side information (see Fig. ).

(4) Two encoders and three decoders subject to lossy reconstruction constraints with degraded
side information (see Fig. [5).

(5) Three encoders and three decoders subject to lossless/lossy reconstruction constraints with
degraded side information (see Fig. [6).

Interestingly enough, we show that for the two last problems, interaction through multiple
rounds could be helpful. Whereas for the other three cases, it is shown that a single round
of cooperatively exchanged descriptions suffices to achieve optimality. Table || summarizes the
characteristics of each of the above mentioned cases.

Next we summarize the contents of the paper. In Section [[Ij we formulate the general problem.
In Section [[IIl we present and discuss the inner bound of the general problem. In Section [[V| we
show how our inner bound contains several results previously obtained in the past. In Section
we present the converse results and their tightness with respect to the inner bound for the
special cases mentioned above providing the optimal characterization for them. In Section

we present a discussion of the obtained results and their limitations and some numerical results

November 7, 2018 DRAFT



Cases | Ri Rs R3 Constraints at Node 1 Constraints at Node 2 Constraints at Node 3

(1) | #0| #0| =0 | o (s not reconstructing @ (is not reconstructing pr< X £ X{l)
any source) any source) E [d(X3, X5)] < Dao
2 | #0|#0|=0 E[d()”({g,xg)} < D> Pr(X&#XIL) <e Pr(X317éX1) <e
E [d(X3, X3)] < Dao
3 | #£0|#0|=0| E [d(XmX;)} <Dis | Pr (f(éﬁ # XIL) <e Pr (ng # Xz) <e
E [d(X5, X7)] < Dan
@ [£0] 0] =0] Blakn, x5 <pe | Blaxp,x1)] <Du | B a3, x1)] < Dss
E [d Xp, X2 ] < Das
S) | #0 | #£0 | £0 | @ (is not decoding) Pr(Xp £ XT) < Pr(X5 £ X7') <e
|<p

£ [d(nghX:;L)] < Das E [d X327X

\ /\
S

Table I: Special cases fully characterized in Section

concerning the new optimal cases from the previous Section. Finally in Section we provide
some conclusions. The major mathematical details are relegated to the appendixes.

Notation: We summarize the notation. With " and upper-case letters X" we denote vectors
and random vectors of n components, respectively. The i-th component of vector x™ is denoted
as z;. All alphabets are assumed to be finite.

Entropy is denoted by H(-) and mutual information by I(-;:). Ha(p) denotes the entropy
associated with a Bernoulli random variable with parameter p. With h(-) we denote differential
entropy. Let X, Y and V' be three random variables on some alphabets with probability distribu-
tion pxyy. When clear from context we will simple denote px (z) with p(x). If the probability
distribution of random variables X, Y,V satisfies p(x|yv) = p(z]y) for each z,y,v, then they
form a Markov chain, which is denoted by X - Y - V.

The probability of an event A is denoted by Pr{.A}, where the measure used to compute it
will be understood from the context. Conditional probability of a set A with respect to a set B
is denoted as Pr {A‘B } The set of strong typical sequences associated with random variable X
(see appendix is denoted by 7&}5’ where € > (0. We simply denote these sets as 7." when
clear from the context. The cardinal of set .4 is denoted by ||.4]|. The complement of a set is

denoted by A. With Z>,, and Rs; we denote the integers and reals numbers greater than o and
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3 respectively. co {.A} denotes the convex hull of a set A € RY, where N € N.

II. PROBLEM FORMULATION

Assume three discrete memoryless sources (DMS’s) with alphabets and pmfs given by (Xl X
Xy X X3, px,x, X3) and arbitrary bounded distortion measures: d; : X; x )2]- — Rso, J €
M 2 {1,2,3} where {X;};cr are finite reconstruction alphabet We consider the problem
of characterizing the rate-distortion region of the interactive source coding scenario described
in Fig. (I} In this setting, through K rounds of information exchange between the nodes each
one of them will attempt to recover a lossy description of the sources that the others nodes
observe, e.g., node 1 must reconstruct —while satisfying distortion constraints— the realization
of the sources X7 and X3 observed by nodes 2 and 3. Indeed, this setting can be seen as a

generalization of the well-known Kaspi’s problem [13].

Definition 1 (K-step interactive source code): A K-step interactive n-length source code, de-

noted for the network model in Fig. [I] is defined by a sequence of encoder mappings:

Fa? < (T3 X Jx o x BT x ) — T M
X x (T x T x - x T = JY) — J3 @
F 5 x (T X Ty o x TIx Tg) — T 3)

with [ € [1: K] and message sets: J; = {1,2,..., 7!}, I! € Z>o, i € M, and reconstruction
mappings:
g X Q) (Thx - x TK) — A i . (4)
meM, m#i

The average per-letter distortion and the corresponding distortion levels achieved at the node ¢

with respect to source j are:
E [dj <X;L,)A({Lj>} <Dy ijeM, itj 5)
with |
d(a"y") = — 7;1 d(@ms Yom) - (6)

The problem can be easily generalized to the case in which there are different reconstruction alphabets at the terminals. It
can also be shown that all the results are valid if we employ arbitrary bounded joint distortion functions, e.g. at node 1 we use

d(X2, X3; X2, X3).
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In compact form we denote a K -step interactive source coding by (n, K, F,G) where F and G

denote the sets of encoders and decoders mappings.

Remark 1: The code definition depends on the node ordering in the encoding procedure.
Above we defined the encoding functions { fh £ fé}lf; assuming that in each round node 1
acts first, followed by node 2, and finally by node 3, and the process beginning again at node 1.

Definition 2 (Achievability and rate-distortion region): Consider R = (R;, Ry, R3) and D £
(D12, D13, Doy, Doz, D31, D3y). The rate vector R is (D, K)-achievable if Ve > 0 there is
no(e, K) € N such that Vn > ng(e, K) there exists a K -step interactive source code (n, K, F,G)

with rates satisfying:

K
1
~D g | Tl < Rite ieM ™

=1

and with average per-letter distortions at node ¢ with respect to source j:

B |d;(X}, X3)| < Dy+e ijeM, it @®)
where X{} = i (Xi", e, moi (T X -+ % jff)) , 1 # j € M. The rate-distortion region
R3(D, K) is defined by:

Ry(D, K) = {R ‘R is (D, K)-achievable} )
Similarly, the D-achievable region R3(D) is given by R3(D) = J5_, Rs(D, K)F} that is:
R3(D) = {R : R is (D, K)-achievable for some K € 221} : (10)

Remark 2: By definition R3(D, K) is closed and using a time-sharing argument it is easy to
show that it is also convex VK € Z>.

Remark 3: R3(D, K) depends on the node ordering in the encoding procedure. Above we
defined the encoding functions { 1 f fé}ll; assuming that in each round node 1 acts first,
followed by node 2, and finally by node 3, and the process beginning again at node 1. In this
paper we restrict the analysis to the canonical ordering (1 — 2 — 3). However, there are 3! = 6

different orderings that generally lead to different regions and the (D, K')-achievable region

“Notice that this limit exists because it is the union of a monotone increasing sequence of sets.
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defined above is more explicitly denoted R3(D, K, 0.), where 0. is the trivial permutation for
M. The correct (D, K)-achievable region is:
Rs(D.K)= |J Rs(D.K,0) (11)
oceX(M)
where Y(M) contains all the permutations of set M. The theory presented in this paper for
determining R3(D, K, 0.) can be used on the other permutations o # o, to compute

III. INNER BOUND ON THE RATE-DISTORTION REGION

In this Section, we provide a general achievable rate-region on the rate-distortion region.

A. Inner bound

We first present a general achievable rate-region where each node at a given round [ will
generate descriptions destined to the other nodes based on the realization of its own source, the
past descriptions generated by a particular node and the descriptions generated at the other nodes
and recovered by the node up to the present round. In order to precisely describe the complex
rate-region, we need to introduce some definitions. For a set A, let C (A) = 24\ {A, 0} be the

set of all subsets of A minus .4 and the empty set. Denote the auxiliary random variables:
Ussiy, SeCM), 1¢S5, 1=1,....K. (12)

Auxiliary random variables {U;_,5;} will be used to denote the descriptions generated at node ¢
and at round [ and destined to a set of nodes S € C (M) with ¢ ¢ S. For example, U;_,23,; denote
the description generated at node 1 and at round [ and destined to nodes 2 and 3. Similarly,
{U1-2,} will be used to denote the descriptions generated at node 1 at round [ and destined

only to node 2. We define variables:

Wiy = Common informatiorﬂ shared by the three nodes available at node 7 at round [ before

encoding

31t should be mentioned that this is not the most general setting of the problem. The most general encoding procedure will
follow from the definition of the transmission order by a sequence t1,t2,13, ..., t x| xx With t; € M. This will cover even the
situation in which the order can be changed in each round. To keep the mathematical presentation simpler we will not consider

this more general setting.

*Not to be confused with the Wyner’s definition of common information [20].
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10

Vs, = Private information shared by nodes in S € C (M) available at node 7 € .5, at round
[, before encoding
In precise terms, the quantities introduced above for our problem are defined by:

-1
Wi :{U1a23,ka Us—13.5 U3a12,k}k:1 )

Wi =Wy U Ui o3,

Wiz g=Wia U Uasy
Vi ={U1-2,, UQ%I,k}i;_:ll , Vioag = Vg U U5,
Vs ={U153, U3—>1,k}2_:11 » Visas = Vs U Uissy
Viesi,2={U2-3,1, U3—>2,k}2;11 » Viesg3 = Vs U Uassy

Before presenting the general inner bound, we provide the basic idea of the random coding
scheme that achieves the rate-region in Theorem [I| for the case of X communication rounds.

Assume that all codebooks are randomly generated and known to all the nodes before the
information exchange begins and consider the encoding ordering given by 1 — 2 — 3 so that
we begin at round /[ = 1 in node 1. Also, and in order to maintain the explanation simple and
to help the reader to grasp the essentials of the coding scheme employed, we will consider that
all terminal are able to recover the descriptions generated at other nodes (which will be the
case under the conditions in our Theorem . From the observation of the source X', node 1
generates a set of descriptions for each of the other nodes connected to it. In particular it generates
a common description to be recovered at nodes 2 and 3 in addition to two private descriptions for
node 2 and 3, respectively, generated from a conditional codebook given the common description.
Then, node 2 tries to recover the descriptions destined to it (the common description generated
at 1 and its corresponding private description), using X7 as side information, and generates its
own descriptions, based on source X7 and the recovered descriptions from node 1. Again, it
generates a common description for nodes 1 and 3, a private description for node 3 and another
one for node 1. The same process goes on until node 3, which tries to recover jointly the common
descriptions generated by node 1 and node 2, and then the private descriptions destined to him
by node 1 and 2. Then generates its own descriptions (common and private ones) destined to
nodes 1 and 2. Finally, node 1 tries to recover all the descriptions destined to it generated by

nodes 2 and 3 in the same way as previously done by node 3. After this, round [ = 1 is over,
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11

and round [ = 2 begins with node 1 generating new descriptions using X7, its encoding history
(from previous round) and the recovered descriptions from the other nodes.

The process continues in a similar manner until we reach round [ = K where node 3 recovers
the descriptions from the other nodes and generates its own ones. Node 1 recovers the last
descriptions destined to it from nodes 2 and 3 but does not generate new ones. The same holds
for node 2 who only recovers the descriptions generated by node 3 and thus terminating the
information exchange procedure. Notice that at the end of round K the decoding in node 1 and
node 2 can be done simultaneously. This is due to the fact that node 1 is not generating a new
description destined to node 2. However, in order to simplify the analysis and notation in the
appendix we will consider that the last decoding of node 2 occurs in round K + lﬂ After all
the exchanges are done, each node recovers an estimate of the other nodes, source realizations
by using all the available recovered descriptions from the K previous rounds.

Theorem 1 (Inner bound): Let R3(D, K) be the closure of set of all rate tuples satisfying:

K
I ! !
Ri=3 " (R + By + RY5) (13)
=1
K
I I !
Ry = Z (Rél)lS + Réll + Rélﬁ%) (14)
=1
K
I ! !
Ry = Z (Rgllz + Réll + R§L2) (15)
=1
I ! I ! I I
Ry + Ry = Z <R§l>23 + R s+ Ry + R+ RV, + Réll) (16)
=1
K+1
! -1 ! -1 ! !
R+ Ry =Y (R + RS + RY + RES + R, + RE,) (17)
=1
K
I ! I I I !
Ry + R3 = Z (Rg)aw + Rélm + R§L1 + Ri(%)ﬁl + RéLs + Rélz) (18)

=1

5This is clearly a fictitious round, in the sense that there is not descriptions generation on it. In this way, there is not

modification of the final rates achieved by the procedure described if we consider this additional round.
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wherd| for each [ € [1: K]:
1—>23 > 1 <X17 Ui—23, XQW[LZ]V[12,l,1}v[23,lfl,3]>

2—>13 > 1 <X2; Us—s13, X3W[2,l]V[13,z,1]V[23,l,2])

3_>12 > 1 (Xs; Us_12, X1W[3,l]V[lz,l,Q}V[13,l,3]>

R§—>23 + R3Z—>1)2 > 1 <X1X3; Ur—23,Us 1211

R§H23 + Rzﬁlg > 1 X1X; U1—>23,1U2—>13,z)X3W[1,z]V[13,1,1]V[23,l,2}>

0)
R;HIP, + Rsam > I | XoX3; Uz 131Uz 19

XiWpe V2,2 V[13,l,3}>

XQW[B,Z—l]V[127l,1]V[23,l—1,3])
R:(al—é > 1 <X3§U3—>2,l—1’XQW[Q,Z]V[QS,lfl,B]V[12,l,2})
1_,2 > 1 <X1; Ul—>2,l’X2W[2,Z]V[23,l,2]V[12,l,1])
R

R§—>2+ :(),l—é > 1 X1 X3 U0, Uz 5121

XoWp.gVie3i-1,3) V[12,l,1])

1_>3 > 1 (Xy; UIHB,Z’X3W[3,Z]V[23,l,3]V[lS,l,l})

Rgﬁg + Rzﬁg > 1 X1 X; U1—>3,ZU2—>3,Z‘X3W[3,l]V[23,l,2}v[137l,1]>

2_>1 > 1 ( Xy; U2—>1,l

RV > T (Xz; U2—>3,l’XSW[B,Z]V[23,l,2]V[13,l,3})
( X1W[1,z+1]V[lz,l,z]V[13,z+1,1])

R, > T (X5 Uso l’X1W[1 V12,041, 1]V1313>

B+ Ry > 1 (X X5 Uao Usona| X Wi Vi Viss.a)

with R, = RET) — 0 and U;_g0 = Uisx41 = @ for S € C(M) and i ¢ S.

i—S

With these definitions the rate-distortion region satisfied’}

lJ Rs(D,K)CRs(D,K) ,
peP(D,K)

12

(19)
(20)
21
(22)
(23)
(24)
(25)
(26)
27)
(28)
(29)
(30)
€19
(32)

(33)

(34)

®Notice that these definitions are motivated by the fact that at round 1, node 2 only recovers the descriptions generated by

node 1 and at round K + 1 only recovers what node 3 already generated at round K.

"t is straightforward to show that the LHS of equation is convex, which implies that the convex hull operation is not

needed.
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13

where P(D, K') denotes the set of all joint probability measures associated with the following

Markov chains for every [ € [1: K|:
1) Uiz - (X1, W[l,l]) - (X3, X3, V21, Vs V[zs,l,z]) ,
2) Uiy —o= (X1, Wi, Vo)) o= (Xa, X3, Vs, Viesg)
3) Urosy == (X0, Wiy, Visaag) = (Xa, X3, Vioa s Viesig)) s
4) Uiz == (Xo, Wiay) o= (X1, X3, Vi Vs g, Visa2)) »
5) U2~>1,l - <X27 W[g,l}, V[12,l,2]) - (X1>X37 V[13,l,3], V[23,z,2]) )
6) U2—>3,z - (X27 W[s,l], V[23,l,2]) - (X17X37 V[12,l+1,1], V[13,z,3}) )
T Uz —o- (Xs, W[B,l]) - (X1, Xo, V[12,l+1,1]7 V[13,l,3}7 V[23,l,3]) ;
8) U3—>1,z - (X3, W[1,l+1], V[13,l,3]) - (Xl,Xz, V[12,l+1,1]> V[23,z,3]) s
9) Us—yoy o= (X3, Wi is1), Viasag)) = 1( X1, Xo, Vious11), Vinsis1,])

and such that there exist reconstruction mappings:

A

9i (X5, Viij 1,0 W, k41)) = X (35)

with E [dj(Xj,Xij)] < D,; for each i, j € M and i # j.
The proof of this theorem is relegated to Appendix |C| and relies on the auxiliary results
presented in Appendix [A] and the theorem on the cooperative Berger-Tung problem with side

information presented in Appendix

Remark 4: 1t is worth mentioning here that our coding scheme is constrained to use successive
decoding, i.e., by recovering first the coding layer of common descriptions and then coding
layer of private descriptions (at each coding layer each node employ joint-decoding). Obviously,
this is a sub-optimum procedure since the best scheme would be to use joint decoding where
both common and private informations can be jointly recovered. However, the analysis of this
scheme is much more involved. The associated achievable rate region involves a large number of
equations that combine rates belonging to private and common messages from different nodes.
Also, several mutual information terms in each of these rate equations cannot be combined,

leading to a proliferation of many equations that offer little insight to the problem.

Remark 5: The idea behind our derivation of the achievable region can be extended to any
number M (> 3) of nodes in the network. This can be accomplished by generating a greater

number of superimposed coding layers. First a layer of codes that generates descriptions destined
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to be decoded by all nodes. The next layer corresponding to all subsets of size M — 1, etc, until
we reach the final layer composed by codes that generate private descriptions for each of nodes.
Again, successive decoding is used at the nodes to recover the descriptions in these layers
destined to them. Of course, the number of required descriptions will increase with the number

of nodes as well as the obtained rate-distortion region.

Remark 6: 1t is interesting to compare the main ideas of our scheme with those of Kaspi
[13]]. The main idea in [13] is to have a single coding tree shared by the two nodes. Each leaf
in the coding tree is codeword generated either at node 1 or 2. At a given round each node
knows (assuming no errors at the encoding and decoding procedures) the path followed in the
tree. For example, at round [, node 1, using the knowledge of the path until round [/ and its
source realization generate a leaf (from a set of possible ones) using joint typicality encoding
and binning. Node 2, using the same path known at node 1 and its source realization, uses joint
typicality decoding to estimate the leaf generate at node 1. If there is no error at these encoding
and decoding steps, the previous path is updated with the new leaf and both -node 1 and 2-
know the updated path. Node 2 repeats the procedure. This is done until round K where the
final path is known at both nodes and used to reconstruct the desired sources.

In the case of three nodes the situation is more involved. At a given round, the encoder at an
arbitrary node is seeing two decoders with different side informatiorﬂ In order to simplify the
explanation consider that we are at round [ in the encoder 1, and that the listening nodes are
nodes 2 and 3. This situation forces node 1 to encode two sets of descriptions: one common
for the other two nodes and a set of private ones associated with each of the listening nodes 2
and 3. Following the ideas of Kaspi, it is then natural to consider three different coding trees
followed by node 1. One coding tree has leaves that are the common descriptions generated
and shared by all the nodes in the network. The second tree is composed by leaves that are
the private descriptions generated and shared with node 2. The third tree is composed by leaves
that are the private descriptions generated and shared with node 3. As the private descriptions
refine the common ones, depending on the quality of the side information of the node that is the
intended recipient, it is clear that descriptions are correlated. For example, the private description

destined to node 2, should depend not only on the past private descriptions generated and shared
8Because at each node the source realizations are different, and the recovered previous descriptions can also be different.
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by nodes 1 and 2, but also on the common descriptions generated at all previous rounds in all
the nodes and on the common description generated at the present round in node 1. Something
similar happens for the private description destined to node 3. It is clear that as the common
descriptions are to be recovered by all the nodes in the network, they can only be conditioned
with respect to the past common descriptions generated at previous rounds and with respect to
the common descriptions generated at the present round by a node who acted before (i.e. at
round [ node 1 acts before node 2). The private descriptions, as they are only required to be
recovered at some set of nodes, can be generated conditioned on the past exchanged common
descriptions and the past private descriptions generated and recovered in the corresponding set
of nodes (i.e., the private descriptions exchanged between nodes 1 and 2 at round [, can only
be generated conditioned on the past common descriptions generated at nodes 1, 2 and 3 and
on the past private descriptions exchanged only between 1 and 2).

