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Mohammed Jabi, Aata El Hamss, Leszek Szczecinski, and Fahidanida

Abstract

In this work we consider incremental redundancy (IR) hylaidomatic repeat request (HARQ),
where transmission rounds are carried out over indepenaenk-fading channels. We propose the
so-called multi-packet HARQ where the transmitter allowffedent packets to share the same channel
block. In this way the resources (block) are optimally assd) throughout the transmission rounds.
This stands in contrast with the conventional HARQ, wheighdsansmission round occupies the entire
block. We analyze superposition coding and time-shariagsimission strategies and we optimize the
parameters to maximize the throughput. Besides the coovetitone-bit feedback (ACK/NACK) we
also consider the rich, multi-bit feedback. To solve thérojtation problem we formulate it as a Markov
decision process (MDP) problem where the decisions arentaking accumulated mutual information
(AMI) obtained from the receiver via delayed feedback. Wbely one-bit feedback is used to inform
the transmitter about the decoding success/failure (A@GKIK), the Partial State Information Markov
Decision Process (PSI-MDP) framework is used to obtain thgn@l policies. Numerical examples
obtained in a Rayleigh-fading channel indicate that, tteppsed multi-packet HARQ outperforms the

conventional one, by more than 5 dB for high spectral efficien
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I. INTRODUCTION

N THIS work we propose and optimize the strategies to ineehs throughput of HARQ
I transmission over a block fading channel.

HARQ is mostly used to deal with the loss of data packets duenfredictable changes in
the channel and consists in “handshaking” between therridgtes and the receiver: the receiver
sends the binary messages via a feedback channel to inf@rrahsmitter about the success
(ACK message) or failure (NACK) of the transmission. Theneavrversion of the lost packet is
transmitted. This process continues till ACK is received-or the case ofruncatedHARQ—ill
the maximum number of transmission rounds is reached. ketipea the truncation appears as an
implementation constraint but also may be justified whendmgitting data that is delay-sensitive,
which after a prescribed time may loose its validity.

HARQ is often perceived as an additional “guarantee”, whiciks on the top of the physical
layer (PHY). However, it was already shown in previous wotkat adjusting the PHY-related
parameters (rate, coding, power) as a function of the HARe stan significantly improve the
performance, e.g., in terms of the average transmissien(tiatoughput) [1]-[5], or the outage
[6]-[8].

While the parameters of the PHY may be adjusted as a funcfigheonumber of received
NACK messages, more substantial gains are obtained exgldite additional information sent
by the receiver. We thus consider the case when, on top of NBKK messages, the receiver
conveys over the feedback channel, “multi-bit” receivatestinformation (RSI). As we explain
later, RSI represent the state of the decoder, which iseeled the channel state information
(CSI) determined by the channel gains in different blocksese channel gains are assumed to
be independent and identically distributed (i.i.d.) ramdeariables (a modelling, which captures
adequately the fact that retransmissions are usually stéddn well-spaced time instant to
absorb the processing and round-trip delays). Therefbee transmitter is unable to infer the
instantaneous CSI from the RSI, and thus, the conventiotabtave modulation and coding
(AMC) cannot be used.

Nevertheless, the RSI that accompanies the NACK messageidps the transmitter with
valuable prior allowing it to suitably adjust its PHY paraers in the subsequent rounds. Indeed,

the use of RSI was already considered before in [3], [5], ¢Adapt the length of the codewords

August 21, 2018 DRAFT



with the implicit objective of shortening the average numbfetransmissions and using the time
“released” in such a way to send more packets.

It is worth mentioning here that, in [3], [5], [9] the lengtlgere optimized in abstraction of
the system-level considerations. Thus, exploiting theastd time is not obvious because the
codewords with variable lengths are sent within the samekbl®he lengths are optimized in
abstraction of the block-length so, in general, they do natcim the latter. This, will produce
an unoccupied time within the block, which in turn transtaiteto a throughput loss. To address
this problem, [5], [10] proposed the use of many packets iwith single block, reducing
in this way the impact of the unoccupied time. This may go, éwev, against the practical
considerations of having only one or a few packets in thekblboreover, regardless of system-
level considerations, recognizing that various packetgransmitted within the same block raises
the question of optimality of the conventional time-shgr(i'S) approach, and the superposition
coding (SC) [11] may be an alternative as already consideeéare with HARQ, e.g., in [12]-
[14].

HARQ (M(n], [[n];)Feedba¢k Min] HARQ
Con-  Chan- Con-
troller . nel I[n] troller
aln] Min]
Lﬂt Encoder sin) Channel ylr] Decoder| O
Uy U

Fig. 1: Model of the HARQ transmission: the HARQ controlleses the information obtained
over the feedback channel to take actiaifrg, which determine the encoding.

