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ENTROPY AND THE SHANNON-MCMILLAN-BREIMAN THEOREM
FOR BETA RANDOM MATRIX ENSEMBLES

ALEXANDER BUFETOV, SEVAK MKRTCHYAN, MARIA SHCHERBINA,
AND ALEXANDER SOSHNIKOV

ABSTRACT. We show that beta ensembles in Random Matrix Theory with generic real
analytic potential have the asymptotic equipartition property. In addition, we prove a
Central Limit Theorem for the density of the eigenvalues of these ensembles.

1. INTRODUCTION

In this paper we study asymptotic properties of the density functions of certain mea-
sures known as beta ensembles that arise in Random Matrix Theory. Namely, we consider
probability distributions in R of the form

N
(1) Pf,()\l, Ao,y A H A — A He—BNV()\i)/2
i=1

z<]

where the potential V' is a real analytic function satisfying the growth condition
(2) V(A) >2(1+¢)log(l+]|A|)

for all sufficiently large \.

Beta ensembles have attracted significant interest in recent years (see e.g. [9], [10], [13],
[14], [15], [18], [29], [30], [32], [33], [34], [35], [37], and references therein). Below, we briefly
mention four classical beta ensembles, namely the Hermite (Gaussian) beta ensemble, the
Circular beta ensemble, the Laguerre (Wishart) beta ensemble, and the Jacobi (MANOVA)
beta ensemble.

e Hermite beta ensemble: Let Ai,..., Ay € R be random variables with joint density
function with respect to the Lebesgue measure given by
N
Her, _BN 2
(3) PHBN Ny ) = ZHET H|)\ NETe ™
Z<] 1=

For 5 = 1,2, and 4, the distribution (3]) is known as the joint distribution of the eigen-
values of a random matrix from the Gaussian Orthogonal Ensemble (GOE), Gaussian
Unitary Ensemble (GUE), and Gaussian Symplectic Ensemble (GSE) respectively.
Dumitriu and Edelman (see [13], [3]) introduced tridiagonal real symmetric random
matrices with i.i.d. centered Gaussian random variables on the diagonal and x dis-
tributed independent random variables on the upper and lower sub-diagonals such
that the joint distribution of the eigenvalues is given by (B) for arbitrary 5 > 0.

The next three classical ensembles do not formally belong to the class () since the
particles are distributed, respectively, on the unit circle, positive half-line, and the
interval [—1, 1].
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e Clircular beta ensemble: Let Aq,..., Ay € [0,27] be random variables with the joint
density function with respect to the Lebesgue measure given by
Cir, 7 IA;
(4) PN B()\l,)\g,...,)\]\[ ZCZT H|e>‘k—6)\J|B.
k‘<j
e Laguerre ensemble:  Let Aj,...,Ax € [0,00) be random variables with the joint
density function with respect to the Lebesgue measure given by
N
La N oa— — .
(5) PE9P (A, Agy . Ay) = ZL“g H|>\ VA Bt
z<] 7j=1

where o > 0.
e Jacobi ensemble: Let Aj,..., Ax € [—1,1] be random variables with the joint density
function with respect to the Lebesgue measure given by

(6) PPN, Aay . A) = ZJM H|)\ )\|5H 1— )P 11+ A
z<]
where p, v > 0.

As in the Hermite case, the values 5 = 1,2, and 4 (with o = B(n —m+1)—1in the
Laguerre case and p = B(nl m+1) =1, p = 2(ny —m+1) — 1 in the Jacobi case),
correspond to classical ensembles of random matrices (see e.g. [25], [13]). In the Laguerre
case, the random matrix ensemble for arbitrary positive 8 was constructed in [13]. For Jacobi
and Circular beta ensembles, three- and five-diagonal matrix models were derived by Killip
and Nenciu in [24].