We can see clearly that there are basically four paths to be cooperatively followed in the

network:

o One path of common descriptions shared by nodes 1, 2 and 3.
o One path of private descriptions shared by nodes 1 and 2.
o One path of private descriptions shared by nodes 1 and 3.

o One path of private descriptions shared by nodes 2 and 3.

It is also clear that each node only follows three of these paths simultaneously. The exchange of
common descriptions deserves special mention. Consider the case at round [ in node 3. This node
needs to recover the common descriptions generated at nodes 1 and 2. But at the moment node
2 generated its own common description, it also recovered the common one generated at node 1.
This allows for a natural explicit cooperation between nodes 1 and 2 in order to help node 3 to
recover both descriptions. Clearly, this is not the case for private descriptions from nodes 1 and 2
to be recovered at node 3. Node 2 does not recover the private description from node 1 to 3 and
cannot generate an explicit collaboration to help node 3 to recover both private descriptions. Note,
however, that as both private descriptions will be dependent on previous common descriptions
an implicit collaboration (intrinsic to the code generation) is also in force. In appendix B| we
consider the problem (not in the interactive setting) of generating the explicit cooperation for

the common descriptions through the use of what we call a super-binning procedure, in order
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to use the results for our interactive three-node problem.

IV. KNOWN CASES AND RELATED WORK

Several inner bounds and rate-distortion regions on multiterminal source coding problems can

be derived by specializing the inner bound (34). Below we summarize only a few of them.

1) Distributed source coding with side information [4], [I9]: Consider the distributed source
coding problem where two nodes encode separately sources X" and X} to rates (R, R>) and a
decoder by using side information X'§' must reconstruct both sources with average distortion less
than D, and D,, respectively. By considering only one-round/one-way information exchange
from nodes 1 and 2 (the encoders) to node 3 (the decoder), the results in [4], [19] can be

recovered as a special case of the inner bound (34). Specifically, we set:
Ur523,=Us13) = Us 190 = Uisoy = Uss1y = Us 1 = Uz = &, VI
Uins=Us 3 =9, Vi>1.
In this case, the Markov chains of Theorem (1| reduce to:
Urssa—o-Xg - (Xo, X3,Uz531) (36)
U2—>3,1—9—X2 - (X1,X3, U1—>3,1) ) (37)

and thus the inner bound from Theorem [I| recovers the results in [19]

Ri>1(X1;Ui531| X3Ua53,1) (38)
Ry>1(X; U2~>3,1’X3U1~>3,1) ) (39)
Ry 4 Ry>1(X1Xo;Ur31Uz 31| X3) . (40)

2) Source coding with side information at 2-decoders [10], [|I1]]: Consider the setting where
one encoder X' transmits descriptions to two decoders with different side informations (X7, X¥')
and distortion requirements Dy and Ds. Again we consider only one way/round information
exchange from node 1 (the encoder) to nodes 2 and 3 (the decoders).

In this case, we set:

Uss13,=Us 121 = Us 1, = Usy1 = Uz 01 = Usyg ) = &, VI
Urs23,=U1593) = U0y = U3y =9, VI > 1.
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The above Markov chains imply
(U1—>23,1> U1—>2,1> U1—>3,1) - X - (X2,X3) (41)
and thus the inner bound from Theorem [I] reduces to the results in [10], [11]

Ry>max {](Xl; Uisosn|Xo), 1(Xy; U1—>23,1|X3)}
+I( X715 U1 | XoUrsos1) + 1( X0 Uiy XsUios ) - (42)
3) Two terminal interactive source coding [13|]: Our inner bound (34) is basically the gener-
alization of the two terminal problem to the three-terminal setting. Assume only two encoders-

decoders X' and X which must reconstruct the other terminal source 3 with distortion con-

straints D, and D,, and after K rounds of information exchange. Let us set:
U1~>23,l:U2~>13,l = U3~>12,l = Ula?.,l = U3~>1,l = U2~>3,l = U3~>2,l = dJ, vi
X3=0 .
The Markov chains become
Uiey = (X, V[12,l,1]) - X, 43)
Us—s1y = (Xo, Vo) == Xa, (44)
for [ € [1 : K| and thus the inner bound from Theorem [I| permit us to obtain the results in [[13]
Ry>1(X;y; V[12,K+1,1]|X2) ) (45)
Ro>1(Xo; V[lz,K+1,2]|X1) . (46)
4) Two terminal interactive source coding with a helper [15]]: Consider now two encoders/decoders,
namely X3 and X7, that must reconstruct the other terminal source with distortion constraints
Dy and Ds, respectively, using K communication rounds. Assume also that another encoder
X7 provides both nodes (2,3) with a common description before beginning the information

exchange and then remains silent. Such common description can be exploited as coded side

information. Let us set:

U2~>13,l:U3~>12,l = U1a3,l = U1~>2,l = U1~>3,l = U2~>1,l = U3~>1,l =4, vi

U1_>237l:®, Vi>1.
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The Markov chains reduce to:

Uisozi—o- X o (X0, Xs) 47)
Uz—3 —9—(X27 U1~>23,17V[23,l,2]> —©- (X1,X3) ) (48)
U3—>2,l —9—(X3, U1—>23,17V[23,l,3]) - (X17X2) . (49)

An inner bound to the rate-distortion region for this problem reduces to (using the rate equations

in our Theorem

Ry>max {1(X1;Ui231|X2), I(X15Ur5231]X3) } (50)
Ro>1(X; V[23,K+1,2}‘X3U1%23,1) ) (51)
R3>1(X3; Vios k41,2 X2Ui5031) (52)

This region contains as a special case the region in [15]. In that paper it is further assumed
(in order to have a converse result) that X; -e— X3 —e— X5. Then, the value of R; satisfies
Ry > I(X1;Ui931|X2). Obviously, with the same extra Markov chain we obtain the same

limiting value for R; and the above region is the rate-distortion region.

V. NEW RESULTS ON INTERACTIVE AND COOPERATIVE SOURCE CODING

A. Two encoders and one decoder subject to lossy/lossless reconstruction constraints without

side information

Consider now the problem described in Fig. 2] where encoder 1 wishes to communicate the
source X' to node 3 in a lossless manner while encoder 2 wishes to send a lossy description
of the source X2 to node 3 with distortion constraint Ds;. To achieve this, the encoders use K
communication rounds. This problem can be seen as the cooperating encoders version of the
well-known Berger-Yeung [5]] problem.

Theorem 2: The rate-distortion region of the setting described in Fig. 8| is given by the union

over all joint probability measures px, x,v,_,,, such that there exists a reconstruction mapping:

932 (X1, Us13) = X3 with E [d(X27X32)} < D3y, (53)
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(X%, D32)

Figure 2: Two encoders and one decoder subject to lossy/lossless reconstruction constraints

without side information.

of the set of all tuples satisfying:

Ry > H(X1]X3) , (54)
Ry > I(Xo; Ussas| Xy) (55)
R1 + RQ Z H(Xl) + ](Xz, U2_>13|X1) . (56)

The auxiliary random variable Us ;3 has a cardinality bound of ||Us_ 3] < || A ]][|Xe]| + 1.

Remark 7: It is worth emphasizing that the rate-distortion region in Theorem 2] outperforms the
non-cooperative rate-distortion region first derived in [5]]. This is due to two facts: the conditional
entropy given in the rate constraint which is strictly smaller than the entropy H(X;) present
in the rate-region in [5]], and the fact that the random description U, .13 may be arbitrarily
dependent on both sources (X7, X2) which is not the case without cooperation [5]. Therefore,
cooperation between encoders 1 and 2 reduces the rate needed to communicate the source X;

while increasing the optimization set of all admissible source descriptions.

Remark 8: Notice that the rate-distortion region in Theorem [2] is achievable with a single
round of interactions K = 1, which implies that multiple rounds do not improve the rate-
distortion region in this case. This holds because of the fact that node 3 reconstruct X; in a

lossless fashion.

Remark 9: Although in the considered setting of Fig. [§ node 1 is not supposed to decode

neither a lossy description nor the complete source X7, if nodes 1 and 3 wish to recover the same
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descriptions the optimal rate-region remains the same as given in Theorem [2| The only difference
relies on the fact that node 1 is now able to find a function g5 (X3, Us_y13) = Xu which must
satisfy an additional distortion constraint I [d(Xg,Xm)] < Dss. In order to show this, it is
enough to check that in the converse proof given below the specific choice of the auxiliary
random variable already allows node 1 to recover a general function X 12t] = J12 (X 1[e]» Ug_ﬂg[t])

for each time ¢t € {1,...,n}.

Proof: The direct part of the proof simply follows by choosing:
Us12,=Ui31 = Ui0) = Uss1y = Usy3 ) = Uss1y) = Usyo = @, VI
Uirso31=X1, Uisesy=Ussigy =2V I>1,

and thus the rate-distortion region (34) reduces to the desired region in Theorem [2] where for
simplicity we dropped the round index. We now proceed to the proof of the converse.

If a pair of rates (R, R,) and distortion D3, are admissible for the K -steps interactive
cooperative distributed source coding setting described in Fig. [§] then for all € > 0 there exists
no(e, K), such that ¥n > ng(e, K) there exists a K -steps interactive source code (n, K, F,G)
with intermediate rates satisfying:

| K
=D log| T < Rite, i€ {12} (57)

=1
and with average per-letter distortions with respect to the source 2 and perfect reconstruction

with respect to the source 1 at node 3:

B |d(X3, X3)| < Do+ e, (58)
Pr (Xf y: ng) <e, (59)
where
Xy = goo (A1) Ky = gur (9, ) (60)
For each t € {1,...,n}, define random variables Us_13p as follows:
Uss13p = (jl[lzK],jz[lzK],Xl[l;t_l],Xl[th}) . (61)

By the condition (59) which says that Pr (X T # )A(:?l) < ¢ and Fano’s inequality [21], we have
HXTIX5) < Pr (X7 # X5 ) loga (17 = 1) + Ha (Pr(X7 £ X31) ) 2 nea . (62)
where €,(¢) — 0 provided that ¢ — 0 and n — oc.
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1) Rate at node 1: For the first rate, we have

n(Ry +¢) > H( [”q) (63)
> 1 (Jl““ Xp|x;) (64)
— nH(X1|Xs) — <X X2 “K) (65)
D nH(X1X) - H (71571 7) (66)
2 nH (X |X,) — H(XT|X) (67)
Y H(X)Xs) — e, | (68)

where

« step (a) follows from the fact that by definition of the code the sequence j2[1:fq is a function
of the source X7 and the vector of messages jl[lzK],

« step (b) follows from the code assumption that guarantees the existence of a reconstruction
function Xgl = g31 (jll K] j[l K]),

« step (c) follows from Fano’s inequality in (62)).
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2) Rate at node 2: For the second rate, we have

n(Ry+¢) > H ( 2““) (69)
> 1 (7 Xpxy) (70
_ (jg[”‘]; Xf) i (jguﬂ; X§|X{‘> 1)
(@) . n .
> 1 (jg[l‘K};X{? + 1 (jg[l'K];X2[t}‘X1[t]Xl[t+1;n]X1[1:t—1]X2[1:t—1]) (72)
t=1

© (jQ[Mq;Xf> + ZI <x72[1:K]Xl[t+1:n]X1[1:t—1]X2[1:t—1];X2[t}|X1[t]> (73)
t=1

© n

> 1(AX) + 30T (Uamsrage; Xapg Xu) (74)
t=1

@y (JJLK];X{L> + > T (Uaonziq) Xaig) X0, Q = 1) (75)
t=1

() [1:K], yn .

=TT X7 ) + 0l (Ussasig; Xog) X, Q) (76)

&) [LK], yrn ~

> (X 4l (U Xl X3 ) (77)

(9) ~

> nl (Taops XalX1) (78)

where

« step (a) follows from the chain rule for conditional mutual information and non-negativity
of mutual information,

« step (b) follows from the memoryless property across time of the sources (X7, X7'),

« step (c) follows from the non-negativity of mutual information and definitions (61)),

« step (d) follows from the use of a time sharing random variable ) uniformly distributed
over the set {1,...,n},

« step (e) follows from the definition of the conditional mutual information,

« step (f) follows by letting a new random variable [72%3 £ (Ua—a3iq): @),

« step (g) follows from the non-negativity of mutual information.
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3) Sum-rate of nodes 1 and 2: For the sum-rate, we have

n(Ry+ Ry +2¢) > H ( 1[””> +n(Ry + €) (79)
S (7)1 (A X7+ (Tays X3 ) (80)
g <j[1=K]|j[1!K]> +7 <j1[11K]; j2[11K]>
4T (jQ“K X”) +nl (UHS,XzyXl) 81)
> 1 <j1[1K X717 [1 K]) +I( 1[1:K};j2[1:K])
+ I (Jg[lK X") +nl <U2—>13,X2|X1> (82)
_ (jl[lK ) +1 (X” LK), gl fﬂ) +nl (Uzﬁlg,XQ\)Q) (83)
© n [H (Xy)+1 <U2—>13,X2|X1>}
= 1 (XA 1 (X ) (84)
o [Hx) + 1 (Taro Xal X)) | = 1 (71707 741) (85)
g) n :H(X1) + 1 <62~>13; X2|X1)} H(X7|X3) (86)
[0+ 1 (T XalX1) ] (87)
where

« step (a) follows from inequality (77),

« step (b) follows from the memoryless property across time of the source X7,

« step (c) follows from non-negativity of mutual information,

step (d) follows from the code assumption that guarantees the existence of reconstruction
function X 3 = g31 <j1[1:K], jQ[LK]) and from the fact that unconditioning increases entropy,

step (e) from Fano’s inequality in (62)).

4) Distortion at node 3: Node 3 reconstructs lossless X7, = gs; (jl[l:K], ‘72[1:1{]) and lossy
X2 = g5 (jl[lzK] j[l K]> For each t € {1,...,n}, define a function ng[t] as beging the ¢-th

coordinate of this estimate:

Xy (Uas13i) = gaopy (j[l Kl g K]> - (88)
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The component-wise mean distortion thus verifies

D3y +e > E [d (Xz, 931 <‘71[1:K]7 jg[lzK])ﬂ (89)

= — ZE [ (XQ i1 Xa2fy (U2—>13[t]))i| (90)

== ZE 4 (Xaigr, Xy (Vaisa)) ) | @ = 1] o1
=E [d (X2[Q}v Kyzia) (Vo) )| 92)
—E |d (X2, X2 (029) )| 93)
where we defined function )?32 by
Xz (Uaons) = Xo2 (Q. Unonsa)) 2 Koy (Ua-sisia)) - 94)
This concludes the proof of the converse and thus that of the theorem. [ ]

B. Two encoders and three decoders subject to lossless/lossy reconstruction constraints with

side information

Consider now the problem described in Fig. [3| where encoder 1 wishes to communicate the
lossless the source X' to nodes 2 and 3 while encoder 2 wishes to send a lossy description of its
source X7 to nodes 1 and 3 with distortion constraints D;o and Ds,, respectively. In addition to
this, the encoders overhead the communication using X communication rounds. This problem

can be seen as a generalization of the settings previously investigated in [3], [5].

Theorem 3: The rate-distortion region of the setting described in Fig. [3]is given by the union

over all joint probability measures px, x,xs0, 130, ,5 Satisfying the Markov chain
(Uz13, Uz s3) = (X3, Xa) == X3 95)
and such that there exists reconstruction mappings:
gs2 (X1, X, U 13, U g} =K with B |d(Xa, X2)| < Dsa | (%)

g12 (X17U2—>13)=X12 with [E [d(XQ;XD)} < Dqs, 7)
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Figure 3: Two encoders and three decoders subject to lossless/lossy reconstruction constraints

with side information.

of the set of all tuples satisfying:

Ry > H(X1]|X5) , (98)
Ry > I(Us—13; Xo| X1) + I (Usys; Xo|Uz13X1X3) (99)
Ry + Ry > H(X1|X3) + I(Us—y13Us3; Xo| X1 X5). (100)

The auxiliary random variables have cardinality bounds: |[Ua— i3] < || X1 |||| X2 + 2, [[Us—s]|| <
[ X[l X [[[edes s | + 1.

Remark 10: Notice that the rate-distortion region in Theorem [3 is achievable with a single
round of interactions K = 1, which implies that multiple rounds do not improve the rate-

distortion region in this case.

Remark 11: It is worth mentioning that cooperation between encoders reduces the rate needed
to communicate the source X, while increasing the optimization set of all admissible source

descriptions.

Proof: The direct part of the proof follows by choosing:
U3—>12,l:U1—>3,l - U1—>2,l - U2—>1,l - U3—)1,l - U3—>2,l =, vi

Urs23=Ui5031 = Xh, Uinogy =Ussizy =Ussgy =2V > 1.
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and Us_y131 = Uiz and U3 = Uy, are auxiliary random variables that according to

Theorem [I] should satisfy:
Usosiz o= (X1, Xo) = X3, Usg, o (Usons, X1, Xo) - Xi. (101)

Notice, however that these Markov chains are equivalent to (95). From the rate equations in

Theorem |1} and the above choices for the auxiliary random variables we obtain:

Ri93>H(X1]X) , (102)

Ry 13>max {1(Xa; Us—i3] X1), 1(Xo; Ussis| X1.X3) } (103)
ZI(X2;U2—>13|X1) ) (104)

Ryso3 + Ry 13> H (X4 X3) + [(Xa; Us 13| X1 X3) (105)
Ry y3>1(Xa; Uz 3|Uz513X1 X3) (106)

Noticing that Ry = Ry_,03 and Ry = Ry_,13 + Ro_3 the rate-distortion region reduces to
the desired region in Theorem [3] where for simplicity we dropped the round index. We now
proceed to the proof of the converse.

If a pair of rates (R;, R) and distortions (D13, D32) are admissible for the K -steps interactive
cooperative distributed source coding setting described in Fig. [3] then for all € > 0 there exists
no(e, K), such that Vn > ng(e, K) there is a K-steps interactive source code (n, K, F,G) with

intermediate rates satisfying:

K
1
~D log| Tl < Rite, ie{1,2} (107)

=1

and with average per-letter distortions with respect to the source 2 and perfect reconstruction

with respect to the source 1 at all nodes:

[ XéﬁXéE] < Dg +e, (108)
Pr(X7 £ X3) <=, (109)
[ (X3 X&] Dy +¢, (110)
Pr(X”#X ) e, (111)
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where

K= goo (71 X)L Xy = g0 (A X)L (112)
X3 = ga ( 1, 2[1:K}>X§L> . X3 =g <«71[1:K17X§> : (113)
For each t € {1,...,n}, define random variables Ua_139 and Us_,3 as follows:
Uiz = (jl[l:K]ajg[l:KlaXl[lztfl]aXl[t+1:n]7X3[1:tfl]> : (114)
Uiy = (Ussaspeg, Xafrrtin), Xoie—1)) - (115)

The fact that these choices of the auxiliary random variables satisfy the Markov chain (95) can be
obtained from point 6) in Lemma [I0] By the conditions (IT1) and (I09), and Fano’s inequality,

we have
HXIX3) < Pr (X7 # X5 ) loga(17)] = 1) + Ha (Pr(XT # X3)) £ e, (116)
HXTIX5) < Pr (X7 X5 ) logo (17 = 1) + Ha (Pr(X7 # 831)) 2 nea . (117)

where ¢, (¢) — 0 provided that ¢ — 0 and n — 0.