In this work we address these two issues. On one hand, wecilyptionsider the constraints
resulting from the transmission of variable-length paskeithin the same block [15]; this links
the HARQ design with system-level considerations, an idba¢ was lacking in [3], [5]. On
the other hand, we consider the SC and TS as alternativehdojoint encoding of the new
and retransmitted packets; we formally optimize the patamewhich was not considered in
[12]-[14].

We look at the HARQ as aontrol process based on the feedback signal and we optimize

the actionswhich are given by the joint encoding (and its parameterd)etaused. To solve the
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optimization we define our problem as a Markov decision psd®DP) [16, Ch. 7.4], which
was already used in different contexts for HARQ optimizatie.g., in [17], [18]. We maximize
the throughput which is a relevant performance criteriontasan be directly related to the
ergodic (long term) channel capacity [19], [20].

The paper is organized as follows: Sec. Il defines the modiieoystem under study, which
is then cast into MDP in Sec. IlI-A. We explain the optiminetiin Sec. 11I-B and the numerical
results are shown and discussed in Sec. llI-C. The case ofbiineedback is analyzed in

Sec. IV. We conclude the work in Sec. V.

[I. MoDEL OFHARQ

We first describe the conventional HARQ, which allows us téngethe useful notation and

next we discuss theulti-packetHARQ we propose.

A. Conventional HARQ and Notations

We consider a point-to-point transmission using HARQ showfig. 1, where the transmitter
sends the data blocKn| of Ns symbols over a block-fading channel. Each blaeckontains the
encoded version oiV, information bits contained im,, where/ indicates the head of the line
(HoL) packet at block time: (the HoL packet is the first packet in the buffer to be trantedit
for convenience we say that the packet ; is “HoL-next”. The coding rate per packet is thus
R = Ny/Ns. The receiver observes the channel outcape and attempts to decode,. We
note that the indices of the packets are not the same as $ndicie blocks, we refer to the
former via subindexing, e.gu,, and-to the latter—via arguments within brackets, &fg.). We
also usen, to denote the index of the blocKn] when the packew, was transmitted for the
first time.

More than one transmission may be necessary to deliver thikepand the index of the
transmission round of the HoL packet is kept by transmittethie HARQ counterk,. For
convenience, we assume that the HARQ couhtéor the ¢t-th packet entering the transmitter’s
buffer, wheret > ¢ is set to zero, i.ek; + 0. The decoding errors are detected at the receiver
which sends to the transmitter a binary messadé:] = M, ,, where M,;, = ACK if the
decoding ofu, is successful in thé,-th round, orM, ;, = NACK if the decoding fails. Reassume

that the feedback channel is error-free.
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Due to the propagation, transmission, and processing sieflag messagé1[n| arrives at the
transmitter at time block + 1, where it can be used by the HARQ controller. The latter didsa
the HoL packet when ACK is received or the maximum number afigmission round#’ is
reached; then the HoL-next packet becomes the HoL. Fornthllis done, first, incrementing
the HoL index, which otherwise does not change, i.e.,

(+ 1, if Mg,k[ =ACKork, =K
0+ (2)

l, otherwise

and, next, increasing the HARQ counter of the HoL packet
ko < Ky + 1. 2)

When the packets have their counter sets to zero, incredsiig (2), we obtaink, = 1,
which means that we start the HARQ process of the paaket
The encoding, in general depend on the index of the trangmissund, i.e., on the HARQ

counterky, i.e.,
s[n] = Py, (up). 3)

In particular, when®, (u,) = ®;(us),k = 1,..., K we have the case of transmission with
the repetition redundancy (RR) [21] [22]. That is, irredpedy of k,, the transmitted symbols
s[n] are always the same for the givemn. If, on the other handj, is used to extract different

subcodewords of the mother code’s codeword

(D1 (w), ..., Px(u)], 4)

we obtain the well-known incremental redundancy HARQ (HARR) [23], where convention-
ally, all the subcodewordé,, have the same length. HARQ-IR is the focus of this work.

The channel outcome at the receiver is given by

y[n] = vsnrln]s[n] + z[n], ()

wheresnr[n] is the channel signal-to-noise ratio (SNR)n] is a zero mean, unitary-variance

Gaussian variable modelling noise. We assumedtat| are i.i.d. and their probability density
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function (PDF) is known. For numerical evaluation we useekygonential form (i.e., we consider
Rayleigh block fading)

psnr(x) = snr - exp ( - x/w)v (6)

wheresnr is the average SNR.
In HARQ-IR, the receiver decodes the packgtconcatenating thé < K blocks of channel

outcomes

Yok £ [ylnd, .. ylne + k—1]]. (7)

Then, assuming the subcodeworblgu,) are drawn from randomly generated codebook, and

for sufficiently largeNs, the decoding is successful if the accumulated mutual méion (AMI)

defined as
k—1
I £ C(snrlng +t)) (8)
t=0
exceeds the transmission rate, i.e.,
I&k > R. (9)

For simplicity, we assume only Gaussian inputs, i.e.,
C(snr) = log,(1 4+ snr). (10)

The AMI is thus equivalent to the RSI and we may sent it to ta@smitter over the feedback

channel but it is irrelevant for the conventional HARQ.

