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Abstract

In this paper, we prove some pointwise comparison results between the solutions of some second-
order semilinear elliptic equations in a domain {2 of R™ and the solutions of some radially symmetric
equations in the equimeasurable ball 2*. The coefficients of the symmetrized equations in Q* satisfy
similar constraints as the original ones in 2. We consider both the case of equations with linear growth
in the gradient and the case of equations with at most quadratic growth in the gradient. Moreover, we
show some improved quantified comparisons when the original domain is not a ball. The method is based
on a symmetrization of the second-order terms.

1 Introduction and main results

Throughout all the paper, n > 1 is a given integer, € is a bounded domain of R™ of class C? and Q* denotes
the open Euclidean ball centered at 0 such that |Q2*| = ||, where by a domain we mean a non-empty open
connected subset of R™ and, for any measurable subset E C R", |E| stands for the Lebesgue measure of E.

We consider the following problem: given a bounded domain  C R™ of class C? and given a positive
solution u of a quasilinear elliptic equation of the type

—div(A(z)Vu) + H(z,u,Vu) = 0 in Q,

1.1
v = 0 on 01, (1.1)

in a sense to be detailed later, we want to compare u to a solution v of a similar problem in the ball *,
namely
—div(A(z)Vv) + H(z,v,Vv) = 0 in Q¥

(1.2)
v = 0 on 00N*.

*This work has been carried out in the framework of the Labex Archiméde (ANR-11-LABX-0033) and of the A*MIDEX
project (ANR-11-IDEX-0001-02), funded by the “Investissements d’Avenir” French Government program managed by the
French National Research Agency (ANR). The research leading to these results has received funding from the French ANR
within the projects PREFERED and NONLOCAL (ANR-14-CE25-0013), and from the European Research Council under the
European Union’s Seventh Framework Programme (FP/2007-2013) / ERC Grant Agreement n.321186 - ReaDi - Reaction-
Diffusion Equations, Propagation and Modelling. Part of this work was also carried out during visits by the first author to the
Departments of Mathematics of the University of California, Berkeley and of Stanford University, the hospitality of which is
thankfully acknowledged.



Our goal is to show that, under some natural assumptions on A and H, any solution w of (1.1) in £ will be
controlled from above by a radially symmetric solution v of a similar problem (1.2) in Q*. More precisely,
we will show that the distribution function of w is not larger than that of v. Moreover, the coefficients of
the problem (1.2) solved by v in the ball Q* will actually be radially symmetric, and the solution v itself
will also be radially symmetric.

Let us list the precise notations and the assumptions attached to the problem (1.1) and made throughout
the paper. We denote by S, (R) the set of n xn symmetric matrices with real entries. We always assume that
A:Q— S,(R) is in WH(Q). This assumption will be denoted by A = (4;)1<iiv<n € WH°(Q,S,(R)):
all the components A; ; are in Whee(Q) and they can therefore be assumed to be continuous in Q up to a
modification on a zero-measure set. We always assume that A is uniformly elliptic in Q: there exists A > 0
such that A > A\Id in €, where Id € S,,(R) is the identity matrix, that is

Y Ap(@)&te = A@)E-E= AP =N D (&)

1<4,i'<n 1<i<n

for all z € Q and € € R”. Actually, in some statements we compare the matrix field A with a matrix field
of the type = +— A(z)Id in the sense that

A(z) > A(x)Id ae. in Q, (1.3)
where A € LP(Q2) and

LY(Q) = {A € L®(Q); essﬂian >0} = {A € L™(Q); IX >0, A(z) > X ae. in Q}.

The inequality (1.3) means that A(x)¢ - & > A(z)[€]? for ae. x € Q and all ¢ € R™. For instance, if,
for each z € Q, Aa(z) denotes the smallest eigenvalue of the matrix A(x), then Ay € LP(Q) and there
holds A(x) > Aa(z)Id for all z € Q. The given function H : Q x R x R” — R is assumed to be continuous

and such that there exist a real number 1 < ¢ < 2 and three bounded and continuous functions a, b

and f:Q x R x R® — R such that

H(:C, S,p) > —CL(SL‘, S’p)‘p|q + b(x, S,p)S - f(xv S,p), (1 4)
b(x,s,p) >0 '

for all (z,s,p) € Q x R x R™. In particular, H is bounded from below by an at most quadratic function in

its last variable p. Notice that no bound from above is assumed a priori. The cases ¢ =1 and 1 < g <2

will actually be treated separately, since the existence and uniqueness results for problems (1.1) or (1.2) are

different whether ¢ be equal to or larger than 1, and since an additional condition will be used when ¢ > 1.
We say that u is a weak solution of (1.1) if u € H}(Q), H(-,u(-), Vu(:)) € L*(Q) and

/ A(z)Vu -V + / H(z,u,Vu)p =0 for all ¢ € Hj(Q) N L¥(9Q).
Q Q

The condition v = 0 on 9N simply means that the trace of v on 9 is equal to 0. When H (-, u(-), Vu(-))
belongs to L?(2), then this identity holds for all test functions ¢ in H}(£2). Similarly, one defines the
notion of weak solution v of (1.2). Throughout the paper, the solutions of (1.1) and (1.2) are always
understood as weak solutions, even if they may of course be stronger under some additional assumptions
on the coefficients. Furthermore, we denote W () the space W(Q) = (<< oo W2P(€2). We recall from
the Sobolev embeddings that any function u in W (£2) belongs to C1*(Q) for all a € [0, 1), even if it means
redefining u in a negligible subset of Q. Notice that if u € W() is a weak solution of (1.1), then u is a



strong solution, the equation (1.1) is satisfied almost everywhere in 2 and the boundary condition on 02
holds in the pointwise sense.

In order to compare a solution of (1.1) in € to another function defined in the equimeasurable ball *,
the natural way is to use their distribution functions. Namely, for any function v € L'(Q), let y, be the
distribution function of u given by

pu(t) = |{z € O u(z) >t}

for all t € R. Note that u,, is right-continuous, non-increasing, pu,(t) — |Q] as t = —oo and u,(t) — 0 as
t — +oo. For all x € Q*\{0}, define

u*(z) = min {t € R; py(t) < ap|z|" },

where o, = /2 /T'(n/2+1) denotes the Lebesgue measure of the Euclidean unit ball in R”. The function u*,
called the decreasing Schwarz rearrangement of u, is clearly radially symmetric, non-increasing in the
variable |z| and it satisfies

{z € Q; u(z) > ¢} = [{z € u*(z) > (}

for all ( € R. An essential property of the Schwarz symmetrization is the following one: if u belongs to the
space Hi (), then |ul* € H}(Q*) and it is such that || ul*ll 20y = lull 2y and [V]u[*][ 2 < [[Vull 12(q)
see [19, 20, 39, 45].

In this paper, motivated by some results on the comparison of principal eigenvalues of non-symmetric
second-order elliptic operators in [33], we aim at comparing any given positive solution u € W(2) of (1.1) to
a weak solution v of a problem of the type (1.2), in the sense that u* < v in Q*, where the new coefficients A
and H of (1.2) are radially symmetric with respect to x € Q* and satisfy similar constraints or bounds as
the given coefficients A and H. As already mentioned, we consider two types of assumptions regarding the
dependency of the lower bound (1.4) with respect to the variable p: namely, we treat separately the case
where the lower bound is at most linear in |p| (that is, ¢ = 1) and the general case where 1 < ¢ < 2 and
the lower bound is at most quadratic in |p|, for which an additional assumption on the function b is made.

1.1 Linear growth with respect to the gradient

Our first main result is concerned with the case where H is linear in |Vu| from below, in the sense that ¢ = 1
n (1.4). If g is a real number or a real-valued function, we set g™ = max(g,0).

Theorem 1.1. Assume (1.3) and (1.4) with A € L(Q) and g = 1. Let u € W () be a solution of (1.1)
such that u > 0 in Q and |Vu| # 0 everywhere on 9. Then there are two radially symmetric functions
A€ LY (Q) and @ € L*>(2*) such that

0< essQian < eszinf//i < esssup A < esssup A, ||/A\_1||L1(Q*) = ||A_1||L1(Q),

. N e . (1.5)
0< inf a" <essinfa <esssupa < sup a',
OxRxR™ Q* O* OxRxRn?
and
u* <wv ae. in QF, (1.6)

where v € HE (Q*) is the unique weak solution of

—div(A(z)Vv) + H(z,Vv) = 0 in QF,
v = 0 onoQ*



with R
H(z,p) = —a(xz) |p| — fu(x)
and f7 is the Schwarz rearrangement of the function f, defined in ) by

fuly) = fly,uly), Vu(y)) for all y € Q. (1.8)
Furthermore, v belongs to C(2%).

Notice that, since H(-, Vu(-)) € L%(92*), the fact that v € H () is a weak solution of (1.7) means that

/ A(z)Vu - Vi — / a(z) |Vl g — / fi(x)p =0 forall p € H}(Q).

From Theorem 1.1 and the maximum principle, the following corollary holds.

Corollary 1.2. Under the notations of Theorem 1.1, for any functions a and fin L®(Y*) such thata < @
and fr < f a.e. in Q¥ there holds u* < v a.e. in Q*, where v € H&(Q*) is the unique weak solution of

7 (1.9)
v = 0 on0Q*

{ —div(A(2)VD) + H(z, VD) = 0 in Q"
with H(z,p) = —a(z)|p| — f(x). In particular, there holds u* <V a.e. in Q*, where V. € HL(Q*) is the
unique weak solution of (1.9) with @ = supqyryre @™ and f = supgyryrn f- Furthermore, v and V belong
to C(Q*).

Proof. Notice first that, for problem (1.9), the existence and uniqueness of the solutions ¥ and V' in H}(Q*)
is a direct consequence of Theorem 2.1 of Porretta [46] (similarly, there is a unique solution v of (1.7) in
H(9%)). The proof of the inequality u* <o (and u* < V) in Corollary 1.2 is an immediate consequence of
Corollary 2.1 of Porretta [46]: indeed, with the notations of Theorem 1.1 and Corollary 1.2, there holds

—div(/A\(J:)Vv) + F(x, Vo) = (a(z) — a(x))|Vo| + fi(z) — f(z) <

in the weak H{(Q*) sense, that is fQ 2)Vv - Vo — [o.a(2) |[Vo|p — [o. f(z) ¢ <0 for all ¢ € H}(Q)
with ¢ > 0 a.e. in Q*. In other words, v 6 Ho (%) is a weak subsolutlon of (1.9). The maximum principle
(Corollary 2.1 of [46]) yields v < T a.e. in Q*, whence v* < ¥ a.e. in Q* from (1.6). In particular, u* <V
a.e. in Q* (moreover, since v is a weak subsolution of the equation satisfied by V, there holds 7 < V a.e. in

Lastly, in the equation satisfied by the function V, since the coefficients /AX, @ and f are radially sym-
metric (@ and f are constant in this particular case), it follows from the uniqueness that V is itself radially
symmetric. Furthermore, V is then Holder continuous in Q* from the radial symmetry and the local De
Giorgi-Moser-Nash estimates (see Theorem 8.29 in [30]). For problem (1.9) satisfied by v, the function v is
still locally Holder continuous in %, but it may not be radially symmetric in general, since the functions
@ and f are not assumed to be radially symmetric. However, it follows from the previous paragraph that
0 <u*<v<Vin Q¥ and since V is continuous in Q* and vanishes on 9Q*, the function ¥ is continuous
in Q* too. O

For problem (1.1), additional conditions guaranteeing the existence and uniqueness of a solution u

in H}(2) can be given. Namely, if one assumes that

Jw >0, V(r,58,p) EQAXxRXxRxR" wl(s—s)<H(xsp) —Hxs,p <w(s—s),
Ja € L"(Q), V(z,5,p,0) € QxRxR* xR", [H(z,5,p) — H(z,5,p)| < a(a)(1+[s]*")p -],



where r =n?/2if n > 3, r € (2,+00) if n = 2 and r = 2 if n = 1, then there is at most one solution of (1.1)
in H}(Q) (see Theorem 5.1 of [34]). If, in addition to the previous assumption, one assumes that

3B € LY(Q), ¥ (z,5,p) € QxR R", |H(z,s,p)| < B(z)(L+[s] +[p]),

where ¢t = n if n > 3, ¢ is any real number in (2,400) if n = 2 and ¢ = 2 if n = 1, then there exists a
(unique) solution u of (1.1) in H{ (). Furthermore, if the function 8 above is such that 3 € L>°(f2), then
the unique solution u of (1.1) belongs to the space W (). Lastly, under the additional assumption of the
existence of @ > 0 such that H(z,0,p) < w |p| for all (z,p) € Q& x R™ and H(-,0,0) # 0 in €, then u > 0
in Q and Jyu := v - Vu < 0 on 012, where v denotes the outward unit normal to 9€2. These aforementioned
existence and uniqueness results, which are inspired from [46], are summarized in Theorem 5.1 of [34]. For
further uniqueness results on semilinear problems of the type (1.1) with linear growth in |Vul|, we refer
to [14, 25].

Let us now compare Theorem 1.1 with some existing results in the literature. Theorem 1.1 provides a
comparison of the distribution functions of a given solution of (1.1) in © and a solution v of (1.7) in Q*.
The so-called pseudo-rearranged coefficients A and H in (1.7), which are rearranged with respect to the
solution u (as will be detailed in Section 2), satisfy the same type of pointwise bounds as the coefficients A
and H in €2 (see also [2, 4, 5, 43, 51] and the comments below on the use of such pseudo-rearrangements).
Furthermore, the diffusion matrix AId in the second-order term of (1.7) is proportional to the identity
matrix at each point z, and the nonlinear term H(z, Vv) is exactly affine in |Vo|. The first comparison
result in the spirit of Theorem 1.1 goes back to the seminal paper of Talenti [49]: if A € L>=(£2, S,,(R)) and

A>Idae inQ, A=1 and H(z,s,p) =b(x)s — f(x)

with b, f € L>®(Q2) and b > 0 a.e. in (2, then equation (1.1) admits a unique solution u € H}(Q) and
lul" < v a.e. in Q* where v € W(Q*) is the unique solution of —Av = |f|* in Q* with v = 0 on 9Q*.
If Ae L>*(Q,S,(R)) and

A>Idae inQ, A=1, H(z,s,p) = ax) p+blx)s— f(x),
a € L®(Q,R"), b, f € L*°(2), b >0 a.e. in £,

then it follows from Talenti [51] (among other results) that the unique solution u € H}(£2) of (1.1) satisfies
lul* < v a.e. in Q, where v € W(Q*) N H(Q*) is the unique weak solution of —Av+ade, - Vv = |f|* in Q*.
Here, e,(z) = x/|z| for all z € Q*\{0} and the nonnegative and radially symmetric L>°(Q2*) function a
is a pseudo-rearrangement of |a| which satisfies properties similar to the function @ in Theorem 1.1. The
proof of [51] uses Schwarz symmetrization and is completely different from the one we use in the present
paper (actually, in Section 5.3 of [34], we show that our method in the proof of Theorem 1.1 can be
used to recover some of the seminal results of [49, 51], assuming that the matrix field A is continuous
in Q). On the other hand, Trombetti and Vazquez [53] proved that if, in particular, 4 > Id, A = 1,
H(x,s,p) = a(z) - p+bs— f(z) with a € WL (QR"), b, f € L>®(2), min(b,div(a) + b) > 0 a.e. in Q,
then [[ull p) < [Vl Lr(ox) for all 1 < p < +o0, where v € W(Q*) solves —Av +ae, - Vo + cv = |f|" in QF
with v = 0 on 9Q*, & = || |a| ||~ () and c. € L>(Q2*) is the nondecreasing symmetric rearrangement of any
function ¢ such that 0 < ¢ < min(b, div(a) +b) in Q. Further results in this spirit can be found in [6, 7, 37].

In the references cited in the paragraph above, the function A appearing in (1.3) was assumed to be
constant. When A is given as a constant A > 0 in (1.3) (this is always possible since the matrix field A is
assumed to be uniformly elliptic), then it follows from (1.5) that the function A appearing in Theorem 1.1
is equal to A and the principal part in (1.7) is proportional to the Laplacian. Furthermore, in this case,
Corollary 1.2 (or [46, 51]) implies that u* < V a.e. in Q*, where V € H}(Q*) N C(Q*) is the unique




weak solution of the following independent-of-u equation: —AAV —@|VV| = f, where @ = supqgygn @+
and f = supq,rxre f- However, in the present paper, A is not assumed to be constant and the function A s
actually not constant in general (see Remark 5.5 of [33] for some examples). Notice in particular from (1.5)
that essinfg« A > essinfq A and esssupg- A < esssupg A, and that

ess sup A >essinfA and essinfA < ess sup A
QO* Q Q* Q

as soon as A is not constant. To our best knowledge, the first occurrence of a non-constant function A
in comparison results for elliptic problems of the type (1.1) goes back to some papers by Alvino and
Trombetti [2, 4, 5]. In [2], problem (1.1) is considered with H linear in s and independent of p given by
H(x,s,p) =b(x)s — f(x) and b > 0 a.e. in Q. By using Schwarz symmetrization, it is proved that |u|* < wv
a.e. in Q*, where v € H}(Q*) is the weak solution of —div(A(z)Vv) = |f|* in ©* for some pseudo-rearranged
coefficient A. Comparisons of principal eigenvalues of self-adjoint second-order elliptic operators are given
in [4, 22] and isoperimetric estimates for the torsion problem are proved in [5].

The problems described in the previous two paragraphs were concerned with functions H(z,u, Vu)
which were linear with respect to u and Vu. Analogous results for nonlinear problems have been established
in [6, 8, 21, 26, 42, 50]. In most of these works, the second-order coefficients for problems of the type (1.1)
in Q are compared with a multiple of the Laplace operator for a problem of the type (1.2) in Q* (or with
homogeneous second-order terms such as the p-Laplacian), and the comparisons between u* and v are either
pointwise or only integral and hold either in the whole ball 2* or only in a strict subdomain, depending on
the assumptions on the lower-order coefficients. In Theorem 1.1, the original problem (1.1) is nonlinear with
respect to u and Vu, the highest-order terms in (1.1) are compared with equations having heterogeneous
second-order terms, and the comparison between u* and v are pointwise in the whole ball Q*. One of the
main novelties is also the method, which involves a symmetrization of the second-order terms with respect
to the level sets of u. We refer to the proofs in the following sections for more details.

