N

N

Multivalued robust tracking control of fully actuated
Lagrange systems: Continuous and discrete—time
algorithms

Felix Miranda-Villatoro, Bernard Brogliato, Fernando Castanos

» To cite this version:

Felix Miranda-Villatoro, Bernard Brogliato, Fernando Castanos. Multivalued robust tracking control
of fully actuated Lagrange systems: Continuous and discrete-time algorithms. IEEE Transactions on
Automatic Control, 2017, 62 (9), pp.4436-4450. 10.1109/TAC.2017.2662804 . hal-01254303

HAL Id: hal-01254303
https://inria.hal.science/hal-01254303

Submitted on 12 Jan 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-01254303
https://hal.archives-ouvertes.fr

Multivalued robust tracking control of fully actuated
Lagrange systems: Continuous and discrete-time
algorithms.

Felix A. Miranda—Villatoro®, Bernard Brogliato?, and Fernando Castafios'

f Automatic Control Department, CINVESTAV-IPN, 2508 av. Instituto
Politécnico Nacional, 07360, Mexico City, Mexico.
{INRIA Grenoble Rhone-Alpes, University of Grenoble-Alpes, Inovalleé, 655 av.
de 'Europe, 38334, Saint—Ismier, France.

January 11, 2016

Abstract

In this paper the robust trajectory tracking problem of a class of nonlinear sys-
tems described by the Fuler-Lagrange equations of motion is studied. We start
considering a plant under the effects of an unknown external perturbation and also
with uncertainties on its parameters. After that a class of passivity-based multival-
ued control laws is proposed and the well-posedness together with the stability of
the closed-loop are established in the continuous-time setting. The discrete-time
version of the plant and the controller are studied and well-posedness together with
stability results are obtained, using the so-called implicit discretization approach
introduced in [1, 2]. Numerical simulations are presented and demonstrate the ef-
fectiveness of the proposed discrete-time controller.

Keywords. Robust control, sliding-mode control, differential inclusion, discrete—time,
trajectory tracking, Euler—Lagrange systems, finite-time convergence, Lyapunov stabil-
ity, convex analysis, passivity-based controller.

1 Introduction

There exists a vast literature about the control of Euler-Lagrange systems, see e.g.,
[12, 38, 39, 20] and references therein, being the robust trajectory tracking an important
problem. In the early eighties the problem of robust tracking for nonlinear robotic
systems was pioneered in [34] using sliding-mode control techniques. Later in [32, 33]
the methodology was improved in the context of adaptive control where the authors
used a passivity—based approach rendering the closed—loop system passive and globally
asymptotically stable. Set—valued control laws are common in sliding-mode control
theory, where in particular the sign multifuction plays an essential role [37], but not much
work has been done exploring other possibilities of multifunctions. Recently maximal
monotone operators have been studied in this context [4, 10, 28, 36]. The continuous-
time part of the present work is a nontrivial extension of the results in [4, 32, 33, 34] and
is strongly based on the theory of maximal monotone operators together with convex
analysis tools. On the other hand controllers are now most of the time implemented
via microprocessors, and it is of utmost importance to analyse the time-discretization of
otherwise continuous-time designed algorithms. As shown in [1, 2, 14, 17, 18, 19, 40, 41],



the time-discretization of set-valued sliding-mode control laws requires particular care,
because it may yield numerical chattering (high-frequency oscillations in the output,
and high-frequency bang-bang controllers) when the set-valued part of the controller
is discretized in an explicit way. In fact the explicit discretization may even yield in
nonlinear cases, unstable closed-loop systems [26], while the implicit method advocated
in [1, 2, 5, 19] keeps the continuous-time stability properties for the systems analysed in
[11, 19].