It is well known (see [§], [23], [12]) that if the potential V in (I)) is sufficiently smooth
(e.g. when V' is Hélder continuous), then there exists an equilibrium measure p" which is
absolutely continuous with respect to the Lebesgue measure and has compact support. Let
us denote its density by p¥. The equilibrium measure maximizes the functional

() Ev () = / / log | — yldju(z)du(y) - / V(x)dp(x)

over the space of the probability measures on R. Note that &, (i), up to a factor of —1,
coincides with the energy functional. We denote by E[V] := &y (¢") the maximum value of
the functional attained at the equilibrium measure ;". The marginal density of the ensemble

@D,
P%)(A)Z/N P2 g, o An)dAs .. dAy,
RN-1

weakly converges to the equilibrium density p". In addition, the support of x¥ and the
density p" are uniquely determined by the Euler-Lagrange variational equations

®) 2 / log |z — yldu¥ (y) — V(z) < I, z€R,

(9) 2 / log |z — yld¥ (y) — V() =1, z:p¥(x) > 0.

In the Hermite case (V(z) = 2%/2), the equilibrium measure is the Wigner semicircular

distribution pi,.(dz) = 5=v4 — 221_99)(x)dx
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In addition to (2]), we assume throughout this paper that the potential V' is real analytic
and generic (see Theorem 2.1] for details). In particular, the support of the equilibrium
measure consists of finitely many intervals (see e.g. [2]). We prove that the logarithm of
the density, after appropriate normalization, converges to a constant almost surely. This
is called the asymptotic equipartition property. The precise statement is given in Theorem
2.1 By analogy with the Shannon—McMillan-Breiman theorem, the limiting constant can
be interpreted as the entropy of the corresponding measure. A corollary of this result states
that in the limit when the size of the considered matrices goes to infinity, there is a set of
measure almost 1 such that at all the points of this set the density is almost the same.

Analogous results for the Plancherel measure were conjectured to be true by Vershik and
Kerov [36] and proved in [11]. For a one parameter deformation of the Plancherel measure,
called the Schur-Weyl measures, equivalent results were obtained in [26, 27]. Note, that in
the case of the Plancherel and Schur-Weyl measures it is only known that the normalized
logarithm of the density converges to a constant in probability. The question of almost sure
convergence for those measures is still open.

In addition to the asymptotic equipartition property we prove the Central Limit Theorem
for the logarithm of the density (see Theorem 23)). For general random matrix models
Borodin and Serfaty have studied asymptotic properties of a similar statistic, which they
call “renormalized energy” [7]. They explicitly calculate the limit of the expectation of the
“renormalized energy” in the case of 3-sine processes for § = 1, 2,4 and some 2-dimensional
point processes. The result of Theorem 2.3l in the special case of the circular beta ensemble
appears in [7]. The Central Limit Theorem for random variables of the form ), g(\;), where
A; are the eigenvalues and ¢ is a bounded continuous function, was obtained by Johansson
for the circular ensemble [22] and later for ensembles with more general potentials [23] (see
also [28] for results on non-Gaussian limiting fluctuation of linear statistics in the multi-cut
case). A large deviation principle for spectral measures of certain classes of beta ensembles
of random matrices was established in [6] (see also recent results by Forrester for the classical
beta ensembles in [20] and [21]).

For the classical beta ensembles (Hermite, Circular, Laguerre, and Jacobi beta ensembles)
our results follow from the Selberg Integral [31] since it allows us to obtain explicit formulas
for the Laplace transform of the normalized logarithm of our density. We obtain the point-
wise convergence and the Central Limit Theorem from the asymptotics of the exponential
moment. In the general case, we use recent results [32], [§], [33] about the asymptotic ex-
pansion of the partition function of (Il). We note that the use of the Selberg integral for
deriving fluctuation formulas for linear statistics in the classical beta ensembles was first
done by Baker and Forrester in [4].
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2. MAIN RESULTS

2.1. Asymptotic equipartition property. Consider a probability measure on RY with
the density function Pf, defined in ({T). Consider the (infinite) product of these probability
spaces and denote by P? the corresponding probability measure on € := R! x R? x --- x
RY x ... Define random variables X on € by

In PJ () In P (Ay)

XN()\) = —T = N s

where ;\: {S\I’XQ’...} e Q.

Theorem 2.1 (Asymptotic equipartition property). Let V' be a real analytic function grow-
ing faster than log(1 + \2), as |\| — oo whose equilibrium density p¥ has g-interval support
o (g >1). Assume also that p" is generic, which means that p” # 0 in the internal points
of o, pV behaves like square root near the edges of o, and the function

v(A) = 2/10g 1= Alp" (n)dp = V(A

attains its maximum only if X\ belongs to o. Then for any § > 0 the random variables Xy
converge PP-almost surely to some constant Eg(V).