As a matter of fact, the method used in the proof of Theorem 1.1 leads to a quantified comparison
result in the case where the original domain  is not a ball. We recall that A = (A4;)1<i i<, and we
denote || A1) = maxi<ii<n [|Aiz[lwiee@)-

Theorem 1.3. Assume that §) is not a ball, that (1.3) and (1.4) hold with A € LT (Q) and ¢ = 1. Then,
under the notations of Theorem 1.1, there is a constant 1, > 0, which depends on ), n and u, such that

(I+mn)u" <wv ae inQ". (1.10)
Furthermore, if there is M > 0 such that

[Allwree ) + 1A | Lo @) + llall Lo (axrxrr) + [1f | Lo (axrxRR) < M,
|H(z,s,p) — H(x,0,0)| < M (|s| + |p|) for all (z,s,p) € 2 x R x R",

(1.11)
—M < H(x,0,0) <0 for all z € Q, / H(z,0,0)des < -M~! <0,
Q
then there is a constant n > 0, which depends on Q, n and M but not on u, such that
(1+n)u* <wv ae inQ". (1.12)

In addition to the aforementioned differences with respect to the existing results in the literature, the
improved quantified comparisons stated in Theorem 1.3 for problems of the type (1.1) and (1.7) when € is
not a ball have, to our knowledge, never been established in the literature, even in particular situations.



Remark 1.4. In our results, the solution u of (1.1) is assumed to be in W(£2) (notice that this assumption
is equivalent to u € C'(Q), from the standard elliptic estimates applied to (1.1) and the fact that the
function H is continuous). In the proof of our results, u is approximated by some analytic functions u;
in W2P(Q) weakly for all 1 < p < 400 and in C**(Q) strongly for all 0 < a < 1. Since u > 0 in
and |Vu| > 0 on 0 by assumption, the functions u; satisfy these properties for large j and one can then
apply to them the symmetrization method described in Section 2. In the approximation of u by w;, the Ww2p
theory is needed and the Lipschitz-continuity of the matrix field A is used. It is actually beyond the scope
of this paper to see under which minimal regularity assumptions on the coefficients of (1.1) the main results
would still hold. Whereas the proof of Talenti’s results are based on the Schwarz symmetrization, on
Pélya-Szego inequality and on the standard geometric isoperimetric inequality, our proofs are based on the
symmetrization of the second-order terms and they require more regularity assumptions on the equation.
However, our results also cover the case where the ellipticity functions A in 2 and A in Q* are not constant in
general. Furthermore, they provide some new pointwise differential inequalities which can be quantitatively
expressed in terms of some bounds on the coefficients and the domain and which can then be improved
when the domain is not a ball.

1.2 At most quadratic growth with respect to the gradient

Our second main result is concerned with the general case where H is at most quadratic in |Vu| from below,
under the additional assumption that infoxrxrn b > 0 in (1.4).

Theorem 1.5. Assume that (1.3) and (1.4) with A € LL(Q2), 1 < ¢ <2 and

inf 5> 0. (1.13)
QxRxR?
Let u € W(Q2) be a solution of (1.1) such that u >0 in Q and |Vu| # 0 everywhere on Q. Then there are
three radially symmetric functions A € LL(Q*), a € L>®(Q*) and f € L>®(Q*), and a positive constant 0
such that

0 < essinf A < essinf A < esssup A < esssup A, ||K_1||L1(Q*) = HA_1||L1(Q),
Q Q* QO* Q
i -1
0< ( inf a+> " <essmeA>q
OXRXR™ esssupoA
e~ ~ 4 esssupoA \ 2¢—2 (1.14)
Sessmfagesssupag( sup a >x<7> ,
Q* QO* QXRXR™ €ess lanA
inf < essinf f <esssupf < su , / A—/ ,
OXRXR™ / Q* / Q* pf QXRER” f Q* d Q u
and
u* <wv a.e in QF, (1.15)
where f, is defined as in (1.8) and v € HE(Q*) N L°(Q*) is the unique weak solution of
—div(A(z)Vv) + H(z,v,Vv) = 0 inQ*, (1.16)
v = 0 ondQY* '
with R R R
A(w,5,p) = —a(@) |pl? + 85 — [(@). (1.17)

Furthermore, for every e > 0, there is a radially symmetric function fs € L*°(Q*) such that 1F = 1, and

1w = ve) Tl g0y <6 (1.18)

7



where v. € HL(Q*) N L%°(Q*) is the unique weak solution of

—div(A(z)Vve) + Ho(z,v:, Vo) = 0 in QF, (1.19)
ve = 0 onoQ* .
with R R R
H.(x,s,p) = —a(x) |p|? +0s — f(z). (1.20)

In (1.18), 2*=2n/(n—2) if n > 3, 2* =00 if n =1 and 2* is any fired real number in [1,+00) if n = 2.

Notice that, contrary to the conclusion of Theorem 1.1, f and f, do not have the same distribution
function in general, but fAe and f, do.

Since 1 < ¢ < 2, the functions @|Vv|? and @ |Vv.|? are only in L'(Q*) in general. Since H( v(-),Vu()) €
LI(Q*) the fact that v € HO(Q*) N LOO(Q*) is a weak solution of (1.16) means that [,. A(z)Vv - Vp —
Jo- a( \Vv\qu + o Svp — Jo- f(z) = 0 for all ¢ € HF(Q*) N L>®(Q*), and similarly for ve with f-
instead of f

From Theorem 1.5 and the maximum principle, the following corollary will be infered.

Corollary 1.6. Under the notations of Theorem 1.5, for any functions a and fin L‘X’(Q*) such thata <a
and f < f ae. in Q*, and for any constant & such that 0 < § < 5 there holds u* < U a.e. in QF,
where v € HE(2*) N LOO(Q*) is the unique weak solution of
—div(A(z)VD) + H(z,0,V0) = 0 in QF,
(1.21)
v = 0 onoQ*

with H(z,s,p) = —a(x) |p|? + §s — f(x). In particular, u* <V a.e. in Q*, where V. € H}(Q*) N L>®(Q*)

2q—2

is the unique weak solution of (1.21) with § = 5, a = (supgymxmn @) x (esssupgA/essinfoA) and

? = SUPQxrxRrn J-

Proof. With the notations of Theorem 1.5 and Corollary 1.6, together with the fact that v > u* > 0 a.e.
in * (from Theorem 1.5), there holds

—div(A(2)Vv) + H(z,v, Vo) = (@(z) — a(2))|Vo|? + (6 — 8) v + f(x) — f(z) <0

in the weak H0 (Q*) N L>®(Q*) sense, that is fﬂ* 2)Vu-Vo— [o.a(@) [VolTo+ [ dve— [o. f(x) ¢ <0
for all p € H} (Q*)NL>®(Q*) with ¢ > 0 a.e. in Q*. In other words, v is a weak H{(2*)NL>(2*) subsolution
of (1.21), with > 0. The maximum principle (Theorem 2.1 of [10]) yields v < ¥ a.e. in Q*, whence u* < v
a.e. in Q* from (1.15). O

For problems (1.16), (1.19) and (1.21), the existence of weak solutions v, v. and ¥ in H}(Q2*) N L>=(Q*)
follows from a paper by Boccardo, Murat and Puel (Théoréme 2.1 and the following comments of [15], see
also [16]) and the uniqueness follows from Barles and Murat (Theorem 2.1 of [10]). Furthermore, even if
it means redefining them in a negligible subset of Q*, v, v, and ¥ are locally Hélder continuous in Q* from
Corollary 4.23 of [36], and v and v, are radially symmetric (v and v. are then Holder continuous in Q*) by
uniqueness since all coefficients of (1.16) are radially symmetric. For problem (1.21), the function ¥ may
not be radially symmetric in general, since the functions @ and f are not assumed to be radially symmetric.
But it follows from the maximum principle and Corollary 1.6 that 0 < v* <7 < V in Q*, and since V is
continous in ©* and vanishes on 9Q*, the function v is continuous in Q* too.



More generally speaking, for problem (1.1), it follows from [16, 18] that there exists a solution u €
H}(Q) N L>®(Q) if

{Hu@mzﬁ@am+ﬁ@am
B(x,s,p)s >, |B(x,s,p)| <k(y(x)+|s|+|pl), [H(z,s,p)| < p+os])|pl?

with 6 >0,k >0, p> 0,7 € L?(Q), v >0 ae. in Q and o: R, — R, is increasing (see also [12, 24, 46]
for further existence results). Furthermore, if ¢ < 1 4+ 2/n and if there exist M > 0 and r > 0 such
that 7(n —2) < n+2 and |H(z,s,p)| < M(1+ |s|" + |p|?) for all (z,s,p) € @ x R x R", then any weak
solution w of (1.1) belongs to W () (see Theorem 5.5 in [34]). On the other hand, it follows from [10] that,
if 0sH and 0pH exist with 0sH (z,s,p) > o > 0, |0,H (z,s,p)| < 6(]s|) (1+]p|), |H(x,s,0)| < I(|s|) for some
continuous nonnegative functions § and 1, then there is at most one solution u of (1.1) in H}(Q) N L (Q),
and v is necessarily nonnegative if H(-,0,0) < 0 in 2 (see also [9, 46] for other results in this direction).
We refer to [11, 13, 32] for further existence and uniqueness results for problems with strictly sub-quadratic
dependence in [Vu| (say, ¢ < 2 in (1.16)) and to [1, 27, 29, 38, 47] for further existence results for problems
of the type (1.16), (1.19), (1.21), or more general ones, when 5 <0 and f fE or f are small in some spaces.
However, it is worth pointing out that the existence and the uniqueness are not always guaranteed for general
functions f, f- or f if 6 < 0, see in particular [1, 35, 38, 46, 47] for problems of the type (1.16), (1.19), (1.21)
or for more general problems.

Comparisons between a solution u of (1.1) and a solution v of a problem of the type (1.16) when H(x, s, p)
is nonlinear in p and grows at most quadratically in |p| were first established by Alvino, Trombetti and
Lions [6] in the case H = H(x,p) with

A>1d, A=1, |H(z,p)| < f(@)+p] (1.22)

and kK > 0, f € L*(Q), f > 0 ae. in Q: in this case, there holds u* < v ae. in QF, where v €
HE () N L>®(Q*) is any weak solution of

—Av = f* 4+ k|Vou|? in QF, (1.23)

provided such a solution v exists (it does if || f| fo(q) is small enough). We refer to [40, 42, 44] for further
results in this direction. On the other hand, Ferone and Posteraro [28] (see also [29]) showed that if

A>1d, A=1, H(z,s,p)=div(F)+ H(z,s,p), |H(x,s,p) < flx)+[p?

with F € (L"(Q)", f € L'/2(Q) and r > n, then u* < v a.e. in Q* for any weak solution v* € H}(2*) N
L®(Q*) of —Av = f*(z) 4 |Vv|?2 + div(Fe,) in Q*, provided such a solution v exists (it does if the norms
of f and F are small enough), where F shares some common properties with the function @ appearing in
Theorems 1.1 and 1.5. To our best knowledge, in the case of at most quadratic growth with respect to
the gradient, the only comparison result involving non-constant functions A is contained in a recent paper
by Tian and Li [52]: if |H(z,s,p)| < f(z) + & A(z)?9p|? with x > 0 and f > 0 a.e. in Q, then u* < v
a.e. in Q* for any weak solution v € H}(Q2*) N L®(Q*) of —div(A(z)Vv) = f*(z) + x Az )2/q|Vv|q in QF,
provided such a solution v exists (it does if f is small enough), where A shares some common properties
with the function A appearing in Theorems 1.1 and 1.5 (in [52], the function A can even be degenerate at
some points, that is A is nonnegative but is not necessarily in L3°(Q2), and f/A belongs to L"(Q2) for some
suitable r). Lastly, we refer to [41] for comparison results where u is compared to a solution v, if any, of an
equation whose principal part is a homogeneous nonlinear term such as the p-Laplacian.

In the references of the previous paragraph, a bound on the absolute value |H| of H in  x R x R™ is
used, the existence of solutions v of some symmetrized problems in €2* is assumed and the functions H of



these symmetrized problems only depend on (z,p) € 2" x R™. As already mentioned, the existence of such
solutions v is guaranteed only when some norms of the function f (orAfu) are small, since the existence
of v does not hold for general functions f or f,. However, when H = H(z,p), roughly speaking, one can
integrate the one-dimensional equation satisfied by the radially symmetric function v and it is then possible
to compare v with the solution of an equation involving the Schwarz rearrangement f,' of the function f,,
as in the results of Section 1.1 (see also Lemma 3.4 below).

On the contrary, in Theorem 1.5, only the lower bound (1.4) is needed and the existence (and uniqueness)
of the solutions v and v, of (1.16) and (1.19) is actually automatically guaranteed by the condition § > 0,
which follows from the additional assumption infoxrxre & > 0. The counterpart of the positivity of 5
in (1.17) and (1.20) is that one cannot integrate the one-dimensional equations satisfied by the functions v
and v.. Thus, we do not know if it is possible to compare these functions v and v, to the solution of the
same type of equation with f; instead of f or f. in (1.17) or (1.20). However, since infoxrxrr b > 0 and
since ¢ is shown to be positive, there is no need to assume that some norms of f,, f or f. are small. The
function f in (1.4) can be any bounded function.

We also point out an interesting particular case of Corollary 1.6: namely, if A = A > 0 is assumed to be
constant, then u* <V almost everywhere in Q*, where V is the unique Hg(92*) N L%°(Q*) solution of

= f in Q¥

“MAV —a@|VV]?+6
= 0 on 0%,

v
v
where @ = supg,pygr @™ and f = supgyrxgn f- Despite its apparent simplicity, even this particular case
of Corollary 1.6 is actually new. Furthermore, under the assumption (1.26) below with n > 2, it follows
from Lemma 4.1 and Steps 2 and 3 of the proof of Theorems 1.5 and 1.7 given in Section 4.1 below, that
the real number & can be chosen independently of u, whence the upper function V is actually independent
of u too.

As for Theorem 1.1, the method used in the proof of Theorem 1.5 is based on a symmetrization of
the second-order terms. However, a special attention has to be put on the constant ¢ appearing in (1.16)
and (1.19), for these problems to be well-posed.

Lastly, when 2 is not a ball, an improved quantified inequality can be established. To our knowledge,
such an improved inequality for problems (1.1) and (1.16) had never been obtained before, even in particular
situations.

Theorem 1.7. Assume that Q is not a ball, that (1.3) and (1.4) hold with A € LF(2), 1 < g < 2 and
that (1.13) is satisfied. Then, under the notations of Theorem 1.5, there is a constant n,, > 0, which depends
on 2, n and u, such that

(14+n,)u" <v ae. inQ* (1.24)

and
11+ ) 0 = ve) Tl v ) < € (1.25)
Furthermore, if ¢ < 1+ 2/n and if there are M > 0 and r > 0 such that r(n —2) < n+2 and

( | Al ) + ||A_1HL<>°(Q) + llall Lo (axrxrr) + | fll Lo (@xRxRR) < M,

b(z,s,p) > M~1 >0 for all (x,s,p) € 2 xR x R",
|H (x,s,p) — H(2,0,0)| < M (|s|" + |p|) for all (z,s,p) € 2 x R x R,
[H (@, s,p)] < M (1+[s|" + |pl|?) for all (z,s,p) € 2 xR xR",

(1.26)

H(x,0,0) <0 for all z € Q, /1T1T(;1:,0,0)cl('1c<—M_1 <0,
Q
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then there is a constant n > 0 depending only on 2, n, q, M and r such that
(I+n)u" <wvae in Q" (1.27)

and
(1 +n)u” —ve) T p2r o) <& (1.28)

Outline of the paper. In Section 2, we set the basic ingredients for the proof of the main theorems.
Namely, we prove some pointwise and differential rearrangement inequalities using a symmetrization of the
second-order terms of (1.1). Section 3 is devoted to the proofs of Theorems 1.1 and 1.3 for equation (1.1)
when the nonlinear term H is bounded from below by an at most linear function of |Vu|. In Section 4, we
consider the general case ¢ € (1,2] in the lower bound (1.4) of H and we do the proofs of Theorems 1.5
and 1.7.

2 Rearrangement inequalities

This section is devoted to the proofs of some rearrangement inequalities in the spirit of [33], Section 3. These
pointwise estimates and partial differential inequalities are of independent interest and are thus stated in a
separate section. They will then be used in the proof of the main theorems of the paper in the next sections.

2.1 Definitions of the symmetrizations

As in [33], let Q be a C? bounded domain of R”, let Ag € C*(©2,S,(R)), Ag € C1(2) N LS(2) and assume
that Aq(z) > Aq(x)Id for all z € Q. Let ¢ be a C'(Q) function, analytic and positive in €2, such that
div(AgVip) € LY(Q), ¥ = 0 on 9Q and |Vi(x)| # 0 for all x € 9, so that v - Vi) < 0 on I, where v
denotes the outward unit normal to 0{2. For the sake of completeness, let us recall some definitions and
notations already introduced in [33]. Set M = max g (z). For all a € [0, M), define

Qo = {2 €Q; ¥(z) >a} (2.1)

and, for all a € [0, M], _
Yo ={z€Q; ¢(z)=a}.

Notice that the n-dimensional Lebesgue measure |3,| of ¥, is equal to 0 for every a € (0, M] by analyticity
of ¢ in €2, and that the n-dimensional Lebesgue measure of ¥y = 0 is also equal to 0. The set {z €
Q; Vi(z) = 0} is included in some compact set K C , which implies that the set

7 = {a €[0,M]; Fx € Xy, Vi(2) :0}

of the critical values of 1 is finite ([48]) and can then be written as Z = {ai, -+, a;} for some positive
integer m € N* = N\{0}. Observe also that M € Z and that 0 ¢ Z. One can then assume without loss
of generality that 0 < a1 < -+ < a,, = M. The set Y = [0, M]\Z of the non-critical values of ¢ is open
relatively to [0, M] and can be written as

Y = [O,M]\Z = [O,al)U(al,QQ)U---U(am,l,M).

