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ON THE VERSHIK-KEROV CONJECTURE CONCERNING
THE SHANNON-MCMILLAN-BREIMAN THEOREM
FOR THE PLANCHEREL FAMILY OF MEASURES
ON THE SPACE OF YOUNG DIAGRAMS.
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1. INTRODUCTION.

1.1. The Vershik-Kerov Conjecture. Let n € N and let Y, be the set of
Young diagrams with n cells. For A € Y,, let dim A be the dimension of
the irreducible representation of the symmetric group on n elements corre-
sponding to A. The Plancherel probability measure [P/ ™ on'Y, is given by
the formula
dim? A

n!

In 1985 Vershik and Kerov [17] showed that there exist two positive con-
stants aq, o such that

lim PI™{X € Y, : a;v/n < —logPI™(\) < apv/n} = 1.
n—o0o

PI™M(\) =

. . _ ()
and conjectured that the sequence of random variables %(’\) con-

verges to a constant according to the Plancherel measure.
The main result of this paper is the proof of the Vershik-Kerov conjecture:

Theorem 1.1. There exists a constant H > 0 such that for any € > 0 we

have
gg}:l.

Corollary 1.2 (Asymptotic Equidistribution for the Plancherel Measure).
For any € > 0 there exists ny > 0 such that for any n € N, n > n, there
exists a subset Y, (¢) C Y,, with the following properties:

(1) The cardinality #Y,,(¢) of the set Y, (¢) satisfies the inequality
U= <y () < e(HHOVE
(2) Foreach A € Y, (¢) we have
e~ (H+e)yn < IP’Z(”)()\) < e~ (H=e)vn

log PI™ ()

(1) lim P{™ {)\ €Y, : |H + 7

n—o0

Theorem [I.1|immediately implies
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Vershik and Kerov have suggested to call H the entropy of the Plancherel
measure. Numerical experiments allowing to estimate the entropy H of the
Plancherel measure are given in [[19]. An explicit formula for H is given

below in (I3).

1.2. The Shannon-McMillan-Breiman Theorem. The term “entropy” is
suggested by the following analogy. Let W (/N) be the set of all binary
words of length N. Take p € (0, 1), and let Py, be the Bernoulli measure
which to a word w € W (V) with k zeros assigns the weight

Pyp(w) = p" - (1=p)"7*
Let
H(p) = —plogp— (1 —p)log(l —p)
be the entropy of the Bernoulli measure. Shannon’s Theorem then says that
for any p € (0,1) and any € > 0 we have
log Py, (w) o }) _o

]\}I_IE;O]PN’p ({w e W(n): N + H(p)

Using Kolmogorov’s Strong Law of Large Numbers, Shannon’s Theo-
rem can be strengthened to a pointwise statement, the Shannon-McMillan-
Breiman Theorem (for a detailed discussion of the Shannon-McMillan-
Breiman Theorem see e.g. [6], [7], [14]). Similarly, Vershik and Kerov
have given a pointwise analogue of their conjecture. Let T(Y) be the space
of infinite Young tableaux, that is, infinite directed paths in the Young graph

starting at the origin. The sequence <Pl(")> gives rise to a natural
neN

Markov measure on T(Y); that measure is denoted P/ and called the Plancherel
measure on T(Y) (see [17] for details). Vershik and Kerov conjectured that
for Pl-almost all paths

(A, en € T(Y)

we have

lim log PI(™ () _ 7
n—oo \/ﬁ
The pointwise conjecture remains open.
Convergence in L, for p < oo, on the other hand, can be obtained si-
multaneously with the convergence in measure. Let K~ stand for the
expectation with respect to the Plancherel measure.

Corollary 1.3. There exists a constant H > 0 such that for any p, 0 < p <

00, we have
p

log PI™ (\)

H
MY

lim E, x
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Indeed, by the Euler-Hardy-Ramanujan Formula, the number of Young
diagrams with n cells does not exceed exp(27+/n/v/6), whence

P {)\ : —10%5”)()\) > K} < exp((—=K + 27 /vV6)v/n),

and Corollary [1.3]is immediate from Theorem[I.1].

1.3. Outline of the Proof of Theorem [1.1} The first step, due to Vershik
and Kerov [17], is a variational formula for the normalized logarithm of the
Plancherel measure (see Subsection @ Using the hook formula, Vershik
and Kerov represent the normalized logarithm of the Plancherel measure
as a special double integral, called the hook integral. The hook integral
admits a unique minimum — the Vershik-Kerov-Logan-Shepp limit shape.
The Vershik-Kerov variational formula (2)) is an explicit expression for the
quadratic variation of the hook integral.

The next step is the Theorem established, independently and simultane-
ously, by Borodin, Okounkov and Olshanski [3]] and Johansson [9], which
claims that the poissonization of the Plancherel measure is the discrete
Bessel determinantal point process. Using this Theorem, Borodin, Ok-
ounkov and Olshanski showed that local patterns in the bulk of a Plancherel
Young diagram are governed by the discrete sine-process.

The Vershik-Kerov Variational Formula has two types of terms: the local
terms and the nonlocal terms. For the local terms, the Borodin-Okounkov-
Olshanski Theorem is averaged along the boundary of the Young diagram,
and it is shown that the normalized number of appearances of a given lo-
cal pattern in a Young diagram converges to a constant with respect to the
Plancherel measure (Lemma . In particular, for £ € N, it is shown that
the normalized number of cells with hook length k converges to a constant
according to the Plancherel measure (Lemma [2.1). The proof relies on a
simple upper estimate for the decay of correlations of the Plancherel mea-
sure (Lemma |4.3]).

The final step is to show that the nonlocal terms of the Vershik-Kerov
formula converge to 0 according to the Plancherel measure (Lemma [2.3]
proved in Section [6). The proof relies on upper estimates for the variance
of the Bessel point process and the Plancherel measure, which are obtained
using the classical contour integral representations for Bessel functions and
the Okounkov contour integral representation for the discrete Bessel kernel
(Section 7).

1.4. Acknowledgements. Grigori Olshanski posed the problem to me and
suggested the poissonization approach; I am deeply grateful to him. I am
deeply grateful to Alexei Borodin who suggested the use of Okounkov’s
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contour integral for the discrete Bessel kernel. I am deeply grateful to Elena
Rudo for her careful reading of the manuscript and for many very helpful
suggestions on improving the presentation. I am deeply grateful to Sevak
Mkrtchyan, Fedor Petrov, Alexander Soshnikov, Konstantin Tolmachov and
Anatoly M. Vershik for helpful discussions. I am deeply grateful to the ref-
eree for many useful comments. I am deeply grateful to Nikita Kozin for
typesetting parts of the manuscript. This work was supported in part by
an Alfred P. Sloan Research Fellowship, by the Grant MK-4893.2010.1 of
the President of the Russian Federation, by the Programme on Mathemati-
cal Control Theory of the Presidium of the Russian Academy of Sciences,
by the Programme 2.1.1/5328 of the Russian Ministry of Education and
Research, by the RFBR-CNRS grant 10-01-93115, by the RFBR grant 11-
01-00654, by the Edgar Odell Lovett Fund at Rice University and by the
National Science Foundation under grant DMS 0604386.

