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Exponential stability with decay rate estimation for linear
difference equations

Sérine Damak, Michael Di Loreto, Sabine Mondié, Xavier Brun

Abstract—This technical note addresses the stability analysis of linear
systems governed by continuous-time difference equations with multiple
delays. We propose new sufficient conditions for L2-exponential stability
and exponential stability within the Lyapunov-Krasovskii framework.
These conditions are delay-independent, and provide constructive expo-
nential decay rate estimates of the system response. It is also shown
that these conditions are less conservative than previous results in the
literature.

Index Terms—Time-Delay Systems, Stability, Linear Systems

I. INTRODUCTION

Linear systems governed by continuous-time difference equations
are dynamical systems with a state-space realization described by

N
x(t) = Apx(t—ri), t >0, 1)

k=1

where x(-) € R"™ is the instantaneous state, 7 > 0 are the delays and
Ar € R™™™, for k =1,..., N. Difference equations in the form (1)
appear in systems of conservation laws modeled by first order
hyperbolic partial differential equations, where the delay operator
describes some transport phenomenon with finite velocity [5], [3], in
coupled differential-difference equations [9], [16], [15], neutral time-
delay systems [10], [12], [7], [13], integral equations or difference
equations with distributed delays [2], [11], [14], and in references
therein, covering a wide class of applications, as electric transmission
lines, road traffic, water channels or gas flow in pipeline networks.

Exponential stability analysis for systems in the form (1) is a crucial
problem for transient response and steady-state analysis, closed-loop
performances and stabilizing control synthesis. Exponential stability
of (1) has been studied in [1], where it was proved that

N
P <Z Ay eje"> <1, 2)
k=1

with p(A) the spectral radius of A, is a necessary and sufficient
condition for delay-independent exponential stability of system (1).
Since (2) requires iterative optimization methods to be tested and
is not constructive, in general, for state-feedback synthesis, some
numerically tractable sufficient stability conditions were proposed.
In [12] (see also the references therein), it was shown that the
sufficient exponential stability (delay-independent) condition

sup
01,...,0N5 €[0,27]N

N
S Akl <1 3)
k=1

leads to constructive exponential estimates for the system response
of (1). However, this condition appears to be highly conservative.
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As a first step for conservatism reduction with respect to (3), an La-
stability analysis was considered in [4], using a Lyapunov-Krasovskii
approach. From some derived arguments on coupled differential-
difference equations, an equivalent stability condition for (1) was
proposed in [8]. The approach in [4] was further investigated in [16]
(see Theorem 4 and Corollary 5 therein) and in [6] for exponential
estimates in Lo-exponential stability. For systems in the form (1),
while Lyapunov-Krasovskii theory appears to be suitable for Lo-
exponential stability, with concessions regarding the inherent con-
servatism, the fact that the solution of (1) has in general step
discontinuities and its state-space realization (1) has only difference
operators, makes the analysis of the solution behavior at any time
more intricate than its analysis in Lo-norm.

The contributions of this paper are focused on Lyapunov-Krasovskii
methods for stability of the system (1), and are twofold. First, in order
to reduce the inherent conservatism introduced within the approach
in [4], an extended Lyapunov-Krasovskii functional is defined and
used to obtain a new Lo-exponential stability delay-independent
condition, which appears to be less conservative than the results
in [6]. Second, an exponential stability delay-independent condition is
derived. Constructive exponential decay rate estimates are provided,
and the conservatism reduction is discussed and compared with
already existing results in both contributions.

The paper is organized as follows. Section II contains the required
background and material for the content of this paper. Section III
addresses La-exponential stability with constructive estimates for the
decay rate of the system response. Exponential stability is analyzed
in Section IV. A discussion on the conservatism for the proposed
method is included in Section V.