Denote by R the radius of 2%, that is Q* = Bpg, where, for s > 0, By denotes the open Euclidean ball
centered at the origin with radius s. For all a € [0, M), let p(a) € (0, R] be defined so that

Q] = |Bp(a)| = anpl(a)”, (2.2)
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where a, is the volume of the unit ball B;. The function p is extended at M by p(M) = 0. It follows
then from [33] (Lemma 3.1 in [33]) and the fact that |X,| = 0 for every a € [0, M] that p is a continuous
decreasing map from [0, M| onto [0, R]. Lastly, call

E={ze€Q% |z] €p(Y)}. (2.3)
The set E is a finite union of spherical shells, it is open relatively to Q* and can be written as
E={zeR" |z| € (0,p(am-1))U---U(p(az), p(a1)) U (p(a1), R]}

with 0 = p(am) = p(M) < p(am-1) < -+ < p(a1) < R. Notice that 0 & E.
Let us now recall the definition of the symmetrization v of ¥ introduced in [33]. To do so, we first define
a symmetrization of Ag. Namely, for all € p(Y), set

/ V()] o1y
>

G(r) = =) > 0, (2.4)
[ Ba) Vo) do, g
Ep-1()
where p=1 : [0, R] — [0, M] denotes the reciprocal of the function p and do, denotes the surface measure
on Y, for a € Y. For all z € F, define R

A(z) = G(|x) (2.5)

and set, say, A(z) = 0 for all z in the negligible set Q*\E = $,, U--- U %, . Notice that
0 <minAq < ess inf A < ess supK < maxAq and Al = / As_zl (2.6)

Q ar ok Q Q Q

from the co-area formula and the fact that |3, = 0 for all @ € [0, M]. Furthermore, the L3°(£2*) function A
is actually of class C' in £ N Q*. Define now F(0) = 0 and, for all » € p(Y), set

F@):ll; div(AaVe) () da. (2.7)

na,r"1G(r) JE

This definition makes sense when r € p(Y)\{R} since AgV1 is of class C! in €, and also when r = R
since div(AqV) is assumed to be in L}(€). Let v, denote the outward unit normal to €, for a € Y. From
Green-Riemann formula, there holds

1
F(r) = m /Eplm Aa(y)Vi(y) - Vp—l(r)(y) dap_l(r)
-1 (2.8)

- - — A _ o _
e T AR 200) ) 1) <O

for all r € p(Y)\{R}, as well as for r = R from Lebesgue’s theorem and the smoothness of 9. From (2.7)
and (2.8), it follows that the function F' is actually continuous and bounded on the set p(Y) U {0} =
0, p(am—1)) U--- U (p(az), p(ar)) U (p(ar), R] (the continuity at r = 0 follows from definition (2.7) and the
fact that [Q2)-1(,)| = |Br| = a,r™). Finally, for all x € QF, set

R

a@:—%‘mmw. (2.9)

x|
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We recall from [33] that {b\ is positive in Q*, equal to zero on 9Q)* = 0Bg, radially symmetric, decreasing
with respect to |z| in Q*, continuous in Q*, of class C' in E U {0}, of class C? in E N Q*, and that
¥ € WLheo(Q*) N HL(Q%).

Throughout this Section 2, we are also given a real number ¢ such that 1 < ¢ < 2, and two continuous
functions aq and fo in Q. We now define symmetrizations of the coefficients aq and fo. For all z € E,

define a(x) by

max  (af(y)Aq' (y)) x A(z) if g =2,
YEX )~ 1 (ja))
2—q

. + N 727 Ao (1)~ 77 |V 14 ’

a(z) = L aaW)TAely) VR dop ) (2.10)
) x A(z)? if1<q<2,
/ IV ()|~ do 1))
()
and f(z) by
/z fa) [V (y) |~ do 1))

Fla) = = . (2.11)

/E IVe(y)| ™" doyaja)

p=1(Iz))

Note that @ and f are defined almost everywhere in Q* (they can be extended by, say, 0 on Q*\ E).

Let us list here a few basic properties satisfied by the functions @ and f, which will be used later in
Section 3. Firstly, the functions @ and fare continuous in E. Secondly, from (2.5), it follows immediately
that, when ¢ = 2,

a(x) > mﬁin ab forallz € E. (2.12)

When 1 < ¢ < 2, the Holder inequality yields, for all x € E,

2—gq
_ a _ a4
/ Aa(y) N VY(y) | do ey < (/ Aa(y) 2 [Vy(y) 1d0p1(|z|)>
Zp=1(j2)) D)
2g-2
71 4
X (/ Vi (y)| dap_1(|$)> ;
X1 (Jal)
whence
2-¢
__a 1 2
L el Vs e,
a(x)K(x)_% > (mjnaé)x p—2(z])
“ / IV (y)|~ doy1 ()
2 =1 (Jal)
q
-1 -1 2
/E Ao(®) Ve ()|~ do o1 )
> (mjnaé) X ) = (minag‘;) x N(z)~2
¢ / V()| do 1)) ¢
Zp=1(j2))
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from (2.5). Therefore, (2.12) holds for 1 < ¢ < 2 as well. As for the upper bound of @, it follows immediately
from (2.6) and (2.10) that, when g = 2,
a(x) < (maxcﬁ) X (maXA_1> X (maxAQ> = (maxa+) X maxg Ap
R a ¢ Q a /7 mingAg
for all z € E. When 1 < ¢ < 2, we get from (2.5), (2.6), (2.10) and by writing Aq(y)~ %9 =
Aq(y)~2@=1/C=9 x Aq(y)~!, that, for all z € E,

2—¢q
2
/2 Aa(y) V()| doy-1 ()
a(x) /A\(x)_% < (mgxa;g) X (mngé(q_1)> % p=1(lal)
) ) /z V)™ o1 )
p=1(zl)
= (maxa;g) X (maXAé(q_l)) X K(ZL‘)_%,
Q Q

whence @(z) < (maxgag) x (maxﬁAg(q_l)) x A(z)7! < (maxgagd) x (maxﬁAQ/minﬁAQ)q_l. To sum
up, there holds

-1

. e . maxg Ao\

min ag <essinfa < esssupa < (max ag) x | — (2.13)
Q o o Q ming Ag

in all cases 1 < g < 2. We also point out that

min fo < ess inffg esssupfg max fo and / f: / fa. (2.14)
Q QF Q* Q Q* Q

from (2.11), the co-area formula and the fact that |X,| = 0 for all a € [0, M].

Lastly, we are given a nonnegative continuous function bg in 2.

2.2 Inequalities for the symmetrized data
Recall first that the function 1) satisfies the following key inequality (see [33], Corollary 3.6):
Proposition 2.1. For all x € O and all y € X,-1(y)), (x) = (y) = p~(|z]) > 0.

We now establish a pointwise differential inequality involving all the symmetrizations defined in Sec-
tion 2.1:

Proposition 2.2. For all z € ENQ, there exists y € X,-1(|y|) such that

—div(AaVY)(y) — aa(y) VY ®)|? — faly)
—div(AaVY)(y) — aa(y) VY (@)|? + ba(y)¥(y) — faly).

For the proof of Proposition 2.2, we need the following lemma:

~div(AV) (2) — a(2)| Vi (2)|? — f(z)

<
<

Lemma 2.3. For all x € E with |x| = r, there holds

/ ao(y) V()| dy
Q1) \ =1y

lim

=a VA ! 2.15
t—0+ ‘prl(r) \ prl(r—t)} < a(z) | Q,Z)(x)] (2.15)
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and

i W e
lim —f 0= = f(z). (2.16)

=05 Q1) \ Qi

Proof. Let z € E with |z| = r. Notice that {z € R"; r —n < |z| <r} C E for some 1 > 0, and that
formula (2.16) is an immediate consequence of the co-area formula and the definition (2.11) of f.
For the proof of (2.15), consider first the case where ¢ = 2. By the co-area formula,
i wal) VoWPdy [ o) 7001 o,
p1(m)

11 =
=07+ ‘Qlfl(?") \ Qlfl(r_t)| / |V¢(y)|71 dO'p—l(r)
b

p=1(r)

p 1) \p=1(r—s)

As a consequence, by the definition of @ in (2.10),

/ an(y) V() dy [ 8@ vewldo,
Q b

1 \Q 1 ~
lim p= 1) Vo l(r—1) < a(x) A(:L‘)_l
0% (19 \ Q|

But inequality (3.16) in [33] yields

/E Aa(y) [V(y)| do,-r

e 1) < Nx) |V ()|, (2.17)
[ vl e,
¥ 1
pT ()
which ends the proof of (2.15) when ¢ = 2.
Consider now the case where 1 < ¢ < 2. Then, using the co-area formula again, one has
/ o) VoW dy [ aa) VeI oy
. prl(r)\prl(rft) 2971("‘)
lim = . (2.18)

=0t (21 \ Qi) / V()| oy
2

p=1(r)

The Holder inequality yields

ad (¥)Aa(y) "2 V()| Aa(y)? [Ve(y)|2 do,a

A
S

/Z aa(y) V()T do,ry <

p~1(r) 2—gq

2

IN

( [ aw)Tnal) = Vo) do—p-w)

(NS

Aa(y) [V (y)l d%lm) ,

p~1(r)

15



so that, by the definition (2.10) of @ and by (2.18),

q
2
[ e Vel L e wumlda, g,
lim et 1 < alz) M) x | 2o
-0t |19 \ Q1| / V()| do i,
b

p~L(r)

Using inequality (2.17), one therefore concludes that

/ aay) V()| dy
Qp—1)\ Q=14

lim <a(z) |V (z)|,
=07 mp‘l(?“) \ Q/J‘I(T*t)‘ ‘ ‘
as claimed. The proof of Lemma 2.3 is thereby complete. O

Proof of Proposition 2.2. Let x € EN Q" with [z| = r and let 7 be a positive real number such
that {z € R™; r—n<|z|<r} € ENQ* It follows from the definition of 9 and the Green-Riemann
formula that, for all ¢ € (0,n] and for all z € R™ with |z| = 1, one has

/ div(AqVY)(y) dy = nanr”_lx(rz)va(rz) <z —nap(r — t)”_lx((r — t)z)V?,Z((r —t)z) -z
Q1) \ =1y

- / div(AVY) (y) dy,
By\Br—t

since A is radially symmetric and of class C! in E and z/p\ is radially symmetric and of class C? in E N Q*.
Hence,

/Q @ div(AoVy)(y) dy / div (/A\V@ (y) dy
lim — @ et = lim 2B\ = div(AVY) (). (2.19)
t—0t Qp—l(r) \Qp—l(rft)’ t—0t ‘Br \ B'r—t| ( 3 )

Gathering (2.19) and Lemma 2.3, one obtains

/| (AV(AaTE)() + an(y) VO + foly)dy

EUINY . ~ N
Ii p—1(r) Vo= 1(r—t) < di Av ~ \V4 q .
Farei et }prl(r) \ prl(r—t)‘ < 1v( @ (x) —f—a(:c)‘ 1/)(93)’ + f(x)

Arguing as in the proof of Proposition 3.8 in [33], one therefore obtains the existence of a point y € ¥ p—1(r)
such that div(AqVY)(y) + aa(y) VY (y)|T + faly) < div(/AXV@ (x) + Zi(a:)|V1;(m)‘q + f(z). Since both

functions bg and 1) are nonnegative, the conclusion of Proposition 2.2 readily follows. O
2.3 An improved inequality when ming bg > 0

Let us now state an improved version of Proposition 2.2, assuming especially that b is bounded from below
on Q by a positive constant. For all N > 0 and all 3 > 0, let En g(€2) be the set of functions ¢ € C(Q)
such that

¢ =0 on 01, ||gb|]01(§) < N and ¢(z) > Bd(z,00) > 0 for all z € Q,

where d(-, 092) denotes the Euclidean distance to 9 and ||¢|c1q) = |6l (@) + | VY] | (0)-
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Proposition 2.4. In addition to the general assumptions of Section 2.1, assume that

min bg > my > 0, (2.20)
Q
that my > 0, M, > 0, My >0, N > 0 and 8 > 0 are such that ming Ag > mp > 0, ||CL$HLO®(Q) < M,,
Hf;{HLoo(Q) < My and € Eng(Q2), and that there exists K > 0 such that

—div(AaVY)(y) — aa(y) [VYW)I? + ba(y)¥(y) — faly) < & in Q. (2.21)

Then there exists a constant 6 > 0 only depending on Q, n, my, ma, My, My, N, B and x, with the following
property: for all x € ENSY*, there exists y € Xj-1(|5)) such that

~div(AVE) () ~ (@) Vi (@)|" +80(2) - f(z) < ~div(AaVe)(y) — aaly) V@) + ba(y)d(y) - faly).
The proof relies on the following observation:

Lemma 2.5. Under the assumptions of Proposition 2.4, there exists a constant 5§>0 only depending on
Q, n, ma, My, Mg, N, B and &, such that, for all x € Q* and all y € Y,-1(j2)), there holds §¢(x) < P(y).

Proof. We first claim that there exists v > 0 only depending on Q and g such that, for all ¢ € Ex 5(£2)
and all a € [0, maxg @],
0 < an(R" = (pg(a))") < a, (2.22)

where pg is the function p associated with ¢, as defined in (2.1) and (2.2) with ¢ instead of ¢. Indeed,
for ¢ € En (1), one has [Q,] > [{y € Q; d(y,00) > a/B} > || — va, using the fact that Q is of class C*.
This yields the claim.
Let us now prove that there exists 7 > 0 only depending on ©, N and 8 such that, for all ¢ € En 5(12),
all z € Q* and all Y € E(p¢)*1(\x|)v
d(y,08) > nd(z,00"). (2.23)

Let us assume by contradiction that this is not true. Then, there exist a sequence of functions (¢g)r>1 €
En 5(£2) and two sequences of points (x)r>1 € 2* and (yx)r>1 € 2 with

d(zk, 0*)

Yk € E(P%)_lﬂxk\) and d(yk,aQ) < i

(2.24)
for all k > 1. This implies that d(yg, d2) — 0, and since the C(2) norms of the functions ¢, are uniformly
bounded, it follows that ¢ (yx) — 0. Applying (2.22) with a = ¢ (yx), one obtains that pe, (¢r(yk)) — R,
that is |zx| = pg, (¢x(yx)) — R when k — 4o00. Using again the uniform bound for the C'(Q) norms of ¢y,
one has, for all k large enough, ¢x(yx) < Nd(yk, 0), whence ¢(yr) < Nd(xzk, 0Q*)/k = N(R — |xg|)/k.
Applying pg, to both sides of this inequality and using the fact that pg, is nonincreasing, it follows that
|z > po, (N(R — |xg])/k) for all k large enough. Using (2.22) again, one easily deduces that, for all &
large enough, a, |zx|" > @, R™ — YN (R — |zk|)/k, that is, for all k large enough,

R fal” _ N
R — \xk\ -k

Qn

(note that, by (2.24), |zx| < Rfor all £ > 1), and this provides a contradiction when k£ — +o0 since |z;| — R.
Thus, (2.23) is proved.
Let us now end up the proof of Lemma 2.5. By (2.23), one has

U(y) = Bd(y,09) = Bnd(z,007) = B (R — |z]) (2.25)
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for all z € Q* and y € X,-1(,))- But, using (2.4), (2.7), (2.21) and the nonnegativity of bg and 1, one has,
for all r € p(Y),

1 R (M,max(1,N)?> +k+ M
Py s b [ (ol o+ o) dy < ( ).

noy, ™ 1G(r) i nma
p r

since ming Ag > ma > 0 and [Q,-1(,y| = |By| = a,r™. Together with (2.9), it follows that there exists 6 > 0
only depending on Q, n, my, M,, My, N and k, such that

~

Bx) <0 (R — |z (2.26)

for all z € Q*. The conclusion of Lemma 2.5 then readily follows from (2.25) and (2.26). O

Proof of Proposition 2.4. Let z € ENQ*. Proposition 2.2 provides the existence of a point y € ¥,-1(|)
such that

—div(AVY) (z) — a(2)|Vi(2)|” - f(z) < —div(AVe)(y) — ao) [VE@)|" - faly). (2.27)

Now, it follows from Lemma 2.5 and (2.20) that, with § = §mp > 0, one has
6 () < mywly) < baly) b(y), (2.28)
and it is therefore enough to sum up (2.27) and (2.28) to obtain the conclusion of Proposition 2.4. O

2.4 The case where () is not a ball

Let us finally recall that Proposition 2.1 can be improved when {2 is not a ball. Following Section 4 of [33],
for all & € (0,1), all N > 0 and all 3 > 0, let E, n,5(Q) be the set of functions ¢ € En 5(Q2) N C1¥(Q) such
that [l c1.a(m) < N, where

[Vo(z) — V(y)|
Ol 1,0y = || @ o + sup .
[l @) | HCI(Q) (z,y)EQXQ, z#y |z —y|*

It was established in [33] (Corollary 4.4 in [33]) that:

Proposition 2.6. In addition to the general assumptions of Section 2.1, assume that ¢ € E, ng(S2) for
some a € (0,1), N > 0, 8> 0, and that ) is not a ball. Then, there exists n > 0 only depending on Y, n,
o, N and (8 such that 1 (x) > (14 n)(y) for all z € Q* and all y € X1

3 Linear growth with respect to the gradient

This section is devoted to the proofs of Theorems 1.1 and 1.3. The proofs of some technical lemmas
used in the proofs of these theorems are done in Section 3.2. The proofs of Theorems 1.1 and 1.3, that
are done in Section 3.1, follow the same general scheme. As a matter of fact, the only difference in the
conclusions (1.6), (1.10) and (1.12) is that the inequalities (1.10) and (1.12) are quantified when € is not
a ball, in that they involve a parameter 7, > 0 (resp. n > 0) which depends on Q, n and u (resp. Q, n
and M given in (1.11)). Most of the steps of the proofs of Theorems 1.1 and 1.3 will be identical, this is
the reason why the proofs are done simultaneously. However, in some steps or in some arguments, we will
consider specifically the case where € is not ball and where the assumption (1.11) is made. Some more
precise estimates will be proved in this case.
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Throughout this section, we assume (1.3) and (1.4) with A € L3°(2) and ¢ = 1, that is the nonlinear
function H is bounded from below by an at most linear function of |p|. Furthermore, u € W(Q) denotes a
solution of (1.1) such that

u>01in Q and |Vu| # 0 on 09. (3.1)

We recall that, even if it means redefining u on a negligible subset of €2, one can assume without loss of
generality that u € C1¥(Q) for all a € [0, 1).

