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We study a class of loop-quantum-gravity states characterized by (ultra-local) thermal correlations
that reproduce some features of the ultraviolet structure of the perturbative quantum field theory
vacuum. In particular, they satisfy an analog of the Bisognano-Wichmann theorem. These states
are peaked on the intrinsic geometry and admit a semiclassical interpretation. We study how the
correlations extend on the spin network beyond the ultra local limit.

I. INTRODUCTION

The Bisognano–Wichmann theorem [1] states that the
restriction of the vacuum of a Lorentz-invariant quantum
field theory to the algebra of field operators with support
on the Rindler wedge x > |t| is a KMS (Kubo-Martin-
Schwinger) state, that is, a thermal equilibrium state [2],
with inverse temperature 2π, with respect to the flow
generated by the boost operator K in the x direction [3].
That is, it is described by the density matrix

ρ ∝ e−2πK . (1)

This fact is at the root of the thermal aspects of quantum
field theory, such as the Unruh effect [4]. On a curved
spacetime, quantum fields mimic flat space properties lo-
cally, and (a local version of) (1) can be argued to un-
derpin the thermal properties of black holes [4–10].1

This effect derives from the quantum correlations in
the field. This is particularly clear by considering states
at fixed time. Eq. (1) can be obtained –at least formally–
by tracing the state on the t = 0 surface over the degrees
of freedom with support on x < 0. The resulting state is
not pure because of the field correlations across x = 0. In
general, we say that a state on a 3d spatial surface Σ has
the Bisognano–Wichmann property if in any sufficient
small patch of Σ a version of (1) holds locally for any
2d surface S, after tracing over the degrees of freedom
on one side of S. (More precision below.) This property
captures aspects of the field’s local correlations.

This is of interest in quantum gravity for the follow-
ing reason. The full background-independent nonpertur-
bative theory must include states yielding conventional
physics at low energy, including quantum field correla-
tions. But the ultraviolet structure of these correlations
which characterises theories defined on a background ge-
ometry

〈0|φ(x)φ(y)|0〉 ∼ 1

|x− y|2
, (2)

1 Hawking’s black hole temperature is precisely equal to the Unruh
temperature observed by a stationary observer near the horizon,
red-shifted from this observer’s location to infinity; see [11].

does not remain true in a quantum gravity theory (such
as loop quantum gravity) where the Planck scale is a
physical cut-off and there is no background metric defin-
ing the distance on the right hand side of this equation.
Thus, (2) is not useful for characterising semiclassical
states. On the other hand, as we shall see, (1) makes
sense naturally in the theory. And it better hold true for
semiclassical states, for these to yield the expected low
energy phenomenology.2 Here we explore the possibil-
ity of using (1) as a (partial) characterisation of “good”
semiclassical states in quantum gravity.

A similar suggestion has been recently put forward
by two papers. In [10], Bianchi and Myers have sug-
gested Bisognano–Wichmann-like correlations to charac-
terize semiclassical states in any nonperturbative quan-
tum theory of spacetime. The smooth structure of space-
time geometry at the classical level may be intimately re-
lated to the structure of correlations of the quantum grav-
itational state. A similar perspective has received atten-
tion in string theory, in the context of the gauge/gravity
duality, where the entanglement of the boundary gauge
field degrees of freedom has been associated to the con-
nectivity of the bulk space-time dual [17–19]. In [20], the
Bisognano–Wichmann property has been suggested as a
possible replacement, in a background independent con-
text, of the Hadamard condition that characterises the
“good” states in quantum field theory on curved space.

In loop quantum gravity, semiclassical states have been
studied extensively [21–25]. Today we know how to write
states where the expectation value of the the gravitational
field appropriately matches a given smooth geometry.
However, little is known so far about states where also
the fluctuations of the gravitational field, and especially
the nonlocal correlations, match the ones of conventional
field theory. Here we construct and study states with
a Bisognano–Wichmann-like property, as a step in this
direction.

Notice that the main hypotheses of the Bisognano–
Wichmann theorem are positivity of energy and Lorentz

2 Entanglement entropy due to short-scale quantum correlations
has been studied in loop quantum gravity, especially in the con-
text of black holes thermodynamics [12–16].
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FIG. 1. A facet l separating two cells (a source cell S and
a target cell T ) punctured by the link l that joins the two
corresponding nodes.

invariance. The last is a dynamical property in the
sense that a boost generates the change of a state from
a given (spacelike) plane to a boosted one. Therefore
the Bisognano–Wichmann property captures aspects of
a state’s evolution. As we will see, this is reflected in
the states we define below: their definition depends on
the (covariant [25–30]) definition of the loop quantum
dynamics. Therefore they can also be viewed as a step
towards fully physical dynamical quantum gravity states.

Section II recalls the covariant definition of loop quan-
tum gravity states. In section III we define the thermally
correlated link state, the fundamental brick of our con-
struction. In Section III C we study the semiclassical
properties of this state. In Section IV we construct the
thermally correlated SU(2) spin network state. Section V
shows how local correlations ‘propagate’ along the spin
network. Results are summarised and discussed in the
last section.

II. LORENTZ COVARIANT LQG STATES

We start introducing the conventional loop quantum
gravity space state, but using the SL(2,C) covariant lan-
guage [31–33] adapted for what follows.

