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Emmanuel Audusse, Stéphane Dellacherie, Do Minh Hieu, Pascal Omnes, Yohan Penel

May 31, 2016

Abstract

We propose a method to explain the behaviour of the Godunov finite volume scheme applied to the
linear wave equation with Coriolis source term at low Froude number. In particular, we use the Hodge
decomposition and we study the properties of the modified equation associated to the Godunov scheme.
Based on the structure of the discrete kernel of the linear operator discretized by using the Godunov
scheme, we clearly explain the inaccuracy of the classical Godunov scheme at low Froude number and
we introduce a way to modify it to recover a correct accuracy.

1 Introduction

In this communication, we study some procedures to make finite volume Godunov type schemes accurate
when solving perturbations around a steady-state. In what follows, we restrict the analysis to the quasi-1d
linear wave equation with Coriolis term. Nevertheless, our future main objective is to derive accurate and
stable finite volume collocated schemes for the dimensionless shallow water equations

Stdyh+ V - (hil) = 0, (1a)

1 h? 1 1
St (ha)+ V- (hi®i)+ —V (= | = ——5hVb— —hi™, 1b
((ha) + (u®u)+Fr2 <2> = R (1b)
in a rotating frame when the flow is a perturbation around the so-called geostrophic equilibrium. In System
(1) unknowns h and @ respectively denote the water depth and the velocity of the water column and function
b(x) denotes the topography of the considered oceanic basin and is a given function. Dimensionless numbers
St, Fr and Ro respectively stand for the Strouhal, the Froude and the Rossby numbers defined by

L U U
t=—" Fr=—"—, Ro=
=g e FeTar

where the parameter g and {2 denote the gravity coefficient and the angular velocity of the Earth. Constants
U, H, L and T are some characteristic velocity, vertical and horizontal lengths and time. In the sequel, we
shall focus on cases where

Ro=0O(M) and Fr=0(M)

with M a small parameter. For large scale oceanographic flows, typical values lead to M ~ 1072 since
Ux~1lm-s', L~10m, H~10°m, Q~10"*rad-s™!

At the leading order, the stationary state associated to this equation (or let us say the solution for Strouhal
number of order 1) satisfies the so-called lake at rest equilibrium

V(h+b)=0 (2)



At the next order, the flow satisfies the so-called geostrophic equilibrium
Vh = —at. (3)

Note that this relation implies
V-a=0. (4)

The ability of numerical schemes to well capture the particular solutions (2) and (3) is of great practical
interest since it has a direct consequence on the accuracy of the numerical solution when perturbations
around these equilibria are considered. A huge litterature has been devoted to the preservation of the
lake at rest equilibrium (2), see in particular [3] and references therein. The question of the geostrophic
equilibrium (3) including the divergence constraint (4) is more complex. It has been studied in a finite
element framework by Le Roux [11]. The author considers in his work the linearized version of System (1)
and studies the behaviour of several types of finite elements. He shows that spurious modes are created,
in particular when the number of degrees of freedom is not the same for height and velocity. In the finite
volume framework, the non linear case has been studied in [4,6,13]. In particular, Bouchut and coauthors
introduce in [4] the apparent topography method that allows to adapt to this problem the hydrostatic
reconstruction method [2] that was developed to ensure the preservation of the lake at rest equilibrium (2).

Let us now suppose that the topography is flat and the solution is independent of the y direction. For a
Strouhal number of order O(M 1), i.e. for short times and for Rossby and Froude numbers of order O(M),
the solution of system (1) satisfies at the leading order the quasi-1d linear wave equation with Coriolis term

Or + ax0zu = 0,
Opu + a,0;1 = wu, (5)

O = —wu

where a, and w are constants of order one, respectively related to the wave velocity and to the rotating
velocity. The stationary state corresponding to Equation (5) is the 1d version of the geostrophic equilibrium
(3) and is called 1D geostrophic equilibrium. It is such that

u=0, a0,r=wv. (6)

Many works were devoted to the study of the homogeneous wave equations. In particular, in a serie
of articles [7-10], Dellacherie and coauthors studied the behaviour of Godunov type schemes for the 2d
linear wave equation. Their works are part of a more general study about the use of Godunov type
schemes in the context of the incompressible limit for Euler equations, i.e. for low Mach number flows, see
for example [15-17]. In the present work, we extend the aforementioned approach from Dellacherie and
coauthors to take into account the Coriolis source term. First, in Section 2, we analyze the continuous case
by using a Hodge type decomposition. Then, in Section 3 and 4, we study three Godunov type numerical
schemes to compute approximate solutions of Equation (5):

e The Classical Godunov scheme;

e The Low Froude Godunov scheme;

e The All Froude Godunov scheme.
For each scheme, we study the kernel of the discrete operator and we compare it to the continuous kernel
(6). Then, we study the accuracy of the scheme at low Froude number, i.e. when the initial solution is
close to the kernel. This is done first for the modified equation associated to the scheme in Section 3 and

then in the fully discrete case in Section 4. Moreover we study the stability of each discrete scheme by
using Fourier analysis. Finally we present in Section 5 some numerical results to illustrate our purpose.



2 Properties of the linear wave equation with Coriolis source term

We first focus on the properties of the linear wave equation on the 1d torus T. To begin with, we introduce

the Hilbert space
/eraz—i-/ (u2+v2) dr < oo}
T T

(q1,q2) Z/T1T2 d1:+/(u1uQ + v1v9) du.
T T

(LQ("]I“))3 = {q = (r,u,v)

equipped with the scalar product

2.1 Structure of the kernel of the original model

Let us define the following space

Ewro = {q = (r,u,v) € (LQ(']I‘))3

u=0, Yé e C(T), /

T

ayrOypde = — / wud dCL‘} . (7)
T

We then prove this preliminary result:

Lemma 1. The orthogonal of E,+¢ is
El,=4q= L3(T))* |V € C2°(T) Oppdz = — d
A = q=(r,u,v) € (L*( ® C , Ta*v o dr = Twrcp T .

