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INVERSE PROBLEMS FOR TIME-DEPENDENT SINGULAR
HEAT CONDUCTIVITIES
MULTI DIMENSIONAL CASE

P. GAITAN, H. ISOZAKI, O. POISSON, S. SILTANEN, AND J. TAMMINEN

ABSTRACT. We consider an inverse boundary value problem for the heat equa-
tion Oyu = div (yVgu) in (0,T) x Q, u = f on (0,T) x 01, u}tzo = ug, in a
bounded domain 2 C R™, n > 2, where the heat conductivity (¢, z) is piece-
wise constant and the surface of discontinuity depends on time : ~(t,z) =
k? (xz € D(t)), v(t,z) =1 (x € Q\ D(t)). Fix a direction e* € S”~1 arbitrar-
ily. Assuming that 8D(t) is strictly convex for 0 < ¢ < T, we show that k£ and
sup{e*-z; x € D(t)} (0 <t <T), in particular D(t) itself, are determined from
the Dirichlet-to-Neumann map : f — 9dyu(t, $)|(O,T)><BQ' The knowledge of
the initial data uo is not used in the proof. If we know ming<;<7 (SUPzeD(z)x'
e")7 we have the same conclusion from the local Dirichlet-to-Neumann map.
The results have applications to nondestructive testing. Consider a physical
body consisiting of homogeneous material with constant heat conductivity ex-
cept for a moving inclusion with different conductivity. Then the location and
shape of the inclusion can be monitored from temperature and heat flux mea-
surements performed at the boundary of the body. Such a situation appears
for example in blast furnaces used in ironmaking.

1. INTRODUCTION

1.1. Inverse heat conductivity problem. Let 2 be a bounded domain in R"”,
n > 2, with smooth boundary I" = 0f2, and consider the following initial boundary
value problem

Ou = div(yVzu) in (0,7) x €,
(1.1) u = f on (0,T)xT,
u}t:O = wug on £,

where v = ~(t,2) has the following properties : There exist a positive constant
k # 1 and an open set D(t) C Q with C* boundary S(¢) = dD(t) such that

(1.2) StH)yNT =0, 0<t<T,
(1.3) y(t, ) ={ ,162 ifif ””ffgt&’)’

and [0,7] 5t — S(¢) is also C°°. The following geometric condition is imposed:

(C-1) Q and D(t) are strictly convex for 0 < t < T, i.e. all of the principal
curvatures of the boundary are positive.

Date: February 6, 2013.
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Physically, the region D(t) corresponds to some inclusion in the medium with
heat conductivity different from that in the background domain 2. The problem
we address in this paper is to determine v(¢,x) by using the knowledge of the
Dirichlet-to-Neumann map (D-N map) :

Nyo 2 [ Opult,z), (t,z) € (0,T)xT,
where u = uﬂoﬁ denotes the unique solution of (1.1), v is the outer unit normal

to I, and 0, = W= V. In physical terms, f = f(¢,z) is the temperature
distribution on the boundary and A, ~(f) is the resulting heat flux through the
boundary.

We shall consider a large parameter A > 0 and allow the initial data wu(z) to
depend on A, under the following condition:

(C-2) There exist constants Ty € [0,T"), C' > 0 such that |lug||z1 ) < CeX'To,

The above inverse boundary value problem is related to nondestructive testing
where one looks for anomalous materials inside a known material. One such example
is monitoring a blast furnace used in ironmaking: the corroded thickness of the
accreted refractory wall based on temperature and heat flux measurement on the
accessible part of the furnace wall [19].

1.2. Main theorems. We fix a unit vector e* € S*~!, and put
(1.4) h‘fw(t? x )\) _ e)\2t+/\ac.e*’ hbw(t, P )\) _ e—>\2t+)\x~e*7

where A is a large parameter. Note that hg and hy, solve the forward and the
backward heat equation, respectively:

(1.5) (0r — Ag) by, = 0, (9 + Ag) by = 0.

Let u(t,z; \) be the solution to (1.1) with f = hgy(t,2;X). We define, for T} €
[TO&T)u

(1.6)
Ir(Ty, T; \, 1) = /TT et (/1“ Py (t, 25 X) 0y, (u(t,x; A) = hyg (t, 25 )\)) dF) dt,
1
where dI is the surface element of I', and p is a positive constant.
We put
(1.7) a(t) =sup{e”-z;xz € D(t)},

and a(t) = da(t)/dt. By the strict convexity (C-1), there exists a unique y*(¢) € S(t)
such that

(1.8) a(t) =e* - y*(¢).

and also, there is a unique z*(¢) € T' such that

(L9) DOy (5)+pe’s p > 0} = {=*(1)}.
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‘We put

(1.10) r(t) = [z75(t) —y* ()],

Let ki(t), 1 <i <mn—1, be the principal curvatures of S(t) at y*(¢) and put
n—1

(1.11) K(t) =[] k(®).
i=1

Our first main theorem is as follows.

Theorem 1.1. Assume (C-1), (C-2). Then there exists a constant pg > 0 de-
pending only on the geometry of Q and ||al|peo (1, 1)) such that if p > po then
Ir(To, T5 A\, ) has the following asymptotic behavior as A — oco:

(n—l)/Qﬂ AT +2Xa(T)
1+ & K(T)(uu + 2a(T))

- (1) a(T)

(1.12)  Ir(To, T3 A, p) ~ 2 (X)

This theorem enables us to determine k, a(t) and S(t). Taking note that w in
Theorem 1.1 depends on e* € S"~!, we denote a(t) and It (Tp, T; A, i) by, a(t,e*)
and It (Ty, T; A\, u, €*), respectively.

Corollary 1.2. Let U be an open set in S*~1 and U= {rw;r>0, weU}. Then,
from {Ir(To, T; A\, n,e*); e* € U, Ty <t < T}, one can reconstruct k, a(t) and
St)NU forTy <t<T.

Remark 1.3. In Theorem 1.1 we have pg > 2a|| o ((1,,7))-

We can also detect the inclusion by the local measurement. Take a; < as,
X(s) € C*=(R) such that x(s) =1 (s > az2), x(s) >0 (s > a1), x(s) =0 (s < ay).
We put

(1.13) ity (8,2 A) = by (.2 Mx( - €7),
(1.14) hft;v(t,m; A) = hpw(t 2 M) x (2 - e¥),
Put

Ii=Tn{zeR";z-e" >a},
and remark that I'; = Supp(ﬁf;) NI = supp(h}},) NI.

Theorem 1.4. Let u(t, z; A) be the solution to (1.1) with f replaced by f/LJ\c;U(t,x; A),
and define the indicator function frl(To,T; A, ) by

et (/Fl hAqu(ux? \)a, (a(t,x; A) — ﬁ};(t,x; /\)) dF> dt.

- T
IF1 (T07T7 )‘7/1‘) = /

To
Then we have
(1) If az < a(T) then
(n=1)/21 — k AT +2Xa(T)
T K(T)(u+ 2a(T))

™ o~ r(T)a(T)

In, (To, Ti A ) ~ 2 ()
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(2) If ay > a(T) then
I (To, T; A\, )| = oA~ Ny T+20a2 - yN e N,

Corollary 1.2 also holds with It (T, T; A, i, €*) replaced by fpl (To, T; A\, ).

1.3. Plan of the proof. In §2, we use J. L. Lions’ theorem to prove the existence
of solutions to the heat equation (1.1). There are two main steps in the proof of
Theorem 1.1. The 1st one is the energy inequality to be prepared in §3. The 2nd
main step is the construction of approximate solution of the heat equation to be
discussed in §4. As can be imagined easily, the first approximation of the solution
to (1.1) is
At (bl(t, 2)eF L b1, l_)e)\@(t,:v)>7

where by (t,z) and by(t,z) are the characteristic functions of Q \ D(t) and D(¢),
respectively, and ®(¢, ) is a solution to the eikonal equation |V, ®(t,z)|? = 1/k>.
Of course, this approximation is not sufficient, and we need to modify it in such a
way that

4
(1.15) v(t, ) = N b(t,2) e,
j=1
where ®;(t, x) is a suitable solution to the eikonal equation
1
ﬁ,
and the coefficients b;(t,z) are chosen to satisfy the compatibility conditions on

IV.®;(t,z))> =1, 1<j<3, |V,®yu(t,z)*=

0D(t) to make v(t,z) regular. We devote ourselves in §4 to construct solutions
to the eikonal equation, and the transport equations. The approximate solution
Vapr (t, z; A) will be constructed in §5. We also need to construct an approximate
solution to the backward heat equation. In §6, we compare the exact solution
u(t, z) with vgp,(t, z; A) by using energy inequality. The choice of ®;(¢,z) and the
amplitude functions b;(¢, ) must be done carefully in order to apply the energy
estimates. The proof of Theorem 1.1 will then be completed in §7.

