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BIHERMITIAN METRICS ON HOPF SURFACES

VESTISLAV APOSTOLOV AND GEORGES DLOUSSKY

ABSTRACT. Inspired by a construction due to Hitchin [20], we produce strongly
bihermitian metrics on certain Hopf complex surfaces, which integrate the locally
conformally K&hler metrics found by Gauduchon—Ornea [14]. We also show that
the Inoue complex surfaces with b2 = 0 do not admit bihermitian metrics. This
completes the classification of the compact complex surfaces admitting strongly
bihermitian metrics.

1. INTRODUCTION

A bihermitian structure on a 4-dimensional connected manifold M consists of a
pair of integrable complex structures J; and J_ inducing the same orientation, and
a Riemannian metric ¢ which is hermitian with respect to both Ji. As a trivial
example one can take a genuine hermitian structure (g,.J) and put J = +J. We
exclude this situation by assuming that Jy(z) # £J_(z) at at least one point x of
M. The special case when J # J_ everywhere on M will be referred to as strongly
bihermitian structure.

In pure mathematics literature the theory of bihermitian 4-manifolds was initi-
ated [30, 29 26 2] from the point of view of 4-dimensional conformal geometry,
where the two integrable almost-complex structures are given by the roots of the
conformal Weyl tensor. Subsequent work [29, 3] [, 9] was mainly focussed on an-
swering the following

Question 1. When does a compact complex surface (M,J) admit a bihermitian
structure (g, Jy, J_) with J = J,.7

There has been a great deal of interest in bihermitian geometry more recently,
motivated by its link with the notion of generalized Kdhler geometry, introduced
and studied by Gualtieri [16] in the context of the theory of generalized geometric
structures initiated by Hitchin [I8]. It turns out [16] that a generalized Ké&hler
structure is equivalent to the data of a Riemannian metric g and two g-orthogonal
complex structures (Jy, J_), satisfying the relations d F{ +d° F? =0, dd$.F{ =0,
where F{(-,-) = g(Jx-,-) are the fundamental 2-forms of the hermitian structures
(g, J+), and d%. are the associated i(0+ — 0+ ) operators. (These conditions on a pair
of hermitian structures were, in fact, first described in the physics paper [10] as the
general target space geometry for a (2,2) supersymmetric sigma model.) In four
dimensions we obtain a bihermitian structure, provided that the generalized Kéahler
structure is of even type (which corresponds to our assumption that Ji induce the
same orientation on M) and F{ # +F? (ie. J, #+J_).

This paper was written while the first named author was visiting the University of Aix-
Marseille 1. He is grateful to this institution for providing excellent working environment. Both
authors wish to thank A. Teleman for helpful discussions and for explaining his results in [32].
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When the first Betti number of M is even, it follows from [3] (see also Remark 2]
below) that, conversely, any bihermitian metric arises from a generalized Kéahler
structure, up to a conformal change of the metric. This correspondence was used to
produce a number of new constructions of bihermitian metrics [15] &, 19, 28], where
the existence of a Kéahler structure on M plays a crucial role.

When the first Betti number by (M) is odd, on the other hand, the manifold (M, J)
does not admit K&hler metrics, nor a bihermitian conformal structure necessarily
come from a generalized Kahler structure. (As a matter of fact no strongly biher-
mitian metric can be obtained from a generalized Ké&hler structure, see Remark [2)).
Thus, examples of bihermitian structures in this case are still scarce (see, however,

129, 13)).

Thus motivated, we prove in this note the following result.
Theorem 1. A compact complex surface (M, J) with odd first Betti number ad-
mits a strongly bihermitian structure (g, J4+,J_) with Jy = J if and only if it is a
Hopf surface whose canonical bundle defines a class in the image of H'(M, R%) —
HY(M,0").

