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ABSTRACT

Uniform circular arrays are popular in direction finding ap-
plications because they show to be isotropic, i.e. they exhibit
the same accuracy (in terms of the Cramer-Rao bound) at
all possible planar look directions. We prove that this is not
absolutely true if the constituent sensors are not isotropic.
For instance, we specify how the anisotropic sensors should
be directed and how many are needed in order to ensure
an isotropic behavior of the array. We study, in more de-
tails, the performance of arrays of cardioid sensors, including
anisotropic arrays of cardioid sensors.

Index Terms— Cramer Rao bounds, direction-of-arrival
estimation, Cardioid sensors

1. INTRODUCTION

Estimating the direction-of-arrival (DOA) of a remote source
is best achieved by means of arrays of sensors. Snapshots de-
livered by the sensors differ in phase, in a way that depends
on the source DOA. In the single source case, most estima-
tion algorithms achieve (near) optimality, i.e., achieve a Mean
Square Error (MSE) close to the so-called Cramer-Rao Bound
(CRB). These include the high-resolution MUSIC algorithm
[1] and the low-resolution beam-forming algorithm [2].

In general, estimation accuracy is different from a look
direction to an other, and this depends on the way sensors are
placed. Only some array geometries will lead to the same ac-
curacy at all possible planar look azimuth directions, forming
the so-called isotropic arrays. This is a very desired property
of antenna arrays, especially for surveillance applications [3].
Such arrays include the (trivial and very popular) Uniform
Circular Array (UCA) [4] and the (less trivial and more re-
cent) V array [5]. However, it should be mentioned that the
CRB has been proved to be azimuth-independent only in the
case of arrays of omni-directional sensors [5].

Following a plausible intuition, a UCA of anisotropic (di-
rectional) sensors is still isotropic if the constituent sensors
are pointed in the direction center-to-sensor [4, 6, 7]. This is
suggested by the apparent circular symmetry of so-disposed
array. However, because of the finite number of sensors, the
UCA is not rotationally-invariant, as will be clarified in this

Jean Pierre Delmas

Samovar lab, Telecom SudParis, CNRS
Université de Paris Saclay, 91011 Evry, France
jean-pierre.delmas @it-sudparis.eu

paper. Formally, we prove that the UCA is not isotropic until
a sufficient number of sensors is deployed. We give the exact
minimum required number of sensors and the exact expres-
sion of the so-achieved DOA-independent CRB.

The paper is organized as follows. In Sec. 2, we introduce
the observation model and develop expressions of the CRB.
In Sec. 3, we address UCAs of directive sensors of a partic-
ular geometry that is often reported in the literature as being
isotropic. We attenuate these claims and show additional re-
quirements for this to be true. For illustration purposes, we
study in details the case of arrays of cardioid sensors. Finally,
a conclusion is given in Sec. 4.

2. SIGNAL MODEL

A number of M sensors is deployed in the [O,z,y) plane
to form an antenna array. Sensor m is located at point P,,,
at a distance OP,, = p,, A from the origin O and such that
[0, P,,) forms an angle ¢,,, with the [O, ) axis. A far-field
coplanar source is pointing at the array from the angle 6, mea-
sured counter-clockwise from [O, x). It is emitting a narrow-
band signal s(t) of wavelength A in the direction of the array,
so that the array delivers, at time index ¢, a vector-valued out-
put
x(t) = a(0)s(t) + n(t)

proportional (but noise-corrupted) to the DOA-dependent so-
called steering vector a(f) whose m-th component is given
by

[a(0)]m = gm(0) exp [j27pm cos (0 — dm)] - (1)

Sensor m is not necessarily omni-directional and g, (6) ex-
presses the directive response of sensor m. For obvious prac-
ticality reasons, one unique type of sensors will be used with
a different orientation at every sensor:

9m(0) = g(6 — ¥p,), for some angle ., .

A group of N such snapshots (x(¢))¢=¢, ...+, is collected and
used to estimate the DOA 6 of the source. Given the plethora
of estimation techniques, the CRB [9] is often used to eval-
uate the estimation accuracy, as it is algorithm-independent.



It, actually, represents the lowest MSE achievable by an un-
biased estimator which is achieved (in the single source case)
by many popular algorithms in practical systems [3]. Under
the standard deterministic assumption, the CRB concentrated
on the parameter 6 only is compactly expressed as

0.2

CRB()) = 57

F=H(9),
where 02 and o2 denote, respectively, the signal and noise
power and

2 (0)a' (6)?