In the 1-dimensonal case, our results based on the localized data can be improved
because of the simplicity of geometry. We shall summarize them in [7].

Throughtout the paper, we only deal with real-valued functions.

1.4. Related works. As in the elliptic equation, identification of inclusions is
a typical issue in inverse problem for the parabolic equation, to which plenty of
works have been devoted. However, most of them have treated the case in which
the inclusion is independent of t. Main aims are the uniqueness and stability. Local
the local uniqueness and stability was studied by Bellout [1], and global uniqueness
was proved by Elayyan and Isakov [6] using the localized Neumann-to-Dirichlet (N-
D) map. Di Cristo and Vessella [3] obtained logarithmic stability estimates of the
inclusion from the Dirichlet-to-Neumann map. ITkehata [12], and Tkehata-Kawashita
[13] developed the probe method for the heat equation in the case that inclusions
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are time-independent. In [10], the case of time-independent inclusion was treated
and the result for numerical computations was given. The idea is based on the
complex spherical wave given by Ide-Isozaki-Nakata-Siltanen-Uhlmann [11] for the
elliptic case. Other computational approaches to static inclusion detection include
[5, 5.

The work of Daido, Kang and Nakamura [4] is close to the present paper. They
studied the case of moving inclusions in dimension one: D(t) = {0 < ao(t) < z <
a1(t) < 1} using the probe method, which is based on the explicit form of the heat
kernel, and Runge’s approximation theorem, and proved that a4 (¢) is obtained from
the whole knowledge of Neumann-to-Dirichlet map. Their initial data is assumed
to be 0 : ug(z) = 0, and the computation of k& was not done.

The present paper is different from all these works in the use of asymptotic heat
flow and the energy inequalities. We remark that one-dimensional results similar
to the present paper are published in [7].

As for the recent works on the inverse problem for the parabolic equation, see
Bacchelli-Cristo-Sincich-Vessella [2] for the corrosion problem, and Vessella [20] and
Kawakami-Tsuchiya [14] for the time-varying domain problem.

Computational approaches to a related moving boundary estimation problem in
non-destructive testing have been published in [16, 17, 19]. The present results
outline an algorithm potentially applicable to similar problems.

2. EXISTENCE OF SOLUTIONS

2.1. Abstract theorem. We begin with the well-posedness of (1.1), which is not
obvious, since the coefficient is singular.

Let H and H; be Hilbert spaces equipped with inner products (, ), (, )1 and
norms || - ||, || - |1, respectively. Assume that H; is a dense subspace of H and there
exists a constant C' > 0 such that

(2.1) lu)l < Cllulli, Yue Hi.

Then we have the following inclusion relations

(2.2) Hi CH CHT.

For t € [0,T], let a(t, -, ) be a quadratic form on H; x H; such that
(2.3) a(t,u,v) = a(t,v,u), Yu,v € Hy, Vtec[0,T].
We also assume that there exist constants § > 0, Cy > 0 such that

(2.4) la(t, u,v)| < Collulllvll, Vu,veHi, Vtelo,T],

(2.5) a(t,u,u) > 6|jul|f — Collul|?, Yu e Hy, Vtel[0,T).
The last assumption is :

(2.6) For any w,v € H1,[0,T] 3t — a(t,u,v) is measurable.
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These assumptions imply that there exists a unique self-adjoint operator A(t)
such that D(A(t)) C H; and
(2.7) (A(t)u,v) = a(t,u,v), Yue€ D(A(t)), Ve H;.

With this operator A(t), we consider the following evolution equation on # :

. dult) + AWyult) = £(t) i (0,7),
’ u(0) = up € H.
We then have the following theorem due to J. L. Lions (see [15], [18]).

Theorem 2.1. Let ug € H and f € L*((0,T);H;). Then there exists a unique
u(t) having the following properties.
(1) u(t) € C([0,T];H) N L2((0, T); Ha).
(2) u(t) is Hi-valued absolutely continuous on [0,T], dyu(t) € L*((0,T); H}), and
u(t) satisfies (2.8).
(3) u(t) satisfies the following (in)equalities :

t

@0 Gl + [ atsuls).ul)ds = gl + [ (7). u)ds,

2
juxds.

@10) O+ [ ol < Juol?+ 5 [ 156

2.2. Heat equation. We take # = L*(Q) and H; = H}(Q2) which denotes the
Sobolev space of order 1 with 0 trace on the boundary 92. We put

(2.11) I'=0Q, S(t)=090D(t),
and let vr = (vi(x), - v} (2)), and vgy) = (Vé(t), *++,Vg(,) be the outer unit
normals to I and S(t), respectively. We put
0
2.12 e = 57— =Ur - Vg, sy — A = t) * Va
( ) 0 T 8up vr \Y 0 S(t) 8VS(t) Vs(t) \%
and omit the subscript T' or S(¢) for obvious cases. For a function u(z), we define
(%) _ 1

(2.13) (@ = _fim el E evse),

(+) (=)
(2.14) [u] s (x) = “’su)(x) —u S(t)(x).

For u,v € H}(2), we put
a(ta u, U) = (’Y(tv x)vﬂcuﬂ VTU)
(2.15) ) - -
=k Vau(z) - Vyo(z)de + Veu(z) - Vyu(z)de.
D(t) Q\D(2)
Then the above assumptions (2.3) ~ (2.6) are satisfied, and the associated A(t) is
given by
u € Hg(Q) N H*(D(t)) N H*(Q\ D(t)),

+) _ 42 (=)
aV“|S(t) =k aVu|S(t)’

(2.16) D(A(t) 3 u <
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—k*Au, on D(t),
(2.17) Alt)u =
—Au, on Q\D(t).

In the following sections, we also use the notation A(t) to denote the formal
differential operator (2.17).

3. ENERGY ESTIMATES

We derive an energy inequality associated with the equation (1.1). We put

(3.1) Dy ={(t,x); 0<t<T, z€Q\D(t)},

(3.2) D_={(t,x); 0<t<T, xz€D(t)},

(3.3) B(v, Hit) = /Q lo(t, 2) | H(t, ) da,

(3.4) Er(v,H;t) = /F |v(t,z)|H(t,x)dT,

(3.5) Esq) (v,H;t) = / |v(t, z)|H (t,z) dS(t).
S(t)

Theorem 3.1. Suppose U(t,z) has the properties (1), (2) in Theorem 2.1 with
H=L*Q), Hi = HL(Q). Assume also that U satisfies the equation

(3.6) U —~y(t,x)AU = F in L*(Ds).
Let H(t,z) € C*(Dy) N C?*(D_) be such that

(3.7 H(t,z) >0 on [0,T] x 9,

(3.8) [H] gy = [0 H]g, =0, 0<t<T.

Assume that there exists a real constant K such that
(3.9) OH+V, - (v(t,z)V,)H) < —KH in (0,T) x Q.
Then we have the following inequality
T
eKTEWU, H;T) + / e Er(0,U, H;t)dt
(3.10) 0 T

T
< E(U,H;0) + / e"'E(F, H;t)dt + / " Egwy ([v0uU] . Hs t)dt.
0 0

5(t)?
Proof. Let xc(s) = s(e + s2)~/2 for € > 0, and note the following properties :
(3.11) sxe(s) = |s|, €—0,

(3.12) Xo(s) >0, |sxi(s)| <1/2, sx.(s)—0, e—0.