In this article we study fully actuated Euler-Lagrange systems and we shall focus on
the robust tracking control for these systems. We start with a Euler-Lagrange system
for which a desired trajectory qq, 4q, gq is given and we look for a family of multivalued
control law such that robust tracking is obtained, both in continuous and discrete—time.
Here robustness is obtained against bounded external disturbances and also parametric
uncertainties in a trajectory tracking framework, which is a big novelty with respect to [1,
2, 4,5, 19]. In particular parametric uncertainties create an equivalent disturbance that
is not uniformly upperbounded by a constant. It is also noteworthy that the results in [5]
concern regulation at a fixed point, and pertain to the field of numerical analysis where
a varying time-step is used, whereas the results in this paper concern feedback control
design (where the sampling period is taken constant and the disturbances are unknown).
The article is organised as follows. Section 2 contains mathematical preliminaries, while
section 3 recalls some basic properties of Lagrange dynamics. We propose in section 4 the
well-posedness analysis of the closed-loop system with set-valued controllers (existence
of solutions), relaxing a stringent assumption made in [4] (see Remark 3). The stability
analysis is made in section 5. In this work we do not ask for uniqueness of solutions,
however we prove that all of them (if not unique) yield a tracking error with suitable
stability properties. Section 6 is dedicated to the analysis of the discrete—time controller,
using the implicit Euler discretization technique introduced in [1, 2, 19] for linear time—
invariant systems with known parameters (see also [22] for a similar approach), and
experimentally tested with success in [17, 18, 19, 40], in which it is shown that chattering
in both, the output and the input, is almost totally suppressed. Due to the nonlinearities
of the Euler-Lagrange dynamics, the design of the implicit discrete-time controller is
made from a non exact discretization of the continuous plant (while the zero-order-hold
discretization was used in [1, 2, 19]). The design of the discrete-time nonlinear passivity-
based controller is made in section 6.1, the stability analysis is made in section 6.2, and
convergence results as the sampling time A > 0 goes to zero are proposed in section 6.3.
Numerical simulations illustrate the theoretical developments in section 7. Conclusions
end the article in section 8.

2 Preliminaries

In this section some preliminary results are presented together with the notation used
through this article. The results from convex analysis are taken from [8, 15, 16, 29, 30].
Let X be an n—dimensional real space with the classical Euclidean inner product denoted
as {-,-) and the corresponding norm |[|-||. A symmetric matrix M = M " is called positive
definite if 2T M2 > 0 for any = € X \ {0}. For any matrix M € R™ ™ the norm || M]||,, is
the induced norm given by, || M||;, = supj,=1 [[Mz[|. The unitary ball of R" with center
in 0 is denoted by B,,. We denote by I'g(X) the set of all proper, convex, and lower
semicontinuous (Isc) functions from X to RU {+oo}. The indicator of a set C' C X is
the function U¢ : X — RU{+oo} which satisfies V¢ (z) = 0 for x € C and ¥(z) = +0o0
otherwise. The boundary of a set A is denoted as bd(A).

Definition 1. Let ® € T'o(X). The subdifferential of ® at z, denoted as 0P (x), is the



set-valued map given by
00(x) :={¢ e R"{¢,n — x) < (n) + O(x), Vn € X}. (1)

Definition 2. Let f : X — RU {400} be a proper function and let X\ > 0. The Moreau
envelope of f of index \ is

. 1
Pa) = it { £() + 5o —al?}. )

weX

Remark 1. When the function f € To(X), the Moreau envelope is known as the
Moreau-Yosida approzimation of f of index A and f» € To(X). Furthermore, the gra-

dient of f* ewists and is Lipschitz continuous with constant 1/\ (see e.g., [30, Exercise
12.23]).

Definition 3. Let f € T'g(X) and let x € X. Then the proximal map of f at z, denoted
as Proxs(z), is the unique minimizer of f'(z), i.e.,

) = mig { £0) + 3llw = ol | = F(Proxs @) + 5] Proxy(a) —alP. (3)

It is important to notice that when f = U¢ (the indicator of the set C'), the proximal
map agrees with the classical projection operator Proj,(-) given by,

1
Projo(z) = argmin ~|jw — z||2. (4)
weC 2
From the previous definition it follows that

FA() = F(Pross(@) + g | Proxas(e) — > )

In words, the proximal map of Af at z is the unique minimizer of the Moreau-Yosida
approximation of f of index A. The distance between a point w € R™ and a closed
convex set A is given by the expression

dist(z, C) = min & — w] = [}z — Proje(x)]|. (6)

Definition 4. Let f : R™ — R be a proper and lsc function, the conjugate function of
f s
fr(@*) = sup {{w,2") — f(w)}.

weX

From the definition of conjugate function we have that for any two functions f,g € I'g(X)
such that f > g, then ¢* > f*. The following facts will be useful in the next sections.