2. THE VERSHIK-KEROV VARIATIONAL FORMULA

2.1. The Limit Shape of Plancherel Young Diagrams. Take a Young
diagram A = (Aq, Ag,...) (setting A\; = O for all large 7). Introduce a
piecewise-linear function @, in the following way: we set ®\|(; 541y = —1
if k = A\; — i for some i, we set ®, | x11) = 1 otherwise, and we require
that the equality @, (¢) = |¢| hold for all sufficiently large ¢ (it is easy to see
that the continuous function @) is uniquely defined by these requirements;
it is differentiable except at integer points).

The function ¢, admits the following combinatorial interpretation. As-
sume that the cells of our diagram are squares with diagonal 2. Following
Vershik and Kerov [17], rotate the diagram A by 7/4; the boundary of the
rotated diagram forms the graph of ®,, while “beyond” the diagram, for all
sufficiently large |t|, we have ®,(t) = |¢| (see Fig. 1 on p. 482 in [3])).

Following Vershik and Kerov, introduce the function

Q(t) = {%(tarcsin(t/Q) VIS8, ifl <2

1, if ¢ > 2,

and denote
Fy(t) = @a(t) — VnQ(t/v/n).

By definition, the function F\ has compact support. The functions ¢, and
) are Lipschitz with constant 1, therefore the function F) is Lipschitz with
constant 2.

Vershik and Kerov [16] and, independently and simultaneously, Logan
and Shepp [11] have shown that for any € > 0 we have

lim PI™{\ € Y, : |FA(t)/v/n] < e} = 1.

n—oQ



6 ALEXANDER I. BUFETOV

2.2. The Quadratic Variation of the Hook Integral. Recall that the hook
length of a cell in a Young diagram is the number of cells to the right of it
and under it (including the cell itself) and let i () stand for the number of
cells in A with hook length .

Denote

||FA||1/2_//(FA t_s* ) dtds—z//(p”+h FA()) dtdh.

—00 —00

The Vershik-Kerov Variational Formula(see [17]], Lemma 1 and formulas
(5), (8), (9)) is the equality

(2)
—logPI™(\) 1 & - 1 1
A v 2V e e el Bt
+ % / F\(t)arccosh (ﬁ) dt — ey,

lt|>2v/n
where ¢, only depends on n (not on \) and tends to 0 as n — oc.

It will be convenient for us to adopt the following terminology. Assume
that for each n € N we are given a random variable &, on Y,,. If there exists
[ such that for any € > 0 we have

lim PI™{\ € Y, : |6,(\) — ] <&} =1,

n—oo

then we say that &, converges to the constant 3 according to the Plancherel

measure.
If
lim PI™{\ e Y, : &(\) < B} =1,
n—0o0

we say that &, is asymptotically majorated by 3 according to the Plancherel
measure.

We shall analyze the terms of the Vershik-Kerov Variational Formula one
by one.

Lemma 2.1. For any k € N the random variables \f/\) converge to the

constant —32 = according to the Plancherel measure.

(4k2 1

Lemma 2.2. For any hy > 0 the random variables

% ZZ (FA(H hli - FA(t))thdh

converge to a constant according to the Plancherel measure.
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Lemma 2.3. For any € > 0 there exists hy > 0 such that the random

variables
oo o0 2
L// F\(t + h) — F\(1) aidh
Vn h

hg —o0

are asymptotically majorated by € according to the Plancherel measure.

Lemma 2.4. The random variables
1

3) o / Fi(t)arccosh (ﬁ) dt

t1>2v/n

converge to 0 according to the Plancherel measure.

As before, let A\; be the length of the first row of A, and let A} be the
length of the first column of A. Vershik and Kerov [17] established that for
any € > 0 we have

) lim PI ({A: M\ < (24 )V, N, < (2+e)vn}) = 1.

n—oo

Theorem [I.1] is now immediate from the bound (@), the Vershik-Kerov
Variational Formula and the Lemmas

We proceed to the proof of the Lemmas.

2.3. Proof of Lemma 2.4, We shall need a more precise estimate than ().

Proposition 2.5. (1) For any 6y > 1/6 there exists constants C' > 0,
3 > 0 such that for all § satisfying 6y < 6 < 1/2 we have
(%)
lim PI™ ({)\: A > 2y +n’ or ) > 2y/n+n°}) < Cexp (—n*/27/1).

n—oo

(2) For any 1 > 0 there exists 71 > 0 depending only on €, such that
for any € > £ we have
(6)
lim P71 ({X: M > 2+e)Vnor X > (2+¢)vn}) < Cexp(—Hien).

n—oo

Proposition is well-known. For completeness of the exposition a
proof is given below (see Proposition [6.11)).
Now, using Proposition choose § > % and assume that

F\(t)=0 for |t|>2y/n+n’
In this case for |t| € [2y/n, 2\/n + n°] we have:

ST

S
< 2n2~

wi)| 5

|F\(1)] < 2n°,

arccosh (
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whence

|
NI

1 t 55 _:
— Fy\(t)arccosh | —= | dt | < 32nz 1,
NG / (2\/ﬁ>

52y

and, as soon as 0 < 13—0, we are done.
We proceed to the analysis of the remaining terms.

3. POISSONIZATION.

3.1. Diagrams and Sequences. Let 2, = {0,1}7 be the space of bi-
infinite sequences of the symbols 0, 1:

Qy={w=...w(-n)...wn)..., w(n) € {0,1}}.

To a sequence w we assign a continuous piecewise-linear function @,
in the following way: we set ®,(0) = 0, ®/|gri1) = 1if wp = 0,
@) |(kk+1) = —1if wp = 1 (it is easy to see that the continuous function
®,, is uniquely defined by these requirements; it is differentiable except at
integer points).

Take a Young diagram A = (A1, Ag,...) (setting A\; = 0 for all large 7)
and introduce a sequence c(\) € Q by the rule ¢, (A\) = 1ifk = X\, — i
for some ¢ and ¢, (\) = 0 otherwise. It is clear from the definitions that the
difference @, — ®.(y) is a constant.

Take an integer vector m = (my, ..., m,) all whose coordinates are dis-
tinct and for a Young diagram A denote

Cin(A) = cmy (A) oo (A).
Similarly, for w € €2y write
(W) = Wy -+ Wi,

In what follows, when we speak of integer vectors, we shall always as-
sume that all their coordinates are distinct.

3.2. The Bessel Point Process. Set

Y = G Y,
n=1

and for n > 0 let
Pois, = exp(—n) Z %Pl(")
n=0

be the n-poissonized Plancherel measure on Y.
At the centre of our argument lies a theorem obtained by Borodin, Ok-
ounkov and Olshanski in [3] and Johansson in [9] which states that the



THE VERSHIK-KEROV CONJECTURE 9

measure Pois,, naturally induces the Bessel determinantal point process on
the space of sequences of two symbols. We proceed to the exact formula-
tion and start by recalling the definition of a determinantal point process on
Q5 (for a more detailed exposition, see, e.g., [15]]).

Let X : l5(Z) — (5(Z) be a self-adjoint positive contraction, or, in other
words, a self-adjoint linear operator satisfying

0<{f, Kf) < ([, f)
Set
K (. y) = (55,.6.).
There exists a unique probability measure Py on €25 such that

Ep, (¢) = det (K (m;, m;)) ‘

ig=1,0r
Now set ) = 62 (assuming 6 > 0) and, for = # y, write

3.y — 6720 T1(20) = T (20)1,(26)
rT—Y
The expression J(6?%; x, z) is defined using the I’'Hospital Rule. The kernel
J(6?) is called the discrete Bessel kernel, and the resulting measure Pyg2)
on (2, is called the Bessel point process.