Notations: The transpose of a matrix P is denoted by P, while
the smallest and the largest eigenvalues of a symmetric matrix P
are denoted by Amin(P) and Amax(P), respectively. The standard
notation P < @ (P =< ) means that Q — P is a symmetric
positive definite matrix (semidefinite matrix, respectively). For a
symmetric positive definite matrix P, P'/? stands for the (unique)
symmetric positive definite square root matrix of P. Symmetric terms
in symmetric matrices are denoted by x. The notation bd(Py) for
k=1,..., N stands for the block-diagonal matrix

P

bd(Py,...,Py) =

Pn

The matrices I, and O, x.m are the n X n identity matrix and the
n X m zero matrix, respectively, with indices that may be dropped
if there is no ambiguity. The set of natural numbers is denoted by
IN, and if O is not included, the set will be denoted by IN*. The
space of piecewise right-continuous and bounded functions defined
on [—ry,0) is Z([—-rn,0), R™). This space is equipped with the
uniform norm |||, =  sup |[¢(#)| or with the L norm
—rny<0<0
H<p|\2L2 = fi)rN llo(6)|]> A8, where || (6)]| stands for the euclidean
norm. We denote z(t, ) the solution at time ¢ of the system with
the initial condition ¢ and z:(¢) = {x(t + 0,¢) | 0 € [-rn,0)}.



The dependency with respect to ¢ is dropped when it is clear from
the context. DT v(x+) stands for the Dini upper right-hand derivative
of a functional v(x¢).

II. PRELIMINARIES

Consider the linear dynamical system governed by the continuous-
time difference equations in the form

N
t)=> Awa(t—ri), t >0, “

where A, € R"*" for k = 1,...,N,0 < r; < ... < ry. For
any piecewise right-continuous and bounded initial condition ¢ €
Z([-rn,0),R™), there exists a unique piecewise right-continuous
solution z(t, ) of (4), for all ¢ > 0. This solution is called the
system response of (4).

Let us recall the definitions of stability which are used throughout
the paper.

Definition 1:
(¢) System (4) is said to be La-exponentially stable if there exist
>0 and B > 0 such that, for any ¢ € Z([—rn,0),R"),

lze(@)llz, < Bllell.e™, t > 0.

(¢1) System (4) is said to be exponentially stable if there exist o > 0
and v > 0 such that, for any ¢ € Z([-rn,0),R"),

Izt @)l < vllell.e™" t > 0.

In Definition 1, the positive constants p and o are lower bounds for
the exponential decay rates of the system response in Lz-norm and
euclidean norm, respectively.

Let us denote by A, the n/N X n/N companion matrix

A1 A AN
Ac= ) . (6))

I 0

It was proved in [4] Corollary 5.4 that, if there exist n X n symmetric
positive definite matrices Py, for K =1,..., N, such that

—Mo =ATbd(P1,...,Pv)A. —bd(P1,...,Py)  (6)

is a negative definite matrix, then the system (4) is L2-exponentially
stable, and also exponentially stable since (2) holds. Based on the
same Lyapunov-Krasovskii functional, [6] proposed an estimate of
the decay rate for Lo-exponential stability, that is there exists ;1 > 0
and B(p) > 0 such that

M, = My bd((1 - )P P)) ()

is a negative semidefinite matrix (with Py4+1 = 0 by convention)
and (¢) in Definition 1 holds. Under an additive assumption on
contraction for M, in (7), exponential estimates for convergence of
the step discontinuities in the system response were characterized
in [6] (see Theorem 4 therein). Actually, this condition, which
appears also in Theorem 4 and Corollary 5 of [16], leads to
exponential stability, as stated in the following result.

Theorem 2: Assume that there exist symmetric positive definite
matrices Py, for k =1,...,N, and y > 0, such that M, in (7) is
a positive semidefinite matrix. For this solution, if

N
o = 2672urk )\max(Qk - Qk+1) < 17 (8)

k=1

where Qi = /2P = 1/2 for k=1,..., N, then the system (4)
is exponentmlly stable, and the following exponential estimate of the
system response holds

lzt o) < vligll e, V>0, ©)
with
)\max(Pl) IH(OZ)
— d =— .
Amin(P1)’ ane.o 2rn
Proof: Obvious from the proof of Theorem 4 in [6]. O

It is worthy of mention that the condition —M,, < 0 in Theorem 2
is delay-independent, in the sense that if it is satisfied for some
delays (r1,...,7n), it is also satisfied for any delays (rf,..., 7).
Its solution is however delay-dependent: for the matrices Pk and
p that satisfy —M,, =< 0, inequality (8) may be feasible or not
depending on the delays. For La-exponential stability, we will need
the following lemma [6].