These are the Hopf surfaces with universal covering space C%\ {(0,0)} and fun-
damental group I' which belongs to one of the following cases:

(a) T is generated by the automorphism (z1, z2) — (az1,@z2) (where a € C,0 <
la| < 1), and a finite subgroup of SU(2);

(b) T is generated by the automorphisms (z1,22) — (az1,aa"'zy) (where o €
C,0< o> <a<|al <1), and (21,22) — (e21,e L 22) with & primitive {-th
root of 1;

(c) T is generated by the automorphisms (z1,2z2) — (™21 + A\25", Bz2) (where
AeCH Bl =a, 0<a< 1), and (21,22) — (e21,e ' 22) with € primitive
£-th root of 1, where m =kl — 1, k € N*,

Note that the Hopf surfaces with fundamental group belonging to the case (a)
of the above theorem are precisely those which admit a compatible hyperhermitian
structure (see [7]). A description of all possible finite subgroups of SU(2) that
appear in this case can be found in [23].

Combined with the results in [3], Theorem [ yields the complete list of the com-
pact complex surfaces (M,.J) which carry a strongly bihermitian structure with
Jy = J: these are K3 surfaces, complex tori, and the Hopf complex surfaces of the
type described above. Note that in the case when by (M) is even, (M, .J) does also
admit a compatible hyperhermitian structure [7], but this is not longer true when
b1 (M) is odd.

Compared to the partial results in [I], Theorem [ brings in two new ingredients.

First of all, we show that the Inoue surfaces with ba(M) = 0 (defined and stud-
ied in [2I]) do not admit compatible bihermitian structures. This is achieved by
combining a recent result of A. Teleman [32, Rem. 4.2] (according to which on any
Inoue surface the degree of the anti-canonical bundle is negative with respect to any
standard hermitian metric) together with an observation from [I, Rem. 1] (that this
degree must be positive, should a bihermitian structure exists).

Secondly, we address the question of existence of bihermitian structures on the
Hopf surfaces in our list. We give a concrete construction of bihermitian metrics by
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using an idea of Hitchin [20]. It allows us to deform the locally conformally Kéhler
metrics (ggo, J) found by Gauduchon—Ornea [14] in order to obtain a family of bi-
hermitian metrics (g, J, JL ) with J¢ = ¢} (J), where ¢; is a path of diffeomorphisms;
ast— 0, J¢ — J and g/t — ggo-

2. BIHERMITIAN GEOMETRY — PRELIMINARY RESULTS

In this section we recall some properties of bihermitian metrics, which we will
need for the proof of our main results. The articles [I], 3, [20] are relevant references
for more details.

Let (g, J+,J—) be a bihermitian structure on a 4-manifold M, i.e. a riemannian
metric g and two g-compatible complex structures Jy with J (z) # +J_(z) at some
point « € M, and such that J; and J_ induce the same orientation on M. Notice
that any riemannian metric which is conformal to g is again bihermitian with respect
to Jy; we can therefore define a bihermitian conformal structure (¢ = [g], J+,J—)
on M.

For a fixed metric g € ¢, we consider the fundamental 2-forms F{ and F? of
the hermitian metrics (g, J+) and (g, J—), defined by F{(-,-) = g(Jx-,-). The corre-
sponding Lee 1-forms, 93_ and 67, are introduced by the relations dF Jgr = Hi AN F Jgr
and dFY = 09 AFY, or equivalently 69 = Ji(69F7), where §9 is the co-differential of
g and the action of an almost complex structure J on the cotangent bundle 7*(M)
is given by (Ja)(X) = —a(JX). Notice that with respect to a conformal change of
the metric § = e/g, the Lee forms change by 6. = 6% + df.

The following result was established in [2] [3].

Lemma 1. For any bihermitian metric (g, J4,J_), the Lee forms 6% satisfy
20909 + (092 = 26999 + 072,

where | - |4 is the point-wise norm induced by g.

Moreover, the 2-form d(@ﬂ_ + 6%) is anti-selfdual so that, when M is compact,
09 + 67 is closed.

The complex structures Ji must satisfy the relation [29] [3]
(1) J+J_ + J_J+ == —2p Id,
where p = —itrace(JJrJ_) is the so-called angle function which, at each point
x € M, verifies |p(x)] < 1 with p(z) = £1 if and only if J(z) = £J_(z). In
particular, in the strongly bihermitian case, |p| < 1 everywhere.