3.1 Proofs of Theorems 1.1 and 1.3

The preliminary step (Step 1) of the proofs is concerned with some uniform bounds on u, depending only
on 2, n and M, under the assumption (1.11). These bounds, which are of independent interest, will
be used later in the specific case where €2 is not a ball. Then, the general strategy consists firstly in
approximating u in €2 by smooth solutions u; of some regularized equations (Step 2) and then in applying
the rearrangement inequalities of Section 2 to the approximated solutions u; and the coefficients appearing
in the approximated equations (Step 3). In Step 3, these rearrangement inequalities are quantified when € is
not a ball and (1.11) is assumed. The ideas used in the next steps of the proofs are identical for Theorems 1.1
and 1.3. More precisely, in Steps 4 and 5, we apply a maximum principle to the symmetrized functions
in Q*, called ¢, = j,, namely we compare them to the solutions v, of some radially symmetric equations
in Q*. We then pass to the limit as & — 400 in Q* (Steps 6 and 7). We also approximate the symmetrized
coefficients fi in Q* appearing in the proof by some functions in 2* having the same distribution function
as the function f, defined in (1.8) (Steps 8 and 9). Finally, in Steps 10 and 11, we pass to some limits and
we use the Hardy-Littlewood inequality to compare some approximated solutions in 2* with the solution v

of (1.7).

Step 1: uniform bounds on v under assumption (1.11)

In this step, some uniform pointwise and smoothness estimates are established under assumption (1.11).
Actually, these quantified estimates will only be needed for the quantified inequality (1.12) in Theorem 1.3.
We recall that the sets E, n (€2) have been defined in Section 2.4

Lemma 3.1. Under assumption (1.11), there are some real numbers N > 0 and 8 > 0, which depend only
on Q, n and M, such that u € Ey 5 y(52).

The proof of this lemma, which has its independent interest, is postponed in Section 3.2. We prefer to
directly go in the sequel on the main steps of the proofs of Theorems 1.1 and 1.3.

Step 2: approximated coefficients and approximated solutions u; in 2

Let Ho : © — R be the continuous function defined by Heo(z) = H(z,u(z), Vu(z)) for all z € Q and
let (H;)jen be a sequence of polynomial functions such that

Hj(z) — Ho(z) = H(z,u(x), Vu(z)) uniformly in z € Q. (3.2)

Jj—4oo

We recall that the given matrix field A = (4;)1<iir<n is in WH°(Q, 8, (R)) and that all entries A; » can
be assumed to be continuous in without loss of generality. Now, following Steps 1 and 2 of Section 5.2.1
of [33], there is a sequence of C*°(£2,S,,(R)) matrix fields (A;)jen = ((Ajii,i)1<i,iz<n)jen With polynomial
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entries A;; » and a sequence of C*(2) N L°(2) functions (A;);en such that

Ajy — A uniformly in Q for all 1 <i,i" <n, sup||Ajlly1.eeq) < +00,
J—r+oo jeN
A; > AjId in Q and HAj_lnLl(Q) = HA_IHLI(Q) for all j € N, (3.3)

0 < essinf A < liminf <minAj> < lim sup (max Aj> < esssup A
Q j=+oo N\ Q j—+o0 Q Q

(namely, one can take A; = A;; and A; = oy ;A; ; for all j € N, with the notations of Section 5.2.1 of [33]).
For each j € N, let u; be the solution of

{—diV(AjVuj)(a:) = —Hj(z) inQ, (3.4)

u; = 0 on 0f).

Each function u; belongs to W (2) N H}(2) and is analytic in 2. Furthermore, from the previous definitions
and from standard elliptic estimates, the functions u; converge, up to extraction of a subsequence, in W2P(Q)
weakly for all 1 < p < 400 and in C1¥(Q) strongly for all 0 < o < 1 to the solution us € W(Q) N HE(Q)
of
—div(AVus)(z) = —Hoo(x) = —H(z,u(z), Vu(z)) in Q,
Uso = 0 on 0f),

which, by uniqueness of the solution of this linear problem with right-hand side —H, is necessarily equal
to u. By uniqueness of the limit, one gets that the whole sequence (u;);jen converges to u in W2P(Q) weak
for all 1 < p < +o0 and in C1¥(Q) strong for all 0 < a < 1.

On the other hand, there are some positive real numbers N, and f3,, which depend on u, such that
u € Ey/o N, 8,(82), because of (3.1) and the smoothness of u. Thus, it follows from the convergence of the
sequence (u;)jen to u, in (at least) C11/2(Q) that, for all j large enough,

|V’U,j‘ ?é 0 on 89, Uj >0in Q and Uj c E1/2,2Nu75u/2(Q) (35)

(notice that the properties |Vu;| # 0 on 0Q and w; > 0 in §2 are actually automatically fulfilled when the
third property u; € Ey/32n, 3,/2(€?) is fulfilled, since 3, > 0, but we prefer to write the three properties all
together for the sake of clarity). We can assume that (3.5) holds for all j € N without loss of generality.
Furthermore, under assumption (1.11) of Theorem 1.3, it follows from Lemma 3.1 that u € E 5 v 5(f2)
for some positive constants N and 3 which only depend on €2, n and M (and which do not depend on u). As
in the previous paragraph, one can then assume without loss of generality that, under assumption (1.11),

[Vuj| #0o0n 09, u; >0in Q and u; € Ey/9n,5/2(Q) forall j € N. (3.6)
Step 3: symmetrized coefficients and the inequalities u], < sz, (14n,) u; < @k and (1+n) uj, < zzk
in Q*
Let now k£ € N be fixed in this step and in the next two ones. For all j € N and x € 2, denote
Biw) = —div(4;Vu)(x) - ale, u(x), Vu(@)) [Vuy(2)] + b(a, u(), Va(e)) u;(z)
—fx, u(z), Vu(z)) — 27k
= —Hj(z) —a(z,u(z), Vu(x)) |Vu;(x)| + bz, u(x), Vu(z)) uj(z)
—f(z,u(z), Vu(z)) — 27,
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Due to (1.4), (3.2) and the fact that u; — wu in (at least) C'(Q) as j — +oo, it follows that
limsup;_, | o (supxeﬂ Bj(x)> < —27% < 0. Therefore, there is an integer ji € N such that Bj,(z) < 0
for all x € €}, that is

— div(A, Vg, ) (2) = a2, u(z), Vu(@)) [V, (2)] + b(z, u(z), Vu(z)) uj, ()

—k (3.7)
—f(z,u(x),Vu(z)) —27" < 0 forall z € Q.
Without loss of generality, one can assume that jp > k.
One can then apply the general results of Section 2 to the coefficients
Aq(z) = A]k (z), Aa(z) = AJk (z), ¢¥(z) = Uy, (),
ag(z) = a(z,u(x), Vu(x)), bao(z) = b(z,u(x), Vu(zx)), (3.8)
fazx) = f(z,u(z), Vu(z)) = fu(z),

and q = 1. Call py, : [0,maxguj,| — [0,R], Ej, Kk, Jk, ap and ]?k the symmetrized quantities defined as
n (2.2), (2.3), (2.5), (2.9), (2.10) and (2.11). In particular, the set Ej can be written as

Ej, = {z € R |a] € (0, pi(ay,, 1)) U+ U (pr(a5), pr(a})) U (pr(al), R] } (3.9)

where 0 < af < --- < aF, = maxguj, denote the my critical values of the function u;, in Q. The function Ui
belongs to W OO(Q*) ﬂHO (%) and is of class C* in E,U{0} and C? in E,NQ*, the function Ay, € LOO(Q*) is

of class C'! in E, NQ* and the functions @y, and fk € L*°(2*) are continuous in Ej. All functions Ak, wk, ak
and f; are radially symmetric. It follows from (2.6), (2.13), (2.14) and (3.3) that

0 <minAj < ess 1nf Ak < esssup Ak < maxA;
Q Q Q

1A Lo = ||A;€1‘|L1(Q) = A g

inf a” <mina(-,u(-), Vu(-))" <essinfay <esssupar <maxa(-,u(-), Vu(:))* < sup at, (3.10)
QXRxR™ Q Q* O Q QOxRXR™

Jk>

inf f <min f, <essinf fk < ess supﬁc <max f, < sup f.
OXRxR"™ Q Q* Q* Q QxRxR™
For the proof of Theorem 1.1, it follows then from Proposition 2.1 that

~

Yr(z) > uj (y) >0 forallz € Q* and y € Zp;l(‘xl). (3.11)

That means that
0 <l (z) < Pp(x) for all x € OF, (3.12)
where u; denotes the Schwarz symmetrization of the function uj, .

On the other hand, if Q is not a ball, it follows from (3.5) and Proposition 2.6 that, for all z € Q*
and y € Zp;l(‘xl), Yr(z) > (14 nu) uj, (y) > 0, where 7, > 0 only depends on €, n, N, and f3,, that is
on (), n and u. Therefore,

0< (1+m,)ul, () < dp(z) for all z € QF. (3.13)

Furthermore, if € is not a ball and the assumption (1.11) of Theorem 1.3 is made, it follows from (3.6)
and Proposition 2.6 that ¢g(x) > (1 +n)u; (y) > 0 for all z € Q* and y € X “(lal) where 7 > 0 only
depends on 2, n, N and 3, that is on €, n and M. Therefore,

~

0 < (1+4n)uj (z) < ¢p(x) forall z e QF (3.14)
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in this case.
Lastly, for both Theorems 1.1 and 1.3, Proposition 2.2 implies that, for all x € E, N Q*, there exists a
point y € 2p;1(‘$|) such that

— div(Ax Vi) (2) — Gk ()| Ve ()] — fio(w) — 27"
= div(A;, Vuj, ) (y) = aly, uly), Va(y)) [Vag, ()] + by, u(y), Vu(y)) w, (y) = F(y, uy), Vuly)) - 27
0,
where the last inequality follows from (3.7). In other words,
— div(ApVir) () + ax(@)er (2) - Vibi(x) < gil(e) for all z € B, N Q¥ (3.15)
where e,(x) = z/|z| for all z € R"\{0} and
g(@) = fi(x) +27* (3.16)

for all z € E} (remember indeed that szk(x) points in the direction of —e,(x) for all z € E}, from (2.8)
and (2.9)).

<
<

Step 4: the functions ¢ are HE(Q*) weak subsolutions of (3.15)

The inequality (3.15) holds in Ej; N Q*, whence almost everywhere in *. But the quantities appearing
in (3.15) might be discontinuous across the critical spheres OF}) in general. The goal of this step is to show
that (3.15) holds nevertheless in the H}(Q*) weak sense as well, as stated in the following lemma.

Lemma 3.2. There holds
/Q A V<P+/ (aker - V?Zk)SO —/Q gy <0 (3.17)

for all k € N and for all p € H}(2*) with ¢ >0 a.e. in Q.

In order not to lengthen the main scheme of the proofs of Theorems 1.1 and 1.3, the proof of Lemma 3.2
is postponed in Section 3.2 below.

Step 5: the inequalities u] < vg, (14 n.)uj, < vk and (1 +n)uj, < ovg in QF

We first point out that @y and gy, are in L°°(Q*). Let then vy, be the unique Hg(92*) solution of

{—div(Kvak)—i—aker-Vvk — g inQ

(3.18)
v, = 0 on 0Q*,

where the above equation is understood in the weak sense, that is fQ* /A\k; Vo - Vo + fQ* a (er - Vug) ¢ —
fQ* gry = 0 for every ¢ € H}(2*). The existence and uniqueness of vy is guaranteed by Theorem 8.3
of [30]. Since @k is an H}(Q*) subsolution of this problem, in the sense of Lemma 3.2 of Step 4, it then
follows from the weak maximum principle (see Theorem 8.1 of [30]) that U < vy ae. in Q. Hence, (3.12)
yields

0 <wuj <wv ae. in Q" (3.19)
under the assumptions of Theorem 1.1, whereas (3.13) implies that
0<(1+mny)uj, <wvp ae. in Q" (3.20)
if Q is not a ball, and (3.14) yields
0<(1+mn)u;, <vp ae. inQ, (3.21)

if © is not a ball and (1.11) is assumed, where 7, > 0 and n > 0 are as in Step 3.
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Step 6: the limiting inequalities u* < vy, (1 +7my) u* < Vo and (1 + 7)) u* < vy in QF

First of all, since uj — u as j — +oo in (at least) C1(Q) and since jy > k for all k € N, it follows from [23]
that uj, — v* in LY (%) as k — +oo. Up to extraction of a subsequence, one can then assume that

*

uj (z) = u*(z) a.e. in Q° as k — +o0. (3.22)

Let us now pass to the limit in the H{(Q*) solutions vy of (3.18). Notice first, from (3.3), (3.10)
and (3.16), that the sequences (/A\k)keN, (K;l)keN, (ar)ken and (gx)ken are bounded in L>°(Q*). It follows
then from Corollary 8.7 of [30] that the sequence (v )ken is bounded in H}(Q*). Therefore, up to extraction
of a subsequence, there exists a radially symmetric function ve, € Hg(Q*) such that

VE — Voo in HE(QF) weak, v, — voo in L*(Q*) strong and a.e. in Q* as k — +oo0. (3.23)
Together with (3.19), (3.20), (3.21) and (3.22), one gets that
0<u* <wvy ae. in Q (3.24)
under the assumptions of Theorem 1.1, that
0<(1+mn)u" <vyw ae inQ (3.25)

if © is not a ball, and that
0<(1+nu* <vyx ae. inQ* (3.26)

if © is not a ball and assumption (1.11) is made, where 1, > 0 and n > 0 are as in Step 3.

Step 7: a limiting equation satisfied by v, in Q*

Let us now pass to the limit in the coefficients Ay, @5, and gy of (3.18). From (3.3), (3.10) and (3.16),
there exist three radially symmetric functions A € L(Q2*), @ € L*°(Q*) and f € L>(Q*) such that, up to
extraction of some subsequence,

K;l —~ AL K,;lak —~ A and gy — f in L>(Q) weak-* as k — +oo, (3.27)
whence R R R
0 < essinf A <essinf A <esssupA <esssupA and HA_IHLI(Q*) = ”A_1||L1(Q). (3.28)
Q Q* QO QO

Namely, the function @ = A A~1@ is defined as A times the L™ (%) weak-* limit of the sequence (K,;lak)keN.
Furthermore, @ is thus the L>(Q*) weak-* limit of the functions A A, ' @y. Since

mina(-,u(-), Vu(-))" < ess inf @y < esssupa < max a(-, u(-), Vu(-)) "
Q * Q* Q

from (3.10), while (0 <) KK? — 1 in the L*>(02*) weak-* sense as k — 400, it follows that

0< inf a"<mina(-,u(-),Vu(-))T < essinfa < esssupa < maxa(-,u(-), Vu(-))T< sup a'. (3.29)
OxRxR™ Q Q* Q* Q QxRxR™

The main goal of this step is to show that vs is a weak H}(Q*) solution of the limiting equation obtained
by passing formally to the limit as k¥ — 400 in (3.18).
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Lemma 3.3. The function ve is a weak H}(Q*) solution of

(3.30)

—div([AXVvoo)—i—aeT-Vvoo = f imn ¥,
Voo = 0 on 90",

in the sense that [, A Vs - Voo + Jo:(@er - Vo) o — [o. fgo =0 for every ¢ € HL(¥).

In order to go on the last steps of the proofs of Theorems 1.1 and 1.3, the proof of Lemma 3.3 is
postponed in Section 3.2.

The radially symmetric functions A € L () and @ € L>(2*) will be those of the statements of Theo-
rems 1.1 and 1.3. Notice in particular that the properties (1.5) follow from (3.28) and (3.29). Furthermore,
we already know from (3.24), (3.25) and (3.26) that 0 < u* < vy a.e. in Q* (respectively 0 < (14n,) u* < v
and 0 < (1 +n)u* < vs) under the assumptions of Theorem 1.1 (respectively Theorem 1.3 when (2 is not
a ball, without or with assumption (1.11)), where vy solves (3.30). However, the right-hand side of (3.30)
involves a function f which may not be the Schwarz rearrangement f;* of the function f, defined in (1.8),
or may even not have the same distribution function as f,. In the remaining four steps of the proofs of
Theorems 1.1 and 1.3, one shall then approximate the function v, by some functions wy and z; (different
from the vg’s in general) and the functions f; by some functions having the same distribution function
as fu = f(-,u(-), Vu(+)), before finally comparing a function zy, for L large enough to the solution v of (1.7)
with H and f;.

Step 8: approximation of v, by some functions wj in Q*

Let ( fk)keN be the sequence of radially symmetric functions defined in Step 3, and remember that the
sequence ( fk) ken is bounded in L*°(Q*) from (3.10) (one could replace fk by g without any change in the
conclusions). Since A € L () and @ € L*(Q*), it follows from Theorem 8.3 of [30] that, for each k € N,
there is a unique weak H}(Q*) solution wy, of

— div([A\Vwk) +ae,-Vw, = fk in QF, (3.31)
wr = 0 on 0N%,
in the sense that
KVwk-Vgp—i—/ (Zier-Vwk)go—/ fre=0 for all p € HJ (Q%). (3.32)
Q* * *

Furthermore, the functions w;, are all radially symmetric by uniqueness and since all the coefficients /AX, a
and ﬁc are radially symmetric. Lastly, as in Step 6 above, the sequence (wy)gen is bounded in HE(92*) from
Corollary 8.7 of [30]. There exists then a function wy, € HE(2*) such that, up to extraction of a subsequence,
one has wy — we in HY(Q*) weak and wy, — weo in L*(Q*) strong as k — +oo. Since fe=ge—2F—f
in L>°(Q*) weak-* as k — +oo from (3.16) and (3.27), it follows by passing to the limit as ¥ — +o00 in (3.32)
that
/ KVwoo-Vgo+/ (@ep - V) p — fo=0 for all p € H} (Q").
. . Q

In other words, ws, is a weak HE(Q*) solution of (3.30). Referring again to Theorem 8.3 of [30] for the
uniqueness of the solution of (3.30), one concludes that ws, = v~ and that, by uniqueness of the limit, the
whole sequence (wy)ren converges to v in the following sense:

Wy, — Voo in HE () weak and wy, — v in L2(Q*) strong as k — 4-00. (3.33)
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Step 9: approximation of the function wx for K large by some functions z; in Q*

Let £ > 0 be arbitrary and given until the end of the proofs of Theorems 1.1 and 1.3. From (3.33), there is
an integer K € N large enough such that

. (3.34)

N ™

[wi — veollz2(0+) <

The function wg is the weak H}(2*) solution of (3.31) with & = K. The radially symmetric function
fr € L*™(Q*) in the right-hand side of (3.31) is given by (2.11) with fo(y) = f(y, u(y), Vu(y)) = fu(y)
and p = pg is given by the function ¢ = u;,: namely, with the general notations of Section 2, there holds

/ fu(y) ’VUjK(y)\fldUp;g(uD

fK(w‘) _ o (ED)
/Z Vg ()7 o1,

Pr

Pt (2]

for all # € Ef, where the set Ex C Q* is given by (3.9) with k¥ = K. As already noticed in the general
properties of Section 2, one knows that Hy € O uj(y) = a}‘ = 0 for every a € [0,maxguj,|. It

o~

follows then from the co-area formula that fS frk = fQ bf“ for all 0 < a < b < maxgugy,,

PK (b):pK(a)
where Qqp = {y € @ a < uj (y) < b}. Therefore, one infers from Lemma 5.1 of [33] (see also Lemma 1.1

of [4] and Lemma 2.2 of [2]) that there is a sequence (h;);en of L (Q2*) radially symmetric functions such
that h; — fK as | — 400 in L*(2*) weak-* and pup, = py, for all [ € N, that is the functions h; have all
the same distribution function as the function f,.