Lemma 1. [15, Lemma 5.2.1] Let f € To(X), A: X — X a continuous and strongly
momnotone operator, i.c., for any x1,T9 € X

(A1) = A(z2), 21 — 22) > |z — 22|,

for some o > 0. Then, for each v € X, there exists a unique solution x € X to the
variational inequality

(Ax —v,m—z)+ f(n) — f(x) >0, forallne X.

Proposition 1 (Moreau’s decomposition). Let f € T'o(X) and A > 0. Then for any
x € X we have
x = Proxyp(x) + AProxs )5 (z/),



We will use Proposition 1 in order to compute explicitly the proximal map of the norm
function which will be used in Section 4. The following lemma can be found in [8,
Example 14.5].

Lemma 2. The proximal map of index A of the function f :R™ — Ry, x — c||z|| where
c > 0, is given by

[l

0, if [|z]] < Ae.

(1 . ﬁ) z, if |z > Ae,

Proxyf(x) = { (7)

3 Lagrangian mechanics

Let us present the class of dynamical systems on which we will focus. We start with a
nonlinear system described by its Euler-Lagrange equations in the following form

M(q(#))q(t) + Clq(t), 4(1))q(t) + Glq(t)) + F(t, q(t), 4(t)) = 7(1), (8)

where q, ¢, § € R™ are the vectors of generalized positions, velocities and accelerations,
respectively. The matrix M(q) € R™*™ denotes the inertia matrix of the system which
satisfies M(¢q) = M(q)T > 0, the term C(q,¢)§ € R™ represents the centripetal and
Coriolis forces acting on the system, the term G(q) € R™ is the vector related with
gravitational forces, the vector F'(t,q,q) € R™ accounts for unmodeled dynamics and
external disturbances. Finally, the vector 7 € R"™ represents the control input forces.
The Euler-Lagrange motion equations have several useful properties. One of the most
important is related to the passivity relation between the input 7 and the output ¢ [12].
On the other hand properties depending on the system in question and the definition
of the matrix C(q, ¢) through the so-called Christoffel’s symbols (see, e.g., [20, Chapter
4]) hold.

Property 1. The matrices M(q) and C(q,q) satisfy for all differentiable functions q:

d

SM(q(0) = Clat),d0) + € (a(0) (1),

Notice that the previous property implies that M (¢) —2C(q, q) is skew-symmetric. The
following assumptions are almost standard [20, 12].

Assumption 1. The matrices M (q), C(q, q) together with the vectors G(q) and F(t,q, q)
satisfy the following inequalities for all (t,q,q) € Ry xR™xR™ and some positive bounded
constants ki, ko, ko, kg and kp:

0 <k < [[M(g)llm < k2,
1C(g, Dllm < kellgl,
1G] < kallgll,

1E(t q,9) < kp-

Assumption 2. There exists a constant ks such that for all x,y,z € R"
1M (x)z — M(y)z|| < ksllz —yll][=]-

Assumption 3. The function h : R™ x R™ — R" defined by h(x1,x2,x3) := C(x1,x2)x3
18 locally Lipschitz.

Assumption 4. The function F(t,x1,x2) is continuous in t, uniformly locally Lipschitz
in (x1,x2).



Assumption 5. The function G(-) is Lipschitz continuous and satisfies 0 = G(0) <
G(z) for all z € R".

All previous assumptions will be used in the following section. Our control objective is
described as follows:

Problem 1. Given the nonlinear system (8), design a control law 7(-) such that the
tracking of a desired trajectory (qq,dd,Gqa) - considered bounded and with bounded first
and second derivatives - is achieved in the presence of the disturbance F(t,q,q) and
parametric uncertainties in M(q), C(q,q) and G(q).