B. Multi-packet HARQ

In the conventional HARQs[n] depends solely on the HARQ countkr and the packet
contentsu,, as per (3). For the proposed multi-packet HARQ, we assuatdltle encoder is able
to jointly encode the HoL packet, and the HoL-next packai,,; as shown also schematically
in Fig. 1, i.e.,

s[n] - q)MP(uZ) Up+1, k@) kf-l-l)p)v (11)

August 21, 2018 DRAFT



wherep is the parameter of the encoding and it is a function of thentes ik, and k,,; and
the RSI.

We consider four possible encoding modes

. Conventional, one-packet transmission, which we denot& By where the blocks|n| is
occupied only by the subcodewords of the HoL packet,

« Dropped, one-packet transmission, which we denote by WR&re we stop the transmission
of the HoL packet and|n| is occupied only by the subcodewords of the HoL-next packet,

« TS transmission, where the subcodewords of the HoL and Hotpackets are transmitted
in non-overlaping parts of the block, with the time-shartefined byp, and

« SC transmission, where both codewords are superimposédoaiter fractions defined by
P.

We clarify this in Table I, where we add details to the encgdnotation in (3) as follows:
D, (ug, @) (12)
where« indicates the relative length of thgh subcodeword composed afVs symbols.

a[n] | OMP(wug, wpsr, ks kg, p)

( P, _> (I)kz(uf7 1)

( Pv ) (I)k’ul (ué-‘rla 1)

(TS, p) [P, (we, p), Pryy1 (Ueg1, 1 — p)]
<SC’ p) \/]_9(1)]% (uf7 1) + \/1 - p®kl+1 (uf—l-la 1)

TABLE I: Results of encoding actions[n| for the joint encoding of the HoL and HoL-next
packetsu, andwu, .

We note that when the joint encoding (TS or SC) is chosen, éedldack channel transmits
the decoding result for both HoL and HoL-next packets, iMln] = (M, Mop1k,,,)-

The role of the HARQ controller is to decide on the encodamgionsaln| = (m[n], p[n]),
wheremin| € Amog = {1P,0P, TS, SC} defines the encoding “mode” andn] € A, =0, 1]
is the encoding parameter as specified also in Table I. Theeational HARQ always takes
the same encoding actiarin] = (1P, —), where we use =" to indicate that, in this case, the
parametep is irrelevant from the point of view of the encoding. The ans are taken from the

action-spaced = Anoq X Ap and may result in one-packet (1P or OP) or a multi-packet (6C o
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TS) transmissions.
The rule for updating becomes now the following:
+1, if Myp, =ACKork, =K orm=0P

0+ (13)
l, otherwise

and the HARQ counters’ update takes into account the pdisgibi joint encoding

k[ < k( + 1, Vm € Amod, (14)

0, if m e {1PUOP}

k[—i—l — (15)

ke +1, if me{TSUSCH
where the second condition in (15) reflects the fact that ,bdthL and HoL-next packets are
transmitted simultaneously.

We note that the actions from the subspatgq x {0, 1} are explicitly excluded because for
the joint encoding withp € {0, 1}, one of the packets is deprived of the transmission time (TS)
or power (SC), while its HARQ counter would increment as er $econd line of (15). This
is clearly suboptimal so the cases ok {0, 1} are handled by the encoding modes 1P or OP,
where only one HARQ counter is incremented.

We also note that the actiqOP, —) was already used in [5] [24] and means that the packet is
abandoned when there is no “reasonable hope” to decodedessially. While making such a
decision may seem drastic, the dropped packeted may bgered into the transmitter’s buffer
as may also be other packets considered lost. This issuadepa the sensitivity of the source
to the delay in the packets’ delivery—the problem we do natsoder here.

The decoding is done in the similar way as in the one-packeRE@AIn the case of the TS

encoding, after thé-th transmission, the decoding is successful provided that> R, with
Iy = Ip -1+ pC(snr), (16)

where by definition/,, = 0 and to simplify the notation we usedr = snr[n, + k — 1].
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At the same time we find the AMI for the HoL-next packet as
Ig+17k = Ig+17k_1 + (1 — p)C(SHI’). (17)

Sincesnr is random, increasing, the probability of successful decoding of the packet
increases withp, see (16), but at the same time, the probability of correcbdmg of the HoL-
next packet is decreased. Thus, it is not possible to impsavelltaneously the reliability of
transmission of both packets. The challenge of optimizireyeéncoding actions lies in striking
the balance between these contradictory effects.