On the other hand, as in Step 8, there is for every I € N a unique weak H{(Q2*), and radially symmetric,
solution z; of

{—div(szl)+a€r'vzl = h inQ, (3.35)

zz = 0 on 90*

and the functions 2; converge to wy in HE(Q*) weak and in L?(Q*) strong as [ — +oc. In particular, there
is L € N large enough such that ||z — wik| 12 < €/2, whence

|22 — Vool L2y < € (3.36)

from (3.34).

Step 10: the inequality z; < z in Q*

Remember that the distributions functions py, and puy, of the functions hy, € L*°(2*) and f, € L*°(2) are
identical, and let z be the unique weak H&(Q*), and radially symmetric, solution of

(3.37)

—div(AVz) +de,-Vz = fi inQF,
z = 0 on 0Q*

where f € L>(Q*) is the radially symmetric Schwarz rearrangement of the function f,,. The key-point of
this step is the following lemma.

Lemma 3.4. There holds
zr < z a.e. in Q. (3.38)
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Actually, the same inequality holds with z; for every | € N, but we will only use it with the func-
tion zr. Notice also that, from the radial symmetry and the De Giorgi-Moser-Nash regularity theory (see
Theorem 8.29 in [30]), both functions 27, and z can be assumed to be continuous in Q*, even if it means
redefining them on the negligible subset of Q*. Therefore, the inequality 2y (z) < z(x) holds for all z € Q*
without loss of generality.

The proof of this lemma is postponed in Section 3.2. Let us now conclude the proofs of Theorems 1.1
and 1.3.

Step 11: conclusion of the proofs of Theorems 1.1 and 1.3
Let v be the unique weak H}(2*) solution of the equation (1.7) of Theorems 1.1 and 1.3, that is

—div(AVv) —@|Vo| = fi inQF,
v = 0 on 00"
Remember that the existence and uniqueness of v is guaranteed by Theorem 2.1 of [46], and that v is
actually radially symmetric and continuous in Q*, with similar arguments as for the functions v and V'
in the second paragraph of the proof of Corollary 1.2. We also recall that @ > 0 a.e. in Q* from (3.29).
In particular, —div(AVv) + de, - Vo > —div(AVo) — @|Vu| = fi in the weak HE(Q*) sense, that is
Jor AVo-Vo+ Jor-@er - V) o= [o. fii o >0 for every ¢ € H () with ¢ > 0 a.e. in Q. In other words,
the function v is a weak H2(Q*) supersolution of the equation (3.37) satisfied by 2. The maximum principle
(Theorem 8.1 of [30]) implies that z < v a.e. in Q*. Together with (3.38), one gets that

zp < w a.e. in Q. (3.39)

As a conclusion, it follows from (3.24), (3.25), (3.26), (3.36) and (3.39) that, under the assumptions of
Theorem 1.1,

[(w* = v)Fllp2n < 1" = voo)™ + (veo = 22) " + (21 — v) T L2000
< (@ =vee) Tllrz ey + (oo —2L) Fll L2y + (22 —0) Tl L2 (3.40)
< 0+e+0=c¢,

whereas, under the assumptions of Theorem 1.3, there holds similarly ||((1 4 nu)u* —v)¥||2q«) < € if Q is
not a ball and [|((1 +n)u* — v)*||f2(q+) < € if Q is not a ball and assumption (1.11) is made, where 7, > 0
(resp. n > 0) only depends on 2, n and u (resp. on €2, n and the constant M in (1.11)).

Since € > 0 can be arbitrary and u* and v do not depend on ¢, one concludes that || (u* —v)* [ 12+ =0
under the assumptions of Theorem 1.1, that is

u* <wae. in QF, (3.41)

whereas ||((14n.)u* —v) | 12(q+) = 0 (vesp. [[((1+n)u* —v)¥||L2(q+y = 0), that is (14n7,) u* < v a.e. in QF
(resp. (1+n)u* <wvae. in QF), if Q is not a ball (resp. if © is not a ball and assumption (1.11) is made).
They are the desired conclusions. The proofs of Theorems 1.1 and 1.3 are thereby complete. U

Remark 3.5. By replacing v by z in (3.40) and by using directly (3.38) instead of (3.39), it also follows
that
u* < zae. in Q (3.42)

under the assumptions of Theorem 1.1, whereas (1 + 7,) u* < z a.e. in Q* (resp. (1 +n)u* < z a.e. in QF)
if Q is not a ball (resp. if © is not a ball and assumption (1.11) is made).
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Remark 3.6. In Theorems 1.1 and 1.3, if we further assume that infox«rxgr b > 0, then similar comparison
results as in Theorems 1.5 and 1.7 can be obtained. We refer to Remark 4.3 below for more details.

Remark 3.7. In Theorem 4 of [6], some integral comparisons of |Vu| in © and |Vo| in Q* (in particu-
lar, |Vullpr@rr) < |VV[lLe(@+rny for 1 < p < 2) are established under assumptions of the type (1.22),
where v € H}(Q*) N L®°(Q*) is any weak solution of (1.23), provided such a solution v exists. For
our problems (1.1) and (1.7), with the notations used in the above proof, it follows from Remark 3.13

of [33] that [|Vu;,[[r1orn) < VUil rey and [[Vuj, lr2@re) < \/Ma, /ma;, [Vl L2(0# gn), Where
M, Aj, = Maxg Aj, and ma;, = ming Aj, (in particular, if A is equal to a constant A > 0 and Aj, is chosen
as the same constant A, then ||Vuj, |[z2rn) < Hv{/)\kHLQ(Q*’Rn)). One also knows that uj, — u in C1*(Q)

for all 0 < o < 1. However, it is not clear whether one could compare integral norms of \V@Ekl with those
of |Vug| in Q*. Furthermore, the functions vy and wy (resp. z;) are only known to converge to v, (resp.
wg) weakly in H}(Q*), and the inequalities z;, < z < v are only pointwise in Q*. Therefore, deriving
a comparison between ||Vul|prr) and ||[Vo|pq- rny does not follow straightforwardly from the above
proof. We thank the referee for mentioning this interesting question, which remains open in this framework.

3.2 Proofs of Lemmas 3.1, 3.2, 3.3 and 3.4

This section is devoted to the proof of four technical lemmas which have been used for the proofs of Theo-
rems 1.1 and 1.3 in the previous section.

Proof of Lemma 3.1. We first prove uniform L%°(£2) bounds for the function u, from which uni-
form C1/2(Q) estimates will follow. Next, we prove a uniform lower bound on u. These estimates will
imply that u € Ey /o, ~,3(€) for some constants positive N and 8 which do not depend on u. In the proof, we
denote C; some constants which may depend on Q, n and M > 0 given in (1.11), but which do not depend
on the given solution u of (1.1). We recall that (1.3), (1.4) with ¢ = 1 and (3.1) are assumed throughout
the proof.

First of all, it follows from (1.4) and (3.1) that —div(A(x)Vu) + qu(z) - Vu < f,(z) a.e. in Q (we recall
that A € W1°(Q,S,(R)) and u € W()), where f, is given in (1.8) and

if [Vu(z)] 0,
0 if |Vu(z)| = 0.

It follows then from the maximum principle (Theorem 8.1 in [30]) that u < U a.e. in Q, where U €
H () N W () denotes the solution of

—div(A(z)VU) + qu(z) - VU = fu(z) in Q,
U =0 on 0,
Since [lqullze@rry < llallze@xrxrr)y < M, [fullpe@) < [fllze@xrxrny < M and [[Ally1eeq) +

HA_1||LOO(Q) < M, it follows from standard elliptic estimates that ||U] (o) < C1 for some positive con-
stant C7 (which depends on €, n and M but not on u). Since 0 < u < U, one concludes that

|ul| oo () < C1. (3.43)

By testing (1.1) against w itself and using (1.3) and (1.11), one gets that
M—l/ Vu(z)2de < / A@) [Vau()[2dz < / A(@)Vu() - V(e / H(z, u(z), Vu(z)) u(z)dz.
Q Q
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But v > 0in Q and —H(z,u, Vu) < a(z,u, Vu) |Vu| —b(z,u, Vu) u+ f(z,u, Vu) < M(1+ |Vul) from (1.4)
and (1.11). Hence, (3.43) yields

M—l/ Vul? < M/(1+ V) u < Mol/(1+ V),
Q Q Q

from which one infers that [[ul[g1q) < C2 for some positive constant C. It follows now from (1.11)
and (3.43) that

|H(z,u,Vu)| < |H(z,u,Vu) — H(x,0,0)| + |H(x,0,0)| < M(Cy + |Vu|) + M (3.44)

in Q, whence |[H(-,u(:), Vu(-))l[z2@q) < C3 for some positive constant C3. Standard elliptic estimates,
together with (1.11), then yield the existence of a positive constant Cy such that [jullg2q) < Ci,
whence [[uly12¢ () < C5 for some positive constant Cs with 2* = 2n/(n —2) if n > 3 (2* = o0 if n = 1,
and 2 denotes an arbitrarily fixed real number larger than 2 if n = 2). Using again (3.44) and a standard
bootstrap argument, it follows that [|uly2,q) < Cp for every 1 < p < +oo where C), depends only on 2,
n, M and p. In particular, one gets that Huucl,l/Q(ﬁ) < O for some positive constant Cp.

To complete the proof of Lemma 3.1, one just needs to show the existence of a positive constant 3,

depending on 2, n and M but not on u, such that
u(z) > fd(xz,00) for all x € Q.

Assume by contradiction that there is no such constant 5 > 0. Then there are a sequence (Ap,)men
of Wh>(Q, S,(R)) matrix fields, a sequence (Ap,)men of L3°(Q) functions and four sequences (Hp,)men,
(@m)meN, (bm)men, (fm)men of continuous functions in 2 x R x R™, satisfying (1.3), (1.4) and (1.11) with
the same parameter M > 0, as well as a sequence (U, )men of W(£2) solutions of (1.1) satisfying (3.1) and
a sequence (T, )men of points in  such that

U (Tm) < 27"d(p,, ON2). (3.45)

From the previous paragraph, the sequence () men is actually bounded in W?2P(€2) for every 1 < p < +o0.
Thus, the sequence (Hp, (-, um (), Vm(+)))men is bounded in L>°(Q) from (1.11). As a consequence, there
are a symmetric matrix field Ao, € WH(, S,(R)), a function us, € W(2) N HE (), a point 2, € Q and
two functions Ho,, H? € L>°(Q) such that, up to extraction of a subsequence and as m — +o0,

A — As in L®(Q, S, (R)) with Ao, > M~1d in Q,
Um — Uoo 0 W2P(Q) weak for all 1<p<+oo and in CH¥(Q) for all 0< <1,

3.46
T, — Too, (3.46)
Hp (- um(5), Vun(-)) = Ho and Hyp,(-,0,0) — HO in L>®(Q) weak-*,
and U is a weak H{(Q) solution of
—div(Aso () Vo) + Hoo(z) = 0 in Q, (3.47)
Uso = 0 on 01,

The function uy, is then a strong W () solution of the above equation by elliptic regularity. Furthermore,
Uso > 0 in 2 and it follows from (3.45) that ue(2so) = 0 and that

either o, € Q, or 2o € 9N and |Vus(zs0)| = 0. (3.48)
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For every m € N and z € €, one has Hy,(z, um (), Vum(z)) < M (un(z) + |Vum(z)|) + Hpn(z,0,0)
from (1.11) and the nonnegativity of up,, whence Hoo(z) < M (Uoo(z) + |Vucs(2)]) + HO(z) a.e. in Q by
passing to the L*°(€Q) weak-* limit as m — +oo. Therefore,

—div(Aoo(2) Viiso) + M (oo + |Vues|) > —H(z) > 0 a.e. in Q, (3.49)

where the last inequality follows from the nonpositivity of H,,(-,0,0) by (1.11). Since us > 0 in Q,
Uso(ZToo) = 0 and (3.48) holds, it follows from the strong maximum principle and Hopf lemma that us is
identically equal to 0 (see in particular Theorem 9.6 of [30] — and the discussion there around the Hopf
lemma and the strong maximum principle for strong solutions — even if it means changing the function u
into U(x) = —eMuq () for some suitable A € R). Therefore, (3.49) implies that H°(z) = 0 for a.e. x € Q.
But [ H? < —M~! < 0 since [, Hpn(-,0,0) < —M~' from (1.11) and Hp,(-,0,0) — H? as m — 400
in L*(€2) weak-*. One has then reached a contradiction.

Finally, there is a positive constant $ which depends on Q, n and M but not on u such that v > g d(-, 092)
in Q. Finally, u € F} 5 n3(Q2) for some positive constants N and 8 only depending on €2, n and M. The
proof of Lemma 3.1 is thereby complete. O

Proof of Lemma 3.2. Let k£ € N be fixed. The proof of the inequality (3.17) consists in integrating the
inequality (3.15) satisfied by @Zk in the shells of E}, against a nonnegative test function ¢ and then in con-
trolling the boundary terms coming from the critical spheres of OFy. First of all, by elementary arguments,
it is enough to prove that (3.17) holds for every ¢ € CL(Q*) with ¢ > 0 in Q*, where C(2*) denotes the set
of C1(2*) functions with compact support included in Q*. Let ¢ be any such nonnegative C}(2*) function
and call

*

[:/ /A\kvtzk'vswr/ (aker'WZk)cﬂ—/ G-
From (3.9), one can write

* p— DY
Be 08 =5, (b, Yontat, )Y Y Spuas) ontat) Y Spn(ah) o
where pk(aﬁ%) =0, the integer my is the number of the critical values 0 < af <--- < a,’ﬁlk =maxg uj, of the
function uj, in Q and S, denotes the spherical shell S, ,» = {x eER™ o< |z| < 0’} for any 0 < o < o’.
For convenience, define a’é = 0, so that pk(alg) = R. It follows from Lebesgue’s dominated convergence
theorem that

I= lim (KW@; Ve + (arer - Vibi) o — gw) : (3.50)

i=0 Sy (kg (k)

~
=1y

For every 0 < i < my, — 1 and every ~ such that 0 < 2y < 4o := ming<,<m,—1(pr(a) — pr(alF,,)), the

functions Ay and vy are of class Cl(spk(aﬁl)ﬂ,pk(a?)—v) and CQ(Spk(aﬁl)Jr%pk(a?)—v)

respectively, whence
Green-Riemann formula implies that

L, = (= div(ApVeog) + arer - Vb — gi) ¢
S, Dt (k)
prlagy ) +7.pp(ag) = <0 >0
+/ ANV - er (‘Ddeﬂk(a?)—’Y B / AeV - er Spdepk(afﬂ)"‘w
OB OB 4
pi(ak)— PR (ag )+
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where dfs; denotes the surface measure on the sphere 9B, for s > 0. The first integral in the right-hand
side of the above equality is nonpositive because of (3.15) and since ¢ is nonnegative. On the other hand,
for all s € [0, R]\{px(a¥); 1 <1< my} and for all z € dB,, it follows from (2.5), (2.7), (2.9) and (3.4) that

~ ~ 1
Ag(2)Vipg(z)-er(z) = nansnl/ﬂ div(4;, Vu;, ) = nansnl/ 71HJk =: J(s).
P (5) P (s)
Remember that Hj, is a continuous function in € (it is a polynomial function) and that €2, 1 ] |Bs| =
P,

aps™ and |Ep;1 5) | = 0 for each s € [0, R]. Therefore, the function J, which can be defined for all s € (0,R]

by the right-hand side of the above displayed equality, is continuous and bounded on (0, R] (the boundedness
of J follows from the boundedness of Hj, and the fact that |Qp;1(s)| = aps™). Therefore, one has

Ty <o) =) [ b = Tonlabi) +9) [ o0, e

B i+1
i (ak)—y pr(af )4y

for every 0 < i < my — 1 and every 7 € (0,70/2). Finally, using the continuity of .J on [0, R] and of ¢ in Q*,
it follows that, for every 0 < i < my — 2,

tmsup Ty < Ju(al)) [ gl = Tonal)) [ pdd
=0t Bp (ak) Pk(“ﬁl)
while, for ¢ = my — 1, limsup,_,o+ [; 4 < J(pi(a f@B <pd0pk(ax_c), since J is bounded on (0, R] and
a ) ?

lim,, o+ faBp @df, =0. As a conclusion, (3.50) ylelds

T<aal) [ et =T [ edtn=0

Pk (ao)

since af = 0 (by conventlon) pr(ak) = R and ¢ is compactly supported in Q*. As already emphasized, (3.17)
then holds for every ¢ € HZ(Q*) such that ¢ > 0 a.e. in Q*. The proof of Lemma 3.2 is thereby complete.[]

Proof of Lemma 3.3. Equation (3.30) is obtained formally by passing to the limit as k — +o0o in (3.18).
However, since the convergence of the first-order derivatives of the functions vy is only weak, as is that of
the coefficients of (3.18) or some functions of them, one cannot pass directly to the limit in the first two
terms of (3.18) and one needs more regularity. This regularity will be guaranteed by the radial symmetry,
as shown in the next paragraphs.