Consider an oriented three dimensional space-like hy-
persurface Σ embedded in a four dimensional space-time
manifold M. Fix an oriented cellular decomposition of
Σ. We call n (for “node”) the cells and l (for “link”) the
facets separating two adjacent cells. Fix a dual graph Γ,
with a node n in each cell and a link l connecting the
nodes of neighbouring cells. We use the same notation,
n and l for the nodes and links of the graph and the dual
cells and facets of the triangulation. Each link l is ori-
ented: we call nS (for “source”) and nT (for “target”) its
initial and final nodes. The corresponding facet is equally
oriented and separates a “source” cell S from a “target”
cell T . See Figure 1.

Consider the spin connection ω of the Cartan formula-
tion of general relativity, restricted to Σ. This describes
aspects of the gravitational field on Σ. A quantum state
can be expressed as a functional of ω. In particular, a

quantum state on Γ is defined to be a (cylindrical3) func-
tion Ψ[ω] = ψ(gl[ω]) of the holonomy gl[ω] ∈ SL(2,C)
of the spin connection along the L links l of the graph.
These states, we assume, can be expanded in matrix el-
ements of unitary representations of SL(2,C).

The SL(2,C) generators JIJl = −JJIl , I, J = 0, ..., 3
associated to each oriented link l play the role of the basic
observables of the theory. They are the quantum oper-
ators representing the momentum conjugate to the spin
connection, which on Σ is proportional to the Plebanski
two-form eI ∧ eJ , where eI is Cartan’s tetrad one-form.
More precisely, they are determined by the flux of this
quantity across the facet l

JIJl,S ∼
∫
l

eI ∧ eJ , (3)

parallel transported to the source node nS of l. The op-
erator JIJl,S acts on a function of gl as the left-invariant
vector field. It is important for what follows to observe
that the right-invariant vector J̃IJl,T , related to JIJl,S by the

transformation defined by gl (in the adjoint representa-
tion), is a distinct operator. It represents the same flux,
but parallel transported to the target node nT of the link
l, namely in the frame of the adjacent cell. The relation
between the two operators depends on the spin connec-
tion along the link.

It is convenient to pick the time gauge, which ties the
normal to Σ to a direction t in the internal Minkowski
space. Then JIJl splits into rotation generators ~L and

boost generators ~K. It is easy to see that (in a locally
flat context [34]) the first is a vector normal to the facet
l, with length proportional to the area of the facet [30].

The unitary representations of SL(2,C) are labelled by
a positive real number p and non negative half-integer k
[35]. At each node, the vector t determines a subgroup
SU(2) ⊂ SL(2,C) that leaves it invariant. The Hilbert
space H(p,k) that carries the (p, k) representation decom-
poses into irreducible representations of the subgroup as
follows

H(p,k) = ⊕∞j=kHj , (4)

whereHj is the (finite dimensional) SU(2) representation
of spin j. Therefore H(p,k) admits a basis |(p, k); j,m〉,
called the canonical basis, obtained by diagonalizing the

total angular momentum L2 and the Lz = ~L · ~z compo-
nent of the SU(2) subgroup. The states

Ψplkljlmlj′lm
′
l
[ω] = ⊗l D(pl,kl)

jlml,j′lm
′
l
(gl[ω]), (5)

where D(pl,kl) are the representations matrices of the
SL(2,C) unitary representations, span the space of the
states on Γ.

3 A cylindrical function on an infinite dimensional space is a func-
tion depending on only on a finite number of coordinates on this
space.
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Within H(p,k) the physical subspace of the theory is
determined (in a given Lorentz frame) by the linear sim-
plicity condition

~K = γ~L (6)

satisfied, in general relativity, by the momentum conju-
gate to the spin connection. Here γ ∈ R+ is the Barbero-
Immirzi parameter [27, 30]. This relation determines a
restriction on the set of the unitary representations and
picks a subspace within each representation. Indeed, the
relation (6) is weakly (in matrix elements) true [36] when
restricted to states of the form

|p, k; j,m〉 = |γ(j + 1), j; j,m〉. (7)

Accordingly, the physical subspace is formed by the
states of the form

Ψjlmlm′l
[ω] = ⊗l D(γ(jl+1),jl)

jlml,jlm′l
(gl[ω]). (8)

This state space is naturally isomorphic to the space
L2[SU(2)]L, the conventional (non gauge invariant)
Hilbert space of loop quantum gravity on the graph Γ.
The isomorphism maps (8) into

ψ(hl) = ⊗l D(j)
ml,m′l

(hl) (9)

where hl ∈ SU(2) and Dj(h) are Wigner matrices, and
is determined by the injection

Yγ : Hj → H(γ(j+1),j) (10)

|j,m〉 7→ |(γ(j + 1), j); j,m〉.

L2[SU(2)]L is a Hilbert space and this isomorphism en-
dows the physical state space with the scalar product
needed to define a quantum theory.

Let us now see how local gauge invariance affects this
construction. In the Cartan formulation, general rela-
tivity is invariant under local SL(2,C) gauge transfor-
mations. Of these, only the Lorentz transformation Λn
at the nodes n of Γ affect the states on Γ (because only
these affect the holonomies gl[ω]). Consider first gauge
transformations where Λn are rotations. These do not af-
fect the local frame at each node, and transform physical
states into themselves. The states invariant under these
transformation are the well known spin network states

ψ(hl) =
⊗
l

Djl(hl) ·
⊗
n

ιn (11)

where ιn is an SU(2) intertwiner at the node n and the
contraction is determined by the structure of the graph.
These gauge invariant states form the Hilbert space HΓ

HΓ = L2[SU(2)L/SU(2)N ]

the standard loop quantum gravity state space on a
graph. The states in this space have a direct interpre-
tation as quantum geometry of the spatial section Σ of
space-time.