Remark
In the Hermite case,

(10) ngelen(27r)—1nr<1+§) +§¢ <1+§) —g—%.

The results of this theorem and Theorem[2.3 below also hold for the Circular, Laguerre, and
Jacobi beta ensembles. In particular,

Eg":ln(%r)—lnf (l—l—g) —|—§¢ (1+§) _ga
EﬁLag:ln(27r)—lnF(1+§) —l—gw (1+§) —§+0zln%2—a—ﬁlnﬁ,
b
2

E}*=In(27) —InT (1 + g) + gw (1 + g) ———(u+v)n2,

where 1 is the digamma function,

d
(11) P(x) = g log I'(z).
For a general potential V, the constant Eg(V') is defined in 27), (I0), and (26]).

The fact that for the classical beta ensembles the mean energy and the specific heat can
be computed from the Selberg integral is well known in the physics community. For the
calculation of the specific heat for the circular beta ensemble we refer to [16], [17].

The following is an immediate corollary of Theorem 2.1
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Corollary 2.2. For any > 0 and any ¢ > 0, there exists N.g > 0 such that for any
N > N4, there exists Sy (e) C supp(Py) such that for any X € S%(¢) we have

6—(E5+E)N < Pﬁ(j\) < 6_(E6_E)N

and

lim PR(A)d\ = 1.

N=0o0 J3Xes% (e) V)
2.1.1. The Shannon-McMillan-Breiman Theorem. The interpretation of the constant Eg(V)
as the entropy of the corresponding random matrix ensemble is by analogy with the Shannon-
McMillan-Breiman theorem. To illustrate the analogy, we briefly recall the Shannon-McMillan-
Breiman theorem in the case of the Bernoulli process.

Let W be the set of sequences of Os and 1s, i.e. W = {0,1}N. Given o € W let
w, = (wy,...,w,) € {0,1}" be the first n elements of t, and let Sy, be the cyllinder
set corresponding to tv,. Sy, is the set of all sequences in W the first n elements of which
coincide with w,,. Given p € (0,1), let P, be the Bernoulli measure on W, which to a cylinder
set Sy, assigns the probability

Py(Sw,) =p" (1 —p)" 7,

where k is the number of ones in tv,,. Let

H(p) = —plnp — (1 —p)In(l —p)

be the entropy of the Bernoulli measure. The Shannon-McMillan-Breiman theorem states
that for any p € (0, 1), we have

n—00 n

P, <meW: lim —%:H(p)) =1

In Py, (Swy,)

In other words, the theorem states that the random variables —=—=

entropy H (p) almost surely.

converge to the

2.2. Central Limit Theorem.
Theorem 2.3 (Central Limit Theorem). Under the assumptions of Theorem [2.1],
VY = N2 (log PL(X\) + NEs(V))

converges in distribution as N — oo to the Gaussian random variable with expected value 0

and variance 5 g 8
Z_Z 1+ 2
2 4 v ( + 2) ’

where ) is defined in (11).

Remark

The results of Theorems[21 and [2.3 in the special case of the Hermite beta ensemble (3)
were first proven by Ionel Popescu in [29).

Remark

Let us write the probability density (1) as

BY) —
PN()\)_ ZN(ﬁ) )
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where the potential energy term Hy is given by

N
(12) Hy(\)=N> V()= In|x = Al
i=1 i#j
Then the Central Limit Theorem result can be reformulated in terms of convergence in dis-
tribution of

- Hy(\)-C
WN()\) _ N( ) N,B
VN
to the Gaussian limit N (0, % —w’ (1 + )), where Cy g 1s an appropriate centering constant.