In fact, (3.12) follows from x’(s) = e(e+s2)~3/2, and the fact that, putting s = /ey,
lsxL(s)| = |y(1 +y?)73/2| < 1/2.
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Note that the traces of the normal derivative of U |Di (t,-) on the interface S(t) is

well-defined, for all positive t. By Green’s formula, we have if [f] s = [g] s = 0,

(3].3) I g 19) g |
/S(t) ([’y(auf} S(t)g f[,y&,g] S(t))ds(t)~

We take f = Ux.(U) and g = H. Thanks to U(t)|. = 0, [U]
we have

S = 0, and to (3.8),

f|F = 8uf‘1-* = 07 [’yaug] S(t) = 0;

[’Yauf] S(t) = ['yaVU} S(t) (Xe(U) + UX/G(U)) ‘S(t).

Therefore, we have by (3.13)

(3.14) / (vAf)g — f(1Ag))de = — /

0, dS(t).
s (Y00 f] g9 dS (1)

By integration by parts, we have

| odxnuads == [ w)ho.u], UHas

S(t)
- /QWXL(U) (|IVUPPH +UVU - VH) dx.
Plugging this with (3.14), we obtain
| aviis - [ vxw)eams
(3.15) = —/S(t) [vauU]S(t)xE(U)HdS(t) — /QV|VU|2X;(U)de
+/QUX;(U)7VU~Vde.
We put
E.(t)= /QU(t,x)Xe(U(x,t))H(t, x)dx.
Then we have by using (3.6)
O E(1) :/Q (~AU) x.(U)Hdz — /Q Ux.(U) (vAH) dx
+/QFXE(U)de+/QUXG(U)(atH+7AH)dx

+ / Ux.(U)8,UHdz.
Q
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Plugging this with (3.15), we have
=~ [, Botlsx i ase) — [ VU Haz

+ | UxL(U)YVU - Vde+/ Fx.(U)H dx

Q

/,
+/ UXE(U)(atH+’YAH)d$+/ Ux.(U)d,UH d.
Q Q

By (3.12), the integrals containing the term Ux.(U) vanish as e — 0. Using (3.9),
we then have

O E(t) + KE(t) + / Y|IVU*XL(U)H dz
Q
< - / [Y0,U gy xe(U)H dS(t) + / Fxe(U)H dz + o(1).
S(t) Q
We multiply this inequality by e”* and integrate on the time interval [0, 7] to obtain
T
STE(T) + / etht/ Y|IVU*XL(U)H dz
0 Q

T
(3.16) < E(0) - /O eftdt /S " (0L U] g4y Xe(U) H dS(t)

T
+/ etht/ Fx.(U)H dz + o(1).
0 Q

Here we make use of the following lemma.

Lemma 3.2. For a sufficiently small 6 > 0, let Qs = {x € Q; dist(x,T) < (5}.
Suppose that U € H?(Qs) satisfies U =0 on I'. Then for any nonnegative function
a(z) € C(Qs), we have

€

lim inf /Q @)YV @) oy 4 2 /F o(2)|VU ()| dT.

e—0

Granting this lemma, we continue the proof of Theorem 3.1. Taking a = H in
Lemma 3.2 and using x.(U) > 0 by (3.12), we have

/|VU|HdF§liminf/ Y|VU XL (U)Hdzx.
T e—0 Q

Noting this and (3.11), taking the inferior limit in (3.16), we conclude Theorem 3.1.
Here we use the fact that |VU| =19,U| on T, since U =0 on I. O

Proof of Lemma 3.2. Let V' be a small open set in I' on which VU # 0. Without
loss of generality, we assume that OU/0z,, # 0 on V, and take local coordinates
zi =x; (1 <i<n—1). Letting 2z, = U(z), we then have do = dl'dz,, /|VU|. Take
x(x) € C§°(R™) with small support such that 0 < x <1, and x =1 on V. Then

we have

[ VU@ g e 2 [ 3@y T,
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where " = T' x (0,d0) with sufficiently small §o > 0. Putting 2z, = /ep, the
right-hand side is rewritten as

do/Ve 1
/Fdf/o X(x)a(x)|VU(x)|de.

As e — 0, this converges to
[ x@a@IvUE)r,

since [°(1 4 p?)~*/2dp = 1. Therefore, we have proven

. 2 €
hrgg(r)lf/ﬂsa(x)VU(x) T /Va(x)\w(x)\dr.
Enlarging V', we obtain the lemma. ([l

Let u(t, 2; A) be the solution to (1.1) with f = hgy (£, 25 X). A first application of
the energy estimate is the following lemma 3.3, which gives a bound of w (77, 5 \),
Ty € [Ty, T, in the space L' ().

Lemma 3.3. Let Ty € [Ty, T]. Then there exist constants C' > 0, A\g > 0 such that
for all X > Xg
T
||u(T17 - A)HLl(Q) —|— / ||6l, (U(t’ N )\) — hfw(t’ N )\)) HLl(F)dt S Ce)\2T1+>\PO’
0
where po is the diameter of ).

Proof. If 77 = Ty = 0 the estimates is obvious with pg = 0. So we assume that
Ty > 0. Let U = u — hgy (-5 A). Then, U =0o0nT,
‘atU - 'yAwU‘ < N1 — k2Nt i [2(Dy),
and, for 0 <t < T,
. A2 t4-da(t)
|[10,U] g | < AL = BleX 4220,
We apply Theorem 3.1 in the cylinder (0,77) x Q with H = 1 and K = 0. Then

we have

T:
HU(Tla';)‘)HLl(Q)‘f'/ /|8VU(t,x;)\)|dth
o Jr

T
< Jlug — X Iz o) + C(\? + )\)/ A tHAa(t) gy
0

Thanks to (C-2) we have

|uo — et ||L1(Q) < Ce)‘2T° + Cersuplz-e™;zeQ}

Thanks to (6.6) we have

T
()\2 + )\)/ 1 €A2t+ka(t)dt < Ce)\2T1+/\ Sup{x»e*;meg}.
0

Hence we have, for all A > Ag,

T *
IU(T1, 5 M)l zre) + / / 0,U(t,; \)|dDdt < CeX*TitAmax (0sup(z-e’; 2en})
0 T
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Observing that
lu(Tr, 5 My < MU 5 M) + CeN TitAsuplee’ v€0}

the conclusion follows. |
This lemma enables us to regard ¢t = T; as the initial time.

4. EIKONAL EQUATIONS

4.1. Geometric setting. To avoid the complexity of notation, we consider the

case that e* = e, = (0,---,0,1). We denote points © € R" as ¢ = (2/,2,),
/

' = (x1,...,2,—1). Since § is convex, for any x € ) there exists a unique z(z) =
(Z/(x), zn(x)) € T such that
Z(x) =1, zp(x) >zp, vr(z(z))-en > 0.
Recall that vr and vg(; are the outer unit normals to I' and S(t).
As in §1, y*(t) € S(t) is the point such that

(4.1) a(t) = sup y-e" =y*(t)- e
yeS(t)

Note that vgq)(y*(t)) = en, since e* = e,. We set

(4.2) () = 2(y" (1), r(t) =[2"(t) =y (B)],
which agree with the definitions in §1.
In a small neighborhood of y*(t), S(t) is written as

(4.3) r € S(t) <z, = p(t,a!),

with a smooth function ¢(¢,2’). Since p(t,2") attains a local maximum at y*(¢)’,
and S(¢) is strictly convex, we have

(44) o(t,2") = o(t,y™ (1)) — %M(t)(w’ =y (1)), (@ =y (1)) + O’ —y*(1)'*),

where A(t) is a positive definite matrix, and (, ) denotes the inner product of R"~1.
For small € > 0, we put

(4.5) D (t) ={(2',2,) € Q; |2" —y* ()| <€, o(t,2") <z},

(4.6)  De_(t)={(2',2,) €Q; |2/ —y*(t)| <€ at) — € <z, < p(t,2')}.

We also put
(4.7) Sc)=St)n{lz' —y*(t)| <e alt)— € <z},
(4.8) L) =Tn{lz’ —y* )| <e ot,a) <z}

We are going to construct three solutions of the eikonal equation
(4.9) V@t 2)]* =1,

in the region D, 4 (t) (or in its subregion), and one solution to the equation

1
(4.10) Va2t ) = 2,
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in the region D, _(t) satisfying appropriate boundary conditions. In the following,
e is chosen locally independently of ¢, hence globally independently of ¢ € [0, 7).