More interesting are the Lorentz transformation that
are not rotations. These act on the SL(2,C) states,
changing (rotating) the class of physical states. Say t
is a vector in the Minkowski representation, left invari-
ant by SU(2); a generic Lorentz transformation boosts
t into Λt, which stabilises a different SU(2) subgroup,
which in turn defines a different class of physical states.
Therefore the spin network formalism is invariant under
local rotations but is covariant under boosts. See [33] for
a full discussion.

We are interested in the structure of correlations of
these states. In other words. we are interested in the
way different regions of a spin network can be correlated
to one another.

III. THERMAL LINK STATES

A. Bisognano–Wichmann property on a single link

Let us begin by focusing on a single link, and disre-
garding, for now, gauge invariance. The states on a sin-
gle link are given by functions ψ(g) on SL(2,C) satisfying
the simplicity constraint, that is, linear combinations of
the states of the form

Ψjmm′(g) ≡ 〈g|jmm′〉 = D
(γ(j+1),j)
jm,jm′ (g). (12)

The operator ~LS acts on this state as the generator of
rotations on the first index

〈jmm′|~LS |jm′′m′′′〉 = ~τ jmm′′ (13)

where ~τ j is the generator of rotations in the spin j rep-
resentation of SU(2) and summation over related indices

is understood. The operator ~LT acts on this state as the
generator of rotations on the second index

〈jmm′|~LT |jm′′m′′′〉 = ~τ jm′m′′′ . (14)

The two boost generators, ~KS and ~KT restricted to this
space, have the same matrix elements, multiplied by γ.

This set of operators splits naturally into two groups: ~LS
and ~KS act on the first magnetic index and represent ob-
servables living on the cell on the source side of the facet;

while ~LT and ~KT act on the second magnetic index and
represent operators living on the cell on the target side of
the facet. Recall that they represent quantities parallel
transported to two different nodes, and their difference
measures the connection along the link. We can therefore
split the observables into two groups, associated to the
two cells on opposite sides of the facet l.

All operators considered here are diagonal in j (the
boost operator mixes different j sectors of the same
SL(2,C) irreducible, but not different SL(2,C) irre-
ducibles, of course; also, states with different j belong
to different irreducibles, because k = j). It is therefore
convenient to work at fixed quantum number j, namely
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on a L2 eigenspace (clearly |~LS |2 = |~LT |2). This space
has the structure

H = HSj ⊗HTj . (15)

Given a state in this subspace, we can trace on one factor
and define a density matrix over the other. Explicitly,
tracing on the target factor, a state of the form

|ψ〉 =
∑
mn

cmn|jmn〉 (16)

gives the density matrix

ρ = TrT |ψ〉〈ψ| ≡
∑
n

cnmcnm′ |j,m〉〈j,m′| (17)

on HSj . Since the restriction of ~K to Hj is given by γ~L,
because of the simplicity conditions, we can define the
density matrix

e−2π ~K·~z =
∑
m

e−2πγm|j,m〉〈j,m|. (18)

where here |j,m〉 is a basis of eigenstates of ~L · ~z. We
now have the language for the following definition. We
say that a link state ψ with spin j has the Bisognano–
Wichmann property if there is a ~n such that

trT [|ψ〉〈ψ|] = e−2π ~KS ·~n. (19)

and there is a ~n′ such that

trS [|ψ〉〈ψ|] = e−2π ~KT ·~n′ . (20)

Armed with this definition, let us now see what are the
states with this property.

B. States

We want to find a class of states {|ψ〉} satisfying (19)
and (20).

For a given ~z, we set ~n = ~n′ ≡ ~z. Sandwiching (19)

between eigenstates of ~KS · ~z gives

〈jm | trT [|ψ〉〈ψ|] |jm′〉 = e−2γπmδmm′ (21)

Using (17), this reads∑
n

cnmcnm′ = e−2γπm δmm′ . (22)

Let Λ be the diagonal matrix with entries e−γπm and c
be the matrix with matrix elements cnm. Then the last
equation can be written in the form

cc† = ΛΛ† (23)

or equivalently

(cΛ−1)(cΛ−1)† = I,

which is solved for any unitary matrix U by

c = ΛU (24)

In components, our coefficients read

cmn = e−πγm Umn (25)

Moreover, recall that the definition of the Bisognano–
Wichmann property demands the state to be thermal
when traced on either side. Repeating the above deriva-
tion with source and target swapped yields

cmn = Vmne
−πγn (26)

with Vmn also a unitary matrix.
Now, for two generic directions ~n, ~n′, it is easy to show

that equations (25) and (26) generalize to

cmn =
∑
k

D(~n)mke
−πγkUkn (27)

cmn =
∑
k

Vmke
−πγkD†(~n′)kn (28)

where D(~n) and D(~n′) are the Wigner matrices (in the
representation j) corrisponding to the SU(2) elements
rotating the ~z into the ~n and the ~n′ axes, respectively.