Recall that to a Young diagram \ we have assigned a sequence ¢(\) € Q.
Slightly abusing notation, we denote the push-forward of the measure Pois,,
on Y under the map A — ¢(\) by the same symbol Pois,,.

The theorem of Borodin, Okounkov and Olshanski [3]] and Johansson [9]]
states that the measure Pois, defined above is precisely the Bessel point
process with parameter 7 = 2.

3.3. Depoissonization. Informaton about the Plancherel measure will be
derived from the corresponding properties of the Bessel point process with
the use of the following lemma of Borodin, Okounkov and Olshanski (a
slight modification of Lemma 3.1 in [3]).

Lemma 3.1 ( Borodin, Okounkov, Olshanski). Let 0 < o < 1/4. Let { f,,}
be a sequence of entire functions

(7) fn(2) :exp(—z)z%zk, n=1,...
k>0
and assume that there exist constants f., v, C1, Cy such that
(1) max|fu(2)] < Crexp(yv/n);
(2) max |fu(2) — folexp(=7]z — n|/v/n) < Cy.

|[z—n|<nl—e
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Then there exists a constant C = C(v, Cy, Cs) such that for all n > 0 we
have

The proof is identical to the proof of Lemma 3.1 in [3] except that o(1)
in the last two formulas on page 495 must be replaced by O(1).

To use Lemma [3.1] we must allow complex values of the poissonization
parameter 6%: in this case, expressions such as [Eg(92) are understood for-
mally (by analytic continuation).

Lemma [3.T| can be equivalently reformulated as follows.

Lemma 3.2. Let § > 0 be arbitrary, let o satisfy 0 < o < %l. Assume that
there exist constants [, V1, V2, V3, C1, Ca, C5 > 0 such that

1l2—n|

1) lm?X(S’fn<Z>_fOO|ei Vi < O,
z—n|<n
_2lz—n|
2) max |fu.(2)|e vv < Oy,

|[z—n|<nl—e

3) max | f,(2)] < C’g@WW.

|z|=n

Then there exists a constant C' = C(v1, 72, 73, C1, Co, C3) such that for
all n > 0 we have

|fnn - f00| < C.

Corollary 3.3. Assume that the sequence [,, of entire functions defined by
satisfies conditions 2) and 3) of Lemma Let Cy > 0, and let a,, be a
sequence of positive numbers satisfying |a,| < Cy. If

1lz—n|

max |fn(2) — foole  v» < Chay,

|z—n|<nd

then for all n > 0 we have:
Here C, again, is a constant depending only on vy, 72, v3, C1, 6’1, Cs, Ch.

Proof. Follows by applying Lemma [3.2]to the sequence
f n(z) — f 00

an

4

We shall be mainly concerned with depoissonization of various polyno-
mials of Bessel functions, and it is useful to note that in this case Conditions
2 and 3 in Lemma3.2]and Corollary [3.3|hold automatically. More precisely,
we have the following proposition.
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Proposition 3.4. Let K > 0, k € N. Let P be a polynomial in k variables.

Let
21

noy o

be k sequences of integers satisfying

e peN,

n

ESdp M| < Kv/n.
Then there exist constants
Cy, Cyy 1,72 > 0

depending only on k, K and P such that

P(J#)(Q\/Z), (k>(2\/_))‘ < Cremvr,
P(ng)(z\/z),..., <k)(2\/’))‘ 25 < o

The Proposition is immediate from the contour integral representation of
the Bessel functions.

We also note that in the depoissonization arguments that follow, weaker
assumptions on 6 than those of [3] are sufficient: namely, we shall always
assume that 6 = /2 satisfies

1) Tn‘ax

2) max
|z—n|<nl—o

where ¢ 1s sufficiently small.

3.4. The Debye Asymptotics. For depoissonization we need the asymp-
totics of Bessel functions when both order and argument are large. First
results of this type are due to Carlini; we shall use the asymptotics due to
Debye, following the exposition by Watson [21]].

Take € > 0. Set

1L
(8) ={keZ: <2-—c¢}
N
Take 2 € N\°. Then there exists €0 > 0 depending only on ¢ such that
for any 6 € C satisfying |0/+/n — 1| < &g the following is true. Introduce u
by the formula cosu = /260, 0 < R(u) < 7. Then we have the following
representation for Bessel functions, asymptotic in the sense of Poincaré:

_ cos (20(tanu — u) — %) = (u)
(9) JI(QG) - \/m (1 + Z )’

where for any ¢/ > 0 there exists &’ > 0 such that all «,,, (u) are holomorphic
in w in the strip [¢/, 7 — &'] x [, ¢'].
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4. LoCAL PATTERNS IN PLANCHEREL YOUNG DIAGRAMS.

4.1. The Discrete Sine-Process. Take a € (—2,2) and introduce the dis-
crete sine-kernel by the formula

sin(arccos(a/2)k) . .
S(k,a) = w0 RZD
) arccos(a/2) ifk=0.

Introduce a measure 8(a) on €2, by setting
(10) Es(o)(cm) = det (8(m; —mj, a)) ‘ -~

The measure 8(a) is called the discrete sine-process.

Forx € Z,m € Z",denote x +m = (x + my, ...,z +m,).

The theorem of Borodin, Okounkov and Olshanski [3] says that for any
a € (—2,2), any integer vector 7 and any sequence z,, € Z satisfying

i L

im — =a

n—00 \/ﬁ ’

we have

(11) Tim Epyon (0,m(A) = Ese) (c)

4.2. The Variance of the Discrete Sine-Process. We shall need the fol-
lowing simple estimate.

Proposition 4.1. There exists a positive constant C' such that for any s €
0,1], any h > 1 and any a € (—2,2) we have

2
Es(a) (wa(s +h)—D,(s) — 2 arcsin (g) h) <C(1+1logh) .

™

Proof. First, recall that for any a € (—2, 2) the operator 8, : ls(Z) — 15(Z)
given by the formula

Suf(x) = S(k,a)f(x+k),

is an orthogonal projection (this is easy to check by taking the Fourier trans-
form).
Second, recall the well-known

Proposition 4.2. Let K : [5(Z) — 15(Z)
Kf(x) =Y K,y)f(y),

YEL
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be an orthogonal projection, and let Py be the corresponding determinantal
measure on $)s. Then for any ki, ky € 7, k1 < ko, we have

ko
Varpx(zc,L): SO K

n=k1 mE[k‘l,kz] ygé[kl,k‘g}
The proof is a straightforward computation using the formula
K(w,x) =) 1K(z,y),
YEL

which holds for any z € Z.

In the remainder of the proof, C' stands for a positive constant that does
not depend on a € (—2,2).

By definition, for any k # 0 and all a € (—2,2) we have [S(k, a)| < 7.
Therefore, for any N > 0, we have

N
Varsgq) (Z cn) < C(1+1logN).

n=0
Since ®,(0) = 0 and
Qy,(n+1)—d,(n) =1-2¢,(w),

for any N > 0 we have

It follows that

2
Es()Pu(N) = ;N arcsin (g) ,

Varg(q) P, (N) < C(1+41og N).
In other words,
9 2
Es(a) (@w(N) — ;N arcsin (g)) < C(1+1logN).