1) Rate at node 1: For the first rate, we have

n(Ry+e) = H (7)) (118)
> H (jPWXQ) (119)
D1 (7 X7 120)
= nH(X\|X2) — H <XﬁX§’jl[1ZK]) (121)
(ﬁ) nH(X,|X,) — H(X"|X}) (122)
 H (XX — ] | (123)

where
« step (a) follows from the fact that by definition of the code the sequence jl[uq is a function
of the both sources (X7, X7),
« step (b) follows from the code assumption in (II3) that guarantees the existence of a
reconstruction function Xgl = gn ( 1[1:K}, X;"”),

« step (c) follows from Fano’s inequality in (T17).
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2) Rate at node 2: For the second rate, we have

n(Ry+¢) > H (j;m]) (124)
9 1 (g X 129
(b) )
> 1 <j2“~K]; Xng\X{‘) (126)
O 1 (g7, Xy Xy (127)
= 1 (AT Xy + 1 (M XXXy (128)
(_—) |:I <\71[1:K]\72[1:K];XS[t]|X{l7X3[1:tfl])

t=1
1 (T X | XX Xopa ) | (129)
© [I <\71[1:K];72[1:K]X1[1:t—1]X1[t+1:n]X3[1:t—1]; XS[t]|X1[t]>
t=1
+ 1 <j1[1:K]\72[1:K]Xl[lstfl]Xl[t+1:n]XS[l:tfl]XS[t+1:n]X2[1:t71]; X2[t}|X1[t]X3[t]> ](130)
f n
ol [I (Ussaapeg; Xapg | Xap) + 1 (Uassaapegs Xopg | X Xap)
t=1
1 (Uassigs Xoig | Xaig XogUa1ai0) | (131)
= I (Usssspeg; Xop Xapg| Xap) + 1 (U2—>3[t];XQ[t]|X1[t]X3[t]U2—>13[t])] (132)
t=1

S
(-

I (Usosazpy; Xop | Xap) + 1 (UQHS[t];X2[t]|Xl[t}X3[t]U2H13[t])} (133)

il
N

II=
(]

I (Uss1q); Xoig) Xijq1, @ = t)

o~
Il
—

+1 (Uz-ssiars Xaiq) | Xi@ Xs@1 V23101, @ = 1) ] (134)

> {1 (oot Xal X2 ) 1 (T Kol X3 XD | (135)

where

« step (a) follows from the fact that 7/""] is a function of the sources (X, X1),
« step (b) follows from the non-negativity of mutual information,

« step (c) follows from the fact that jl[mq is a function of jQ[LK] and the source X7,
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« step (d) follows from the chain rule for conditional mutual information,

« step (e) follows from the memoryless property across time of the sources (X7, X7, X7),

« step (f) follows from the chain rule for conditional mutual information and the defini-
tions and (115,

o step (g) follows from the Markov chain Us_, 316 (X1, Xop) © Xspy, forall t € {1,...,n},

« step (h) follows from the use of a time sharing random variable () uniformly distributed

over the set {1,...,n},
« step (i) follows by letting new random variables (72_>13 £ (U131, @) and (72_>3 =
(Uas1q1, Q)-

3) Sum-rate of nodes 1 and 2: For the sum-rate, we have
n(Ry+ Ry +2¢) > H (JP:K}) v H ( 2[“{]) (136)
_ (jl[lsK}jQ[LK]) ny <jl[1:K]; 2[1:1{]) (137)
Do (g xpxgxy )+ 1 (g ) (138)
2 (7978, x| X ) (139)
= (A XX ) + 1 (A X 1x ) (140)

= H(X71X3) - | (X0l )
1 (7 X ) (141)
S B (1) — HOG IR + 1 (a7 x5 ) (142)
2l (X)) — e + 1 (A9 xp1x g (143)
© ZI (jl[uqJ2[1:K]X1[1:t—1]Xl[t+1:n]X3[1:t—1]X3[t+1:n]X2[1:t—1];X2[t]|X1[t]X3[t]>

t=1
+ n[H (X1|X3) — €] (144)
D [H (X1 X5) — 0] + 3 T (UsiaigUs: Xogg| X Xogg) (145)
t=1

2 [H (X11X5) — €0+ I (Unsisi)Uzossiar: Xai)| X110 Xaig), Q)] (146)
Do [H(X0]X5) = e + 1 (Tr1algs Xl X1 X5 )| (147)

where
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« step (a) follows from the fact that 7} K] and j2[1:K} are functions of the sources (X', X7, X¥),
to emphasize

« step (b) follows non-negativity of mutual information,

« step (c) follows from the code assumption in that guarantees the existence of recon-
struction function X7, = gs; <jl[1:K], TEE Xgl),

« step (d) follows from Fano’s inequality in (ITT]),

« step (e) follows from the chain rule of conditional mutual information and the memoryless
property across time of the source (X7, X7, X7),

« step (f) from follows from the definitions (114) and (113)),

« step (g) follows from the use of a time sharing random variable () uniformly distributed
over the set {1,...,n},

« step (h) follows by letting new random variables Us 1z 2 (Uz—13)¢), @) and Uy 3 2
(U231, @)-

4) Distortion at node 1: Node 1 reconstructs a lossy X 15 = g12 (]2[1:K], X?). It is clear that

we write without loss of generality X12 = G120 < PZK}, DK X”) For each t € {1,...,n},

define a function X 127 as beging the ¢-th coordinate of this estimate:

Kizgy (Unoossig: Xuig) 2 g1z (7, 77, X7 (148)

The component-wise mean distortion thus verifies

Dyp+e>E [d <X2,912(j[1 Kl gk X"))] (149)
- —ZE[ (Xt Koy (U, X)) | (150)
== ZE 4 (Xerar Kz (Voo Xuia))) | @ =1 (151)
—E [d (XQ[Q], Kz (Vs Xiia) )| (152)
= [ (%, Koo (T, X1))] (153)

where we defined function X 12 by

X1 ([72%13,)(1) = X1 (Q, Ussasigp Xajq)) £ Xioe (Uasisiq), X1jq)) - (154)
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5) Distortion at node 3: Node 3 reconstructs a lossy description X 35 = 032 (jl[lzK] I, [1:K] , X ")

For each t € {1,...,n}, define a function X 321 as beging the t-th coordinate of this estimate:

Kiaig (Uasisns Uaosaiys Xaig) 2 gazgy (70, 787, x31) (155)
The component-wise mean distortion thus verifies

D32+52E[d (X290 (7, 7, X3 )| (156)

— = ZE (& (Xei, Xzt (Uasrsi, Uy, X)) | (157)

- —ZE[ (Xei Kazie) (Va3 Voo X)) ) | @ =1 (158)

=E [d <X2[Q}7 Xasia) (Ua-sial Usssial, X3[Q])>] (159)
—E |d (X3, Xgz (U3, o, X3 ) )| (160)

where we defined function )?32 by

X (ﬁz—ua, Us s, Xs) = X (Q, Usa3iq)s Ussiq)s Xsp0))

£ Xasiq) (Uzssiq) Uzssiq)s Xsial) - (161)

This concludes the proof of the converse and thus that of the theorem. [ ]

C. Two encoders and three decoders subject to lossless/lossy reconstruction constraints, reversal

delivery and side information

Consider now the problem described in Fig. ] where encoder 1 wishes to communicate the
lossless the source X{' to node 2 and a lossy description to node 3. Encoder 2 wishes to send
a lossy description of its source X7 to node 1 and a lossless one to node 3. The corresponding
distortion at node 1 and 3 are D;, and D3y, respectively. In addition to this, the encoders
accomplish the communication using /' communication rounds. This problem is very similar to

the problem described in Fig. [3) with the difference that the decoding at node 3 is inverted.

Theorem 4: The rate-distortion region of the setting described in Fig. @] is given by the union

over all joint probability measures px, x, x,v, ., satisfying the Markov chain

Us_13 - (Xla XZ) - X3 (162)
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(X{L27D12)

Xn
Ry
X~ X5
Rl R2 %
(X??lv D31)
Ry "

. % n ~ n
to emphasize Xo =~ Xq

—

Figure 4: Two encoders and three decoders subject to lossless/lossy reconstruction constraints,

reversal delivery and side information.

and such that there exists reconstruction mappings:
931 (Xo, X3, Us13)=X31 with E |:d<X17 X:n)} < D3, (163)
912 (X1, Uss13)=X1o with E [d(X%Xu)} < Dy, (164)

of the set of all tuples satisfying:

Rle(leXg) , (165)
Ro>1(Ugs13; Xo| X1) + H(X2|Us13X1 X3) (166)
Ry + Re>H (X1 Xo|X3) (167)

The auxiliary random variable has cardinality bounds: |[Ua_13]| < || X1]|]| 2| + 3.

Remark 12: Notice that the rate-distortion region in Theorem [ is achievable with a single
round of interactions K = 1, which implies that multiple rounds do not improve the rate-
distortion region in this case.

Remark 13: Notice that, although node 3 requires only the lossy recovery of Xj, it can in
fact recover X perfectly. That is, as node 3 requires the perfect recovery of X5, it has the same

information that node 2 who recover X; perfectly. This explains the sum-rate term. We also see,
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that the cooperation helps in the Wyner-Ziv problem that exists between node 2 and 1, with an

increasing of the optimization region thanks to the Markov chain (162).

Proof: The direct part of the proof follows by choosing:
Us—120=U1531 = U121 = Us 11 = Uz 10 = Uss0, = &, VI
U1—>23EU1—>23,1 =X, ,Us3 = U2—>3,1 =Xy U1—>23,l = U2—>13,l = U2—>3,l =aVvVi>1
and with Us_,;31 = Us_,13 auxiliary random variable that according to Theorem |1| should satisfy:
Uy = (X1, X2) = X5 . (168)

From the rate equations in Theorem [I] and the above choices for the auxiliary random variables

we obtain:
Rusos>H(X1|Xa) | (169)
Ry az>max {1(Xo; Usy13] X1), [(Xo; Uz | X1 X3) } (170)
=1(Xo; Uy13|X1) (171)
Ry_03 + Ro 13> H (X1 |X3) + I(Xo; Us 13| X1 X3) (172)
Ross>H(Xo|Us 15X X5) . (173)

Noticing that Ry = Ry_,53 and Ry = Ry 135 + Ry,3 the rate-distortion region (34) reduces to
the desired region in Theorem [, where for simplicity we dropped the round index. We now
proceed to the proof of the converse.

If a pair of rates (RR;, R2) and distortions (D12, D3;) are admissible for the K -steps interactive
cooperative distributed source coding setting described in Fig. @} then for all £ > 0 there exists
no(e, K), such that ¥n > ng(e, K) there exists a K -steps interactive source code (n, K, F,G)

with intermediate rates satisfying:

K
1
~ > log| T < Rite, i€{1,2} (174)

=1
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and with reconstruction constraints:

E[d(X7, X3)] < Dy + ¢, (175)

Pr (X{‘ 4 f(gg) <e, (176)

E [d(x5, X7)] < Dis +e . (177)

Pr (X; ” X;g) <e, (178)

where

X3 = g3 ( 1[1:K]a~72[1:K}7X§1) Xy = g1 ( 2[1:K]7X1"> ) (179)

K= go (A AN X7) L K= g (A, X7) (180)

For each ¢t € {1,...,n}, define random variables Us_, 31 as follows:

Ussiap (j1[1:K]7j2[11K17Xl[l:t—1]7Xl[t+1:n]7X3[1:t—1]> : (181)

Using point 6) in Lemma [I[0] we can see that this choice satisfies (I62)). By the conditions (I76)
and (178), and Fano’s inequality, we have

H(XT|X3) < Pr (XD # X3, ) logy (17 = 1)+ Hy (Pr(XT # X3) ) 2 new . (182)
H(X31X5) < Pr (X3 # X3 ) loga(16511] = 1) + Ha (Pr(Xg # X3)) £ e, (183)

where €,(¢) — 0 provided that ¢ — 0 and n — oo.
1) Rate at node 1: For the first rate, from cut-set arguments similar to the ones used in

Theorem [3] and Fano inequality, we can easily obtain:

n(Ry +¢) > n[H(X1|X2) — €] (184)
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2) Rate at node 2: For the second rate, we have

n(Ry + 5) >

where

November 7, 2018

—~
3}
~

+

—
~
-

/)

VA

I <j2[1:K]> (185)
V(XXX (186)
1 (" xpx31x7) (187)
1 (77 XX X (189
1 (g g ) 4+ 1 (g xg X ) (189)

[I( 1K]J21K] X | X1, Xapiae— 1])

t=1

1 (T, Xy | X7 X7 X)) | (190)

3

[I <\71[1:K];72[1:K]X1[1:t—1]X1[t+1:n]X3[1:t—1]; XS[t]|X1[t]>

t

Il
—

~
VS

jl[LK]u72[1:K]Xl[lstfl]Xl[t+1:n]XS[l:tfl]XS[t+1:n]X2[1:tfl]; Xopy |X1[t]X3[t]> ](191)

3

t=1

[I (Uasaapegs X | X)) + 1 (Uassaapyg Xapes 1 Xope—1]; Xog | X Xap)

WE

I (Us—sazp; Xop X Xapg)

t=1

+1 (XS[t+1:n}X2[1:t—1]§X2[t]|X1[t}X3[t]U2—>13[t]):| (192)

[I <U2H13[t};X2[t]|X1[t]) + H (XQM|X1[t}X3[t]U2H13m)
t=1
—H (Xop | X1 Xs(ten) U2~>13[t}X2[1:t71}>i| (193)
[I (Uaaag; X Xap) + H (X | Xapg Xag Uaasp)) — en] (194)
t=1
) [I (U213001: Xaiq)| X, Q = 1)
t=1
+H (Xa/q)| X110/ Xsi@) U310, Q = 1) — en} (195)
n[[ <ﬁ2—>13;X2|X1> + H <X2|X1X3ﬁ2_>13> — €n] , (196)
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step (a) follows from the fact that ‘72[1:1(] is a function of the sources (X7, X7),

step (b) follows from the non-negativity of mutual information,

)
) follows from the fact that 7,>") is a function of 7)) and the source X7,

step (c

(
(
(
step (d) follows from the chain rule for conditional mutual information,
step (e) follows from the memoryless property across time of the sources (X', X%, XT),
step (f) follows from the definition (I8T])
step (g) follows from the Markov chain Us_, 136 (X1, Xop) e X, forall t € {1,...,n}
and the usual decomposition of mutual information,
step (h) follows from the fact that Pr <X2[t] =+ ng[t]) <eVted{l...,n}, ng[t] =
93211)(Ua—s13}¢), X3je:n)) and Fano inequality.
step (i) follows from the use of a time sharing random variable ) uniformly distributed
over the set {1,...,n},

step (j) follows by defining new random variables Up_z & (Uasa3iq): Q)-

3) Sum-rate of nodes 1 and 2: From cut-set arguments and Fano inequality, we can easily

obtain:

4) Distortion at node 1: Node 1 reconstructs a lossy X& = 912( [1:K] X”) For each

t € {1,...,n}, define a function Xu[t} as the ¢-th coordinate of this estimate:

Xiopy (Ui, X)) = gaogy (jg[lzK],Xﬂ : (198)
The component-wise mean distortion thus verifies

Diy+2>E [d (X7, 90 (7™, x7)) | (199)
== ZE [ (Xat, Kz (Voo Xapg) )| (200)
= —ZE[ <X2[Q Xiz1q) (Uas131q1 Xija ) ‘ Q —t} (201)
=B [d (XQ[Qb Xiz1q) (Ua-131); Xl[Q]))} (202)
—E [d (X2, X2 (Ta3, X)) | (203)

where we defined function X 12 by

Xz (Do, X1) = K12 (Q Uz Xija) 2 Xiziey (Voo X)) - 204)
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5) Distortion at node 3: Node 3 reconstructs a lossy description Xn 3 = 931 (j [1:K] s o [1:K] , X ").
For each t € {1,...,n}, define a function Xgl[t] as:

X1 (Uzﬂg[t],ng[t],Xs[t],Xs[tH:n]) = 9311y (j[l K gk Xn) te{l,...,n}. (205)

This can be done because X 32[7) 18 also a function of (jl[lzK], jz[lzK], X g}) The component-wise

mean distortion thus verifies

Dpte>E [d (X{l,ggl(j”{] Ty, X")ﬂ (206)
- —ZE[ (X Korta (Voo Koo, X, X ) )| 207)
@ ~ Z E [d (X, Xy (Ua-iais Xoigs Xapgs Xap1m) )] (208)
?—ZE [ (Xu, Ko (Voo X, X)) (209)
= —ZE [d (Xl[Q Xs11q) (Uassia), Xorq) Xsiq) ) ‘ Q= t} (210)
=E [d (Xl[QbXS?[Q] (UHa[Qsz[Q]’XS[Q}))} (211
—E [d (Xl,)?32 ((72%3,)(2,)(3))] , 212)

where
« step (a) follows from the fact that )_(31[,5} <U2*>13[t],X32[t},X3[t], Xg[tﬂm}) can be trivially
expressed as a function of (U2_>13[t], Xop, X34, Xg[t_i_l:n}) as follows:
Xs1ig (Uaosasg Xop Xag Xsjrrmg)  1f Xopg = Xaopy
e (U2—>13[t]X32[t]X3[t}X3[t+1:n}> if Xoy # X32[t]

o step (b) follows from the fact that X - (Us—s131Xo X3pg) = X3jt41:n), Which implies

Xs1i (Uoss1sig Xop Xag Xsps1m)) =

that for all t € {1,...,n} exists Xgl[t] (Ugﬁlg[t],XQ[t}, X3[t]) such that
E [d (Xl[tb Xy (UHa[t}Xz[t]XB[ﬂ)ﬂ < E [d (X9, Xaipg (Vo310 Xog Xag Xape+ 1) )|
We also defined function )N(32 by
5532 <ﬁ2»13,X2,X3> = )?32 (Q, Ua—131q)5 X2[Q]>X3[Q})
£ Xaoig) (Uassia)s Xoiq) Xsjal) - (213)
This concludes the proof of the converse and thus that of the theorem. [ ]
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D. Two encoders and three decoders subject to lossy reconstruction constraints with degraded

side information

Consider now the problem described in Fig. [5] where encoder 1 has access to X; and X3 and
wishes to communicate a lossy description of X; to nodes 2 and 3 with distortion constraints
Dy and D3y, while encoder 2 wishes to send a lossy description of its source X3' to nodes 1
and 3 with distortion constraints D5 and Dss. In addition to this, the encoders overhead the
communication using A communication rounds. This problem can be seen as a generalization of
the settings previously investigated in [[19]. This setup is motivated by the following application.
Consider that node 1 transmits a probing signal X3 which is used to explore a spatial region (i.e.
a radar transmitter). After transmission of this probing signal, node 1 measures the response (X)
at its location. Similarly, in a different location node 2 measures the response X5,. Responses X,
and X, have to be sent to node 3 (e.g. the fusion center) which has knowledge of the probing
signal X3 and wants to reconstruct a lossy estimate of them. Nodes 1 and 2 cooperate through

multiple rounds to accomplish this task.

(X&v Dl?)

¢

(Xgla D21)

Figure 5: Two encoders and three decoders subject to lossy reconstruction constraints with

degraded side information.