A wide class of states satisfying both (27) and (28) is
given by

|ψ〉 =
∑
mnl

D(~n)lme
−πγmD†(~n′)mn|j, l, n〉 (29)

Note that the effect of the Wigner matrices on the ba-
sis states |j, l, n〉 = |j, l〉 ⊗ |j, n〉† is simply to transform

the Lz eigenbasis |j, l〉 into the eigenbasis |j, l〉~n of ~L · ~n
for a generic vector ~n. Therefore this class of (spin j)
states labelled by two arbitrary vectors and the SU(2)
representation j, that satisfy the Bisognano–Wichmann
property, has the compelling from

|ψj~n~n′〉 =
∑
m

e−πγm|j,m〉~n ⊗ |j,m〉~n′ (30)

These states are not normalised. Their norm is easily
computed; it is the square root of

Nj = 〈ψj~n~n′ |ψj~n~n′〉 =

j∑
k=−j

e−2πγk (31)

These are the Bisognano–Wichmann link states.

C. Semiclassicality

Before extending the Bisognano–Wichmann states to
the full graph, let us study their properties. First of
all, we have defined states at fixed spin j. Therefore we
expect the corresponding conjugate momentum, namely
the extrinsic curvature at the facet, to be fuzzy. We
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leave open, for the moment, the task of combining these
states into extrinsic [30] semiclassical states, and we con-
centrate on the properties of the intrinsic geometry they
define.

For this, we estimate the mean value and the dispersion
of the geometrical operators on the states (30). To begin
with, consider the case with ~n = ~n′ = ~z. Choosing the
basis that diagonalises Lz we have immediately

〈~LS〉 ≡ 〈ψj~z~z|~LS |ψj~z~z〉

=
∑
m

e−2γπm〈jm|

LxLy
Lz

 |jm〉 , (32)

where, we recall,LxLy
Lz

 |jm′〉S =

 1
2 (c1|j,m′ − 1〉S + c2|j,m′ + 1〉S)
i
2 (c1|j,m′ − 1〉S − c2|j,m′ + 1〉S)

m′|jm′〉S


the coefficients c1, c2 being defined by

c1 = 〈j,m− 1|Lx − iLy|j,m〉 =
√

(j +m)(j −m+ 1)

c2 = 〈j,m+ 1|Lx + iLy|j,m〉 =
√

(j +m+ 1)(j −m).

Easily,

〈~LS〉 =

j∑
m=−j

e−2πγm

 0
0
m

 =

 j∑
m=−j

e−2πγmm

 ~z

(33)
The mean value, properly normalized, reads

~LS ≡
〈~LS〉
Nj

=

∑j
m=−j e

−2πγmm∑j
m=−j e

−2πγm
~z. (34)

The vector operator points in the direction identified by
the state and, for large j, we have:

~LS
(−j)

j→∞−−−→ 1

Therefore, ~LS ∼ −j +O(j). The correction is actually a
constant given by:

~LS ∼ −j +
1

2(eπγ − 1)
(35)

In order to understand if the state become sharp for large

j, we look to the relative dispersion of ~LS in the plane
orthogonal to the direction identified by the mean value.
We saw above that

〈Lx〉 = 〈Ly〉 = 0, (36)

while, due to symmetry, we can write

〈L2
x〉 = 〈L2

y〉 =
1

2
〈(L2

x + L2
y)〉 =

1

2
〈(~L2 − L2

z)〉. (37)

The relative dispersions of the components Lx, Ly (the
scale parameter is chosen to be the norm square of the
vector itself) is given by

σ(Lx)

〈~L2〉
=
σ(Ly)

〈~L2〉
=

1

2

〈(~L2 − L2
z)〉

〈~L2〉
. (38)

The expectation value of ~L2 is j(j + 1), while for L2
z we

get

L2
z =

∑j
m=−jm

2e−2γπm∑j
m=−j e

−2γπm
. (39)

The spread is then given by 4

σ(Ly)

〈~L2〉
=
σ(Lx)

〈~L2〉
=

1

2

j(j + 1)−
∑j
m=−j m

2e−2γπm∑j
m=−j e

−2γπm

j(j + 1)
,

which goes to zero in the limit j →∞.
It is easy to generalize this result for a generic direc-

tion: the mean value of ~LS on |ψj~n~n′〉 is given by

~LS =
1

Nj

(∑
m

e−2πmm

)
~n. (41)

And the mean value of the right invariant vector field ~LT
is

~LT =
1

Nj

(∑
n

e−2πnn

)
~n′. (42)

with the same relative dispersion as above.

D. Overcomplete basis

Finally an important property of the Bisognano–
Wichmann link states is that they form an overcomplete
basis for each j, in the Hilbert space Hj ⊗H∗j . The res-
olution of the identity is

Ij =
d2
j

(4π)2Nj

∫
S2

d2~n

∫
S2

d2~n′ |ψj~n~n′〉〈ψj~n~n′ | (43)

The integration is over the two-sphere of the normalized
vectors ~n, ~n′, with the standard R3 measure restricted
to the unit sphere. This property is crucial: it indicates
that every state can be expressed as a superposition of
states with semiclassical labels. The proof of (43) is
given in Appendix A.

4 The calculation is easy to perform if one notes that all the quan-
tities appearing are all of the form:

j∑
m=−j

mne−2πm =
dn

dαn

j∑
m=−j

e−αm|α=2π (40)

The only sum one needs to perform is then
∑j
m=−j e

−αm which
can be split into two geometric sums.