Recall that the function ®,, is Lipschitz with constant 1. Using the in-
equality (¢ + d)? < 2(c? 4+ d?), for any s € (0,1) and any h > 1 we finally
obtain

2
Es(a) <<I>w(s +h) —D,(s) — 2 arcsin (g) h) <C(1+1logh),

™

which is what we had to prove.
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4.3. Decay of Correlations for the Plancherel Measure. Borodin, Ok-
ounkov and Olshanski [3] have also shown that if a # b and

hrn——a hm— b,

n—0o0 \/_ n—oo \/_

then for any integer vectors l, m we have

(12) Tim Epyn) (cmnm(A) '%MA)) = Es(o) ¢ - Esp -

Distant local patterns in a Young diagram are thus asymptotically inde-
pendent. We shall need an estimate for the decay of correlations of the
Plancherel measure.

For an integer vector 17, let |17 stand for the maximum of absolute values
of its coordinates.

Lemma 4.3. For any ¢ > 0, L > 0, there exists a constant C = C(e, L)
such that for any n > 0, any x,y € Z such that

= Tyl

< 2 —
NGO :

(13) ‘EPI(">(Cx+f' Cytii) — EPz(n><Cz+f) 'Em(n>(cy+m)| <

cel) ((ﬁ) ! %) ’

4.4. Frequency of Local Patterns. Lemma 4.3|will be used to in the next
section to prove the following

Lemma 4.4. For any continuous bounded function f : R — C and any
integer vector m, the sequence of random variables

(14) > ;mf (%) ()

converges, as n — 00, to the constant

2
/ f(a)Eg(a) Cmda
-2

according to the Plancherel measure.

We shall see in the next section that Lemma [2.1]is a simple corollary of
Lemma Lemma[2.2] admits the following more precise version, which
will also be derived from Lemma
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Lemma 4.5. For any hy > 0 the random variables

%O/%Z (FA(tJrhlz—FA(t))thdh

converge to the constant

/ / / Es(a) (<1>w<s + h})L — Pu(s) %amsm (@ /2))2dhdsda

according to the Plancherel measure.

For the constant H, the entropy of the Plancherel measure, we now obtain

(15)
LT Bo(s+h) — D 2 g
H = —///Es(a) UJ(S + ) _ w(S) - — arcsin(a/Q) dhdsda+
4 h s
-2 0 0

32 1
T 2.2 I+ 1)(20 + DE2-2(4k2 — 1)

k=1 =1

Convergence of the integral in A is clear from Proposition

5. PROOF OF LEMMAS 4.3, 2.2

5.1. Decay of Correlations for the Bessel Point Process. Given a mea-
sure P on €2y, any natural z,y, and any integer vectors | = (ly,...,1.),
m = (mq,...,ms), denote

Cove(w, l;y,m) = Ea(c, 1 cyrm) — Bp(c,,p) - Belcysm).

For complex 6 the expression Covyp2)(x, Ly, m) is defined formally, by
analytic continuation. Our next aim is to estimate this quantity from above.

The representation (9) implies, in particular, the existence of constants
C, v, eo depending only on ¢ such that

(16)  10(J2(20),01(20) — J,(26) J,1(20))] < Cexp(y]0 — V),

provided z,y € N

0/\/n — 1| < g, whence, if x # y, we have

Cexp(v]0 — vn|)
[z =y

|3z, y;0%)| <
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The function J(x,y, #%) is entire in z, y and, in the same way as in (3.7)
on p.498 in [3]], write

27
Bava,8) = 5 [ 3o+ rexplit) )t
0

where 7 is arbitrary. This representation shows that in the case z = y we
also have

(17) |3(z,2;0%)| < Cexp(v]0 — V/nl)
We have established the following

Lemma 5.1. For any ¢ > 0, L > 0, there exist positive constants C' =
C(e, L), v = 7(e, L) and €, depending only on ¢, such that for any n > 0,
any 0 satisfying |0] = \/n, |0/\/n — 1| < &o, any x,y € N9 and any
integer vectors |, m with absolute values not exceeding L, we have
C(e, L) exp(v|0 — v/n|)

(| =y +1)*
5.2. Proof of Lemma[4.3] The Debye asymptotics (9) immediately yields
(see [3] for details) that for any € > 0 there exists ¢g > 0 and for any
l € N constants C' = C(l,¢), v = (I, €) such that if 6 satisfies |§| = \/n,
6/+/n — 1| < &0, then for any = € N, we have

T Cexp(y]0 — v/n|)
20 Vvn

By definition of a determinantal process, the estimate (I9) implies the
following

(18) Covyeey(x, Iy, m) <

(19) 1J(x,z +1,0%) — §(

Proposition 5.2. For any ¢ > 0, L > 0, there exist positive constants
C = C(e L), v = 7(e, L) and ¢y depending only on ¢, such that for any
n > 0, any 0 satisfying |0| = \/n, |0//n — 1| < o, any x € N7, and any
integer vector [ satisfying m < L, we have

Cexp(7]0 — v/n|)
NG :

(20) Eg62) (¢,7) — Es(ajaym(cp)| <

Depoissonizing by Lemma (3.1, we obtain

C(e, L)
2h |Epyn (€417) = Bsayvmy ()| < NV
As a simple example, taking [ = 0 in and depoissonizing by Lemma
3.1]yields
1 C
(22) |Ep;o (cz) — = arccos(z/2v/n)| < (¢)
s

T
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Substituting (20)) into (18], we obtain

[Eg62) (€7 Cyn) — B2 (Cpi7) ~ By (Cyam)| <

< C(e, L) exp(y]6 — v/n]) ((ﬁ) " %) |

whence, by the depoissonization Lemma 3.1 we have

(23)  |Epyon (Cpyr Cyam) — B )(Cz) Es

Finally, using (21)), we write

24) ‘Epl(n) (Cw+f' Cy_Hﬁ) — Epom) (Cm+f) cEpm (Cy+ﬁ)| <

=0 l) ((ﬁf%) ’

5.3. Proof of Lemma As before, let f : R — C be continuous and
bounded, let i = (my,...,m ) be an integer vector and denote

(25) (1, f, ) f Z_ f( )ck+m( )-

Take £ > 0 and consider a modification of the function S,, (17, f, A) de-
fined by the formula

and Lemma4.3|is proved.

1 k
LS ()
v kil k|<(2—)v/m Vi)

Proposition 5.3. For any € > 0, any continuous f on [—2, 2| and any inte-
ger vector 1 we have

(26) Sn(m, f, A €) =

2

(27) T}Lrglo Emm) Sn(m, f, )\, 6) - / f(a) (Eg(a)Cm) da| =0
Proof. We begin by estimating

S 1
(28) E]pl(n) Sn(ma f7 )\7 5) - %

k:|k|<(2—e)v/n
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By Lemma [4.3] and Proposition boundedness of f implies the esti-
mate

‘f (%) f (%) Epyom ((cm — B y6m) (e — B ln)%)>' < %

Summing in k£ and [, we obtain that the integral is bounded above by
C(f,e)log® n/\/n. Now observe that the quantity

FLE ()

is a Riemann sum for the integral

2—¢
/ f(a) (Eg(a)Cm) da
e—2

Since the function f(a) (Es(s)c) is continuous on [¢ — 2,2 — €], the Rie-
mann sums converge to the integral, and Proposition [5.3|is proved.