Theorem 5: The rate-distortion region of the setting described in Fig. [5| where X - X5-e- X,

form a Markov chain is given by the union over all joint probability measures px, x, X, k101 5.1
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satisfying the following Markov chains:

Uizt o= (X1, X3, W) o Xo (214)
Uz —o- (X27 W[Q,l]) —©- (Xb X3) ) (215)
U3,k —&- (X1, X3, W[Q,K]) - Xy, (216)

for all [ = [1 : K|, and such that there exist reconstruction mappings:

912 (X1, X5, ULs i, Wi ics1) = X12 - with
921 (X2, Wi c417) = Xo
gs31 (Xs, Wl [1,K+1] Uissx )

932 (X3,W1 K+1]7U1ﬁ3K) X3, with

d(X27X12) < D,

—

d(XbXSl) < D3 ,

E
with E [d(X1, Xo1)| < Dot |
X3 with E

E

d(X2>X32) < D3y ,
with Wy = {Ur-03y, U2_>13’l}2__:11f0r all [ =1[1: K]H of the set of all tuples satisfying:

Ry > I(Wp k417 X1 X3|Xo) + I(Urss,x5 X1 (Wi ok 111X3) (217)

Ry > I(Wp k4135 X2| X3) - (218)

The auxiliary random variables have cardinality bounds:

-1
o3l < 12 XN T T Ihmesill [Uosill +1, 1€ 11 K] (219)
=1
-1
[Uss13,]] < || X ||| 23, H 1L o3l [Uaa34]| +1, 1€ [1: K] (220)
i=1
K
led sl < (XN ] ] 12hsillltdess ll + 3. (221)

i=1
Remark 14: Notice that multiple rounds are needed to achieve the rate-distortion region in
Theorem [5] It is worth to mention that first encoders 1 and 2 cooperate over the K rounds while
on the last round only node 1 send a private description to node 3. Because of the Markov chain
assumed for the sources we observe the following:
o Only node 1 send a private description to node 3. This is due to the fact that node 3 has

better side information than 2.
“Notice that Us_12,; = @ for all [ because Rz = 0.
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o For the transmissions from node 2, both node 1 and 3 can be thought as an unique node
and there is not reason for node 2 to send a private description to node 1 or node 3.

« Notice that the there is not sum-rate. Node 3 recovers the descriptions generated at nodes
1 and 2 without resorting to joint-decoding. That is, node 3 can recover the descriptions

generated at nodes 1 and 2 separately and independently.

Proof: The direct part of the proof follows by choosing:

Urs2,=Us1) = Ussi0) = Uss1) = Usyoy = Usygy = 9, VI

U1_>37l:@ < K.

and Uy_,93; and Us_,;3; and U;_,3 ¢ are auxiliary random variables that according to Theorem
[I] should satisfy the Markov chains (214)-(216). Cumbersome but straightforward calculations
allows to obtain the desired results. We now proceed to the proof of the converse.

If a pair of rates (R, R2) and distortions (D12, Doy, D31, D32) are admissible for the K -steps
interactive cooperative distributed source coding setting described in Fig. [5] then for all £ > 0
there exists ng(e, K), such that Vn > ngy(e, K) there exists a K-steps interactive source code

(n, K, F,G) with intermediate rates satisfying:
LK
~> log|l T < Rite, i€ {12} (222)
=1

and with average per-letter distortions

E[d(X7, X3)] < Do+ ¢, (223)
E [d(X7, X5)] < Doy + e . (224)
E[dxz X)) < Dy + e, (225)
E |d(X5, X3)] < D+ e, (226)

where
X = g0 (A AN XG) L X =g (AL A XL Xy) L @)
K= go (A, AN X5) L Xy = g (A, A X)) (228)
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For each ¢t € {1,...,n}, define random variables (U1_>3,[t], Ug_)37[t}) and the sequences of random

variables (U231, Usz—13,k,[1] Jk=[1:K] as follows:

Uisasag = (T Xapa—1)s Xofer1m)) (229)
Uz—13,1,11) = jzl ) (230)
Ui =JF , VEk=[2:K], (231)
Ursiskin = Js , Vk=[2: K], (232)
Uiss i = Xajtn » (233)

From Corollary [ in the Appendices we see that these choices satisfy equations (214)), (215) and

(16).

1) Rate at node 1: For the first rate, we have

n(Ry+¢) > H <j1[1:K1> (234)
D (g xpxpag) (235)
2 1 (X xg) (236)
SRRV elbe) 237)
= [ (M XXy ) + 1 (M7 X ) 238)
@ - 1 jl[l K]j[lKX21t 1) X2t 1:n) X3[1:0—1) Xgft41:0) X [1:0- 11’X1[t1|X2t1X3[ﬂ>
t=1
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~

\71[1 K]j[l K] X1 Xop—1) Xojt41:m); X3 X2 t]) (239)

—
@
~—
-
Il
—_

)=

TR T Xop v X1 Xt Xapa-173 Xy |X2t]X3[t]>

il
I,

I

\E

(
(
(
(

~71[1:K] jQ[I:K} X31:-1) Xoft41:n]; X3j1] ’XQM) .

-
Il
—
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3

I (jl[l:K]\72[1:K]X2[t+1:n]X3[1:t—1]; X1[tﬂX2[t]X3[t}>

o~
Il
—

M:

[I <X3[t+1n]X1[1t 115 X | T JH g g K]Xz[tn}Xsu t})

=1
t +1 <\71[1:K]t72[1:K]X3[1:t—1]X2[t+1:n];XS[t}‘XQ[t]>:| (241)
= Z (Jl[l K giv K]Xz[t+1n]X3[1t 115 X119 X3 t]|X2[t>
T Z (Kot X X T Koy X ) (242)
& ﬁ: I (Jl[l Kl 7Kl KXot 1:0) Xa[1:0—-1]5 X111 X309 |X2[t]>
T Z (Koot X5 X Xog| T T X1 X 243)
(g 2:‘: (Jl[l g5 Xoft1:0) X3[1:0-1]; Xl[t}XB[t]|X2[t}>
S (Xg[mn Xiig ]I T X1 X ) (244)
2 Z I (Urzs 1. 19 U1 101,103 X 10 Xapg | Xopg )
t=1
+ il (Ulﬁ?&,K,[t];Xl[t]‘U1%23,[1:K},[t}U2%13,[1:K],[t]X3[t}) (245)
t=1

=Y T (Ursas 1@ U3 1601 Xaia1 Xsiq) | Xogq, @ = 1)

t=1
+ Z[ (U153, 1015 X110 Urs23,11:10, 01 Uz—13,1: 50,101 X31), @ = 1) (246)
t=1
(4) = = = e =
= n[[ <U1—>23,[1:K}U2—>13,[1:K];X1X3|X2>+—7 <U1—>3,K§Xl|U1—>23,[1:K]U2—>13,[1:K]X3>}
= |1 (Wi X1 X612 ) +1 (U1 s Xa Wi X3 ) | 247)
where

« step (a) follows from the fact that jI[LK] is a function of the sources (X7, X7, X¥),
« step (b) follows from the non-negativity of mutual information,

« step (c) follows from the fact that J7/"*! is a function of 7" and the source X7,
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« step (d) follows from the chain rule for conditional mutual information and the memoryless
property across time of the sources (X7, X7, X1),
« step (e) follows from the non-negativity of mutual information,
o step (f) follows from the Markov chain Xy -9—(jl[LK]‘72[1:K]X2[t+1:n]X3[1:t])-G—(Xg[t_i_l:n} Xipie-1))
(Corollary E| in the appendices), for all ¢ = [1 : n| which follows from X; -e- X3 - X5,
« step (g) follows from the non-negativity of mutual information,
o step (h) follows from defintions (233).
« step (¢) follows from the standard time-sharing arguments and the definition of new random
variables, (i.e. 171%237[1:;(] £ (Ur5923.11:K),[q), @) and X, £ (Xi1g, Q))-
and the last step follows from the definition of the past shared common descriptions W, j V. It
is also immediate to show that (ﬁl_%,l, ﬁ2_>13’l) satisfies the Markov chains in — for
all [ € [1: K.

2) Rate at node 2: For the second rate, by following the same steps as before we have

n(By+2) > H () (248)
D (g xpxpxy) (249)
) |
> 1 (7, xp1x7 ;) (250)
91 (g Xy X ) (251)
d ) .

o (g xy x| ) (252)

© o

> 1 (A xp1x) (253)

H < K] 11

DN <J1[1 Kl K]Xs[uq]Xs[tH;n}Xz[tﬂ:n}; X2[t]|X3[t]> (254)
t=1

(9) — . .

> S 1A T Xy Koo X X ) (255)
t=1

h n

® Z I (Ursa3, 150,19 Uz 13, 11,0, 173 X | Xa) (256)
t=1

Dt (Wi %15 ) (257)

where

. step (a) follows from the fact that 7"~ is a function of the sources (X7, X2, X1,
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« step (b) follows from the non-negativity of mutual information,

« step (c) follows from the fact that jl[uq is a function of jQ[I:K] and the source (X', X7¥),
« step (d) follows from the Markov chain X; -e- X3 - X.
« step (e) follows from the non-negativity of mutual information,

« step (f) follows from the chain rule for conditional mutual information and the memoryless

property across time of the sources (X7, X7, X1),

« step (g) follows from the non-negativity of mutual information,

« step (h) follows from definitions (233).

o step (¢) follows the definition for YA}, ;) VI and from standard time-sharing arguments similar

to the ones for rate at node 1.
3) Distortion at nodes 1 and 2: Node 1 reconstructs an estimate X 1% = g12 (\71[1«]’ \72[1:K], X7, X§‘>
while node 2 reconstructs X2, = 921< ) 2[1:K],X§>. For each ¢t € {1,...,n}, define
functions Xlg[t] and Xgl[t} as being the ¢-th coordinate of the corresponding estimates of X{Lz

and X;‘l, respectively:

(1>

X Wik, Ursa ki Xagg Xaies Xape—1)s Xj+1m))

X21[t] Wi k211,11, Xop)

912[1] <j1[1:K}’ 2[1:K}’ X?)(?-SS)

921[t] <j1[1:K}’ 2[1:K}7X5L>(259)

lI>

The component-wise mean distortions thus verify

Dip+e>E [d (XQ, gua (T, e, X{l)ﬂ (260)

=
S|
(]
=

@ (KXot Kot W0 Uiy Xoigs Xaig, Xagia—, X)) | 261

S
S|
(]
&=

d <X2[t] X Wik, Urss., X, XB[t]))} (262)

1 [ O %
~> E|d (XQ[QM Xiatg) W@ Viss e X1i): Xg[@})) ’ Q= t] (263)

n t=1
=E [d <X2[Qb Xt Wik+1a1, Uiss ki@ X, Xs@])ﬂ (264)
DR [ (X, Koo (Wi, O, X1, X3 ) )] (265)

where

« step (a) follows from (259),
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o step (b) follows from Markov chain Xy —e- (Xl[t], X, \71[1:1(]’ \72[1:[(], Xste—1]s Xajt41:m)
XQ[HM]) o (X1[1;t—1], X1[t+1:n}) V t = [1 : n] (which can be obtained from Corollary 4| in
the appendices) and Lemma [9]

« step (c) follows from the following relations:

X1 (W)[I,K-i-l}a (71_>3,K,X1,X3> = X1 (Q Wi, k+1100, Uiss k01 X1ia) X31q))
£ X Wikria Uiss el Xl Xsi) -
By following the very same steps, we can also show that:
Dy +2 > E [d (X1, 90 (70, 71, x3) )] (266)
= E [a (X1, X1 (Wiaseen, X2) )] (267)

and where we used the Markov chain Xj.—1)-e- (Xap, jl[lzK], jQD:K], Xat—1)s Xof1:m) ) © Xy
YV t = [1 : n] (which can be obtained from Corollary |4I| in the appendices) and Lemma |§] and

where we define the function )221:
Xo <VNV[1,K+1],X2) = X (Q,VNV[LKH},[Q],XQ[Q]) = X;HQ} ()//\V/[I,K—l—l],[Q]a U2—>13[Q]7X2[Q]> :

4) Distortions at node 3: Node 3 compute lossy reconstructions X7, = g (Jl[lzK], ._72[111(], X g)
and X;}Q = g3 ( [ K} [1 K] , X ”> For each t € {1,...,n}, define functions Xgl[t] and ng[t]

as being the ¢-th coordinate of the corresponding estimates of Xn 31 and X§L2, respectively:

X Wi k+1319, Ur=s, k.1, Xape) —931[t]< T gk X”) ; (268)
X32 (W[l K+1] [t],U1—>3K[t} Xs[t]) = 932[t]< . K} [1 H Xn) . (269)

The component-wise mean distortions thus verify
Dy +e>E [d <X1,ggl(j K] K] X")ﬂ (270)

- ZE [ (Xl 1> X Wi+ 1105 UHs,K,[t],Xs[t])ﬂ (271)

= ‘ZE[ (X Ksiie Mrsgan Uiaian X)) | @=1]  @72)

[d (X i) Xaiig) Wk el Vs e fal Xz[@})ﬂ (273)

=E
= E [d (X1, Ko (Wiscs, Ui Xs) )| @74)
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where the last step follows by defining the function X 31 by

X3 <)//\7[1,K+1]7 Urss ks X3> = Xy (Q Wi, k+11,0), U3,k (01 X3(0))
£ Xaig Wi Uissxiar Xag) -
By following the very same steps, we can also show that:
D3y +e > E [d (X27 932 (u71[1:K]> u72[1:K]> X:?))] (275)
= E |d (X2, Koo (Wiscs, Urosc Xs) )| 276)

and where we define the function X 32 by

X <W[1,K+1]7 (71—>3,K, X3> — X (Q Wi, k+11,0), U3,k (01 X3(0))
£ Xaojg Wi k1110 Ur=s.k 0], X30)) -

Cooperative distributed source coding with two distortion criteria under reversal delivery and

side information This concludes the proof of the converse and thus that of the theorem.

E. Three encoders and three decoders subject to lossless/lossy reconstruction constraints with

degraded side information

Consider now the problem described in Fig. [] where encoder 1 wishes to communicate the
lossless the source X{' to nodes 2 and 3 while encoder 2 wishes to send a lossy description
of its source X7 to node 3 with distortion constraints D3, and encoder 3 wishes to send a
lossy description of its source X3 to node 2 with distortion constraints Ds3. In addition to this,
the encoders perfom the communication using A communication rounds. This problem can be
seen as a generalization of the settings previously investigated in [10]]. This setting can model
a problem in which node 1 generate a process X;. This process physically propagates to the
locations where nodes 2 and 3 are. These nodes measure X, and X3 respectively. If node 2 is
closer to node 1 than node 3, we can assume that X; -o- X, o~ X3. Nodes 2 and 3 then interact
between them and with node 1, in order to reconstruct X; in lossless fashion and X, and X3

with some distortion level.

November 7, 2018 DRAFT



47

(X34, Dag) X3y ~ XJ'

(X%, D32) X1, ~ X7

Figure 6: Three encoders and three decoders subject to lossless/lossy reconstruction constraints

with degraded side information.

Theorem 6: The rate-distortion region of the setting described in Fig. [ where X; & X, o X3
form a Markov chain is given by the union over all joint probability measures px, X, XsUs_» (Vs 3, 1:5)

satisfying the Markov chains

Uszg - (X1, Xo, V[23,l,2]) - X3, (277)
Us_yoy == (X1, X3, Vi3, 3) = Xa, (278)
Vil € [1: K], and such that there exist reconstruction mappings:
923 (X1,X2,V[23,K+1,2]) = Xp3 with E [d(Xa,Xzz;)} < Dys ,
932 (X17X3;V[23,K+1,2]) = X3, with E |:d<X27X32)} < D3y,

of the set of all tuples satisfying:

Ry > H(X1]|X3) , 279)
Ry > I(Vios k41,2 X2| X1 X3) (280)
Ry > I(Vi23. k41,2 X3 X1X2) , (281)
Ry + Ry > H(X1|X3) + I(Vigs, k41,21 X2| X1X3) | (282)
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The auxiliary random variables have cardinality bounds:

-1

ehess il < (XX ] ] 12fossill sl + 1, 1€ [1: K] (283)
=1
-1
lds 2l < (XN X[ Uassall | [ Netossill iThs ol +1, 1€ [1: K] (284)
=1

Remark 15: Theorem [0] shows that several exchanges between nodes 2 and 3 can be helpful.
Node 1 transmit only once at the beginning its full source.

Proof: The direct part of the proof follows according to Theorem [I] by choosing:

Uissy =Ui0y =Us1y =Usy =Us 19y =9 Vie[l: K

Uisosy = Ussizy =@, V€2 K]
and U231 = Us_y131 = X;. The remanding auxiliary random variables satisfy VI € [1 : K]:

Uszg - (Xb Xo, V[23,l,2]) o X3, (285)

Us_y21 - (X1, X3, V[23,l,3]) - X5 (286)

If a pair of tuple (R;, Ro, R3) and distortions (Ds3, D32) are admissible for the K-steps
interactive cooperative distributed source coding setting described in Fig. [6] then for all € > 0
there exists ng(e, ), such that Vn > ng(e, K) there exists a K-steps interactive source code

(n, K, F,G) with intermediate rates satisfying:

K
1
=~ g | Tl < Rite, i {123} (287)

=1

and with average per-letter distortions with respect to the source 2 and perfect reconstruction

with respect to the source 1 at all nodes:

E[d(x5, Xp)| < Dy + 2. (288)
Pr (X{L 4 X;g) <e, (289)
E[d(x7, X2)| < Doy + ¢ , (290)
Pr (X{‘ £ X;q) <e, (291)
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where

XQQ = 932 (jl[l:K]a \72[1:K]7 3[1:K}7X§0> ) X;lg = §23 <t71[1:K]7 jg[l:K]y t73[1:K]7X’2n) ; (292)

X}ﬁ = gy (\71[1«]“72[1;}(]’ 3[1:K}7X§L) 7 Xﬁﬁ = g <j1[1:K]“72[1:K]“73[1:K]’X§1) . (293)

For each t € {1,...,n} and [ € [1 : K], we define random variables Us_,3; s and Us_2,
as follows:

Usssag 2 (T To s Xapa—1), Xty Xojps 1) Xap:e—1]) » (294)

Ussapg 2 (T, TJ3), L€ [2: K] (295)

Ussou = J5, L€[1: K] . (296)

These auxiliary random variables satisfy the Markov conditions (285) and (286), which can
be verified from Lemma [I1] in the appendices. By the conditions (291) and (289), and Fano’s

inequality [21], we have

H(XP|X5) < Pr (XD £ X3, ) logy (17 = 1) + H (Pr(XT # X)) 2 new . (297)

A

HXYIX5) < Pr (X7 # X5, ) loga (17| = 1)+ Ha (Pr(X} # £3,) ) £ ne, . (298)

where ¢, () — 0 provided that ¢ — 0 and n — 0.

1) Rate at node 1: For the first rate, we have

n(fy+e) > H(7M") (299)
> i (7!)x5x7) (300)
@ n (g T ) (301)
21 (A g,y xp X ) (302)
> nH (XX, Xs) — H (X7[xg3g]" g™ 7+ (303)
(é) nH(X1|X2X5) — H(X™|X?) (304)
g n[H(X1|X2X3) — €] (305)
© o [H (X1 Xs) — €] (306)

where
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« step (a) follows from the fact that by definition of the code the sequence j2[1:K], ‘73[1:K] are
functions of (7", X7, X1),

« step (b) follows from the fact that by definition of the code the sequences (7,"~, 711 71
are functions of the sources( X7, X7, X7),

« step (c) follows from the code assumption in (293)) that guarantees the existence of a
reconstruction function X7, = gy ( K] gk gk Xg),

« step (d) follows from Fano’s inequality in (298),

« step (e) follows from the assumption that X; - Xy -e- X3 form a Markov chain.