4.2. Eikonal equations in D, (t). We put 9; = 9/0z; and V' = (01, -+, Op—1).

Lemma 4.1. There ezist two solutions ®1(t, ), ®o(t,x) of (4.9) in Dy (t) such
that

(4.11) Dy (t,z) = Po(t,x) = p(t,2"), on S(t),

(4.12) 2 oy (ta) >0, D @(tz) <0, on S.(i)
. afEn 1\, T 3 axn 20, T ) o € .

They are written as

(4.13) Oq(t,z) =2, x € Dcy(t),

(414) (I)Q(tvx) = —‘.’[ - y| + go(t,y'), HS DEnL(t)v

where y = (y', o(t,y)) € S(t) satisfies the equation

y—
(4.15) p(t,y) = ;
ly — =
20,0 Vel =1
4.16 =YY qy<j<n—1, p,= 2P "2
(4.16) bi Vg2 +1 =J=n b V|2 +1
Proof. Let us recall the standard method of solving the eikonal equation. Let
(Y1, yYn—1) = (21, -+ ,xn—1) be the local coordinates on S(t) and put y, =
©(t,y’). Then the characteristic curves associated with (4.9) are straight lines
given by
(4.17) r=2sp+y, yeSI(),

where s is the parameter along the curve, and p = p(y) satisfies, as a 1 form on

Se(t),
(4.18) dp = ijdxj and Zp? =1, on S(t).
j=1 j=1

We then have as a 1-form on R"

dd = ijda:j = ij(stpj + 2pjds + dy;)
j=1

j=1

= sd|p|* + 2|p|*ds + ijdyj = 2ds + dy,
j=1
which implies

(4.19) ® =25+ .
Note that V,® = p and |p| = 1.
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We rewrite the first equation of (4.18) as

n—1 n—1
do =" djpdy; = > (p; + Pnd;e)dy;.
j=1 j=1

Therefore p; = 0;¢(1 — py), and we have using |p| =1
(IV'el* + 1)pp, = 2IV'0*pp + [V'p|* = 1 =0,

which determines p,, i.e.

_ Vel -1
TP T
Adopting the former, we get p = (0,---,0,1), and (4.13). Adopting the latter,
we have (4.16). Since 9,®5 = p, = —1+ O(|y’ — y*(t)’|?), the condition (4.12) is
satisfied. Since p is downward, s < 0. Therefore by (4.17), we have

pn:]-v

2s = —|o —yl/lp| = —|z —yl,
which proves (4.14). This and (4.17) imply (4.15). O

Lemma 4.2. There exists ®3(t,x) satisfying (4.9) near T'c(t) and

(4.20) O3(t,x) = Po(t,z), on T.(t),
(4.21) 0, P3(t,x) >0, on TI(t).
(4.22) 0, P3(t,x) = —0,Pa(t,x), on T(t).

Proof. As above the characteristic curves are straight lines defined by
(4.23) x=25p+2z2, z€Tl,
p = p(z) such that [p| = 1, and ®(z) = 25+ ®5(t, 2). We construct p; on I'c(t) such
that . .
A0y = pydr; and > [p[*=1, on T.(t).
Jj=1 Jj=1

We assume that T'.(t) is written as z, = ¥(t,2'), and take (21, ,2p—1) =
(1, ,xn—1) as local coordinates. Then, as above, we get

p; = 0;P2+ (0,P2—P,) 00, 1<j<n—1
Using |p|? = 1, we have
(V1> + )P — 2 (V'Y - V'®y + |V'9[?0,D2) B,
+ [ V'9[2(0,®2)% + 2(V/9 - V' 82)0, Py — (0,P2)* = 0.

Solving this equation, we get

(4.24)

2V - V'®y + (V]2 — 1)0, P2

VY[ + 1 '
Since Vi = O(]z — z*(t)’]), the latter solution is close to —d,, 2. Recall that
along the segment with end points y*(¢) and z*(t), ®o(t,z) = 2y} (t) — z, and
V&y(t,z) = (0,---,0,—1). In particular, 0,®2 = —1 at x = 2*(¢). Therefore,

pn - a’n(I)Qv pn =
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0, Do is close to —1 on T'c(¢). We thus adopt the latter solution to get p,, > 0,
5 < 0. This proves (4.21). To prove (4.22), we have only to note that (—V,1) is
an outward normal to T'c(¢), and to do a direct computation. O

4.3. Eikonal equations in D, _(t).
Lemma 4.3. There exist D4(t,x) satisfying (4.10) in D, _(t), and
(4.25) Dy(t,z) = p(t,x’) and 9, P4(t,z) >0, on Sc(t).

Moreover, letting p; = 0;®4, we have

1
1- VIF - R)VeP
VPl

(4.26) p; =205 1<j<n-1,

1
V/el? + 2v/1+ (1= ) Vel
4.27 =

Proof. We construct p such that

n n
1
dyp = ijda:j, pr =13 on Se(t).
j=1 j=1

As in the proof of Lemma 4.1, p; = 29;¢(1 — py), hence p, satisfies
(IV'@* + 1)p2 — 2|V *pn + [V'? — 1/k* = 0.

Since V' = O(Jy’ — y*(t)’|), the solution is close to that of p2 = 1/k?. Therefore,
we can find a solution p, > 0. Then the lemma can be shown in the same way as
Lemma 4.1. O

4.4. Transport equations. Let us note the following identity:
e_)‘Zt_’\(I’(Bt —A,) (ae)‘zﬂ')‘q’) = )2 (1- |Vz<I>\2) a

- A(m@ Vaea+ (Ay® — Btcb)a)
+ 8750, - Aza.

Letting ® to be a solution to the eikonal equation, and a = Ziio A "ta;, we can
rewrite the right-hand side as

- A (QVQ;(I) -Vag + (qu) — 8@)@0)
N
(4.28) =) ONTH((2Va® - Vo + (Ap® — 0:®))a; — (0 — Ag)ai)
i=1
+27N0, — Ay)an.
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The 1st and 2nd terms vanish if we put, by integrating along the characteristic

curve,
ag = ago €Xp (/ (8,5@ — Aﬂb)dr) ,
0
(4.29) a; = ajp exp (/ (0P — Ax<I>)d7)
0
—l—/ exp (/ (0P — Awé)dp) (Or — Ap)aj_qdr, i2>1,
0 T

where a;g = ai‘ is a suitably chosen initial data, and x = 2sp+ vy, y and p being

s=0
the initial data for the characteristic curve. Then in the region where the eikonal

equation is solved, we have the estimate
(4.30) (0, — Ay) (anzHA@) | < CA~ NNt
For the later use, we shall compute 9;®2 (¢, 2) and A, Po(t, x) along the segment
with end points y*(t) and 2*(¢). We have by (4.19)
(4.31) 0y ®a(t, ) = 20;5 + Opo(t,y').
From (4.17) we have
0 = 2(9¢s)pn + 25(0tpn) + Oryn.

(4.16), Opn iy () 0. Therefore,
/ d * I
20u8 0=y 1y = Oty )y =yr oy = oty (1)) = a(t)
Hence
(4.32) 8,y = 2(t).
z'=y*(t)’

Next we compute A, ®o(t,z). Let k; = k;(t),1 < j < n — 1, be the principal
curvatures at y*(¢). Without loss of generality, we assume that y*(¢) = 0, and at =
0, the directions of principal curvatures are equal to (1,0,---,0),---,(0,---,0,1,0).
Then near y*(t), S.(t) is written as

n—1
1
Tn = =5 Z kijzd + O(lz'%).
j=1

We parametrize Sc(t) by v = (y1, -+ ,yn—-1) = (21, -+ ,£,—1) and see that
dip=—kiy; +O(ly']?), 1<i<n-—1,
pi = 0ip(1 — pn) = —2kiy; + O(|y'[?), 1<i<n-—1,

Vil ~ 1
= wepr1 - oW

(4.33)
Pn
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Using x; = 2sp; + y; and (4.33), we have when y’ = 0,

oz oxq ox

Tyi o OYn—1 8731 1 _4Sk1 0 o 0
(4.34) = 0 1—4sk,_; O

Oxy oz, Ox, . —

ayr T By os 0 0 2
We also see that, when 3’ = 0,

B) Opi dy;  Op: O ok 1 <i<n—1
Di Di yj Di OS - E ~tx>n— 1,
( ) ox; Z 8yj 8% 0s O0x; 0. i=n
Therefore, we have, when 3’ = 0,
n—1
2k;

4.36 A®y=V, p=—Y» —"—.
( ) 2 p ; 1-— 48]61'

By (4.32) and (4.36), we have proven the following lemma.

