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VANISHING ASPECT RATIO LIMIT FOR A FOURTH-ORDER MEMS MODEL
PHILIPPE LAURENCOT AND CHRISTOPH WALKER

ABSTRACT. So far most studies on mathematical models for microelectromechanical systems (MEMS)
are focused on the so-called small aspect ratio model which is a wave or beam equation with a singular
source term. It is formally derived by setting the aspect ratio equal to zero in a more complex model
involving a moving boundary. A rigorous justification of this derivation is provided here when bending
is taken into account.

1. INTRODUCTION

An idealized microelectromechanical system (MEMS) is made of a rigid ground plate located at
height z = —1 and held at potential zero above which an elastic plate held at a constant potential
normalized to one is suspended, the latter being at height z = 0 at rest. Assuming that there is no
variation in one of the horizontal directions, the electromechanical response of the device may be
described by the elastic deformation u = wu(t,x) > —1 of the elastic membrane and the electrostatic
potential 1 = (¢, x, z) between the two plates [29, Section 7.4]. The evolution of the electrostatic
potential is given by the rescaled Poisson equation

20%(t,x,2) + 0%p(t,x,2) =0 in Qu(t)), t>0, (1.1)
in the domain
Qu(t)) ={(z,2) e I x (—=1,00) : =1 <z<u(t,z)} , I:=(-1,1),
between the plates, supplemented with the boundary conditions
1+=2
= Q 1.2
W(t, x, 2) Tt ) on O0Qu(t)), t>0, (1.2)

while that of the deformation obeys a parabolic (if v = 0) or hyperbolic (if v > 0) equation
VOiu(t, x) + Opu(t, z) + Bosu(t, x) — (7 + al|d,u(t)]3) Dou(t, x)
= =X (0,0 (t, z, u(t, x)]? + 0.4t z,ult,2)])) , t>0, zel, (13)
supplemented with clamped boundary conditions
u(t,£1) = Bou(t, £1) =0,  t>0, (1.4)
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2 PHa. LAURENGOT AND CH. WALKER

and initial conditions
(u, y0u)(0) = (u®,yu') | rel. (1.5)

In (1.3), the terms corresponding to mechanical forces are 39, which accounts for plate bending,
and (7 + al|0,ul|3) 9?u, which accounts for external stretching (7 > 0) and self-stretching due to
moderately large oscillations (a > 0). The right-hand side of (1.3) describes the electrostatic forces
exerted on the elastic plate which are proportional to the square of the trace of the (rescaled) gradient
of the electrostatic potential on the elastic plate, the parameter A depending on the square of the
applied voltage difference before scaling. Inertial forces are accounted for by v?0?u in (1.3) with
v > 0 and O,u is a damping term which governs the dynamics in the damping dominated limit v = 0.
An utmost important parameter in (1.1)-(1.5) is the aspect ratio € > 0 which is proportional to the
ratio height /length of the device. In applications this ratio is usually very small and therefore often
taken to be zero what has far-reaching consequences.
Indeed, setting ¢ = 0 allows one to solve explicitly (1.1)-(1.2) in terms of the deformation wug as

142
tr,2)=——" (z,2) € Quo(t)), t>0.
Wt 2) = T (5:2) € Q)
Here, the subscript zero is used to indicate the formal limit ¢ — 0. Furthermore, setting ¢ = 0 in
(1.3) and using the previous formula for 1y, we are led to the so-called small aspect ratio model

A
(1 —+ UO)2 '

supplemented with clamped boundary conditions (1.4) and initial conditions (1.5). This model is
studied in several works in recent years, among which we refer to [4-7,9-12,14,15,18,20-27].

Take notice that the above computation is formal and a reliable use of the small aspect ratio model
(1.6) thus requires to justify it rigorously. As the computation involves a singular perturbation it is
by no means obvious. The aim of this paper is to put this approximation on firm ground by providing
a proof that solutions of (1.1)-(1.5) indeed converge to that of (1.4)-(1.6) as ¢ — 0 when bending
and self-stretching of the plate are taken into account, that is, when § > 0 and a > 0. When these
effects are not included, that is, when 5 = a = 0, this issue is addressed in [17] for the stationary
problem and in [8] for the evolution problem in the damping dominated case v = 0. It is proved in
these settings that solutions to (1.1)-(1.5) converge as ¢ — 0 to a solution to (1.4)-(1.6) in suitable
topologies. To achieve this result several difficulties are faced with some differences between the
stationary and evolutionary settings. In fact, the main difficulty arising in the study of (1.1)-(1.5)
is the so-called pull-in instability which manifests in the following ways. It corresponds to the non-
existence of stationary solutions for values of A exceeding a threshold value depending on . For the
evolution problem it corresponds to the occurrence of a finite time singularity for values of A\ larger
than a critical value depending not only on &, but also on the initial condition (u° yu') in (1.5).
Concerning the latter it means that the solution to (1.1)-(1.5) only exists on a finite time interval
[0,7%) and satisfies

Y 0fug + Oyug + BOiug — (T + al|0yuo|3) Orug = — t>0, zel, (1.6)

lim min wu(t,z) = -1,
=15, xe[—1,1]
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see [19]. To overcome these difficulties including the intricate dependence upon e and study the
limiting behavior as ¢ — 0, one has to find a range of values of A for which stationary solutions exist
for all sufficiently small values of ¢, respectively to derive a lower bound on the maximal existence
time T, which does not depend on e. This approach is used in [8,17] when = v = a = 0, but
can only be adapted here to the evolution problem. Indeed, in contrast to [17], the construction
of stationary solutions to (1.1)-(1.4) performed in [16] for 5 > 0 and a > 0 does not provide an
interval (0,A) such that stationary solutions exist for all A € (0,A) and ¢ small enough. We shall
thus develop an alternative argument in Section 3. The second obstacle met in the analysis of the
vanishing aspect ratio limit is the derivation of estimates on the solutions to (1.1)-(1.5) which are
uniform with respect to & small enough and sufficient to pass to the limit in (1.1)-(1.2) and the
right-hand side of (1.3). According to the analysis performed in [8,17], a bound on w in WZ2([)
or Ly (0,7, W2(I)) for some ¢ > 2 and T' > 0 is sufficient. For the evolution problem this bound
is derived simultaneously with the aforementioned lower bound on the maximal existence time 7.
For the stationary problem the situation is completely different as the first part of the analysis
only provides a bound in H?(I). Proceeding in the study of the limit ¢ — 0 requires a different
approach to cope with weaker regularity on u and is presented in Section 2. As in [16] it is based
on the observation that, since 0,u vanishes on the boundary when 5 > 0, the same regularity of the
right-hand side of (1.3) as in [8,19] can be derived for less regular u.
From now on we tacitly assume that