Moreover, we have &+ @Sj#o = (L2(T))3. In other words, any q € (LQ('H‘))3 can be uniquely decomposed
mnto

q=q+q (8)
where § € E,20 and q € 5j7é0.

The Hodge decomposition (8) allows us to define the orthogonal projection

@AM — Eux
JP’.{ ¢ G (9)

Remark 1. The kernel and its orthogonal set can be described in a simpler way due to the definition of
Sobolev spaces, namely

Eurto = {q = (r,u,v) € (LQ(’]I‘))3 ) re HYT), u=0, v = %r'},

5j¢0 = {q = (r,u,v) € (L2(T))3 ) ve HY(T), r = %v’}.

Moreover, the fact that we consider periodic functions implies that for § € £, and ¢ € Sj 20> We have
/@daﬁ—O and /Fdx—O
T T
due to boundary conditions.

Proof. Our purpose is to prove that Ej 20 = A where

A= {q: (%v',u,v) "LLE L*(T), v EHl(T)}.



Firstly, let us prove that A C Ej 2o- For g e A, we have

r &5 "da + —rvdx— G (/rﬁ’dx—i—/r’fzdx).
w T T

According to [5, Corollary 8.10] with (r,v
Therefore, we obtain, thanks to periodic boundary conditions on T

/rﬁ’dx—l—/r'ﬁdm:/(rﬁ)'daj
T T T

which leads to (¢,q) =0, Vq € £,20. It means that G € £

=0,

Secondly, we prove that £- w0 C A. Let g € 5w7é0 Therefore

Vre HY(T), /rrdx+/ —or'dz =0,
T T W
which implies
Vre CX(T), /ﬁr’dx = -2 [ irds.
T Gx JT
As a result, € HY(T) and a,?’ = wF. We come to the conclusion that
Sw;ﬁo =A= {q = (r,u,v) € (L2(T))3 Ve C?(T),/qra*vaxgpdm = —/Twrcpdx}.
We eventually have to prove that
3
Eurt0 © Ego = (LA(T))"

We only have to check (L?( ))3 C Euro®EL 0» because of the fact that &0 @ &L 0 C (L*(T))" is trivial

For ¢ = (r,u,v) € (LQ(T))S, let us set

P = () — b, F=r— () + b,
a=0, i=u,
~ (e ~ w ~
0 = ——0.h, 0y = — (r — p(r) + h) and/vdx:/vdx,
w Qx T T
where p(r) = ﬁ Jpr dz and h € H'(T) is the unique solution of the variational formulation
go dx.

/8h8x<pda:+/gohdx——/v8zgod:c—/ r—p

The existence and uniqueness of h € H'(T) results from the Lax-Milgram theorem for w # 0
We easily check that ¢ € &£,-0 and ¢ € Sj 2o~ TO reach the conclusion, we have to check that § + ¢ = ¢

The equalities 7 + 7 = r and 4 + @ = u are trivially verified. For v, we have

V@EC’OO(T),/(v—@—ﬁ)@xfbdm:/va(@dx—i—/3 hafbdx—i—/ r—p
T

T
due to the choice of h. Using the density of C*°(T) in H!(T), we obtain that v — (¢ + @) = c. By using the
0+ 0 =nw. O

fact that fT vdx = 0 and fT vdx = fT vdx, we get ¢ = 0. Therefore, we have 0 + v = v

+h<1>dx—0



2.2 Behaviour of the solution

By using Lemma 1, we obtain the following properties for the linear wave equation (5):

Proposition 1. Let q be a solution of (5) on T with initial condition ¢°. Then:

i. Vq" € Euzo, we have q(t > 0,-) = ¢° € E,z0.

i Vq° e 5‘;&0, we have q(t > 0,-) € 55'#0.

Proof. We note that System (5) can be written as

0 ax O 0O 0 O
Oq+ A0rq+Bg=0 where A=1[a, 0 0 and B=|0 0 -w
0 0 O 0 w O

Due to the fact that matrix A has 3 real distinct eigenvalues (A = 0, A = —a, and A = a,), System (5) is

strictly hyperbolic. Therefore this system has a unique solution [1, Th. 2.22]. And for any initial condition

¢ = (r°,u’2°) in Eu+0, it is obvious that this unique solution is given by ¢(t > 0,-) = q° , which proves

(i)-

Let ¢° = (r%u?, %) € 55‘7&0. We notice that
r= TO - a* f(;l 8$’U;d7_,
u=u’— fg(a*axr — wv)dr,
v=12"— fg wudT.

Therefore, for all ¢ € £,.9, we obtain

t t t t
(q,4) = (¢°,4) — a*/ / Oyuf dadt — / / wud dzdr = (¢°, §) — / / ayOgut dedr — / /wuf) dzdr
T Jo T Jo 0 JT 0 JT

t t
= <q05(j> +/ /Ta*az'f'u dzdr —/ /wa}u daxdr = <q0’(j> = 0.
0 0

As a result, we conclude that ¢(t > 0,-) € Sjﬂ), which proves (ii). O
Corollary 1. Let q be the solution of (5) with initial condition ¢°. Then, q can be decomposed into

¢ =P’ + (g — P¢°) € Eupo ® Eps-

2.3 Evolution of the energy

Let us define the energy as E = (q, q).

Proposition 2. Let q be the solution of (5) on T. Then, the energy is conserved

E(t>0)=E({t=0).

Proof. Because ¢ is the solution of (5), we have

Oir = —a, Oz,
Oyt = WU — ax 0Oy,

v = —wu



which allows to obtain

1d
s3@0) = [rComdet [uo—adn dos [ oo do
2dt T T T
= ay / r(—0zu) dx + a*/ u(—0,r)dz = 0.
T T
Hence we have E'(t) = 0 which concludes the proof. O

Corollary 2. For all times t > 0, we have ||q(t,-) — Pq°|| = ||¢° — P¢°||.