To derive Lemma from Proposition note that if A € Y, satisfies
A1 < (24 e1)v/n, N| < (2 + &1)y/n, then we have

(29) |Sn(ma f7 >‘) _Sn(mv f7)‘75)| S C(Tﬁ, f)(€+51)7

where C'(m, f) is a constant depending only on 7 and f. Since ¢ and &,
can be chosen arbitrarily small, Lemma [4.4] follows now from Proposition
2.5].

5.4. Proof of Lemma 2.1, Observe the clear identity

oo

(30) ) = Y (6N = a(N)ei-i(V)

1=—00

(note that only finitely many terms in the right-hand side are nonzero).
Lemma [2.1]is now immediate from Lemma[4.4] For the constant, compute

D

2

/ (% arccos (g) — % arccos’ <g> + k217r? sin? (k arccos (g))) da =

-2

o 32k?
o (4k% - 1)72
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5.5. Proof of Lemmas [2.2] For Lemma take ¢ > 0 and observe
that for ¢ and / satisfying

t
M<2—€,0<h§ho

vn

we have

(32)
2 (0(152) 0 (&) ) <52

where the constant C'(, hg) only depends on € and hy.
Now take s € (0, 1) and consider the expression

(33)
2
\/_/ ((I))\(S‘I—k?"—h}z—q))\(s—i‘k) —%arcsin (2\—;;‘)) dh,

For any hq > 0 there exists Ny = No(ho) and for all h : 0 < h < hy,
numbers agh), i € Z, satisfying |a | < 1and a = 0 for |i| > No(ho)
such that for any w € €2, we have

S, (s+k+h)—D,(s+k >
(HEE Bt SN

k: \k\<

By Proposition[5.3] the sum (33)) converges, with respect to the Plancherel
measure, to the constant

ho 2—¢e
h) — @, 2 ?
//Es(a)( ACh i)z (5) ——arcsin(a/2)> dadh.
7r
0 -2

Taking ¢ to O (the transition to the limit is justified in the same way as in
(29)) and integrating in s from 0 to 1, we obtain Lemma4.5]

6. PROOF OF LEMMA 2.3].

6.1. Outline of the Proof. The first step in proving Lemma[2.3]is to reduce
integrals to sums and to observe that summation need only take place “away
from the edge”.

More precisely, let d € R, 0 < 4§ < 411 and let X > 0. Denote

Yo (K, 0) ={N €Y, : A\ <2v/n+ Kn®, N| < 2v/n + Kn’}.

Denote

P ) {FA( ), if |t < 2v/n — Lnd

A 0, otherwise.



20 ALEXANDER I. BUFETOV

Lemma 6.1. For any ¢ satisfying 0 < § < i, any K > 0, L > 0 and any
g > 0, there exists a number hg > 1 depending only on 6, K, L, ¢ and such
that for any n € N and any \ € Y,,(K, §) we have the inequality

—+00 +00

(34) %//(FA(tJrh]z_FA(t)Ydtdhg

ho —oo

2
4 “+o00 F)(\L,(S)(;{; + l) o F)EL,(S)(]{;)
< % Z Z ( I +e.

[>hog—1 k=—oc0

We postpone its proof to the following subsection.
The second step is to estimate the expectation of the quantity

& (EEO ) - FE )\
¥ 3 (A

I[>ho—1 k=—o00

with respect to the Plancherel measure.
We start with estimates for the poissonized Plancherel measure, the Bessel
point process. Take § > 1/6 and let

N(n,6) ={x €Z: |z| < 2v/n—n’}.

Lemma 6.2. For any § > % there exist constants C' > 0, v > 0, € > 0 such
that the following holds.
For any ly > 1 there exists ng > 0 such that for all n > ng, and all 0

satisfying

0
— -1 <
‘ﬁ ‘ )
we have
(35)
1 VarJ(gz)(ck + .. -Ck+lfl) C'logly _
- < Z198% Alo—vn|
w2 2 7 < e
I>lo keN(n,d)

k41 € N(n,5)

Lemma [6.2]is again essentially a straightforward computation using sim-
ple estimates on the discrete Bessel kernel. We prove Lemma in the
following subsection. Now we conclude the proof of Lemma 2.3
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Rewrite formula (33) as follows

k+1—1 2
(36) Z Z %(EJ(@Z) ( Z (¢ — J(r,r; 02))> <

>l keN(n,d) r=k
k+le N(n 6)

< M 67’9—«/ﬁ|.
< o

Now write

(37)

Fu(k+1) = Fy(k) = 1 — 260(\) — v/ <Q (k\jﬁl) 9 (%)) _
22 ) 2 () 6 25 ()

arccos

=2 (J(k,k; 0%) — cr(N)) +2 (TM J(k, k; 92))

S R CORTC))

From the Taylor formula applied to the function € we have, for |k| < 2y/n,
the estimate

e (a(85) -0 (25)) - (k) <

To estimate the quantity

k
arccos ;——7=
J(k Ky 0%) — —— 2/

™

we use the following Lemma.

Lemma 6.3. There exists g > 0 such that the following holds. For any
0y > % there exist constants C' > 0, v > 0 such that for all n € N, all
x € Z satisfying |v| < 2y/n —n% and all 0 € C satisfying

Zm -1l <=

we have

1
J(z,2; 0%) — = arccos ’

T 2\/n

C
S €’Y|9—\/ﬁ‘.
2v/n — |z
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Observe that it suffices to prove Lemma [6.3] for > 0, as the other
case follows by symmetry. Lemma|6.3]is again a relatively straightforward
estimate using Okounkov’s contour integral representation for the discrete
Bessel kernel. For the reader’s convenience, we give the proof in the last
Section.

Using Lemma [6.3] we obtain from (37), the estimate

O e
(Fa(k+1) = Fa(k)) = 2 (J(k, k; 6%) — c(V)| < elo-val.
Observe now the following simple inequality
2

2 /n—|z| 2
(39) ma 2 | T =

I>lg keN(n,5)
k+1€N(n,5)
From and we now obtain
F — F\(k)\? log?
5T T [ (B ZBWY O e

[ 0
1>l keN(nd)
k+leN(n, 5)

Depoissonizing, we have

Ok +1) — Fk)\? Clog” I
\/— Epyen Z Z ( (+)l ()) Sl—f.

I>lo keN(n,s)
k+leN(n, 5)

(40)

The estimate (40), together with Lemma [6.1] completes the proof of
Lemma 2.3l

6.2. Proof of Lemma [6.1} The first step is to pass from integrals in ¢ and
in A to sums in k and [. Since the function F), is Lipschitz with the Lipschitz
constant 2, forany ¢t € R, h € R, we have

(Fa(t +h) = Fa(1))* < 2(Fa(k +1) = Fx(k))” + 16,

where k = [t], | = [h]. Integrating in ¢, we have

—+00

+oo
/ (FA(t+h) — Fa(t)* dt <2 ) (Fx(k+1) — Fa(k))* + 40/n,
s k=—o00

where, as before [ = [h].



THE VERSHIK-KEROV CONJECTURE 23

Now, integrating in A from [ to [ 4 1, we arrive at the inequality

41 400

// (Ex(t + h) — Fx(1))? dtdh<22 (Fx(k +1) — F\(k))*+40v/n,

k=—00
whence, for any hy > 1 we have

—+00 +00

@1) f//(FAHh F()) dt dh <

o e Z f (FAkJrl Fx(k))2+ 40 ) 112

l>h0 1 k=— I>ho—1

For hy > 1, we thus arrive at the inequality

42) 7/(&“”2 F())thdhg

S%l *2"’ (FA<k+l)l—FA<k))2_|_40 (h01—1+(h0i1)2>’

>ho—1 k=—o0

which concludes the first step of the argument.
To prove Lemma6.1] it suffices now to establish the following Lemma.