2) Rate at nodes 2 and 3: For the second rate, we have

n(Re+¢) > H ( 2““) (307)
@ (A xpxg ) (308)
®) .
> 1 (7 XXX ) (309)
(é) I <j1[1:K}j2[1:K]j3[1:K]; X§|XfX§‘> (310)
d - . . .

(:) I (jl[l'K]jg[l'K]xyg[l'K]E X2[t}‘X{LX§LX2[t+1;n]) (311)
t=1

(€ &

> Zl (Vios, ie+1,2110; Xopg | X Xapg) (312)
t=1

)

= T (Vs 2501 Xojal | X190 Xsi0), Q = 1) (313)
t=1

(9) ~

= nl (Vasscn 2 Xal X1Xs) (314)

where
« step (a) follows from the fact that jQ[LK] is a function of the sources (X', X7, X¥),
« step (b) follows from the non-negativity of mutual information,
. step (c) follows from the fact that (J"", 7" 7)) are functions of the sources
(X7, X3, X3),
« step (d) follows from the chain rule for conditional mutual information,
« step (e) follows from the definitions (294), (295) and (296), the memoryless property of

the sources and the non-negativity of mutual information,
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« step (f) follows from the use of a time sharing random variable () uniformly distributed

over the set {1,...

« step (g) follows by letting a new random variable ]7[%7 K+1,2] = (V23 k41,2110, @)-

1},

By following similar steps, it is not difficult to check that

n(R3 +¢e) > Z I (Vs 1,21 Xap | X Xop)

t=1
- ZI 28,541,210 Xfal| X101 Xorg), @ = 1)

>nl (V[23,K+1,2];X3’X1X2) .

3) Sum-rate of nodes 1 and 2: For the sum-rate, we have

n(Ry + Ry +2¢) > H (jl[lzK}> e ( 2[1;1(])

where

November 7, 2018

>

(@

V=

VS

IVE

—
I\/&

H (jlu;ij[LK})
1 (A, XXXy
1 (M XXy
1 (AT XXy ) + 1 (g g xg X )
H(X71X3) = 1 (X7l g xy )
1 (Mg x| X )
H(XPIX3) = HOXPIX) + 1 (0 x| x g

n[H (X1]X5) = &) + 1 (A7 g 31677 )

(315)

(316)

(317)

(318)
(319)

(320)

(321)

(322)

(323)
(324)

(325)

Zl< 1K]JlK]j[l K]qu X 1[4 1) X3[1:0— 1 Xo[t+1:n); X2[1] \X1[t]X3[t]>

n[H (X1|X3) — €]

n

n[H (X1]Xs5) = ] + > T (Vos.er1.2m: Xom [ Xain Xam)

t=1
n [H (X1]X3) = en + T (Vias 121005 Xo1@)| X111 X1, Q) |

n [H (X1]X3) —en + 1 (]7[23,1(+1,2]; X2|X1X3>} ,

(326)

(327)

(328)

(329)
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« step (a) follows from the fact that jl[u(] and j2[1:K} are functions of the sources (X', X7, X¥),

« step (b) follows non-negativity of mutual information,

« step (c) follows from the code assumption in (293) that guarantees the existence of recon-
struction function X;}l = g3 <\71[1:K], \72[1:K], \73[111(], Xg?),

« step (d) follows from Fano’s inequality in (297]),

« step (e) follows from the chain rule of conditional mutual information and the memoryless
property across time of the sources (X7, X7, X7'), and non-negativity of mutual information,

« step (f) from follows from the definitions (294) and ([293),

« step (g) follows from the use of a time sharing random variable () uniformly distributed
over the set {1,...,n},

« step (h) follows from §[237K+172] = ()7[237;@172”@],@).

4) Distortion at node 2: Node 2 reconstructs a lossy X35 = s <j1[1:1<], g g Xg).

For each t € {1,...,n}, define a function ng[t] as beging the t¢-th coordinate of this estimate:
Xosy (Vies k41,2010, Xop) 2 gospy (%“ZK],Jz[lzK],jg,“:K],Xél) - (330)
The component-wise mean distortion thus verifies
Dy +2 > E [d (X, 02 (7", 719, 779, x7)) | (331)
1 < A
= ~>"E |d (X Xastg (Vesacrran: Xau) ) | (332)
t=1
1 A
= =3 E [d (Xo Xasia) Viscraie Xa@) ) | @ =1 (333)
t=1
—E |d(Xyq) Xasia) (Vasrcs1 210 Xoia) ) | (334)
—E |d (X5, Xos (Ve X2) )| (335)

where we defined function )?23 by

Xos (V[zs,K+1,2],X2) = Xo3 (Q, Vs, x+1210)> Xop0]) = XQB[Q] (Vios k1121101 X2iq)) -(336)

5) Distortion at node 3: Node 3 reconstructs a lossy description X%, = g3 ( K K

j:,,[LK],Xg‘). For each t € {1,...,n}, define a function X32[t} as beging the ¢-th coordinate of

this estimate:
Ko (Vs 1.2 Xa) 2 gsopy (Jl[lzm,Jz[lzK],Jg,“:K],X?) - (337)
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The component-wise mean distortion thus verifies

Dy +2 > E [d (X, g2 (7", 71, 779, x3) )| (338)
1 ¢ ;
= ~>"E |d (X Kot (Vescrr0 Xau) ) | (339)
=1
RS .
= Y E [d (XQ[Q]7 Xaoiq) (Vias. k11,2011 Xg[@])) ’ Q= t} (340)
t=1
=E [d (XQ[Q]’ Xioiq) (Vios 11,2101 X3[Q}>>} (341)
—E |d (X5, Xsz (Viasse1.2, X3 ) )| (342)

where we defined function )?32 by

X (17[23,K+1,3],X3> = Xa (Q. Vios k+1.3)10]> X3(0))
£ Koo (Vs 15500 X3101) - (343)

This concludes the proof of the converse and thus that of the theorem. [ ]

VI. DISCUSSION
A. Numerical example

In order to obtain further insight into the gains obtained from cooperation, we consider the
case of two encoders and one decoder subject to lossy/lossless reconstruction constraints without

side information in which the sources are distributed according to:

2
Pxixs (w1, @2) = ol { = ”r eXp( 7)
%

1

exp (—%) (344)

0

+ (1 —a)l{zx; =0}
V2mog
This model yields a mixed between discrete and continuous components. We observe that X3
follows a Bernoulli distribution with parameter o € [0 : 1] while X, given X, follows a Gaussian
distribution with different variance according to the value of X; € {0,1}. In this sense, X5

follows a Gaussian mixture distribution'"]

10Although the inner bound region in Theorem 1 is strictly valid for discrete sources with finite alphabets, the Gaussian
distribution is sufficiently well-behaved to apply a uniform quantization procedure prior to the application of the results of
Theorem 1. Then, a limiting argument using a sequence of decreasing quantization step-sizes will deliver the desired result. See

chapter 3 in [22].
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The optimal rate-distortion region for this case was characterized in Theorem [2| and can be

alternatively written as:

R(D) = {(RI,R2) . Ry > H(X1|X,) |
peL
Ry > I(Xo;U|XY) |
Ry + Ry >H(X1)+I(X2;U|X1)} : (345)
where

L = {pujx,x, : there exists (z1,u) — g(z1,u) such that E[d(X, g(X1,U))] < D}. (346)

The corresponding non-cooperative region for the same problem was characterized in [J5]:

R(D) = ] {(Rl,Rg) LRy > H(X,|U) (347)
pEL*

Ry > I(Xy;, U[Xy) (348)

Ry + Ry > H(X) + 1(Xa:UIX1) } (349)

where
£ = {pyx, : there exists (z1,u) — g(z1,u) such that E[d(X,, g(X1,U))] < D}. (350)

From the previous expressions, it is evident that the cooperative case offers some gains with
respect to the non-cooperative setup. This is clearly evidenced from the lower limit in /2, and

the fact that £* C £. We have the following result.

Theorem 7 (Cooperative region for mixed discrete/continuous source): Assume the source dis-

tribution is given by (344) and that, without loss of generality, 03 < o%. The rate-distortion region
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from Theorem [2| can be written as:

R>1_a/ooe ( xg)H((x))d:B
xp | ——=
! V27100 J o P 202 2\9\T2 2

« o 2
+ / exp (—2—22> Hy(g(x2))dxs ,
01

2101 J—co
( 2(1-a) 2q
2 D
RQ > 9 + )
« o
— 1 1 D > o2
[ 2 {Og(D—u—a)aa)} 70
( 2(1—-a) _9q
1
Hy(a) + = log o 91 D <}
2 D
Ri + Ry > 9 + )
o ao
H. — |1 ! D > o2
|+ Jox (o) | P>

where Hy(z) = —zlogz — (1 — 2)log (1 — 2) for z € [0,1], [#]" = max {0, z} and

o ()
exp | ——=
21 oy P 207

= . 351
9(a2) o ( x§>+ 11—« ( x%) (351)
exp | ——= —exp | ——5
210y P 207 270y P 205
Proof: The converse proof is straightforward by observing that when D < o?:
1

and h(X>|X:) = ¢ log (2meo?) + 5% log (2mea?). For the case when 03 < D < aof+(1—a)o}
we can write:
](Xl, U|X1) = h(X2|X1> — h(X2|U, Xl)

> h(Xa|X1) — ah(Xa|U, X, = 1) — (1 — a)h(Xs| X, = 0)

(1 — a2
_— log (2mec?) — alog (QWB(D C a)%)) (353)
2 o}
_a ao?
— Slog (D i a)ag) . (354)

When D > ao? + (1 — a)o? we can lower bound the mutual information by zero.

The achievability follows from the choice:
_9 ; _
<03+0%0> U if X3=0

( of >U X, =1,

21 52
o7 +0'Z1

g(U, X1) = (355)
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and by setting the auxiliary random variable:

Xo+ Zy if X =0,
U — S ! (356)
Xo+ 2 it Xy =1,

where Z,, Z; are zero-mean Gaussian random variables, independent from X, and X; and with
variances given by: ) ,
0% = agD% R J%D% , (357)
for D < o while for 0§ < D < ao? + (1 — a)oj, we choose:
2 __[D—(1—a)oj|of
4 a0t~ D - (1-aof]

0y, — 00, (358)

Finally, for D > ao} + (1 — a)oj, we let 03, — oo and 0%, — 0. |

Unfortunately, the non-cooperative region is hard to evaluate for the assumed source mode]ﬂ
In order to present some comparison between the cooperative and non-cooperative case let us
fix the same value for the rate R; in both cases and compare the rate R, that can be obtained
in each case. Clearly, in this way, we are not taking into account the gain in R; that could be
obtained by the cooperative scheme (as H(X;|X2) < H(X;|U) for every U -o- X, -o- X;). For

both schemes, it follows that for fixed Rj:

From Theorem [7, we can compute (359) for the cooperative case. For the non-cooperative case

we need to obtain a lower bound on I(X,; U|X;) for pyjx, € £L*. It is easy to check that:

11—« o? o o?
(X UIXy) > log (2 ) + = log | = 360
(X0 2 25 g (%) 4 10w (7 (360
where

fo = Exuix, | (X2 = Exaux, [XalU, X1 = 0))° 1%, = 0], (361)
B = Ex,uix, [(XQ — Exoux, [Xo|U, X; = 1])2 | X, = 1} : (362)

The distortion constraint imposes the condition:
(1-a)Bo+ab <D . (363)

"However, there are cases where an exact characterization is possible. This is the case, for example, when X; and X are

the input and output of binary channel with crossover probability o and the distortion function is the Hamming distance [5].
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In order to guarantee that (360) and (361)) are achievable, under the Markov constraint U —e—

X, —e- X, the following conditions on py|x, (u|z2) should be satisfied:

1 5 >
puix, (ulz2) \/—er p( 207 R _ (@2 = fo(u))” (364)
exp (_I—%>dm V2 250

2
207

u|x
f pU\XQ ’2)\/—00

and
1 a3
P, (u]r2) \/_01 exp (_27‘%) 1 (1 — fl(u))2 365
I ~ PUix, U\@)\/— o eXp (__%)d 2
where

fo(U) = Exoux, [Xo|U, X1 =0], fi(U) =Exqux, [Xo|U, X1 =1] . (366)

The characterization of all distributions pyx,(u|z2) that satisfies (365) and (366) appears to be

a difficult problem. In order to show a numerical example, we shall simply assume that:

o 2
Ui, (u]ze) = \/_g exp{—%} . (367)

Indeed, this choice satisfies simultaneously expressions and (360). In this way, we can

calculate the corresponding values of f, and /; obtaining the parametrization of (X5;U|X;)

as function of o2:

1 -« o8+ 02 o o2+ 02
with the following constraint:
o202 02 0?
1—- w0 wl_—D. 369
( a)a§+ai+a0%+aa (369)

We can replace (369) in (359) to obtain an indication of the performance of the non-cooperative
case when R is fixed.

We present now some numerical evaluations. As equation is valid for both the coop-
erative and the non-cooperative setups, it is sufficient to compare the mutual information term
I(Xy; U|X,) for each of them. Let us consider the next scenarios:

1) a=0.1, 02 =0.01, 07 =2,

2) a=0.1, 0(2) = 0.5, a% = 2.

November 7, 2018 DRAFT



58

1 5 T T T T T T T
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Figure 7: Comparison between the cooperative and the non-cooperative schemes.

From Fig. [7| we see that in the case 02 < o} the gain of the cooperative scheme is pretty
noticeable. However, as 02 becomes comparable to o7 the gains are reduced. This was expected
from the fact that as 03 — 0%, the random variable X, converges to a Gaussian distribution.
In that case, the reconstruction of X, at Node 3 is equivalent for the cooperative scenario to
a lossy source coding problem with side information X; at both the encoder and the decoder
while for the non-cooperative setting to the standard Wyner-Ziv problem. It is known that in this

case there is no gains that can be expected [2].

B. Interactive Lossless Source Coding

Consider now the problem described in Fig. [§] where encoder 1 wishes to communicate lossless

the source X7' to two decoders which observe sources X3 and X3'. At the same time node 1
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wishes to recover X3 and X3 lossless. Similarly the other encoders want to communicate lossless
their sources and recover the sources from the rest. It is wanted to do this through K rounds of

exchanges.

ATLN n An ~ n

Figure 8: Interactive lossless source coding.

Theorem 8 (Interactive lossless source coding): The rate region of the setting described in

Fig. [§] is given by the set of all tuples satisfying:

Ri>H(X1| X2 X3) | (370)
Ro>H(X,| X1 X3) | 371)
Ry>H (X3 X, Xs) | (372)
Ry + Ro>H(X1X5|X3) (373)
Ry + Ry>H (X, X;3|Xo) (374)
Ro + Ry>H(X>X3|X1) . (375)

Remark 16: It is worth observing that the multiple exchanges of descriptions between all

nodes cannot increase the rate compared to standard Slepian-Wolf coding [1].

Proof: The achievability part is a standard exercise. The converse proof is straightforward

from cut-set arguments. For these reasons both proofs are ommited. [ ]
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We should note that for this important case, Theorem [I| does not provide the optimal rate-
region. That is, the coding scheme used is not optimal for this case. In fact, from Theorem [I]

and for this problem we can obtain the following achievable regiorE]:

Ry > H(X1]Xs) , (376)
Ry > H(X,|X1X3) , (377)
Ry > H(X3]|X1X,) (378)

Ry + Ry > H(X1X5|X3) (379)
Ry + Rg > H(XQXg‘Xl) . (380)

It is easily seen that in this region the node 2 is not performing joint decoding of the descriptions
generated at node 1 and 3. Because of the encoding ordering assumed (1 — 2 — 3) and the
fact that the common description generated in node 2 should be conditionally generated on the
common description generated at node 1, node 2 has to recover first this common description
first. At the end, it recovers the common description generated at node 3. On the other hand,
nodes 1 and 3 perform joint decoding of the common information generated at nodes 2 and
3, and at nodes 1 and 2, respectively. Clearly, this is consequence of the sequential encoding
and decoding structure imposed between the nodes in the network and which is the basis of the
interaction.

If all nodes would be allowed to perform a joint decoding procedure in order to recover all the
exchanged descriptions only at the end of each round, this problem would not appear. However,
this would destroy the sequential encoding-decoding structure assumed in the paper which seems

to be optimal in other situations.

VII. SUMMARY

The three-node multiterminal lossy source coding problem was investigated. This problem
i1s not a straightforward generalization of the original problem posed by Kaspi in 1985. As

this general problem encompasses several open problems in multiterminal rate distortion the

2Consider U 23,1 = X1, Uz13.1 = X2 and Us_,121 = X3 and the other auxiliary random variables to be constants for

all 1€ [1: K.
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mathematical complexity of it is formidable. For that reason we only provided a general inner
bound for the rate distortion region. It is shown that this (rather involved) inner bound contains
several rate-distortion regions of some relevant source coding settings. It In this way, besides
the non-trivial extension of the interactive two terminal problem, our results can be seen as a
generalization and hence unification of several previous works in the field. We also showed,
that our inner bound provides definite answers to special cases of the general problem. It was
shown that in some cases the cooperation induced by the interaction can be helpful while in
others not. It is clear that further study is needed on the topic of multiple terminal cooperative
coding, including a proper generalization to larger networks and to the problem of interactively

estimating arbitrary functions of the sources sensed at the nodes.
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APPENDIX A

STRONGLY TYPICAL SEQUENCES AND RELATED RESULTS

In this appendix we introduce standard notions in information theory but suited for the
mathematical developments and proof needed in this work. The results presents can be easily
derived from the standard formulations provided in [22] and [23]]. Be X and ) finite alphabets
and (z",y") € A" x Y". With P(X x ) we denote the set of all probability distributions on
X x Y. We define the strongly 6-typical sets as:

Definition 3 (Strongly typical set): Consider p € P(X) and 6 > 0. We say that 2" € X™ is
pd- strongly typical if 2" € 75 with:

Tjs = {x” ex": ‘W —pla)| < ﬁ, Va € X such that p(a) # 0} , (381)
where N(a|z™) denotes de number of occurrences of a € X in z" and p € P(X). When
X ~ px(z) we can denote the corresponding set of strongly typical sequences as 7{;‘(] 5

Similarly, given pxy € P (X x )) we can construct the set of J-jointly typical sequences as:

N(a,b|lz"™, y") )
g Z{fv”,y”exnxw:——p a.b)| <
e = ) " v (@0)] <
V(a,b) € X x Y such that pxy(a,b) # 0} . (382)

We also define the conditional typical sequences. In precise terms, given z" € X™ we consider

the set:
N(a,blz"™, y") 4]
vixis(x") = {y” ey": ‘— —pr(a,b)‘ <
v [rzaljingl
V(a,b) € X x Y such that pxy(a,b) # o} . (383)
Notice that we the following is an alternative writing of this set:
ppas(e) = {y" € V"1 (@™ y") € Ty} - (384)

We have several useful and standard Lemmas, which will be presented without proof (except
for the last one):

Lemma 1 (Properties of typical sets [23]): The following are true:

1) Consider (2",y") € T xy)- Then, 2" € Ty, y" € Tiyle, " € Ty (y") and y" €

vixe(a")
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2) Be T[’}HX}G(x”) with z" ¢ 7&]5 Then T[gl,|Xk(x”) =g .
3) Be (X", Y") ~ [T pxv (@, ye). If 2™ € Tk, we have

9 n(HX)H0(©) < () < 9~ n(HX)=0(0)

with 6(€) — 0 when € — 0. Similarly, if y" € Ty (2"):

27n(H(Y|X)+§’(E)) < Pyn|xn <yn|xn) < 27n(H(Y|X)f5’(e))

with ¢'(¢) — 0 when € — 0 .