Lemma 3: Assume that there exists a continuous functional v :
P([-rn,0),R"™) = R such that t — v(z:(p)) is Dini upper right-
hand differentiable for t > 0 and such that

(a) Bullelz, < v(®) < B2 lI¢llZ, for some f1 >0, B> >0,

(b) Vt >0, DV o(zi(p)) + 2uv(ze(p)) < 0, for some p > 0.

Then the system (4) is La-exponentially stable, that is

Ba _
(o), < B lell, e, t>0.

III. L2-EXPONENTIAL STABILITY

The major source of conservatism of the results presented in the
previous section is related to the considered Lyapunov-Krasovskii
functional, corresponding to (see [4] and [6])

N t
_ Z/ =20 (YT (P, — Pyyr)z(0)d6, (10)
k=171"Tk

with 0 < Py, for k = 1,..., N and g > 0O the solutions of (7) in
Theorem 2. In order to achieve less conservative stability conditions,
the block-diagonal structure in (7) must be relaxed by increasing the
number of decision variables in Theorem 2, which is realized by the
introduction in the Lyapunov-Krasovskii functional (10) of delayed
cross-weighted terms.

For this, let Sy a m X n symmetric positive definite matrix, n X n
symmetric positive semidefinite matrices S;, for ¢ = 1,..., N — 1,
2n X 2n symmetric positive semidefinite matrices P, and Qy, for

k=2 ... N,
woQp

» Qe = N IR an
22

with respective blocks of size n X n, and denote the positive constants
Kk =Tk — Tgp—1, for k =2,...,N.
With these notations, consider the Lyapunov-Krasovskii functional

k k
Py P

P, = 2
124

N N
D= v (@) + Y (h () F vl (), (12)
=1 k=2

where
/ e =0 1(0)T S,(6) db, (13)
vl 4 (0) :/ e 2= (0)TPrCr(9) dO (14)
vl (0) / e U Dg (0)TQuen(0) 0, (15)



Cr(0) = [m(azi(il,l)} and & (0) = [

The Lyapunov-Krasovskii functional introduced in (12) leads to the
following Lo-exponential stability result.

o)

Theorem 4: Assume that there exist a n X n Symmetric positive
definite matrix SN, n X n symmetric positive semidefinite matrices
Si, fori=1,...,N — 1, 2n X 2n symmetric positive semidefinite
matrices Py and Qy, for k =2,..., N, and p > 0 such that

v, rﬂ]

isa (2N — 1)n x (2N — 1)n negative semidefinite matrix, where

v, = AI'WA.-Wp-Wq (17)
&, = bd(e QL - PY) (18)
—2uK 2 —2ukK N
Y, — AT [eo 2 Qf) eOZ“NQSJ]
(N—-1)nxn (N—-1)nxn
07L><(N71)7L
- i T (19)
[we i pl)”)

and W, W p, Wq are defined in (23)-(25), respectively. Then, the
system (4) is Lo-exponentially stable. Furthermore, the following
exponential estimate holds

e, < 4/ G el e, £ 20, (20)
with
Br=2 min {e " Anin(Pr).e” ™ Amin (Qr) }
+ e 2N X\ in(S), D
N
/82 =2 Z (K/k)\max(Pk) + 7"k:fleizlwik)\max((;zkr))
k=2
N
+ ) T Amax (Sk)- (22)
k=1

Proof:  The functional v, (z¢(p)) in (12) is well-defined over
P([-rn,0),R"), continuous with respect to ¢, and Dini upper right-
hand differentiable for any ¢ > 0 along the trajectory of (4). Simple
computations lead to

Billells, < wvule) < B2llell?,

where 51 > 0 and B2 > 0 are defined in (21) and (22), respectively.
Fori=1,..., N, the Dini upper right-hand derivative of v} (x¢(¢))
in (13) along the trajectory of (4) is

(26)

DYol(z) = —2pvi(e:) + ()" Si(t)

—e gt — 1) Six(t — 7).
Similarly, concerning (14) and (15), we have, for any k =2,..., N,
—2p v () + e (8) PrCi(t)
—eizu’ikck(t — /‘ik)TPk(k (t — Hk)

Dﬂ’ﬁ,k@ﬁ) =

and

DY g, () —2pvg 4 (wt)
e R (t — kk) T Qubr(t — ki)

—e R (t — i) T Qi (t — ).

