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The complex internal atomic structure involved in radiative transitions has an effect on the spec-
trum of fluctuations (noise) of the transmitted light. A degenerate transition has different properties
in this respect than a pure two-level transition. We investigate these variations by studying a certain
transition between two degenerate atomic levels for different choices of the polarization state of the
driving laser. For circular polarization, corresponding to the textbook two-level atom case, the opti-
cal spectrum shows the characteristic Mollow triplet for strong laser drive, while the corresponding
noise spectrum exhibits squeezing in some frequency ranges. For a linearly polarized drive, corre-
sponding to the case of a multilevel system, additional features appear in both optical and noise
spectra. These differences are more pronounced in the regime of a weakly driven transition: whereas
the two-level case essentially exhibits elastic scattering, the multilevel case has extra noise terms
related to spontaneous Raman transitions. We also discuss the possibility to experimentally observe
these predicted differences for the commonly encountered case where the laser drive has excess noise
in its phase quadrature.

PACS numbers: 42.50.Ct 42.50.Gy 05.40.-a 42.50.Nn

I. INTRODUCTION

APS

the role of the internal structure is manifest and well un-

Light matter interaction has been at the center of in-
tensive research for many decades. In particular, light
interacting with dilute gazes of atoms has allowed to
investigate a number of fundamental questions, ranging
from quantum optics to mesoscopic physics or condensed
matter physics. For a precise study of light matter in-
teraction, the internal Zeeman structure needs specific
attention and can lead to qualitative differences between
alkali atoms and alkali earth metal atoms. This funda-
mental difference has for instance allowed for the surpris-
ingly efficient sub-Doppler cooling schemes only possible
in presence of a Zeeman degenercay in the ground state
[1-3] or to the efficient production of nonclassical states
of radiation [4-6]

In the context of mesoscopic physics, the non degener-
ate Zeeman structure of the ground state has been stud-
ied in the context of coherent backscattering, where a
novel “dephasing” mechanism has been attributed to the
Zeeman structure of the atoms [7]. Motivated by a theo-
retical debate whether the internal structure of atoms
(Zeeman degeneracy) is source of additional noise for
light transmitted through an atomic sample [8-11], we
turned to a microscopic, ab initio model, to investigate
the fundamental role of the Zeeman structure on the fluc-
tuations of propagating electromagnetic radiation after
interaction with a dilute gaz of atoms. At first glance,
the prediction by [9, 11] might come as a surprise, as this
work predicts no impact of the internal structure of the
atoms on the noise correlation function. This seems in
contrast to the results for the average intensities, where

derstood. However, an ab initio microscopic model fo the
correlation functions in the multiple scattering limit dis-
cussed in [8-11] is still out of range. We therefore focus
on a different regime, where the ab initio model can be
used and exploited for a direct qualitative and quantita-
tive comparison between a two level system and a mul-
tilevel configuration. We stress that the noise spectrum
as studied in this paper, despite its apparent qualitative
ressemblence to the correlation function studied in [8-
11] does not rely on the same combination of operators
and that we are also restricted to a low optical thick-
ness, where multiple scattering can be neglected. Our
model however allows to characterize the fluctuations of
the electromagnetic radiation after interacting with an
ensemble of cold atoms at a precision of the quantum
level, whereas the correlation functions studied in [8-11]
were based on classical fluctuations. Even though the sit-
uation addressed in this work does not exactly match the
configurations discussed in Refs. [8-10], it can however
readily be implemented and exploited experimentally. In
particular, this could be achieved by using laser cooled
atomic vapors and isolating a single transition, therefore
making it possible to neglect Doppler broadening.

The effect of atomic state degeneracy on light-atom
interaction has also been studied in different contexts.
The manifestations that are perhaps most obvious to in-
vestigate are resonance fluorescence and the spectrum of
transmitted light. In [12], the spectrum of resonance flu-
orescence for a j; = 1/2 to j. = 1/2 transition was calcu-
lated. Further complexity was added in later work, such
as the effect on the spectrum of the presence of degener-
acy and collisions [13], and higher degrees of degeneracy,



corresponding to a concrete atom [14]. In the 90s, Bo Gao
made thorough analytical studies of the effect of degen-
eracy, for an atom interacting with near resonant light,
on the probe spectra and resonance fluorescence [15, 16].
The effect on lineshapes was studied in [17]. Note that
most of the above mentioned theoretical works are cov-
ered in a review article [18].

