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Abstract

This paper is devoted to the study of travelling fronts of reaction-diffusion equations
with periodic advection in the whole plane R?. We are interested in curved fronts
satisfying some “conical” conditions at infinity. We prove that there is a minimal
speed ¢* such that curved fronts with speed c¢ exist if and only if ¢ > ¢*. Moreover,
we show that such curved fronts are decreasing in the direction of propagation, that
is they are increasing in time. We also give some results about the asymptotic be-
haviors of the speed with respect to the advection, diffusion and reaction coefficients.

Keywords: curved fronts, reaction-advection-diffusion equation, minimal speed, mono-
tonicity of curved fronts.
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1 Introduction and main results

In this paper, we consider the following reaction-advection-diffusion equation

du

5 + f(u), for all't € R, (z,y) € R? (1.1)
Y

ou
- Au+ q(z)
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where the advection coefficient x + q(x) belongs to C*°(R) for some § > 0, and satisfies

Ve eR, qg(zx+L)=¢q(x) and /0 q(z) dx =0 (1.2)

for some L > 0. The second condition for ¢ is a normalization condition. The nonlinearity f
is assumed to satisfy the following conditions

f is defined on R, Lipschitz continuous, and f =0in R\ (0, 1),
f is a concave function of class C*? in [0,1], (1.3)

f(0) >0, f/(1) <0, and f(s) >0 for all s € (0,1),

where f is assumed to be right and left differentiable at 0 and 1, respectively (f'(0) and f'(1)
then stand for the right and left derivatives at 0 and 1). A typical example of such a func-
tion f is the quadratic nonlinearity f(u) = u(l — u) which was initially considered by
Fisher [12] and Kolmogorov, Petrovsky and Piskunov [23]. The equation (1.1) arises in
various combustion and biological models, such as population dynamics and gene develop-
ments where u stands for the relative concentration of some substance (see Aronson and
Weinberger [1], Fife [11] and Murray [24] for details). In combustion, equation (1.1) arises
in models of flames in a periodic shear flow, like in simplified Bunsen flames models with
a perforated burner, and u stands for the normalized temperature.

We are interested in the travelling front solutions of (1.1), which are classical solutions
of the form

u(t, z,y) = ¢(x,y + ct)

for all (¢,x,y) € R x R? and for some positive constant ¢ which denotes the speed of
propagation in the vertical direction —y. Thus, we are led to the following elliptic equation

A6+ (qlx) — )96+ F(6) = 0 for all (z,y) € R?, (1.4)

where the notation J,¢ means the partial derivative of the function ¢ with respect to the
variable y.

We assume that the solutions ¢ of the equation (1.4) are normalized so that 0 < ¢ < 1.
We look in this paper for solutions of (1.4) which satisfy the following “conical” conditions
at infinity

lim ( sup gb(x,y)) =0,

l—— .
> (x,y)ECa’B’l

lim inf  ¢(z, y)) =1,

(1.5)
l—+o00 ( (ggvy)e(j;ﬁ’l

where « and § are given in (0, 7) such that o+ 5 < 7 and the lower and upper cones Cosi
and C’OJ;BJ are defined as follows:
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Figure 1: the lower and upper cones C, 5, and C’;ﬁ 1

Definition 1.1 For each real number [, the lower cone C 5, is defined by

C(;M = {(:c,y) cR?, y<azcota+l whenever v <0
and y < —xcotf+1 whenever x > 0}

and then the upper cone C’:{ﬁ’l 1s defined by
Capr =R\ Co s
see Figure 1 for a geometrical description.

Because of the strong elliptic maximum principle, a solution ¢ of the equation (1.4)
that is defined in the whole plane R? and satisfies 0 < ¢ < 1, is either identically equal to 0
or 1, or 0 < ¢(z,y) < 1 for all (x,y) € R% By the “conical” conditions at infinity (1.5),
only the case of 0 < ¢(x,y) < 1 for all (z,y) € R? will then be considered in the present
paper.

In order to motivate our study, let us first recall a very simple case of travelling fronts
for the reaction-diffusion (with no advection) equation

ou
5 Au = f(u) (1.6)

in the whole plane R?. Tt is well known from [23] that for any ¢ > 24/f/(0), the above
equation has a planar travelling front moving in an arbitrarily given unit direction —e,
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having the form u(t,z) = ¢(x - e + ct) and satisfying the conditions ¢(—o0) = 0 and
¢(+00) = 1. Recently, the problems about curved travelling fronts of the reaction-diffusion
(with no advection) equation (1.6) equipped with the conical conditions at infinity of
type (1.5) with @ = [ have been the subject of intensive study by many authors, for
various types of nonlinearities. For example, Bonnet and Hamel [6] considered such type
of problems with a “combustion” nonlinearity f, namely,

360 € (0,1), f=0o0n [0,0] and f'(1) <0,

which comes from the model of premixed bunsen flames. They proved the existence of
curved travelling fronts and gave an explicit formula that relates the speed of propagation
and the angle of the tip of the flame. One can also find some generalizations of the above
results and further qualitative properties in [14, 15]. For the case of bistable nonlinearity f
satisfying

30 € (0,1), f(0) = f(0) = f(1) =0, f'(0) <0, f'(1) <0, f'(0) >0,
f<0on (0,0)U(1,400), f>0on (—o0,0)U(0,1),

Hamel, Monneau and Roquejoffre [16, 17] and Ninomiya and Taniguchi [27, 28] proved
existence and uniqueness results and qualitative properties of such kind of conical fronts
(see also [29, 31, 32] for further stability results and the study of pyramidal fronts). For
KPP nonlinearities, conical and more general curved fronts are also known to exist for
equation (1.6) (see [18]).

In addition to the above mentioned literature, some works have been devoted to the
study of the reaction-advection-diffusion equations of the type (1.1). A well-known pa-
per about this issue is the one by Berestycki and Nirenberg [5], where the authors set
the reaction-advection-diffusion equation in a straight infinite cylinder and consider the
travelling fronts of the reaction-advection-diffusion equation satisfying Neumann no-flux
conditions on the boundary of the cylinder and approaching 0 and 1 at both infinite sides
of the cylinder respectively. Later, Berestycki and Hamel [2] and Weinberger [33] inves-
tigated reaction-diffusion equations with periodic advection in a very general framework,
and proved the existence of pulsating travelling fronts (some of their results will be recalled
below).

However, as far as we know, except recent works of Haragus and Scheel [20, 21] on
some equations of the type (1.4) with a and f close to 7/2, the reaction-advection-diffusion
equation of type (1.1) and its corresponding elliptic equation (1.4) equipped with conical
conditions (1.5) have not been studied yet for general angles o and g and for general
periodic shear flow. The purpose of this paper is to prove the existence, nonexistence
and monotonicity results for the solutions of the semilinear elliptic equation (1.4) with
the non-standard conical conditions at infinity (1.5). Although some generalizations are
certainly possible, this paper is the first one containing existence and qualitative properties
for reaction-diffusion models of the type (1.4) in heterogeneous media and with non-almost-
planar conical conditions at infinity. In fact, the main difficulties in the present paper arise
from these conical conditions at infinity and from the fact that the domain is not compact
in the direction orthogonal to the direction of propagation.