6

IV. THERMALLY CORRELATED SPIN
NETWORK STATES

So far we have studied single link states. We now move
to states defined on the full graph. The first step for this
is to combine Bisognano–Wichmann states associated to
the links that join on a single node n. To this aim, we sim-
ply take the tensor product of a Bisognano–Wichmann
link state per each of the links meeting at n and project
on the SU(2) gauge invariant subspace. The projection
is performed by integrating over the local gauge group
SU(2),

|Ψ(n)
jl,~nl,~n′l

〉 =

∫
dh
⊗
l∈n

D(h)|ψjl~nl~n′l〉. (44)

The Bisognano–Wichmann graph state is then deter-
mined by a spin associated to each link and two vectors
~nl and ~n′l associated, respectively, to the source and the
target of each link. The resulting gauge invariant state
is

|Ψjl,~nl,~n′l
〉 =

∫ ∏
n

dhn
⊗

l≡〈nl,n′l〉
Djl(hnl)D

jl†(hn′l)|ψjl~nl~n′l〉

(45)
where we identify each link with the two node at its end-
points, l ≡ 〈nl, n′l〉.

These are the Bisognano–Wichmann states on the
graph.

In the Schrödinger representation, namely on the group
element basis, they read

Ψjl,~nl,~n′l
(Ul) = 〈Ul|Ψjl,~nl,~n′l

〉 =

∫ ∏
n

dhn (46)∏
l≡〈nl,n′l〉

trjl [D(Ul)D(hnl)D(~nl) e
−πLz D†(~n′l)D

†(hn′l)].

These states resemble the common intrinsic Livine-
Speziale states on the graph, but there is a crucial differ-
ence. The space of the states with fixed spin is the tensor
product of one intertwined space per node, that is

Hjl =
⊗
n

Hn (47)

where the intertwined space Hn of the node n is the
SU(2) invariant part of the tensor product of the rep-
resentation spaces associated to the spins of the links
joining in n:

Hn = InvSU(2)[
⊗
l

Hjl ].

where the product in l runs over the links joining in
n. The Livine-Speziale states |jl, ~nl, ~n′l〉 are tensor states
with respect to this decomposition

|jl, ~nl, ~n′l〉 =
⊗
n

|ιnjl,~nl,~n′l〉 (48)

where ιnjl,~nl,~n′l
is the Livine-Speziale intertwiner. On the

contrary, the Bisognano–Wichmann states do not fac-
torise. To see this, it is sufficient to consider the density
matrix of the state defined in (44) and reduce it to the
intertwined space Hn, by tracing over the external rep-
resentation spaces of the links. A straightforward calcu-
lation shows this to be

ρ = tr[|Ψ(n)
jl,~nl,~n′l

〉〈Ψ(n)
jl,~nl,~n′l

|] =

=
⊗
l∈n

∫
dh

∫
dh̃ [D(h)e−2πγ~Ll·~nlD†(h̃)]

where the tensor product is on the links that join at the
node n and for simplicity we have assumed the node to be
the source of these all. One may notice in this expression

that [D(h)e−2π
∑
l
~Ll·~nlD†(h̃)] does not act as a rotation

of the vectors ~nl, since the adjoint rapresentation acts
with the same group element, whereas here we have two
different SU(2) elements (h, h̃). This density matrix in
general is not pure.

This indicates that the Bisognano–Wichmann states
carry nontrivial quantum correlations between different
nodes. In Appendix C we compute the correlations be-
tween two operators in a Bisognano–Wichmann state on
a simple graph (the dipole graph), to verify explicitly
that they are indeed non-vanishing (see also Appendix B
for details on the observables).

This is the main property we were seeking.

V. LONG DISTANCE CORRELATIONS

The Bisognano–Wichmann states defined in the previ-
ous section have non trivial quantum correlations across
adjacent nodes. Do they also have correlations between
nodes that are not adjacent? Here we show that the
answer is yes and we give some preliminary elements of
analysis of these correlations.

The simplest spin network we can use to try to address
these questions, is an open spin network composed by a
chain of N nodes, each pair sharing a single link. We start
by writing the explicit form of the state for the special
case N = 2 to understand the structure of the state itself.
The non-gauge invariant state on the two node graph is
given by

|Ψ̃jl,~nl,~n′l
〉 =

∑
{kl}

e−πγ
∑
l kl |j1234, k1234, ~n1234〉 ×

× |j4567, k4567~n
′
4567〉†||jl, kl, ~n

(′)
l 〉

(†)
i 6=4

gathering together the external half links into the espres-

sion ||jl, kl, ~n(′)
l 〉

(†)
l 6=4. The projection to the gauge invari-
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ant subspace is given by

|Ψjl,~nl,~n′l
〉 =

=
∑
{kl}

e−πγ
∑
l kl
∑
αβ

φα(j1234k1234, ~n1234)×

× φ∗β(j4567, k4567~n
′
4567) |ια〉|ιβ〉†||jl, kl, ~n(′)

l 〉
(†)
l 6=4

where the projector operator and the φα,β coefficients
are those defined in Appendix C. The generalization to
a chain of N nodes is straightforward.

We have computed numerically the correlations on a
chain of N = 7 nodes, fixing all jl = 1/2. We have
computed the following quantity

〈P (0)
i P

(0)
j 〉 − 〈P

(0)
i 〉〈P

(0)
j 〉 (49)

for i, j = 1, · · · , N , where P
(0)
i = |ι0〉〈ι0| is the projec-

tor on the first element of the recoupling basis on the
i-th node. The results of the numerical calculation are
displayed in Figure 2.