>0, 7>0, a>0, v>0. (1.7)
For further use, given s > 0 and ¢ € [1, 0], we set
{vew:I) : v(£l)=p0w(£1) =0} , s>(qg+1)/q,

Wep(I) =< {veW:) : v(£1) =0} , 1/g<s<(qg+1)/q,
Wq (I) ) s < 1/q ;
and H} (1) := W5 p(I). Also, for k € (0,1), we define

1
Sy(k) = {UEW;D(I) rv>—1+rin I and [jvffw; <;} .

The first result deals with the vanishing aspect ratio limit for the stationary problem and the
starting point is the existence result obtained in [16]. Let us first recall that (1.1)-(1.5) has a
variational structure and that stationary solutions are critical points of the total energy

E(v) = En(v) = A c(v) . (1.8)
In (1.8), the mechanical energy is defined by
15} 1 a
En(v) = SN02003 + 5 (7 + 319013 ) lowvl} (1.9)

and the electrostatic energy by
E..(v) = / (21000 + 1000 2) d(z,2) . (1.10)
Q(v)
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where Q(v) :={(x,z) € I x (—1,00) : —1 < z < v(x)} and ¥, denotes the solution to the rescaled
Poisson equation
1
2R, + Py =0 i Q),  ble,2) = %@(Z@ , (2,2) € 9Q() . (1.11)

Clearly, 1, depends on v in a nonlocal and nonlinear way. Observe that all the above quantities are
well defined for v € H?(I) satisfying v > —1in [—1, 1]. It is easy to see that, setting ¢(z) := —(1—z?)?
for x € [—1, 1], there holds &.(0¢) — —oco as § 7 1. Consequently, . is not bounded from below.
Nevertheless, stationary solutions can be constructed by a constrained minimization approach. We
recall the result obtained in [16].

Proposition 1.1. Let € > 0 and p € (2,00). There are
o u,. € H}(I) satisfying —1 < u,. < 01in I,

¢ wg,a S HQ(Q(ULLE)) Satisfying wg,a = wug,w
o and N\, >0

such that (uye,,c) is a stationary solution to (1.1)-(1.4) with A = X, .. Moreover, both u,. and 1, .
are even with respect to x. In addition,
Em(Upe) = min{&,(u) : uwe Ay} (1.12)

where
Ape i ={veH)I) : =1<v<0 in I, v is even and &..(v) = o} . (1.13)

Given ¢ > 0 another approach to construct (a smooth branch of) stationary solutions to (1.1)-
(1.4) for small values of A is based on the Implicit Function Theorem [19]. These solutions actually
coincide with the ones from Proposition 1.1 having an electrostatic energy & -(u,.) = o close to 2.
Note, however, that Proposition 1.1 provides additional stationary solutions with large electrostatic
energies as one can show that \,. — 0 as o — oo, see [16].

We may now state the convergence result for stationary solutions and thus provide a rigorous
justification of the stationary small aspect ratio limit.

Theorem 1.2. Let g € (2,00). There are a sequence (e )r>1 with ey — 0, K, € (0,1), u, € S3(k,),
and N, > 0 such that
]}Ego{‘)‘g,f:k — Nol + l|uge, — tollm} =0,
where u, is a solution to the (stationary) small aspect ratio model
A

Bosu, — (T + al|0yu,||3) O2u, = —m in I,  u,(£l) = Bdyu,(£l) =0, (1.14)
e

/1 dz
.
a1 +u9(x)

Em(u,) = min{&,(u) : uwe Ay},

satisfying

In addition, u, is even with
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where
Ao = UEHQ(I) c —1<v<0 in I, v is even and /1d7x_
0,0 - — D . — ) . 1_'_1}(3:) _Q 9
and
142z | 1 2
li € <) T T TN 021, y <) d(x, =0.
kﬁimwm{ﬁ@“x” Eaes] B 1+%@>} "

In fact, the convergence to zero of the sequence (9,1, ., —1/(14u,))x also holds true in H'(Q(u,, ))-

A by-product of Theorem 1.2 is the existence of stationary solutions to the small aspect ratio
model (1.14) which are minimizers to a constrained variational problem. While the latter seems to
be new, the existence of solutions to (1.14) is derived in [4,6,7,9,12,18,23,26,27] when [ is replaced
by the unit ball of RY, N > 1.

We next turn to the hyperbolic evolution problem and report the following convergence result.