In particular, for the classzcal beta ensembles, one has

CNG = §N2—%NlnN+ (—llné —1+%w (1+é)) N,

8 22 4 2
Cﬁg:—%NmN—(%mg—%zp(ug))zv,

clg <z+11122) NQ_%NI N 1+1nﬁ—21p(1+§)N7
C]{,EZmTQ(N—mN—%NlanL(—%ln§+%w<1+§)>1\ﬁ

Remark

It should be noted that both terms in the expression (13) for the potential energy, namely
NYN¥ V(\) and Yi<icjen A = Aj], have fluctuations of order N, (see e.g. [23], [28]).
At the same time, the sum of these two terms fluctuates on a much smaller order, namely
N2 The cancellations take place because of the Euler-Lagrange variational equations (89)
for the equilibrium measure. As a result, the difference V(\;) — 2 Z; 2108 [A; — il is equal
(up to a negligible error term) to a constant independent of 1 <i < N.

It is also important to note that while the fluctuation of the linear statistic S » , V() is

(asymptotically) Gaussian in the one-cut case, it is non-Gaussian, in general, in the multi-
cut case (see [28] ).

For the Hermite beta ensemble, the potential energy Hy()) attains its (unique) minimum
at the configuration given by the zeroes of the (rescaled) Hermite polynomial of order N,

namely hy(y/5 ), where
N/2] N 2m
)™ (2x)
= NI
Z m‘ —2m)!

(see e.g. [25, A.6]). The minimum value of Hy is equal to

N(N -1) lew 3., 1 1
1 ——(logN +1) — = 1 =—-N*——=-NlogN — -N N).
(13) —(log N +1) 2;]0&7 VP = SNlog N — 2N +o(N)
Note that the inequality (1 4+ z) > logz implies that
3 1 1

Her>_ 2 - —_N.
Cxn 8N 2Nlog]\f 4N
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Thus, for a typical configuration the difference between the potential energy and its minimal
value is proportional to V.

Similar explicit computations could be done for the other classical beta ensembles. In
particular, for the Circular beta ensemble, the ground state is unique up to a rotation and
is given by the vertices of a regular N—gon, and the minimum of the potential energy is
equal to —%N log N. For Laguerre and Jacobi beta ensembles, the ground state is unique
and is given by the zeroes of the corresponding (rescaled) orthogonal polynomial of degree
N. Since the computations are very similar to the ones in [25] A.6]), we leave the details to
the reader.

3. PROOF OoF THEOREM [2.3]

We first give the proof in the case of the Hermite beta ensemble. Then we quickly extend
it to analytic potentials V' in both one-cut and multi-cut cases.

We start with the Selberg type integral corresponding to the Hermite orthogonal polyno-
mials [25] 17.6.7]

Her( gy _ o5 (BTN 2 <1 +358/2)
(1) 28(6) = ()% (3 ) I 75
which can be rewritten as
2
log Z(8) :% log 21 — (5TN +5 (1= g)) 1og57N — Nlog (1 + 3/2)
N
+) logI'(1+ Bj/2).

=1

Let us represent Zjvzl logI'(1 4 7/2) in terms of the Barnes G-function defined in [5] (see
also [19] formula (4.181)). It satisfies the functional equation

G(1+2) =D(:)G(2), G(1)=1,

and so at the integer points G can be represented as G(1 + N) = H] ' T(1 + j). The
asymptotic expansion for log G is known (see [19] formula (4.184)):

2

1
(15) logG(1+z):%logz—%f—l—210g27r—ﬁlogz+§( 1)+ o(1), z— oc.

To obtain the representation for Z;VZI log I'(14 35 /2) we use the Stirling formula in the form

1 1
log2m + — +1(2) |r(2)] < Cz72,

1
(16) logF(1+z)—(z+§)logz—z+2 125
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where the bound for r(z) is uniform for any interval (d, 00) with § > 0. Then

N1r1 '2—N SO PO Y B T S
> tos T +m/>—2((7+§) o8y — 55+ glosn+ g+ 0((5)) )

j=1

N

1 1 1 2
N
Rl B BN? N B B
_;glogf(l%—j)%— (1—§)logf(1+N)+(—4 +5(1—|—§))1g§
N 1 2
+5(1—§)log2w—ﬁ(§—B)logN%—CN(ﬁ)%—o(l)
N2 N
zglogG(l+N)+—(1+§)logf(1+N)+(54 +5(1+§))log§
N 1 2
Here

J=1

where v denotes the Euler constant and r(z) is defined in ([LG]).
This expansion combined with (I3]) and (I6]) implies

al N2 N N N N
Z:logf‘(1+5j/2)zﬁ4 1ogﬁ7——ﬁN2 2(1+§)logﬁ 5(1+ﬁ)