The correlations that we find can be interpreted as the
result the interplay between the thermal correlations on
the single links, which correlate any two adjacent nodes,
and the effect of gauge-invariance at nodes, which ties
the links in quadruples and allows for the propagation of
the those thermal correlations among far nodes.

VI. SUMMARY AND DISCUSSION

We have defined a family of states in loop quan-
tum gravity which are peaked on an (intrinsic) geom-
etry and have non trivial correlations between distinct
nodes. These correlations are such that tracing on one
node yields, on a neighbouring node, a thermal state
with respect to a flow related, via the simplicity con-
ditions, to the boost generator. We have called these
states Bisognano–Wichmann states, and this feature the
Bisognano–Wichmann property. Correlations extend to
non-neighbouring nodes.

We list in the following a number of questions which
we think deserve to be investigated.

• We have investigated in this paper states at fixed
j. Extrinsic coherent states obtained relaxing the
sharpness condition on j are of course interesting
for physics.

• The boost operator ~K is the generator of internal
boosts in the full covariant theory. In a gauge fixed
formalism, as is implicitly the loop formalism which
is formulated in the time gauge, this is related to
a physical boost. The situation is analogous to the
rotations of the tetrad in general relativity: if we
describe a measuring apparatus gauge fixing the
tetrad to its axes, then a rotation of the tetrad
has the physical interpretation of a relative rotation

1.5 2.0 2.5 3.0 3.5 4.0
DN = N1 - N2

10
-7

10
-5

0.001

<PHN1LPHN2L>c

FIG. 2. Fit of the correlation function (〈P (N1)P (N2)〉c =
〈P (N1)P (N2)〉 − 〈P (N1)〉〈P (N2)〉 ) as a function of the dis-
tance between nodes (∆N = N1 − N2). The scale is linear
logarithmic. Fit model: f(∆N) = a exp(−b∆N). Fit results:
a = 0, 73; b = 5, 20.

between the apparatus and its exterior. Similarly,

the boost generator ~K can also be interpreted as
the generator of physical boosts: it evolves a state
on a surface to the state on a boosted surface, which
is to say to the surfaces of a boosted observer [37].

• In the context of QFT, the restriction of the field
vacuum state to the right Rindler wedge, automat-
ically gives a restriction to the positive eigenvalues
of the boost generator. In closer analogy, perhaps

the restriction of states to those where ~K · ~n has
positive eigenvalues is of physical interest. In par-
ticular, this aspect could turn out to be crucial for
the normalizability of the states once the sum over
the SU(2) representations (j) is considered. We
leave this question open.

• The spin-networks Hilbert space is the same as
in a conventional SU(2) lattice Yang-Mills theory.
In lattice gauge theory, nonlocal correlations have
been studied by Donnelly in [38]. See also [39].
The construction here is related to these analyses,
and the precise relation deserves to be better un-
derstood.

• In the Bisognano–Wichmann states, the thermal
correlations get mixed up by gauge invariance. The
density matrix on a single node Hilbert space ob-
tained by tracing the state on the rest of the nodes
is not thermal, because the correlations defined on
the links get mixed up by the gauge at the node.
This is not in contradiction with the Bisognano–
Wichmann property, which refers to a single surface
(a single link), but deserves better understanding.

• The 2π in the Bisognano–Wichmann temperature
is related to the Minkowski geometry and its com-
plex extension, as well as the corner terms of the
action on the spitting surface [40–42]. The role of
these in the loop dynamics is strictly connected to
the Bisognano–Wichmann property and is a tanta-
lising issue, which still deserves clarification.
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Appendix A: Resolution of identity

Here we derive explicitly the resolution of the identity
given in the text. Starting from equation (43), we have

Ij =
1

Nj
d2
j

(4π)2

∫
S2

d2~n

∫
S2

d2~n′|ψ(~n,~n′)
j 〉〈ψ(~n,~n′)

j | = (A1)

=
1

Nj
d2
j

(4π)2

∫
S2

d2~n

∫
S2

d2~n′
∑
k

|j, k〉SD(~n) e−πγk ×

× D†(~n′)|j, k〉†S
∑
l

|j, l〉TD(~n′)e−πγlD†(~n)|j, l〉†T

=
1

Nj
d2
j

(4π)2

∫
S2

d2~n

∫
S2

d2~n′
∑
k,α,β

|j, α〉SD(~n)α,ke
−πγk

D†(~n′)k,β |j, β〉†T
∑
l,α̃,β̃

|j, β̃〉TD(~n′)β̃,le
−πγlD†(~n)l,α̃|j, α̃〉†S .

Rearranging factors,

Ij =
1

Nj
d2
j

∑
k,α,β

∑
l,α̃,β̃

|j, α〉S〈j, α̃|S |j, β̃〉T 〈j, β|T e−πγ(k+l)

∫
S2

d2~n

4π
D(~n)α,kD

†(~n)l,α̃

∫
S2

d2~n′

4π
D†(~n′)k,βD(~n′)β̃,l

=
1

Nj
d2
j

∑
k,α,β

∑
l,α̃,β̃

|j, α〉S〈j, α̃|S |j, β̃〉T 〈j, β|T ×

× e−πγ(k+l) δα,α̃δk,l
dj

δβ,β̃δk,l

dj

=
1

Nj

∑
k,α,β

|j, α〉〈j, α||j, β〉〈j, β|e−2πk

=
∑
α

|j, α〉〈j, α| ×
∑
β

|j, β〉〈j, β| ×
∑
k e
−2πk∑

k e
−2πk

= IS ⊗ IT (A2)

which is the identity in Hj ⊗H∗j .