Theorem 1.3. Let v > 0 and A\ > 0. Given 2a € (0,1/2) and k € (0,1) let u® = (u° u') €
HEP(I) x HpP*(I) with u® € S312*(k). Fore € (0,1) let (u.,1.) be the unique solution to (1.1)-
(1.5) on the mazximal interval of existence [0,TF,) with ¢ := t),.. There are T > 0 and ko € (0,1)
such that T, > T and u.(t) € S37*(ko) for all (t,e) € [0,T] x (0,1). Moreover, for any o' € [0, ),

=0 | ¢e[0,7] te[0,T]

hm{SW)MAﬂ—Udmm%w4wpﬂ@%@%—@m@mmw}ZO,

where
ug € WE(0,T, H* (1)) n C'([0,T], H**(I)) N C([0, T], Hp™*(I)) N Ly (0, T, HL™ (1))

15 a strong solution to

Y 0fug + Opug + BOsuo — (7 + al|Ozuol|3) Oue = ——— i (0,T)x I, (1.15)
(1 -+ UO)
supplemented with clamped boundary conditions
uo(t, £1) = Byup(t,£1) =0, te(0,7), (1.16)
and initial conditions
(u0778tu0)(0) = (uov’yul) ) rel. (117)
In addition,
1+z | 1 ?
li (62,2) = —F/——— Outhe(t, @, 2) = —————| ¢ d(z,2) =0 1.18

for all t € [0,T].
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The minimal existence time 7' > 0 depends only on the parameters from (1.7) and on «, ||u°]] 20,
[ pzr2e, and k. The convergence stated in Theorem 1.3 is unlikely to extend to arbitrary 7' > 0 in

general owing to the possibility of the occurrence of a finite time singularity as already mentioned.
Still, Theorem 1.3 holds true for any 7' > 0 if A, a, [[u’||ja+20, and [|u'|[gz+20 are sufficiently small.

Let us also point out the convergence of the whole family (u.).c(0,1) in contrast to the stationary
problem, where the convergence only holds for a subsequence. This is due to the uniqueness of the
solution ug to the limit problem (1.15)-(1.17).

The local well-posedness of (1.1)-(1.5) is established in [19] for a = 0, but the proof extends
to a > 0 as v — [|0,v]|30%v is a locally Lipschitz continuous map from H**?(I) to H*(I) for all
s > 0. Concerning the small aspect ratio equation (1.15)-(1.17), most available results are actually
devoted to the situation where both bending and self-stretching are neglected, that is, § = a = 0,
see [10,14,15,20-22]. As far as we know, the only contribution taking into account bending (5 > 0)
with clamped boundary conditions (1.16) is [18] and the proof of local well-posedness performed there
extends to the case a > 0, that is, to (1.15)-(1.17). The dynamics of (1.15) was also studied with
other boundary conditions, namely, pinned boundary conditions u(t, +1) = d?u(t,£1) = 0 in [5,11]
and hinged or Steklov boundary conditions u(t, +1) = 80?u(t, +1) — fd(1 — o)d,u(t, +1) = 0, d > 0,
in [5].

The last result deals with the parabolic version of (1.1)-(1.5) corresponding to the damping dom-
inated limit v = 0 when inertia effects are neglected.

Theorem 1.4. Let v =0, a = 0, and X\ > 0. Given 2a € (0,2) and k € (0,1) let u® € S2**(k).
Fore € (0,1) let (ue,.) be the unique solution to (1.1)-(1.5) on the mazimal interval of existence
[0,T%) with 1. :=1b,.. There are T >0 and ko € (0,1) such that TS, > T and u.(t) € S37>*(kg) for
all (t,e) € [0,T] x (0,1). Moreover, for any o' € [0, ),

lim sup |[us(t) — uwo(t)||y22er =0,

e=0¢e(0,7]
where

uo € C1([0,T1, Lo(1)) N C([0, T], HE>* (1))

s a strong solution to

Opug + BOug — 7O ug = —ﬁ in (0,T) x I, (1.19)
supplemented with clamped boundary conditions
uo(t, £1) = Byup(t,£1) =0, te(0,7), (1.20)
and initial conditions
up(0) = u | vel. (1.21)

In addition, the convergence properties (1.18) are still valid for all t € [0,T].

As before, the minimal existence time 7' > 0 depends only on the parameters from (1.7) and
on a, ||u| pzr2e, and k. It can be taken arbitrarily large provided A and || pzree are sufficiently
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small. The proof of Theorem 1.4 is similar to that of Theorem 1.3 and will thus be omitted. We
just mention that the local well-posedness of (1.1)-(1.5) for v = 0 and (1.19)-(1.21) are shown in [19]
and [18], respectively. Qualitative results on the behavior of solutions to (1.19)-(1.21) may be found
in [24,25).

2. THE RESCALED POISSON EQUATION

This section is devoted to the study of the stability of solutions to the subproblem (1.1)-(1.2) as
e — 0 when the function u belongs to a suitable class. In fact, given a function v € S; (k) for some
suitably chosen parameters ¢ > 1, s > 1, and k € (0,1), we carefully study the behavior of the
solution v, to (1.11) as ¢ — 0, paying special attention on the dependence upon v with the aim of
deriving eventually bounds that only depend on ¢, s, and k. As already mentioned such an analysis
has already been performed in [8,17] for ¢ > 2, s = 2, and « € (0, 1), but it is not applicable for the
proof of Theorem 1.2 for which we only have an H?-estimate as a starting point. However, as we
shall see below, if v is sufficiently smooth with vanishing derivative on the edges of I, bounds on v,
can be derived when ¢ = 2 and s € (3/2,2).

Proposition 2.1. Consider s € (3/2,2), v € (2—5,1/2), 0 € [0,1/2), and k € (0,1). There is a
positive constant Cs; = Cyy(s,v,0,K) such that, given € € (0,1) and v € S5(k), the corresponding
solution 1, to (1.11) satisfies

1
”wv - bv”L (22(v)) + azwv - S C(s g, (21>
’ L+ vlloe) —
0,0
D 021hy + —— + ‘ () I— | O A (2.2)
(1 +0)*{ 1,00 ) (1+0)* | o !
2 4(1—v)/(3—2v
HaszHLQ(Q(U)) < Oy et/ (2.3)
where
1+ 2

9:(0)(@) = €00 (2, v(@))|* + 10000 (w, v(@))]*  and  by(w,2) :

for (x,2) € Qv).

T + v(x)

The remainder of this section is devoted to the proof of Proposition 2.1. To give a hint on how we
proceed we first perform some formal computations in Section 2.1. A rigorous proof is then given in
Section 2.2. However, since some computations have already been done in [16] we shall not repeat
them here but only state their outcome.