There are fewer reports on experimental studies.
In [19], the Mollow triplet in the presence of atomic
degeneracy was studied in a cell with a buffer gas.
The absorption spectra of degenerate two-level atomic
transitions was experimentally explored in [20]. Inten-
sity correlations in scattered light was investigated in
[21]. Squeezing of the transmitted light was studied,
theoretically and experimentally, in [22-24], coherent
backscattering in [25], random lasing in [26, 27], and a
review on coherent transport phenomena in cold atoms
can be found in [28].

An alternative approach to the one we have adopted
here, would be the consideration of the interaction of
a Zeeman degenerate atomic system with the field con-
tained in an optical cavity. Such approach has been ex-
tensively adopted for the study of cold atoms in cavity
QED experiments [5, 29]. Particularly relevant to the
problem that we are addressing here, is the generation
of polarization squeezing inside an optical cavity [30] for
which the Zeeman sublevel structure of the atomic tran-
sition plays an essential role.

II. MODEL

We consider here both two-level and multi level con-
figurations as outlined in FIG. 1.

Following [31], we consider a single spatial mode field of
frequency wy, and wave-number k propagating along the
z-axis. In the Heisenberg picture, the field is described
by the operator:
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the field quantization volume length, A the mode cross-
section, and €y the vacuum permittivity. é; and és are
two orthogonal (complex) polarization unit vectors and

where £ = is the single photon field amplitude, L

ai, as, aJ{, ag are the slowly varying field annihilation
and creation operators, obeying the commutation rules:

[ax(z,t),ax(z',t)] =0 (2a)
) (2b)
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FIG. 1. (Color online) Sketch of the level configurations con-
sidered for an Fy; =1 — F. = 2 dipolar atomic transition. a)
Two-level system (TLS), circular polarization, quantization
axis along light wavevector. b) Multi-level system (MLS),
linear polarization, quantization axis along light polarization.
Thick arrows: incident field coupling. Dashed arrows: sponta-
neous emission channels. Circles represent steady-state pop-
ulations.

with ¢ the speed of light in vacuum.

The field fluctuations operators are:
day = ay — (ax) (A=1,2), (3)

and the spectral correlation matrix S = {S;;} (¢, = 1, 2)
for a given polarization component of a stationary field
can be written as:

e [ e (D) (@(a@)
s@=¢ | <<a*<7>a*<o>> <a*<T>a<0>>)d' )

Using (3) the spectral correlation matrix can be sepa-
rated into two terms:

S = 8P(Q) + STV (Q) (5)

b = 2 [ Jior (@)@ () (a(r) @)
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Here S () describes the elastic (classical) fluctuations
associated with the variations of the field mean value.
SIN(Q) describes the inelastic contribution to light fluc-
tuations, which have a quantum mechanical origin and
can extend over a broader frequency range than SE(().
In particular, if the field is in a coherent state (including
the vacuum) one can show by using (2) that:

hw 10
IN _ L
S e = e (5 0)- ®



A. Observables

Starting from the two field operator correlations, it is
possible to compute several observables connected to the
spectral correlation matrix.

1. Optical spectrum

First, the optical spectrum of the field, which can be
measured using a spectrometer, is given by:

Sopt(wr + Q) x / e (a1 (1)a(0))dr o< S(2)sp- (9)

This optical spectrum includes an elastic component at
the driving frequency of the incident laser, as one would
also expect in linear optics of driven harmonic oscilla-
tors. As we will see below, quantum features appear in
the optical spectrum, with the Mollow triplet considered
as a hallmark of quantum fluctuations [32], emerging for
strong driving field. We will also see that the multi-
level transition leaves an imprint in the optical spectrum
even at low incident intensities where the Mollow triplet
contribution is very small in comparison to the elastic
scattering.