F(9) = [la'(0)]* — @]z

2
is power-independent [8] with a’(8)=da(6)/d6.

3. THE UCA ARRAY GEOMETRY

The UCA is made of M > 3 sensors placed uniformly along
the circle, i.e. at angles ¢, = 2nr(m—1)/M,m=1,---, M.
The circle radius is RA where

- r

2 sin (%)

ensures a constant inter-sensors spacing equal to p, usually
chosen in order to limit array ambiguities and/or inter-sensors
coupling [4]. If the array is made of directional (very often
symmetric as well) sensors, a problem arises about how to

point the sensors. For the sake of isotropy, the main lobe is
oriented in the direction opposite to the circle origin:

gm(o) = 9(9 - ¢m)

3

This design has been adopted in [4, 7, 6] but the assumption
that the so-constructed array is isotopic is not supported by
other than loose geometric argumentation. In this paper, we
will remedy to this by a proper and rigorous analysis.

3.1. UCA of Symmetric Sensors

In practice, sensors response often verifies to be symmetrical
(even) patterns ¢(#), i.e.

9(0) = g(=9). O]

Added to the fact that response g(f) is, by definition, 27-
periodic, we can write, without loss of generality,

9(0) = g0

K
1+ Z by cos(k@)} , (5)

k=1

where (b )r=1,.. .k satisfy 1+ Zszl by cos(k@) > 0 for all §
and also b; > 0,..., bxg—1 > 0 and bx > 0, hence assuring a
maximum gain in the 0 [DEG] look direction.

By extensive use of the Euler relation

iftk/M eZ
k otherwise

M
S expljken) = { ! ©)

m=1

we prove in Appendix 5.1 the following result.

Result 1 [f the directive sensors have symmetric responses
satisfying (5), then the UCA made of M of such sensors is
isotropic if M > 2(K + 1), with

K

F
2 0 _ Z k*b; + m*R? (44 b7 — 4b20k>2
k=1

Mg3

K K
+ 2052y b} —20k>3 Y mm) (7

k=2 1=3
where 6 o = 1 if A is satisfied and 0, otherwise.

This result applies to the UCA of omni-directional sen-
sors known to be isotropic if M > 2 [5]. This result proves
that a UCA with directional sensors can still be isotropic if
the number M of sensors is sufficiently large whatever their
directivity.

Note that there is no direct relation between the directivity
of the sensors defined as in [4] by

maxg g2(6)
L Jo " 9%(0)do

27 Jo

D=

and the minimum number of sensors that enables the isotropy
of the UCA, except for specific families of patterns. For ex-
ample, for the radiation pattern

go(1+ cos(@))K

studied in [4], the minimal number 1 + 2(K + 1) of sensors
to assure isotropy increases with the directivity proved in Ap-
pendix 5.2 to be given by

24K

T K (2K)122E-0
2=0 P RE=D)

®)

which gives for example:

K 1 2 3 4
D | 266 | 3.66 | 443 | 5.68

If M < 2(K + 1), the UCA is no longer isotropic and
the fluctuations of F'(6) (with €) increase with the directivity
of the sensors. This is illustrated in the next section for the
cardioid sensors.



3.2. UCA of Cardioid Sensors

Cardioid sensors, of frequent use in acoustic systems [11], are
ones that verify (5) with K = 1 thanks to a directive response
of the form

9(0) = go[1 + B cos(0)],
where 8 € [0, 1]. Sensors directivity

_2(1+8)?
242

increases with S from 1 to 8/3. By application of (7) in the
Result 1, the UCA of cardioid sensors is isotropic if made of
5 or more sensors. Then, it verifies

_ Mgj

() = =

[62 +7T2R2(4 +62):| ,
consistently with the deterministic CRB for omni-directional
sensors (8 = 0) given in [5] as

o2 sinQ(L)

_ n M
CRB(O) = o2 onige

For completeness, in order to also address non-isotropic UCA
of cardioid sensors, we prove in Appendix 5.3 the follow-
ing expressions for arbitrarily sized UCA of cardioid sensors
where R is given by (3)

2 (6)

e = {62 + cos?(6) [7r2p2 (4 + 62)
0
B2 + 4m?p? - _
— ﬂQW}}Mm (9),M72 (9)
)
= 72p? {4+ 3% — 4 cos (36) — 54%5(239)}
+ 38%, M=3 (10)

= 4% +47%p* [2+ B%sin® (20)], M =4 (11)

)
T\

Dependence of F'(#) on the DOA angle 6 is illustrated in Fig.
1. It shows that the UCA made of more directive sensors
(i.e., with larger values of 3) suffers larger fluctuations in its
estimation accuracy. Notice that we should not forget that the
larger fluctuations are compensated by larger absolute values
of F(#) (and smaller CRB), which can not be seen on the
figure because of the normalization.