3 Properties of the first order modified equation
associated to the Godunov finite volume scheme

It is well known that the classical Godunov scheme is inaccurate at low Mach number (or low Froude
number). With the homogeneous linear wave equation (w = 0), the problem appears only in the 2d case
over rectangular meshes. The work in [8, 10] clearly points out the main reason of the inaccuracy. Shortly,
this is because the classical Godunov scheme suffers from the loss of invariance of the well-prepared subspace
&€ when the numerical diffusion related to the velocity equation is not equal to 0. However in our case
with Coriolis source term, the problem appears already in 1d due to the numerical diffusion related to
the pressure equation. We shall explain this point by studying the properties of the first-order modified
equation associated to 1d Godunov like schemes which is given by

oyr + a, 0pu — Vragxr =0,

Opt + a0 — 1,02 u = W, (10)
o = —wu,
where
v — /fr|a;\Ax, v — Hu]a;\Ax’ (11)

for some mesh size Az > 0 and viscosity parameters x, > 0 and k, > 0 (see [8] for more details). The
classical Godunov scheme corresponds to k, = k, = 1. In the sequel, we rewrite (10) under a vector
formulation

g+ Leg =0,
{ tq rq ) (12)
q(t =0,z) = ¢"(2)
where L, is the following spatial differential operator
a, 05 v, 0 0 o2.r
L.=L—-B., Lg=|a0,r—wv and B.qg=[0 v, 0| |0d%u
wu 0 0 O 0

3.1 Evolution of the energy
Lemma 2. Let g, be the solution of System (12) on T. Then:
i. If we define the energy by Ex = (s, qx) = ||7||* + |lul®> + ||[v]|?, we obtain
E.(t>0) < E.(t=0)

which means that System (12) is dissipative.



ii. If we define the average of energy by E, = ||7||? + ||ua|? + ||9]|* with

’—irxx ﬂ:iuazx f;:ivxm’
)= [radea) = g [ua)de 60 = o [ o) de,

we obtain

1i1. Moreover, we have

Proof. We have

5 1. 114k t:_Lmn B/imn-
5 gz 14:l°(1) = ={Lax, @) + (Brdr, 4r)
However,

(LG, @) = (ax0,u,T) + (ax0x1 — wv,u) + (wWu,v) =0
and

o%r 0*u
<Bﬁqﬁaqﬁ> = <VT8$2’T> + <Vu8x27u> = _VrHa:ETHQ - VuuazUHZ
For this reason, we obtain E,(t) < 0 which means that E.(t > 0) < E.(t = 0).

By integrating the first order modified equation over T and using periodic boundary conditions, we obtain

%F(t) o, %ﬂ(t) — wi(t) and %ﬁ(t) —
which leads to
d_ d oy d_ o
&r(t) =0, Eu(t) = 2wo(t)u(t) and Ev(t) = —2wu(t)v(t).
As a result, we get 1

" [F(t)? +a(t)® + 9(t)*] =0,

which means that E,(t = 0) = E.(t > 0). It is interesting to note that

E,(t) ::/T(r—f)2d$—|—/1r(u—a)de—}—/(v—T))2dx

T

:/(r2+u2+v2)dx—2r/rdx—2u/udx—2v/vdx+/(r2+u2+7)2)da:
T T T T T
—/(r2+u2+v2)dx—/(F2+ﬁ2+62)dx— E.(t) — Ex(t).

T T

Therefore, we obtain E.(t) = E.(t) <0 and E,(t) > E.(t) (since E,(t) > 0). O

3.2 Structure of the kernel of the modified equation

Interestingly, the structure of the kernel ker L, is deeply related to the value of x,. Indeed, we have:

Lemma 3.

i. When k. =0, the subspace E,+o is also the kernel of the modified equation
ker L,ir:() = gw7,go.

Moreover, 55-#0 is invariant by the modified equation.

7



it. When k. # 0, the subspace E,+q is not invariant for the modified equation since

ker Ly, 20 = {q := (r,u,v) |r = const,u = 0,v = 0} C &E,40.

Proof. With k, = 0, it is easy to see that
ker Ly, —o = Eu#0.
As for the orthogonal space, the proof of Prop. 1 (i) stands for x, = 0.

We now focus on the case k, # 0. Let us suppose that ¢ = (r,u,v) € ker L,. As u = 0, we have
0407 —wv = 0. Then, from L.q = 0, we deduce

0=(Lkg,q) = VrHaxT||2
which implies that 9,7 = 0 or equivalently r is a constant. This leads to v = 0 and ¢ = (const, 0,0). O
The result in Lemma 3 indicates that the classical Godunov scheme (k, = 1) does not capture all states

q € Euz0 because of the fact that ker L, —; is a proper subset of &,.9. This gives rise to the loss of
invariance. However, when the numerical viscosity on the pressure vanishes (k, = 0), we recover all states

q € gwyéO'

3.3 Behaviour of the solution of the modified equation

We recall that M is a small parameter. Let us introduce the following definitions:

Definition 1. A state ¢° is said to be well-prepared if ||¢° — Pq®|| = O(M), where P is defined by (9).
Definition 2. The solution g, of System (12) is said to be accurate at low Froude number at any time if:
YO >0,3C >0,]¢° —P°|| < O1M = YVt >0, |lge — P¢°||(t) < ColM,

where Cy is a positive parameter that does not depend on M.

Definition 3. The solution g, of System (12) is said to be accurate at low Froude number locally in time

if:
VO >0,VCy>0:Co=0(1),3C3>0, ||¢° —P°|| < C1M = Vt < Cy, ||g. — P°||(t) < C3M,
where C3 = O(1).

Remark 2. We notice that if the solution is accurate at low Froude number, it is free of spurious acoustic
waves (refer to [8] for more details).

We have the following result:
Theorem 1. Let g is the solution of System (12). Then:
i. When k, = 0, the solution is accurate at low Froude number at any time. Moreover, it satisfies
lgx —Pg°|[(t) < [lg° — Pg°]l.
it. When k. = O(M), the solution is accurate at low Froude number locally in time.
iti. When k, = O(1), the solution is accurate at low Froude number locally in time if Ax = O(M).

Remark 3. From Point (i), we can state that for k. = O(1), it is enough to consider a very fine mesh to
obtain accurate results. We shall see in the sequel that we actually need to consider fine meshes which is
a strong restriction from the computational point of view.