2.1. A formal computation. Let x € (0,1) and consider v € S5(x) for some s > 3/2. We denote
the corresponding solution to (1.11) by ¥ = 1, and set

(@) = Op(x,v(x),  wel,
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assuming 1) to be sufficiently smooth so that the above definition is meaningful. We multiply (1.11)
by 0%t and integrate over Q(v). This gives

g? 02 0% d(x, 2) +/ 1029)* d(z,2) =0 .
Q(v)

Q(v)

At least formally, we infer from Green’s formula that

1
/ 5 024 d( / Oy 920, d(z, ) — / (00 020) (. 0(2))0u(x) da
Q(v) Q(v) _

1

+/_1 [0 22¢) (1,2) = (0u O29) (=1, 2)] d2.

Owing to the boundary condition ¥ (41, 2) = 1+ 2 we deduce (at least formally) that 92y (+1, z) = 0
for z € (—=1,0) and thus the last term of the right-hand side of the previous identity vanishes. We
then use once more Green’s formula and find

1
o2 9 d(z, z) = / 10,0.0P d(z, 2) + / (0t 9,0.0) (,—1) da
Q(v) —

Q(v)

—/ (00 0,0.¢) (z,v(x)) dx —/ (0u0 O20) (z,v(2))0pv(z) da

1 1
Now we note that ¢(z, —1) = 0 for z € I so that d,¢(z, —1) = 0 and that

0p () = 0,0:9(, v(2)) + Opv(x) O2p(w,v(2)) ,  wel,

again formally. Therefore the above identity reduces to

02 2 d - 9,00 d( 0( e Ym () dx
o0 a(es) = [ 0.0 a(e.2) = [ 0G0l

Finally, differentiating the boundary condition ¥ (x,v(z)) = 1 with respect to x € I gives
3&(%“(37)) = _7m<x)8xv(x) ) rel,

Q(v)

and we end up with

1
P 02 d(z, 2) = / 10,0, d(z, 2) + / ()04 (2) D0 () L
Q(v) -1

Summarizing we have

Q(v)

1

[ ol +10267] a2 = =2 [ n@m(@onte) da
Q(v) -1

Integrating the right-hand side of the above inequality by parts and using 0,v(£1) = 0 we conclude
that

1
/Q( | [£%10,0.0 > + 020 %] d(x,2) = 82—2/ Y (2)2020(x) dx . (2.4)

-1
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Note that the left-hand side of the above identity is equivalent to the Ly(€2(v))-norm of the gradient of
0.1. The key observation is now that the continuity of pointwise multiplication (see [1, Theorem 4.1
& Remark 4.2(d)])

HY(I)-HY(I) — H> (), 2-s<v<1/2,
and the properties of the trace operator guarantee that 72, € H*~%(I) with
172l oms < C vl vl ay < CQW)) 1001l 1 @0 0= | 20200
< C(Q)) 104817 oo 19 iy - (2.5)
Combining (2.4) and (2.5) we are led to
min{e?, 1} 0.0 71 wy) < C e |l joms 1020] o2 + 21090017, 0wy
< CQWNE 057 G 190 oy [0+ €2110:0117, 01 -

hence

min{e?, 1} 0.0 oy < C(v), 6)E20:0 )15 ey -

We have thus shown that the H'(Q(v))-norm of 9,1 can be controlled by its Lo(Q(v))-norm. It
remains to justify rigorously the above computations and show that the constant stemming from
the continuity of the trace operator which depends on Q(v) actually only depends on k. This is the
purpose of the next section.

2.2. Proof of Proposition 2.1. Let s € (3/2,2], x € (0,1), and v € S5(k). We denote the
corresponding solution to (1.11) by ¢ = 1), and recall that ¢ € H*(Q(v)) by [16, Corollary 4.2]. As
in previous works, to cope with the dependence of the domain on v we map the domain ©(v) onto
the rectangle Q2 := (—1,1) x (0,1) with the help of the transformation

1+ 2
T,(x,z) = (:c, m) , (x,v) € Qv) .
We then define
(I)(x777) - ‘Pv(%??) 3:¢0Tv_1($a77) —n=¢($>—1+77(1+v($))) -n, (575777) € ) (26)

and recall that ® € H7(Q2) for each o < s and 9,® € H'(Q2) according to [16, Proposition 4.1]. As a
consequence of (1.11) we realize that ® solves the Dirichlet problem

L,P=f, in Q, ®=0 on 00, (2.7)
the operator £, and the function f, being given by
1 2,2 2
Low = *0%w — 2e*n——-"" Orv(z) 0, 0qw e (@v(;c)) 8,2,w
1+ v(z) (1+v(z))

(2.8)
+ 82?7

1+ o(x
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RCAICO R (M)Ql . (2.9)

and

felemh = | 56 2 T

We now report some useful identities involving ®.

Lemma 2.2. We set V := 9,(1+1nv) = 0,v/(1+v) € H*Y(I) and T := 9,®(.,1) € HY?(I). Then
[ € H**(I) and there hold

9,® ||*
20,0 — Va2, 0 + H Pl =2 [v@sn @ - vae) de)
L) &
—62/97)\/2(13 d(z,n) , (2.10)
and
Q? = 20,0, — Voo o+ % | =* (R} + R3) (2.11)
: x0On o @) 1+v @) 1 2) .
with
1
Ri= 3 (0,V,T%) poa pro—s +/ V (8,0,® — V@) 0, d(x,n) , (2.12)
Q
Ry = (0, V,I') a2 pa-s — / nVZQ%(I) d(z,n) . (2.13)
Q

Proof. Tt first follows from the continuity of pointwise multiplication (see [1, Theorem 4.1 & Re-

mark 4.2(d)])
HY2(I)-HY*(I) — H°(I), 0<0<1/2,
that T'? belongs to H?([I) for all o € [0,1/2) and in particular to H* *(I).