Recall first that the sets Ej C Q* are given in (3.9). For every k € N, since Ay, is of class C* in Ej, N Q*
and the functions @ ak and g, are continuous in Ej, it follows from standard elliptic estimates that the
function vy, is in W} ’p(Ek N Q*) for all 1 < p < 400 whence in C C(Er N Q) for all 0 < a < 1. Define

T, = (0, R)\{pw(al); 1 < i <my} = (0, pray,, 1)) U~ U (px(ai), R),

where 0 < a’f < e < af’nk = maxg u;, are the critical values of the function uj, in Q. Let ¢ be any point
in the unit sphere S"~! and set

~

(r) = vr(rs), Ax(r) = Ag(r )
Wi(r) = Mg (rs) Vor(rs) - s = A (r) T (r), (3.51)
ar(r) = ag(rs), g(r) = gk(m),
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for all r € 7. Denote also

Ar)=——r [ Rdby, lr)= — / oo b
noyr OB, no,T OB,

a(r) = ——— ado,, =— do,..

atr) nayrt! /a& ¢ 1) nanr™ ! Jop, /

From Fubini’s theorem, the above quantities can be defined for almost every r € (0, R). Furthermore, the
function A is in LS°(0, R), the functions @ and f are in L>(0, R), the function s is in H. ((0, R]), and it
follows from (3.23), (3.27) and (3.51) that

K;l —~ A /N\El"dk —~ A'G and gk — J?, in L*(rg, R) weak-*, as k — +o0, for every ro € (0,R) (3.53)
and
Tk — Voo in H'(rg, R) weak and ), — U in L (7, R) strong, as k — +oo, for every ro € (0, R). (3.54)

Let us now pass to the limit as & — 400 in the elliptic partial differential equation (3.18) and its
associated one-dimensional ordinary differential equation. Namely, from the observations of the previous
paragraph, there holds

-1~ _ _ ~ .
n ARV}, — agvy, + g a.e. in Iy (3.55)

—@, = —(Ayp,) =

for every k € N. Since the right-hand side of (3.55) is continuous in Z, the continuous function wy = Kk'ﬁ;
is actually of class C! in T, whence ¥ is of class C? in Z; and the above equation (3.55) is satisfied
in the classical pointwise sense in Zj. Furthermore, the sequence (v})ren is bounded in L?(rg, R) for
every ro € (0, R) since (vg)gen is bounded in HE(Q*) and the functions vy, are radially symmetric. On the
other hand, the sequences (Ag)ren, (@r)ren and (Jx)ren are bounded in L*(0, R) from (3.3), (3.10), (3.16)
and (3.51). Tt follows then from (3.51) and (3.55) that the sequence (wy)ren is bounded in H'(rg, R)
for every ro € (0,R). Therefore, there is a function w € H} ((0, R]) such that, up to extraction of a
subsequence,

W, — ®in HY(rg, R) weak, W, — w in L?(ro, R) strong, for every 7y € (0, R). (3.56)

k—4o00 k—4o00

By (3.53), one therefore has v, = K;lzﬂk — A% in L2(ro, R) weak as k — +o0, for every rg € (0, R). By
uniqueness of the weak limit, it follows then from (3.54) that

@ = A ae. in (0,R). (3.57)

Finally, we are ready to show that vs is a weak H}(€Q*) solution of the limiting equation (3.30), that is

1:= A Voo - Vi + /
Q*
for all ¢ € HE(Q*). Let ¢ € HE(Q*) and & > 0 be arbitrary. Since the functions A, @, f are in L>(9F),
since the sequences (Ap)ren, (@ )ren, (gk)ren are bounded in L (€2*), since the function ve is in H(Q)
and since the sequence (vg)ren is bounded in H{(Q*), it follows from Cauchy-Schwarz inequality and
the fact that ||| g1(p,) — 0 as 7 — 0% (from Lebesgue’s dominated convergence theorem) that there
exists 79 € (0, R) small enough so that

*

(ZL\GT'VUOO)QO* fgp:()
Q*

‘ / (Kvak -V + (ager - Vog)p — gkcp>‘ <¢ forallke N (3.58)
By,
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and } fBTD (K Ve - Vo + (aer - Vuso)p — J?QD)’ < e. Hence,

Il <e+ ‘ / <KVUOO Vo4 (ae, - Vus)p — fgp) ‘ (3.59)
*\BTOZ 0, R
=:J
Call
o(r) —/ wdf, and P(r) = / er - Vodb, forr e (ro, R). (3.60)
0B, 0B

From Fubini’s theorem and Cauchy-Schwarz inequality, the functions ¢ and ® are defined almost everywhere
in (rg, R) and they belong to L?(rg, R). Fubini’s theorem also implies that

J = / " (R Tl) D) ) Tl 600) — Fr) 610 dr

Observe that B B

AT}, = W — @ = AT in L*(ro, R) strong as k — 400 (3.61)
from (3.51), (3.56) and (3.57). Furthermore, ayv, = (A ‘ag) x (Ax®,) — (A~'@)x (A7) = adl, in L2(ro, R)
weak as k — +oo from (3.53) and (3.61). Lastly, gr — f in L*°(rg, R) weak-* as k — +oo from (3.53).
Putting together all this limits leads to

J= 1m | / ! (Re(r) 1) @(r) + @(r) Th(r) 6(r) = Gulr) 6(r)) dr |

k—+o0 0

=:Jp
Therefore, there is K € N large enough such that
|J| < |Jk|+e. (3.62)

But

Jik = / <7\K Vg - Vo + (ake, - Vug)p — gk 90) = — / (KK Vug - Vo + (axer - Vog ) — gk so)
Q*\BTO B

70

because the integral of /A\K Vg - Vo + (ke - Vug)p — gk @ over Q* is equal to 0: indeed, ¢ € HL(Q¥)
and v is the weak H}(Q*) solution of (3.18) with k = K. Finally, it follows from (3.58) that |Jx| < e,
whence |I| < 3¢ from (3.59) and (3.62). Since ¢ > 0 was arbitrary, one concludes that I = 0.
Since ¢ € H{(Q*) was arbitrary, this means that v is the weak HE(Q*) solution of (3.30). The proof
of Lemma 3.3 is thereby complete. O

Proof of Lemma 3.4. Remember that z;, and z are the unique weak Hg(Q2*) solutions of (3.35) with [ = L
and (3.37), respectively. Furthermore, z;, and z are radially symmetric. In order to get the inequality (3.38),
the general strategy is to integrate twice the one-dimensional equations associated to (3.35) and (3.37), with
a special care since these equations are only satisfied in the weak H&(Q*) sense. We shall finally use the
Hardy-Littlewood inequality to compare some integral terms.

First of all, from the De Giorgi-Moser-Nash regularity theory and the radial symmetry, it follows that,
without loss of generality, z7, and z can be assumed to be continuous in Q*, even if it means redefining them
on a negligible subset of Q*. Let ¢ be any point in the unit sphere S*~! and define

zr(r) = z(r¢) and z(r) = z(r¢) for all r € [0, R]. (3.63)
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The functions Zj, and Z are continuous on [0, R], they belong to H. ((0, R]) and, from Fubini’s theorem,
the integrals

R R R R
/ "Lz (r)? dr, / r" L2 (r)? dr, / "L Z(r)? dr, / 17 (r)% dr converge. (3.64)
0 0 0 0

Let A € L%(0,R) and a € L*°(0, R) be defined as in (3.52) and set
1

nay, "1

1

nanr™ 1 Jop,

hi(r) = / i hr db, and f,(r) = £ de,, (3.65)

where we recall that hy (resp. f,;) is the right-hand side of (3.35) (resp. (3.37)). These quantities can be

defined for almost every r € (0, R) ( fu is actually defined for all 0 < 7 < R) from Fubini’s theorem, and hy,

and f, are in L>°(0, R). N N
Consider now the equation (3.35) with [ = L. It follows from the definitions of 2y, A, @ and hy, that

R _ R R _
/0 A(r) 2y (r) ' (r) r" L dr + /0 a(r)z(r) e(r)yr"tdr = /0 hr(r) (r)r™ =t dr

for all ¢ € CL(0, R). Define N

Co(r)y =r" L A(r) 2 (r) (3.66)
for almost every r € (0,R). Since r — r("=D/2A(r) is in L°°(0, R), it follows from (3.64) that (f is
in L2(0, R). There holds

R _ R_
/ Cr(r r)dr + /0 A_l(r) a(r)Cr(r) e(r)dr = /0 hr(r) e(r) rdr

for all ¢ € C1(0,R). Furthermore, A~ @( € L2(0, R) and the function 7 s hz(r) r" 1 is in L(0,R) C
L?(0, R). Therefore, the function ¢, is actually in H'(0, R) and

¢(r) =AY a(r) Co(r) — hp(r)r™ ! ae. in (0, R). (3.67)

Even if it means redefining {7, on a negligible subset of [0, R] one can assume without loss of generality

that ¢z is then continuous on [0, R]. Define O(r) = e “Jo AT A ds for all € [0, R]. The function O,
which does not depend on L, is continuous on [0, R] and it belongs to W1°°(0, R). Define also

wr =O¢; on[0,R)]. (3.68)

The function wy, is continuous on [0, R] and it belongs to H(0, R). It follows from (3.67) that w/ (r) =
—O(r)hp(r)r™ ! ae. in (0, R). As a consequence,

wr(r) = — /0 O(s) hr(s)s" ' ds+w(0) for all 7 € [0, R]. (3.69)

Let us now prove in this paragraph that w(0) = 0 (remember that wy, is continuous on [0, R]). One
has wr,(0) = ¢£(0) since ©(0) = 1. Consider first the case where the dimension n is such that n > 2.
If ¢(1(0) # 0, then there would exist ry € (0 R) and v > 0 such that [(L(r)] > v > 0 for all r € [0, 7],
whence |r"~ LA(r) Zp(r)] = v > 0 for a.e. 7 € (0,r0). Since A e LP(0,R) and A < My := esssupgA
from (3.28) and (3.52), it would then follow that

2

L (r)? > ﬁ for a.e. r € (0,r0),
A
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which contradicts the integrability of the integral fOR r"= 121 (r)?dr given in (3.64). Hence, (1(0) = 0
and wr,(0) = 0.

Consider now the case n = 1. We work directly in the interval Q* = (—R, R). With similar arguments as
in the previous paragraph, the L?(— R, R) function (} = A 2y is actually in H!(—R, R), whence continuous
on [— R, R] without loss of generality, and ¢} (z) = (z(z) for all z € [0, R]. But since the H'(—R, R) function
z1, is even, the L*(—R, R) function 2} is odd, in the sense that 2} (—z) = —z}(z) for a.e. © € (—R,R).
Since A is even, the (continuous) function Ci = /AXZ’L is odd on [0, R]. In particular, it vanishes at 0.
Hence, wy,(0) = ¢(0) = ¢1(0) = 0. To sum up, there holds w,(0) = 0 in all dimensions n > 1.

From (3.69), one then infers that wr (r) = — [; O(s) hp(s) s" L ds for all r € [0, R], whence

o) r" Y A(r) Z,(r) = — /0 ré(s) hi(s)s" tds for a.e. r € (0,R) (3.70)

from (3.66) and (3.68). Similarly, by working with the equation (3.37) satisfied by z with right-hand side f
(instead of Az, in (3.35) with | = L) and by using the notations (3.63) and (3.65), one gets that

Or)r" P A(r) ' (r) = — /07“ O(s) ful(s)s" ds for a.e. r € (0, R). (3.71)

Let us finally compare the right-hand sides of (3.70) and (3.71), which are actually continuous with
respect to r € [0, R]. Define ©(z) = O(lz]) = e~ [ AT @) ds g every x € Q*. The function © is conti-
nuous in *, positive, radially symmetric and nonincreasing with respect to |z| since A > 0 and a > 0 a.e.
in (0, R), by (3.28), (3.29) and (3.52). In particular, the function © is equal to its Schwarz rearrangement ©*
in the ball Q*. For every r € (0, R], it follows then from Fubini’s theorem and Hardy-Littlewood inequality
that

T 1
hi(s)s" 'ds = hi(z)dz < (@) (W) (z)de = hi)(z)dx, (3.72
e R s = [ e < = [ @@ (@)ie = — [ 0017 (@) (372
where (h7)* denotes the Schwarz rearrangement, in the ball B,, of the restriction h} := (hp)p, of the

function Ay, in the ball B, (notice that the Hardy-Littlewood inequality is usually stated for nonnegative
functions; here, the function © is nonnegative, but the function h; may not be nonnegative in general;
however, due to the definition of the Schwarz rearrangement given in Section 1 for general L' functions
with no sign, the inequality [, ©hz < [5 ©*(h})* holds immediately from the standard Hardy-Littlewood
inequality, since (h + \)* = h* 4+ X for any L' function h and any constant A € R). On the other hand,
elementary arguments imply that (h7})* < (h7)p, in B,, where (h}) g, denotes the restriction in B, of the
Schwarz rearrangement h} of the function hy in *. Hence

(hp)” < (fu)ip, in By (3.73)

since hj = fr in Q* (the functions hy € L*>(Q*) and f, € L*>°(Q) have indeed the same distribution
functions pp, = py, and thus the same Schwarz rearrangements in 2*). Since © > 0 in ©Q*, one infers
from (3.72), (3.73) and Fubini’s theorem that, for all r € (0, R],

[ 8@ tas< o [ ow @< [ e fiwde= [ 66 Fuls) s ds.

nowy, B, nowy, B,

Together with (3.70) and (3.71), it follows that —O(r) "L A(r) Zr(r) < —O(r)r" L A(r) Z(r) for ae.
r € (0,R), whence —Zz(r) < —Z'(r) for a.e. 7 € (0,R) since A € LY(0,R) and © is continuous and
positive on [0, R]. Finally, since both functions z;, and z are continuous on [0, R|, vanish at R (zz and z
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are in HJ(Q*)) and are in H. ((0, R]), one gets that z;(r) = fTR —27(s)ds < er —2'(s)ds = Z(r) for
all r € [0, R]. As a conclusion, remembering the definitions (3.63) and the radial symmetry and continuity
of z;, and z in Q*, one concludes that zp(x) < z(x) for all x € Q*. The proof of Lemma 3.4 is thereby

complete. O

4 General growth with respect to the gradient

This section is devoted to the proofs of Theorems 1.5 and 1.7. Throughout this section, we assume (1.3), (1.4)
and (1.13) with A € L?(Q2) and 1 < ¢ < 2, that is the nonlinear function H is bounded from below by an
at most quadratic function of |p|. Furthermore, u € W(2) denotes a solution of (1.1) satisfying (3.1), that
is u > 01in Q and |Vu| # 0 on 9Q. We recall that, even if it means redefining u on a negligible subset of Q,
one can assume without loss of generality that v € C1*(Q) for all a € [0, 1).

Our goal is to establish the inequalities (1.15) and (1.18) and the quantified ones (1.24), (1.25), (1.27)
and (1.28), that is to compare the Schwarz rearrangement u* of  with the unique solutions v and v of (1.16)
and (1.19). The strategy follows a similar scheme to that used in the previous section for the proofs of
Theorems 1.1 and 1.3. Namely, after establishing some uniform bounds on v under assumption (1.26), we
first approximate u by some smooth solutions u; of some regularized equations in €2. Next, we apply the
general rearrangement inequalities of Section 2 and we compare some uj with the solutions vy of some
symmetrized equations in *. Lastly, we approximate the functions vy by some solutions of equations of
the type (1.16) and (1.19) in Q*.

The proofs of Theorems 1.5 and 1.7 are done in Section 4.1 and the proofs of two auxiliary technical
lemmas are carried out in Section 4.2.

4.1 Proofs of Theorems 1.5 and 1.7
Step 1: uniform bounds on v under assumption (1.26)

In this step, some uniform pointwise and smoothness estimates are established under assumption (1.26).
Actually, these quantified estimates will only be needed for Theorem 1.7, in which € is not a ball. We recall
that the sets E, n g(€2) have been defined in Section 2.4.

Lemma 4.1. Under assumption (1.26) with n > 2, there are some real numbers N > 0 and > 0, which
depend only on Q, n, q, M and r, such that u € E1/2,N,,B(Q)-

The proof of Lemma 4.1, which is a version of Lemma 3.1 adapted to the case where 1 < ¢ < 2, can be
found in Section 4.2 below

Step 2: approximated coefficients and approximated solutions u; in Q
This step is the same as Step 2 of the proofs of Theorems 1.1 and 1.3. Namely, the sequences (H;)jen,
(Aj)jEN = ((Aj;i,i’)lgi,i’gn)jENa (Aj)jGN and (uj)jGN satisfy (32) and (34), as well as (33), that is

Ajiy —> A;y uniformly in Q for all 1 <i,7 <n, sup [ A;jlw.00 () < +o00,
J—+0o0 jeN
A; > AjId in Q and HAj_l”Ll(Q) = |[A" Y11 forall jeN, (4.1)
0 < essinf A < liminf (min Aj) < limsup (max Aj) < esssup A.
Q Jotoo N\ Q j—+o0 Q Q
Due to (4.1), one can assume without loss of generality that
essinfgoA

minA; > ——— =:my >0 (4.2)
Q 2
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for all j € N. Since the sequence (u;)jen converges to u in W22 () weak for all 1 < p < 400 and in C1*(Q)
for all 0 < o < 1, and since u € Ey/y n, 3, (Q) for some parameters N, > 0 and (3, > 0 depending on u
(from (3.1) and the smoothness of u), one can assume without loss of generality that (3.5) holds for all j € N,
that is

|Vuj| #0on 0Q, u; >0in Q and u; € Ey/s9n,,8,/2()- (4.3)

Furthermore, if © is not a ball (in which case n > 2) and if (1.26) holds, Lemma 4.1 implies that
u € E1/27N75(Q) for some positive constants N > 0 and 8 > 0 only depending on €2, n, ¢, M and r. One
can therefore assume, without loss of generality, that, in that case,

[Vui| #00on 0Q, uj >0in Q and u; € Ey/on5/2(Q) forall j € N. (4.4)

Step 3: symmetrized coefficients and the inequalities u], < Jk, (I4+nu)uj, < wk and (1+n)uj, < U}k
in Q*

Let now k£ € N be fixed in this step and in the next two ones. For all j € N and x € 2, denote

Bj(x) = —div(4;Vuy)(@) - ale, u(x), V()| V(@) + bz, u(z), Vu(z)) w;(2) — f(z, ulz), Va(e)) - 27
— —Hj(2) - a(z, u(x), Vu(z)) |Vu;(2)[? + bz, u(z), Vu(z)) u(z) - f (e, u(@), Va(z)) - 27*.