Proof. Let g2 be the solution of
atq + Lliq = Oa
q(t = 0,z) = Pg’(x)
and ¢© be the solution of
{@q +Leg =0,
q(t =0,7) = ¢°(z) — Pg°().

Then by linearity the solution of (12) is ¢. = ¢% + ¢¢. If we suppose that ||¢° — P¢°|| = C1 M, then by
applying Lemma 2, we obtain

lgzll(®) < llgell(0) = llg” — Pq°[l = C1M. (13)

We also notice that

lgr = Pa°lI(2) = llak + az = Pa° () < gk — Pa"ll(t) + llazll (2)- (14)
If K, = 0, then ¢% = P¢" according to Lemma 3 (i). This proves Point (7).

As for Points (ii) and (iii), we set ¢° = (#°,4°,0%) := P¢® and ¢% = (r%,u%,v®). Then, we obtain

Oy (r? — %) + a0z (ud — %) — 1,02, (1 — %) + a,0,1° — 1,02, = 0,

Oy (u® — 4°) + a0z (r® — #9) — 1,02, (u? — °) + a0, 70 — 1, 02,00 = w(V? — %) + wi?, (15)

Z&Q

O (v2 — 19) + w(ud — a°%) + wa’ = 0.
On the other hand, since Pq° € Eu+0, we have that 4% = 0 and a,0,7° = wd. Therefore, (15) reduces to
O (r® — %) + a0, (ud — %) — 1,02, (r* — %) — 102,70 = 0,
O (ul —

O (v? — %) = —w(ud — a0).

0) + a*ax(TZ -7 ) - Vua2 ( Z - ﬂo) = W(U: - @0)7 (16)

KQ

Multiplying Equation (16) by ¢% — ¢°, integrating over T and using periodic boundary conditions, we obtain

1d . N N )
5l =PI = —on|0n(r = ) — |0 (st — 00) |2 + vy (82,7, 72— 7°)
which yields
1d . . 3
sl = Ba I < vl ozl - v = 71 < vl 02,70 - gz — Pl

This leads to d
3 lla = Pall < w02,

We deduce from the latter inequality that
llg: — Pq°[|(t) < vy t]|07,7°| (17)
since ¢2(0) = Pg°. From (13), (14) and (17), we infer
g — P°[|(t) < C1M + vyt]| 93,7

With v, = M, we deduce Points (i) and (iii) respectively for k, = O(M) and Az = O(M). O



3.4 Fourier analysis

To go further in the study of the accuracy of the numerical scheme, we perform a Fourier analysis to
investigate diffusion and dispersion effects. Let us consider functions of the form

q(t, :IZ) — ei(Tt+kx)d (18)

where k is the wave number and 7 is the frequency of the wave. These functions can be solutions to the
modified equation only under a dispersion relation between 7 and k which is commonly written as 7 = 7(k).
In general, this relation lies in the complex set: the real part ®(7) and the imaginary part $(7) indicate
respectively propagation and decay of Fourier modes.

Given a wave number k, we only consider mesh sizes satisfying

T
k< — 1
<A:U (19)

so that the associated wave is captured by the scheme.

Functions (18) are solutions to the modified equation (10) if

vk? aik 0
1T+ Ag =0, where  A(k, vy, vy, ax,w) = | axik v,k? —w |. (20)
0 w 0

This means that —i7 is an eigenvalue of A. We shall denote by A the eigenvalues of A in the sequel. Hence
the decay of Fourier mode k corresponds to R(\) > 0.

Proposition 3. Under Hypothesis (19), the damping of Fourier modes is parametrised by k, as follows.

i. When k, =0, the wave associated to the kernel of the wave operator is preserved (A =0).
ii. When k, = O(M), the wave resulting from A(k, = 0) = 0 is damped at an O(M) speed.

iti. When k, = O(1) and Az = O(1), all Fourier modes are strongly damped at an O(1) speed.

Proof. The linear system (20) reads in terms of eigenvalues A

vk r 4+ ikau = A7, (21a)
ikayr + vyk® u — wv = \u, (21b)
wu = Av. (21c)

The characteristic polynomial of Matrix A is
X ) = A3 = B2 (v + v) A2+ (W + E2a2 + Kl ) — KRw?y, = 0. (22)

It is a third order polynomial whose highest order coefficient is equal to one. It thus has either one real
root and two complex conjugate roots (denoted respectively by Ag, A and A.) or three real roots (denoted
respectively by Ao, Ay and A_).

It is possible to determine its three roots when x, = 0:

Xo(vy =0) =0,

1
A =0) = [sz/u +iy/4(w? + k2a2) — k%] .

We mention that the term under the square root is actually positive under Hyp. (19) (see (11) for the
definition of v,,). Point (i) is proven.

10



We remark that 0)x does not vanish as soon as
2 A2 2 w?

Due to Hyp. (19), this inequality always holds for k, and k, in [0,1]. Hence by means of the implicit
function theorem, we can define a function v, — Ao(v;) for v, small enough. Since coefficients multiplying
A in (22) are affine functions in v,, we infer that \g is continuous and analytic with respect to v, [14].
This shows that

0y, x(0,0) k2w?
)\O(VT) yT:O )\6(]/7. = 0)1/7« = — 8}\X(O’O) Vp = kQGz I w2 Vp.

In particular, we deduce that if k, = O(M), then \o(v) = O(M). This proves Point (7i).
Let us now provide other properties of the eigenvalues. We substitute (21c) into (21b) and then multi-
ply (21a) by 7 and (21b) by @ to obtain

1

Xw2|u\2 + (|72 + [ul?) = B (v |r)? + vul?) + ikay (uF + 7). (24)

On the one hand, the real part of (24)

w2‘u|2

A2

R P+ Jul? | = k2 (elrf? + valul?) |

shows that all eigenvalues have positive real parts (unless k = 0 for which eigenvalues are pure imaginary),
which ensures the decay for all Fourier modes.