To prove (2.10) and (2.11) we first handle the case where v is more regular, namely we assume
that v € H*(I) in addition to being in S5(x). We then multiply (2.7) by ® and integrate over €.
Using Green’s formula and the boundary condition ® = 0 on 0f), we obtain
0, P
1+w

20,8 — Vo, B2, g + H

2
=¢? / n(V?—9,V)® (1 - 9,®) d(z,n) .

L2(Q) Q

Moreover,

—/77<I>8xV d(z,n) :/W&c@ d(z,n)
Q Q

and, employing Green’s formula twice,

/77@8”(1) 0,V d(z,n) = —% / 20,V d(z,n) = / V&9, P d(x,n) .
Q 0 0
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Combining the above identities leads us to

0, ®
1+v

2
2|0, — Vo, + H

2
= g2 / Vo (0,® —nVa,®) d(x,n)
L2(Q) Q

—i—/nV (0,D+ V) d(z,n) .

We finally use once more the homogeneous Dirichlet boundary conditions of ® and Green’s formula
to prove that

[avie e =2 [ e den) - [ e den)
Q Q Q

= —/?72‘/2&7@ d(z, ) —/nVQ(D d(z,n)
Q Q

and complete the proof of (2.10).
We next infer from [16, Eqgs. (4.14)-(4.16)] that

2

02

1—|—U :82<R1—|—R2),

Ly ()

QQZgH@@¢_nv@¢mwn+H

with

Ri = / Ui (aacv - VQ) O ® 82@ d(z,n) ,
Q

Ry:/nmﬂévﬂﬁéaam.
Q

We then argue as in the derivation of [16, Eq. (4.17)] to show that R, coincides with Rf. Finally,
note that

Ry = / 0,V 0, (n0,®) d(z,n) — / 0,V 0,® d(x,n) — / nVZQ%(I) d(z,n)
QO 0 0

1 - 1
:/ amv[nanob]" daz—/ 8,V [®(x, 1) — ®(z,0)] dx—/nv2a§q> d(z,n)
—1 n —1 Q

1
:/ ro,v d:p—/nVQQ%(I) d(z,n) ,
-1 Q
so that Ry = R as claimed.

Finally, extending the validity of (2.10) and (2.11) to functions v belonging only to S5(x) is done
by an approximation argument as in [16, Section 4] to which we refer. O

Remark 2.3. The boundary conditions 0,v(+1) = 0 are used in the derivation of the identity
R =Ry, see [16].
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Proof of Proposition 2.1. On the one hand, one easily checks that the functions n — —nand g +— 1—n
solve (2.7) in ©Q with —np < ®(x,n) = 0 < 1 —p for all (z,n) € 9. We then deduce from the

comparison principle that
—n<®zn)<l-n, (z,n)eR. (2.14)

On the other hand, H*(I) is continuously embedded in C''([—1,1]) and H*"!(I) is an algebra since
s > 3/2. Thus, as v € S§(k), there is ¢;(k) > 0 depending only on s and « such that

[vllor vy + 1V lloo + IV ][ o1 < er(x) - (2.15)
It now follows from (2.10), (2.14), (2.15), and the Cauchy-Schwarz inequality that

2

0,®

e |0:® — V0, @7, ) + Hm

L2(Q)
2

< ?/ﬂ(@m@ —V0,®)* d(z.n) + 5 /Q V(@ +n)° —292] d(z,m)

2
19
< S 10:® = V0,2, + & VIl

2
5
< B |0, P — nV&fI)HZ(Q) +c(k)2%e? .

We have thus shown that
9,9 ||?

Tl s (216)

éuaé—nV@¢MﬂD+H
L2(Q)

We next estimate R}. Fix v € (2 — s,1/2). Then continuity of pointwise multiplication (see [1,
Theorem 4.1 & Remark 4.2(d)])

HY?(I) - H"(I) — H**(I)
and (2.15) imply that

[0V, D) prez oo | < N10:V |sre=2 | T[22 < |V llza=s IV g2 T re < ()T Lz IV Lz

We next use the continuity of the trace from H7(Q) in H°~/2(99) for all & € (1/2,1] and the fact
that the complex interpolation space [Ly(2), H'(2)], coincides with H?(Q) (up to equivalent norms)
to estimate I' and obtain

ITlere < cllog®@llm) and [Tl go-1/2 < cll0y®@llmeie) < cllOy@l|F o) 105l ) - (2.17)
Combining the above estimate with (2.17) for o = (2v + 1)/2 gives

’ <81“/7 P2>H5727H27s

2v+3)/2 1—2v)/2
< c(k) [0, ) 10,21l Ly
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Since € € (0,1) and v € S5(k) we further infer from (2.15), (2.16), and the definition (2.11) of @ that
2v 3 (2v+3)/ (1—-2v)/
[0V, T2 gz | < () (100, @500 + 10200 2405 ) 10,218 + () 10,210

(1—2v) /2

0, ®
1+v

< o()[0,0,® — nVO20|| 2 V"

L2(Q
(1—-2v)/

(2v+3)/ 2v43 2
+ ol (InvaRelEre)” + 2ol 2

e

0,
1+wv

+ c(k)

Lo ()
(2v+3)/2

2
8n(1>
1+wv

< <><Haa<1> e el +H

Q) 2
< (k) (—) R o o

3

) =272 4 ¢(k)e?