Lemma 4.4. Along the segment with end points y*(t) and z*(t), we have

e2s(z(t)

4.37 ex / 0; Py — A, P dT) = .
( ) p( o (012 2) H;:ll (1748%)1/2

5. APPROXIMATE SOLUTIONS

5.1. Ansatz. We first construct an approximate solution vy, (¢, ; A) to (1.1). Let
us assume without loss of generality that e* = e,,. We take € > 0 small enough and
put aq(t),as(t) as follows:

(5.1) a1(t) =a(t) — €, ax(t) =a(t) — /2.
We then have, letting 0Sc(t) be the boundary of S.(t),
(5.2)

{z € S(t); az(t) <wn} CSe(t), OS(t) C{rx € Qian, <ar(t)}, 0<t<T.

Our ansatz is the following form :
(5.3)

Vapr (t, 23 X) = b1 (t, x)- {UJF(t,x;/\) on O\ D(),

v_(t,z;\) on D(t),
v (25 0) = g (823 0) + Xe(lo! = y* (1)) D aj(t, a5 0)er AR,
j=2,3

O (b5 X) = ag(t, 5 AN AP,

where ®;(t,x)’s are as in §4,

(5.4) bi(t, ) = Xe(2n — alt))

0 (1< —€), xe(r) =1 (1 > —€/2), and

with x.(7) € C*(R) satistying x.(7) =
1 for |7| < €/2, Xe(t) = 0 for |7| > e. The

Xe € C®(R) is such that X.(7) =
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following conditions are imposed:

(5.5) vy (6,25 A) = h (£, 250) on T'N{z, > ax(t)},

(5.6) vi(t,z;\) =v_(t,z; ) on  S(¢).
Note that choosing € small enough, we can assume that
(5.7) vs)(z)-en >0 on Sc(t).

The intuition for this ansatz is as follows. We first give the heat flow gy (t, 75 A) =
N tHATn from the boundary I'. It is reflected at the inner boundary S(t), giving
rise to e>‘2t+>‘¢2, which goes back to I'. It is again reflected at I', and is transformed
to e*’t*A®s The heat flow hg (t, 3 X) is also transmitted at the inner boundary,
giving rise to eX tH %4

We construct a;(t,x; A) taking into account of (4.29). We assume that Sc(¢)
is parametrized as y, = ¢(¢,y’), and let s be the parameter along the associated

caracteristic curve. We put, taking N large enough, for = € D, 1 (),
N
as(t,x; \) = Z A ag(t, ),
i=0
CLQO(t, Z‘) = a200(t, y/) exp (/ (8,5(1)2 — Awq)g)dT>7
0

(5.8) s
az;i(t, ) = agio(t,y’) exp (/0 (0, Py — Aw(bg)dT)

+ / exp (/ (0y P2 — Azq’z)dp) (0r — Ag) agi—rdr, i>1,
0 T

where y € Sc(t) is defined by (4.15), and ag,0(t,y’) is to be determined later.

Observing that, on one hand, thanks to (4.14), ®s(t,z) < a(t) —€/2 if |2’ —
y*(t)'| > €/2, and that, on the other hand, X.(|z'—y*(t)'|) = 1 for |2’ —y*(t)'| < €/2,
we can apply (4.30) to obtain

(5.9) (0 — Ay)(ageN THAP200)) | < OAN A A iy D (4).

Similarly, assuming that I'c(¢) is written as x,, = @(2’) or s = 0, where s is the
parameter along the associated characteristic curve with respect to @3, we put

(5.10)

N
az(t,z; A) = X(8) Z A tagi(t, T),
=0

ago(t,x) = ag()o(t, Z/) exp (/ (8t<I>3 — Amq)g)dT),
0

as;i(t,z) = agio(t,y’) exp (/ (0:®5 — Am‘l)g)dT)
0

+/ exp (/ (8t(1>3 — qu);g)dp) (8t — Az) az;_1dr, 1>1,
0 T
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where 2z € T, is defined by (4.23). Since ®j is strictly decreasing along the charac-
teristic curve, we have, for € > |s| > €/2,

Py < Py|__, —0< Py|__, — 6 <alt) -9,

for some 0 > 0. For |5| < €/2, we have X.(s) = 1, and so we can apply (4.30).
Hence

(5.11) ‘(3t _ Ar)<a36>\2t+)\‘1>3(t,x))‘ < OANNtRaO iy D, (1),

Finally we construct a4(t,x; A), € D(t), in a way similar to ay. We put

(5.12)
N .
aq(t,x; N) = Z A ag;(t, ),
i=0
aqo(t, ) = asoo(t,y’) exp (/ (04 — k‘ZAz‘h)dr),
0
ag;(t,z) = agio(t,y’) exp (/ (0:Dy — k2A$(I>4)dT)
0

+/ exp(/ (01— K22, @1)dp) (9 — K2A,) agiadr, i > 1,
0 T

where s is the parameter along the associated characteristic curve in D(t). Note
that for small € > 0,

(5.13) ‘(@ _ k2Ax)(a4e>\2t+/\<I>4(t,1))‘ < OA-N Atralt)

and x. = 1 near y*(¢). Therefore, in the region where x. # 0, &4 < a(t) — J for
some ¢ > 0.

5.2. Matching. We determine a;;0 = ay; in the following way. We put

’S:O
ali(t,x) = 5”7
which implies
al 2
by (t, 23 X) = Z Ay (t, z)eX ARt

i=0
Granting that ag;o is given, as;o and a4 are defined by

(514) agio(t, Z/) = —azi(t,l‘) on Fe(t),

(5.15) a4i0(t, y/) =1+ azio(t, y/) on Se(t).
Since ®y(t, z) = P3(t,z) on T'c(t), (5.14) implies (5.5). Since Py(t, z) = Py(t, ) =
Zn on S(t), (5.15) yields (5.6).

The above construction makes vqp, continuous. The jump of the derivative at
S(t) is computed as follows. For x € S(t) with z,, < a(t) — €3/2 we have

‘e—/\2t—)\a(t)[ < Cre= /2.

’Yayvapr] S(t)
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For x € S(t) with =, > a(t) — €3/2 we have by (t,z) = 1, z € S(t), and so

e_/\2t_)\zn [fya,,UapT’} S(t)

=A (aloyn + ag00, P2 — k2a406V<I>4)

N-1
A (arip1vn + 20410, @2 + Oy ar; + Opazi — asiy1k*0, P4 — k>0, a4;)

i=0

+ )\_N(a,,ChN + &,agN — k‘2(14]\/)7

_|_

where v, = d,,, is the n-th component of v(¢,2’). The coefficients of the power
A7t —1 < i < N — 1, should vanish. Plugging the resulting equations with (5.15),
we find the formula for asgg:

— k%0,®4
1 N — Vn — R OVPq .
(5.16) azoo(t, ') (a,,cprkzaycm)’ v €S,
Observing that
Ovaz; = a2i00,(0;P2 — Ady), VO<i< N, zebS,
8,a4i = (61,’ + agio)au(atq)4 — sz‘I)4), Vo <7< N, z¢€ Sg’

we then obtain, for all ¢ € [1, N], for all « € S,

(—vn + k28,,<I>4)a11-_1 — dyari—1 — Oyazi—1 + k*0pasi—1
0,P5 — k20,P4

-1
_ (a,,<1>2 - k28y<1>4) ((—un K20, + k20, (0,04 — K2AD,))ari_,

a2i0 =

—0ya1i—1+ 0, (k2(3t(1>4 - k2A(I’4) — (0¢ P2 — A(I)Q))a2i710)~

Then we have
| ['Yauvapr]s(t) | < C}\fNe)\ZtJr)\a(t).

Let us summarize the properties of v,y (¢, z; A). Let x4 (¢, z) be the characteristic
function of Q \ D(t), and put
(5.17)

F(t2:) = (9 (282 ) (vaprt0) — xelitn — a0 gy (1 25 M (1,2)).
Lemma 5.1. (1) vy € C([0,T] x Q) N C>(D;) N C=(D-), in particular
[Vapr]s@) = 0.
(2) There exists a constant C' > 0 independent of t,x, A such that
‘[Vauvapr}su)‘ < CANeNrtral)
(3a) Aty =y*(t),
asoo(t, y* (1)) = —.
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(8b) At 2’ =0,

1—k 2sd(t)

LRI (1 - 4sky)'/?