Another natural object associated to the bihermitian structure (g, J4, J_) is the

g-skew-symmetric endomorphism [Jy,J_] = JyJ_ — J_J, which anti-commutes
with both J.. Using the metric g, we define a real Ji-anti-invariant 2-form by

1
Cﬁg(’? ) = 59([‘]4-7 J—]'7 )
Letting
qj?l:(? ) = _(I)g(‘]ﬂ:'7 ')7
we consider the complex 2-forms
QI(-,) = D7 + iV,
which are of type (2,0) on the respective complex manifolds (M, J).
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Using (1) and that F{, ®9, 09 are all selfdual 2-forms satisfying the obvious
orthogonality relations given by their types with respect to J4, it is straightforward
to check (see [3, Lemma 2])

F{ =pF?+9%, F9=pF{— 09,
(2) PINDI =TL ATL =21 —p)duy, PIATVL =0, VAT =pdI A DY,
1,1
(\I/g—)JJr = (1 - pz)F—lg—u

where ()‘1,+1 denotes the J-invariant part of a two form.

Still using the metric g, we define the g-duals of the (0, 2)-forms QY, which are
smooth sections, say ], of the respective anti-canonical bundles IC}; = A2 (T}f(M ))-
Notice that at any point where J4 (x) # £J_(x), QY and o9 do not vanish, because

of ().

The following key result was established in [3, Lemmas 2,3].

Lemma 2. For any bihermitian metric (g, J+, J_) the (2,0)-forms QY. and bi-vector
fields o9 satisfy

QY = (%(61—%93)—%d10g0.—1?))/\Qg,
d.cl 1 g 90,1 g
iai:—§(9+—|—9_)Ji®Ui,

where the first equality holds on the open subset of points where Ji(x) # +£J_(x),
and in the second equality O+ stand for the corresponding Cauchy-Riemann opera-
tors on the respective anti-canonical bundles IC_i, and ()Oji denote the (0,1)-parts
taken relatively to the respective complex structure.

The first equality in the above lemma tells us that the real 2-forms &9, U9 satisfy
d®9 = 7 A9, AV = 7 AV with 7 = (09 + 67) + dlog(1 — p?). Together with
the relations (2)), this allows to reconstruct the strongly bihermitian metric from the
2-forms @9, 09 09 .

Proposition 1. Suppose &, ¥, , ¥_ are non-degenerate real 2-forms on M which
satisfy the relations

=0 =02, PAVL =0,
dP =7 AND, dUy =71 ATy,

for some 1-form .

Then, there exists a strongly bihermitian metric (g, J+,J—) on M with ®9 =
®, U = Uy if and only if V. A U_ = p®2 where p is a smooth function with
lp| <1

Proof. The necessity of the condition follows from (2)) and Lemma 2l (Recall that
p(x) = £1 if and only if Jy(x) = £J_(x)).

In the other direction the result was originally established in [3, Thm. 2] in the
case when 7 = 0. Following [3], the almost complex structures Jy are introduced by
Uy(,,:) =—=®(Ji, ), while the conformal structure is determined by the property
that &, W, W_ are selfdual 2-forms. The only notable difference with the proof
given in [3] Thm. 2] is in establishing the integrability of Ji. For that we would
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need to generalize [3, Lemma 5] in order to show that for any pair of 2-forms, (®, ¥),
satisfying
P2 =02 DAU =0,
the almost-complex structure they define by W(-,-) = —®(J-,-) is integrable, pro-
vided that
db=7ANP, dV=7AYD,
for some 1-form 7. This fact is well-known (see e.g. [30]) but we give here a short
proof for completeness. Note that, by the assumption made, the differential of the
(2,0)-form Q = ® + ¥ does not have a component of type (1,2). Thus, for any two
complex vector fields V, W of type (0,1), and any complex vector field U of type
(1,0), we have
0=dQU,V,W)=-Q(V,W]*°,U).

As ) is a non-degenerate 2-form on the complex vector bundle T}’O(M ), it follows
that [V, W]40 =0, i.e. J is integrable. O

In the case when J; = J is given, there is a useful ramification of the above
criterion, due to Hitchin.

Corollary 1. [20] Let (M, J) be a complex surface endowed with a non-vanishing
complex (2,0)-form Q = & + iV such that d2 =7 A Q for some real 1-form .

Then, any real 2-form V_ on M satisfying W2 = &2 dV_ =7 AW_, and whose
(1,1)-part with respect to J is positive definite, gives rise to a strongly bihermitian
metric (g, JJ+,JJ-) on M with J4 = J.