Lo(2)

hence

(0, V, 1) proz pra-s
, (2.16), the definition (2.11) of @, and the Cauchy-Schwarz inequality,
0,®
1+0

< e(r)eT QAN 4 ¢(k)e? (2.18)

Also, by (2.1

(2.15)
/ V (0,0, — nVO:®) 9,® d(z, n)‘ < 0u0]| 0 ||0:0,® — nV O
Q

ol | T,

<c(r)Q .
Recalling (2.18) we end up with the following estimate for R;:
Ri| < () [ Q2 1 Q 4 2] | (2.19)
We next turn to R} and first deduce from (2.15) and (2.17) (with o = (2v + 1)/2) that
(0:V, D) o2 2o | < |[0:V || o2 [T 1125 < () [ T]| 12w

21/ 1 2 1 21/ 2
< c(w)l|0, @5 ) 1o, @l )

Arguing as in the proof of (2.18) leads us to

0V, T o2 pyo—s| < (k)™ QP2 4 ¢c(k)e . (2.20)
In addition, it follows from (2.15), the definition (2.11) of @, and the Cauchy-Schwarz inequality,
< c(r)Q

L2(2)

] / V25 d<x,n>' <V Bu0]lee

which gives, together with (2.20),
R5| < (k) QP2+ Q+¢] . (2.21)



14 PHa. LAURENGOT AND CH. WALKER
We now infer from (2.11), (2.19), and (2.21) that
Q2 < C(/‘i) [8172I/Q(2I/+3)/2 _'_827211@(21/4’1)/2 +€2Q +83 —|—€4}

and further deduce from Young’s inequality (using 2v + 3 < 4 and ¢ € (0, 1)) that

2 2
s @ 80-v)/G-2) , 3, 4] - & 8(1-v)/(3—2v
Q §7+C</€)[8( WE-2) 4 ¢ +s}§7+c(fc)s( )@=

Recalling (2.16) we have thus established that
10, — V0, B0 + HHU LS, (22

1
0,0,® — nV O, D = < (1=2)/(3-2) 2.23
I WOy * 2 | T, ) = 0 , (2:23)

with 1 — 2v > 0. Several consequences can be derived from (2.22)-(2.23). First, it readily follows
from the boundary condition ®(z,0) = 0 for all € I that

1
b= (00w ds.  mmeo.
0
which, together with (2.22), gives
1P| o) < 1107 @l o) < (ke (2.24)

Another straightforward consequence of (2.15), (2.22), (2.23), and the continuity (2.17) of the trace
operator is

ITnre < €119, ®] gy < )22 (2.25)

Now, owing to the relationship (2.6) between ® and v, we realize that, for (z,2z) € Q(v) and
n=(1+2)/(1+v(z)),

1 _ anq)(xan)
0:4(@,2) = 1+v(x)  1+w(n)
2 T.2) = 82(1)@7777)
8,21/1( ) )_ (1+U(ZL‘))2 .

Combining these formulas with (2.22)-(2.24) leads to (2.1), the first part of (2.2), and (2.3). As for
the second part of (2.2) we first recall that, thanks to (1.11), there holds ¢ (z,v(x)) = 1 for x € I
from which we deduce that 0,¢(x,v(z)) = —0,v(2)0.¢(x,v(x)), v € I. Thus
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Given o € [0,1/2), continuity of pointwise multiplication (see [1, Theorem 4.1 & Remark 4.2(d)])
Hl/Z(I) . Hl/Q(I) — H(1+20)/4(I), Hs—l(I) . H(1+20)/4(I) N HU(I)
and (2.15) entail that

1
SRR

1
(L+0)? | framr
< ()T llmar2l|2 + Tl gz + e(k)e® 11+ Tl -
Therefore, thanks to (2.25),
1
3 V) = 7777+ —_
’g( ) (1+v)? | o

which completes the proof of (2.2). O

IT@2 + D)l asenrs + X[V [(1+T)* [l sz

Heo

C<K/)€(172u)/(37211)

Y

Remark 2.4. As already mentioned, estimates similar to (2.22) and (2.23) have already been derived
in [8, 17] when v is more regular, namely v € S(k) for some ¢ > 2 and r. The estimates obtained
therein are better in the sense that they involve higher powers of €. A rough explanation for this
discrepancy is that we use several times Green’s formula in the proof of Proposition 2.1 to handle
less regular functions v. This procedure somewhat mizes the x-derivative and n-derivative which do
not decay in the same way with respect to € and results in the weaker estimates (2.22) and (2.23).

3. SMALL ASPECT RATIO LIMIT: THE STATIONARY CASE

Fix ¢ > 2. Starting from the outcome of Proposition 1.1 the first step of the proof of Theorem 1.2
is to establish bounds on (A,¢, u,e, ¥, ) which do not depend on ¢ small enough.

Lemma 3.1. There are C; > 0, ko € (0,1), and g9 > 0 such that, for € € (0,&),

— 14+ ko <upe(z) <0, re|[-1,1], (3.1)
1

Ao+ [[tpellmz < P (3.2)
! dz

0<o0— — < (et 3.3

<o- [ i G (33

Proof. Setting
K'={veH}I): -1<v<0in I},
we recall that &€, . € C(K') by [16, Proposition 2.7] and satisfies

1 1
dx dz
<& .(v) < 1 +eYo0)?) —— ! 4
/_11+U_5,<v)_/_1(+s| of) 15 vekt, (3.4)
see [16, Lemma 2.8]. Introducing ¢(z) := —(1 — 2?)?, = € I, it readily follows from the continuity of

& and (3.4) that 0 — &, (A¢) continuously maps (0, 1) in (2, 00). Consequently, thereis §,. € (0, 1)



16 PHa. LAURENGOT AND CH. WALKER

such that & .(6,.¢) = o and thus 0, .¢ belongs to the set A, introduced in (1.13). The variational
characterization (1.12) of u,. then entails that

gm(ug,a) < gm(eg,egb) < 5m(¢) . (35)

Furthermore it follows from [19, Equation (6.12)] that there are g > 0 and A > 0 such that (1.1)-
(1.4) has no stationary solution for A > A and ¢ € (0,¢(). Consequently, \,. € (0, A] for € € (0, )
which, together with (3.5), gives (3.2).

Next, since u,. € A, ., we infer from Proposition 1.1, (3.2), and [16, Lemma 3.3] that

2
K
_ : 0
0 =maxu,. > minu,, > —1+

(1,1 X 0(2k0 + 0)*
whence (3.1) by making o smaller, if necessary.
Finally, using again that u,. € A, ., we deduce from (3.1), (3.2), and (3.4) that

2 2

1 1 2

dz Oy g€

0<o- [ <o [ Bted gy < S jou,0p <
-1 1 + Upe —1 1 + Uge ko

2l

Y

which completes the proof. O

Thanks to the just derived bounds and the analysis performed in Section 2 we are in a position to
prove Theorem 1.2.