Appendix B: Node observables

To study correlations we need an observable to probe
them. A good example of observable is the scalar product

(~L(a) · ~L(b))A (where a and b are two links that meet at
the node A). Its geometrical interpretation is a measure

la lb

nA

~L(a) ~L(b)

FIG. 3. Thetrahedron cell dual to the node A. The two links
la and lb meet at the node A. The observable given by the
scalar product (~L(a) ·~L(b))A is a measure of the dihedral angle
(shaded above) between the two facets of the cell A.

of the dihedral angle between the two facets of the cell A.
Recall that the area of these facets is |La| and |Lb|. Here
we assume for simplicity that all nodes are four-valent.
See Figure 3.

This observable is diagonal in the appropriate recou-
pling basis, |ια〉 ≡ {|j1 · · · j4, ια〉}, labelled by the spin
number α of the “virtual link” associated to the node
[30]. This can be seen explicitly by looking at the opera-

tor (~L(a) + ~L(b))2 first: consider the explicit form of the
intertwiner state

|ια〉 = |j1 · · · j4, ια〉 = (B1)

=
∑

k1,k2,k3,k4

ιk1k2k3k4α |j1k1〉|j2k2〉|j3k3〉|j4k4〉

=
∑

k1,k2,k3,k4
m

ιk1k2mιk3k4m |j1k1〉|j2k2〉|j3k3〉|j4k4〉.

Acting with the operator (~L(a)+~L(b)), where a = 1, b = 2
we have

(Li (1) + Li (2))|j1k1〉|j2k2〉 = [J i(j1) + J i(j2)]|j1k1〉|j2k2〉
(B2)

where J i are the generators of SU(2) in the rapresen-
tation j. If we now use this for the full state (B1), we
have

(Li (1) + Li (2))|ια〉 = (B3)

=
∑

k1,k2,k3,k4
m

ιk1k2mι
mk3k4 [J i(j1) + J i(j2)]× (B4)

× |j1k1〉|j2k2〉|j3k3〉|j4k4〉
=

∑
k1,k2,k3,k4

m

ιk1k2m[−J i(α)]ιmk3k4 |j1k1〉|j2k2〉|j3k3〉|j4k4〉

=
∑

k1,k2,k3,k4
m,m̃

ιk1k2m̃[−J (α)]im̃mι
mk3k4 |j1k1〉|j2k2〉|j3k3〉|j4k4〉
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where we used the definition of the intertwiner,

D
(j1)
m1n1D

(j2)
m2n2D

(j1)
m3n3ι

n1n2n3 = ιm1m2m3 to get

(J (j1) + J (j2) + J (j3)) ιn1n2n3 = 0

⇒ (J (j1) + J (j2)) ιn1n2n3 = −J (j3)ιn1n2n3

Finally, applying the same operator a second time, we
obtain

(Li (1) + Li (2))(Li (1) + Li (2))|ια〉 =

=
∑

k1,k2,k3,k4
m

ιk1k2m[−J i(α)]2ιmk3k4 |j1k1〉|j2k2〉|j3k3〉|j4k4〉

= α(α+ 1)
∑

k1,k2,k3,k4
m

ιk1k2mι
mk3k4 |j1k1〉|j2k2〉|j3k3〉|j4k4〉

= α(α+ 1)|ια〉

since [J i(α)]2 is the Casimir operator. Analogously, the
operator (Li (a)Li (b)) will be diagonal on this basis, as

Li (1) Li (2) =
1

2
[(Li (1) + Li (2))2 − (Li (1))2 − (Li (2))2]

(B5)
with eigenvalues given by

Cα = α(α+ 1)− j1(j1 + 1)− j2(j2 + 1). (B6)

In the recoupling basis, the operator takes the form

Li (1)Li (2) =
∑
α

Cα|ια〉〈ια|. (B7)

Appendix C: Correlation in dipole graph

Here we show that the correlations between nodes are
in fact non vanishing, by providing a detailed example for
a simple graph. We consider the dipole graph ∆∗: two
four-valent nodes, A and B, sharing four links (Figure
4). We consider two operators acting on the two nodes:

(~L
(1)
S · ~L(2)

S )A and (~L
(3)
T · ~L(4)

T )B , with ~LS and ~LT being
respectively the left and right invariant vector fields. We
want to measure the correlation between the two nodes.