Substitute (4) into these expressions, and using the decomposition
blocks (11) in (12), we arrive at the Dini upper right-hand derivative
of v, (z¢(p)) along the trajectory of (4), that is

DY ou(wi(p)) = —2nvu(ze(p)) — x(8) Aux(®),
where 0 < A, is defined in (16) and x(t) = [x1()T x2()7]",

@7

x(t —r1) z(t — K2)
x1(t) = : ; x2(t) = (28)
x(t—rn) z(t — k)
It follows from (27) that DV v, (z:(¢)) + 2uv.(ze(p)) < 0, for
any ¢ > 0. Lemma 3 applies and the proof is completed. |

Remark 5: Note that with respect to [4], if there exist Py > 0, for
k=1,...,N,and g > 0 such that —M, =< 0 in (7), Theorem 2
in [6] leads to Ly-exponential stability, with the Lyapunov-Krasovskii
functional (10). This implies of course that Theorem 4 is fulfilled,
with P, = Qk =0 for k = 27...7N, and S, = P —Pk+1 for
k =1,...,N (with Pv41 = 0). The matrices P satisfy, using
the block-diagonal terms in (7), PN <X Pn—1 =X -+ < P;. This
implies that S; are positive semidefinite matrices, and Sy = Pu is
positive definite. The converse is false, as illustrated and commented
in Section V.

The condition given in Theorem 4 is delay-independent. It is
equivalent to the existence of Sy > 0, S; > 0fori=1,...,N—1,
Pr > 0and Q = 0 for k = 2,..., N, such that —Ao < 0. This
fact is outlined in the following result, where the necessary and
sufficient delay-independent condition (2) is implied.

Theorem 6: Assume that there exist a n X n symmetric positive
definite matrix Sn, n X n symmetric positive semidefinite matrices
Si, for it =1,..., N — 1, 2n X 2n symmetric positive semidefinite
matrices Py, and Qg, for k = 2,...,N, and p > 0 such that A,
in (16) is a (2N — 1)n x (2N — 1)n positive semidefinite matrix.

Then
N .
. <2Ak 9) <1
k=1

Proof: Under the specified assumptions and for any 6; € [0, 27],

sup
01,...,0N5 €[0,27]N

(29)

i=1,..., N, we compute the quadratic form —u* A, u < 0 with
- oy, -
ejeN I,
u =

N j(0; —01+06
Zi:1 AieJ( i—01+02)

_Zf\’:l Aiej(ei*GN—l +0n)

We obtain
N * N _
—u Ay u = <2Akej9"> Y <2Akej9k> -Y+S, 30
k=1 k=1
where
N N
Y =) S+ e PrH, 3D
=1 k=2
_ N N
Y =) e MG 4> e MRHY, (32)
=1 k=2
N
S=) (1—e )Ry, (33)

x>
Il
©



— 2 3 N
= Pégi sz) P;Q )
*  Psy @ N
W= |* Py E=)08+ > (P e Q) (23)
i=1 k=2

N

* Pg2 )
Wp =bd(e 7181, 2Py 4 e 728, . e NP e TN Gy) 24)

Q) g
* e~ 2K2 Qg) 42173 Qﬁ) e 203 Qg)

Wo = 25)

_ N-1 — N — N
e 2u7“N,1Qé2 )+e 2HT'NQ§1) e 2HT'NQ§2)

—2ur (N)
* € N Qoo

with
I

n * In
Hy, = |:ej(9k*9k—1)_[n:| Qx [ej(ekfeka)[n] (34)

and
N i0; —j
>N A;e?lie 0% —1

Ry = [ ]*Pk [ZiNzl Ael%ie™ 10
I,

n

] . (35)

Note that Hy and Ry defined in (34) and (35), respectively, are
hermitian positive semidefinite matrices, for any £ = 2,..., N and
for any 6; € [0,2n], ¢ = 1,...,N. Since S defined in (33) is a
positive semidefinite matrix, the negative term (30) implies that

N * N
(Z Akeje"> Y (Z Akeje"> ~Y =<o. (36)
k=1 k=1

Furthermore, using (31), (32) and the fact that S is positive definite,
we see that Y is positive definite and Y < Y. Applying this last
inequality in (36) leads to

N * N
(Z Akej9k> Y (Z Akej9k> -Y <0. (37)
k=1 k=1

It follows that p Zszl Ape?%
=1,...,N. This concludes the proof.