(4) There exists a constant C > 0 independent of t,x, X such that

aso (t Qf)

(5.18) |F(t,2;\)| < CA~ NN tHAalt),

Proof. Everything has already been proved except for (3), which follows from
(5.16), from the form of p;’ s in Lemmas 4.1 and 4.3, and from Lemma 4.4. (]

5.3. The function H. We next construct the function H in Theorem 3.1. The
idea is the same as above, however it must be C! across S (t) with the trade off that
it merely satisfies the differential inequality (3.9). Letting x4 (¢, z) and x_ (¢, z) be
the characteristic functions of Q \ D(t) and D(t), we construct H = H(t,z; ) in
the following form:

H(t,z;\) = e—)\2t+>\a2(t)
(5.19) + by (t,2) e (t)e (em" + ba(t, z; )\)e’\%(t’aj))
+ b1 (t, x)x—(t, )ba(t, x; )\)e—>‘21‘/+>\‘1’4(tr)7

where as(t) is the function in (5.1). Let us construct the coefficients b; (j = 2,4).
Recall that 0 < b;(¢,2) <1 and

(5.20) bi(t,z) =0, if z,<ai(t), bi(t,z)=1, if =z, > ax(t).
We introduce the local coordinates (7,y’) around S¢(t) by
=v(t,y) + (et y), Il <é.
We are going to construct bg, by in the form
(5.21) ba(t, ) = x(T)bao(t, '),  ba(t,z) = x(T)bao(t,y"),

where x(7) € C*(R) such that 0 < x(7) < 1, x(7) = 1 (|7] < €¥/2), x(7) =
0 (|7] > €*). For € > 0 chosen small enough, * — (7,9’) is a diffeomorphism in
the e*-neighbourhood of S¢(t). Then the conditions [H]g«) = [y0,H]g) = 0 are

rewritten as

1+ bao = bao,

(5.22) )
Uy, + b290, Po = k%by00, Dy.
Solving the above equation we get
VUp — k‘28 (I’4
5.23 boy = ———~ V72
( ) 20 kzay(IM —6V<I>2’
- 0,0

(5.24) bio = —22 2

k20,®4 — 0,Po"
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Lemma 5.2. (1) H(t,z;)\) € C°(D1) N C>(D_), and satisfies
[H (8,25 M)]s) = YO H (E, 25 M)]s1) = 0.

(2) There exists a constant C > 0 independent of large A such that

ez e Q\ D(t),

APabm) e D(1).

(3) Let xs,t)(x) be the characteristic function of the €3-neighbourhood of Se(t).
Then there exists a constant C > 0 independent of A such that

M 4 Cxs. (1) (x)e)‘%(t"r), x € Q\ D(t),
Cxs.(y(x)e?® )z e D(t).
(4) There exists a constant o > 0 independent of A such that

e)‘2tH(t,x; A) > C’{

&%H@xﬂ)§&”m+wﬂa@~{

<8t + (¢, J:)Aw>H(t,x; A) <oAH(t,x;\), x¢& S(t).
(5) There exists a constant C > 0 independent of A such that
H(t,z;\) < e~ N tHAax(t) 4 CpNtHAan o S(t).

Proof. The assertion (1) follows from our construction. To prove (2), recall that
Lemmas 4.1 and 4.3 imply ®5(t, z) < z,, and

0,P2 =—-1, 0,P4=1/k, at x=y"(t).
We then have, near y*(¢),
e 4 hyer®2 > ATn (1 - |bg|).
At x = y*(t), observing that -

bopg = — -
20 1+k’

we then have
|1 — k|

1+k
Then there exists a constant C' > 0 such that in a small neighbourhood of y*(t)

1—|bo]=1- > 0.

e/\wn + b2€>\¢>2 2 Ce)xmn

holds. This proves the first inequality of (2) in a small neighbourhood of y*(¢).
Outside of this neighbourhood, ®5(t, ) < x,, — J for some constant 6 > 0. We take
as(t) so that a1(t) < as(t) < az(t) and by (¢, a3(t)) > 0. Then if 2, > a3(t) and «x is
outside the above mentioned neighbourhood, we have

bl(t,:c) (6)‘xn + 626)\<I>2> > e/\zn (bl (t,a3(t)) _ 0(67)‘5)) )

Therefore the first inequality again holds if x,, > ag(t). If z,, < as(t), recalling the
term e*@2(t) of H(t,x), we get the desired inequality. By a suitable choice of ¢, the
second inequality holds for x closed to y*(t), x € D(t), since by (t,y*(t)) = Hik > 0.
If ,, < as(t), the desired inequality is obvious due to the term e*®2(*),

The estimate (3) is easy to prove. The estimate (5) is a consequence of (3).



22 P. GAITAN, H. ISOZAKI, O. POISSON, S. SILTANEN, AND J. TAMMINEN

Since ®;’s satisfy the eikonal equations, we have
(0 + vt 2)A, ) H x)’
era2(t) L ATn 4 )(Se(t)(sc)e’\'z‘%(t””)7 x € Q\ D), x>a(t),
< OAQ 20 4yg ()20 e Q\D(t), = <a(t),
er2(t) 4 Xs‘(t)(x)e’\@“(t””), z € D(t).

2
e/\t

The assertion (4) follows directly from (2) and this inequality. O

5.4. The function H) ,. The function H(t,z; A) has the desired properties except
for the assertion (4) in Lemma 5.2, where o should be —oX. The remedy is as
follows.

For a new parameter p, we put

(5.25) Hy(t,z) = e MO (¢ 20\ — ).
This simple trick brings us the desired inequality.
Lemma 5.3. Let o0 > 0 be the constant in Lemma 5.2 (4).
(1) If u > o and A > H“—_Zo, we have
(O +v(t, 2)A,) Hy p(t,x) < —pA Hy (¢, x), in L*(Dy).

(2) There exists a constant C > 0 independent of large A and p such that
Awe e Q\ DY),

AP e D(1).

(3) Let x5, (+)(x) be the characteristic function of the d-neighbourhood of Sc(t). Then
there exists a constant C' > 0 independent of A such that

(
e
NUHy (L z) > C {

eAZtH)\,M(tvx)
Q=M 4 Cyg py(2)eP= 220 4 e O\ D(#),

< era2(t) +by(t, ) -
CXSe(t)(a?)e(’\_”)@“(t"”), x € D(¢t).

(4) I:HA,,LL] S(t) = [’Yal/H)\”u.:I S(t) =0.
(5) There exists a constant C > 0 independent of A such that

Hy . (t,x) < e~ N tHrax(t) | O AtRAT, o S(t).
Proof. By using Lemma 5.2 (4), we have
(at + ’)/Ar) HA,;L
= e VO (9 AN H(t 2 A — p) + (—2p) + p?)Hy,
< (oA = 2p\ + ) Hy i,

from which the assertion (1) follows immediately. The assertion (2) is a consequence
of Lemma 5.2 (3). The assertions (3), (4) and (5) follow from the construction and
Lemma 5.2. g
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Let b1 (t, z) be the function appearing in (5.20). We set
(5.26) by(t,z) =1 —by(t,z) € C([0,T] x Q).
Observe that

supp by (t,2) C {2, < ax(t)}, a2(t) < a(t) -4,

for § = €2/2 > 0.

We need the following
Lemma 5.4. Set
(5.27) G = (8 — 7A,) ('51 (t,2)h y (t, 73 )\)).

Then we have
|G| < C«)\Qe)\ZiE—‘,-)\(a(t)—(S)7

where the constant C' is independent of X > 0.

Proof. It comes from

|0, (b1.(t, ) ) | + [(02) (i (£, ) ) | < CuAleleMa®d=o),

6. BOUNDARY INTEGRALS

6.1. Laplace’s method. Let us recall the well-known Laplace’s method for com-
putation of integrals with large parameters. Let ¥ be a compact hypersurface in
R™ and consider the integral with large parameter A > 0

(6.1) I\ = /E @) Ay (z)dx,

where dX is the surface element of S, ®(z) and A,(z) are smooth functions on ¥
and satisfy

|05 AN(z)| < C, 0< k<3,
for some constant C' > 0. We assume that ®(z) is real-valued. Let ®”(z) be the

Hessian matrix of ® at z € X with respect to local coordinates. We assume that

®(x) attains its mazimum only at p € X, and ®"(p) is negative
definite.