Due to (1.4), (3.2) and the fact that u; — wu in (at least) C'(Q) as j — +oo, it follows that
limsup;_, | o (supzeﬂ Bj(a?)> < —27% < 0. Therefore, there is an integer j, > k such that Bj,(z) < 0
for all x € ), that is

—div(4;, Vu,, ) (x) — a(z, u(x), Vu(x)) |Vu,, (z)]? (4.5)
+b(x, u(z), Vu(z)) uj, (z) — f(@,u(z), Vu(z)) < 27%(<1) forall z € Q. .
As in Step 3 of the proofs of Theorems 1.1 and 1.3, one can then apply the general results of Section 2

to the coefficients Aq, Aq, ¥, aq, bg and fq as in (3.8), that is

and to our given power ¢ € (1,2]. Call p, : [0,maxgu;| — [0,R], Ej, A, € L (QF),
e € Wheo(Q*) N HY(Q*), @ € L®°(Q*) and fr € L>*(Q*) the symmetrized quantities deﬁned as

n (2.2), (2.3), (2.5), (2.9), (2.10) and (2.11). In particular, the set Ej is given as (3. 9) and (0 <) ab < <

k

y,, = Mmaxguj, denote the my critical values of the function w;, in Q. All functions Ak, 1/Jk, ay and fk are

radially symmetric. It follows from (2.6), (2.13), (2.14) and (4.1) that

0< mén Aj, < ess inf Ap < ess sup Ay < mgx Aj, .

Q*
HA;ZlHLl(m = HAj_leLl(Q) = 1A L1,

Qxiﬂg};Rn a+ < mﬁina('vu(')a vu())+ < es%mf ag < esst*up ak <. (4.6)

< (mﬁaxa(-7u(-),VU(-))+> X (Im)q ' < (QXS]EER" a+> X (m>q—l7

inf f < min f, < essinf f, < esssup f, <maxf, < sup f, / fr= /fu-
QOxRxR™ Q Q* Q* Q QOxRxR™ Q* Q
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Proposition 2.1 then implies that (3.11) and (3.12) hold, that is
0 < ul (z) < dp(z) forall z € OF. (4.7)
Furthermore, if €2 is not a ball, it follows from (4.3) and Proposition 2.6 that
0< (1+m)ul, () < dp(z) for all z € QF. (4.8)

where 7, > 0 only depends on 2, n, N, and f3,, that is on Q, n and u. If Q is not a ball and the
assumption (1.26) of Theorem 1.7 is made, it follows from (4.4) and Proposition 2.6 that

0<(1+n)uj () < Ur(x) for all z € OF (4.9)

where 17 > 0 only depends on 2, n, N and (3, that is on 2, n and M.

Lastly, remember that the functions wj, satisfy (4.3) for some positive constants N, and S, inde-
pendent of k, that the functions Aj, satisfy (4.2), that mingbg > infourxre b =: mp > 0 from (1.13),
that [|ad || 1) < llall o @xrxrn) and that || fe [l Leo@) < I f] Lo @xrxrn)- Therefore, it follows from (4.5)
and Proposition 2.4 with Kk = 1 that there exists a constant 5 > 0, which depends on €, n, mg, ma,
llall oo (@xrx®rr)s [1f | oo (@xRxRR), Nu and By, but which does not depend on &, such that, for all z € ENQ*,
there exists a pomt yex p(lal) satisfying

— div(A Vi) () — Gk (2)| Vi (2)|7 + 8 () — Fu(2)
< —div(A4;, Vu, ) (y) — aly, w(y), Vu()) [V, () 7+b(y, u(y), Vuy))us, (v) — F(y, u(y), Vuly)) < 275

In other words,
— div(A V) (2) — k(@) [V ()] + 8 Yr(x) < gi(x) for all z € B, N QY (4.10)
where gy, is defined as in (3.16), that is
ge(@) = fr(z) +27F for all x € E, (4.11)

The constant & > 0 will be that of the conclusion of Theorem 1.5.

Step 4: the functions ¢ are H (%) N L>(Q*) weak subsolutions of (4.10)

We know that, for every k € N, the function ty, is in W °(Q*) N H} (Q*), and that the inequality (4.10)
holds in E; N Q*, whence almost everywhere in Q*. We now claim that 9 is a weak HE(Q*) N L>®(Q%)
subsolution of (4.10), in the sense that

KW@-V@—/ ak\V$k|q90+/ 3%@—/ grp <0 (4.12)
Q* Q* Q* Q*

for all o € H}(Q*) N L>®(Q*) such that ¢ > 0 a.e. in Q*.

The proof of this claim follows exactly the same scheme as that of Lemma 3.2 given in Section 3.2.
Indeed, one first notices that, given any test function ¢ € H}(Q*) N L>®(Q*) with ¢ > 0 a.e. in Q*, there is
a sequence (¢u,)men of nonnegative C}(Q*) functions such that ¢, — » as m — +oo in H}(Q*) (but the
convergence does not hold in L>(Q*) in general). Next, since Ay, € L (Q¥), Ui € Whoo(Q*), @ € L®°(Q¥)
and g € L>®(Q), it follows that the left-hand side of (4.12) is equal to the limit as m — +o0o of the same
quantities with ¢, instead of . It is therefore sufficient to show (4.12) when the test function ¢ belongs
to Cl(Q*) and is nonnegative. Finally, one can repeat the proof of Lemma 3.2 and one just needs to replace
the quantities g e, - Vior and —gj by, respectively, —akyw;kw (e L*>*(Q2*)) and Sk — gn (e L)),
without any other modification in the proof.

As a conclusion, the claim (4.12) holds.
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Step 5: the inequalities u}, < vg, (14 n)uj, < vg and (1+n)uj, < vg in QF

For every k € N, let vy, be the unique weak Hg(Q*) N L% (Q*) solution of

(4.13)

—div(/A\vak)—ak\VvH‘“rgvk = UGk in Q*,
v, = 0 on 00,

in the sense that [, AV, - Vo — Jor @ Vur]? e + [o. Svpp = Jo gr ¢ for all p € HJ(Q*) N L>(Q%). As
recalled in Section 1 after the proof of Corollary 1.6, the existence and uniqueness of vy € Hg (2*) N L>(Q*)
is guaranteed by Théoreme 2.1 and the following comments of [15] and by Theorem 2.1 of [10], since
Ay € L), ap, € L(*), gr € L(), § >0 and ¢ € (1,2]. Furthermore, the function vy, is radially
symmetric in Q* by the uniqueness, since all coefficients of (4.13) are so, and, without loss of generality,
vy, is continuous in Q* from the local continuity (Corollary 4.23 of [36]), the radial symmetry and the fact
that vy € H3(Q*). Lastly, it follows from (4.12) and Theorem 2.1 of [10] that Ve < v ace. in Q (actually,
the inequality can be assumed to hold everywhere in Q* since both functions %Zk; and v can be assumed to
be continuous in * without loss of generality). One concludes from (4.7) that

0< u}‘k <, a.e. in Q. (4.14)

If Q is not a ball, inequality (4.8) therefore yields
0<(1+mnu)uj, (z) <vgp ae in Q. (4.15)
Furthermore, if € is not a ball and the assumption (1.26) of Theorem 1.7 is made, it follows from (4.9) that
0<(1+mn)uj (r) <vp ae. in Q7 (4.16)

Step 6: the limiting inequalities v* < v, (1+n,)u* <v and (1+n)u* <v in Q*

As in the beginning of Step 6 of the proofs of Theorems 1.1 and 1.3, one can assume that, up to extraction
of a subsequence,

uj (z) = u*(z) a.e. in Q" as k — +o0. (4.17)
On the other hand, the sequences (/A\k)keN, (K;l)keN, (ar)reny and (gx)ken are bounded in L°(Q*)
from (4.1), (4.6) and (4.11). Furthermore, § is positive. It follows then from Theorem 2.1 of [17] and Theo-
rem 1 of [18] (see also Theorem 3.1 of [46]) that the sequence (vg)ken is bounded in Hg(92*) N L>(Q*) and
relatively compact in Hg(Q*). Therefore, there exists a radially symmetric function v € Hg (2*) N L>®(Q*)
such that, up to extraction of a subsequence,

vp — v in HL(QF) strong and a.e. in QF as k — 4-oc0. (4.18)
Hence, together with (4.14) and (4.17), one infers (3.24) with v instead of v, that is
0<u*<wv ae. in Q" (4.19)
If Q is not a ball, inequality (4.15) yields
0<(1+mn,)u"(r) <v ae. in Q" (4.20)

Furthermore, if €2 is not a ball and the assumption (1.26) of Theorem 1.7 is made, it follows from (4.16)
that
0<(1+nu*(z)<v ae. in Q" (4.21)

The function v will be that of the conclusion of Theorem 1.5. One shall identify in the following steps
the equation (1.16) satisfied by v and one also gets the inequality (1.18) involving the solution v, of (1.19).
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Step 7: a limiting equation satisfied by v in OQ*

Let us now pass to the limit in the coefficients Aj, dr and gj of (4.13). From (4.1), (4.6) and (4.11),
there exist some radially symmetric functions A € LY (Q*), @ € L*(Q*) and f € L*(2*) such that, up to
extraction of some subsequence,

K;l —~ A K;q&\k —~ A% and g — f in L®(Q) weak-* as k — +o00, (4.22)

whence R R R
0 < essinf A <essinf A <esssupA <esssupA and HA71||L1(Q*) = HA71||L1(Q). (4.23)

Q Q* O* Q
Furthermore,
inf < inf f < <
il Segint S Sesppf< s S o
f: lim gr = lim ]?k = / fu-
O k—+oco Jox k—+oco Jox Q

In (4.22), the function @ = A?A~73 is defined as A times the L°°(Q*) weak-* limit of the functions K,;qak.

The functions A, @ and f will be those of the conclusion of Theorem 1.5. Notice first that, from (4.23)
and (4.24), the functions A and F fulfill (1.14). Let us now establish in this paragraph the bounds (1.14)
for the function a. It follows from (4.6) that

. N N maxg A, \a—1
0< inf a' <essinfa, < esssupay < ( sup a+> X (M) ,

T OxXRxRn® Q O* QOxRxR"™ HllIlﬁA]k
~ g1~ 1 q-—1 maxg Aj, \ -1
ess sup (Akq+1ak) < <7> X ( sup a+> X (M> :
QO ming Aj, QxR XR™ ming Aj,
Therefore,
q—1
. ~ il esssupgA
lim sup (esssup (Aquak)) < ( L 2)( —j X _sup a®
k—+o0 Q* (ess 1anA) g QxRxR™

from (4.1). Since, by (4.22),
ATAY ~ A9V and (A7ALY) x (AL 91ag) = A7 x (A, %Gy) — A7 x (A79G) =@ in L°(Q¥) weak-* (4.25)
as k — +oo, one gets that

x sup at ae. in QF,

OxRxR™

a <Al x

sup

(ess supQA)qf1 ot < (ess SupQA)2(q71)
(essianA)%q*l) QxRxR?

essinfoA
where the last inequality follows from (4.23). On the other hand, it follows again from (4.6) that

e —gtla 1 q-1 .
ess inf (Ak q+1ak) > <7) x inf a™,
Q* maxﬁAJk QxRxR™

whence
1

q-1 .
7) x inf a
esssupoA QxRxR"

from (4.1). Using again (4.23) and (4.25), one gets that

lim inf (es?zinf (K,;ﬁlak)) > ( i

k—+o0

o~ 1 q—1 essinfgA \a-1
a> A x (7) X inf aT > <7Q> x inf aT > 0 a.e. in QF.
esssupoA QxRxR? esssupoA QxRxR™
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Finally, the radially symmetric function @ € L°°(£2*) satisfies the properties (1.14) of the statement of
Theorem 1.5.
The main goal of this step is to show that v is a weak HE(Q*)N L>(Q*) solution of the limiting equation

(4.26)
v = 0 on 0Q*

{ —div(AVv) =@ |Vo|? +dv = [ inQF
ObtaAined by pasEing formally to the limit as k — 400 in (4.13), in the sense that [,. AVv-Vo— [, @|Vv|? o+
Jor v — [ fo=0for all ¢ € H}(Q*) N L>®(2*) (notice that all integrals in the above formula converge
since v and ¢ belong to Hg(Q*) N L>®(Q*), ¢ € (1,2] and A, @ and [ are in L>®(Q%)).
The proof of (4.26) will actually be a consequence of the following lemma.

Lemma 4.2. Let (0)ren be a sequence of positive real numbers, let (A\p)ren be a sequence of radially
symmetric L (%) functions and let (ou)ren and (yi)ren be two sequences of radially symmetric L™ (Q¥)
functions. Assume that the sequences (Ag)reN, ()\lzl)keN; (ag)ken and (Y )ken are bounded in L (2*) and
that there are 0o € (0,400) and some functions Ao € LT (), oo € L¥(*) and v € L>(2*) such
that 0y, — 0o as k — 400 and

A=

o0 !

M lag = A das and v, — Yoo in L(Q) weak-* as k — +oo. (4.27)

Let (Vi)ren be the sequence of weak H}(Q2*) N L*(Q*) solutions of

—div ()\kVVk) - ak\VVk]q +0. Vi = g in QF, (4 28)
Vi. = 0 on0Q* ’
Then there is a radially symmetric function Vs € Hg(Q*) N L (Q*) such that
Vi = Vo in HY (%) strong as k — 400, (4.29)
where Vy, denotes the unique weak Hg(2*) N L% (Q*) solution of
—div( Ao VVio) — Qoo [VVio |74+ 000 Voo = 7Yoo in 2,
iv( ) VVeol 7 (4.30)
Voo = 0 on 0",

in the sense that

I9 = | AoVVi: Vo —/

Qoo VVoo|qg0—|—/ oo Vo gp—/ Yoo 0 = 0 for all ¢ € HY(Q*)NL>®(Q*). (4.31)
o o o oF

In order to finish the proof of Theorem 1.5, the proof of Lemma 4.2 is postponed in Section 4.2. Notice
that, together with (4.19), Lemma 4.2 already provides the first part of the conclusion of Theorem 1.5,
that is (1.15) with v satisfying (1.16) and (1.17). It only remains to show the comparison (1.18) of u*
with the solution v, of the equation (1.19) involving a function f; having the same distribution function
as the function f, defined in (1.8). To do so, we follow the same scheme as in last steps of the proofs
of Theorems 1.1 and 1.3 in Section 3.1. Namely, having in hand that 0 < u* < v (or the inequalities
0< (1+mn)u* <wvand 0 < (1+n)u* <wv)ae in Q* where v is the weak H}(Q*) N L>®(Q*) solution of
equation (4.26), we shall approximate v by the solutions of some approximating equations where fin (4.26)
is replaced by some right-hand sides having the same distribution function as the function f,.
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Step 8: approximation of v by some functions wj in Q*

Let ( fk)keN be the sequence of radially symmetric functions defined in Step 3, and remember that the
sequence (fk)keN is bounded in L°°(Q*) from (4.6). Since A € LE(Y), a € L*(Q*) and 5 >0, it follows
from [10, 15] that, for each k € N, there is a unique weak H}(Q*) N L>°(Q*) solution wy, of

{ —div(AVwg) =@ |[Vugl? + 0w, = fi inQF, (4.32)

wr, = 0 on 90*,

in the sense that [. AVuwy, -V — Jor @ [Vwp|To + [o. Swyp — Jor Fro =0 for all o € HL(Q*) N L®(Q*).
Furthermore, the functions wy are all radially symmetric by uniqueness and since all coefficients K, a and fk
are radially symmetric. Lastly, as in Step 6 above, the sequence (w)gen is bounded in HJ (%) N L>°(Q*)
and relatively compact in Hg (Q*), from [17, 18]. There exists then a function we, € H} (Q*) N L>(Q*) such
that, up to extraction of a subsequence, wy — Wy in HE(Q2*) strong as k — +oo. Since fk =gy —27F — f
in L>°(Q*) weak-* as k — +oo from (4.11) and (4.22), it follows from Lemma 4.2 applied with 0y = dog = 5,
Me = Aoo = A Qg = Qoo = @y Vg = fk, Yoo = f wy, = Vj, that we is the unique weak H}(Q*) N L*°(Q*)
solution of the limiting equation (4.26), that is we = v by uniqueness. By uniqueness of the limit, the
whole sequence (wy)ren converges to v, that is

wy — v in HY (QF) strong as k — +oc. (4.33)

Step 9: approximation of the function wx for K large by some functions z; in Q*

Let € > 0 be an arbitrary positive real number. From (4.33) and Sobolev embeddings, there is an integer
K € N large enough such that

lwr — UHL?*(Q 5 = (4.34)

€
2’
where wg is the unique weak H3(Q*) N L>®(Q*) solution of (4.3
exponant 2* is defined as in Theorem 1.5.

Now, as in Step 9 of the proofs of Theorems 1.1 and 1.3, there is a sequence (hy);en of L>°(€2*) radially
symmetric functions such that h; — fx as [ — 400 in L>®(Q*) weak-* and pup, = py, for all [ € N. As
in the previous step of the proof of the present Theorems 1.5 and 1.7, for every | € N, there is a unique
weak Hg(Q*) N L>*(Q*), and radially symmetric, solution z; of

2) with & = K and where the Sobolev

(4.35)

—diV(KVzl)—a]Vzl|q+3\zl = h; in QF,
zz = 0 on0Q*

and, from Lemma 4.2 again, the functions z; converge to wx in Hg(Q*) strong as [ — +oo. In particular,
there is L € N large enough such that ||z — wi|| 2+ () < /2, whence

HZL — UHLQ* (£2%) S e (436)

from (4.34).