Lemma 6.4. For any ¢ satisfying 0 < ¢ < i, any K, L > 0 there exists

a positive constant C(K, L, §) such that for any n € Nany A € Y, (K, )
and any h > 1 we have:

\/—Z *f’ (FAkJrl FA(k:)) -

I>h k=—o0
9 0 (L) gy _ ) (g 2
I>h k=—o0

The next step is to pass from £ to FA(L"S). Assume \ € Y,,(K, ). Denote
(L6 Lo
ERO(0) = Fa(t) — BV (1),

The support of F’ )SL’é) consists of two intervals, each of length at most (K +
L) -n°. Write

I = {t - FMO () # 0},
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and, for [ € N, denote
I ={keZ: [k k+nI" 0},

)

By definition, for the cardinality of 1 /(\,l’ we have:

#I0 <2(20 + (K + Lnd),
whence, using the clear inequality
(Fa(k +1) — Fx(k))® < 482,
we arrive, for any [ € N, at the inequality

> (Fx(k+1) = Fa(k))® <817 (21 + (K + L)n’)
keI(L %)

and, consequently, at the inequality

(43)
“+oo +oo 9
S B+ -BEP < S (B k) - EF )+
k=—o0 k=—o00
+ 817 (21 + (K + L)n’) .
Furthermore, again using the fact that [ /(\L’(S) has measure at most 2(K +

L)n®, and the Lipschitz property of FﬁL’é) for any [ € N we have the in-
equality
+00 9
> (B0 = B ) <64+ (K + L) -0
k=—o0

Using the clear inequality

“+oo

@) Y (Bk+1) = (k) <
k=—o00
<= (L.5) _(L9) 2 = < (L,5) _ A(LS) 2
<2 Y (BP0 - EFOw) w2 > (B ) - B (k)
k=—o00 k=—o00

we obtain, for any [ € N, the inequality

—+o00

45 D (F(k+1) - Fx(k)* <

k=—00

2
<2 Z ( (B9 (e 4 1) — F”)(k:)> +128 - (K + L)* - n®

k=—o00
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We proceed to summing in /. First we sum in [ € [hq, n°] using inequality
(43), and then we sum in [ € [n’, +-00) using inequality (45)). From (43) we
immediately obtain

@ 3 i(FAkH FA(k:))z

ho<I<n$ k=—o00

0o (L.5) (L,5) 2
< > D> (F (k+13 £ <k)> +8- (K+L+2) n?¥

h0§l§n5 k=—o0

IN

From (43)) we have
2. (F(k+1)—F(k)\°

(47)22(A+ A”)g

I>nd k=—o00

L6 (L,5) 2
(k+l) F\77 (k) 3 (.2 5

<2 ++128-(K+L)’-(n*® +n°) .

zz@( l (4L (1 )

Indeed, to prove (#7), it suffices to observe that

1 1 1
25 <t

Combining (46) and (7)), we conclude the proof of the Lemma.

6.3. Average Variance of the Discrete Bessel Process. Let [, > 1 and for

r € N denote
+o0
2(&)+ +ﬁ+r<25)>, it r>1l

n=r

1/}<107T) - +oo
2T<Zn—12>, if <l

n=lg

Proposition 6.5. For any 6 € C we have

+00 =
Z Z VarJ(gz Ck +2 +Ck+l71) :Zlb(lmr)' Z (J(x,y;@Z))z

l=lg k=—00 r=1 z,yEZL

Proof. From the well-known identity

J(z,2; 0%) = Z (J(z,y; 92))2

YEL
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we derive
Var ;o) (¢ + . .. + Crpi—1) Z Z (J(:L",y; 6’2))2.

velh, k+l] y¢[k k—H]

Summing in &, we obtain

+oo
. 2
Z Var jg2y(cp + ... + Cpgi—1) = 2 Z min(y — z,1) - (J(z,y;6%))".
k=—00 T, YEL
<y
Dividing by /? and summing in [ we obtain the Proposition. U

Recall that N(n,§) = {x € Z : |z| < 2¢/n — n°}.
Summing only over indices belonging to N(n, ), we obtain

Corollary 6.6. Forany ) > 0, [ > 1 we have

Var ;/p2 o Chopl— —
D S e e D X I D SR e
r=1

I>lp  keN(n,d) z €N(n,d),yeZ
k4l e N(n,6) le—y|=r

6.4. Estimates on the Bessel Kernel. To estimate the average variance of
the discrete Bessel process using Corollary [6.6] we need estimates for the
discrete Bessel kernel for various values of the parameters. We formulate
these estimates in this subsection and postpone their routine proofs until the
last Section. Very simple estimates on the Bessel kernel are quite sufficient
for our purposes.

We start with the following estimate for the Bessel function.

Lemma 6.7. There exists ¢g > 0 such that the following holds. For any
o> % there exist constants C' > 0, v > 0 depending only on ¢ such that for
all x € N satisfying
0<z<2y/n-— n?
and all § € C satisfying ‘\/iﬁ — 1‘ < g9 we have
celo—vnl
nl/8 /2yn—z’
celo—vnl \4/2 n—x
(2) |Jm+1(29) - Jx<2‘9>‘ < n3/8 v

(D) [1.(20)] <

Remark. By symmetry, for 2 < 0, |x| < 2y/n — n’, we have
C’e”'eﬂ/ﬂ
nl/8y/2/n — |:L‘|’
celo-val ¢ V24/n — |z
| Jor1(20) + Jo(20)| < il

n3/s

| J.(20)] <
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This is easily proved using the contour integral for the Bessel function;
for the reader’s convenience, the proof is given in the last Section.

Corollary 6.8. Let 0 > %. There exist constants C' > 0, v > 0, € > 0 such

that for alln € N, all § € C satisfying
0
L 1‘ <-

Vn
and all z,y € N, x # y,z,y € N(n,0) we have

) C J2y/m—x L [2y/n— ~o—ym
‘J(x,y;0)| < P— <\/2\\;__——y+\/2\\;_;——i>6 |6—v/n|

Proof. Immediate from the preceding Lemma and the formula
(48) J,4+1(20)J,(20) — J,41(20)J,(20) =
= (Jo41(20) — J1(20)) J,(20) — (J,1(26) — J,(20)) J.(26).
O

Corollary 6.9. Let 6 > %. There exist constants C' > 0, v > 0, € > 0 such
that for alln € N, all § € C satisfying

0
— -1 <
Vi ‘ )
and all v,y € Z, x # y,x,y € N(n, ) we have
\‘l/ﬁ-eﬂe_‘/ﬁl

| J(z,y; )] < C-— .
V(2 — [z])(2v/n — [yl) |z — y]
These are immediate from Lemmal[6.7]
For the values of x that are “close the edge”, we use the following esti-
mate.

Proposition 6.10. There exist constants C' > 0, € > 0, v > 0 such that for
allz € 7Z, alln € N and all § € C satisfying

0
— -1 <
NG ‘ )
we have ’ |
Celf—vn
11.(20)] < =
ne

Proposition [6.10]is immediate from the uniform asymptotic estimates of
Olver for Bessel functions (see, e.g., Abramowitz and Stegun [1], 9.3.5,
9.3.6, 9.3.38, 9.3.39).
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For values of = “beyond the edge”, we use the following stretched expo-
nential estimate.