In the case of the SC, the decoding is slightly more involvedalise the HoL and HoL-next
packets interfere with each other. For simplicity we onlynsider single packet decoding, in
contrast to joint decoding of both packet3hat is, we assume that decoding @f depends
solely on/,,—, andy[n, + k — 1], i.e., the AMI of the HoL packet is given by

Lig=1Ip-1+C <ﬁ) : (18)

The AMI for the HoL-next packet is given by

]é.l’_l’k;—l +C ((1 — p)snr) if Ié,k >R . (19)

Ipir =

Iy +C <(1_p)sm> if I;,<R

1+psnr

in the case{/,, > R} we assume that the interference induced by the superpobeddaword
d,,(u,) was removed; in the other case—that the interference cdreoémoved because the

AMI related to the HoL packet is not sufficiently large to alldor decoding {, . < R).

I1l. M ULTI-BIT FEEDBACK

We assume that after each multi-packet HARQ round, on topn@fconventional signalling
Mn] = (Mg, Mg, ), the transmitter is provided with additional informatioboat the
state of the receiver. In particular, since the decodinges&/failure are determined by the AMI,
see (9), the AMII[n] = (Lo k,, Lr41,k,,,) is SeNt via the feedback channel to the transniittes
shown in Fig. 1. We focus on optimizing the encoding actiprtargeting the maximization of

IWhile joint decoding is possible (as we transformed our ptwrpoint channel into multiple access channel), jointating
would result in an additional complex at the receiver andt@dther hand the analysis would become much involved.

2We may sendl,,x, or, instead, reporénr[n] and let the transmitter to calculate the AMI via (16), (17)8), or (19)
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10

the throughput. The key idea is to represent the multi-padkdrQ as an MDRS, A, W, Q, )
whereS, A and)V are the state space, the action space and the disturbaraseregpectively,
@ is the transition law and is the reward [16, Ch. 1].

Being in states € S at block timen gives the controller the possibility to take actiem] €
A(s), after which the HARQ moves to the next state= S at timen + 1. In general, not all
actions are allowed in a state thus | J A(s) = A. The transition from the statetos’ € S
depends uniquely on actiasjn] and f)erfa random disturbanedn| € W. Thus, the transition
between states is characterized in probabilistic manngerited by the transition law). The
functionr(s,a) : S x A — R defines the reward acquired when the system is in stated the

controller chooses action

A. Markov Decision Process

In the multi-packet HARQ, the feedback messages ANH], as well as the HARQ counters
k[n] = (k¢, ko) define the state of the HARQ process. The AMIs defined over the sef?
by the quantities:

Z£[0,R|UZg,, (20)

Tr, 2 (R, ), (21)

where (21) explicitly groups those values of the AMI whicladeto the event of decoding
success [, > R). With K allowed transmission rounds and considering that HoL ant-Ho
next packets may be sent simultaneously, the HARQ couki@an only take values in the set
K ={(1,0),(2,1),(2,0),...,(K,K — 1),(K,K — 2),...,(K,0)}. Thus, the state spacg is
defined asS = K x Z2. Each state is thus represented by a quadruplet,, , I, I;,1). We
note that the value of AMI[n| contains implicitly the results of the decodivgl[n].

Fors € S, we denote byM®, k* and I° the corresponding value o¥1, k and I respectively.
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11
We distinguish the following subsets:

Sack ACK = {s € S|M® = (ACK,ACK)} (22)
SNACK NACK = {s € S|M* = (NACK, NACK)} (23)
Sack nAcK = {s € S|M° € {(ACK,NACK),
(NACK,ACK)}} (24)
S = {s e S|{M® = (ACK, —)
ﬂksz(l,O),lgng}} (25)
S = {s e S|[{M° = (NACK, —)

ﬂks:(l,o),lgng}} (26)

where Sack ack contains states when both packets are decoded correctlg \Whick nack
presents states when both packets failed to be decdtlednack is the set of states when only
one packet is decoded correctl§iR, and S« characterize the states when the one-packet
transmission mode is adopted in the whole HARQ rounds andleapacket is successfully or
unsuccessfully decoded respectively.

We also consider three types of HARQ differentiated by tihespective action space:

1) Conventional one-packet HARQ (1P) wheiis irrelevant. In this case the action spade
has only one elemeriilP, —) and no optimization is needed.
2) Time sharing multi-packet mode (TS) when the action sgadefined asd = AJ3,x Ap
with A™S = {1P, 0P, TS}.
3) Superposition coding multi-packet mode (SC) wher ASS x A, with ASS, = {1P, 0P, SC}.
We assume that the joint-encoding actions, ireg {TS, SC}, can be taken for all statese S
except ifs € {Sack ack USAtk } When only one packet is transmitted. That is, the joint-elimup
actions is only allowed when the HoL packet is not succegfdécoded.
The statistically evolution of the system is representethieytransition lan). Since the states
and the actions are discrete, see Sec. llI-B1, this law isrgivy the state-to-state transition
probabilities:

psw(a) 2 Pr{s[n + 1] = ¢/|s[n] = s,a[n] = a}. (27)
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12

which can be calculated using (16)-(19). An examplegf calculation is shown in Appendix
A. We assume here the stationary behaviour, in which the tingirrelevant for the transition
probability; this condition is satisfied for sufficientlyr¢ge n, i.e., after the transients phase.
The transition from the staten| to the states[n + 1] depends on the actiafn] and on the
disturbancesnr[n| > 0 as can be seen in (16)-(19). Consequently we take- R™.