We expand the state in the appropriate recoupling ba-
sis, where the chosen operators are diagonal:

• |ια〉 ≡ |j1, j2, j3, j4ια〉 s.t. ιk1k2k3k4
α = ιk1k2aιk3k4a

• |ιβ〉 ≡ |j1, j2, j3, j4ιβ〉 s.t. ιk1k2k3k4β = ιk1k2bιk3k4b

Instead of integrating over the group for each node, we
impose the gauge invariance through the projectors

PA =
∑
α

|ια〉〈ια| and PB =
∑
β

|ιβ〉〈ιβ |. (C1)

The non-gauge invariant state is given by

|Ψ̃jl,~nl,~n′l
〉 =

=
∑
{kl}

e−πγ
∑
l kl |j1234, k1234, ~n1234〉S |j1234, k1234~n

′
1234〉†T

nA nB

~L
(1)
S

~L
(2)
S

~L
(3)
T

~L
(4)
T

l1

l2

l3

l4

FIG. 4. Dipole graph ∆∗: two four-valent nodes, A and B,
sharing four links. We consider two operators acting on the

two nodes: (~L
(1)
S · ~L

(2)
S )A and (~L

(3)
T · ~L

(4)
T )B

Projecting with (C1), we get its gauge invariant version

|Ψjl,~nl,~n′l
〉 =

∑
{kl}

e−πγ
∑
l kl ×

×
∑
αβ

φα(j1234k1234, ~n1234)φ∗β(j1234, k1234~n
′
1234)|ια〉|ιβ〉†

where we used the definition:

φα(j1234k1234, ~n1234) = 〈ια|j1234, k1234, ~n1234〉 (C2)

φβ(j1234, k1234~n
′
1234) = 〈ιβ |j1234, k1234, ~n

′
1234〉

We can write these coefficients explicitly. Consider first
the case in which ~ni ≡ ~z. In this case we have

〈ια|j1234, k1234〉 = ιk1k2k3k4α (C3)

whose components can be calculated using the decom-
position of this invariant tensor with {3j} symbols. If
instead we keep generic directions ~ni, we need to take
into account a rotation matrix for each link:

〈ια|j1234, k1234, ~n1234〉 =
∑

Dj1
l1k1

(~n1)Dj2
l2k2

(~n2)×

×Dj3
l3k3

(~n3)Dj4
l4k4

(~n4) ιl1l2l3l4α

Now we can take the expectation value of the operators.
We obtain

〈Ψjl,~nl,~n′l
|(~L(1)
S · ~L(2)

S )A(~L
(3)
T · ~L(4)

T )B |Ψjl,~nl,~n′l
〉 =

=
∑

{kl},{k̃l}

e−πγ
∑
l(kl+k̃l) ×

×
∑
α,α̃

φ{kl,~nl}α φ
∗{k̃l ~nl}
α̃ 〈ια̃|(~L(1)

S · ~L(2)
S )A|ια〉 ×

×
∑
β,β̃

φ
∗{kl ~n′l}
β φ

{k̃l,~n′l}
β̃

〈ιβ̃ |(~L
(3)
T · ~L(4)

T )B |ιβ〉
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=
∑

{kl},{k̃l}

e−πγ
∑
l(kl+k̃l)

∑
α,α̃

φ{kl,~nl}α φ
∗{k̃l,~nl}
α̃ Cαδα,α̃ ×

×
∑
β,β̃

φ
∗{kl,~n′l}
β φ

{k̃l,~n′l}
β̃

Cβδβ,β̃

=
∑

{kl},{k̃l}

e−πγ
∑
l(kl+k̃l)

∑
α,α̃

φ{kl,~nl}α φ∗{k̃l,~nl}α Cα ×

×
∑
β,β̃

φ
∗{kl,~n′l}
β φ

{k̃l,~n′l}
β Cβ

Similarly,

〈Ψjl,~nl,~n′l
|(~L(1)
S · ~L(2)

S )A|Ψjl,~nl,~n′l
〉 =

=
∑

{kl},{k̃l}

e−πγ
∑
l(kl+k̃l)

∑
α,α̃

φ{kl,~nl}α φ∗{k̃l,~nl}α Cα ×

×
∑
β,β̃

φ
∗{kl,~n′l}
β φ

{k̃l,~n′l}
β

and

〈Ψjl,~nl,~n′l
|(~L(3)
T · ~L(4)

T )B |Ψjl,~nl,~n′l
〉 =

=
∑

{kl},{k̃l}

e−πγ
∑
l(kl+k̃l)

∑
α,α̃

φ{kl,~nl}α φ∗{k̃l,~nl}α ×

×
∑
β,β̃

φ
∗{kl,~n′l}
β φ

{k̃l,~n′l}
β Cβ .

We want to prove the following inequivalence

〈(~L(1)
S · ~L(2)

S )A(~L
(3)
T · ~L(4)

T )B〉

6=

〈(~L(1)
S · ~L(2)

S )A〉〈(~L(3)
T · ~L(4)

T )B〉.

Since we know the explicit form of the coefficients, we
can verify this statement in an explicit example. For
semplicity, let us fix all jl = 1/2 on the links, so that the
intertwiner basis (recoupling basis) has only two elements
{|ι0〉, |ι1〉}, and consider ~nl = ~n′l = ~z, for each l. We find

〈(~L(1)
S · ~L(2)

S )A(~L
(3)
T · ~L(4)

T )B〉 =
5

4
(C4)

〈(~L(1)
S · ~L(2)

S )A〉 = 〈(~L(3)
T · ~L(4)

T )B〉 = −1

2
(C5)

which implies

〈(~L(1)
S · ~L(2)

S )A(~L
(3)
T · ~L(4)

T )B〉 − (C6)

−〈(~L(1)
S · ~L(2)

S )A〉〈(~L(3)
T · ~L(4)

T )B〉 =
3

4
6= 0

The conclusion is that the Bisognano–Wichmann states
have correlations between neighbouring nodes.
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