Proposition 6.11. There exists constants €1 > 0,5 > 0 such that the fol-
lowing is true. For any § > % there exist constants C' > 0, > 0, v >
0, 7 > 0 such that for all § : 6y < § < % alln € N, all § € C satisfying

‘\/iﬁ — 1‘ < eand all v € N satisfying 2/n +n’ < x < (2 + &,)/n, we

have

x — 2y/n)3/?
1,(20)] < Coxp (—i%we— m),

/4
while for © > (2 + €1)\/n we have
|1:(26)] < Cexp (—ex(z —2vn) + 7|0 — Vnl) .

Proposition[6.11]is immediate from the contour integral representation of
Bessel functions. Note that Proposition [2.5]is immediate from Proposition
[6.1T]by depoissonization.

6.5. Proof of Lemma[6.2l We now derive Lemma|6.2] from Corollary [6.6]

Proof. First, note the clear inequality

Yllor) < {2<1°g(zo’il)+r%) forly <1

2r
To—1 for lo >r

5

We further assume that n is large enough so that n° > [,. We consider

several cases.
Case 1. The Bulk.
First, take £ > 0 and denote
Ne={(z,y) €Z?: |z ,lyl < (2—¢e)Vn}.

In this case, the Debye asymptotics implies

C’e7|97*/ﬁ|

J (z,y; 6° ? < .

and we consequently have

S 0l [y ) < BRIl

(@,y)EN: 0

1
NG
We proceed to the analysis of the remaining terms. Recall our notation

N(n,§)={z€Z: x| <2yn—n"}, r=lz—y
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and denote
1
Ny (n,d) = {y €EZ: |yl <2vn-— in‘;} :

Case 2. Close Points.
Denote

Ny = {(a:,y) €Z?: r € N(n,d),y € Ny(n,d), |z —y| < n‘s}.
In this case, again, we have

v|0—v/n
T (2, 7)< L'
(Jo =yl +1)*
Indeed, if x and y are both positive, then the estimate follows from Corollary
if both are negative, then the estimate follows by symmetry; while if
and y have different signs, then (x,y) € N, and the estimate also holds.
Consequently, again we have

\/_ Z lo,r)’J(x,y;QQ)’2 <

(wy ENQ

C'logly €7|9_\/ﬁ‘
0

Remark. Of course, N, N N, # (), but that does not matter since we are
only concerned with upper estimates.

Case 3. Distant Positive Points.

Set

N3 = {([E,y) S Zz Y Z 07 Yy Z 07 YIS N(TL,(;), (UNS NQ(n75>7 |ZE—y| > n6}'
For definiteness, let z > y. Corollary [6.8] implies the bound

NE: Celo=val [T
‘J(x,y,9)| < r2 1+ 2\/ﬁ—x

and, consequently, there exists o > 0 depending only on ¢ such that
2 — —/n
\/— Y Yllor)- | (zy; 02)] < O el
(:1: y GNg
Case 4. Distant Negative Points. Set
Ni={(z,9) €Z’: <0,y <0,z € N(n,0), y € Nao(n, ), [z —y| >n’} .

This case is similar to the previous one.
Case 5. Distant Points of Opposite Signs.
Set

N5 = {(z,y) € Z*: © € N(n,d), y € Na(n,d), (z,y) ¢ N., = and y have opposite signs} .
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In this case |z — y| > /n, and Corollary-implies
Cel0—val

67)| <
N e e Tow )
whence
' 2 C’e'y|efﬁ|
:D?JZE:J\Mw lo’ (x’:% 92)| S T

Case 6. Large Values of y.
Set

No = {(z.y) € Z*: 2 € N(n, ), |y| > 2y/n+n°}.

In this case, by Proposition [6.11] there exists s > 0 depending only on &
such that

|J ([L’, Y3 92)’ S 067‘0_\/5|—(y—2\/ﬁ)56

and, consequently, there exists 6; > 0 depending only on Js such that we
have

Z b(lo,r) - |J (2,5 92)‘2 < celo=val-n
(m,y)ENG
Case 7. The Point y on the Edge.
Set

N, = {(m,y) €7Z?: v € N(n,d), 2\/5—%715 <y §2\/ﬁ+n5}_

In this case, Lemmal6.7] and Proposition [6.10] give

Oe7|97‘/ﬁ| . nz%

2y — o)t

| T (w,y; 0%)] <

The Lemma is proved completely. U
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7. PROOFS OF ESTIMATES FOR THE DISCRETE BESSEL KERNEL.

7.1. Proof of Lemma It is convenient to prove the following equiva-
lent reformulation of Lemma

Lemma 7.1. There exists ¢y > 0 such that the following holds.

For any 69 > % and any K > 0 there exist constants C' > 0,y > 0
depending only on 6y and K, such that for all § : 6y < § < %, n €N, all
x € N satisfying

< 2v/n— Kn®
and all § € C satisfying ‘\/iﬁ — 1’ < g9 we have

8

@) [ Jos1(260) = Jo(26)] < C

V10—Vl
(D) [J(20)] < Sy

o
1

Throughout the proof, the symbols C' and v will denote constants depend-
ing only on 9, and K. Let X be a contour going around 0 counterclockwise
once. We then have the following integral representation for the Bessel
function:

1 -

J.(20) = 57 ]{ee(z_z R
x

We choose X as follows. Take ¢ > 0 sufficiently small. Denote u = m—jﬁl

and introduce the angle ¢, 0 < ¢, < 7, by the formula
2COS P, = U.

Introduce the arcs I™, I~ by the formulas:

. PR 1_96

It = e 4 1—\;%’6“"” -, [t| <n~s—ate
. L 1

I_ e e_'ltpu _|_ %e 1Py t’ |t| S n_s 4+E

We now complete the contour X by drawing a circle arc O counter-
clockwise from the outer endpoint of /™ to the outer endpoint of /-, and,
similarly, drawing a circle arc O~ counterclockwise from the inner endpoint
of I~ to the inner endpoint of /" (see Fig. [1). We estimate the contribution
of each arc separately and show that the arcs I, I~ give the main contribu-
tion, while the contribution of the arcs O", O~ is negligible. We start with
the arc 1. Write

eH(z—z’l) . Z—J:—l _ 6\/ﬁ(z—z*1—ulogz) . 6(9—\/5)(2—7;’1)

9

and denote
S(z)=2z—2z"1—ulogz.
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FIGURE 1.
Write
. 1 ).
2 = e g = iy
V2
and denote S(t) = S(z).
Since
dsS d*S o Y
p = 0, pred N = 2isinp, -e ¥
and since there exists a constant C' such that
d3S
—| < C forall zel™,
dz3
one can write
S(t) = —sing, - 2 + A(t)t,
where |A(t)| < C provided |¢| < n=s~i+e.
Consequently,
/ e B / SO—) =) | SO gy
I+ I+

_ / SOV =) | st | VRAWDE gy
It

Noting that 2, — z; ' is bounded on I, that we have

Vi A(t) - 7] < C-ns— T
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where the exponent is negative as long as ¢ < % — L (here we use the

1 24
condition dy > ¢), and that

s_1
271
Y

sing, > C-n

we arrive at the estimate

v|0-vm|
/eﬁ(z—zl) i Z—a:—l dz < C(el—

)
n,_l’_,
I

The contribution of the arc /~ is estimated in the same way. It remains to
estimate the contributions of the circular arcs O" and O~. Our aim is to
show that there exists £y > 0 such that

Re (5(z)) < —Cn®.

for all z € Ot U O~. We only show it for O, as the case of O~ is com-
pletely similar.
For z € O™ write

z=r,e%.