Before stating our main results of this paper, we first give the following notations.
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Notation 1.1 Let v € (0,7/2), ¢ = ¢(X) and f = f(u) be two functions satisfying (1.2)
and (1.3) respectively. Let M = (m;;)1<; j<2 be a positive definite symmetric matrix, that
is

Jer >0, YEER:, Y mij&it; > algl, (17)

1<i j<2

where [£]? = £ +&3 for any £ = (&1, &) € R?. Throughout this paper, ¢}, gy~ ¢ > 0 denotes
the minimal speed of propagation of travelling fronts 0 < v <1 in the direction —Y in the
variables (X, Y") for the following reaction-advection-diffusion problem

O 0
5 = dv(MVW)+q(X)siny Zf(u), tER, (X,Y)€ R,
U(t, X7 Y) — 07 u<t7 X’ Y> — 1’
Y ——o0 Y —+o0

where the above limits hold locally in ¢t and uniformly in X. In other words, such fronts
exist if and only if ¢ > ¢}, - - The existence of this miminal speed ¢} g, - and further
qualitative properties of such fronts, for even more general periodic equations, follow from
2, 3, 13, 19, 33]. More precisely, given any L’ > 0, pulsating travelling fronts —in the sense
of Definition 1.12 of [2]- such that u(t+L' /e, X+ L, Y) =u(t+L' /e, X, Y) = u(t, X, Y+ L)
for all (¢, X,Y) € R? exist if and only if ¢ > ¢}, g5 ;10 (> 0) (see Theorem 1.14 in [2],
by viewing the flow ¢(X)siny as an L’-periodic function in the variable Y'); actually, the
speeds € o gin- .y do not depend on L' (that is, ¢y in~ f.10 = Chrgsins.s for all L' > 0) and
the fronts satisfy the second property of (1.8) from the variational formulas of the speeds
and from the uniqueness results stated in Theorem 1.1 in [3] and Theorem 1.1 in [19]. The
existence and qualitative properties for problem (1.8) could also be viewed as extensions
of some results of [5] for problems set in infinite cylinders, by replacing the cross section
of the cylinder in the variable X with periodicity conditions.

Our first main result in this paper is the following

Theorem 1.1 Let q(x) be a globally C*°(R) function (for some § > 0) satisfying (1.2).
Let f be a nonlinearity fulfilling (1.3). Then, for any given o and § in (0,7) such that
a+ B <, there exists a positive real number c¢* such that

i) for each ¢ > c*, the problem (1.4)-(1.5) admits a solution (c, ¢);

i) if ¢ < c*, the problem (1.4)-(1.5) has no solution (c, ).
Moreover, under the Notation 1.1, the value of ¢* is given by

* CZ gsina,f C*B gsin g, f
= ’ ’ ’ ’ 1.9
‘ max( sinaw 7 sinf )’ (1.9)
where
B 1 — COos B 1 cospf
A= l ~cosa 1 ] and B = l cosp 1 ] . (1.10)

Our second main result is concerned with the monotonicity of the fronts in the direction
of propagation.



Theorem 1.2 Under the assumptions of Theorem 1.1, if a pair (c,®) solves the pro-
blem (1.4)-(1.5), then d,¢(z,y) > 0 for all (z,y) € R?. Consequently, the travelling front
solution u(t,z,y) = ¢(x,y + ct) of (1.1) is increasing in time t.

Remark 1.1 For the case of @ = § = 7/2, the above results have been proved in [2, 5, 33],
in which case ¢* = ¢}, ; is the minimal speed of travelling fronts for problem (1.8) with
identity matrix M = I. The interest of the present work is to generalize them to the case
of conical asymptotic conditions (1.5) with angles @ and § which may be smaller or larger
than 7/2. Compared to the rather large literature devoted to the case o = 5 = /2 (see
also below), this paper is the first step in the understanding of truly curved fronts for the
heterogeneous equations of the type (1.4). The condition « + 8 < 7 which is used in the
construction of the fronts can be viewed as a global concavity of the level sets of the fronts
with respect to the variable y. It is unclear that this condition is necessary in general.
Actually, it follows from Section 4 that Theorem 1.2 still holds for any a and (5 in (0, ).

The value of ¢* in Theorem 1.1 is given in terms of the known minimal speeds of
propagation of “planar” pulsating travelling fronts for two auxiliary (left and right) prob-
lems of type (1.8). Throughout the paper, we use the word “planar” to mean that, for
problem (1.8), any level set of u is trapped between two parallel planes. A rigorous re-
sult about the existence of the minimal speed of propagation of pulsating travelling fronts
in general periodic domains was given in [2]. Several variational formulae for the mini-
mal speed of propagation have been given by Berestycki, Hamel and Nadirashvili [3], El
Smaily [8] and Weinberger [33] and much work has been devoted to the study of the depen-
dence of the “planar” minimal speed on the advection, diffusion, reaction and the geometry
of the domain (see e.g. [3, 7, 9, 22, 25, 26, 30, 34]).

In the following theorem, we study the behaviors of the conical minimal speed ¢* of
Theorem 1.1 in some asymptotic regimes and we obtain a result about the homogenized
speed. To make the presentation simpler, we introduce a general notation for the conical
minimal speed: given an advection ¢ and a reaction f satisfying (1.2) and (1.3) respectively,
and given an arbitrary p > 0, we consider the problem

pAG + (q(x) = ©)9,0 + f(9) =0 for all (z,y) € R?, (1.11)

with the conical conditions (1.5) and we denote by ¢*(p, ¢, f) the conical minimal speed
of problem (1.11)-(1.5), whose existence follows from Theorem 1.1. In other words, a
solution (¢, ¢) of (1.11) satisfying (1.5) exists if and only if ¢ > ¢*(p, q, f). Furthermore, it
follows from Theorem 1.1 that the “conical” minimal speed can be expressed in terms of
the “left and right” planar minimal speeds as follows

o c* -
c*(p,q, f) = max ( pA’,qsma’f, pB’,qsmﬁ’f) . (1.12)
sin «v sin 3

In the above notation of conical minimal speed, we use the brackets (i.e. ¢*(-,-,-)) while
subscripts are used in the notation of the “planar” minimal speed.



Theorem 1.3 Let a and B be in (0,7) such that o + f < w. Assume that the function f
fulfills (1.3) and that the advection q is a globally C*°(R) function (for some & > 0)
satisfying (1.2).

i) Large diffusion or small reaction with a not too large/sufficiently small advection.
For each p > 0, we have

* ¥ / /
m—0+ D min(sin «, sin 3)
and
* v 2) ’
Vo< <1/2  Lm Smemef) o 2Vel0) (1.14)
m—+00 vm min(sin o, sin f3)

i) Large advection. For each p > 0, the following limit holds

/L
2
* quw
c Y m Y
lim clp.ma, f) = max At (1.15)
m—+00 m weH} (R)\{0}, L—periodic, 9
ol |25, <P Owl2y ) [ W

Moreover,

C*(p,mq,ef)) —  lim (hm C*(up,mq,f)xx/ﬁ)

lim lim ————
e—0t \\m—+o0 m\/g p—>—400 \ m—+o0 m

L (1.16)
2/1'(0) 0o
— X max T
vV pL weH} (R)\{0}, L—periodic ||U} ||L2(O,L)
and

lim ( lim M) = lim ( lim M) = max q. (1.17)

e—=0+t \ m—+oo m p—+o00 \ m—+oo m [0,L]

iii) Homogenized speed. Assume here that q is 1-periodic and its average is zero. For
each L >0, let q, () = q(x/L) for all x € R. Then, for each p > 0,

24/pf'(0) (1.18)

min(sin a, sin 3)

Jim c(p,qr, f) =
Outline of the rest of the paper. This paper is organized as follows. In Section 2, we
prove the existence of a curved traveling front to the problem (1.4)-(1.5) whenever the speed
¢ > ¢* (the first part of Theorem 1.1). In Section 3, using some results about spreading
phenomena, we prove that the problem (1.4)-(1.5) has no solution (¢, ¢) as soon as ¢ < ¢*
(the second part of Theorem 1.1). In Section 4, we first establish a generalized comparison
principle for some elliptic equations in unbounded domains having the form of “upper
cones”. Then, we give the proof of Theorem 1.2 by using this generalized comparison
principle together with suitable estimates of the quantity 0,¢/¢ in lower cones and with
some sliding techniques on the solutions in the y-variable. Lastly, Sectionb is concerned
with the proof of Theorem 1.3.



2 Existence of a curved front (c, ¢) for all ¢ > ¢*

In this section, we prove the existence of a curved front (¢, ¢) to the problem (1.4)-(1.5)
whenever ¢ > ¢* (the first item of Theorem 1.1). The main tool is the sub/super-solution
method. Roughly speaking, we construct a subsolution and a supersolution for our pro-
blem by mixing, in different ways, two pulsating travelling fronts coming from opposite
sides (left and right) and having different angles with respect to the vertical axis but hav-
ing the same vertical speed in some sense.

Proof of part i) of Theorem 1.1. We perform this proof in two steps.