The three roots of (22) satisfy

A+ X+ A3 = k‘Q(V,« + ), (25a)
Mz + (A + Xo)As = w? 4+ k262 + vy, (25b)
M2z = E2w?v,. (25¢)

Substituting A A2 from (25¢) into (25b), we get

k2w,
A3

(A1 + A2)As + =W+ K% + Ky, (26)

Let us first focus on the case of a single real eigenvalue: we take A\; = Ac, A2 = A and A3 = A\g. Eq. (26)
yields

2,2
Ao 2 w? + klzat;j :Tk‘lyrl/u (27)
since it has been proven that (A.) > 0.
We also notice that x(0,v,.) = —k?w?v, < 0 and x(k?*v;,v,) = k*a?v, > 0. Hence, since there is a single
real eigenvalue, this implies that A\g < k?v, and we have
w? 2 2
w? + k2a2 + k4yryuk vr S Ao < K (28)
As for the complex conjugate roots, we get from (25a) and (26) that p:= 2R(\.) verifies
2 2 k*w?y, 2 2 2 4
f(p) :i=p* —k*(vp + vy — B+ on) — i +w” + k*al + kv, = 0. (29)
We remark that f(u) > g(p) where
g(w) == —k*(vp + v — K +w? + E2a2 + kv, (30)

k2(vr + 1) —
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Since f(0) = ¢g(0) > 0, this implies that any root p of (29) is larger than the smallest positive root of (30).

Equation g(u) = 0 can be written as
K2 (v vy ) i — [k4(1/7« + 1) + (W + K22 + k41/7«1/u)] pA (WP +Hk2a2 + kv ) B (v 40y — K2y, = 0. (31)
Due to the fact that
A= [k:4(yr + 1) — (W + K2 + k41/r1/u)]2 + 4/{:4(1/7« + vy )vpw? > 0,
Equation (31) has two real positive solutions so that

w? 4+ k2a2 + v K2 (v + 1) — K20y,
k4 (vr + vy)? + (W2 + k202 + Kvpwy,)

2R(Ae) > ( (32)

In the case of three real roots, (27) holds for each of them by symmetry as they are all positive. Lower
bounds (27) and (32) ensure that real parts of all eigenvalues are of order 1 when v, is of order 1. This
proves Point (7). O

4 Analysis of fully discrete Godunov schemes

There are two main possible time strategies for Godunov type schemes applied to the linear wave equation
with Coriolis source term. The first one is a classical splitting discretisation where one deals with the
problem without source term in a first step and then the Coriolis source term is considered in a second
step, which then consists in solving an ordinary differential equation. It is well known that this splitting
strategy is not well adapted to preserve stationary states and then to compute small perturbations around
them [3,12], see also Appendix A. Thus we focus on the analysis of the second strategy that consists in
computing acoustic and Coriolis effects in a single step. As a matter of fact, there are many ways to take
into account the Coriolis source term. For example, we can discretise this term using explicit, implicit and
even Crank-Nicolson strategies. Hence, we introduce two new parameters #; and 6 to parametrise the
strategy.

4.1 Study of the discrete kernel of the one step Godunov scheme

We consider a homogeneous cartesian mesh (x;), ;.. The one step fully discrete Godunov scheme is given
by -

rptt =g ta Uiy — Uiy y T —2rg g 0
At * 2Ax " Az? -
Tt — TR TR uy g = 2u +u 1
B v v e il Ul A A B (33)
Pt gn
ZTtl = —w [foul + (1 — Oo)u "]

forie{l,...,N} and 0 < 61,05 < 1. Periodic boundary conditions read

1 1 1 1
ot =gyt O =gt (34)

We now investigate the kernel of the fully discrete one step scheme. It is strongly related to the value of
the numerical viscosity k.. In particular we have the following result:

Lemma 4.

12



1. When k, =0, the kernel of the one step scheme is

Ay

5 AL (’l“prl rz;l) = wvi} .

w

20 —kerL,{Tfoh—{q—(ru v) € R?’N‘uz—o

1. When k. # 0, the kernel of the one step scheme is

ker L, +on = {q: (r,u,v) € R3N } JCeR:r;=C,u; =0,v; :O}.

Proof. A stationary state verifies rf‘“ =7, U?H = u} and v?“ = v}'. Therefore, we easily obtain from
(33) that
u L —ul r o =2rt 4y
+1 —1 +1 -1 __
ax—5a — Uty =0, (35a)
L S uit g —2u+u |
xR — Uy = Wy (35b)
0= —wu;. (35¢)

Point (i) is straightforward: we get from (35c) that « = 0, and then (35a) is trivially satisfied since &, = 0.

Then, (35b) yields that
Gy

m(rﬁi—l —Tity) = Wy

Now we consider the case k, # 0. According to (35¢), u' = 0 for all i. Together with (35a) and v, # 0,

we get iy — " = —rl' . By induction we get riy, | —ry =1y —ry_ =...=ry —r{=r{ —rg=c

where c is a constant. This implies 7}, = rj + Nc. On the other hand, periodic conditions require to have
ry = ry. Therefore, we get ¢ = 0 and r}' = constant. This leads to v}’ = 0 by using (35b). Point (%) is
proven. O

4.2 Stability of the discrete one step Godunov scheme

For 0 < 6,0, <1, let us denote
O1=1-01 -6, Os=010,+(1—-061)(1—02) €0,1], O3=(1—20)(1—20,) € [-1,1].
Lemma 5. For k. =0 and k, > 0, we have:

i. When 01 4 02 > 1, the one step scheme (33) is unstable.

1. When 01 + 05 < 1, we consider two cases:

(a) If 5 w2A:c2 < O3, the one step scheme (33) is stable provided that

WA 1
At < At, = w22 (36a)

2] (1 - war)

(b) If RLGE S g, the one step scheme (33) is stable provided that

PALZ
242 2 A2
A 2r503 [1—,/1—wm’@  if O3 £0,
At < min{At,, Aty}  where Aty := T x| WPRa6s Waz 73 if s #
K| 0] 1, otherwise.
(36b)

13



Unstable

(0.5, 0.5)

(1,0)
S0

Figure 1: Region of stability condition.