Lemma 2 (Conditional typicality lemma [23|]): Consider de product measure [ [;_, pxy (¢, ys)-

Using that measure, we have the following
Pr{Ti} 21-0(a™), e >1

where f(€) — 0 when € — 0. In addition, for every z" € T}, with € < Ty We have:

Pr {7{3|X]€(w”)\w”} >1-0 (c;"g(e’el)) , e >1

where g(e,¢') — 0 when ¢,¢ — 0.

Lemma 3 (Size of typical sets [23]): Given pxy € P (X x )) we have
LTl < HOX) 600, (1Tl > HX) — 8'(e,n)
where J(€),d'(e,n) — 0 when € — 0 and n — oo. Similarly for every z” € X" we have:
TR )l < HYIX) + 500

with d(e) — 0 with e — 0. In addition, for every 2" € Ty, with € < 7 We have:

1 mn n ! /
T 2 HY]X) = (e €, n)

where §'(e,¢',n) — 0 when ¢,¢ — 0 and n — co.

Lemma 4 (Joint typicality lemma [23]]): Consider (X,Y,Z) ~ pxvz(z,y,z) and (z",y") €
=" e e}
ezixer @

Txy)e With € < = and € < €". If pzn|xn(2"|2z") =

: / / "
B there exists ¢'(e, €, €, n)

which goes to zero as ¢, €', ¢’ — 0 and n — oo and:

9-nI(YV;Z1X)+d') < py {Zn c ﬁg\xy]e(xna yn)} < 9 n(Vi21X)=5")
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Lemma 5 (Covering Lemma [22]]): Be (U,V,X) ~ pyyvx and (2™, u") € 7&(]]6,, € < ﬁ

nR . .
and € < ¢”. Consider also {V"(m)}>_, random vectors which are independently generated

v eT

G G TICR) P
n:

HTV\U]E//(U )i e

according to

Pr{V"(m) ¢ Ty x (2", u") for all m} —— 0 (385)

n—oo
uniformly for every (2", u") € Ty if:
R>I1(V;X|U)+d(e,€,€" n) (386)

where (¢, €/, €”,n) — 0 when ¢,€¢,¢” — 0 and n — oc.

Corollary 1: Assume the conditions in Lemma [5] and also:

Pr{(X",U") € Tixvje } — 1. (387)
Then:
Pr{(U", X", V"(m))) ¢ Tsxy) for all m} —— 0 (388)
n—oo

when is satisfied.

Lemma 6 (Packing Lemma [22]): Be (UyUsWViVoX) ~ puoawwivex, (27, w™ o, vf) €
Al

mi1=1

Txwvivge and € < mrimer and € < min{e;, ez}, Consider random vectors {Uy'(mu)}
and {U;(mQ)};g:l which are independently generated according to

1 {ur € T w070 §

1T viwie, (w o)

and A, A, are positive random variables 1ndependent of everything else. Then

i=1,2,

Pr { (U (m1), U3 (m32)) € Tt xwiavale (2", w™, vf, v) for some (my, mg) } —— 0 (389)
uniformly for every (z",w", v}, v}) € T Xwviva)e Provided that:

log E [.Al AQ]

n

< I (Uy; XVoUs[WVY) + I (Ug; XVAU (W V) — I (Uy; Ul XWVIVL) — 5 (390)

where 6 = 6(e, €, €1,€2,n) — 0 when €,€¢,¢1,e5 — 0 and n — oo.

Corollary 2: Assume the conditions in Lemma [0} and also:

Pr{(X", W" V", V') € TXwvivale } — 1 (391)

—00
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Then:

Pr {(Uf(ml), U3 (mg), X", W™, V", V3')) € ﬁgllewvlvg]e for some (m, m2)} PR 0
(392)
when (390) is satisfied.
Lemma 7 (Generalized Markov Lemma [24] ): Consider a pmf py xy belonging to P (X x Y x U)
and that satisfies de following:

Y e XU

Consider (z",y") € ﬁ%y]a and random vectors U" generated according to:

1 {u" € T ulem) |

Pr {U” — ey U e T 6,,(:5")} - _ (393)
[U]X] ||7IU\X]6”(In)||
For sufficiently small ¢, ¢, ¢” the following holds uniformly for every (z",y") € Ty,
Pr {U” ¢ Toxvie(@™ y") 2", y", U € W‘X]Eu(x")} =0 (c_”) (394)
where ¢ > 1.
Corollary 3: Assume the conditions in Lemma [/, and also:
Pr{(X",Y") € Tixyo } — 1 (395)
and that uniformly for every (z",y") € 7{}5,}6,:
Pr {U" ¢ Totxer (x")’x”,y”} ——0 (396)
we obtain:
Pr{(U", X", Y") € ﬁﬁxy}g} — 1. (397)
n—oo

Lemma [7] and Corollary [3] will be central for us. They will guarantee the joint typicality of
the descriptions generated in different encoders considering the pmf of the chosen descriptions
induced by the coding scheme used. The original proof of this result is given in [4]] and involves a
combination of rather sophisticated algebraic and combinatorial arguments over finite alphabets.

Alternative proof was also provided in [22],

Pr{(U"X",Y") € Trxy). | — 1 (398)
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which strongly relies on a rather obscure result by Uhlmann [25] on combinatorics. In [24] a
short and more general proof of this result is given.

We next present a result which will be useful for proving Theorem [I] In order to use the
Markov Lemma we need to show that the descriptions induced by the encoding procedure in
each node satisfies (393).

Lemma 8 (Encoding induced distribution): Consider a pmf py xy belonging to P (U x X x W)
and € > ¢e. Be {U ”(m)}f;l:1 random vectors independently generated according to

1{wr € T () |
[ Twiwye (w™)|

and where (W™, X™) are generated with an arbitrary distribution. Once these vectors are gener-

ated, and given z" and w", we choose one of them if:
(u"(m), w", 2") € Ty x)e, for some m € [1: 5] . (399)

If there are various vectors ' that satisfies this we choose the one with smallest index. If there

are none we choose an arbitrary one. Let M denote the index chosen. Then we have that:

1 {u” € ﬁ3|xw}€(x”,w”)}

Pr{U”M — w2, W UM (M) € T (™, w™ }: . (400)
( ) ( ) [U|IXW] ( ) ||7fU|XW]e(fE",IU”)||
Proof: From the selection procedure for M we know that:
M = [ (L{(U"(m), X", W") € Tiixwy.} m € [L:5]) (401)

where f(-) is an appropriate function. Moreover, because of this and the way in which the

random vectors U" are generated we have:
U™(M) - (L{(U™(M), X", W") € Tiixwie ) W" X") o= M . (402)
We can write:

Pr{U"(M) =u"

s
ZPr{M =m
m=1

Pr {U"(m) =u"

o w" U (M) € Ty (e, w") | =

", w", U"(m) € 7EZ|XW}E(x",w")} X

", w", U™ (m) € Tpxw(a", w"), M = m} : (403)
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From (402), the second probability term in the RHS of (403)) can be written as:

Pr{U”(m) =u"

" w", U"(m) € ﬁg‘xw]e(aj”,w”)} Vm . (404)
We are going to analyze this term. It is clear that we can write:

Pr {U”(m) =u",U"(m) € Trxwi (2", w")

x”,w”}:]l {u” € WZ‘WX]E(x”, w")}

xPr {U”(m) =u"

", w"} Vim (405)

This means that

Pr{U”(m) =u"

2w, U (m) € Txuna”, w") }
N I {“n € Tt x)(a™ w™) N T[glw]e,(wn)}
pe {U(m) € T, o w) o0} | T )]
From (406) and the fact that for € > €, we have that 7} vy (2", w") C Ty (w") we obtain:
1 {u” S 7IZ|WX]€(.17",@U”)}

| T xwie (™, wn)||

vm . (406)

Vm .
407)

Pr{U”(m) =u"

" w", U™ (m) € ﬁglxw]e(x",w”)} =

From this equation and (403)) we easily obtain the desired result.

We present, without proof, a useful result about reconstruction functions for lossy source
coding problems:

Lemma 9 (Reconstruction functions for degraded random variables [13]): Consider random
variables (X,Y,Z) such that X —e— Y —e— Z. Consider an arbitrary function X = f(V, Z)
and an arbitrary positive distortion function d(-,-). Then 3 ¢*(Y") such that

Eld(X,g"(Y))] < E[d(X, [(Y,Z))] - (408)

Finally we present two lemmas about Markov chains induced by the interactive encoding
schemes which will be relevant for the paper converse results

Lemma 10 (Markov chains induced by interactive encoding of two nodes): Consider a set of
three sources (X", Y" Z") ~ ﬁpxyz(a:t,yt,zt) and integer K € N. For each [ € [1 : K]

=1
consider arbitrary message sets Z., Ié and arbitrary functions

fo (X, g0 ) = gy (409)
f (v, T, g = g, (410)

November 7, 2018 DRAFT



68

with J! € Z! and jyl € Izl/‘ The following Markov chain relations are valid for each ¢ € [1 : n]
and [ € [1: K]

D (F2 X, Yiern)) o= Xig = (Y, Ziy) »

2) (%X[m:n]) —- (J:c“:l*”,Jy[lil*”,Xu:th[Hl:n]) —= (Yig, Z1) »

3) (Jy, Yinu-1)) - ( Y, y[lzl_lqu:t—uaiﬁt:n]) = (X7, Zpy)

4) Xit41m) o <u7x[1:K]7jy[l:K]’X[lrt]vY[tJrlrnl) (Y, Zpa) »

)
5) }/[lt 1] &~ <s7:v[1:K]7 jy[lzK]7 X[l:tfl]a }/[t:n]> (X[t]a Z[t ) s
6) ( K], [1 Kl s X(1et—1) X[t1:n)> Z[1:6-1)> Lt41:m] Y]1:t— 1]) X, Yiy) = Zpy -

Proof: Relations 1), 2) and 3) where obtained in [13]. For completeness we present here

a short proof of 2). The proof of 1) and 3) are similar. For simplicity let us consider A =

I (jéX[tH:n};Y[t]Z[t] j [:4- ”j [1:4- ”X[l t]l/[tﬂn]) We can write the following:

(a)
A<LI (jxlX[t—H:n Y1027

b
O I (X[t+1n} Y2y ‘«7[1[ 1]«7[” 1]X1t}Y[t+1n}>

= H (X[t—i-l:n} l[l:l*l]jy[l:lfl]X[l:t]}/‘[t_i_l:n]) — H (X[t+1:n]
(C)

jx[lzlfl]j[lﬁl*”X 1;t}Y[t+1;n]>

jx[lzlfl} jzjlzlil]X[lzt] Z[t]Yn)

< T (X[t+1 A Vg Zig ‘j[ll l]j[ll 2]X Yiestm

= H(Y[ 0211 j” ”j“l 2]X[1t} t+1n> <Y1t

gl g2 xn Z[t]Y[tHn])

(d)
< 1 (X3 Vit Zu

j[ll 2]j[1l Z]X“ [t+1n> (411)

where

« step (a) follows from non-negativity of mutual information,

« step (b) follows from the fact that jl fl (X" \71[“ g jy“ 1])

« step (c) follows from the fact that 7' = f! (Y” g gl 21) and that conditioning
reduces entropy,

« step (d) follows from the fact that J'~! = f! (X n g2 jy[u_g]) and that conditioning

reduces entropy.

Continuing this procedure we obtain:

AL (X[t—l—l:n]; Y44

Xt Yies i) = 0. (412)
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This shows that 2) is true. 4) and 5) are straightforward consequences of 2) and 3). Just consider
T+ = Jf ! = @. The proof for 6) is straightforward from the fact that (11[1;1(] jy[l:K]> is
only function of (X", Y™). u

Corollary 4: Consider the setting in Lemma (10| with the following modifications:

e X o/ oY,

. fglc (X”,Z", 96[1:1—1]’j?j[1;l—1]> _ jaﬁ .
The following are true:

D (T2 Ze—1), Yierin)) o= Zyg o= Yy

2) (T3 Zipsrn) == (Jf”*”,Jy“:H],Zu;t],Y[m;n]) o~ Yig

3) (Jy, Yiu-1)) - ( x[l:llﬂy[u_lkZ[lzt—l}ay[t:m) o~ (X1, Zpy))

4 (Zipsrn), X") -0 (Jx[LK]»Jy[LK]vZ[lzt]vy[msn]) o Y1 -

Proof: The proof follows the same lines of Lemma [10] [ ]

We consider next some Markov chains that arises naturally when we have 3 interacting nodes
and which will be needed for Theorem

Lemma 11 (Markov chains induced by interactive encoding of three nodes): Consider a set of
three sources (X", Y™, Z") ~ [[}_, pxvz(®s, yt, ) and integer K € N. For each [ € [1 : K]

consider arbitrary message sets Z., Z,, Z! and arbitrary functions

ffg (Xn,jz[u_lhjy[1:1—1]7‘72[1:l—1]) _ Jgﬁ ’ 413)
le/ (Yn7jél:l])jy[l:lflhjz[lzlfl]) — jyl ’ (414)
fo(zn, g0, g, gy = 7. (415)

with 7! € I, J} € I} and J! € Z.. The following Markov chain relations are valid for each
te[l:njandl € 1: K|

D (T2 T X Xty Yiertn)s Zpea1)) o= (X, Yin) o= Zp

2) (T2 Ty Yiu-n) - (Jx[lH],Jy“:H]’Jz“:l*”’X”J”[t:n}aZuzt—u) = Zpy

3) (jzl,Z[tH:n]) - ( z[l:l]’ y[l:l]7ﬂl:z—l],Xn’Y[th]’Zﬂﬂ) o Yy .

4) Zpsrm o (T8, T, T, X0 Vi), Ziay) o= Vi

5) Y1) o <‘7x[1:K],jy[l:K],jz“:K],X",ﬁm},Z[l:t_u) - Zjy .

Proof: Along the same lines of LemmaI0] and for that reason omitted. [ |
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Figure 9: Cooperative Berger-Tung problem.

APPENDIX B

COOPERATIVE BERGER-TUNG PROBLEM WITH SIDE INFORMATION AT THE DECODER

We derive an inner bound on the rate region of the setup described in Fig. [9] It should be
emphasize that we will not consider distortion measures, we only focus is on the exchange
of descriptions. Encoders 1 and 2 observe source sequences X{ and X7, and also have ac-
cess to a common side information V;". Whereas, the decoder has access to side informations
(X7, V", V5'). Upon observing X7 and V}", Encoder 1 generates a message M; which is
transmitted to Encoder 2 and the decoder. Encoder 2, upon observing (X3, V") and the message
M, generates a message M, which is transmitted only to the decoder. Finally, the decoder
uses messages (M7, M) and the side informations (X7, V", V5") to reconstruct two sequences
(U, U3) which are jointly typical with (X7, X2, X7, V", V). In precise terms, we will assume
the following:

A probability mass function px, x, x,v,v,v,v, Which takes values on cartesian product finite

alphabets X} x X5 x X5 X Uy X Us X V1 X V5, and that satisfies the following Markov chains:
Ul - (Xla ‘/1) - (X27X37 ‘/2> ) U2 - (UlaX27 ‘/1) - <X17X37 ‘/2) . (416)

« Five random vectors (X7, X7, X7, V", V") (not necessarily independently and identically

distributed with px, x,x51,1, Which take values on alphabets X" x X' x A3 x V[' x VI
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such that, for every € > 0,

lim Pr { (X7, X3, X5, V" V) € T xpxovivage s = 1 - (417)

n—o0
Definition 4 (Cooperative code): A code (n, [T, f3, g", My, My) for the setup in Fig. [9] is
composed by:
o Two set of indices M, M.
« An encoding function ' : X" x V' — My, such that f'(z7,v}) = m;.
« An encoding function fJ : X3 x V' x M; — Mo, such that f3'(ah, v], mi) = mo.
« A decoding function ¢g" : XXV VI X My x My — U] xUY, such that g™ (2%, v, v, my, me) =
(af, ag).
Definition 5 (Achievable rates): We say that (R, R») are e-achievable if there exists a code
(n, f', f¥, g™, My, My) such that:

1 1
E log ||M1H S Rl +¢€ s Elog ||M2|| S RQ +e€ (418)

and

Pr{(U{L7 U£L7‘/1n7 ‘/2”7X{L7X§7X§Z) E m1U2V1V2X1X2X3]6} < €. (419)

The closure of the set of all achievable rates (R;, Ry) is denoted by Reopr.
The following theorem presents an inner bound to Repr.
Theorem 9: (Inner bound on the rate region of the cooperative Berger-Tung problem) Consider

RIMDET the closure of the set of rates satisfying:

Rl > [(leUl‘XQX/I)a
Ry > I(Xy; Us| XsViVoUL)

Ri+ Ry > I(X1Xo; U Us| X311 V3)

where the union is over all probability distributions verifying (@T6). Then RIMDET C Ry

Remark 17: Notice that we are not asking for (X', X7, XI, V", VJ*) to be independently and
identically distributed. This is in fact not needed for the result that follows. For us, when trying
to use this result, the case of most interest will be when (X7, X7, X¥') is generated using the
product measure [[\, px, x,x,(T1;, To;, x3;), (that is, when (X;X,X3) is a DMS). However,

(V*, VJ*) will not be independently and identically distributed. Still, (417) will be satisfied.
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Remark 18: Notice that unlike the classical rate-distortion problem we are not interested in
an average per-symbol distortion constraints at the decoder. We only require that the obtained
sequences be jointly typical with the sources. Clearly the problem can be slightly modified to
consider the case in which reconstruction distortion constraints are of interest. In fact, case (C)
reported in [26], considers a similar setting. Here, given the importance of this result for our
interactive scheme, we present a slightly different and more direct proof of the achievability,
where we discuss the key points in the encoding and decoding procedures which will be relevant
for our extension to the interactive problem.

Proof: Our proof uses standard ideas from multiterminal source coding. As V)" is common
to both encoders and decoder we can set without loss of generality V" = &. Conditioning with

respect to V; the final expressions can take into account the situation in which V" # @.

A. Coding generation

We randomly generate 2"%1 codewords UT(k), k € [1: 2R1] according to

1 {u’f € [{}l]ecd}
Hﬁ;}l]ﬂ:d

These 2" codewords are distributed uniformly over 2%t bins denoted by Bj(m;), where

U (k) ~

€ >0 (420)

my € [1 : 2*). For each codeword u?(k) with k € [1 : 2*1] | we randomly generate 22

codewords according to:
1 {8 € T, (05(0)) }
| Tt e 20|

with [ € [1: 2”’%2]. The 2"(F1+82) codewords generated are distributed uniformly in 2" bins,

U (i, k) ~ a0 (421)

denoted by Bs(ms), my € [1 : 272]. It is worth to mention that the codewords {U3(l, k)} are
not distributed in a different structure of bins for each £, but on only one super-bin structure of
size 2n(RitR2) /9nR2 where By(my) does not needed to be indexed with k.

As will be clear, this will not constraint the decoder to use successive decoding and instead
use joint decoding in order to recover the desired codewords (U{l, (A]Q") Finally all codebooks

are revealed to all parties.
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B. Encoding at node 1

Given z, the encoder search for k € [1 : Q”Rl] in such a way that:
(27, uf (k) € T, v)es €2 >0 (422)

If more than one index satisfies this condition, then we choose the one with the smallest index.
Otherwise, if no such index exists, we choose an arbitrary one and declare an error. Finally we
select m; as the index of the bin which contains the codeword u} (k) found and transmit it to

nodes 2 and 3.

C. Decoding at node 2

Given z and m,, we search in the bin B;(m;) for an index k € [1 : 2"%1] such that:

(25, ui (k) € TiXyu]esr €3 >0 . (423)

€37
If there only one index that satisfies this we declare it as the index generated at node 1. If there
several or none we choose a predefined one and declare an error. The chosen index is denoted

as k(2).