Proof. Let F := (\I/_)b’l be the positive definite (1, 1)-component of ¥_ with respect
to the complex structure J. By putting g(-,-) = F(-,J-), we obtain a Riemannian
metric with respect to which @, W, = ¥ and W_ are selfdual 2-forms of equal length.
It then follows that U4 AW_ = p® A ® for a smooth function p satisfying |p(x)| < 1
with p(x) = £1 if and only if Uy (x) = £W_(x). The later inequality is impossible
because the (1,1)-part of W_ is positive definite while ¥ is J-anti-invariant. (This
is also consistent with the last identity in (2)).) We can now apply Proposition[Il O

On a compact bihermitian 4-manifold (M, g, J4+, J_), an overall assumption which
we will make from now on, Lemma [2] has the following interpretation.

To simplify notation, consider one of the complex structures, say J = Jy, and
drop the index + for the corresponding (2, 0)-form 9, bi-vector field 09, canonical
bundle K, Cauchy-Riemann operator 0, etc.

Since %(Hi—l—&‘i ) is a closed 1-form by Lemmalll it defines a holomorphic structure
on the trivial (smooth) complex bundle M x C, by introducing the connection
Vo= VO + LJ(0% + 6%), where V° is the flat connection on M x C; the new
holomorphic structure depends, in fact, only on the de Rham class a = %[91 +67], so
we denote this holomorphic line bundle by £,. This is consistent with the sequence
of natural morphisms

(3) HY(M,R) — HY(M,R%) — H'(M,C*) — Hj(M,O"),
where the first morphism is induced by the exponential map (and hence is an iso-
morphism), and HOI(M , O*) is the space of equivalent classes of topologically trivial

holomorphic bundles. We will say that a topologically trivial holomorphic line bun-
dle £ € H}(M,O*) is of real type if it is in the image of H'(M,R%).
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The second equality of Lemma [2] simply means that o9 is a holomorphic section
of lC;l ® L_g, while the first equality and (2) imply that its inverse, ﬁgQg , is a
meromorphic section of K; ® L, (where £_, = £, in terms of the morphisms ().
Notice that by its very definition, ¢9(z) = 0 if and only if J, () and J_(x) commute,
which in view of (), means J4(z) = +J_(z). In other words, K;' ® L_, = O if
and only if (¢, Jy, J_) is strongly bihermitian.

We now recall the definition [11] of degree of a holomorphic line bundle with
respect to a standard hermitian metric on (M, J). A hermitian metric g on a compact
complex surface (M, J) is called standard if its fundamental 2-form F'9 is dd°-closed
(equivalently O0F9 = 0); this is the same as requiring that the corresponding Lee
form 609 is co-closed. A fundamental result of Gauduchon (see e.g. [12]) affirms that
such a metric exists, and is unique up to homothety, in each conformal class ¢ of
hermitian metrics on (M, J). Given a standard metric g on (M, J), one defines the

degree of a holomorphic line bundle £ by

1
= — 9
(4) degy(£) = 5 / pAEF9,

where p is the real curvature form of any holomorphic connection on £ (with the
usual convention that p represents 2wc; (£)r). Thus defined, it has the usual proper-
ties of degree, notably it gives the volume with respect to g of the divisor defined by
any meromorphic section of £; in particular, the degree is non-negative for bundles
with holomorphic sections, and is positive if there are sections with zeroes.

For a topologically trivial holomorphic line bundle of real type, say L, (a €
H CllR(M ,R)), its degree with respect to a standard metric g is easy to compute: we
choose a representative closed 1-form & for a and consider the holomorphic con-
nection V¢ = VO +iJ¢ on L,, with curvature p = d°¢. Substituting in (@) and
integrating by parts gives

o669 = o (] 62,

5) deg(La) = o

where aj is the harmonic representatives of a with respect of g, 67 is the harmonic
part of the Lee form 9 and (-,-), is the global L? product on 1-forms induced by
the standard metric g. (For the last equality we have used that 69 is co-closed.)