Step 1: Construction of a subsolution. For any given v € (0, 7), any smooth function ¢ sa-
tisfying (1.2), any nonlinearity f fulfilling (1.3) and any constant matrix M = (m;;)1<i j<o
satisfying (1.7), we consider the problem (1.8). As recalled in the introduction, there exists
a minimal speed ¢}, ¢, ; such that the problem (1.8) admits a travelling front (c,u) for
each ¢ > ¢}y gn~ ¢ and no solution for ¢ < ¢y g, - Moreover, it is known that any
such front u is increasing in t. For any solution (¢, u) of the problem (1.8), if we denote
u(t, X,Y) = @o(X,Y + ct), then the pair (¢, ¢) solves the following problem

div(M V) + (¢(X) siny —c)dvp + f(p) =0, (X,Y) € R?,
o(X,Y) — 0, ¢X,Y) — 1, uniformlyin X € R, (2.1)
Y —+—o00 Y =400

(X +LY)=pX,Y), (X,Y)eR%

Since u is increasing in ¢, we conclude that ¢ is increasing in its second variable, namely Y.
For any given 0 < «, < 7 such that a + § < 7, we define the matrices A and B
as in (1.10). By choosing M = A and v = « in (2.1), then there exists a positive
constant ¢ g, , s such that the problem (2.1) admits a solution (ca, ¢a) if and only if
Ca = Clgsinas Similarly, if we choose M = B and 7 = 3 in (2.1), then there exists a
positive constant cj 5 ¢ such that the problem (2.1) admits a solution (cgs, ps) if and
only if cg > ¢ 4in .- Consequently, for a given ¢ > ¢*, where c* is defined by (1.9), there
exist (Ca, pa) and (cs, @) as above and such that
Ca Cp

— = > c*. 2.2
¢ sin «v sinﬁ_C (2:2)

Now, we give a candidate for a subsolution of the problem (1.4)-(1.5) as follows

¢(z,y) = max (pu(r, —rcosa + ysina), pg(x, x cos B+ ysin §)) . (2.3)

In fact, by (2.1), it is easy to verify that (c, ¢) defined by (2.2) and (2.3) is a subsolution

of the equation (1.4). Indeed, both functions in the max solve (1.4). For instance, if we
set ¢1(x,y) = @olr, —x cos o + ysin ), then

Adr+ (q(x) = €)9yd1 + [(¢1) = div(AV@a) + (q(2) — ¢) sin adypa + f(#a) = 0



in R?, where the quantities involving ¢, are taken values at the point (z, —x cos a+ysin ).
Moreover, by construction and since a + 8 < 7, @,(-,—00) = pg(-,—00) = 0 and
Yo+, +00) = s, +00) = 1, we know that ¢ satisfies the “conical” conditions at in-
finity (1.5). Notice that the condition o 4+ # < 7 is necessary for this condition (1.5) to
be fulfilled by ¢ and then for the present sub- and supersolution (in Step 2) method to hold.

Step 2: Construction of a supersolution. As we have done in the first step, for any ¢ > ¢*,
we consider the same front (c,, @) as in step 1, which solves the problem (2.1) for M = A
and v = «, and the same front (cg, pg) as in step 1, which solves the problem (2.1) for
M = B and v = 3 such that (2.2) holds. We claim that the following function

¢(z,y) = min (g (z, —r cosa + ysin a) + @g(z, v cos f + ysin 4), 1) (2.4)

is a supersolution of the equation (1.4). Obviously, we only need to check the case of
Yoz, —xcosa + ysina) + pg(x,xcos f + ysin f) < 1.

We first notice that a function f = f(s) that satisfies the conditions (1.3) is sub-
additive in the interval [0, 1]. That is

fls+1t) < f(s)+ f(t), forall 0<s,t<1.
When ¢ < 1, then by (2.1), we have,

Ap+(q(x) = )0yp + f(9) = [f(pa +wp) + div(AVa) + (g(z) — ¢) sina dy ¢,
+div(BVg) + (¢(x) — ¢) sin 5 0y ¢
f(@a +05) — f(0a) — f(ps)

S 07

where the quantities involving ¢, (resp. ¢z) are taken values at the point (x, —x cosa +
ysina) (resp. (z,zcos B+ ysinfB)). Thus, (c,¢) is a supersolution of the equation (1.4).
Furthermore, the function ¢ satisfies the conical conditions (1.5) at infinity since a+ 3 < 7.

Finally, since 0 < ¢ < ¢ < 1 in R?, we conclude that, for any ¢ > ¢*, the problem
(1.4)-(1.5) admits a curved front (c,$) such that ¢ < ¢ < ¢. The proof of part i) of
Theorem 1.1 is then complete. B U

Notice that it follows from the above construction that ¢ is close to the oblique “pla-
nar” fronts ¢, (z, —x cos a+ysin «) and pg(x, x cos f+ysin §) asymptotically on the “left”
and “right”. More precisely,

tim ( sup |6(x,y) — pp(x,wcos f 4 ysinB)|) =0
A=—00 \ y<gcotat+A
and

lim ( sup |p(x,y) — polz, —x cos a + y sin a)\) = 0.
A——o00 y<—zcot B+A



Remark 2.1 To complete this section, consider here the special “symmetric” case. Namely,
under the notations of Theorem 1.1, assume a =  and ¢(x) = ¢(—=) for all z € R. Then
we claim that X X
o — CA,qsina,f _ CB,qsinB,f'

sin «v sin 3

Indeed, let (¢} ,gna.p> Pa(X,Y)) be a solution of the following problem

Aiv(AVEE (X, V)4 (0(X0) S0 0=y, O 256,V ) + (95X, V) =0 R,

e (X,)Y) — 0, ¢:(X,Y) — 1, uniformlyin X € R.
Y—>—c Y —>+oo

(2.5)

Define ¢(X,Y) := ¢ (=X, Y) for all (X,Y) € R Since a = 8 and ¢(X) = ¢(—X) for all
X € R, then the pair (¢} ,¢na.s: %) is a solution of the following problem

div(BVY(X,Y)+(q(X) sina—¢ gna, ) O (X, Y)+f((X,Y)) = 0 in R?,

2.6

P(X,)Y) — 0, ¢(X,Y) — 1, uniformlyin X € R. (2.6)
Y ——o0 Y —>+o00

It follows from [2] that ¢} ., is not smaller than the minimal speed of propaga-

tion corresponding to the reaction-advection-diffusion equation having B as the diffu-

sion matrix, gsina = ¢sinf as the advection and f as the reaction term. That is,

Chg@)sinaf = Chg(a)sing, oimilarly, we can prove ¢ i = €i gina,s Which leads to

the equality between these two minimal speeds.

3 Nonexistence of conical fronts (¢, ¢) for ¢ < ¢*

In this section, we prove that the problem (1.4)-(1.5) has no solution (¢, ¢) if ¢ < ¢* (the
second item of Theorem 1.1). The proof mainly lies on a spreading result given by Wein-
berger [33].

Proof of part ii) in Theorem 1.1. Suppose to the contrary that the problem (1.4)-(1.5)
admits a solution ¢ with a speed ¢ < ¢*, where ¢* is the value defined in (1.9). Without
loss of generality, we can assume that

>k >k
« _ CAgsinaf o CBgsing.f
sina —  sinf8

C

Under this assumption, there exists a positive constant d such that
csina < d <y gnag (3.1)

Write ¢(z,y) = ¢(x, —z cosa+ysina) for all (x,y) € R?. Then, the function ¢(X,Y)
is well defined and it solves the following equation

div(AVp) + (¢(X) — ¢)sinadyp + f(¢) =0, for all (X,Y) € R?, (3.2)
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where A is the matrix defined in the second section. Moreover, it follows from the definition
of ¢ and the “conical” conditions at infinity (1.5) that

lim ( sup o(X, Y)) = 0. (3.3)
Y—=—00 \ (xy)eR2, X<0
We mention that taking the supremum in the above limit over the set {X < 0} is just
to insure that (X,Y’) stays in C, 5, for some [ which goes to —oco as ¥ — —o0 and as a
consequence we can use the conical conditions. If we let u(¢t, X,Y) = ¢o(X,Y + ctsina),
then by (3.2), the function u solves the following parabolic equation

% = div(AVu) + ¢(X) sin ag—;i + f(u), for all (t,X,Y) € R x R?. (3.4)

Let 4p(X,Y) be a function of class C%*(R?) (for some positive 1) such that
VX ER, VY <0, ao(X,Y) =0,
Y > 0, inf u(X,Y) >0, (3.5)

(X,Y)ER2, Y >Y,
V(X,Y)eR? 0<ay(X,Y) <u(0,X,Y).
Let u(t, X,Y) be a classical solution of the following Cauchy problem

% = div(AVa) 4 ¢(X) sinozg—;i + f(a), forallt >0, (X,Y) € R?