Remark 4. The standard CFL condition for the homogeneous case (w = 0) reads [8]

At < Aty = 2F in{”” 1 }

m , —
|ay] 27 Ky

Inequality (36a) clearly shows that taking Coriolis forces into account requires a less restrictive CFL con-
dition. It is also the case for (36b) when ©3 > 0 thanks to the convexity of the function z — 1 — /1 — x.
We also notice that for the Crank-Nicolson scheme 61 = 65 = %, we recover the standard bound Atg.

Remark 5. An asymptotic expansion for Az < 1 in the bound At, and At in (36a-36b) yields

+O(AR2), Al — ST

K| G|

KuAx

Aty =
T 20ay

+O0(Az?)

and then one still recovers the classical bound Aty for the homogeneous problem.

Remark 6. For large values of the Coriolis parameter w, the constraint (36a) is always satisfied (At, = 400)
while for the second constraint (36b), it depends on the sign of Os:

e If ©3 > 0, there is no constraint upon At for w large enough;

e If O3 < 0, the asymptotic bound reads

2
Atb% —.
w

We then recover the standard stability condition for the ODE system solved by means of a #-scheme (44b).

Remark 7. Figure 1 specifies the stability area. In the red zone, the scheme is unstable according to
Point (7). In the green zone, the scheme is stable under a CFL-like constraint (characterised by At, or
min(Atg, Atp)) that is less restrictive than the homogeneous bound Aty while in the blue zone, the scheme
is stable provided At is smaller than min(At,, Aty) < Atp.

Proof. We perform a Von Neumann analysis to investigate the stability condition for Scheme (33). Let us

denote
At

v

A
= wAt and s =sin (T) .

g

14



We now substitute

) LAY
q] — u;L — Un elk]A:r
v}l Va
into (33) in order to obtain
Agit = Bqy (37)
where the matrices A and B are given by
1 0 0 1 — 2k.]aclos?  —asoisin(kAz) 0
A=10 1 —(1—=61)y and B = | —a,oisin(kAzr) 1-—2k,|as]os® 017
0 (1—#62)y 1 0 —b2y 1
In addition, we have
A(61,62) 0 0
1
Al = ——— 0 1 1-6
0 —y(1 —62) 1
with
A(01,602) =1+ +*(1 = 01)(1 — 62). (38)

Therefore, we can rewrite (37) as the following equation

¢ = O}
where the amplification matrix C' is given by
(1 — 2k, |as|os?)A(01,6) —a,oisin(kAz)A(01, 02) 0
1
C=A"'B= A0 —axoisin(kAx) 1 —~205(1 — 01) — 2Ky|ax|os? vy ,
v(1 — 02)axoisin(kAx) —[1 = (1 — 62)2k4|axlos?] 1 —~261(1 — 6s)

(39)
whose characteristic polynomial will be denoted by P(XA). We now consider the modes which are constant
in space (k = 0). In this case, the amplification matrix in (u,v) is given by

1 (1 —7205(1 — 6) v >
1++2(1—61)(1— 6) —y 1—7201(1—6;))°

Therefore the characteristic equation P(A) = 0 reduces to

)\2 B 2 — ’)/2(91 + 69 — 29192))\ " 1+ ’)/29192
A(0r,05) A(0r,0s)

~0, (40)

and the condition |[A; 2| <1 is equivalent to
1+ ’729192 <1+ ’72(1 - 91)(1 — 02),

that is fulfilled if and only if
Y?[(61 + 62) = 1] <0,
which leads to the condition 6; + 62 < 1. This proves Point (7).

Now we consider the case of interest k, = 0 (c.f. Lemma 4). The characteristic polynomial P(\) reduces
to

01 + 0 — 20105) — 2/%|a*|052>\ n 1+ 260103 — 2k, |ai|os® + 4a20?s(1 — s2)

1 2 2 - 72(
Pod) = (1=4) 1A A(61,02) A(61,02)

(41)
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One root of this polynomial is A\g = 1 and the two others roots A1 are the solutions of the following second
degree equation
M4 Er+¢=0 (42)

with

— 72(91 + 0y — 29192) — 2/1u\a*|as2

§:—2 and (=

1+ 720102 — 2ky|as|os? + 4a20?s%(1 — s2)
A(61,69) ’

A(6,,02)

In order to ensure that the roots of (42) are in the unit circle (|[Ax| < 1), the coefficients & and ¢ must
satisfy
(/<1 and [ <1+

e Firstly, the condition ¢ < 1 is equivalent to

1+ 7920102 — 2ky|ax|os? + d4a20?s%(1 — s?)
A(61,02)

<1

which leads to

fi1(s?) :== =201 — 2k, |ay|os? + 4a20%s%(1 — %) < 0.
With s varying in [~1,1], the previous condition holds provided maxp ) f1 < 0. As Function f; is
maximal over R at X := % <1 — ﬁ), we deduce that

max f1 =
[0,1]

f(0), if X7 <0,
fi1(X1), otherwise.

If X7 < 0 which is equivalent to o <
f1(X71) <0 reads

‘ e the condition fi(0) < 0 is always satisfied. If X; > 0,

_ b < 2 M _ < u

(]a*|a 5 ) 740 = <Ax wy/ 01 | At 2
Hence At < At,.

e Next, the condition ( > —1 can be written as

f2(s%) == 7202 + 2(1 — kylaL]os?) + 4a20%s%(1 — s?) > 0.

We shall see below that this constraint is weaker that another one (f3(s?) > 0) and needs not be
taken into account.

e Let us now turn to the condition upon &. The first case —¢ < 1 + ( reads
2 — 42 (01 + Oy — 20105) — 2ky|as|os? < 24+ 21 — (01 + 62) + 20105] — 2ky|ar]os? + da20?s* (1 — s2)

which comes down to
4a2 2 2(1 ) <0.

The latter inequality always holds and does not imply an additional constraint upon At.
e Finally, we consider the case £ < 14 (. This leads to
—247 (91 + 09 — 201(92) + QHU‘Q*‘US <2479 [1 — (91 + 92) + 2(91(92] — QKU‘G*’O'S + 4@2 2 2(1 — 82).