In the case of a bihermitian conformal structure (¢, Jy, J_) on (M, J) (with J =
J+), we take a standard metric g in ¢ with respect to J and calculate the degree of
L, with a = %[Hi + 07] as above. By using the first relation of Lemma [I] one gets

(see [1])
L g o go Ligg o g9 2
(6) degy(La) = {05 + 62,69 )g = o [10% + OZ[[L..

Notice that by [12], the harmonic part of 67 is zero if by (M) is even. In this case
the degree of £, must be zero, hence £, = O and 9_% + 67 = 0 with respect to
the standard metric of (¢, J;.) (which is therefore standard too with respect to J_),
cf. [3 Lemma 4].

As 09 is a non-zero holomorphic section of lC;l ® L_,, this bundle has always
positive or zero degree (the later is possible only when the bundle is trivial, i.e. the
metric is strongly bihermitian). We thus obtain that degg(lel) is either positive or
is zero (and this is true for any standard metric on (M, J)). The zero case can only
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happen if both ; and £ are trivial, and Hi + 67 = 0 with respect to the standard
metric g of the bihermitian conformal structure. However, the later combination is
impossible when by (M) is odd, as shown in [3, Prop. 4].

We summarize our discussion in the following proposition which gathers most of

the information used so far to narrow the list of compact complex surfaces which
can possibly admit bihermitian metrics [11, [3] 9] 29].
Proposition 2. [1B] Let (M, J) be a compact complex surface. Any bihermitian
conformal structure (¢, Jy, J_) with J = J4 defines a topologically trivial holomor-
phic line bundle L of real type and non-positive degree with respect to the standard
metric of (¢, J), and a non-zero holomorphic section of IC;l ® L. In particular, the
degree of IC;l must be non-negative with respect to the standard metric of (¢, J).

Moreover, L is trivial when by (M) is even and the degree of Ile 18 positive when
b1 (M) is odd.

The holomorphic bundle IC;l ® L is trivial if and only if (g,J+,J—) is strongly
bihermaitian.

Remark 1. One can show that on a compact bihermitian surface the signs of
deg,(£) and deg,(K) are the same with respect to any standard metric on (M, J).

In the case when by (M) is even this is obvious because, by Proposition 2 £ = O
and HO(M, K1) # 0.

In the case when by(M) is odd, Proposition [2 tells us that the degree of the
anti-canonical bundle (with respect to a particular standard metric) is positive and,
therefore, by the properties of degree, the pluricanonical line bundles K?m (m>1)
do not have non-zero holomorphic sections, i.e. (M,J) is of Kodaira dimension
—o00. This means that (M,.J) belongs to the class VII of the Enriques-Kodaira
classification [5]. In particular, by (M) = 1. According to [13] E, on a compact
complex surface with odd first Betti number the harmonic part of the Lee form HZ
of any standard metric g is non-zero. Since the space of standard metrics is convex
(and by (M) = 1), we obtain from (&) that deg,(L,) has the same sign (positive or
zero by (@) for any standard metric g on (M, J). The same is true for deg, (K1)
because, by Proposition 2, HY(M,K~! ® £) # 0.

Remark 2. A bihermitian metric (g, J5, J_) corresponds to a (twisted) generalized
Kéhler structure on TM @ T*M in the sense of [10] if it verifies the extra relations

dSF) +d°F9 =0, ddiF{ =0.

Since Jy yield the same orientation on M, the first relation is equivalent (by applying
the Hodge * operator) to 91 + 6% = 0, while the second relations mean that g is
standard metric with respect to both Ji (i.e. §9¢% = 0). Thus, for a bihermitian
metric to come from a generalized Kéhler structure the line bundle £ in Proposition 2l
must be trivial. Conversely, any bihermitian conformal structure (¢, J;,J_) with
L = O satisfies the above conditions with respect to the standard metric of (¢, Jy)
(and thus, by [16, Thm. 6.37], induces a twisted generalized Kéahler structure on
TM @& T*M). This follows from the formula (@) which shows that 69 + 67 = 0 with
respect to the standard metric of (¢, J), provided that deg,(£) = 0. Proposition
implies that a strongly bihermitian surface with odd first Betti number is never of
this type.