Each state-transition yields the reward given by

R, ' € {Sack nacks Snack ack > Sack }
7(s,a,s) =q 2R, ¢ € SAcK ACK (28)

0, otherwise

and the expected reward for taking actiin the states is then given by
r(s,a) = Zpsvsl(a)f(s, a,s). (29)

Our objective is thus to find aolicy 7 : S — A, such that the HARQ controller taking
actionsa = 7 (s) € A, maximizes the throughput defined as

n(m) = lim — S E[r(sln], w(sn])), ] (30)

where the expectation is taken with respect to the randotesstfi|, ..., s[N] of the HARQ
process, and-(s[n|,7(s[n])) is the randomreward obtained using the actions(s[n|) after

transmission of the block defined in (29).

B. Throughput optimization

1) Discretization: The problem is now formulated as the MDP and, in order to make i
tractable numerically we make the state-sp&adiscrete. The first dimensiod of S is discrete
by definition, so we discretiz& using 77 points; which means that we need to discretize the
set|0, R[ using77 — 1 points (we used uniform quantization) and assign one digat&®n point
to Zg, .

Similarly, the actions se# is discretized ovefl,, thus the encoding parameters: A, are

discretized ovefl, — 2 points.
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13
2) Policy optimization:Our goal is to solve the following optimization problem

1" = maxn(r), (31)

mell
wherell is the set of admissible policies: S — A.
This average reward-per-stage problem can be solved usingotcalled Bellman’s equations
[16, Ch. 7.4],

*+ hs = max |r(s,a)+ ss(a)hs |, Vs £ sp, 32
n max |7(s.a) s;p,u # s (32)

he =0 (33)

P

thanks to the following lemma.

Lemma 1. There is at least one state, denotedspyand m > 0, such that, for all initial states
and all policies, the probability of being in stats, at least once within the first: times, is

non zero, i.e.Pr{s[n| = s} > 0, wheren < m.

Proof: We take the special statg = (1,0, I,,0), wherel, is the smallest value defined by
the discretization. Since NACK message occurs with non-peobability, and the probability
of having arbitrarily small SNR is not zero, the probabildy visiting the special state, is
non-zero, too. [

Under Lemma 1, we obtain the guarantee that the optimal ¢fimoutr* is independent of the
initial state [16, Prop. 7.4.1.b] and to solve equation (f82)all s, we may use two-step policy
iteration algorithm for the average reward problem [16, CHi]. In the first step, given the
policy 7, we calculate the corresponding average and differeravadrds,; andhs, respectively,

that is, we solve the following equation for eack- s,

N+ hs=1(s5,7(s) + Y _ pag (7(s))he, (34)
s'eS
wherehs, = 0. In the next step, we perform a policy improvement to upddtg as follows
7(s) < argmax [r(s,a) + Zpsvs,(a)hsl]. (35)

acA(s) ses

The steps (34) and (35) are repeated till convergence, whigharanteed to be attained in finite
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number of iterations [16, Prop. 7.4.2].
In the numerical examples, the algorithm converges withHadively small number of iterations

( < 4) when we choose as initial policy[s] = (1P, —).

C. Numerical Results

In this section we compare the performance of the proposeBR@HR, i.e., TS and SC, to
the conventional HARQ-IR in terms of attainable throughasitwell as the outage probability.

The throughput of the conventional HARQ-IR can be calcalatging renewal-reward theorem
[9], [19] or, using our MDP formulation, by considering traily the “conventional” HARQ-IR

actions for all the statese Sii-« are taken. That is, adopting the following policy:
m(s) = (1P, —). (36)

1) TSvs SC First we investigate the encoding mode to be used, i.e., we wafind the
benefit of deciding in favor of the TS or SC. To this end we fitst the MDP optimization for
a fixed value ofR = 4 and analyze the case wheh= A'> x A,, that is, the HARQ controller
is able to choose among the modes 1P, OP or TS. These resrtged by TS, are shown in
Fig. 2. We also show therein, under the legend SC, the restifse MDP optimization when
A= ASC x A, i.e., the HARQ controller is to choose one of the modes 1PpiOBC. The
throughput of the conventional HARQ-IR, denoted as 1P, dsasethe ergodic capacity’ are
also shown for comparison.