It follows that
f3(s%) == 7203 + 4(1 — kylas]os?) + 4a0*s*(1 — s?) > 0.

From O3 = 20, — 1, we infer that 2fs(s?) — f3(s?) > 0 over [0,1]. This implies that the condition
f2(s%) > 0 is a consequence of f3(s%) > 0.

16



Function f3 is maximal over R at X3 := 3 (1 — ) < 3. The minimum over [0, 1] is reached for

lax|o
52 = 1 and the condition f3(s?) > 0 reduces to

4y |ay]

0 < f3(1) = w?O3A* —

At + 4 =: Q3(At).

The resolution of the second order equation Q3(At) = 0 leads to the stability condition (36b) de-

pending on the sign of w?0@3Az% — Kk2a2.

O]

Lemma 6 (Stability of the All Froude Godunov scheme). The CFL condition (36a-36b) obtained for k, =0
still ensures the stability of the All Froude Godunov scheme, i.e. for the choice k, = O(M).

The proof is obtained by using a classical continuity argument. The key point is to prove the modulus of
the eigenvalue )¢ is increasing when x, — 0. The detailed proof of Lemma 6 is given in Appendix B.

5 Numerical results

Let us fix the parameters a, =1, w =1, M = 103 and consider the initial condition

0 & ' . sin(wz;) L [ cos(wa;) nLAT) .
s a Mgy v @S O sy | € S0 0 1 €
¢ A COS(WT) =R~ sin(wz;)

that is close to the kernel 6’;‘ £0 (see Lemma 4) up to a perturbation of order M.

We solve the 1D linear wave equation (5) by means of the schemes we analyzed in the previous sections,
namely the low Froude scheme (33) for k, = 0, the all Froude scheme (33) for k, = O(M), and the classical
Godunov scheme (33) for k, = 1. In a first step, we take 6; = 1 and 03 = 0.

Classical Godunov scheme
All Froude scheme
—=&— Low Froude scheme

0.8

0.6

0.4r

0.2

—

. |
0.1 0.0 0.06 0.04 0.02 0
Froude number

Figure 2: Evolution of max; |g, — Pg?||/(t) for ¢ = O(1) when the Froude number goes to 0 for the Low
Froude Godunov, the All Froude Godunov and the Classical Godunov schemes.

We observe on Figure 2 that the two schemes designed for the low Froude regime have the correct behaviour
as the Froude number goes to 0, unlike the classical Godunov scheme which is not accurate as stated before.

We now investigate the accuracy with time at a fixed Froude number. As it was stated in Theorem 1(%),
we see on Figures 3(a)-(c) that the two aforementioned schemes are accurate for times t = O(1) since
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(c) Total deviation (short time) (d) Total deviation (long time)

Figure 3: Comparisons of schemes: proximity to the discrete kernel as time increases.

the numerical solutions remain close to the projection of the initial data onto the kernel (the norm of the
difference is of order 1073). However for large times the all Froude scheme turns out be inaccurate as the
corresponding solution is moving away from the kernel. It illustrates the result from Theorem 1 (7).

Next, we now focus on Theorem 1(7ii) by means of Figures 4(a)-(b), where we see that the total deviation
of the Classical Godunov scheme is of order M when the mesh is sufficiently refined (Azxz = O(M)). Note
that even in this case, the behaviour of the low/all Froude Godunov schemes is better than that of the
classical Godunov scheme.

In Figures 5 and 6, we change the value #; and 6, of the Low/All Froude schemes. These figures indicate
that the total deviation depends on the value of 61 + 6.

In the second test case, we consider the initial condition given by

e = Xp-1,1(x),
u =1, (43)
1)? =1

In this test, we choose w = 1, Az = 0.01 and a, such that the Rossby deformation is equal to Ry := 7* = Az
and k,, = 1. In Figure 7(a), we choose §; = 0.5 and 62 = 0. Hence, in this case we have ©; = 0.5 and ©3 = 0
which leads to At, = 17()?@, Aty = 1 and Aty = 0.5. Therefore, the new time step At = min{At,, Atp} =1
is less restrictive than the classical time step Aty = 0.5. Figure 7(a) shows that the new time step is optimal
since when At = 0.999 < 1 the Low Froude scheme is stable while when At = 1.001 the Low Froude scheme

is unstable.

On the other hand, if we take 81 = 0 and 63 = 0, then ©; = 1 and ©3 = 1. Due to the fact that
2.2
w@fgg < O3, the constraint over the time step for the Low Froude scheme is prescribed by At,. However

18



x10~

0.06 T T T 5.5 T T
Low Froude scheme Low Froude scheme
== All Froude scheme 5r == All Froude scheme H
0.05- 1o Classical Godunov scheme | | 110 Classical Godunov scheme
S 450 N
4l
0.04 b
= =35
S S
| 003 1 | sl
S s
= —25
0.02 B
ol
150
0.01} B
: 1
0 T T . T r . 05 . . . . . .
0 0.2 0.4 0.6 0.8 1 1.2 1.4 0 0.2 0.4 0.6 0.8 1 1.2 1.4
t t
. —2 . e -3
(a) Total deviation (Az = 27 x 107 ) (b) Total deviation (Az =27 x 107°)

Figure 4: Comparisons of schemes: proximity to the discrete kernel as time increases.
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Figure 5: Comparisons of Low Froude schemes: proximity to the discrete kernel as time increases.
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Figure 6: Comparisons of All Froude schemes: proximity to the discrete kernel as time increases.
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Figure 7: Influence of the time step upon the Low Froude scheme

as a, = wAxrv/01, At, = +oo and the Low Froude scheme is always stable without regard to the time
step At. Figure 7(b) confirms this statement by showing that the Low Froude scheme is stable even for

At = 10.
In Figure 8, we take At = Aty = 0.5 and change the value of 67 and 65. This figure indicates that
the behaviour of the energy of the Low Froude scheme depends on the value of #; and #3. The choice

0, =0, = % (Crank-Nicolson approximation for the Coriolis term) is able to preserve the energy exaclty
although this choice requires a more restrictive constraint upon the time step than for 61,60, < %

6 Conclusion

It is well known that the classical Godunov scheme applied to the linear wave equation is not accurate
at low Froude number on cartesian meshes in dimension 2 [8]. In this work, we have shown that, when a
Coriolis source term is involved, the classical Godunov scheme is not accurate at low Froude number even

in dimension 1.