IThe result used here is readily available in [, Prop. 1].
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3. STRONGLY BIHERMITIAN METRICS ON COMPLEX SURFACES WITH ODD FIRST
BETTI NUMBER-PROOF OF THEOREM [I]

We now specialize to the case when (M, J) has odd first Betti number and admits
a strongly bihermitian metric.

As we explained in Remark [T}, the fact that (M, J) has a standard metric with re-
spect to which the degree of the anti-canonical bundle is positive (see Proposition [2))
implies that (M, J) belongs to the class VII of the Enriques—Kodaira classifica-
tion [5]. In particular, b; (M) = 1 and b* (M) = 0, where b* (M) = 3 (bo(M)+0(M))
is the dimension of the space of self-dual harmonic 2-forms with respect to any met-
ric on M, and o(M) is the topological signature. In the strongly bihermitian case
K; = L is topologically trivial (see Proposition [2)), and then

0=ci(M) =2e(M)+30(M) = —by(M),

where e(M) = 2 — 2b1(M) + ba(M) is the Euler characteristic. Thus, (M, J) is
a minimal surface of class VII with zero second Betti number. By Bogomolov’s
theorem (see [31] or [27] for a proof), (M, J) is either a minimal Hopf surface or an
Inoue surface described in [21].

Combining Proposition 2l with a result of [32, Rem. 4.2] allows us to exclude the
case of Inoue surfaces. We reproduce the proof for completeness.

Lemma 3. [32] The degree of the anticanonical bundle of an Inoue complex surface
with zero second Betti number is negative with respect to any standard metric. By
Proposition[d, such a complex surface can not admit compatible bihermitian metrics.

Proof. Following [32], we show that the canonical bundle of an Inoue complex surface
has positive degree with respect to any standard metric.

Recall that an Inoue surface is a quotient of H x C (where H denotes the upper
half-plane) by properly discontinuous group I of affine transformations. An explicit
description of all such groups can be found in [2I], and they belong to one the
following three types.

For the Inoue surfaces Sy, the generators of I' are of the form

’Y()(U),Z) = (aw,ﬂz), "}/k(w,Z) = (U) +ag, 2+ bk)u k= 172737
with a,a; € R and o|3]* = 1 (where w € H, 2z € C). The tensor

) (A LYo (2 L)

ow 0z ow 0z

is clearly invariant under I', and therefore defines (after symmetrising) an her-

mitian metric on the panonical bundle of Sp;. The curvature of this metric is

—i00log(Im(w)) = Wd/w A dw, which is a non-negative (but non-zero) 2-form,

so the degree of the canonical bundle is positive with respect to any standard metric.
Similarly, for the other two types of Inoue surfaces, SJJ\rf,p, ot and 5137 the

generators of I' are of the form

p7q7r’

70(wvz) = (OZZU,EZ +t)7 /7k(w7z) = (w + ag, z + bkw + Ck)7 k= 172737

with o, ag, by, cx € R and € = +1. Now a ['-invariant tensor is

o (21 2)o (21 2)
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which defines an hermitian metric on the canonical bundle with non-negative curva-
ture %gdw A dw; one concludes as before that the degree of the canonical bundle

is positive with respect to any standard metric. O

Let us now examine the Hopf surfaces. These are, by definition, compact complex
surfaces with universal covering space C?\ {(0,0)}. It was shown by Kodaira [24]
that the fundamental group I' of such a surface is a finite extension of the infinite
cyclic group Z. The list of concrete realizations of I' as a group of automorphisms
of C2 can be found in [22] and we shall make extensive use of this classification in
the following rough form: T" & (v) X H, where

e (7o) denotes the infinite cyclic group generated by a contraction of C? of the
form

(7) Yo(21, 22) = (21 + Azg", B22),

where o, 5, A € C with 0 < |o| < |B] < 1, Mo — ™) =0,m € N¥;
e H is a finite subgroup of U(2), subject to the following constraint
(i) if A #0, then H C U(1) x U(1) is abelian and commutes with ~o;
(i) if A=0 and |a| # |8], then H C U(1) x U(1).

Lemma 4. The Hopf surfaces with canonical bundle of real type are precisely those
described in Theorem [ In particular, by Proposition [3, these are the only Hopf
surfaces which can possibly admit a compatible strongly bihermitian metric.