2

N ~
B log 27 + R(B)log N + C(8) + o(1),
where
3 1 1
R(B) = 21 + 1 + 65’
1
G(8) = 0(B) + 101+ ) log2m + (1)
Applying the Selberg formula (I4]), the above representation yields
Her ﬁ 20 4 BN, BN _ By_La, B8
log Z4° (8) = N*€ + - og = + N(log2m — log (1 + ) -5+ 2))
3
(18) + R(B)log N + C(B) +o(1), & =-1°

1
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Consider now the random variable

Yy P = N7 (log Py/"P(N) + NE") = N—1/2< - gHN(X) —log Zn(B) + NE/?”).

The Laplace transform of the distribution of YA};I ersB

(19) d(t) = / dhe N7 pHens iy,

can be written as

(20) D(t) = (Z5°7(8))"! /d)\ exp { - B4 2y i) — —tog Zw () + WNES )
N 5 JN N JN N 3 .

Thus,
t t
log ®(t) =log Zy(B(1+ ﬁ)) — (14 ﬁ) log Zn(B) + BtV NEE*".
Since according to (I8)

(21) 1o ZE(8) = N6+ Z log N + Nfy(8) + R(B)log N + T(8) + o(1)

with
fo(B) =log2m —logI'(1 + g) + = log = — %(1 + =),

one can see immediately that

t t /
7))~ (L =) log Zv(8) = VN (BI(B) — fo(B)) +

Hence, using that by definition of Ef" in (I0)

B = fo(B) = Bfy(B),

/82t2

log Zn(5(1 + 5

f"(B) +o(1).

we get
B(1) = exp{ - 1(8) +o(1))

H . L. . . .
Thus, we have proved that Y er,f converges in distribution to the Gaussian random variable
with zero mean and variance

2 ¢l 5 52 / ﬁ
B =5 -3 v+3)
Consider now the case of general one-cut potential V. We write
(22) Hy(NV)=—=NY V() + Y log|h — A,
=1 i#j
(23) PENV) =(Zx(B; V) L PN V)2,

(24) Z0(B;v) = / e PINAVI2 )
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We use the expansion for log(Zy(8;V)/N!) found in [32] (formulas (1.31)-(1.33)) in the
modified form of [33] (formulas (1. 20) (1.21)). Note that F(N) below differs from Fp of
(1.21) by log N!. We have

25)  logZu(5;V) =€ V] 4 Fy(V) + NS (5 1) + sl + OV,
BV =log () - P,
(26) Sip¥] =((logp", p") = 1 + log 2m),

EV]=— (Vo) + (Lp¥.p"). (L) = / log A — l f(u)ds,

where p" is the equilibrium density, rg [,0] is a smooth function of B defined by a contour
integral with the Stieltjes transform of pV, and (f,g) := f f(z)g(z)dz. Since (28] is also

written in the form (2I)) with & replaced by £[V], and fo, C(B) replaced by

Fu(8) = fo(8) + S1I(5 ~1), W) = E(8) + sl

by the same argument we conclude that the CLT is valid for

Y = N7 2(log PL(A V) + NEs[V]) = N—1/2( - §HN(5\; V) —log Zn(5; V) + NEg[V]),
where

(27) Es[V] = E5" — S[p"],

and the variance is the same as in the Gaussian case.

We are left to consider the multi-cut case. Since the analog of (25]) obtained in [33] in the
multi-cut case is more complicated, we first need some extra definitions.

Denote

q
(28> = U Oa, aaabaL Ha ::/ /)X()\)d)\, pg = 1oapv.

Define the operators L, L and £ by
(29) Lf:=1,L[f1,], Luof:=1, L[f1,], L:=&"_ L., L:=L-L,
on the set of the functions
H = @gz:l[/l[aa]-

Note that the topology of H is not important below.
For each interval o, we also define the operator

L L[ )G ) =
30 Dy = 5(Da+ D,), Duoh(A)=— g
(30) 2( + D) () m /a’a (A —p) \/()‘ — o) (ba — A)

and set

(31) D :=a!_,D,.
Let Q be a positive definite ¢ X ¢ matrix of the form
(32) Q = {Qaa/}g,a’:h Qaa’ = _(£¢(a)’ ¢(a’))’
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where the function ¢(®()) is a unique solution of the system of equations

(33) — (LY Ny = s, ' =1,...,q.