D. Encoding at node 2

Given = and k(2) we search for [ € [1 : 2"72] such that:

~

(25, u (k(2)), ub (1, £(2))) € Tikouvalesr €4> 0 (424)

If more than one index satisfies this condition, then we choose the one with the smallest index.
Otherwise, if no such index exists, we choose an arbitrary one and declare an error. Finally we
select my as the index of the bin which contains the codeword u% (I, k(2)) selected and transmit

it to node 3.

E. Decoding at node 3
Given x4, v} and my,msy, the decoder search in the bins Bi(m;) and By(ms) for a pair of
indices (k,[) € [1: 2”R1] X [1: 2"R2] such that
(:Eg7vg7u?(k)7ug(l’ k)) G W3V2U1U2]67 € > O N (425)

If there only one pair of indices that satisfy this we declare it as the indices generated at node 1
and 2. If there several or none we choose a predefined pair and declare an error. The chosen pair

~ ~ ~ ~

is denoted by (k(3),1(3)). Finally, the decoder declares (a7, a2) = (u?(k(3)), uz(1(3), k(3))).
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FE. Error probability analysis

Consider (K, L) the description indices generated at node 1 and 2, and (M, M;) the corre-
sponding bin indices. With K (2) and (K (3), L(3)) we denote the indices recovered at nodes 2

and 3. We want to prove that Pr{E} < ¢’ when n is sufficiently large, where
& = {(Xr. X3, X5,V UP (K (3)), U (L(3), K(3))) & Thwaxsvatncate - (426)

We consider the following events of error:

° g]_ - (X{L7X§L; Xéna ‘/Qn) ¢ 7_[’?(1X2X3V2}61} , €1 > 0.

v &= {(X1,U1(R) ¢ Tty VR € (L2770 ] €0 > 0.

o & = {(XD, X3, X3,V UR(K)) & T oxavatnges b o € 0.

e & =13k £ K keB/(M), (Xg, U{”‘(l%)) e T&lul]q} e3> 0.

o &= X517 U?(K(2>>7 U;(LK(Q)))) ¢ [?(2U1U2}64 Vi e [1 : 2HR2]} , €4>0.

o &= X1, X7, X, Vg U{I(K% U2n<L> [A((Q))) ¢ ﬁ§1X2X3V2U1U2]e} , €>0.

o &={3k# K14 Lk € Bi(M), 1 € By(M), (X3, V3, UP(R), U (L 1)) €T vy -

Clearly £ C UZ:1 &i. In fact, it is easy to show that {(f((?)), L(3)) # (K,L), K(2) # K} -

UL, &. From hypothesis, we obtain that lim,,_,, Pr{&;} = 0. Choosing €, < mey and €2 < €cq
we can use Lemma [5] and its Corollary (with the following equivalences: V = U;, X = Xj,

U = @) to obtain lim,, ., Pr{&} = 0 if
Ry > I(Uy; X1) + 0(e1, €2, €ca,m) - (427)

For the analysis of Pr{€3} we can use Lemmal(7 its Corollary and Lemma §|defining Y = X, X5,
X = X and U = U; and using €3, €3 and €4 sufficiently smal]ﬁ to obtain lim, ., Pr{&} = 0.

For the analysis of Pr{&,} we can write:

Pr{&} = EPr{&|K =k M, =m}]

= Bl U {(3000) € T f S5 ¢ - @28)
k#£k
keBi(m1)

In the following, we will not indicate anymore the corresponding values of the constants €, the arguments of § and the

equivalence between the involved random variables in order to use the lemmas from Appendix @
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Using Lemma [6] (with the appropriate equivalences on the involved random variables) and the

statistical properties of the codebooks, binning and encoding, we have, that for each £k, m;:

P ) (X5 UP) € TR | S § =0 (429)
k#k,k€Bi (m1)

provided that
1
- log E||Bi(my)|| < 1(X2;Uy) — (€1, €3, €ca, 1) - (430)

As E[||Bi(mq)]|] = on(fi—Ry) Vm; we have that lim,,_,., Pr{&,} = 0 provided that
Ry — Ry < I(Xp;Uy) =6 . (431)
The analysis of Pr{&;} follows the same lines of Pr{&,}. The above analysis implies that

Tim Pr{(X;, U{‘(K(Q))) e T[;QUl]Eg} —1. (432)
Then, by Lemma [5] and its Corollary we have that lim,,_,., Pr{&} = 0 if :
Ry > I(Xo;Us|Uy) 46 . (433)

From Lemmas (7| and [8] similarly as with Pr{&;}, we have lim,,_,, Pr{&} = 0. Let us turn to
analyze Pr{&;}:

Pr{€7} = E[Pr{57|K = k?,L = l,Ml = ml,Mg = mg}]

( A

- Elprd U {(x3 000, 020R) € oo | an it

(kD) (kD)
AkAGBl(ml)
L\ (k)EB2(m2) )
S E [O[l + a9 + Ozg] (434)
where we have
( )
ar=Prq U { (X5 VU0, U R)) € Titgvavnone f| an ettt p 2 (439)
k#£k
Al%681(m1)
[ (k1)eBa(m2) )
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=P | { (X5 VU0, U R)) € Titvavnone f| an Sttt

A

\ (k‘,l) €Bsy (mz)

(

o =Prq | { (X5 VU0, U R)) € Tivavnone f| an ettt

bk, I
A]ACAEBl (ml)
L (k.D)eB2(m2)

We can use the Lemma [6] to obtain:

lim a; =0, lim ap =0, lim a3 =0
n—oo n—oo n—0o0

provided that
1 A .
ﬁlog E Hk‘ : (k,1) € By(ma), k € Bi(my)
1 . .
~log E Hz  (k, 1) € By(ms)

A~ A,

(k1) : (k1) € By(mg), k € By(my)

1
—log E ‘
n
Because on how the binning is performed, we have:
E Hl;‘ 2 (k1) € By(ma), k € By(my)
E HZ (k,1) € By(my)

A

(k1) : (k,1) € By(my), k € By(my)

5|

which give us:

< I(AXV?,‘/Q7 UlUQ) — (5,

< I(X3Va; Us|Uy) — 0,

< [(Xg‘/g, U]_U2) -0 .

_ 2n(R1—R1—R2)
_ QR(RQ —R3)

— 271(1%1 +Ro—Ry —Ry)
>

(Ry — Ry) — Ry < I(X3Va; Uy Us) — 6 |

Ry — Ry < I(X3Va; Us|Uy) — 6 |

(Ry + Ry) — (Ry + Ry) < I(X3Va; UyUy) — 6 .

76

(436)

(437)

(438)

(439)
(440)

(441)

(442)
(443)

(444)

(445)
(446)

(447)

Notice that equation (#43) remains inactive because of (@47). Equations (27), @31), @33),

#@409), can be combined with:
Rl > Rl 9

é1+R2>RQ,
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which follow from the binning structure assumed in the generated codebooks. A Fourier-Motzkin
elimination procedure can be done to eliminate Ry and R, obtaining the desired rate region
(conditioning also the mutual information terms on V7). [ |

The following Corollary considers the case in which a genie gives node 2 the value of M;.

Indeed, this case will be important for our main result.

Corollary 5: If a genie gives M to node 2, the achievable region Rgglj@r reduces to:

Ry > I(X2;U2|X3V1V2U1)7 (450)

Rl —+ R2 > [(XlXQ, UlUQ‘Xg‘/l‘/Q) . (451)

The proof of this result is straightforward and thus it will not be presented.

APPENDIX C

PROOF OF THEOREM [I]
Let us describe the coding generation, encoding and decoding procedures. We will consider the
following notation. With M;_,5; we will denote the index corresponding to the true description
Ui, s, generated at node ¢ at round [ and destined to the group of nodes S € C (M) with i ¢ S.

With M;_,5,(j) where S € C(M), i ¢ S, j € S we denote the corresponding estimated index

at node j.

A. Codebook generation

Consider the round [ € [1 : K]. For simplicity let us consider the descriptions at node 1. We
generate e independent and identically distributed n-length codewords U 3 (1123, mwy, )

according to:

1 {“7132371 € T, s Wy le(1.28.0) (“’ﬁﬂ)}
)’71&»23,1|W[1,z]]6(1:23vl) (wﬁ:l]) H

30 L .
where my 93, € [1 : 2"1523] and let mw,, , denote the indices of the common descriptions Wﬁ 1

Ut g0 (Masas g, g ) ~ Ce(1,23,1) >0 (452)

. -1 .
generated in rounds ¢ € [1 : [ — 1]. For example, mwy, , = {mis9s, Massise, M2}, With
wyy ; we denote the set of n-length common information codewords from previous rounds corre-
ORI 0!
) . . R R
sponding to the indices My, - For each MW,y consider the set of Qn( 15287 3412) codewords

ur H237l(m1_>2371,m3_>12,l_1,mw[g ._yy)- These n-length codewords are distributed independently
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. ® . .
and uniformly over 2"f1-23 bins denoted by Bi_23 (pl_)237l,mw[3’l71]> with py_y03; € [1 :
@ . C e . . .
2nRi503], Notice that this binning structure is exactly the same we used for the cooperative Berger-
Tung problem in Appendix (Bl Node 1 distributes codewords U7 o5 (121 503,1, M3 12,1, mW[B,H])
in a super-binning structure. This will allow node 2 to recover both, m;_,23; and m3_,12;_1, using
the same procedure as in the Berger-Tung problem described above. Notice that a different super-
binning structure is generated for every my,, . This is without loss of generality, because at
round [ nodes 1, 2 and 3, will have a very good estimated of it (see below).
A1) SO . . .
We also generate 2"f1-2 and 2"%1-s independent and identically distributed n-length code-

words U1n—>2,l<m1—>2,l7 MW MWya, 1) )’ and U{z—>3,l(m1—>3,57 MWy mv[13,z,1]) according to:
n n
) 1 {“HM €TI0y 0 Wiy Vi Je(1,2) <w[2,l]’ “[12,1,1}>}
w TL
[U1—>21|W211V1211]] (1,2,0) 2,07 Yl12,0,1]
n mn n n
) 1 {“H&z € T, sy Wiag Vi Je(1,3.0) <w[2,l]’ “[13,1,1]>}

H,ﬁ&—»a,ﬂwz g Vns,e,le(1,3,0) (w&l], U[q?hl 1]) ’
where €(1,2,1) > 0, €(1,3,1) > 0, and m;_,5; € [1 : 97#12] and mygy € [1: 97#1%3] . These

,(453)

n
U1—>2,l(m1—>27l7 MW MWr21q

,(454)

n
U1—>3,l(m1—>3717 MWig0s MWps0q

codewords are distributed uniformly on 2”R1—>2 bins denoted by Bl_>21(p1_>2 1 W V[IQJJ])
and indexed with p;_,5; € [1 : Q”le] and on 27”5 bins denoted by Bi3, (P13, MW mV[lS,l,l])
and indexed with p;_,3, € [1: Q”R(IILS], respectively. Notice that these codewords (which will be
used to generated private descriptions to node 2 and 3) are not distributed in a super-binning
structure. This is because there is not explicit cooperation between the nodes at this level. That
is, node 2 is not compelled to recover the private description that node 1 generate for node 3,
and for that reason the private description that node 2 generate for node 3 is not superimposed

over the former. Notice that the binning structure used for the codewords to be utilized by node

1 impose the following relationships:

l
R,y < RV 05 + REY (455)
R, <R, (456)
Ry <R, . (457)

The common and private codewords to be utilized in nodes 2 and 3, for every round, are generated
by following a similar procedure and theirs corresponding rates have analogous relationships.

After this is finished the generated codebooks are revealed to all the nodes in the network.

November 7, 2018 DRAFT



79

B. Encoding technique

Consider node 1 at round [ € [1 : K|. Upon observing x7 and given all of its encoding and
decoding history up to round /, encoder 1 first looks for a codeword uj_, o3 ;(m1-231, Mo, , (1))

such that €.(1,23,1) > 0,

(IT7 w’[ni,l} (mw[lyl] (]‘))’ u?—>23,l<m1_>23al’ mw[l,l] (1))) e 7I[T}1~)23,ZX1W[l,l]]€c(1u23al) : (458)

Notice that some components in 1y, (1) are generated at node 1 and are perfectly known.
If more than one codeword satisfies this condition, then we choose the one with the smallest
index. Otherwise, if no such codeword exists, we choose an arbitrary index and declare an
error. With the chosen index 1,23, and with my,, (1), we determine the index p;_03,; of
the bin 5,93, (pH%,l,mW[SH) to which uj 3, (m1 231, M3 5125-1(1), mW[B,H](l)) belongs.
After this, Encoder 1 generates the private descriptions looking for codewords u} _}27l(m1%2,l,

mW[m] (1)7 mv[m,z,u (1))7 uqf—>3,l(m1—>2,lﬂ mW[m] (1)7 mV[13,z,1] (1)) such that

(.T?, wﬁ,u (mW[Q,l] (1))7 Uﬁzl,l] (mv[m,z,q (1))7 u?—)?,l(ml—ﬂ,l? mW[z,z] (1)7 77AWLV[12,1,1] (1)))
€ [3142,1X1W[2,l]V[12,z,1]]€c(172:l)’ ’ (459)

(s o Ot (1)), 0y 0y g (), 0812 1 (1) 00 (1))
€ 7151—>3,1X1W[2,z]V[13,1,1]]€c(1737l) ’ (460)
respectively, where €.(1,2,1) > 0 and €.(1,3,1) > 0. Given (me’”(l),mv[u,lﬁu(m,mvmuu)),
the encoding procedure continues by determining the bin indices p;_,2; and p;_,3,; to which the
generated private descriptions belong to. Node 1 then transmits to node 2 and 3 the indices

(p1-s23.1, P12, P13.)- The encoding in nodes 2 and 3 follows along the same lines and for that

reason are not described.

C. Decoding technique

Consider round [ € [1 : K + 1] and node 2. During round the present and previous round
node 2 receives (p1-,23.1, 312,11, P12, D130, P3—1,1—1, P3—2,—1). However, only the indices
(P1-523.15 P3—12.—1, P12, D3—2,—1) are the ones relevant to him. Knowing this set of indices, node

2 aims to recover the exact values of (1,93, M3-5121-1,M1-21, M3—2,-1). This is done through
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successive decoding where first, the common information indices are recovered by looking
for the unique tuple of codewords u’f_,237l(mlﬁ23,l, M3 512,11, MW,y (2)), u5_ 19, 1(M35120-1,
M,y (2)) that satisfies:
n n o n o n o
(55'2 y W3 1—1] (mW[37l—1] (2)), Ul12,1,] (mv[IQ,l,l] (2)), U23,1-1,3] (mV[zg,z_l,a] (2)),
n A n o
U3, (M—s230, Mass120-1, Mg, 41 (2)), U510 01 (M3os120-1, Mg, ) (2))>
mn
€ 7IU1—>23JU3—>12,l—1X2W[3,171]V[23,l—1,3]V[12,l,1]]5dc(27l)’ Edc(?’ l) >0 (461)

and also belong to the bins indicated by p;_23; and p3_,12;1. If there are more than one pair
of codewords, or none that satisfies this, we choose a predefined one and declare an error.

After this is done, node 2 can recover the private information indices by looking at codewords

uyll—>2,l<mlﬁ2,lv mW[Q,l] (2)7 mv[m,z,u (2)) and ug—>2,l—1 (m3%2,l*17 mw[l,l] (2)’ mv[23,l—1,3] (2)) which sat-

isfy

(‘7;37 w[g,l} (mW[Q,l] (2>>7 UﬁQ,l,l} (mv[m,u] (2))7 U[ZS,FLB] (mV[23,1—1,3] (2))7
urll—ﬂ,l(ml—%l? mW[z,Z] (2)7 mv[12,l,l] (2))7 ug—ﬂ,l—l (m3—>27l—17 mW[l,z] (2)7 mv[23,171,3] (2))>
= [[T}l—ﬂ,lU3—>2,l—1XQW[2,Z]V[23,Z—1,3]V[lQ,l,l]]Edp(Qvl)7 de(2, l) >0 (462)

and are in the bins given by p;_,2; and p3_,o;. If there are more than one pair of codewords,
or none that satisfies this, we choose a predefined one and declare an error. The decoding in

nodes 1 and 3 is exactly the same and for that reason are not described.

D. Lossy reconstructions

When the exchange of information is completed, each node needs to estimate the other nodes

sources. For instance, node 1 reconstruct the source of node 2 by computing:

5312,1 = 012 (951i, Ul12,K+1,1]i5 w[l,K+1]i) yi=1,2,...,n, (463)
and similarly, for the source of node 3:

T13: = g13 (T14, Vi3, k41,000, Wk 4+1)8) » 0 = 1,2, ..., n. (464)

Reconstruction at nodes 2 and 3 is done in a similar way using the adequate reconstruction

functions.
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E. Error and distortion analysis

In order to maintain expressions simple, in the following when we denote a description without
the corresponding index, i.e. Ui, g, or W} ;, we will assume that the corresponding index is the
true one generated in the corresponding nodes through the detailed encoding procedure. Consider

round [ and the event D, = G, N F;, where for ¢, > 0,

gl:{ (X?’ X7 X5, Wﬁ,l}v Vﬁz,up Vﬁ?)»lﬂ’ V[g&l??]) € ﬁ}lszsVV[u]V[12,z,1}V[13,z,1]V[23,z,2ﬂ€z } (465)

E:{Mi_>37t(j) =M 54, SECM), 1 ¢S, je S, te[l:l— 1], with exception of
M3—>12,l—1(2), M3—>2,l—1(2)} : (466)

The set G, indicates that all the descriptions generated in the network, up to round [ are jointly
typical with the sources. The ocurrence of this depends mainly on the encoding procedure in
the nodes. Set F; indicates, that up to round [, all nodes were able to recovers the true indices
of the descriptions. This clearly implies that there were not errors at the decoding procedures
in all the nodes in the network. The condition in F; on ]\;[3%12,[,1(2), M3H2,l,1(2) is due to the
fact, that the decoding of those descriptions in node 2 occurs during round [. The occurrence of
D, guarantees that at the beginning of round [:
o Node 1 and 2 share a common path of descriptions W[’{J] U Vﬁ%” which are typical with
(X7, X5, X5).
o Node 1 and 3 share a common path of descriptions Wﬁﬂ U Vﬁ&lyl] which are typical with
(X7, X5, X5).
o Node 2 and 3 share a common path of descriptions W[%,z_l] U V[Zg,z—m] which are typical
with (X7, X7, XT).