(0, X,Y) = ap(X,Y), for all (X,Y) € R2.

Under the conditions (3.5) on @y and the assumptions (1.3) on the nonlinearity f, the
results of Weinberger [33] imply that for any given r > 0, we have
lim  sup a(t,X,Y —ct) =0, for each ¢ > ¢}y gna s

t=+00 |y |<r, XeR ’ ’
and

tE—rl—noo ‘Y|Si£1’§(€Rﬂ(t, X,Y = t) =1, for each ¢ < ¢} ginas- (3.6)

On the other hand, since 0 < 4(0, X,Y) < u(0,X,Y) in R? and both u and 4 solve

the same parabolic equation (3.4), the parabolic maximum principle implies that

a(t, X,Y) <wu(t,X,Y) forallt>0and (X,Y)c R (3.7)

The assumption that (csina — d) < 0 implies that Y + (csina — d)t — —o0 as t — +00
for Y| < r. We conclude from (3.1), (3.3) and (3.7) that for any r > 0, all limits below
exist and

0< lim inf 4t X,Y—dt) < lim inf a(t,X,Y —dt)

T t—=+oo |Y|<r, XER t—+00 |Y|<r, X<0
lim inf  w(t,X,Y —dt)
t—-+00 |Y|<r, X <0
li inf XY ina—d)t
Jim \yéﬂxgo‘p( Y + (csina — d)t)
lim  sup @(X,Y + (csina — d)t)
=400 |y 1<, X <0

= 0,

IN

IN

which contradicts (3.6) with ¢ = d and eventually completes the proof. O

11



4 Monotonicity with respect to y

This section is devoted to the proof of Theorem 1.2. To furnish this goal, we need to
establish a generalized comparison principle in unbounded domains of the form C;M.
Then, together with further estimates on the behavior of any solution ¢ of the problem
(1.4)-(1.5) in the lower cone C 4, and with some “sliding techniques” which are similar to
those done by Berestycki and Nirenberg [4], we prove that the solution ¢ is increasing in y.

Let us first state the following proposition which is an important step to prove the

main result in this section.

Proposition 4.1 Let a and [ belong to (0, 7). If (¢, ¢) is a solution of (1.4)-(1.5), then

A = liminf < inf M) > 0.
l=—0c0 (xvy)ec(;[g’l (b(x? y)

Proof. Similar to the discussion in [2], we get from standard Schauder interior estimates
and Harnack inequalities that there exists a constant K such that

V(z,y) €R?, [9,0(z,y)| < Ko(z,y) and |0,4(z,y)| < Ko(z,y). (4.1)
Consequently, the function d,¢/¢ is globally bounded in R?. Denote by
9y9(x, y)

A:=liminf inf 22 Z
I5—00 (e ,, P(T,Y)

and let {l,}nen and {(x,, yn) fnen be two sequences such that (z,,y,) € C 5, for all
neN, [, - —o0asn— +o0, and

8y(b(:€n, Yn)
(T, Yn)

Next, we will proceed in several steps to prove that A > 0.

— AN asn— +oo.

Step 1: From (1.4) to a linear elliptic equation. For each n € N| let

O(x + 20, Y + Yn)
(T, Yn)

Owing to the equation (1.4) satisfied by ¢, we know that each function ¢™(x,y) satisfies
the following equation

for all (x,y) € R%

¢"(z,y) =

f(o(x + 20,y + yn))
AT+ Tn, y + Yn)

for all (z,y) € R%. Moreover, for any given (z,y) € R?, it follows from (1.5) that the
sequence (z + Tn,y + yn) — 0 as n — +oo (since (z,,y,) € C, 4, for each n € N and
l, — —o0 as n — +o0). Noticing that f(0) = 0, then we have

f(o(x + 20,y +yn))
(T + T, Y + Yn)

Agbn(l‘, y) + (q(ZL‘ + l‘n) - C)ay¢n($, y) + ¢n(l,’y) =0

= f'(0)
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as n — +o0o. Since the function ¢ is L—periodic, we can construct a sequence {Z, }nen
such that z, € [0, L] for all n € N and

Vn e N, Vo e R, ¢,(z) :=q(x + z,) = ¢z + Tp).

Consequently, there exists a point z., € [0, L] such that Z, — 2., as n — +oo (up to
extraction of some subsequence), and the functions ¢, (z) converge uniformly to ¢(z + ).
Observe also that the functions ¢" are locally bounded in R?, from the estimates (4.1).
From the standard elliptic estimates, the functions ¢™ converge in all I/Vli’cp(Rz) weak (for
1 < p < o), up to extraction of another subsequence, to a nonnegative function ¢> which
satisfies the following linear elliptic equation

AP + (q(z + 2o0) — €)0y0™ + [(0)¢™ = 0 in R”. (4.2)
Furthermore, by the definition of ¢", we have ¢>°(0,0) = 1. Then, the strong maximum

principle yields that the function ¢ is positive everywhere in R2.

Step 2: The form of ¢*°. For any given (z,y) € R?, we have
OyP(r + T,y +yn) _ OyP(T + T, Y + Yn)
O(Tn, Yn) ¢z + Tn, Y + Yn)

for all n € N. Referring to the definition of A, one can then conclude that for any given
(z,y) € R?,

lim inf
n—too (T + Tp, Y + Yn)

Passing to the limit as n — +oo in (4.3) leads to

0,6 (x,y) > Ad™(z, ), for all (z,y) € R?. (4.4)
Furthermore,
0 _ : n _ : 8y¢(xna yn) _ _ 0
> 0,6™(z.y)
e o] Y > xvy 2
2% (x,y) = ———= for all (z,y) € R~
(z,y) o (r.9) (z,y)

The function z*°(x,y) is then a classical solution of the equation

Az® +w-Vz® =0 in R? (4.6)
where Do B
w=w(x,y) = (2 ;gi ,2 Zii +q(r+ ) —c)

is a globally bounded vector field defined in R? (see (4.1)). Tt follows from (4.4) and (4.5)
that
2°(0,0) = A and 2®(x,y) > A for all (z,y) € R®.

13



Obviously, the constant function A also solves (4.6). Then, it follows from the strong
maximum principle that 2> (z,y) = A for all (z,y) € R?, and thus,

V(z,y) € R%, ¢ (z,y) = Mih(x) > 0

for some positive function 1 (z) defined in R. Owing to (4.2), the function ¢ (x) is then a
classical solution of the following ordinary differential equation

V'(x) + (A’ + Az + 25) — cA+ f/(0)) ¥(z) =0 for all z € R. (4.7)
Step 3: From (4.7) to an eigenvalue problem. Let

Y=+ D)
S S

where L is the period of ¢ (see (1.2)). From (4.1), the function v satisfies [¢/'(x)| < |K(x)|
for all x € R and g is then a real number. Let {2/ },en be a sequence in R such that

/
L
% — [ as n — +o0.
Define a sequence of functions {¢"(x)},en by
Yl + )
Y (r) = ———= for all z € R.
= )

Then, for each n € N, the function ¢"(x) satisfies
(") (@) + (A* + Ag(e + o), + 2o) — A+ f(0)) " () = 0

for all x € R.
Similar to the discussion in Step 1 and also due to the L—periodicity of ¢, it easily
follows that, up to extraction of a subsequence, ¥ — > in C? (R?) and

q(-+ 2, + 25) = q(- + 2.,) as n — +oo, uniformly on each compact of R,

for some 2 € R. Furthermore, the function ¢¥* is a nonnegative classical solution of the
following equation

()" + (A + Aqlz+2l) —cA+ f(0)) ¥ =0 in R. (4.8)

Since ¥"(0) = 1 for all n € N, we have ¢)*°(0) = 1. Then, the strong maximum principle
yields that ¢>°(z) > 0 for all z € R.
Now, we consider a new function

_ > (x+ L)

h(z) : (@)
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which is defined in R. By the definition of 1 and 9", we have

'@+ L) Y@+, + L)
= n > p, foralln € N and z € R.
@) v

Passing to the limit as n — +o00, one gets h(xz) > p for all x € R. Moreover,

sorTy T ey e Y@+ L)
YRL) = lim gr(L) = =S =

Denote by
v(r) =9Y>(x + L) — py™(x) for all x € R.
Then, the function v is nonnegative and satisfies the linear elliptic equation (4.8) with
the property v(0) = 0. Thus, the strong maximum principle yields that v = 0 in R, and
consequently, h(z) = x> 0 in R (since ¢>*(z) > 0 for all z € R).
Define § = L~ Inpu. If we write v°°(z) = e’ ¢(x) for all x € R, then it follows from
®(x+ L) = p>(z) that

Ve eR, p(z+ L) =p(z).