2. Field quadratures

From the spectral correlation matrix, one can also com-
pute the noise for the field quadratures. A generalized
field quadrature (for a given polarization component) is
defined as:

Xo(t) = € [a(t)e ™ + al()e™] . (10)

Field quadratures can be measured using a homodyne
detection system in which the angle 6 corresponds to the
phase of the local oscillator [33]. Moreover, when an
intense field is directly incident on a photodetector, the
photocurrent is given by:

1(t) o< a(t) a(t) = [{a)|* + (a)*da(t) + (a)da(t)".(11)

If the variations of the mean value of the field can be
neglected (or filtered out) in the frequency range of
interest, then the signal fluctuations are dominated
by the last two terms in (11), which correspond to a
quadrature operator Xy whose angle 6 is given by the
phase of the field mean value.

The quadrature noise spectrum of a stationary field
reads:

Sk, (Q) = €2 / ¢ (5X ()5 X (0)) dr

= 52 [811 + 812672i9 + 82162i0 + 822] . (12)

Both So,: and Sx, include contributions from SE
and S'V. In the experimental observation of the opti-
cal spectrum, the elastic contribution to the spectrum
is often dominant, specially at low light intensity and it
is challenging to extract the inelastic contribution. On
the other hand, when quadrature noise fluctuations are
measured, the spectral range corresponding to the contri-
bution from S¥(Q) is commonly avoided since it is dom-
inated by technical noise coming from the light source
itself. In this article we are mainly concerned with the
inelastic contribution to the fluctuation spectra.

B. Outline of the calculation

The numerical calculation of the spectral correlation
matrix STV (Q) for light that has passed through an
atomic sample was previously presented in [22]. We here
recall the essential lines and hypothesis of this calcula-
tion, the reader is referred to [22] for all the details. The
atomic system is considered as an homogeneous sample
of atoms, with ground state total angular momentum F,
and excited state angular momentum F.. The energy of
the transition is hwg, and the decay rate is I'. The lev-
els are Zeeman degenerate, with 2F; + 1 (resp. 2F, + 1)
Zeeman sublevels in the ground (resp. excited) state.
Individual states are labelled |F, Mg), where Mp is the
magnetic quantum number. The atomic operators are
of the form o, 3 = |a)(B|, where o and S designate an
(F, M) pair.

1. Atomic evolution

Let 0 = {04,3(#)} represent the ensemble of the atomic
operators as a function of the position z [34]. In the pres-
ence of the optical field, the atomic operators evolve ac-
cording to Heisenberg-Langevin equations. These equa-
tions which are first order linear differential equations for
the operators o, g(z) can be cast into the form:

0~ Ho(0) + V(o) +R(0) + 1. (13)
where Hg, V and R are linear operators acting upon o. Hg
represents the free Hamiltonian evolution. V is the dipo-
lar light-atom interaction coupling (in the rotating wave
approximation), which depends linearly on the operators
a1, ae and their Hermitian conjugates. R describes the
atomic relaxation, including all possible spontaneous de-
cay channels between Zeeman sublevels. The general ex-
pressions of Ho, V and R are given in [22] . f = {fa s}
represent the ensemble of Langevin forces which have
zero mean value and satisfy [34]:

(Fas o115 1)) = 2D o (= 2")5(0—1') (14)

where NNV is the total number of atoms, D.g s is the
corresponding diffusion coefficient.



The diffusion coefficients that depend on the specific
transition and the incident light intensity and detuning,
are numerically calculated from Eq. (13) using the gener-
alized Einstein theorem [35, 36] following the procedure
described in [22]. The mean value of Eq. (13) corre-
sponds to the usual optical Bloch equations, which are
used to calculate the atomic density matrix p in the pres-
ence of the field [37].

2. Field evolution

The field evolution is governed by the Maxwell-
Heisenberg equations (in the slowly varying envelope ap-
proximation):

0 0 )
<6t + Caz> ax = iNnpx(z), (15)

with A = 1,2. Here py(z) is the rising atomic operator
projected along the polarization éy (it is a linear com-
bination of the atomic operators o, g involving Clebsch-
Gordan coefficients, see Egs. 6 in [22]) and n = u/h is

the atom-photon coupling constant (u = <g\\5||e> is the

reduced matrix element of the atomic dipole operator).