Let us also define the event &;:

& ={there exists at least an error at the encoding or decoding in a node during round [}

= Eencli, 1) U Eaeeli, 1) (467)
iEM
where E.,.(7, ) contains the errors at the encoding in node 7 during round [ and E4..(7, () considers

the event that at node ¢ during round [ there is a failure at recovering an index generated

previously in other node. For example, at node 1 and during round [:
Eenc(1,1) = Eene(1,1,23) U Eene(1,1,2) U Eepe(1, 1, 3) (468)
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where
genc(lv L 23):{ <X?’ Wﬁ,l] (MW[U] (1))U1n—>23,l (m1—>23,l7 MW[1,1] (1))> §é 7{(7}1_)23,leW[Ll]]ec(l,l,QS)
Vi as; € [1: 2”3323]} (469)

56710(17 L, 2>:{ (X?v W[g,l] (MW[Q,Z] (1))7 Vﬁzl,l] (MVuz,l,q (1))7 U1n—>2,l(m1—>2,l’ MW[Q,” (1)’ MV[12,1,1] (1)))

. 0]
¢ 7IU1_,2,1X1W[1,l]v[m’lyl]}ec(l,l,Z) Vimy oy € [1:2 Rl_’Q]} (470)

Senc(lv l7 3>:{ <X{L7 W[Z,l] (MW[Q,z] (1)>7 Vﬁ&l,l] (MV[13,1,1] (1)>7 Ulna?),l(mlﬁi’nl? MW[Q,z] (1)7 MV[13,1,1] (1>>

n n A(l)
¢ 7-[‘U1~>3,ZX1W[1,”V[13,l,1]}66(17l73) vm1—>3’l € [1 +2 Rl%g]} ' @71

Event Ez.(7,1) can be decomposed as:
i) = U U {Mosali) £ Miosa) (472)
Sec(M),ies j:j¢s
At the end of the information exchange phase we would expect the occurrence of Dy 1 NEx 11,
where £k is the event of an error during round K + 1. As during round K + 1 only node 2

tries to recover the descriptions generated during round K in node 3, we have:

Exi1=Egec(2, K +1) = {M:Hm,K(Q) # M3 19k OF M:HQ,K(Q) # MSH2,K} . (473)

The occurrence of Dy, N Ex41 guarantees that all the descriptions generated during the K

rounds of information exchange in the network are jointly typical with the sources realizations

and that those descriptions can be perfectly recovered in all the nodes. In this way, if we can

guarantee that Pr {DK+1 né K+1} —— 1, then with probability converging to one we obtain:

n—oo

« Node 1 and 2 share a common path of descriptions Wﬁ K+1]Y VHZ, K+1,1] which are typical
with (X7, X7, XT).

o Node 1 and 3 share a common path of descriptions Wﬁ k+1]Y Vﬁ& K+1,1] which are typical
with (X7, X7, X7).

« Node 2 and 3 share a common path of descriptions W . 11U Vg3 ;4 o) Which are typical
with (X7, X7, XT).

Using standard analysis ideas, the average distortions (over the codebooks) at the reconstruc-

tion stages in all the nodes satisfy the required fidelity constraints. From there is straight-

forward to prove the existence of good codebooks for the network. In order to prove that
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Pr {DK+1 N EKH} — 1 let us write:
n—o0

Pr {DK—H N gK_H}:PI' {@K+1 U 5K+1} =Pr {YjK_H} + Pr {DK+1 N EK_H}
SPI' {Z_)K+1 N DK} + Pr {Z_DK} + Pr {DK+1 N gK—i—l}

SPI‘ {Z_DK} + Pr {1_)[(+1 N (DK N SK)} + Pr {DK N EK} + Pr {DKJrl N 5K+1}

K+1 K
<Pr{Di}+ > Pr{DN&}+) Pr{Dan(DNE)} . (474)
=1 =1
Notice that
Dy = {(X], X3, X3) € T, xoxsja } » €1 >0 (475)

From Lemma we see that for every ¢; > 0 Pr{D;} —— 0. Then, it is easy to see that

n—oo

Pr{Dys1NExi1} —— 1 will hold if the coding generation, the encoding and decoding
procedures described above allow us to have the following:

1) If Pr{D;} —1 then Pr{D;,;} —1 Vie[l: K+1].

2) Pr{D, m&}rf i—oo> OVliel: K+Ti].oo

In the following we will prove these facts. Observe that, at round [ the nodes act sequentially:
Encoding at node 1 — Decoding at node 2 — - - - — Encoding at node 3 — Decoding at node 1.
Then, using we can write condition 2) as:
Pr{D,NEF=Pr{D; N Epe(1,1)} + Pr{D; N Egec(2,1) N Eene(1,1)}
+Pr {Dy N Eene(2,1) N Eene(1,1) N Egec(2,1) } +
vt PrdD N Eaee(1,1) N Eene(1,1) M-+ N Ee(3,1) } . (476)

Assume then that at the beginning of round [ we have Pr{D;} —— 1. Let us analize the
n—0o0

encoding procedure at node 1. Let us consider Pr{D; N &.,.(1,1)}. We can write:
Pr{D; N Eenc(1,1)}<Pr{E€enc(1,1,23) N Dy} + Pr{Eenc(1,1,2) N Dy N Eepe(1,1,23) }
+Pr {&unc(1,1,3) N Dy N Eene(1,1,23) } . 477)

From Lemma [I| and the fact that lim,, ., Pr{G;} = 1 we have that lim,, ., Pr{A4;(1,23)} =1
where:

A(1,23) = { (XT W) € Ty i } - (478)
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Then, we can use Lemma [5] to obtain:

lim Pr{Ene(1,1,23) N D} = 0 (479)
n—oo
provided that
RO . > T (Xl; UHQ&,‘WM) +6.(1,1,23) (480)

where d.(1,1,23) can be made arbitrarily small. On the other hand we can write:
Pr{€enc(1,1,2) N Dy N Eene(1,1,23)} < Pri{€nc(1,1,2) NG(1,2) N F} +Pr{G(1,2)} (481)

where

gl(17 2) = {(X;l'_l7 Xg? X?’:L? W[TéJ}’ Vﬁ2,l,1]7 Vﬁ&l,l}’ V[g37l,2]> e ﬁ}1X2X3W[2J]V[12J’1]V[13‘171]V[23‘172]]€l(1,2)}
(482)

where €(1,2) > 0. As explained before, Pr{G,} —— 1. Then, from condition (480) we have
n—oo

Pr{€enc(1,1,23)NF} =Pr {(Xf, W) € T[Xlwm]ec(l,l,gg)} — 1. (483)

Moreover, from the coding generation and the encoding procedure proposed is immediate to use

Lemma [§] to show that:
Pr (U{L~>23,l = U?H%,l ’xqfa wﬁ:lh genC(la l7 23) N ‘Fl) =
1 {u?—>23»l € 7{&%23,1\XlW[l,Z]]ﬁc(LQ?),l) (.%'711, wﬁ,l])}

n n n
"7IU1—>23,1\X1W[1,z]]Ec(1,23yl) (xl ’ w[lyl]> H

(484)

Then, from Markov chain
Uiz == (X1, Why) == (Xo, X3, Vo) Vinsaps Viesi2)) (485)

and the Markov Lemma (7, for sufficiently small (e.(1,1,23), ¢, €/(1,2)) and after some minor
manipulations, we can obtain:

Pr{G,(1,2)} — 1. (486)

From equation (481) it is clear that we need to analyze term Pr{&...(1,(,2) NG, (1,2) N F}.
Similarly as before lim,, ,, Pr{.A4;(1,2)} where:

Al(la 2) = {(X{Zv W[Z,l}’ VﬁQ,l,l]) = ﬁ;lw[zl]v[m,l,lﬂel(172)} ) (487)
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which allow us to write:

Pr{&..(1,1,2) N G(1,2) N F} <Pr{&nc(1,1,2) N A(1,2)NF} . (488)
Using again Lemma [S| we obtain that Pr{&.,..(1,1,2) N G(1,2) N F} — 0 provided that

Rylz > 1 <X1; Uisay

W[Q,”v[m,l]) +6.(1,1,2) (489)

where d.(1, [, 2) can be made arbitrarly small. For the analysis of Pr {Senc(l, 1,3)NDy N Eene(1,1, 23)}

we follow the same procedure. We can write
Pr{€enc(1,1,3) N Dy N Eene(1,1,23)} < Pri{&,c(1,1,3) NG(1,3) N F} +Pr{G(1,3)} (490)
with

gl(17 3) = {(Xil? Xy, X??: W[g,l}a Vﬁz,l,2]> Vﬁ:’,,l,l}a V[237l72]) = 7—[;1(1X2X3W[2,z]V[lz,z,z]V[134,z,1]V[23,z,2]]61(1»3)} :
(491)
Using the Markov chain

Uisog == (X1, Wi, Vizaay) = (Xo, X3, Vs Vies2) (492)

the fact that Pr{G;(1,2)} —— 1 and the Markov Lemma (7, and Lemma (8| for appropriately
n—oo
chosen values of (e.(1,1,2),€/(1,2),¢(1,3)) we have:

Pr{G,(1,3)} — 1. (493)
Following exactly the same reasoning as above, we have that in order to have
Pr{&.c(1,1,3) N Dy N Eene(1,1,23) } —0, (494)
besides conditions (480) and (@89) we need:
Ry > 1 (X0 Uia WagVisin) +0c(1,1,3) (495)

for sufficiently small d.(1,{, 3). With these conditions we have proved that the encoding procedure

in node 1 during round [ permit us to have:

Pr{D; N Ee(1,1)} — 0 . (496)

n—oo
Another instance of the Markov lemma, jointly with Markov chain

Uiz (Xl, W[z,l], V[13,l,1]) - (Xz, X3, V[lZ,l,Z]V[Z?,,l,Z}) (497)
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and Lemma [8 allow us to have:
Pr{G,(2,13)} —— 1 (498)
n—oo

where

Gi(2,13) = { (X7, X5, X3, Wik, Vhaaa Vs Vest1) € Ty xaxmi Vs Visss Vessaa2.9) | -

(499)

At this point we have to analyze the decoding in node 2. If that decoding if successful, with

, the analysis of the encoding at node 2 follows the same lines as above[]ﬂ The same can

be said of the encoding at node 3 (after successful decoding). In this way, we terminate round
[ with

Pr{D; 1} =Pr{G1 N Fii1} — 1 (500)

which is one the results we wanted. Clearly, analyzing now the decoding at node 2 (from which
we can easily extrapolate the analysis to the decoding at node 1 and 3) we will be able to obtain
Pr{D,N&} — 0 which is the other required result.

The decoding in each of nodes follows the approach of successive decoding. Decoder 2 will try
to find first the common descriptions M;_,93; and M;_,12;_1. Then, it will try to find the private
descriptions M;_,5; and Ms_,5;_; (using of course the previously obtained common descriptions
as side information). Clearly, the use of joint-decoding could improve the rate region. However,
the analysis of this strategy, besides of being more difficult to analyze, it will give rise to more
complex rate region. It can be easily seen, that the joint-decoding region will contain several
sum-rate equations that will contains common and private rates. Successive decoding allows for
a rate region where the sum-rate equations contains solely common rates or private rates, being
more easy to analyze and understand.

In order to analyze the decoding, we can write:
Pr{D; N Eiec(2,1) N Eenc(1,1)} < Pri{&ucc(2,)) NFNG(2,13)} +Pr{G(2,13)} . (501)

As Pr{G;(2,13)} —— 1 we can concentrate our effort on the first term. Event £4..(2,1) can
n—oo

be written as:

Sdec(2a l) = Hcommon(Qa l) U Hprivate(za l) ) (502)

4See that Gi(2,13) has, for the encoding at node 2 the same role that G; has for the enconding at node 1 during round /.
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where
Hcommon(27 Z):{ <M3—>12,l—1(2)7 M1—>23,l(2)> 7é (M3—>12,l—17 M1—>23,l)} ) (503)
Harivate (2 0={ (M 20-1(2), M1-20(2)) # (Ma a1, Mia) } (504)

From these definitions, we can easily deduce that:
Pr{€4c(2,1) N Fi1 N G(2,13) }=Pr{Hcommon(2,) N F1 N G(2,13)}
+Pr { Hprivate(2,1) N Fi N Gi(2,13) N Heommon(2,1) }
<Pr{Keommon(2,1)} + Pr{Kprivate(2, 1)} (505)

where

K common (2, l):{zl<mlﬁ23,l, M3 i20-1) 7 (Missasg, Mai20-1), (Mas030, M3 512,-1)
€ Bisasi(Pisasy) X Bssaio1(Pasaai—t) « (X5 Wiy Vs 1 Yz
Ul s, (Mis230, Ma12,0-1), U111 (Mas120-1) € T&lwlmv[m,uv[23,l,1,3]]€dc(2,z)> } ,(506)
Kprivate(2, Z)Z{H(ﬁhazz, M3o0-1) 7 (M1, M soi-1), (M1, M3 s2-1)
€ Biooy(Pioyag) X Bioy1(Pssog1) : (X7, Wis1s Vissi—1,3) Viiz1)»
U1n—>2,z(m1—>2,l)> U{?—>2,l—1(m3—>2,l—1) S Wlw[gyl]v[myg]vmm]mp(gy;)> } ,(507)

where €4.(2, 1), €4,(2, 1) are carefully chosen"”} and for a saving of notation we considered only the
indices to be recovered, i.e., UT", 93 (M1 5231, M3 s120-1) = Ul 03, (M1 5231, M3 121, MW[S,H])
Consider first the recovering of the common information. Node 2 has to recover two indices from

a binning structure as the one in the cooperative Berger-Tung problem described in Appendix [B]

In Fig. we have a representation of the problem seen at decoder 2. Node 3 generate

a common description at rate Rél;i)z using Wz, as side information. Similarly node 1,

15 Using Lemma |1| to have:

Gi(2,13)< (Xg’ W[gvl]’ V[g3vl*1v3] ) VGQJJ]) € 7-[?(1‘/"[2,1] V[12,L,1]V[23,171,3]]6dc(2vl)) )

Gi(2, 13)§(X2TL»W[75,1]7 Va2 Viie,,2)) € 7'[?(1W[Q,l]v[lz,l,2]v[23,,,2]]edp(2,z)) .
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U3 1901 (M3 120-1)

(X3 W11 Vo) Vs i-1,3)

W[gvl_l]

Figure 10: Cooperative Berger-Tung decoding problem for node 2.

after decoding the common description from node 3, generate its own description using the
recovered one and also W3, ,, as side information. All these operations all done using the
super-binning structure as in the cooperative Berger-Tung problem in Appendix [Bl Then, node
2, using (ng,W[’;)J_l],V[’}Q,l’l],v[g&l_l’?ﬂ) as side information tries to recover the descriptions

generated at node 3 and 1. Remember the fact that the encoding procedure at nodes 1 and 3

requires:
RN > T(Xs; Us 1oy 1|[Wisgo)) + 0e(1,1 — 1,12) | (508)
RY. oy > I(X1; Uy as i Why) + 0e(1,1,23) (509)
R, o5 < BY g+ RS (510)

and that the following Markov chains:
Us—120-1 - (X3, W[z,zq]) - (X4, Xy, Vi), V[23,171,3}) ) (511)
U1~>23,l —©- (Xla W[l,l]) - (X2,X3, V[12,1,1], V[23,z,2})/7 (512)

are implied by the Markov chains in the conditions of Theorem [I] In this way, we can use the

results in Appendix [Bf to show that the following rates imply Pr {K ommon(2,1)} — 0:
n—oo
R\ > (X1 Uit XoWig Vesi-1,9Viza) + 6ac(2.1) (513)

RV e+ BRI > I(X0 X5 Ursas i Us a1 [ XoWisi—1 Vs Vi) + 04 (2,1) , (514)
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(W[T:L)),ZA] ; V[753,zf1,3])

M1—>2,l)

Encoder 1

(X517 EJ_H’Vﬁz7l7l}’v[237l_173])

(W[g,lfl} ’ V[q2,l,1])

Figure 11: Berger-Tung decoding problem for node 2 when it tries to recover the private

descriptions generated in nodes 1 and 3.

where d4.(2,1), 05.(2,1) can be made arbitrarily small'%]

The decoding of the private descriptions can be seen as a standard Berger-Tung decoding
problem (see Fig. [[1)) where the binning used to transmit the descriptions generated in node 3
and 1 is not cooperative (in the sense of Theorem [9)) as in the case of the common descriptions.
Lemma @ can bee easily used to analyze Pr {Cpiyae(2,1)}. The following conditions guarantee

that Pr {ICp ivate(2,1)} —— 0:
n—oo

%Here we considered the Corollary to Theorem|§| That is we assumed, that node 1 knows perfectly the value of M3z_,12,;_1.
This follows from the assumed fact, that at the beginning of round [, the probability of decoding errors at previous rounds in
all nodes is goes to zero when n — oo. In this way, the constraint on rate R3_,12;—1 that should be considered, according
to Theorem |§| is not needed. In fact, constraints on rate R3_,12,;—1 Will arise when at node 1 we consider the recovering of
M3z_s12,1—1 and Ma_,13,;—1. For that reason, the analysis carried on is valid. Through this analysis we avoid carrying a lengthy

and difficult Fourier-Motzkin procedure to eliminate RYL%, RSLB, Réﬁu forl =[1:K].
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R§Z2<R§ll>2 +1 <U1—>2,l; XoVp23,.2] ‘W[z,l}V[12,1,1]> — 0ap(2,1) (515)

Réi;)<R§l:>;) + 1 <U3~>2,l71; XoU15231V]12,,2]

WhaVissi1a1) = 03,(2.0) (516)

R;(»,l;? + E522<R§l;§) + Rﬁllg +1 (U1—>2,l; XoVp3,.2) W[2,1]V[12,1,1])

1 (Us i3 XaUrsas Vi Wi Vissi19))

—1 (U:Hz,zq; Ui Wp,z]V[23,zf1,3}V[12,z,1]X2> — 0y, (2,1)  (517)

where d4,(2,1), 03,(2,1), 63,(2,1) can be made arbitrarily small. Then, combining all the obtained
results, we have that:

Pr{D; N Epec(2,1) N Eene(1,1)} —— 0. (518)

n—oo
At this point, the story is as it was at the encoding stage in node 1 and all the steps can be

repeated with minor modifications, proving the desired results at the end of round I:
Pr{D; 1} — 1, Pr{D,N&} —— 0. (519)
n—oo n—oo

The other rates equations are as follows:

« Encoding at node 2:

RV > 1 (Xz; UHg,l‘W[g,”) 4 6.(2,1,13) (520)
RY > T (Xz; U1y W[s,Z]V[m,z,z]) +0c(2,1,1) (521)
RV > 1 (XQ; UHJ)W[BJ]Vpg,Z,zQ 4 6.(2,1,3) (522)
« Decoding at node 3:
Y1 > 1 (X3 Unostaa| KW Vitssa Vasiar ) + 0ae(3,0) (523)

Rélllg + Rﬁigg > 1 <X1X2; U1—>23,ZU2—>13,Z‘X3W[1,l}V[13,l,1]V[23,l,2]) +04.(3,1)  (524)

N

By < RO+ 1 (Uays XsVig o Wi Viasia)) = 0an(3,0) (525)
B0y < B+ T (Ui s XoUs s Vs Waa Vs ) — 00,(3.0) (526)
BV 4+ RO, < RV, + RV +I<U X5V ‘W % )

1—3 2—3 1—3 23 2—3,1, A3 V[13,1,3] [3,]] ¥[23,1,2]
+1 <U1—>3,l; X3U2513,1 V23,3 ‘W[z,q V[13,z,1}>

—I (Ulﬁ:},l; U2a3,l

WiagVasiaVisanXs ) = 04,(3,0) (527)

November 7, 2018 DRAFT



91

« Encoding at node 3:

00> T (X3 Ui Wisay) + 0c(3,1,12) (528)
R,y > 1 (X Us o Wi Visa ) +04(3,1,1) (529)
Ry, >1 (X3; Us a4 W[1,l+1}V[23,z,3]) +6.(3,1,2) (530)
« Decoding at node 1:
Rélllg > 1 (X:),; Us_12 X1W[3,l]V[12,z,2]V[13,z,3]) + 04c(1,1) (531)

Rgiu + RSLB > 1 <X2X3; Uz—13,U3 12

X1W[2,11V[meum]> + 04.(1,1) (532)

R§ZL1 < R:(,,Zl + 1 <U3—>1,l; X1 V2,41,

WiasVises ) = (1) (533)
By < RO,y 1 (Vs XUz Wis i, Wi Vizaar) — 0, (1,1) (534)

R+ B < R+ R+ 1 (Usoss XV

W11 V[13,z,3])
Wiz V[12,l,2])

1 (Vs Usona Wi Vizaa Vs X1 ) = 0, (1,1) - (535)

+1 (Uz—n,l; X1U3 5121 V3,041,

The final private rate equations in Theorem [I] follows from a rather simple Fourier-Motzkin

elimination procedure [22]].
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