Let U be a small neighbourhood of p and U’ = X\ U. Then there exist constants
€,C' > 0 such that

(6.2) ‘/ eM)(‘”)A,\(x)dZ‘ < ceMeP—o),

We shall assume without loss of generality that, near p, ¥ is represented as
xn = f(2), 2" = (x1, -+ ,Tn_1), and ®(x) takes the form

B) = () ~ 3 3 plei—p)* + O’ '),
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where —p;’s are eigenvalues of ®”(p). By the Morse lemma (see e.g. [9], p. 502),
there is a diffeomorphism =’ — £ = (&1, -+ ,&,—1) such that

1n71 oz’ 3
Bo) = 20) - 5 36 |50 = |aeca)
i=1

Then we have, letting V' = (8/0x1,-- ,0/0x,_1),

/ @A (2)dE = eM)(p)/ e_%mzb/\(f)dfv
" &)

ba(€) = An(a) (1 4+ 7' 712) 2| 25

By the change of variable n = \/A/2¢, and the Taylor expansion, we then have

/ @) A, (2)dx
b

(6:3) (n-1)/2 AN
_ e (27 1+ |V'f(p)| 1
= ( A ) < | det & (p)] ) (Ax(p) +O(/\)> ‘

Let us apply this result to our integral on the inner boundary, i.e. ®(z) = 2z,
and ¥ = Sc(t) or S(t). Then we have p = y*(t), ®(p) = 2a(t), |det ®"(p)| =
I ui(t), V/f(p) = V'e(t,y*) = 0. We then obtain the following asymptotic
expansion which is uniform for 0 <¢ < T

1/2
(6.4) /S L @S () = (H vy ) (AA(y*(t))—kO(/l\)).

6.2. Estimates of boundary integrals. The following simple lemma is useful.

Lemma 6.1. There exists C > 0 such that

T AMHT+2a(T))
(6.5) / AMutF2a0) g < ¢ — i A>0, p>dmax la/ ()],
0
T, 6A2T+>\a(T)
(6.6) / Mg <0 iE A > 2 ma (1)
0 A 0<t<T

Moreover, let f)(t) be a smooth function on [0,T] such that

d
(6.7) o] +| 5 nm]<c
for some constant C' > 0. Then, if p > dmaxo<i<r|a’(t)|, we have

(WT+2a(T))

T
08 [ evopma= s (am o).
(

Proof. We use the change of variable p =t +2a(t) /1, pmin = P(0), pmaz = p(T)

to see that

T Pmaz dt
I\ fy) = / As+200) £, (1)t = / AN
0

min



INVERSE PROBLEMS FOR TIME-DEPENDENT HEAT CONDUCTIVITIES 25

By using (6.7) we obtain (6.5). The proof of (6.6) is similar. By using (6.7) we can

write
@) = fA(T) + (T = t)gr (1),
where |g)| < C. Hence
I(/\v f)\) = f)\(T)I()\7 1) + I()‘v (T - t)g/\)'
We then have

Pmazx eApmaz
IOV (T = 09)] £ CIO@ = 1) <€ [ (s = 0 < 5

Pmin

which proves (6.8). O
We split the above solution u into two parts
uUu=v+w,

where v and w satisfy

ov—V-(vVv) = 0 in (Tp,T) x £,
(6.9) vo= bi()hpy(5A) on (To,T) x 09,
Vg = o5 A) +01(To, Yhgy(To, 5 A) on Q,
ow —V - (yVw) = 0 in (0,T) x Q,
(6.10) w = bi()hpy(5A) on (0,T) x 09,

w|t:0 = 01(0,)hg (0,50) on €
where b; and b; are as in (5.20) and (5.26).

Lemma 6.2. Let vy, (¢, 2;)\) be as in Lemma 5.1. Then, there exists po > 0
depending only on Q such that, letting pu > pg, there exists A\g > 0 so that for all
A > Ay we have

T
/ e/\”tdt/rhbw(t,x;)\)@,(v(t,x;)\)—Uapr(t,x; A)) |dT

To
< C«)\—N—(n+1)/2e)\(;LT+2a(T)) )

Proof. Letting V = v — vgp,, we have
&V -V-(yVV)=F in L*(Dy),,
V=0 on (Tp,T) x 09,
V| = (o, 2) + 01T, Vg (To, 5 ) = vapr on Q,

t=T, t=To

where F satisfies (5.18). We apply Theorem 3.1 in the cylinder (Tp,T) x Q with
H = H) ,(t,z). By Lemma 5.1 (2) and Lemma 5.3 (5), we have

|[’Yauvapr]5(t)H,\,y| < CAfN(e/\(a(t)Jraz(t)) + e/\(a(t)Jr:rn)).
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Therefore, we have

T
eMTE(WV, Hy i T) + / M ER(D,V, Hy i t)dt
To

T
< B(V,Hy; Ty) + CA™N / eMtdt / (eM2a()=0) 4 Aa®)Fzn)y g (¢),
Ty S(t)

for some ¢ > 0. Thanks to Lemmas 3.3, 5.3 (3), and observing that
[vapr (5 A)| + Ha o < CeNHo in (0,T) x Q,

for some py depending only on 2, we have

E(V, Hxu:To) < |[V(To)llr e Sup H ., (To) < Ce,
for some p depending only on Q. We apply (6.4) to see that
/ e)\wnds(t) < C)\—(n—l)/2e/\a(t).
5(t)
Next we apply (6.5) to obtain
T
/ eA,utdt/ a0+ g (1) < OA=(1/2MUT+2a(T))
0 S(t)

Therefore, we have

T
/ e)‘“tdt/HA7u(t,x)|8,,(v—vapr)|dF
r

To
< C(exp 1 AT +2a(T)=6) | )\—N—(n+1)/26>\(uT+2a(T)))_

If u>T71(p—2inf{z,;z € Q}), then uT + 2a(T) > p and so

T
(6.11) / e)‘”tdt/ H)\’#(t,x)‘ay (v — Vapr) |dF < OAN=(H D2 AT +2a(T))
r

To

We have, by using Lemma 5.3 (2),
0 < hyyy(t,250) < CHy u(t,x), on (0,T) xT.

This, together with pg > T71(p — 2inf{x,;2 € Q}) and (6.11), proves the lemma.
(Il

Lemma 6.3. We have

0 r

< O)\fo(n+1)/26)\(uT+2a(T)) )

Proof. We put W = w — by Pt (53 A). Then we have the equation
OW =V - (VW) =—-G in L*(Di),
(6.12) W=0 on (0,T)x0Q,

w =0 on £,
t=0
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where G is defined by (5.27). We apply Theorem 3.1 with H = H) , and use
Lemma 5.4 to obtain the lemma. ([l

Theorem 6.4.
T
Mt [ hy, (62 N0, (ult, xs N) — hy (6 2\
’/ /bw(aa)u((»a) fw(av)
To r

-> aj(t,z)ekztﬂ”q)j(t’“"))df‘
j=1,2
< C)\—N—(n+1)/2€)\(uT+2a(T))-

Proof. Lemmas 6.2 and 6.3 imply
T
’/T eAutdt/thW(t,x;)\)ay (u(t,x; A) = bi(t, @) b, (t, 5 N)
0

_ Z aj(t,x)ekzt—i-)\éj(t,z))dr‘
j=1,2
< C)\—N—(TL+1)/26)\(1LT+2(1(T)).

Using (5.20), one can replace by (t,z) by 1 to prove the theorem. O

7. PROOF OF MAIN THEOREMS

7.1. Proof of Theorem 1.1. As above, we assume that e* = e,, and denote
pER™ by p=(p,pn), » = (p1, - ,Pn-1). We fix t and, by suitable rotation and
translation, take the rectangular coordinates of R™ so that y*(¢t) = (0,a(t)) and
in a small neighborhood of y*(¢), which is denoted by U(t), S(¢) is represented as
Yn = @(t,y'), moreover

n—1

1

ot y) = alt) - 5 Z ki(t)y; + Oy ),

where k;(t)’s are the principal curvatures of S(t) at y*(¢). Recall that the charac-
teristic curve X (t,s,y’) is written as

X(t,s,y') =2sp(t,y") + .