4 Well-posedness of the continuous—time closed—loop dy-
namics

4.1 Multivalued control law

In this section we start setting the multivalued control law based on the fixed—parameter
controller proposed in [32, 33]. Subsequently we will establish the existence of solutions
and stability of the closed—loop. Let us introduce the position error § = ¢ — qq and
the sliding surface ¢ = ¢ + A¢ which will be used in order to maintain the error signal
around zero, where the matrix —A € R™*" is Hurwitz and satisfies K,A = ATKp >0
for a symmetric and positive definite matrix K, € R"*". The proposed control law has
the following form

7(4,4) = M(@)ir + C(g,d)ds + G(a) — Kpd +u, (9)

where ¢, = ¢q — Ag, K, e R"", K, = K; > 0, the term w is related to the multivalued
part of the controller and is specified below. Moreover, the matrices M (q), C (g,q) and

~

G(q) represent the nominal system available for control and it is assumed that all of
them fulfill Assumptions 1 to 5 (although with different bounds) i.e., we assume that all
the uncertainties are in the system parameters and not in the structure of the matrices.

Assumption 6. The matrices M(q), C’(q, qG) together with the vector G’(q) satisfy the
following inequalities for all (t,q,q) € Ry xR™xXR™ and some positive bounded constants
kl, kg, k(j and kG
0 <k < [ M(q)|lm < ko,
1C(q, D)llm < kellgll,
1G(@)]l < kellall-

After some simple manipulations, the closed-loop system results in

(10)

M(q)e + C(q,4)o + Kpq + (L, 0,¢) = u,
(j: o _AQ7

where the new function £ : Ry x R™ x R” — R" accounts for all the uncertainties in the
system and is given by

§(t0,q) = F(t,q,4) + AM(q)¢r + AC(q, §)dr + AG(q), (11)

where AM(q) = M(q) — M(q), AC(q,d) = C(q,4) — C(g,¢) and AG(q) = G(q) — G(q).
Notice that the closed—loop system (10) slightly differs from the closed—loop system in
[32, 33], since we have omitted the term proportional to o and we have added the term



K,q instead. Additionally, it is worth to mention that the function £ is not uniformly
bounded but it is still upper—bounded by a locally Lipschitz continuous function of
positions and velocities, as the following proposition reveals. This fact is a nice feature
of the passivity-based control, not shared by other nonlinear control techniques like
feedback linearization.

Proposition 2. The function {(t,0,q) satisfies

1€t 0, 9)]| < B(o, ),

where B(o,q) = c1 + ca|lo|| + es3]|Gl + callglllo]| + e5]|Gl|?, for bounded positive constants
Ci,’izl,..., .

Proof. From (11) we have

1€, 0, DIl < [[F'(t; g, )| + 1AM (q)de || + [[AC(g, @)dr) | + [|AG(g)]- (12)

From Assumption 1 it follows that the first term on the right-hand side of (12) is bounded
by a constant kr. The next term satisfies
1AM (q)ell = [[(M () = M(g))irll < (k2 + k2) Gl
< (k2 + k2)(lldall + 1Al llal])
< (ko + k2) (lldall + 1A llmllo || + [[ALZ, 1])-

Following the same procedure for the term ||[AC(q, ¢)¢:| we obtain

1AC(g, d)dsll = 1(C (g, d) = Cla.@))rll < (ke + ke)ldlllld:]
< (ke +ke)(ldall + o — Adll)(llga — Adl)
< (ke + ke)(ldall + ol + [ Allmld@l) lgall + 1Al
= (ke +ke) [(ldall + IAInllgh? + Cldall + 1Al ll@Dlel] -

Finally,

1AG(9)]| = G(a) = G(a)ll < (ke + ka)lldll
< (ka + k) (llgall + al)-

Inasmuch as the variables gq, ¢q and §g are known and bounded, we obtain the desired
result with

c1 = kp + (k2 + ko) ldall + (ke + ko) |ldall® + (ke + ka)llgall,

ca i= (ka + ko) [|Allm + (ke + ke)ldall,
ko + ko) | A7, + 2(ke + ko)lldall + ke + ke,

C3 = (
s = (ko + ko) || A|m,
cs := (ko + ko)||A|3,.

d

Remark 2. Notice that in the case when we have no parametric uncertainty, the dis-
turbance £ is uniformly bounded by a constant krp > 0 (see Assumption 1).