Proof of Theorem 1.2. Owing to the compact embedding of H?(I) in H*(I), s € [1,2), and in
C*([-1,1]), we infer from Lemma 3.1 that there are a sequence (g4),>1 with ex — 0, A, € [0, 1/ko],
and u, € H(I) such that

Uye, — U, in H*(I) (3.6)
and
Jim {Xoer = Aol + lluge, — ullrs + e, — wollorq-,} =0 (3.7)
for any s € [1,2). It readily follows from (3.1), (3.3), and (3.7) that

! dx
1 tuy(x) O
1 4

Now, fix s € (3/2,2) and v € (2 — s,1/2). According to (3.1) and (3.2), u,., belongs to S;(k) and
we infer from Proposition 2.1, (3.1), and (3.8) that, for o € [0,1/2),

—1+ ko <uy(r) <0, xzel, and / (3.8)

(o) 1 < ge, () ! n 1 1
u - U _ _
Gei\Ugpey, (14 up)? || go — Gei \Ugpey, 1+ e )? || 10 (It upe)?  (1+up)?|,.
< C(ﬁo)gl(glfzu)/(:sfn) ‘ (24 u,+ ug,gg)(ug — UQQM)
(14 g, )* (1 + up) e

< o) [0 o fug = g | -
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We then deduce from (3.7) that

1
(14 u,)?

for all o € [0,1/2). Thanks to (3.7) and (3.9) it is now straightforward to pass to the limit as e, — 0
in the equation solved by u,., and conclude that u, is a weak solution in H3(I) to (1.14). However,
since the right-hand side of (1.14) belongs to H%(I), classical elliptic regularity results entail that
u, belongs to H} (1) and is a classical solution to (1.14).

To check the minimizing property of u,, we consider v € A, and observe that the function
¥ +— &, -(Yv) continuously maps (0, 1] onto (2, &, (v)], while o < &, .(v) for € > 0 according to (3.4).
Consequently, there is ¥,. € (0,1] such that &,.(J,.v) = p, that is, J,.v € A,.. Recalling (1.12)
gives

lim
k—o0

=0 (3.9)

HO’

Gey, (ugvsk) -

Em(tge) < Em(Upev) < En(v) -

We then use the lower semicontinuity of &, and (3.6) to conclude that &,,(u,) < &,(v). This
inequality being valid for all v € A, , we have thus proved that u, is a minimizer of &,, on A, .
Finally the stated convergence properties of ¢, ., readily follow from Proposition 2.1 and (3.7). O

4. SMALL ASPECT RATIO LIMIT: THE EVOLUTIONARY CASE

We next focus on the vanishing aspect ratio limit for the evolution problem (1.1)-(1.5). As pointed
out in the introduction, the proof of the parabolic case v = 0 stated in Theorem 1.4 is similar to
(actually, simpler than) the hyperbolic case v > 0. We thus only treat the latter and may assume
without loss of generality that v = 1. As a first step we recall the well-posedness of (1.1)-(1.5) which
is established in [19]. Let 2a € (0,1/2) and consider the Hilbert space Hy, := H%*(I) x H¥*(I) and
the (unbounded) linear operator A, on H, with domain D(A,) := Hp™*(I) x H3™*(I) defined by

0 —w!
Aw = , w= (v, w') € D(A,) .
B — 702w’ w!

According to [2, Chapter V] and [3] the operator A, generates a strongly continuous group (e~ ),cg
on H, and [13] entails that the damping term provides an exponential decay, that is, there are M, > 0
and w > 0 such that

le |y < Mac™, £>0 . (4.1)
Let e,A >0, a > 0, and fix k € (0,1). Consider u := (u°, u') € D(A,) such that
1
u’ € S3%(k)  and  [jut| g2 < — (4.2)

By [19, Corollary 3.4] there is a unique solution (ue, ) with ¥. = 1,_ to (1.1)-(1.5) defined on the
maximal interval of existence [0, T},) satisfying

U; = (Ueaatue) S C([OaT;;)vHa) ’ min u€(t7‘r) > _1’ te [O’T;;)’

z€[—1,1]
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and .
u.(t) = e Heu —i—/ e t=ha [ (u(s))ds, tel0,T5), (4.3)
0

where
0
Folw) = (—Age<w°>+a||8xw°||%aiw°) » wela (44

After this preparation let us begin the study of the behavior as ¢ — 0 by noticing that, setting
Ko := k/2 € (0,1/2), the continuity properties of u. and (4.2) ensure that
T° :=sup {t € [0,T5) : u(s) € S37%(ko) and [ dyuc(s)|/gze < 1/kq for s € [0,¢]} >0.  (4.5)

Thanks to the continuity of the embeddings of H****(I) in W2([I) for some ¢ > 2 and in WL ([)
(the latter with embedding constant denoted by ¢;), the definition of 7° guarantees that there is a
positive constant K depending only on x and « such that, for all € € (0, 1),

Atk <ultr) <L, (ta) e, T) x [-1,1], (4.6)
Ko
lue@llwzcry + lue@llwym < Ky t€1[0,17). (4.7)

The next step of the proof is to show that 7° (and thus also T7,) does not collapse to zero as
e — 0, so that the solutions (u.,:).c(0,1) have a common interval of existence.

Lemma 4.1. (i) There is T >0 depending only on X, «, a, k, and ||u°||p@,) such that T >T
for all e € (0,1).
(ii) There is § > 0 depending only on o and k such that T¢ = T7, = oo for all e € (0, 1) provided
(A, a, [|Au |, ) € (0,8) x [0,0)2.
Furthermore, there is Ky > 0 depending only on k and o such that

1ge (el g2e < K2, £ €[0,T7) . (4.8)

Proof. Let ¢ € (0,1) and ¢ € [0,T%). Since 2o € (0,1/2) and u(t) € S22 (ko) C ST (1) we
infer from Proposition 2.1 (with s = (3 + 4«)/2 and 0 = 2«), (4.6), and (4.7) that

e (ue(t)) — ——

[1ge (ue(t))]] oo < [EDROE

. H 0+ w(0)?