By (4.33),

)= 2ki(t)yi + Oy °), i #m,

PRI c1v oy, i=n
We then have for 1 < j<n
(1 — QSki(t))(Sij, 7 75 n,
Yj

In a small neighbourhood of z*(¢), which is denoted by V(¢), T is represented as

0X;
y;

y'=0 t,0)=0, i=n.

x, = (2’), and the mapping
SHNUR) 2y=(,¢(ty)) = X = (X" X)) eNV(t)
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is a diffeomorphism, which maps 0 to 0 (recall that y*(¢) = (0, a(t)) is mapped to
z*(t) = (0,a(t) + r(t))). For y € S(t) NU(t), let s(t,y') < 0 be such that

2s(t,y) p(t.y') +y €T NV (2).

Lemma 7.1. Let x(t,y') = 2s(t, ") p(t, ')+ (', 0(t,y')). Then forl <i,j <n-—1,

(7.1) 8‘“8(;;3’/) = 2k (0)
(7.2) ai- (6) + eattat wa)| =0,
1) g (ve) + 0t 0| =~ g

Proof. Since 2s(t,0) = —|z*(t) — y*(t)| = —r(¢) by (4.14), (7.1) follows from a
direct computation. Using V,Po(t,x) = p(t,y'(z)), we have

ob(')

8277 (I)g(t, ml7 w(ml)) = pi(t’ 3/(37,7 1/1(55'/))) + pn(t7 y/(aj/7 w(:p/))) o,

Letting ' = 0 in the equation

O (w(a!) + @alt. 0"

8.131‘
= (14 paltoy @0 @) P8 /),

we get (7.2). Taking the 2nd order derivative, we have

0?2 s A\ 0v 829 9 /
8%8% (1/1 + @2) = <8xjpn(t’y )> oz +(1 +pn)m + ﬁjpi(t’y ).

Using (7.1), we have

a , , , N le(t) B
ARl PRt v s

Since p,(t,y') = —1 + O(|y’|?), we have

aipn@,y’(x',w(x’))) 0.

We have thus proven (7.3). O

z'=0

In view of Theorem 6.4, in order to prove Theorem 1.1, we have only to compute
(7.4) Br(t,\) := /F Ry (t, 23 0)0, Z (aj (t, ; )\)emﬂ@j (t,z)) dr.
j=1,2

Lemma 7.2. We have fort >0

1+k ki (t)

7

n—1 1/2
(7.5)  Br(t,\) = 2)\(3—n)/2ﬂ ( i ) e2Aa(t)—r(t)a(t) (1 T O(/l\)> .
=1



INVERSE PROBLEMS FOR TIME-DEPENDENT HEAT CONDUCTIVITIES 29

Proof. Set
(7.6) B;(t,\) = /thw(t,x; A0, (aj(t,g;; A)6A2t+/\<1>j(t,x)) dr, j=2,3.
Letting p = (p1,- - ,pn) be as in (4.16), we have

Py O (a26A2t+A¢2) = Mant®2) (Aagv -p+v-Vag) =: e’\(“:"+q>2)/\A>\(t, x).

The integral (7.6) is performed in a small neighborhood of z*(¢), and Lemma 7.1
shows that 2’ = 0 is a unique non-degenerate critical point of ®(a') = x,, + o (¢, ),
Zn = ¥(a’). Moreover we have

®(0) = 2a(t),
and, thanks to (7.3),
n—1

2k; (t)
7.7 det " (0)| = —_—
(7.7) [det 27(0)| 1;[1 1+ 2r(t)ki(t)
By Laplace’s method, we have

1/2

(n—1)/2 1,012
2 14|V
Bo(t,\) ~ (W> —( +IV'9PF) A (t, 0)e2re®

A |det & (0)"/2

—-n n— 1+ ‘v/¢|2 2V'p * a
oo T )

1/2
Since u~p(1 + |V’z/1|2)

proved

a 1/2
; 1
— \(B-n /2 2Xa(t)—r(t)a(t) -
(78)  Balt,N) =AC <| [ ) ¢ (1+0(A)).

0= 1, in view of Lemma 5.1(3b) and (7.7), we have
x=2z*(1

Consider Bs(t,\). Let p be as in the proof of Lemma 4.2. Thanks to (4.20) we
have vp = 9,P3 = —9,P5 on I'¢ and, thanks to (5.14), a3 = —as on I'.. Hence
Bs(t,\) = By(t, \) + O(N=7)/2)e22e() | Lemma 7.2 is proved. O

By virtue of Lemma 7.2, we have

_ 1/2
T 11—k T n—1
/ eWBF(t,A)dtNA<3—n>/zlrk / AMut+2a(t)) —r()a(t) <H k?t)) dt.
0 %

Ty i=1
7.2. Proof of Corollary 1.2. From Theorem 1.1, we have

1

X log It (To, T A\, 1) — uT + 2a(T).

The right-hand side determines a(t) for 0 < ¢t < T, if [Ty, T)] is replaced by any
small interval [to, ] in (0,77]. Let us note that a(¢), etc. defined above depend also
on e*, i.e. a(t) = a(t,e*), etc.
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For e € S"~! sufficiently close to e*, one can also recover a(t,e). Let II(e) be
the plane defined by x-e = a(t,e). Then by taking a small neighborhood U in §"~!
of e*, we have a family of planes {II(e); e € U}. The part of 9D(¢) sufficiently
close to y*(t,e*) can be reconstructed as the envelop of {II(e); e € U}. Then we
can reconstuct S(¢,e) and K(¢,e). Finally using (1.12) again, we can recover the
conductivity k2.

7.3. Proof of Theorem 1.4. Let ¥ € C*°(R) be such that {(¢) =1 (t > T—€3/2),
() =0 (t <T—€3). If az < a(T), we replace the ansatz vy, (t, ) by Dapr(t, 253 A) =
X()Vapr(t, z; A) and set

T
fp(To,T;)\,u) ::/ et (/ hbw(t,x;A)@V@apr(t,x;)\)dl“> dt,
To r

T
SIr(To, T; A\, ) = /

To

Mt ( / Ry (3 X)0y (Vapr (t, 25 X) = Dapr (£, 73 X)) df) dt.
I

This is estimated as

) T—e3/2
§Ip(T0,T;>\,u)’ < / it / hbw(t,x;)\)ayvapr(t,x;)\)dF‘dt
To r
T—e2/2
< C)\(3—n)/2/ ex\ut+2)\a(t)dt
To
(79) < C/\(l—n)/ZeA,u(T—e?’/2)+2>\a(T—53/2).

Since p > g > 2sup{la(t)], 0 < t < T}, we then obtain
SIr(To, T: A\, u)‘ < OA—eMTH2T) v e R,

Thus I (Ty, T, A, 1) has the same behaviour as fp(TO, T, A\, 1) when X goes to infinity.
This shows that the ansatzs can be localized near ¢t =T

Consider the case az < a(T), in which {z,, > a2} C {z, > a(T) — Ce3} for €
sufficiently small. Then 0y, vanishes in {(t,z); z, —a(t) < —€3, and t < T — €3},
and so it vanishes in {(¢,2); z,, — a(t) < —Ce3} with C = 1+ po/2. We then have
(7.10)

T
jp (To, T, )\, /j,) = / e)\Nt (/ hbw(t, X, )\)al,f)apr(t, xX; )\)dF) dt.
To 'n{z,>a(T)—Ce3}

Thanks to (7.9), (7.10), we obtain (1).
Consider the case a3 > a(T). We then simply replace the ansatz by v =
X(t)hgg (t,2;A) in (1.13), and have

O — V- (YVv) = 0w — Av = O(AeN THAa2),

The energy estimate shows that

T
S C)\k:e)\uT+2)\a2 ,

:frl (T07T7 )‘7M) - /

To

At ( / R (1 3 N0t ; A)df) dt
r
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for some k € R. Hence

TFI (To, T, A, ,u> = O()\k)e/\MT-i-Q/\az.

Since as > a; > a(T) is arbitrary, we can replace ag in the above estimate by any
as € (a1,asz), and so we obtain (2). We have finished the proof. O
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