3. Calculation procedure

We consider simultaneously the evolution of two or-
thogonal polarization modes of the field therefore includ-
ing a possible coupling of the two components by the
atomic system. The calculation proceeds through the
following steps:

a) Linearisation of the atomic and field observables;
b) Fourier transformation of Eqgs. (13) and (15).

c¢) Evaluation from Eq. 13 of the atomic operators fluc-
tuations at a given position z as a function of the
Langevin forces. Two important simplifications are
introduced at this stage. First, the mean values of
the field are assumed to be independent of z and con-
sequently the mean value of the atomic operators are
also independent of z. Moreover, the effect of the field
fluctuations on the atomic fluctuations is neglected.

d) Substitution of the atomic fluctuations into Egs. (15),
which become propagations equations for the field
fluctuations driven by the atomic fluctuations.

e) Formal integration of the field fluctuation propagation
equations.

f) Calculation of the expectation value of the two-
frequencies field fluctuations products as a function
of the Langevin forces diffusion coefficients.
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g) Derivation the expression STV (Q, L) in terms of the
incident spectral correlation matrix SV (Q, 2z = 0) (L
is the length of the atomic medium).

4. Parameters

The parameters used in the calculation are: the de-
tuning between the laser and atomic resonance frequency
A = wp, —wyp, the Rabi frequency Q0 = pFE;/h of the inci-
dent field component with polarization é; (Ej is the field
amplitude) and the reduced on-resonance optical density
of the atomic sample

2pwpp?Z  3\2
bo = heocl 27 rL,
where p is the atomic density and A the light wavelength
in vacuum. Notice that the reduced on-resonance opti-
cal density differs from the actual optical density of the
sample by a numerical factor depending on the light po-
larization and detuning.

5. State of the incident field

The initial value STN(Q, 2z = 0) for the intense field
polarization component €; is taken in the form:

GIN _ hwr, Kl 0) n 1 <EA +éep €xg —spﬂ(m)
2¢9Ac [\0 0 4 \éa—¢€p eatep
The second term in (16) describes white, uncorrelated
excess noise in the incident field quadratures above
the level of vacuum fluctuations. €4 and ep represent
the fractional excess relative to the vacuum noise level
of the variances of the amplitude (§ = 0) and phase
(0 = 7/2) field quadrature fluctuations respectively. We
always use e4 = ep = 0 for the polarization component
perpendicular to the incident field.

III. RESULTS

To address the problem considered in this paper, we
have computed the field fluctuations for two different in-
cident beam polarization modes, applied to an ensem-
ble of atoms having a near resonant F; =1 — F, = 2
transition (see FIG. 1). FIG. 1(a) corresponds to an in-
cident field with circular polarization. Due to the Zee-
man optical pumping, the steady state population of the
atomic system is restricted to the states |Fy = 1,m = 1)
and |F, = 2,m = 2), thus effectively realizing a two-
level system (TLS). No light is scattered by the atomic
system into the orthogonal (circular) field polarization.
FIG. 1(b) corresponds to linear polarization, where all
three ground level Zeeman states are populated at steady
state and connected to the excited states through the



Am = 0 selection rule. Therefore, this case corresponds
to a multi-level system (MLS), for which the atoms are
coupled to both orthogonal polarization components of
the field.

A. Optical spectrum

We initially compute the inelastic contribution to the
optical spectrum for the TLS and for the MLS. This
problem has previously been examined by Bo Gao [16].
We here consider an atomic sample with optical density
bp = 0.1 and different choices of the incident field
Rabi frequency. We thus avoid the regime of multiple
scattering with an important attenuation of the incident
laser field. We initially assume that the incident field is
in a coherent state (¢4 =ep = 0).

The computed inelastic part of the optical spectrum at
angular frequency w is presented in FIG. 2, as a function
of |w — wr| (the spectra are symmetric around wy,), for
three choices of incident field Rabi frequency and exact
resonance of the light frequency with the atomic transi-
tion. The plots are presented in log-log scales in order
to stress the different behaviors depending on the mag-
nitude of |w — wy|.