Proof. This is rather standard (see e.g. [9, p.669]). On a Hopf surface (M, J), the
morphism H!(M,C*) — H}(M,O*) is injective (it is also surjective [24] IT,p.699)).
This is because flat C*-bundles are in bijection with C*-representations of I' =
71(M) at one hand, and a non-vanishing holomorphic function f on C2, which
satisfies f oy = af, a € C* (where 7 is the contraction (7)) must be constant,
at the other. It follows that a flat C*-bundle is of real type if and only if the
corresponding C*-representation of I' takes values in R} . The pull-back of the
canonical bundle K to the universal covering space C2\ {(0,0)} is trivialized by the
holomorphic (2,0)-form ©Q = dz; A dza. The contraction vy acts by v5(92) = (a3)<2,
while for any element A of the finite group H C U(2) we have h*(Q2) = det(h)$2. It
follows that K~! is a flat C*-bundle associated to the representation vy — o3, h —
det(h); it is therefore of real type if and only if a3 € R and H C SU(2).

From this and Kato’s classification mentioned above, the cases (a), (b) and (c)
of Theorem [I] follow easily: The particular form of the contraction ~q is obtained
from () by putting af = a € R%. There is nothing more to prove about H
in the case (a) (which corresponds to |a| = |§| in Kato’s classification). For the
cases (b) and (c¢) we have |a| # |B[,A = 0 and X # 0, respectively. From Kato’s
classification H C S(U(1) x U(1)). As H C SU(2), it acts freely on the unit sphere
S3 < C? (because the action of SU(2) is the same as S3 acting on itself by left
multiplications). It follows that H acts freely on S' x {0} and {0} x S. Thus, the
projections of U(1) x U(1) to its factors inject H C U(1) x U(1) into S*. Since H is
finite, it must be cyclic. There is a unique finite cyclic sub-group of S(U(1)xU (1)) of
order £, namely the group generated by (z1,22) — (€21, 122) where € is a primitive
¢-th root of 1.
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Finally, as the case (c) corresponds to A # 0 in Kato’s classification, I' must
be abelian, meaning that (21, z2) + (€21, '22) (with ¢ primitive /-th root of 1)
commutes with ~y. This places the constraint m = kf — 1, k € N*, O

We now turn to the construction of strongly bihermitian metrics on the Hopf
surfaces listed in Theorem [I1

Proposition 3. Any Hopf surface (M, J) described in Theorem [l admits a strongly
bihermitian metric (g, J4, J—) with Jy = J.

Proof. The Hopf surfaces described in the case (a) of the theorem are hyperhermitian
and the complex structure J belongs to the underlying hypercomplex family (cf. [7,
29]). To see this directly, notice that in this case the fundamental group respects
the standard (flat) hyperhermitian conformal structure on C2. Notice also that any
hyperhermitian metric on a compact complex surface can be deformed to obtain
non-hyperhermitian strongly bihermitian metrics [3, Prop. 1].

Let us now consider the Hopf surfaces described in the case (b) of Theorem [II
Recall that in terms of the Kato classification referred to earlier, this is the case when
A=0and aff =a € R in (@), and H is a finite cyclic subgroup of S(U(1) x U(1)).

We shall use Corollary [l (with 7 = 0) first on the universal covering space
€2\ {(0,0)}, then (with 7 # 0) on the quotient (M,.J) = (@2 \ {(0, 0)}) JT.

Following [20, Prop. 3], consider the closed (2,0)-form Q = dzy Adzg = & + ¥
on C%\ {(0,0)} and a function f which is a Kihler potential (i.e. dd°f > 0). Let
X be the ®-hamiltonian vector field corresponding to f, defined by ix® = df.
Put U := ¢7(V), where ¢; is the flow of X. Then the forms (®, ¥, ¥l ) satisfy
the conditions of Corollary [I (with 7 = 0), except the last (positivity) condition.
However, we have (¥ )b! =0 and

(8) (%qﬂ_)t = LW = d(ix¥) = —d(isx®) = dd°f,
so (U? )1 is positive definite for small ¢ (at least in a neighborhood of each point).