Using the conventional HARQ-IR and for the fixétl(i.e., that does not change wighr), the
benefit of increasing the number of allowed transmisgiomaterializes only for low SNR and
thus, for small throughput values. This is why HARQ is somes considered valuable only
for low SNR regime. As we will see in Fig. 6, similar value ofrdighput may be obtained
decreasingR and yet keeping< small. Therefore, from the system-level perspective, tlostm
valuable throughput gains are those obtained close to timnab transmission rat&, where we
see that the multi-packet HARQ provides significant adwgataver the conventional HARQ.

As a reference we consider the throughput 0.9R (shown by the horizontal dashed line
in Fig. 2). An important observation—already made in [25%-that the conventional HARQ
presents a large SNR gap to the ergodic capaCitywhen the transmission ratB is fixed.

For instance, the gap of approximatedyp dB can be observed in Fig. 2. This puts in the
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perspective the often evoked property of HARQ-IR, whichssthat the throughput of HARQ-
IR can attain the ergodic capacity with infinite number ohsmaissions. While this is, indeed,
true, this condition materializes for the throughpuimuch smaller tham? or for a very small
SNR. Alternatively, to reach the ergodic limit having the SNixed, a very large rate? is
needed.

From that point of view, the proposed multi-packet transmis mode seems to reduce
efficiently the gap. In fact, wherR = 4 bits/channel use and& = 4, the gap is reduced
by more than60%. A multi-packet HARQ with/K' = 2 can easily present a gain aboyelB
compared to the conventional HARQ with largkr. When K = 3, the gains are aroun@ dB;
they increase negligible fok = 4.

We also note that, even if the difference is relatively snilas thanl dB), the SC always
outperforms the TS. To obtain insight into the relevancehef €ncoding modes, considering
A = {1P,0P, TS, SC} and K = 2 and defining the following probabilities conditioned on the

retransmission being needed (i.e., 08 Sack nack)

Pipy £ Pr{m(n] = 1Pls € Sacknack} (37)
Psc = Pr{m[n] = SCs € Sack.nack }, (38)
Prs = Pr{m[n] = TS|s € Sack.nack }; (39)

Porop £ Pr{m[n] = OPFs € SACK,NACK}, (40)

Packa = Pr{s € Sack.ack}, (41)

where Pips is the probability of choosing one-packet retransmissiyy, is the probability of
choosing SC encoding?rs is the probability of choosing TS encodingpo, is the probability
of “dropping” the packet without retransmission aficx ; is the probability that a packet is
decoded after the first transmission.

Fig. 3 shows the above-defined probability as a functiorsneffrom which the following
observations can be made

. Below a thresholdsgr = 18 dB), it is more profitable from the throughput point of view

to drop the packet, which corresponds to the actiea (OP, —).

« The one-packet encoding dominates the multi-packet engoftir snr < 10 dB, which
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Fig. 2: Throughput of the proposed multi-packet HARQ TS ar@ ®ith 7}, = 32 are compared
to the conventional HARQ 1P and the ergodic capacitywvhen R = 4 bits/channel use and
K =2,3 and4.
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Fig. 3: Probabilities defined in (37)-(41) witR = 4 bits/channel use anfl’ = 2.

explains the throughput results are similar for the corieeial and the proposed multi-
packet HARQ.

« The multi-packet SC transmission is likely to be used fordB < snr < 25 dB; this

region of SNR corresponds also to the throughput of the rpaltket HARQ (SC) being

August 21, 2018 DRAFT



17

significantly larger than the throughput of the conventldhARQ (1P).

« When SC mode is available, the time-sharing mode is nevaet. use

« Asymptoticaly, i.e., increasing the SNR, we increase tlubability of successful decoding
in the first transmission, thus all HARQ modes will offer a #anthroughput for large
SNR.

The price to pay for the larger throughput is the increasene dutage as we illustrate in
Fig. 4. While outage considerations were absent from owudision, we note that it is also
possible to design the policies which take into account thestraints on the outage, however,
we leave this issue beyond the scope of our work.

In Fig. 5 we show an example of the optimal value of the parameas a function of the AMI
Iy, i.e., when the optimal actions as¢s) = (TS, p) or a(s) = (SC.p) , and whenk® = (1, 0).
The intuition behind such results is clear: for larder, i.e., when the first transmission results
are close to being decoded (this happens when> R = 4, the power (for SC) or the time
(for TS) fractions attributed to the retransmission deseea

2) Comparison for differenz: We show the results of the throughput for different valiies
in Fig. 6; the results shown fak = 4 are the same as those we already presented in Fig. 2. As

we can see, the gains of the SC over the TS are less pronowrcschéller values of2 andsnr.