After replacing 1> by e?®¢ in (4.8), we conclude that the function ¢ is a classical solution
of the following problem

@ +200" + 020 + (A — cA + q(z + 2 )A + f(0)) ¢ =0 in R,
¢ is L-periodic, (4.9)
Ve e R, ¢(x) > 0.

For each A € R, we define an elliptic operator as follows

d? d
L —_ 20— 2 2 / /
or 1= o+ 20 4 (07 X — At qlo 4 i) A + £(0)]

acting on the set
E:={g(x) € C’Z(R);g(x + L) = g(x) for all x € R}.

We denote by kg(\) and ¢%* the principal eigenvalue and the corresponding principal
eigenfunction of this operator. In addition to the existence, we also have the uniqueness
(up to a multiplication by any nonzero constant) of the principal eigenfunction ¢%* which
keeps sign over R and solves the following problem

L O = ko(N)o?* in R
{ AP o( M) (4.10)

% is L—periodic.

From (4.9) and the above discussions, we conclude that, for A = A, ke(A) = 0 is
the principal eigenvalue and the function ¢ is the corresponding eigenfunction. In other
words, A is a solution of the equation kg(\) = 0.
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AFo(N)

ko (0) = 0% + £'(0)

Figure 2: The function A — kg(\).

Now, we consider the function R 3 A — ky(\). It follows from Proposition 5.7 in
2] that A — kg(A) is convex. Moreover, for A = 0, the principal eigenfunction ¢?? is a
constant function, say %% =1 (due to the uniqueness up to multiplication by a constant),
and the principal eigenvalue is

ko(0) = 6% + f'(0) > 0.

dk
Thus, in order to obtain that A > 0, it suffices to prove that d—)\e(O) < 0 (see figure 2).

Since ¢?* is L—periodic for each A € R, we then integrate the equation (4.10) with
respect to x over [0, L] to obtain

) [ e = @+ 70) [T @ [ .
ko (0) .

L L
—c)\/ O (2)dx + )\/ q(z + 2 )" z)dx
0 0

for all A € R. Owing to standard elliptic estimates, the family {?*}\cgr, when normalized

by max " = 1, converges in C?_(R) to the constant function ¢’® = 1 as A\ converges

to 0. Passing to the limit as A — 0 in (4.11), one consequently gets

_kg(A) —ko(0) _ e :
}\%f ——c+Z/O q(z + 2l) de.

However, by the assumptions (1.2) on ¢, we know that

/OLq(:L’jL:L’;O)d:c:/OLq(x)d:c:O.

Therefore,
dky

H(O) = —c.
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But, from part ii) of Theorem 1.1, the speed ¢ satisfies

c; Cy

Agsi B,gsi

¢ > " =max ’?Sma’f, ”.’Smﬁ’f > 0.
sin « sin 3

dka
Thus, K(O) < 0 and that completes the proof of Proposition 4.1. O

In the following, we are going to establish a generalized comparison principle which
will be an important tool in the proof of Theorem 1.2. Before stating this result, let us first
introduce some notations and assumptions that we need in our setting. For each [ € R,
a, B € (0,m), we consider A(z,y) = (Ai;(z,y))1<ij<n as a symmetric C° (C’;ﬁ’l) matrix
field satisfying

E|O<a1§a2,V( )€C+6I,V§ER2

4.12
afél* < Z Ayj(z,y)&&5 < anléf”. (4.12)
1<i,j<2
Moreover,
ac’;ﬂ,l = {(:c,y) €R? y= —zcot B+ 1 when z >0,

and y = xcota + [ when x < O}

denotes the boundary of the subset C; 5, Which was introduced in Definition 1.1, and
dist ((x, Y); 80;2671)

stands for the Euclidean distance from (z,y) € R? to the boundary 80;: 51
The generalized comparison principle is now stated in the following lemma.

Lemma 4.1 Let a and 3 be fized in (0,7) and | € R. Let g(x,y,u) be a globally bounded
and a globally Lipschitz-continuous function defined in C. 51 X R. Assume thatl g is non-
increasing with respect to u in R?x [1—p, +00) for some p > 0 Let ¢ = (q1(x,y), q2(z,y)) be
a globally bounded C™° (C ;) vector field (with § > 0) and let A(z,y) = (Ay(z,y))h<ij<
be a symmetric Ob 6(C+B ) matriz field satisfying (4.12).

Assume that ¢*(x,y) and ¢*(x,y) are two bounded uniformly continuous functions
defined in C’:{ﬁ’l of class C2ﬂ(cotﬁ,l) (for some p > 0). Furthermore, we assume that

L' +g(z,y,0") > 0 in Cpy,

Le* +g(z,y,¢°) < 0 in Cpy,

o' (z,y) < ¢*(2,y) on 0Cy 5,
and that

lim sup [0 (2, y) — ¢*(x, )] <0, (4.13)
(z,y) € C 4, dist ((z,9); aC;:ﬁ,l) — +00

«,
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where L is the elliptic operator defined by
L§ :=Vauy (AVeyod) + 4(2,y) - Vayo.
If¢> >1—p in%, then
o' < ¢* in Cl,,.

Remark 4.1 Note here that ¢!, ¢%, ¢, A and ¢ are not assumed to be L—periodic with
respect to x.

Proof. Since the functions ¢! and ¢? are globally bounded, one can then find £ > 0 large
enough such that ¢! — ¢ < ¢? in C:{’W. Let us set

£ = inf{e >0, o' —e < ¢*in C;W} > 0.

By continuity, we then get ¢' —¢* < ¢* in C 5. Thus, to complete the proof of Lemma 4.1,
it suffices to prove that ¢* = 0.
Assume €* > 0. Then, there exist a sequence {&, },en converging to €*, with 0 < ¢, <

e* for all n, and a sequence of points (z,,y,) € C':{’ﬁ’l such that
O (Tny Yn) — €0 > ¢* (2, yp) for all n € N,

Because of (4.13) and since e* > 0, the sequence {dist ((zn, yn); 0C7 5)) }neN is bounded.

Furthermore, the facts that ¢' < ¢* on 9C 5, and ¢', $* are uniformly continuous yield
that
R :=liminf dist ((z,,yn); 60;:5,» > 0.

n—-+00

For each n € N, let (z7,,y,,) be a point on C} 4, such that

dist (<x”7 yn>; 800—1_,6,1) = ‘(SL’;” y;z) - (SL’n, yn)| :

Up to extraction of some subsequence, we can then conclude that there exists (7,7) € R?
with |(Z,7)| = R such that

(@) — (T, yn) — (T,7) as n — +o0.

Call Br := {(z,y) € R?, |(z,y)| < R}. Tt follows from the definition of R that for any
point (z,y) € Bg and for any n € N large enough, we have (x,y) + (24, yn) € CJf 5.
For each (z,y) € Bg, call

On(2,y) = O (@ + Ta,y + ya) and G (,y) = ¢6*(z + 20, y + Yn)

for n large enough.
From the regularity assumptions on ¢! and ¢? and up to extraction of some subse-
quence, the functions ¢! converge in C? (Bg) to two functions ¢’  which can be extended
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by continuity to dBpr and are of class C%* (B—R), for 7 = 1,2. Similarly, since ¢ and A

are globally C'%° (C’;:B,l) and C*° (C’;:B,l) (for some § > 0), we can assume that the fields
Gn(z,y) = §(x+ 1z, y+y,) and A, (z,y) = A(x+ 2y, y +y,) converge as n — +00 in B to
two fields g, and A, which are of class C? (B—R) and C'1? (B—R) The matrix A, satisfies
the same ellipticity condition as A which is given in (4.12).