The upper row in FIG. 2 corresponds to the TLS. It
reproduces the Mollow triplet spectrum [32]. For low
Rabi frequencies, the spectrum consist of a single peak
with a width of the order of I', the natural linewidth of
the transition. It is worth reminding at this point that
in this regime the elastic contribution to the spectrum
(not presented in FIG. 2) is dominant [36]. For Rabi
frequencies €y larger than I', the spectrum evolves into
the characteristic triplet structure (only the positive
half is shown) where the side-bands are separated from
the center by (3 (¢ is the coupling Clebsh-Gordan
coefficient for the transition). The widths of all peaks
are on the order of T

The second row in FIG. 2 corresponds to the MLS
case. As expected, the inelastic part of the optical spec-
trum here contains contributions from the two optical
polarizations components (albeit only the incident field
polarization contributes to the elastic part of the optical
spectrum). The most significant difference in the spectra
compared to the TLS case appears for low Rabi frequen-
cies, where, for both polarizations, the spectra present
peaks at the origin, with widths on the order of Q%/T.
The origin of these peaks is the spontaneous Raman scat-
tering of light into the Am = %1 transitions [16], which is
not present in the TLS. Note that the height of the peak
is significantly larger for the orthogonal polarization than
for the incident polarization.

Other differences between the MLS and TLS optical
spectra arise for large Rabi frequencies. The incident field
polarization spectrum evolves into a quintuplet, while the
orthogonal polarization spectrum becomes a quadruplet.
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FIG. 2. (Color online) Inelastic part of the optical spectrum
of resonant light after traversing the atomic sample, as a func-
tion of the frequency offset |w — wy| for different values of the
incident field Rabi frequency ;. Upper row: TLS. Lower
row: MLS. Solid lines: incident field polarization. Dashed:
orthogonal polarization. Insets: same spectra on a linear
scale (symmetrized around w —wr = 0). [A =0, by = 0.1,
EA —=Ep = 0].

Both structures can be easily understood as a conse-
quence of the different light-shifts of the various Am = 0
transitions due to differences in the corresponding cou-
pling coefficients [20].

B. Quadrature noise spectrum

We now examine the spectrum of the noise in the field
quadrature. As before, we only consider the inelastic
part of the spectrum and we limit the study to the am-
plitude quadrature, since it is in principle readily acces-
sible by direct photodetection of the total light intensity
transmitted through a cloud of cold atoms at low optical
thickness. Indeed, in this limit, the unscattered incident
field acts as a local oscillator, which perfect mode match-
ing in the forward direction.

The computed noise spectra are presented in FIG. 3,
for the same conditions as those considered in FIG. 2,
as a function of the noise frequency 2. Note that
the spectra are now presented in a semi-log scale.
The noise power is normalized to the power in the
vacuum mode (referred to as shot noise level). For
the TLS case, at low noise frequencies, the quadra-
ture fluctuations are squeezed over a frequency range
on the order of I' [38-40]. The squeezing initially
increases with the Rabi frequency for ©Q; < T' and
then decreases for 7 > I'. At large Rabi frequencies
an excess noise peak appears around = (€, due
to spontaneous emission on the Mollow triplet sidebands.

Significant qualitative differences appear in the noise
spectrum for the MLS case. At low noise frequency, in-
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FIG. 3. (Color online) Inelastic part of the noise spectrum
in the amplitude quadrature of resonant light after traversing
the atomic sample, as a function of the noise frequency €2
for different values of the incident field Rabi frequency 2.
The noise power is normalized by the shot noise level. Upper
row: TLS. Lower row: MLS. Solid: incident field polarization.
Dashed: orthogonal polarization. [A = 0, bp = 0.1, €4 =
ep = 0]. The arrows indicate the vertical axes, corresponding
to the respective spectra.

stead of squeezing, we observe an excess noise peak for
both field polarizations. For the incident peak polariza-
tion, the amplitude of the peak is too small to be appreci-
ated on the scale of FIG. 3(d,e). As for the optical spec-
trum, the low frequency peak has a width of the order
of Q2/T. At large Rabi frequencies, excess noise peaks
appear for both polarizations around 2 ~ i, due to
the spontaneous emission on the resonance fluorescence
sidebands. Also, the quadrature noise on the orthogonal
polarization is squeezed for noise frequencies below 2.

The induced quadrature noise when the laser is de-
tuned from resonance by w — wy = I' is presented in
FIG. 4. Note that the squeezing is suppressed for the
TLS case. For the MLS case, a noticeable increase in ex-
cess noise occurs for the incident field polarization, in ad-
dition to the appearance of small features around 2 = A.
The noise peak around €2 = 0 is narrower than in the case
of the resonant excitation for both polarization compo-
nents.