It is known that 1(® can be chosen in the form

VO = paWX2 L, X200 = S(T] - ez b))

2=A+i0

where p, is a polynomial of degree ¢ — 1. Set
(34) IR = (L[], Lg[h]),  Talh] =) Quai(h, ),
and define a quasi-periodic in N function ©(3; {Nf}) by

(35) OB {Nm}) = n+; 3 exp{ - g(g—lm, Aﬁ) + (g —1)(An, 1[1ogpv])},
{Ng} = ({(Nm}, . ANpY), (Ao =na —{Npa}, no=> {Npa},

a=1

with Q of (32), {ua}l_, of 28), I[h] of [B4)), and logp = (log p1, . . .,log p,).

Using the above definitions we can write now the analog of (25)) obtained in [33], formula
(1.34):

108 2918,V =€V + Fy(N) + N~ )81 + (a— 1) (BB)log N + C(3)
(36) 3 (rslia’ ped + R(B) o ) — 5 log et (1 — DE)
+ %(g — 1)2(2(1 —~DL)'7,7) +logO(B; {Nfi}) + O(N™"), k>0,

where f4, po are defined in [28), 75[u, ' pa] for each o, is the same as in 25]), Fz(N), R(B),
and C(3) are defined in (I8) (note that R(j3) corresponds to —cg from (1.34) of [33], C(B)
corresponds to c(ﬁl) and Fjs(N) differs from that of (1.34) by log N!), and det means the

Fredholm determinant of DL on ¢. The non positive measures (vy,...,v,) =: U have the
form
1 h(X\)d\ 1
Ve, h) :==(h(bs) + h(as)) / + =(Dylog P, h).
(v, 1) i= (h(bo) ¢_%b_A) 5(Dalog Pu 1)
with
2mpy (N)

Pa(>‘) =

VA= aa)(ba = A)
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It is easy to see that in the multi-cut case the expression (B6]) still can be written in the form
(21)) with & replaced by E[V], R(S5) replaced by ¢R(3), and fy, C(B) replaced by

7o) =hu(5) + 5101 (5 1),

ColV] =C(5) + 3 (rslig" ] + R(B) log o) — 3 logdet(1 — DE)

a=1

+ %(g 1) (£~ DE)'7.7) + log O(5: {N 1),

Since the structure of O(8; {Npu}) (see ([BH)) guarantees that
102 (51 {Vi}) 1o 0 (5(1+ =)< (N} <

by the same argument we conclude that the CLT is valid for

YS = N"V2(log PE(A; V) + NE4[V]) = N~V/? (gHN(X; V) —log Zn(B; V) + NEj [V]),

K(B)t]
\/N )

where
Eg|V] = B —S[p"],

and the variance is the same as in the Gaussian case.

The theorem is proven.

Remark

As we have mentioned above, the result of Theorem[Z.3 also holds for Circular, Laguerre,
and Jacobi beta ensembles. The proofs are very similar to the one in the Hermite case. The
arguments are based on the explicit formulas for the partition functions given by the Selberg
integrals [25]:

Zﬁ"(ﬁ) :(2W>NF(1 + NB/Q)

L1+ p/2)N°
Z]l\}ag(ﬁ) :(BN)—N(NTfl)ﬁ—aN f[ P(]' + (] + 1)ﬁ/2)F(a +]5/2)

I'(1+45/2) ’

J=0
N-1

Jac( @\ _oBN(N=1)+N(utv—1 L1+ +1)B/2)T(u+ jB/2)T (v + jB/2)
Z§(8) =22 )H F(1+8/2)T(n+v+(N+j—1)5/2)

5=0
The details are left to the reader.
To prove Theorem [2.1] it suffices to observe that by the Chebyshev inequality we have
Prob{|X% + Es| > e} = Prob{|Y)| > VNe} < (®(1) + &(—1))e VVe < Ce VN2,

and apply the Borel-Cantelli lemma.
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