< 1, for any 6, € |0,27],
]

IV. EXPONENTIAL STABILITY

According to Theorem 3.5 with inequality (3.22) and Theorem 6.1
p. 286 in [10], Theorem 6 leads to delay-independent exponential
stability, with however non constructive estimates. In order to
evaluate the performance of the system (4) through its exponential
decay rate, we assume that the conditions of Theorem 4 are fulfilled.
Estimates for exponential stability are given in the following result.

Lemma 7: Assume that there exist 3 > 0 and p > 0 such that, for
any ¢ € P([-rn,0),R") and for any t > 0,

lze(P)ll,, < Bllell, e (38)

Then we have
B
llz(t, )l <

el e et >0

(39)
Proof: Let us first define the function ¢() = fi.N lz(0)]|* do
with ¥ > —rxy which is continuous, non negative, non decreasing
and bounded, since from (38), ¢(c0) < 52|l ﬁ This
function allows us to rewrite the inequality (38) as

o) — ¢t —rn) < B [lol|? e, t > 0. (40)

For an arbitrary ¢ € IN*, multiplying (40) by 7'1}1 and introducing
intermediate values of ¢(-), we obtain for any ¢ > 0,

LS (i) < 2 gz oo (4D
¢ L= ¢/ Ty 'Tle ’
=0
G- TN
where wc(t) = % This function is also continuous, non
negative and bounded Yor any t > 0. Forany ¢ =0,...,¢— 1,
TN . TN
(t—iYy > (t—iX
wilt = S ) 2z i:orfl.lfqulwg( b )
> . _ _ _ *
> Ogﬂ;glwg(t TNX) = ws(t — TNXS),

such that x! € [0, 1], for all ¢ € IN*. Using this inequality into (41),

2
wilt =rwxe) < loll? e, t > 0. 42)

Since the function we(+) is continuous, we obtain, taking the limit
sup when ¢ — oo in (42), that

limsupw(t — ryxs) = limsupwe(t — TvX50)

¢— 00 s—00
2
= DTt —rnxie) < = pllZ e
N
holds for any t > 0. Since DVYé(t) = |z(t,¢)||* ae. and
e 2HTNXoo < 1, it follows that
s _ B 2 —out
lz@t o)” < — el e”™, ae. t >0,
TN
that is (39) is satisfied. O

The main advantage of Lemma 7 is that, unlike in Theorem 2, no
additional assumption is required to get constructive estimates for
exponential stability from estimates for Ls-exponential stability.
Note that (39) holds almost everywhere for ¢ > 0. While the step
discontinuities in the system response are ensured, from Theorem 6,
to converge exponentially to zero, estimates for such a convergence
are not obtained in Lemma 7. A direct application of Lemma 7 to
Theorem 4 leads to the following result on exponential stability.

Theorem 8: Assume that there exist a n X n symmetric positive
definite matrix Sn, n X n symmetric positive semidefinite matrices
Si, fori =1,...,N — 1, 2n X 2n symmetric positive semidefinite
matrices Py and Qg, for k = 2,...,N, and @ > 0 such that A,
defined in (16) is a positive semidefinite matrix. Then, the system (4)
is exponentially stable, and its system response satisfies

B2

rnf1

[z, o)l < lell, e, ae. t >0,



where 31 and B2 are given in (21) and (22), respectively.
Proof: Obvious from Theorem 4 and Lemma 7. O