For each (z,y) € Bg, the functions ¢’ , i = 1,2, satisfy

Ly ép — Ly @2 > —g(x + T, Y + Y, D0 (2,9)) + 9(T + 20y Y + Yy 2 (,9))

for n large enough, where

Lng = Vay - (AnVay@) + Gn - Vayo.

Since ¢> > 1 — p in C;rﬁl and ¢(z,y,u) is non-increasing with respect to u in the set

Co 51 % [1 = p,+00), we get

Ln gbyll - Ln gbi Z - g(l‘ + Tn,Y + Yn, gb,ll(x,y))

) (4.14)
+ g(& 4+ Ty Y+ Yn, O2(7,y) + 7).

From the assumptions of Lemma 4.1, we can also assume, up to extraction of some
subsequence, that the functions

Ru(z,y) = —g(x 4+ T, Y + Yn, O (2,9)) + 9(T + T, Y + Yy 95 (2, y) + %)

converge to a function R (z,y) locally uniformly in Bg. Since

Rz, 9)| < Ngllzipldn(z,y) — & = dn(,y)]

for all n € N, we get |Roo(z,y)| < ||9]|zipldL (2, y) — * — ¢% (x,y)|. In other words, there
exists a globally bounded function B(x,y) defined in By such that

R (z,y) = B(z,y) [gbio(:p,y) — & — @2 (m, y)] for all (z,y) € Bg.

By passing to the limit as n — +oo in (4.14), it follows that
Lootoe — Los2 > B(x,y)(d5 — " — ¢,) in Bp,
where Lo =V (Ao Vay®) + oo - Vay@. Let
2(x,y) = ¢L, — " — ¢% in Bp.

We then get
Loz — B(z,y)z > 0 in Bg. (4.15)
Noticing that (2,y.,) € 80;571, that ¢! < ¢? over 80;:57” that ¢! and ¢? are uniformly

continuous in C 4, and that (x],,y},) — (2n, yn) — (T,7), we have

O (T, 7) < 62(F, 7). (4.16)
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On the other hand, for each (z,y) € Bg, ¢\(z,y) —e* < ¢2(x,y) for n large enough, and
®L(0,0)—¢, > ¢2(0,0). Passing to the limit as n — +o00 and over OBg, then by continuity,
we get o

(b(l)o(x7y) —& < ¢io<x7y) in BR;
and

(béo(ov()) —&' = (bgo(()vo)

Consequently, the function z = z(x,%) is a nonpositive continuous function in Bg, satis-
fying (4.15) in Bg and such that z(0,0) = 0. Then, the strong maximum principle yields
that z = 0 in By with ¢* > 0. Namely, ¢ (z,y) —&* = ¢ (x,y) for all (z,y) € Br. We
get a contradiction with (4.16) by choosing (x,y) = (Z,7) (€ 0Bg). O

The following lemma is devoted to proving the positivity of the infimum of a conical
front solving (1.4-1.5) over any set having the form of an “upper cone”. This lemma will
be also used in the proof of Theorem 1.2.

Lemma 4.2 For any fized o and B in (0,7), let (¢, ) be a solution of (1.4)-(1.5). Then,

VieR, inf  ¢(x,y) > 0. (4.17)

(@y)ec;i/g’l

Proof. Since the function ¢ is nonnegative in R?, then in2f ¢ > 0. In order to prove (4.17),
R
we assume to the contrary that inf+ ¢(z,y) = 0 for some fixed [y € R. Thus, there
(x,y)EC’mB’lo

exists a sequence { (2, Yn) bnen in Cy 5, such that ¢(x,,y,) — 0 as n — +o00. On the other

hand, the limiting condition lim inf  ¢(z,y) = 1 yields that there exists M € R such
l—+o00 (Ly)ecaﬁm

that 3
\V/(l‘,y) € C;B,Mv ¢($,y) Z Z (418)

We recall that dist ((xn, Yn); 80;:57%) is the Euclidean distance from (z,,y,) € R? to the
boundary dC7 ;, . Having (4.18) and the fact that ¢(z,,y,) — 0 as n — +00, we know
that the sequence {dist((n, yn); IC, 5,,) }nen should be bounded and consequently,

3(7,7) € R? such that (T + 2,7+ y,) € Canm (4.19)

for all n € N. Now, we define ¢,,(z,y) := ¢(z + 2,y + y,) for all (z,y) € R* and n € N.
From (1.4), the function ¢, is a classical solution of the following equation

Apyn + (@(x + o) = )0yn + f(¢n) = 0 in R,

for all n € N.

The function ¢ is a globally bounded C'(R) function which is L—periodic. As a
consequence, we can assume that the sequence of functions ¢, (z) := ¢(x + z,,) converges
uniformly in R, as n — +00, to the function ¢, := q(z + z,) for some z, € R. The regu-
larity of the function ¢ yields that the sequence {¢, },en is bounded in (at least) C%°(R?).
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2 (R?) as n — +o0o, where ¢o,
is a nonnegative (0 < ¢,, < 1 for all n € N) classical solution of the equation

Ay yboo + (q(x + 200) — €) Oyoo + f(Poo) = 0 in R%

Moreover, ¢ (0,0) = lirE &(Tn, yn) = 0.
n—-—+0o0
Since f > 0 in [0, 1], we then have

Thus, up to extraction of some subsequence, ¢, — ¢o, in C?

Apydoo + (q( + o) — €) Oy < 0 in R?,
0 < ¢oo < 1in R2,

The strong maximum principle implies that ¢., = 0 in R?. However, we can conclude
from (4.18) and (4.19) that

Vn €N, AT + 2p, T + yn) >

] W

Passing to the limit as n — +o0, one gets ¢n(T,y) > 3/4, which is a contradiction with
¢ = 0 in R2. Therefore, our assumption that inf  ¢(z,y) = 0 is false and that

(%y)EC;BJO

completes the proof of Lemma 4.2. O
Now, we are in the position to give the proof of the main result in this section.

Proof of Theorem 1.2. In this proof, we call
Vr € R, ¢7(z,y) = ¢(z,y+7) for all (z,y) € R*.

Assume that one has proved that ¢™ > ¢ in R? for all 7 > 0. Since the coefficients ¢ and f are
independent of y, then for any h > 0, the nonnegative function z(z,y) := ¢"(z,y) — ¢(z, y)
is a classical solution (due to (1.4)) of the following linear elliptic equation

A,z + (q(z) — )0,z + b(x,y)z = 0 in R?

for some globally bounded function b = b(z,y). It follows from the strong maximum
principle that the function z is either identically 0, or positive everywhere in R2. Due
to the conical limiting conditions (1.5) satisfied by the function ¢, we can conclude that
the function z can not be identically 0. In fact, if z = 0, then ¢(x,y + h) = ¢(z,y) for
all (z,y) € R? with A > 0. This yields that ¢ is h—periodic with respect to y, which is
impossible from (1.5). Hence, the function z is positive everywhere in R?, and consequently,
the function ¢ is increasing in y.

By virtue of the above discussion, we only need to prove that ¢™ > ¢ for all 7 > 0.
Proposition 4.1 yields that there exists [y € R such that 9,¢(x,y) > 0for all (z,y) € C_ 4, .