H2x
<Cy+C |l < K. 4.9
’ "1+Ue (t))? wL o ’ (49)
for some positive constant K3 depending only x and «, hence
[Fe(ue()llg, < A+a)Ks,  t€[0,T7), (4.10)

with a possibly larger constant K3, but still depending only on o and . Recalling that

t
e thay? — 0 = —/ e e pulds, t>0,
0
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it follows from (4.1), (4.3), and (4.10) that, for ¢ € [0,T7),

hac(t) = W[l < [l u” —u’fy, +/0 le™ % Fu(ue(s))[, ds

< % (1— ) (JAauli, + (A + a)Ks) - (4.11)

Combining this estimate with (4.2) further gives
ue(t, ) = u’(z) +u(t,r) —u’(x) > =1+ K — |Juc(t) — u")| s

> 1+ K —crfuc(t) — u’lls,

M
> 14+ k- ::cj (1= et (| Aau®|lss, + (A + a)K3) (4.12)

for (t,z) € [0,77) x [-1,1].
On the one hand, if T" is chosen such that

% (1 _ e—wT) (HAQUOHHQ + (A + a)Kg) < min{

Kk 2cr

2—\/§ /{}

then we deduce from (4.11) and (4.12) that, for t € [0, T),

e @)l = /e (8) [ Zai20 + [1001c(8) [ <

1

while .
ue(t,x)>—1+l-€—§:—1+/{o, xe[-1,1].

Consequently, u.(t) € S372%(kg) and ||Oyue(t)||g2e < 1/ko for all t € [0, T'). We have thus shown that
T¢ > T and completed the proof of the first statement of Lemma 4.1.
On the other hand, let 6 > 0 be such that

M, 92— /2
—(1+2K3)5<min{ \[,i} ,
w K 2cy

and assume that A € (0,4), a € [0,6), and [|A,u’||g, € [0,5). Arguing as above we realize that, for
all t € [0,7°), there hold
1
u(t) € S37* (ko)  and  ||Opuc ()] g2 < —
0

which entails that 7% = oo and also that 7, = 0o as claimed in the second statement of Lemma 4.1.
Recalling (4.9) completes the proof of Lemma 4.1. O

Proof of Theorem 1.3. According to Lemma 4.1

T° := inf T°>0.
€€(0,1)
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Fix T € (0,7°). Recalling the definition (4.5) of T, we realize that
the family (uc)eco1) is bounded in C*([0,T], H**(I)) and in C([0,T], H*"*(I)) . (4.13)
Also, since
Ou. = —Ou. — BOyu. + (7 + a|Opuc)3) Pus — Age(u.) ae. in (0,T) x I
according to (1.3) and [19, Corollary 3.4], we infer from (4.8) and (4.13) that
the family (yuc)eeo,1) is bounded in C'([0, 7], H**7*(I)) and in C([0,T], H**(I)) .  (4.14)

Thus, given 20’ € (0, 2a), it follows from the compactness of the embeddings of H?*2*(I) in H>*>*'(I)
and in WL (1), that of H?*(I) in H?*'(I), and the Arzela-Ascoli theorem that there are a function

ug € C([O’T]’ H2+2a,(1)) N Cl([O’T]’ HQO/(I))

and a sequence (ex)g>1 of positive real numbers with £, — 0 such that

lim { sup ||lue, (t) — uo(t)|| ez + sup] ||lue, () — uo(t)HWC}o} =0,
T

k=00 | efo0,17] tel0 (4.15)
lim sup ||Qpue, (t) — Oruo(t)] g2ar =0 .
k=00 4ei0,17)
In particular,
lim sup ||ue, () —ue(t)||m, =0 with wg := (ug, duo) . (4.16)
k=00 4ei0,17]
A first consequence of (4.6) and (4.15) is
Atk <upt,r) <L, (ta)e[0,T] x [~1,1] . (4.17)

Ro

It also readily follows from Proposition 2.1 (with s = 2 — «a, v = 2a, and 0 = 2a/), (4.6), (4.15), and
(4.17) that

1 (1—4a)/(3—4a)
SUp || ge, (Ue, (1) — ——— <Cye
S {192 (e ) = e s < G0 S
1 1
+ C sup — H
refo 7] || (1 +ue, (1))> (1 +uo(?))? ||y

with right-hand side converging to zero as kK — oo, hence

0

—m + al|dyuo||3 Bzug

F. (u.,) — Fo(ug) ==

in C([0,7],H).
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We are then in a position to pass to the limit as e, — 0 in (4.3) and deduce from (4.16) and the
above convergence that

t
uy(t) = e Ao +/ e~ R F(ug(s))ds , te€0,T]. (4.18)
0

In other words, ug is a mild solution in Hl, to
@uo + AO/UQ = F()(llo) s t e (0, T] s 110(0) = 110 . (419)

Furthermore, H, is reflexive and Fj is a locally Lipschitz continuous map from S22 (k) x H?* (I)
into itself. Thus, since u’ € D(A,/), we infer from [28, Theorem 6.1.6] that u, is actually a strong
solution to (4.19), that is, ug € L(0,T, D(A,/)) is differentiable a.e. with dyuy = (Qyug, dug) €
L1(0,T,H,). Therefore, uy is a strong solution to (1.15)-(1.17). Finally, the stated convergence of
the sequence (¢, ) readily follows from (2.1) and (4.16).

In fact, we have so far proved Theorem 1.2 only for a sequence (). However, the strong solution
ug to (1.15)-(1.17) is unique, see [18] for a proof when a = 0 which extends to the case a > 0. This
ensures that the whole family (u.).c(0,1) converges, thereby completing the proof of Theorem 1.2. [J
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