V. CONSERVATISM ANALYSIS AND DISCUSSION

We prove first that Theorem 4 is less conservative than Corol-
lary 5.4 in [4] or Theorem 2 in [6].
As outlined in Remark 5, it is clear that if Corollary 5.4 in [4]
is fulfilled, then Theorem 4 holds, leading to a delay-independent
exponential stability. However, the converse is false. Indeed, let us
consider the system

x(t) = Arz(t — 1) + Asz(t —r2),

1 0 0 1
Al - |:2 :| ’ A2 - |: 2:| '
0o -1 -1 0

It was proved in [4] that for this system, the condition —Mg < 0
in (6) has no solution, or equivalently —IM,, < 0 in (7) is not feasible.
However, a solution of Theorem 4 exists. For 71 = 1 and 7o = /2,
we found p = 0.2842, [lz¢(p)l|,, < 3.9989 ||| e 02, for
t > 0, and Theorem 8 leads to ||z(t,¢)|| < 3.3627 ||¢|| e~ 23"
Note that the computational cost of the proposed method requires
@(5N — 4) + 2n*(N — 1) decision variables and 3N — 1
constraint inequalities comparing to WN decision variables and
N +1 constraint inequalities for the condition (6) in [4]. On the other
hand, this increase allows us to reduce the conservatism.

(43)

where
(44)

Second, it is of interest to mention the conservatism improvement of
our method with respect to the norm condition (3). For this, we just
prove that (3) implies that Theorem 2 is satisfied.

Assume that (3) holds. By assumption, it is straightforward to see

that
AN }

<1
O(Nfl)nxn

1A = ‘ 45)

o0
O(N —1)nxn
Let A1 > 0 be any positive constant. The spectral theorem for
symmetric matrices and (45) imply that AZ)qu < A1 - Inn. For
P = A1 - I, this last inequality rewrites as

Al'bd(P)A. — bd(P1) < 0.

Since the previous inequality is strict, there exist sufficiently small
positive constants €1, ...,en satisfying ey < ... < €1, %51 <
en and ATbd(P1)Ae —bd(Py — ey - I,) = 0. Let us define y > 0
such that 1 < — 1N In((N —1)(1 — =X)), and the matrices P =

27
Ak - In, for Kk =1,... N, obtained iteratively by

N 2ury
_ k=1 ek
B N 2ur )
Dpog € — 1

)\k — )\k+1 = te”'k ()\1 — Ek)-

A (46)

47

The matrices Py, satisfy Py — Pyy1 = €**"% (P — ey, - I,,), so that
Pyy1 < Py, fork=1,...,N.Since Py = **"™N (Py—en-I,,) > 0,
all the matrices Py are positive definite and diagonal. It follows that
the matrices P, > 0, k = 1,..., N, and the positive constant p,
satisfy M, > 0. Furthermore, as these matrices are in the form
P, = A+ I, (8) is satisfied since a < e~ 241 Hence, Theorem 2 is
fulfilled with v = 1 in (9), and consequently Theorem 4 holds. The
converse of this assertion is false, as shown in the example below.

Example 9: Consider the difference equation (43) with r, = 1,

ro = 7 and
—0.3] . [ 0.1

—0.4
A= [ —0.9

0.25
0.1 0.15 ’

—0.1

These matrices satisfy 3n_ || Ay|| = 1.4435, therefore the exponen-
tial stability of (43) cannot be analyzed using the conditions in [12].

However, this system is exponentially stable. Indeed, Theorem 2
leads to p = 0.1084, @ = 0.9084 in (8), and ||z(t,9)| <
1.8245 ||¢p||, e~ %°*%3* for any t > 0. On the other hand, Theorem 8
leads to the estimate

z(t, )| < 3.6514 e 01231 >,
® elle

Theorem 4 gives only sufficient conditions for the exponential stabil-
ity of (4), which are less conservative than those proposed previously
in the literature. When the delays are arbitrary but commensurate,
that is r, = &gr for & € IN* and some r > 0, the conditions
in Theorem 4 appear to be necessary and sufficient for exponential
stability. Indeed, if (4) is exponentially stable for any commensurate
delays, this implies in particular that p(A.) < 1, or equivalently that
there exist P > 0 and p > 0 such that

ATPA. —e 2P <0,

which is precisely the condition —M,, < 0 given in (7) for the
one-delay case. This in turn implies that Theorem 4 holds. The
converse is obvious from Theorem 8 since delay-independent stability
is characterized therein.

VI. CONCLUDING REMARKS

New exponential stability sufficient conditions providing the decay
estimate of the response of linear difference equations in continuous
time are presented. The a priori norm condition which is required in
similar results in the literature is lifted, thus allowing the study of a
wider class of systems.
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