There exist positive constants C, Cy, C'5 such that

r, > 1+ C’ln_%_%%,
(49) r, < 14 Cyn t7ste
Pz = Pu > C(?ynigié+6

Consider the function
S#(t) = ReS (te'), te[l,r.l.
Note that S#(1) = 0. From (49) we have:
# 2 g#
whence there exists €9 > 0 such that
S#(r,) < —Cy7n®

for all z € OT. We conclude that

d>S#
dt

1
i max
te(l,r:]

t=1

/ee(z—zl) . Z—az—l dz| < e'y|0—\/ﬁ|—Cn50‘

o+

The case of O~ is similar, and the first claim of the Lemma is proved com-
pletely.

S Cl47
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We proceed to the proof of the second claim. Write

1 -1
J2(20) — J.—1(20) = Q—M%eg(z_z Vo (1= 2) dz.
X

The contour X stays the same. We first estimate the contribution of the
interval 1*. Write

1—z2=1—¢e% 4 e — 2
and note that, since
|1 — ei“"“| < Cn%,
we have
C’ev‘e—\/ﬁ’

/eg(z_zl) ) Z—x—l . (1 . 6i80u) dz S 3

3_9
ns8 4

I+

This is the main contribution. We proceed to the analysis of the remaining
terms and estimate

/ee(z_zl) cpme L. (ew“ — z) dz.

I+
Write
0(z—z"1) Z—a:—l _ 69(2—271—ulogz) . 6(9—\/ﬁ)ulogz

The notation ¢, z; and A(t) has the same meaning as before, and we write

(50) e&(ztfztfliulogzt) . e(Gfﬁ)ulogzt . (eigou . Zt) _

— @_95in<ﬂu't2 <€i(0_\/ﬁ)u¥7u> . 1 + ieiLPu -t +

V2
+ e—esincpu-t2 (6(9—\/ﬁ)ulogzt+A(t)~t3 _ ei(e—\/ﬁ)ugou> > 1+ eigou ot

V2

Recall that ,
1+
dZt =
V2
and note that the first summand in the right hand side of (50) is an odd
function of ¢, so its integral over It is zero. We now estimate the second
summand in absolute value. Note that

6(97\/ﬁ)u log 24 +A(t)-t3

e'Pu dt

— ei(Gf\/ﬁ)mpu
t=0

and that on /™ we have an estimate

A (o—ymulog z+A@D-+

< Chnelf—val
dt = t20¢
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Furthermore,

NG

o 2 ; 2
’6—9bln<pu-t S e 2 Sin pq, -t .

In view of all the above, we have
‘ 6—95111 Pu-t? <€(9—\/ﬁ)ulog 2+ AR) ei(Q—\/ﬁ)ucpu> ‘ < 06_4 sincpu~t2‘|t|_€'y|0—\/ﬁ| )

Noting that
/ e_xéﬁSinc'Du.tQ 2 dt < —C.azs )
;

3,38
ns

4
et
we conclude that the contribution of the second summand in (50) is bounded
above by
C 67‘0_\/5’
and so is negligible compared to the main contribution. Finally, we have

. celo-val
/ee(z_z Dol (1= 2)dz| < 63—.

3_3
n8 4

I+
The contribution of 7~ is estimated in the same way, and the contribution
of the circular arcs is shown to be negligible in exactly the same way as in
the proof of the first Claim. The Lemma is proven completely.

7.2. Proof of Lemma We start with Okounkov’s integral formula for
the discrete Bessel kernel [[12]]. We take any positive numbers a; > as > 0
and write

) 1 60(272_17w+w_1)
(51) J(w,y; 0%) = (2mi)? / / = w)e w dz du.
|z|=a1 |w|=a2

As before, we define ¢,, by formula 2 cos ¢, = u, and we set

S(z,u) =2—2""—ulogz
(the principal branch of the logarithm is taken here). Setting x = y = u\/n,
we rewrite (51)) as follows

; 92 1 e@(S(z,u)—S(w,u))—l—(@—\/ﬁ)u(logz—logw) g
e = | f = w) s
|z|=a1 |w|=a2

Now, following Okounkov [12]], we deform the contour of integration and
obtain an integral representation for the quantity

arccos ==%=
J(z,x; 6%) — Pu J(x,z; 0%) — —
T T
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We take ¢ > 0 sufficiently small and introduce the intervals I, I as
before:
Bty oy < it
2
As before, we complete the contour by drawing a circular arc O} joining
the outer endpoints of /= and a circular arc O joining the inner endpoints

of 1. The resulting contour is denoted XK.
We now introduce the intervals I}, I, by the formulas

; 1—14 . s
_[:; = 62‘[’“ — W el@u t |t| S n_8 4+€;

w \/5
In a similar way, we join the outer and the inner endpoints of I, respec-
tively, by circle arcs O and O,.

FIGURE 2.
Okounkov [l12] showed that
(52)
arccos Q\F (z,u)—S(w,u))+(0—+/n)u(log z—log w)
I R
T 27m 2(z —w)
KZ KUJ

We estimate the right-hand side of (52), and we begin by estimating

(z,u)—S(w,u))+(0—+/n)u(log z—log w)
(53) // dwdz.
2(z —w)

I 15
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As before, we write

) 1 ).
z = e+ Ll e,
V2
. 1—4i .
w, = e 4 ——e'Prg,
V2
and
S(z,u) = —sinp, -2 + A(t) -3
S(wg,u) = sing,-s° + A(s) - s
We set

I(n) = [_nfgfﬁe,nf%f%%]

and estimate the integral

dsdt.

79 Sin oy, (£2452)—0(A(t) 43+ A(5)-53)+(0—v/n)u(log z: —log ws)
Int(n / /

(t +is) (1+%t>

Since (n) is symmetric around the origin, we have

—951n<pu(t2+s )
/ / dsdt =0,

I(n) I(n)
whence
e—0sin ou(t?+s?) e(A(t)-t3+g(s)-s3)+(97\/ﬁ)(logztflogws)
Int(n) = / / . — — 1| dsdt.
(t +1is) 1+ 5t
I(n) I(n)

We estimate the integrand in absolute value. It is clear that

o (e (-9(,4@) 34 A(s) - 5%) + (0 — v/n)(log 2 — log ws)>

BN 1+i < Ce v,

ot 1+ 5t

o [exp (—Q(A(t) 3+ A(s) - $%) + (0 — /n)(log 2 — log ws)>

— < C’ef'y|07\/5|7

O0s 1+ 1\}1 t -

exp( Y sin g, - (52 —|—t2)>

V2 4 52 ’

<

exp (—0sinp, - (52 + 1?))
t+1is

whence

—/n 2 =~ —
e Gl

I(n) I(n)
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The contributions of the integrals along the remaining rectangular arcs are
estimated in the same way, whereas the contribution of those parts of con-
tours where either 2 € OF or w € O is immediately seen to be majorated
by
C'exp(m ‘9 — \/ﬁ| — yn?)
with d; > 0 depending only on ¢. Lemma[6.3]is proved completely.
Theorem |[I.1]is proved completely.
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