C. Effect of the laser noise

Usually, actual laser beams have noise specifications
different than those of a coherent state. In particular,
diode lasers are known to operate at (or even below) the
shot noise level regarding the intensity, while possessing
relatively large frequency (or phase) noise. If such an
excess noise is not too large, it can be approximately
described as phase quadrature excess noise.

To take into account the commonly encountered
experimental condition of excess laser phase noise, we
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FIG. 4. (Color online) Same as in FIG. 3, but with a detuned
incident laser field (A =T).
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FIG. 5. (Color online) Quadrature noise power as a func-
tion of the dephasing angle ® introduced by the atomic sam-
ple. Lines: TLS (solid) and MLS incident field polarization
(dashed) with no incident field excess noise (ep = 0). Circles:
TLS. Squares: MLS for the incident field polarization. Filled
symbols: ep = 10, hollow symbols: ep = 100. Diamonds:
MLS orthogonal polarization for all values of ep.

have computed the value of the amplitude quadrature
noise of the transmitted field, assuming an incident field
excess quadrature noise described by ep > 0 (keeping
ea = 0). We consider the case of a detuned laser field
(A =T) since in this case the mean atomic dipole has a
non-zero in-phase component that will transform phase
quadrature noise into amplitude quadrature noise.

Figure 5 shows the calculated noise power at a noise
frequency Q = 107°I", for an incident Rabi frequency
Q; = 0.2I", as a function of the absolute value of the field
dephasing ® = bgReal(Tr[pp1(z)])L/4€; introduced by
the propagation through the atomic sample for three val-
ues of ep = 0,10,100. Since the incident field parame-
ters are given, the value of ® essentially reflects its linear



dependence on the reduced on-resonance optical density
bo. However, the factor Real(Tr[pp1(z)]) incorporates
the dependence of the atomic response on the incident
field polarization, intensity and detuning.

The lines in FIG. 5 correspond to ep = 0 for both the
TLS and MLS cases. The dependence of the noise on
by, and therefore also on |®|, is linear. The symbols in
FIG. 5 correspond to situations where the excess noise
is present. The amplitude quadrature noise for the in-
cident field polarization increases for both the TLS and
MLS in proportion to ep. Notice that for large |®|, the
amplitude quadrature noise now increases quadratically
with by. There is no influence of ep on the amplitude
quadrature noise in the orthogonal polarization in the
MLS.

The main result arising from FIG. 5 is the classical be-
havior of the amplitude quadrature noise in the presence
of excess noise for sufficiently large optical density. In
that regime, the quadrature noise is essentially the same
for the TLS and MLS since it is dominated by classical
conversion of the phase excess noise into amplitude noise
via the mean value of the atomic sample polarization. By
considering different values of the optical detuning and
the Rabi frequency, we have checked that the the classical
phase to amplitude noise conversion mechanism mainly
depends on these parameters through the phase angle ®.
Only in the limit of very small |®| the qualitative differ-
ences between the TLS and the MLS noise properties are
observable.

D. Conclusion

In this paper, we report on the study of optical
and quadrature noise spectra, comparing two-level
to multilevel transitions. @ We have shown that the
presence of spontaneous Raman transition produces
additional components both in the optical spectrum, as
previously studied by Bo Gao [15, 16], as well as in the
low frequency noise spectrum of the light transmitted
through a sample of cold atoms. These results confirm
the fundamental role of the Zeeman degeneracy on the
fluctuations in light-atom interactions. We have also
considered the realistic case of additional frequency noise
of the incident laser which has to be taken into account
when comparing the results presented in this paper to
experiments using clouds of laser cooled atoms. The
approach used in this paper can readily be extended to
study the additional noise in room temperature atomic
vapors [22], which requires to include Doppler broaden-
ing as well as multiple transitions, relevant in Doppler
broadened samples. Going beyond this approach for
exploring the regime of multiple scattering and the noise
or correlation functions in the field scattered out of
the incident laser mode, would allow to confront the
predictions in [8-10] to a microscopic ab initio model as
used in this work.
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