On the other hand, Lemma 4.2 yields that inf+ ¢(z,y) > 0. Since
(I,y)ecaﬁ’lo

lim sup  o(x,y) =0,
l——00 (Ly)ec;ﬁ’l
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there exists then B > 0 such that —B < [; and

V(z,y) €Chp p, olzy) < inf o', y),

(@ y)eCt 5,
and consequently, we have
\V/T Z 07 V(ffa?/) S Co_,’ﬁ,fB 9 ¢(x7y) S gb(l‘ay + T)' (420)

The above inequality is indeed satisfied in both cases y + 7 < [y and y + 7 > ly. The
assumption that f’(1) < 0 in (1.3) and the continuity of f’ over [0, 1] lead to the existence
of 0 < n < 1 such that f is non-increasing in [1 — 7, 1]. Furthermore, even it means
increasing B, one can assume, due to (1.5), that ¢(z,y) > 1 —n for all (z,y) € C 5 5 and
¢(x,y) < 0 for all (z,y) € C, 5 _p, where 6 is chosen so that 0 < 6§ < 1 —n. We apply
Lemma 4.1 to the functions ¢! := ¢ (notice that ¢ is actually at least of class C*#(R?) for
all 0 < pu < 1 from the elliptic regularity theory) and ¢? := ¢” with 7 > 2B, by taking
p=nA=1g=1f, q4)=(0,9(x) —c)in R and | = —B, to obtain

V7 > 2B, Y(x,y) €Cly g, d(x,y) < ¢ (1,y).
Combining the above inequality with (4.20), we have
V7 > 2B, VY(z,y) € R?, é(x,y) < ¢"(z,y).
Let us now decrease 7 and set
™ =inf {7 > 0,¢(z,y) < ¢(z,y +7') for all 7 > 7 and for all (z,y) € R*}.

We want to prove that 7 = 0. Let us assume by contradiction that 7* > 0. First, we note
that 7% < 2B, and by continuity, we have ¢ < ¢™ in R2. Call

(Tt +
S T Cavﬁv_B \ COé?BvB

the slice located between the “lower cone” C_ ; g and the “upper cone” ct 5.p- Lhen, for

the value of sup (¢(z,y) — ¢ (x, y)), the following two cases may occur.
(z,y)ES

Case 1: suppose that
sup ((]5(37, y) o (bT (.ﬁl],y)) <0.

(z,y)eS

Since the function ¢ is (at least) uniformly continuous, there exists ¢ > 0 such that 0 <
e < 7" and the above inequality holds for all 7 € [7* — &, 7*]. Then, for any 7 in the
interval [7* — ¢, 7%], due to (4.20) and the definition of S, we get that

¢(x,y) < ¢7(x,y) over C 4 -

Hence, ¢ < ¢7 over 80;573. On the other hand, since 7 > 7 —¢ > 0 and ¢ > 1 —n

over C’O’:ﬁ’B, we have ¢7 > 1 — 1 over C’:{ﬁ’B. Lemma 4.1, applied to ¢ and ¢7 in C’:{,ﬁ’B,
yields that

o(r,y) < ¢"(x,y) for all (z,y) € C’;Lﬂ’B.
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As a consequence, we obtain ¢ < ¢7 in R?, and that contradicts the minimality of 7*.
Therefore, case 1 is ruled out.

Case 2: suppose that
sup (¢(x,y) — ¢7 (2,y)) = 0.

(x,y)ES

Then, there exists a sequence of points {(z,, yn) tnen in S such that
¢(xna yn) - ng* (xnayn) — 0 as n — +o00. (421)

For each n € N, call ¢,(x,y) = ¢(2 + 2,y + yn) and ¢ (x,y) = ¢7 (2 + L,y + Yn),
for all (z,y) € R?. From the regularity of ¢ and up to extraction of some subsequence,
the functions ¢, and ¢7  converge in C? (R?) to two functions ¢, and ¢7_. On the
other hand, since ¢ is globally C'? (R) and L—periodic, we can assume that the functions
¢n(7) = q(x + x,,) converge uniformly in R to a globally C° (R) function g, as n — +oo.

For any (z,y) € R?, set z(x,y) = doo(w,y) — ¢7. (x,y). The function z is nonpositive
because ¢ < ¢7 in R2. Moreover, by passing to the limit as n — 400 in (4.21), we obtain
2(0,0) = 0. Furthermore, since the function ¢ does not depend on y, we know that the

function z solves the following linear elliptic equation
Ay yz + (goo(®) — €)0yz + b(z,y)z = 0 in R?

for some globally bounded function b(x,y) (since f is Lipschitz continuous). Then, the
strong elliptic maximum principle implies that either z > 0 in R? or z = 0 everywhere
in R?. In fact, the latter case is impossible because it contradicts with the conical conditions
at infinity (1.5): indeed, since (z,,y,) € S for all n € N, it follows from (1.5) that

hIJP ¢»>(0,y) =1 and lim ¢*(0,y) = 0, whence the function ¢> cannot be 7*-periodic
y——+00 Yy——00

with respect to y, with 7* > 0. Thus, we have z(z,y) > 0 in R?. But, that contradicts
with 2(0,0) = 0. So, case 2 is ruled out too.

Finally, we have proved that 7* = 0, which means that ¢ < ¢” for all 7 > 0. Then, it
follows from the discussion in the beginning of this proof that the function ¢ is increasing
in y. Thus, the proof of Theorem 1.2 is complete. O

5 Proof of the asymptotic behaviors

This section is devoted to the proof of Theorem 1.3. We begin first with Parts i) and iii).
It follows from formula (1.9) that for all v >0, m >0, p > 0 and L >0

( c* <p7 m’yq7 mf) — max C;A,qu sina,mf C:;B,qu sin B,mf
vm Vmsina ' y/msinf3
c* (mp7 m,YQ7 f) — max C;knpA7qusinoz,f C:(anm’ﬂq sin B, f (5 1)
NZD Vmsina 7 y/msing )’ '
ct : c :
o (p’ ar, f) —  max PAvq'L Slnavf’ PB,q'L sin B, f .
L sin v sin 3
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We recall that the quantities appearing in the right-hand side of (5.1) are the parametric
minimal speeds of propagation of some associated “left” and “right” reaction-advection-
diffusion problems of the type (1.8). Since V - Ae = V - Be = 0, with ¢ = (0,1), in R?,
e pAe =e- pBe = p and the function f satisfies the KPP condition (1.3), it follows then
from Theorems 4.1, 4.3 and 5.2 of El Smaily [7] that

. C:n A,m7gsina, f . C:n B,m7Ygsin B, f
Vyel0,1/2], lim oM IREL _ iy MERATREL — 24/pf!(0),
7 €100,1/2] m~1>IJrrloo vm oo vm P70

ct - ct -
VA > 1 2’ li pAm7gsina, mf — 1 pB,m7Ygsin 3, mf —9 0 :
L N T A Vol (0)

lim ¢ = lim 5, wnpr =2V pf(0).

oot PAasinal Ty

Together with (5.1), we obtain the limits (1.13), (1.14) and (1.18).
Let us now turn to the proof of Part ii) of Theorem 1.3. Remember first that

and

c*(p,mq, f) e CpAmgsina,f CpBmgsin B, (5.2)
m msina ~ msinf .

for all m > 0, from Theorem 1.1. Let now ¢ be the vector field defined by
q(z,y) = (0,9(z)) for all (z,y) € R™.

This field is (L, [)-periodic in R? for each [ > 0, and it satisfies V - ¢ = 0 in R?. Therefore,
it follows from Theorem 1.1 in [10] or Theorem 1.1 in [34] that, for each [ > 0,

c*
pAmgsina, f

. — XAl
msin « m—s+oo
o (5.3)
pB,mgsin B, f
. ? >\pB,l7
msin 3 m—+o00

where, for any matrix M fulfilling (1.7) and for any [ > 0, the quantity A, is defined by

Joipann™
Ay = max Ryp(w), Rug(w) = JOLxO)

weLp / w?
(0,L)x(0,0)

IMJ = {’UJGHI

loc

/ V- MVw < f'(0) / w2}
(0,L)x(0,1) (0,L)x(0,1)

is a subset of the set of non-trivial (L,[)-periodic first integrals of g. Notice that the
set Zpr; contains the non-zero constants, and that the max in the definition of Ay is

and

(R\{0}, w is (L,1)-periodic, §- Vw = 0 a.e. in R,
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reached, see [10, 34]. It follows from (5.3) that the quantities A,4; and A,5; do not depend
on [ > 0. Furthermore, since ¢(x,y) = (0, ¢(x)), there holds

Az = Aoao and A,py > Ao for all >0, (5.4)