= M . M > 4.(12)
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Fig. 1. F () (which is inversely proportional to the CRB), normal-
ized to its peak value maxg[F'(6)], for all possible source DOAs.
The UCA, whose size is shown in the legend, is made of cardioid
sensors such that 3 = 0.4 in (a) and 8 = 0.8 in (b).

4. CONCLUSION

Contrarily to a widely-spread idea, UCAs are not systemati-
cally isotropic. They do not always exhibit the same DOA ac-
curacy at all look directions. They are isotropic only starting
from a minimum number of sensors. The minimum required
number of sensors is obtained by (the order of) the Fourier
series of the sensor response.



5. APPENDIX

5.1. Proof of Result 1

Rewriting (1) as [a(0)]m=1
comes:

oot M = Gm eXp(ij), eq. (2) be-

Zg +ngm

m=1
M M
(1 9mgm)® + (et 9mTi)?
M
Zm:l gm

with g/, =dgy,/d0 and 7} =dT,,/db.
Euler identity (6) implies the following

E Sll’l

)

)J=0forM >k>1

M
> sinfk(0—m)] cos[l(0— )] = 0 for M >k +1>2

Om)] cos[l(0—dpm,)]

=0forM >1+k+1>3,

— ¢m ) cos[k(0—

which allow us to expand the sums

M M
(D gmgr)? and (D gm)’
m=1 m=1

and to prove, after simple algebraic manipulations that:

M 2 M 2
" (0)a' ()] = (Z gmg§n> +<Z g;i%)
m=1 m=1

= 0 for M >2K + 1.

Now, using the following equalities

M

¢m)] sin [Z (9 - (bm)]

sin[k(6—

m=1

M
Z ¢m COs [Z (9 - ¢m)]

m=1
_f M/2 forM>k+1>2andk =1
10 forM >k+1>2andk #1

)

M/2 forM >k+2>3andk =2
0 forM >k+2>3and k # 2

—¢m)] cos[k(0—

E COS

Om)] cos[l(0—dm)] =

m )] cos[k(0—

E COS

m=1
M/4 forM >k+1+2>4andk=1=1
M/4 forM >k+1+2>4and|k—1[|=2 ,
0 for M >k+1+2>4,|k—1] #2,1#1, k#£1

we expand the two sums

M
Z g/ and Z gm m
m=1

to end the proof of Result 1.

5.2. Proof of the directivity (8)

Clearly maxg g3(1 + cos())* = 22542 Then applying

two times the binomial equality to

(14 cos(0)* = 52+ (77 +e777)?K,

22K
we obtain:
2Kk
2K\ (k\
(1+cos(6) = 5% [2222K k< ><€>e](2lk)0‘| .
k=0 ¢=0

Using the Euler relation (6),

1 [ 1 & 2K (2n
_ 1 0 2Kd9 _ = 22(K—n)

27 Jy (1+cos(9)) 22K 7; 2n n

with (§)= W concludes the proof.

5.3. Proof of equalities (9)-(12)

Using again (6), we prove after tedious algebraic manipula-
tions that

Ha(a)“Q ]_<|»(Y)‘]\47 COS(29)
A = 9(2)+g(2)52+’
,aH(Q)a/(H) = 0,M>3
3
= jgnggﬂQ sin (36),M =3
= g2B (B +4jmR)sin (20), M =2
/ 0 2 2
l=OF goﬁ PR+ ) 0 2
_ goﬁ +mR%g3 [2+ 6% sin®(26)], M =4
2
905 7T23290 24+ %—26(:05 (30)|,M =3

= goﬂQ sin® (6) + 7r2R2g(2) (4+62) sin? (20), M =2

where §;; = 1if ¢ = j, 0 otherwise. The above can be used to
calculate F'(0), as expressed by (2), leading to the expressions
(9-12).
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