Fig. 4: Outage corresponding to the one-packet and mulpptket HARQ whenR = 4
bits/channel use and, = 32.
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Fig. 5: An example of the optimal paramejeobtained for TS and SC wheh = 4 bits/channel
use,snr = 16 dB, 7, = 32 and K = 4.

This is reminiscence of the similar behaviour of the converal SC broadcast transmission,
where the gains with respect to the TS appear also in high SNR.

The main conclusion is that the multi-packet HARQ providesimportant increase of the
throughput in the zone of interest (that is, for through@ltes close to the nominal transmission
rate R).

3) A Note on DiscretizationTo provide an insight into the discretization effects, wewh
Fig. 7. We emphasize here that we took a sufficiently lafgeto accurately calculate the
throughput {7 = 32 in the numerical examples). Thus, discretization effeotsamost entirely
captured by7,. We note that TS and SC present notable gain compared to 1P only
T, = 4. The results do not change significantly fGy > 16. For a givenI}, performance may
be improved if we considered non uniform quantization, &dlgcin the case of SC; the issue

of finding the optimal quantization is, however, out of scabehis work.

IV. ONE-BIT FEEDBACK SCENARIO

In this section, we consider the scenario where only theaational 1-bit feedback ACK/NACK is
available at the transmitter. In this case, the state saeelC x Z? is partially observable: the

random variableZ? is non-observable whiléC is fully observable from transmitter by using
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Fig. 6: Throughput obtained for various values Bfbits/channel use, where for clarity, the
results are shown only fay > R/2.

only the received ACK/NACK bits. This situation is known ihet literature as Partial State
Information Markov Decision Process (PSI-MDP) [26].
In the PSI-MDP context, the HARQ controller decides to tak#oas a[n| on the basis of

observable historglefined as:
O[n] = (5[0]7 a[O]vM[l]v k[l]v a[l]v T a[n - 1]7M[n]7 k[n]) (42)

where the initial stata|[0] and the corresponding actiai0] are assumed to be known. At the
transmitter, thek, are updated using thebservablefeedback message®t|n|; the past actions
a are also perfectly known to the transmitter. In general, thetentire history is useful to the
controller but only the parts related to the packets undsrsimission at time, i.e., HoL and
HoL-next packet.

The standard procedure to solve PSI-MDP problem considiading the equivalent perfect
state MDP problen{Z, A, W, @', ') [16]. The state spacg is K x P(Z?), with P(Z?), called
the belief statesis the space of all probability measures #h The definition of the action
spaceA and the disturbance spat® are the same as in the sec. lll.

Let z € Z be defined as the couplg:,b) whereb(z) = pi(x/O[n]) is the a posteriori

distribution of I = (I, ,, Ir11.,,,) Given an observable histor§). The statistical evolution of
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—~—TS,7,=32,K =4
———TS, T, =8, K =4 I
—*—TS, T, =4,K =4
-0-1P, K =4 Il

Fig. 7: Throughput of the proposed multi-packet in the cdga)0HARQ with TS and (b) HARQ
with SC. Different values of, are considered an& = 4 bits/channel use. The throughput of
the conventional HARQ 1P is shown for comparison.

the system is captured by the transition |&@: Z x A — TI(Z) wherell(Z) presents the set
of discrete probability distribution oveE. The expected reward(z, a) for taking the actiora

in the statez is then given by:

r'(z,a) = /I2 7(z,a,x)b(x)dz. (43)
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I(z < R) if M|n] € {(ACK,NACK), (NACK,NACK)},

k[n] = (2,1),m[n] = TS, m[n + 1] € {TS, 1P}

q ioi(?z')gl. ;f{)’\'ljéK} - Denr (%) I(p<27®) if Mln] = (NACK,NACK), k[n] = (2,1),

b(z) = m[n] = SC m[n + 1] € {SC 1P}

log(2) - 2* . 271 x [ n| = n] =
(1 _p) * Fanr (211?7—_171) pe ( I=p ) H( = R) i M[ ] (ACK’NACK)7k[ ] (27 1)1

m[n] = SC m[n + 1] € {SC 1P}

log(2) - 2% « pgnr (27 — 1)
anr (2R - 1)

-I(x < R) if M(n] = (NACK, —), k[n] = (1,0)
(45)

The main challenge in solving the PSI-MDP problem is the ati@rization of the space of
the belief stateg?(Z?), i.e., the space of functiorigz).

A. Case of maximum two allowed transmission

WhenK = 2, we only need to track the value; or I,,, ; when a NACK message is received,
i.e., the AMI after the first transmission of the HoL, or Hokext packet. Thus, the belief states
b(x) need to be defined over only one dimension and will be paréredtby the set of possible
actions. In other words, we define the state space using tiensa[n — 1] and the feedback
messageM [n]. The closed form expression are given in (45) whire) = 1 if z is true, and
0 otherwise,Fy, (z) = 1 — exp (— z/snr) is the ofsnr’ cumulative density function (CDF) and
Pr{NACK} is the probability of not decoding the superposed HoL-nedket given that the
HoL packet was also not decoded:

Foe(2=L),  if p< 27
Pr{NACK} = (1=52r) P . (44)

1, otherwise
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B. General case

When K > 2, the belief state$(z) are defined over two dimensions and cannot be derived
in closed form.