The importance of the control law (9) relies on the fact that it imposes (in the closed-
loop system) a new passivity relation between the new input u € R™ and the output
o € R™ [12, Chapter 7]. Now we define the multivalued part of the control law 7 as,

—u € y(o,q)0®(0), (13)

where the function v : R” x R® — R, is locally Lipschitz continuous and is specified
below in Lemma 3. Additionally, ® € T'o(R™) and it is selected in such a way that the
following assumption is fulfilled.

Assumption 7. The function ® € T'o(R") satisfies 0 = ®(0) < ®(w) for all w € R™.
Moreover, we have that 0 € int 0P(0).

Proposition 3. The following assertions are equivalent:
e 0 € int 09(0),
o There exists o > 0 such that, ®(-) > «f - ||

Proof. Let 0 € int 909(0), i.e., there exists ¢ > 0 such that for all p € ¢B,, and all n € R",
we have (p,n) < ®(n). Equivalently, sup{(p,n) | p € eB,} < ®(n) for all n € R™ and
consequently ||n|| < ®(n) for all n € R™. O

4.2 Existence of solutions

The next step consists in establishing the existence of solutions for the closed—loop sys-
tem (10) when the multivalued control (13) is applied. To this end we start using the
Yosida approximation of the set-valued map 0®(-) and after proving the boundeness
of the variables o0 and ¢, we can conclude the existence of solutions of the differential
equation taking a limit process. Actually, let ®* (o) be the Moreau—Yosida approxima-
tion of ® of index A at the point o € R™. So, as is pointed out in [6, Th. 4 Sec. 3.4],
the gradient V®* (o) corresponds to the Yosida approximation of 9® (o) such that the
approximated closed-loop dynamics satisfies

(14)

M(q))ox + Clgrn, da)ox + Kpir + E(t, ox, 40) = —v(0r, Gr) V0 (02),
qr = ox — Agy.

As a first step we will prove that closed-loop system (14) is well-posed.

Lemma 3. Let Assumptions 1-7 hold. Then the system (14) has a unique bounded
solution (ox,qx) for any A > 0, initial data (0¢,qo) and t > 0 whenever

« -~ ~
5’7(@7%) > B(ox,qr), for all |lox]| > A, (15)

where the function B is specified in Proposition 2 and « is given in Proposition 3. More-
over, the system is globally practically asymptotically stable.

Proof. Clearly (14) is equivalent to

|:0-)‘:| — |:_M_1(Q)\) (C(Q)m QA)UA + Kpd)\ + f(t, T\, q~)\) + ’Y(O-)\v qA)V(I))‘(UA)) (16)
ax ox — Agx

Since all the terms in £(t, 0y, @)) are locally Lipschitz together with the function v and
the gradient V®*, it is easy to see that the term g(ox, @) = C(qx, ¢x)or + Kpgy +
E(t,on,Gx) + Y(ox, Gn) VP 0y) is locally Lipschitz too. So, due to Assumption 2 it is
possible to prove that M ~'(gx)g(cx,dy) is locally Lipschitz continuous. In conclusion,



the right-hand side of (16) is locally Lipschitz continuous, and therefore there exists
T > 0 such that a unique solution in the Caratheodory’s sense exists in the interval
[0,7). Now we prove that the solution exists for all T > 0. Following [35] and [12, p.
403] let us consider the energy function, H(oy,qy) = %UJ\—M(qA)J)\ + %cjj\—Kpij,\. The
derivative of H along trajectories of (16) takes the form

- 1 . . - -
H(ox,d)) = =0\ M(g))ox + 0y M(g))ox + Gx Kpdx

2
1 . )
= §0AT (M(QA) — QC(Q)\7Q>\)> o
— oy (Kp(b +&(t,on, qn) + (o, QA)VQ’A(UA)) + G4y Kp(on — Ady)
= —G\ KpAdy — (00, ) (VN (02), 00) — (E(t, 0x, G2), 0. (17)