Step 10: conclusion of the proofs of Theorems 1.5 and 1.7

Call v; = z1, and fa = hp. The function fa is radially symmetric and has the same distribution function as
the function f,. Furthermore, v, solves (1.19). Lastly, it follows from (4.19) and (4.36) that

(™ = ve) Tl p2v () < (W =) T+ (0= ve) Tl 2 ey < (1™ = 0) T L2 ey + (0 = 0) Tl L2r () SO =€
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This is the desired conclusion (1.18). Under the assumptions of Theorem 1.7, one obtains similarly that
[((L 4 nu)u* = ve)F| p2r ey < & when Q is not a ball, and [|((1 +n)u* — ve) ¥ || 12+ (@) < € When Q is not a
ball and (1.26) is assumed. The proofs of Theorems 1.5 and 1.7 are thereby complete. O

Remark 4.3. In Theorems 1.1 and 1.3 with linear growth ¢ = 1, some further comparison results similar
to those of Theorems 1.5 and 1.7 can be obtained when

my= Inf b>0.
QxXRxR™

Let us briefly explain how to get these further comparisons. In Step 3 of the proof of Theorems 1.1 and 1.3, it
follows as in Step 3 of the proof of Theorems 1.5 and 1.7 that there exists § > 0 depending on €2, n, Mp, MA,
llall Lo (@xrx®n)s 1l (@xRxR7), Nu and B, such that (3.15) still holds with the additional term ¢ ¢, (x) in
the left-hand side. Let then vy, Vo, wg and z; be the solutions of equations similar to (3.18), (3.30), (3 31)
and (3 35) with additional left-hand sides 5vk, 52100, 5wk and 0 7 z1, respectively (the coefficients Ak, A ag, a,
fk, f gr and h; being unchanged). Since wk is still a weak subsolution for the new equation satisfied by vy
and since the maximum principle still holds, it follows that @Dk < vy a.e. in QF, whence 0 < uj, < ¢k < v
a.e. in Q*. The positive function vy, is then a strict weak subsolution of the equation (3.18) satisfied by the
function vy, used in the proof, whence U), < vy, a.e. in Q* and Uy, # v in H}(Q*). The arguments up to Step
9 of the proof of Theorems 1.1 and 1.3 hold similarly for the new functions vy, Vs, Wi and z;. In particular,
one gets u* < Voo a.e. in 2*. As in Step 11, from the maximum principle again, one can also say that

0<u* < <7< ae. in QO

(together with some quantitatively improved inequalities when € is not a ball), where v is the unique weak
HZ(9*) solution of
~div(AV?) — @ |Vi| + 65 = f

and v* € H}(€2*) satisfies the same equation without 5. Moreover, since —div(AV(¢v* — 7)) +a |V (" —7)| >
57 > du* in the weak sense, it follows that v — 7 > ¢ a.e. in Q*, where the nonnegative function ¢
is the unique Hg(Q*) solution of —div(AVe) + @|Vé| = du* (the function ¢ depends on u* and § and
thus on some bounds on the coefficients). Now, if 2 denotes the solution of (3.37) with left-hand side
0z, we do not know how to compare z; and z (one cannot immediately repeat the arguments used in
Lemma 3.4 since integrating the one-dimensional equation satisfied by the radial profile obtained from Zzj,
is not possible in general). However, one can still argue as in Step 10 of the proof of Theorems 1.5 and 1.7
to get the following result: for any ¢ > 0 there is a solutlon v of (1.19) and (1.20) with ¢ = 1, such
that [|(u* — )" 127 @+ < € and v < v? a.e. in Q* where v? obeys the same equamon as Ue Wlthout 5.
Quantitatively improved inequalities Wlth (1 + ny)u* and (1 4 n)u* instead of u* also hold when 2 is not
a ball and assumption (1.11) is made. Under the assumptions of Theorems 1.1, and assuming furthermore
that infoxrxgrn b > 0, obtaining a pointwise comparison between u* and the solution v € Hg(Q*) of (1.7)
with H(z,p) = —a(z)|p| + 65 — f(x), as well as an improved inequality in the context of Theorem 1.3, is
an open question.

In Theorems 1.5 and 1.7 with superlinear growth 1 < ¢ < 2, let us now drop the assumption (1.13)
(that is, b is only assumed to be nonnegative). If we follow the above proof, the zero order term gzz;k is not
present in (4.10) anymore and the solutions vy € HE(Q*) N L®(Q*) of (4.13) without § may not exist or
be unique. However, if we assume the existence for this new problem in 2%, as well as for problems (4.26),
(4.28), (4.30), (4.32) and (4.35) with § = 0, and if we also assume the validity of comparison principles
(which lead to uniqueness and thus radial symmetry) together with uniform bounds in H}(Q*)NL>(Q*) and
compactness in H& (Q2*) for sequences of solutions of these new equations, then the proof remains unchanged
and the same conclusions hold. Lastly, we mention that comparing u* with the solution of an equation of
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the type (1.7) with H(z,p) = —a(z)|p|? — f(x) is still open since getting a comparison result similar to
Lemma 3.4 is not clear in the nonlinear case (1 < g < 2).

4.2 Proofs of Lemmas 4.1 and 4.2

This section is devoted to the proofs of the technical lemmas 4.1 and 4.2 which were stated and used in
Steps 1, 7, 8 and 9 of the proofs of Theorems 1.5 and 1.7.

Proof of Lemma 4.1. The proof follows the same lines as the one of Lemma 3.1.

Step 1: a uniform bound on |[u|| e (- By the conditions on ¢ and r contained in assumption (1.26) and
Theorem 5.5 of [34], it follows that u € W(2), and in particular u is qualitatively bounded. Furthermore,
u € H}(Q) and (1.1), (1.4) and (1.26) show that —div(AVu) +M tu < M (|Vu|? + 1) in the weak H} ()N
L>(€) sense. Thus, Theorem 3.1 in [46] ensures that

[ull oo () < C1 (4.37)

where C; = M?.
Step 2: a uniform bound on HU/HHOI(Q). Arguing as in the proof of Lemma 3.1, one has

-1 2 —H(z,u(x), Vu(z))u(x)dz.
M [ V(@) de < [ <@ u(e), Va@)u(a)a

Since |H(z,u(z), Vu(z))| < M (1+ |u(z)]" 4+ |[Vu(z)|?) < M(1+ C) + M |[Vu(z)|?, using the fact that
g <1+4+2/n <2 (recall that n > 2), one derives

M—l/ Vul? §M01/ (14 Cf +|Vul9),
Q Q

whence HUHH(}(Q) < (3, where Cy > 0 only depends on €2, ¢, M and r.

Step 3: a uniform estimate of ||ully2p(q). Since ¢ < 2, the proof of Theorem 5.5 of [34] and the
quantitative assumption (1.26) show that, for all 1 < p < oo,

HUHW?,p(Q) § Kpa (4.38)

where K, > 0 only depends on Q, n, ¢, M, r and p. In particular, ||“HCM/2(§) < (3, where C3 > 0 only
depends on 2, n, g, M and r.

Step 4: conclusion. What remains to be proved is the existence of a positive constant 3, depending
only on Q, n, ¢, M and r such that u(z) > gd(z,00) for all z € Q. As in the proof of Lemma 3.1, one
argues by contradiction, assuming that this conclusion does not hold. Then there are a sequence (A, )men
of W1°°(Q, S, (R)) matrix fields, a sequence (Ap,)men of LL(Q) functions and four sequences (Hpm)men,
(@m)men, (bm)men, (fm)men of continuous functions in Q x R x R", satisfying (1.3), (1.4) and (1.26)
with the same parameter M > 0, as well as a sequence (Up)men of W(2) solutions of (1.1) satis-
fying (3.1), and a sequence (Z,)men of points in © such that (3.45) holds. Observe first that the se-
quence (Hp,(+, um(+), Vim(+)))men is bounded in L°(£2). Indeed, by (1.26), for all x € €,

| Hin (2, i (%), Vg (2))] < M (1+ [um (2)]" + [Vum(2)|)

and u,, and Vu,, are uniformly bounded in L>°(Q2) by (4.38). As a consequence, there are a symmetric
matrix field Ao, € WH2(Q,S,(R)), a function us € W(Q) N HY(Q), a point 7o, € Q and two func-
tions Hoo, H? € L>®(Q) satisfying (3.46), (3.47) and (3.48) as in the proof of Lemma 3.1. For every m € N
and z € 2, one has, by (1.26),

Hyp (2, tum (2), Vup () < M ((um(2))" + |Vum(2)|9) + Hp(2,0,0) < Cy(um(z) + [Vun(z)]) + Hn(z,0,0),
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from (1.26), (4.38) and the nonnegativity of u,,. Here, C4 > 0 only depends on €2, n, ¢, M and r. Finally,
one concludes as for the proof of Lemma 3.1. O

Proof of Lemma 4.2. We first remember that the existence and uniqueness of the weak solutions V €
HH(Q*) N L®(Q*) of (4.28) is guaranteed by [10, 15]. By uniqueness of Vj; and radial symmetry of all
coefficients, the functions Vj are all radially symmetric. Furthermore, from the boundedness assumptions
made in Lemma 4.2 and from [17, 18], the sequence (Vi )ren is bounded in HE(Q*) and in L>(Q*), and it is
relatively compact in Hg (Q2*). Therefore, there exists a radially symmetric function Vo, € HE (Q*) N L®(Q*)
such that the limit (4.29) holds, at least for a subsequence.

The goal is to show that the function Va, solves the limiting equation (4.30) in the weak H}(2*)NL>(Q*)
sense. Notice that, once this is done, then by uniqueness of the H{(*) N L>(Q*) solution of this limiting
equation (4.30), it follows immediately that the whole sequence (Vj)ren converges to Vo in the sense
of (4.29).

In order to show (4.30), as for the proof of Lemma 3.3, the strategy is to work with the one-dimensional
equations satisfied by the functions Vj, to derive additional bounds and to pass to the limit in a certain
sense. Comparing to Lemma 3.3, the additional difficulty will be to pass to the limit in the terms oy, [V V|9,
for which only L' bounds are available (in particular, estimates similar to (3.58) with —ay|VV|? instead
of ape,- Vg may not be true). For the proof of (4.30), we consider separately the cases where the dimension n
is such that n > 2, and the case n = 1.

First case: n > 2. Call

- 1 - 1
Ao(r) = ——— e Oy, A7) = ———— Moo dO,.,
#(r) noy, "1 /63,. g ") noyrn—t /813,.
1 1
anlr) = —— db,, Qoo(r) = ——— o A0y,
() = e [ ) = s [
1 1
~ — d07"7 NOO = fo's) d@T, .
- 1 - 1
Vilr) = ——— V. db,, Vi lr) = —— Vo dO,,
) = s /6 T )= s /8 .
— 1
Wk(?") =0 / )\k VVk c€p d97«
\ nonr dB,

From Fubini’s theorem, these quantities can be defined for almost every r € (0, R). The functions Xk and XOO
are in L3°(0, R) and the functions oy, G, Yk and Yo are in L°°(0, R). Furthermore, it follows from (4.27)
that

-1 3—1
=g

X %Ay, = A 90 and Ay — Fao in L%(ro, R) weak-* as k — 400 (4.40)

for every rg € (0, R). On the other hand, the functions V}, and Vs belong to the space L*(0, R)NH. _((0, R]),

the sequence (V)ren is bounded in L*(0, R) and in H(ry, R) for every ro € (0, R), and
Vi = Vo in H'(rg, R) strong as k — 400 (4.41)

for every 9 € (0, R), from (4.29). Lastly, the sequence (Wk)keN is bounded in L?(rg, R) for every ry € (0, R)
and it is straightforward to check that

Wi, =M\, Vi ae. in (0,R) (4.42)

for every k € N.
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By testing (4.28) against radially symmetric functions ¢ € C}(€2*) which vanish in a neighborhood of 0,
it follows that, for every k € N, the function W}, is in Wh!(rq, R) for every g € (0, R), and that

L) = " R T + ) [T — 5 Vi) +3(r) e i (0, R).

Therefore, the sequence (Wé) ren is bounded in Li(rg, R) for every ro € (0, R), whence (Wk)keN is bounded
in Whl(rg, R) for every o € (0, R). As a consequence, there is a function Wy, € L5 ((0, R]) such that, up
to extraction of a subsequence,

Wi — We in L(rg, R) weak-*,
k——+o0

— — for every o € (0, R). (4.43)
Wkk — Weo in LP(rg, R) strong for every 1 < p < 400,
—+o0

Together with (4.40) and (4.42), one gets that 17,; = X;lfﬂ\;k - X(;}WOO as k — 400 in, say, L%(rg, R) weak,
for every ro € (0, R). Remembering (4.41), one concludes that

Wao = Moo V2. ace. in (0, R). (4.44)

We shall now show that V. is a weak HE(Q2*) N L°°(Q*) solution of (4.30), that is I¥ = 0 for every
¢ € HE(Q*) N L>®(Q*), where I% is defined in (4.31). Let us fix such a function . Since n > 2, there is a
sequence (@ )men of CH(Q2*) functions such that, for every m € N,

0<¢m <1in Q" ¢, =11in By-m-2g, ¢ =0in Q" \By-m-1p

and the sequence (¢m)men is bounded in H}(Q*). Call ¢, = (1 — ¢y,). The functions ¢, are all
in H(Q*) N L®(Q*) and they are such that ¢, = 0 a.e. in Bym2p and @, — @ = —p oy = 0 a.e.
in Q*\By-m-1p. One has

[$m — [P = —/
B
-,

for every m € N. The last three integrals converge to 0 as m — +oo from Lebesgue’s dominated
convergence theorem, since ao, € L®(Q*), Voo € HY(Q*) N LX(Q*) and p € L°(Q*) (NHI(Q*)) and
since the sequence (¢ )men is bounded in L*°(£2*). The first integral of (4.45) also converges to 0 as
m — +oo by Cauchy-Schwarz inequality and Lebesgue’s dominated convergence theorem, since \yo|V V|
isin L2(Q*), ¢ is in H}(Q2*)NL>®(2*) and the sequence (¢, )men is bounded in HE (Q*). Finally, [9m—1¥ — 0
as m — +o0. So, in order to show that I¥ = 0 for all ¢ € H}(2*) N L°°(Q*), it is sufficient to show it for
all o € H}(Q2*) N L>®(2*) such that ¢ = 0 almost everywhere in a ball with positive radius centered at the
origin.

Let then ¢ be a fixed function in H}(Q*) N L°°(Q*) such that ¢ = 0 almost everywhere in B,, for
some rg € (0, R), and let us show that I¥ = 0. It follows from Fubini’s theorem and the definitions (4.39)
that

Ao VVig - V(0 Om) +/ oo [VVas|? @ b
Bammig (4.45)

Bg—m—lR

2—m—1p

2-m—1R

R~ = ~ ~
1% = / </\oo(7") VL (1) ®(1) — Qoo (1) [V (1)|9 0(1) 4 Foo Vo (1)) @(77) — Foo (7)) ¢(r)> dr, (4.46)

45



where the functions ¢ and ® are defined as in (3.60) and are in L?(rg, R). Furthermore, ¢ € L>®(rg, R).

Since Ay Vi = Wi, = Wao = Moo V2 as k — 400 in L®(rg, R) weak-* from (4.42), (4.43) and (4.44), one
infers that

R _ - R _ .
/ Ak () Vk'(r) O(r)dr — / Moo (T) VL (r) ®(r) dr as k — +oo. (4.47)
70 To

Furthermore, B _ o

ar |Vl = (A an) < (AL IVEI9) (4.48)
and B B
Mlag — A ddao in L(ro, R) weak-* (4.49)
k—4o00

from (4.40). On the other hand,

VLT = [Wil? = [Woel? = X [V |7 in, say, L' (ro, R) strong, (4.50)

-+

from (4.43) and (4.44): indeed, since the sequence (Wj)ken is bounded in L>(rg, R) from (4.43), it follows
that, for every € > 0, there is a constant C. > 0 such that

HWk(T)\q - \Ww(r)\q‘ < Cg‘Wk(T) — WOO(T)‘ + ¢ for every k € N and a.e. r € (rg, R),

and the L!(rg, R) convergence of |Wqu to \Woo\q follows then from the L'(ro, R) convergence of Wi to:Wm
by (4.43). Putting together (4.48), (4.49) and (4.50) leads to i |V}/|7 — (A Gioo) X (Mo [V |7) = G [V |2
in L' (rg, R) weak as k — 400, whence

R _ R ~
[ @ o) dr > [ () V] o dr as k- +oc (4.51)
7o 7o
since ¢ € L™ (rp, R). Similarly, it follows from (4.40), (4.41) and the convergence of dj to do, that

R

/ (5 0) 0~ 60 dr = [ (Tl 6) Tl 6)) dr (452)

o k—+o0 r0

Finally, it follows from (4.46), (4.47), (4.51) and (4.52) that

R ~ ~ ~
[ (e Vi) B0 = (o) [T 600) + 61 Talr) 6r) = (1) 6(0)) i 17

0

—.J®
=:If

as k — +oo. But it follows from Fubini’s theorem, the definitions (4.39) and the fact that ¢ = 0 in By,

that
[;f:/ AkVVk'VW—/ Oék\VVk’qSOJF/ 5ka90—/Q Vi@

for every k € N. Hence, I} = 0 for every k € N, owing to the definition of V} in (4.28). As a conclusion,
19 = 0 for every ¢ € HE(Q*) N L°°(Q*) such that ¢ = 0 almost everywhere in a neighborhood of 0. As
already emphasized, this implies that I¥ = 0 for every ¢ € HJ(Q*) N L>®(Q*) in this case n > 2.

Second case: n = 1. In this case, we work directly with the functions Ag, Aso, Qk, Qoos Ve, Yoo, Vi
and Vo defined in Q* = (=R, R) and satisfying (4.27) and (4.29). Call Wj, = A V}/. The sequence (Wj)ken
is bounded in L?(—R, R). Furthermore, it follows from (4.28) that each function W}, is in W!(—R, R) and
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that —W/(r) = a(r) |Vi(r)|? — 0k Vi(r) + v (r) a.e. in (=R, R). Hence, the sequence (Wj,)ien is bounded
in WH(—R, R) and there exists a function W, € L>®(—R, R) such that

Wi = Wy as k — 400 in L*°(—R, R) weak-*,
Wi — Wy as k — 400 in LP(—R, R) strong for every 1 < p < +o0.

One then infers as in the case n > 2 that W, = A V., a.e. in (—R, R). The same arguments as the ones
used in the last part of the proof in the case n > 2 then imply that, for every ¢ € H}(—R, R) (C L>°(—R, R)),

R R R R
0= /_R)\k(r) Vi(r)¢'(r) dr—/_Rak(r) [Vii(r)|? o(r) dr+/_R6k Vi(r) o(r) dr—/_R’wg(T)ﬂP(T) dr
R ! / R / q R R
T _RAoo(r)Voo(r)so (r)dr — /_ Raoo(r) VL (r)|%p(r)dr + /_ Raoo Voo (F) o (1) drr — /_ R%O(T)@(T) i

As a consequence, the limiting integral is equal to 0 for every p € H}(—R, R) (C L*°(—R, R)), which means
that Vo is the weak solution of (4.30).
The proof of Lemma 4.2 is thereby complete in both cases n > 2 and n = 1. O
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