This is because the stationary space of the classical Godunov discrete operator is not a good approximation
of the invariant subspace &£,.o. The loss of invariance of &, is explained by studying the associated
modified equation. It is strongly related to the numerical diffusion s, on the pressure equation. In particular
when we set k, = 0, the inaccuracy problem does not occur. As a result, we derived two modified schemes
by decreasing the value of the numerical diffusion x, on the pressure equation. From this, we deduce that:

e The Low Froude Godunov scheme (k, = 0) is accurate at low Froude number.

e The All Froude Godunov scheme (k, = M) is accurate at low Froude number locally in time.

We then proved that both schemes are stable under suitable constraints upon the time step. These stability
conditions turn out to be less restrictive than classical ones for a suitable treatment of the Coriolis source

term.

In forthcoming works, we shall extend our analysis to the two-dimensional case and derive and analyse
numerical schemes that are accurate and stable in this framework.
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A Analysis of splitting scheme

Let us define a two-step Godunov scheme using a splitting strategy to take into account the Coriolis source
term. The first step is related to the acoustic term

ul’,  —ul rit o =2rl4rl
* M i+1 i—1 i+1 7 —1
Ty =+ a At - v At = 0,
* n T T uh, 2up gty
uy —uj + a At — v, At v =0, (44a)

v — vl =0,
and we use a 6-scheme to deal with the Coriolis term in the second step

n+l _ .«
Ti — i

uf ™ — = wAE [ + (1 - 01)ul ] (44b)

)

o vF = —wAt [921% + (1 —62)u n+1]

7

for 0 < 91,02 < 1.

Lemma 7.

i. For k. =0, the splitting scheme preserves steady states only if 02 = 0.

1. For k, # 0, steady states are not preserved without regard to the value of 01 and 0s.

Proof. Let us assume that the numerical solution at time t" = nAt belongs to the discrete kernel E"j £0

Tit1 — Ti

. i e

VieZ, wu=0 and G*W = wvj.

We shall show that at the next time step the numerical solution does not lie in the discrete kernel anymore.

After the first step, we easily obtain

rit o =2rt4rTt
7'; = rlﬂ + v, ApE

Ax? )
=l — a At ”;A;’ L= —wAtl,
v =
Then the second step leads to
—2rg iy

n+1 Tt
— o 7
i =l 4 v At

U = WAHL — 01) (o — o),

’U?Jrl + WAL — fg)utt = [1+ (wAL)?65] v
As a result, we have
o (WADZ (1 — 01)(1 — 02) (0T — o) = 1+ (wAt)292] vy
from which it follows that
[T+ (@ADL = 61)(1 = 62)] o™ = [1+ (WA (1 — 1)(1 — ba) + (wAL)?ba] v

Therefore, v?“ P = ri- o

=P (and ut = 0) iff ; = 0. The kernel is recovered if s, = 0 as 7!

Let us now note that the choice 82 = 0 is not really a splitting method since it can be written as a one-step

method B n opnan
n+1 i1~ U1 Tig1 =2l T
i =+ a*At% — At =0,

i
n n
2uituy

W = uf o a AL, AP TR — ARG + (1 01)0] ),

7

vf""l -l = —wAtu;H'l.
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B Stability of the one step All-Froude Godunov scheme

Here we detail the proof of Lemma 6.

Proof. The characteristic polynomial P()) of the amplification matrix (39) is given by

_~2 _ _ 2 2 _ 2
POV = (1 — A — 26|y |os?) ()\2 2—9 (01 + O3 — 20102) — 2k |ax|os At 1+ 7260102 — 2Ky |ay|os >

A(6y,62) A(601,62)
4a202s%(1 — s?)
A(6y,062)

(11— A

which can be decomposed as

P(A) = Po(A) + £ Pi(A), (45)
where Py is given by (41) and

2 -9 —2 — 2Ry |ax 2 1 2 — 2Ky |Gy 2
Pi(A) = —2|a,|os? (Az_ V(01 + 05 = 20105) — 2nulasos® | 1+97610; — 2nula |as>'

A(61,602) A(61,62)

Since the roots of polynomial Py are simple — see the proof of Lemma 5 — a classical continuity argument [14]
allows us to write the roots of the polynomial P by using an asymptotic expansion

A=A 1 52D 4 Ok (46)

where A9 is a root of Py. The stability of the scheme is obtained if the modulus of all roots of P is smaller
than one. If A(O) = XL, the results is obvious since one can ensure |Ai| < 1 by considering

At < K min{At,, Aty},

with K < 1 small enough and At,, Aty given in (36a-36b). The case A(?) = X\g = 1 is a bit more tricky. By
inserting the asymptotic expansion (46) into relation (45), we obtain

P(A) = &r [MPG(X0) + P1(No)] + O(x2).

The condition P(\) = 0 thus implies

Easy computations lead to

2 — 7201 + 03 — 20162) — 2k, 2 1426010y — 26y|as]os?
P1(Xo) = —2|ay|os? (1_ 701 + 02 102) — 2K4|as|os N + 720105 — 25, |03>

A(0y,02) A(0y,02)
2a.os? 4

=—— " <0.
A01,62) 7

On the other hand, since Py(A) = (1 — )\)i;o()\), we have

2 — (01 + 02 — 20105) — 2y |ay|os? 1+ 720102 — 2k, |ax|os? B 4a20%s(1 — s?)

Py(1) = ~Po(1) = ~1 +

A(61,09) A(61,09) A(6y,02)
2 L 4020262(1 — §2
_ aZos*(1 s)<0.
A(01,02)
It follows that
—2la,lo < A <0,
and the scheme is stable. O
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