The following step consists in describing more precisely the term (V®*(5y), 0)). As was
pointed out in Remark 1, the function ®* is convex (and differentiable), therefore its
gradient satisfies (V®*(ay),n — a)) < ®@*(n) — ®*(0y) for all n € R [16, Th. 4.1.1].
In particular —(V®*(0y), o)) < —®* (o)) < —f*(0) where we have used Proposition 3
with f(-) =« - ||. Moreover, using (5) it follows that

(VO (02), 72) = — (o) = —al| Prosas(on) | o5 [Prosas(ox) —oall*. (19)

Assume first that [|oy]| < aA. The substitution of (18) into (17) together with (7) in
Lemma 2 leads to,
. ~ ~ - - 1
H(ox, @) < =@y KpAdy —7(0x, @) (aH Proxys(oa)l + 5y I Proxas (o) — 0’,\”2>
— (€t o0, @0), 00)
1
< —Gy KpAdy — =
S —gy BpAg) 2)\7
- - 1 - -
< <K~ (5pr(onloall = [e(t.on i)l ) o]

(ox, @)lloall? = (€t ox, dr), o)

- _ 1 - -
< ~a{ KA~ (Gr(onalonll = Blon.a) ) ol (19

On the other hand, when ||oy|| > A we have (still relying on (7) and (17)):

. - 5 N - pYe"
H(ox,d)) < — Gy KpAdy — (o, d)) [04 (1 — > lloall+

l[oall
A
o) — (1 — a> o
l[oall

= — gy KpAgy — [a (1 —

2
1

) + 1€t ax, @) ol

A

(0}
2||oll

) (o0 ) — ”f(tvO'A,@,\)H] loall

Now, since we are in the case |[o)|| > Aa we have that,
A A A 1 1
1-— @ > inf {1— @ }:1— sup {a}:l—:.
2[loall  lloal>ra 2[|oal loal>Aa L2[loAll 2 2

H(ox, @) < =3 Kphdy = (57000, 02) = B(or, @) ) lloall (20)

Hence,



It becomes clear from (19) and (20), that if we want H to decrease on all R” then we
must have
’7(0-)\76)\)”0-)\” Z 2)‘5(0-)\76)\)7 fOI' all HU)\H S )\O[,

and,

(0] -~ ~
57(0’»%) > B(oa,Gr), for all [lon]| > Aa.

The first of the inequalities seems to cause some difficulties since it depends explicitly
on the term ||oy||, which in this case is considered smaller than Aa. In fact as ||o,||
decreases, the term (o, ¢\) should increase in order to satisfy the inequality. For this
reason we are going to focus on the second inequality, which if it is satisfied, implies
practical stability. Indeed, assuming that avy(ox,qy) > 28(ox,4x) + 9, for some § > 0
and for all |loy| > a), leads us to H(oy,dy) < 0 which implies that the state variable
oy will converge to the ball aAB,, i.e., sup;cg, [|oA(t)[] <7, for some & < +o00. On the
other hand we have from (16) that

t
Il =[le 2 + / e A=9g, (5)ds
0

t
<lleMaoll +7 / e~ d6

0
<|le"MGol| + Tp,

for some p < +o0o and we have used the change of variables t — s = 6 together with
the fact that the term ||e=*| € £1([0, +00), R), (see, e.g., the proof of Theorem 6.10 in
[31]). Hence, it becomes clear that the pair (o), ¢y) is ultimately bounded (see e.g., [21,
Sec. 4.8]) and boundedness of solutions of (14) over all ¢t € R, follows. O

Remark 3. Notice that the proof of the previous Lemma significantly differs from the
proof of Lemma 4.1 in [4], because we relax the stringent Assumption Ho p in [4] which
overly constrains the relation between the Moreau-Yosida approzimations of ®(-) and
the disturbance. We used only the property 0 € int 0®(0) of the design function ® and
(15) instead (see Assumption 7), which allows us to consider a much larger and realistic
class of disturbances.

Once the well-posedness of the approximated system has been established, we can obtain
the existence of solutions for the differential inclusion (10)—(13) applying [4, Theorem
4.2], which we repeat here only for completeness.