L
Ao = max 0

. g L .
weH}_(R)\{0}, L-periodic / 02
0

Mgl 2, ) <P Ol )

where, for any matrix M fulfilling (1.7),

Let us now check that the opposite inequalities A 4; < Aja0 and A,p; < A g also hold.
The proof uses elementary arguments, we just sketch it here for the sake of completeness.
We do it for A,4,, the proof being identical for A,p;. Let {l,,},en be the sequence of
positive real numbers defined by [, = 27" for all n € N, and let {w,, },en be a sequence of
maximizers of the functionals R,4,, in Z,4,,, that is

/ qu; / qw?
(0,L)x(0,ln) (0,L)x(0,1)

)\pAyln = RPAvln (wn) = - (55)
A
(0,L)x(0,1n) (0,L)x(0,1)

for all n € N. Without loss of generality, one can assume that ||w,||12(0,0)x(0,1)) = 1 for all
n € N. By definition, one has

p/ Vuw, - AVw, = 2"p/ Vuw,, - AVw,,
(0,1)x (0,1) (0,1)% (0,1

< 2f(0) / W = f(0) / W = f(0).
(0,L)x(0,1r,) (0,L)x(0,1)

By coercivity of the matrix A, the sequence {w,, }nen is then bounded in H*((0, L) x (0,1)).
There exists then a function w,, € H}_(R?), which is (L, 1)-periodic, such that, up to
(R?)

extraction of a sequence, w, — wy as n — +oo in L7 (R?) strongly and in Hj .
weakly. Thus,

,0/ Ve + AVWws < liminf p/ Vw, - AVw, < f’(O)/ w? = f'(0).
(0,L)x(0,1) (0,L)x(0,1 (0,L)x(0,1

It is then classical to see that w., does not depend on y. Therefore,



from (5.5) and the definition of A,40. Together with (5.4) and the fact that the quanti-
ties A,a; do not depend on [, one concludes that A,4; = A a0 for all I > 0. It follows then

from (1.10), (5.2) and (5.3) that
L
J, o
0

*
c*(p,mq, f)
LTy max (Apao: Appo) = max N0
m m—r+00 weH} _(R)\{0}, L-periodic 9
A7 2o 1y < ONwlZ 2 1 0

This provides (1.15).
Formula (1.15), together with (1.2), implies that (1.16) and (1.17) hold, as in [10, 34]
or as a consequence of Theorem 1.3 of [22]. The proof of Theorem 1.3 is thereby complete.

O

References

[1] D. G. Aronson and H. F. Weinberger, Multidimensional nonlinear diffusions arising in pop-
ulation genetics, Adv. Math. 30 (1978), 33-76.

[2] H. Berestycki and F. Hamel, Front propagation in periodic excitable media, Comm. Pure
Appl. Math. 55 (2002), 949-1032.

[3] H. Berestycki, F. Hamel, and N. Nadirashvili, The speed of propagation for KPP type
problems, I — Periodic framework, J. Furop. Math. Soc. 7 (2005), 173-213.

[4] H. Berestycki and L. Nirenberg, On the method of moving planes and the sliding method,
Bol. Soc. Bras. Mat. 22 (1991), 1-37.

[5] H. Berestycki and L. Nirenberg, Travelling fronts in cylinders, Ann. Inst. H. Poincaré, Anal.
Non Lin. 9 (1992), 497-572.

[6] A. Bonnet and F. Hamel, Existence of non-planar solutions of a simple model of premixed
Bunsen flames, SIAM J. Math. Anal. 31 (1999), 80-118.

[7] M. El Smaily, Pulsating travelling fronts: Asymptotics and homogenization regimes, Europ.
J. Appl. Math. 19 (2008), 393-434.

[8] M. El Smaily, Min-max formulas for the speeds of pulsating travelling fronts in periodic
excitable media, Ann. Mat. Pura Appl. 189 (2010), 47-66.

[9] M. El Smaily, F. Hamel, and L. Roques, Homogenization and influence of fragmentation in
a biological invasion model, Disc. Cont. Dyn. Syst. A 25 (2009), 321-342.

[10] M. El Smaily and S. Kirsch, The speed of propagation for KPP reaction-diffusion equations
within large drift, Adv. Diff. Equations 16 (2011), 361-400.

[11] P. C. Fife, Mathematical Aspects of Reacting and Diffusing Systems, Lecture Notes in
Biomathematics 28, Springer-Verlag, Berlin-New York, 1979.

26



[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[27]

28]

[29]

R. A. Fisher, The advance of advantageous genes, Ann. Fugenics 7 (1937), 335-369.

F. Hamel, Qualitative properties of monostable pulsating fronts: exponential decay and
monotonicity, J. Math. Pures Appl. 89 (2008), 355-399.

F. Hamel and R. Monneau, Solutions of semilinear elliptic equations in RV with conical-
shaped level sets, Comm. Part. Diff. Equations 25 (2000), 769-819.

F. Hamel, R. Monneau, and J.-M. Roquejoffre, Stability of conical fronts in a combustion
model, Ann. Sci. Ecole Normale Supérieure 37 (2004), 469-506.

F. Hamel, R. Monneau, and J.-M. Roquejoffre, Existence and qualitative properties of mul-
tidimensional conical bistable fronts, Disc. Cont. Dyn. Syst. A 13 (2005), 1069-1096.

F. Hamel, R. Monneau, and J.-M. Roquejoffre, Asymptotic properties and classification of
bistable fronts with Lipschitz level sets, Disc. Cont. Dyn. Syst. A 14 (2006), 75-92.

F. Hamel and N. Nadirashvili, Travelling fronts and entire solutions of the Fisher-KPP
equation in RN, Arch. Ration. Mech. Anal. 157 (2001), 91-163.

F. Hamel and L. Roques, Uniqueness and stability of monostable pulsating travelling fronts,
J. BEurop. Math. Soc. 13 (2011), 345-390.

M. Haragus and A. Scheel, Almost planar waves in anisotropic media, Comm. Part. Diff.
Equations 31 (2006), 791-815.

M. Haragus and A. Scheel, Corner defects in almost planar interface propagation, Ann. Inst.
H. Poincaré, Anal. Non Linéaire 23 (2006), 283-329.

S. Heinze, Large convection limits for KPP fronts, preprint, Max Planck Institute Leipzig
(2005).

A. N. Kolmogorov, I. G. Petrovsky and N. S. Piskunov, Etude de I’équation de la diffusion
avec croissance de la quantité de matiere et son application a un probleme biologique, Bull.
Univ. Etat Moscou A 1 (1937), 1-26.

J. D. Murray, Mathematical Biology, Springer-Verlag, 1989.

G. Nadin, Traveling fronts in space-time periodic media, J. Math. Pures Appl. 92 (2009),
232-262.

G. Nadin, The effect of Schwarz rearrangement on the periodic principal eigenvalue of a
nonsymmetric operator, STAM J. Math. Anal. 41 (2010), 2388-2406.

H. Ninomiya and M. Taniguchi, Existence and global stability of traveling curved fronts in
the Allen-Cahn equations, J. Diff. Equations 213 (2005), 204-233.

H. Ninomiya and M. Taniguchi, Global stability of traveling curved fronts in the Allen-Cahn
equations, Disc. Cont. Dyn. Syst. A 15 (2006), 819-832.

J.-M. Roquejoffre and V. Roussier-Michon, Nontrivial large-time behaviour in bistable
reaction-diffusion equations, Ann. Mat. Pura Appl. 188 (2009), 207-233.

27



[30] L. Ryzhik and A. Zlatos, KPP pulsating front speed-up by flows, Comm. Math. Sci. 5 (2007),
575-593.

[31] M. Taniguchi, Traveling fronts of pyramidal shapes in the Allen-Cahn equation, STAM
J. Math. Anal. 39 (2007), 319-344.

[32] M. Taniguchi, The uniqueness and asymptotic stability of pyramidal traveling fronts in the
Allen-Cahn equations, J. Diff. Equations 246 (2009), 2103-2130.

[33] H.F. Weinberger, On spreading speeds and traveling waves for growth and migration models
in a periodic habitat, J. Math. Biol. 45 (2002), 511-548.

[34] A. Zlatos, Sharp asymptotics for KPP pulsating front speed-up and diffusion enhancement
by flows, Arch. Ration. Mech. Anal. 195 (2010), 441-453.

28