When the belief states are defined over one dimension, amxpmation method was proposed
in [27], which projects the beliefs on the parametrized $dtioctions. For example, Beté , 05)
function was used in [27] to parametrize the AN}l,, ( [27] considered one-packet HARQ). In
our case, the observatiods;, and I, , are dependant and we would need a projection of
the joint PDF of these two variables on the space of two-dsiweral functions. This approach
is thus tedious and to overcome this difficulty, we assumeittaretransmission is needed, the

controller will always adopt the unique-action policy:

7(s) = a. (46)
Formally, the objective is to solve:
7 = maxn (), (47)
acA

and an exhaustive research over the one-dimensional spatlewed actionsA is sufficient to

determine the suboptimal action.

C. Numerical Results

Fig. 8 compare the performance of the proposed multi-pacléeRQ protocols. When the
whole historyQ is used, the results are denotedrpffor K = 2), while ) presents the simplified
policy in (46).
We observe that
« For TS, the simplified unique-action protocol defined in (#®lds practically the same
throughput as the one based on the complete parametrizdttbe state-space (fok = 2).
We thus conjecture that the same results will be obtainedsfor 2.

« As expected, using one-bit feedback introduces the pendltyrespect to multi-bit feedback
but still, using TS, the gains over the conventional HARQ ras&able, varying fron2.5 dB
(for K =2) to 4 dB (for K = 4).

« For SC, the simplified unique-action protocol yields the samsults as the one-packet
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Fig. 8: Throughput of the multi-packet HARQ in the case of (&)= ATS, x A, and (b)
A = ASE x Ap; the multi-bit feedback (TS), one-bit feedbach,(unique-action one-bit feedback

() and conventional one-packet HARQ (1F).= 16 and R = 4 bits/channel use.

transmission forK' = 2; this is not entirely surprising as we already observed thatSC

is very sensitive to the discretization of the parametecep, in Fig. 7 (b). Fork = 4,

we obtain an appreciable gain 8fdB.

« When the complete parametrization of the state-space i (ise X' = 2), the gains of

SC over the conventional HARQ are arouhd dB.
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V. CONCLUSIONS

In this work we proposed and analyzed the so-called mutkpeHARQ, where various
packets are simultaneously transmitted within the samekbld/e consider adjusting the joint
encoding modes depending on the state of the receiver inateqansmissions and, formulating
the problem as partial or full state information Markov &@mn process, we optimize the
encoding modes and parameters of the HARQ. Our resultsatadtbat the joint encoding yields
gains of various dB over the conventional HARQ even in thepséintase of one-bit feedback
and HARQ truncated td< = 2 transmission. These gains can be increased by2 dB by
adding a few § — 4) additional feedback bits.

We also observed that the gains of the SC with respect to thar@ Selatively small in the
case of full observable state; one-bit feedback, howeveemoves the advantage of the SC.
Thus, in the point-to-point HARQ, the TS, being simpler tgplement, should be preferred over
SC.

APPENDIX A

We aim at determining the expression@f, when K = 2. In this case, the set of possible
values ofk = (kg, key1) is K = {(1,0),(2,1),(2,0)}. One possible illustration of the state space
S is given in Fig. 9. For each possible valuegfthe vertical line presents the possible values
of I, while the horizontal line presents,, ;,,,. When only the HoL packet is transmitted,
i.e., Iy115,,, = 0, the horizontal line is irrelevant. For convenience we rédethe discretization
interval corresponding to a stateasZ®.

The states in the figure corresponds to paramekér= (1,0) andI® = (I7,,0). The transition
from the states at timen to the states’ at timen + 1 depends on the actiafjn] = (m[n], p[n])
and the SNR. For example three situations can occur regatt@value ofm[n]. Namely:

« If m[n] = 1P the system moves o = (2,0). This transition, represented by a solid arrow,

has the probability, (a) = Pr{I;, + C(snr) € T3 ,}.

« If m[n] = OP the HARQ controller increments the HoL according to (113) #he system
moves tok® = (1,0), which is presented by the doted arrow. In this cgsgi(a) =
Pr{C(snr) € IZ'I}.

. If m[n] = TS the multi packet scenario is adopted and the counters matated tok® =

(2,1). This situation is depicted by the dashed arrow ang(a) = Pr{l;, + pC(snr) €
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Fig. 9: State spacé representation whek = 2

27,/2 N (1 —=p)C(snr) € I?:rl,l}-
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