We now have to make a special choice of the Kahler potential f so that the
construction descends to the quotient of C2\ {(0,0)} by I'. In fact, we shall use
the Kéhler potentials introduced by Gauduchon—Ornea [14] in order to construct
(explicit) locally conformally Kéhler metrics on Hopf surfaces. Following [14, Re-
mark 2|, for any a, 8 (as in (@) with A = 0) consider the flow o;(z1, 22) = (alz1, 3'22)
of a vector field generating the contraction, i.e. 79 = ¢ (this requires a choice of
arg(a) and arg(B)). We then define a function r, 5 : C*\ {(0,0)} — R as follows:
Ta,3(2) is the real number such that ¢_, () belongs to the unit sphere S C C2.
It is shown in [14] that this definition is correct and that the positive real function

fap = exp((ln la| + In |ﬁ|)ra75> is a Kihler potential on C? \ {(0,0)}. In fact, as
Ta,8(70 - 2) = ra,8(2) + 1 by definition, we have

9) fa,ﬁ(’VO z) = |O‘||ﬁ|fozﬂ(z)a
By the explicit formulae in [14], f, g is also U(1) x U(1)-invariant (and is U(2)-
invariant when |o| = |3|). It follows that

1

dd° f,
fa,ﬁ f p

Fop =
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is a I'-invariant positive definite (1,1)-form which defines a locally conformally
Kéhler metric on the corresponding Hopf surface (M, J).

We use the function f, 3 in our construction of the 2-forms (®, ¥, ¥’ ) as above.
First of all, because in our case af = |a||f| and H C S(U(1) xU(1)), it follows from
@) that the corresponding vector field X is I'-invariant, and thus X and its flow ¢

are defined on (M, J). Secondly, by (@), the 2-forms (ﬁ@, ﬁ\ﬂ, ﬁ\lﬁ_) are I'-

invariant, and therefore define a triple of 2-forms (®, ¥, ¥* ) on (M, .J), satisfying the
conditions of Corollary [l (with 7 = —dlog f, 3), except possibly the last (positivity)
condition. But as f, g is invariant under ¢; by construction, we get by (8

9 gt
<8t@;>t:0__Fbﬂ’
which is a positive definite (1,1)-form on the compact manifold (M,.J). As the
(1,1)-part of Ut at t = 0 is zero, it must be positive definite for all small ¢ different
than 0.

To conclude the proof we consider the Hopf surfaces in the case (c) of Theorem [II
These correspond to A # 0 and o = /™ in (), with g™+ = |B|™*! = a. Recall
that in this case H is the cyclic group generated by (21, 20) + (21,6 122) with e
primitive ¢-th root of 1 so that H commutes with the contraction (7).

It is well-known (see e.g. [17, 25]) that any two Hopf surfaces with fundamental
groups I'g y, » e and I'g ;, 1/ o corresponding to generators with the same values of 3,
m and e (but possibly different non-zero values A and )\’) are isomorphic as complex
manifolds. Because of this fact, in order to adapt the construction in the case (b)
to the case (c), it suffices to find some A9 # 0, and a positive function f3,, on
C2\ {(0,0)} such that

o fam(v-2) = \ﬂ]m“fg,m(z), where 7 is given by () with A = A;
o dd°f3m > 0;
o fgm is H-invariant.

The argument in [14], p.1125] produces positive functions which satisfy the first two
but not, a priori, the third requirement. However, their construction starts by pro-
ducing a family of positive smooth functions fg3,, » satisfying the first condition and
limy—.o fgmx = fam g, where fgm g is the function f, g3 with o = 8™, defined above.
Since fam g is H-invariant (it is, in fact, U(1) x U(1)-invariant as one can see from
the equation (10) in [14]) and since H commutes with 7, by replacing fg,, x» with
its average over H, we can assume without loss that fg,, » are H-invariant. Thus,

still following [14], the (1,1)-form Fg,, \ = dd;;% descends to the respective

complex manifold (My, Jy). By identifying M) with My (as smooth manifolds), we
have limy_.o Jy = Jo, limy_.g Fjgm » = Fgm g, where Jy is the complex structure on
My obtained by taking o with @ = 8™, A\ = 0 (note that H stays unchanged). As
Fpm g is a positive definite (1, 1)-form with respect to Jy, so is Fjg, x (with respect
to Jy) for A sufficiently small. O
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