Theorem 1. [}, Theorem 4.1] Let Assumptions 1-7 hold. Then for every (co,qo) €
R™ x R™, there exists a solution o : [0,4+00) — R™, ¢ : [0,+00) — R™ of (10)—(13) in
the following sense:

e o is continuous with derivative & continuous and bounded in bounded sets.
e G is continuous with derivative ¢ continuous and bounded in bounded sets.
e (10)—(13) is satisfied for a.e. t € [0, +00)

e 0(0) =09 and ¢(0) = go.

The proof of Theorem 1 is detailed in [4], taking into account that the term ¢ in [4]
refers to ¢ in our setting.

Remark 4. It is worth to mention that Theorem 1 does not guarantee uniqueness of
solutions. The uniqueness property can be achieved asking for more stringent properties
which are rarely satisfied in practical cases, see [4, Section 5].



4.3 Case with a constant gain v

The well-posedness of the closed-loop system (10)—(13) has been proved above making
use of a state dependent gain (o, ¢) which satisfies (15). An important case of study
is when the control gain is set constant, which simplifies the implementation. Due to
the state dependency of the disturbance &, it becomes clear that we cannot obtain the
same stability properties for the new closed—loop system as before, but the existence of
solutions is still assured, as the following Lemma shows.

Lemma 4. Let Assumptions 1-7 hold. Consider the following system
{M(q,\)(f,\ + Cgr, dr)ox + Kpdx + £(t, 00, G) = =7V (0n),

i = ox — Ady,
where v is a positive constant, and consider the compact set,
WrK, :={(ox,@n) € R" xR" | H(oy,¢r) < R},

where

B 1 1. -
H(ox, 4y) = §UATM((1A)0’A + §QIKPQ>\-

Then for any initial condition (0x(0), Gx(0)) which lies in Wg i, and any R > 0 fized, the
unique solution of (21) is bounded for all A > 0 such that \?> < 2R/(c? max{ka, ky, }),
where ky, is the mazimum eigenvalue of K, and all t > 0 whenever v > 2R¢ /o, where
Re > 0 is a constant that satisfies

Re = max 0,q).
¢ oo B(o,q)

In other words the system is semi—globally practically asymptotically stable.

Proof. The proof is similar to the proof of Lemma 3. First the positive invariance of
Wk K, is shown by proving that H < 0 for all (ox,qr) € bd(Wgk,). Indeed, the
condition A? < 2R/ (a? max{ks, ky,}) implies that for all (o), §\) € bd(Wg,k,) we have
loall > aX. Namely, let kmax = max{ks, kpo}/2, since a?A? < R/kmax we have that
aABa, C v/ R/kmaxBay. Hence for any (oy, ¢)) € alBy, it follows that

- 1 1 -
R kaax)‘2a2 > kmaX(”U)\Hz + ||Q>\”2) > 5"32”0>\H2 + §kp2\|Q||2
1 1. -
Z§U)TM(Q>\)U)\ - §qIquA.

Therefore aABs, C Wg k, and it follows that ||oy[| > a) in the boundary of Wg k.
On the other hand H satisfies

H == Gy KpAgy — (VO 01),01) — (§(t, 00, 4r), 02)
< — @ KpAiy — v (00) + Blox,dn)lloall,
where we made use of Propositions 2 and 3, the fact that a differentiable convex function

always satisfies (VO (0y),1 — 0)) < ®(n) — ®* (o)), for all n € R™ and recalling that
f() =al -||. Using the same arguments as in the proof of Lemma 3 we have that

. o N «
H < —q\ K,Agy — (57 - Rg) loall <O,

for all (o, ¢r) € bd(Wg,k,) which proves the positive invariance of Wg k. Since Wg g,
is invariant we have that for any initial condition which lies in Wg k,, B(0ox, qn) < R
for all time ¢ > 0 and consequently H < 0 for all o\ ¢ a\B, whenever ay/2 > Re. It
follows that H will decrease at least until o) reaches the ball aAB,, this last fact also
guarantees the convergence of ¢y into a ball of appropriate radius p (see proof of Lemma
3). In other words we have obtained semi-global practical asymptotic stability. O

10



It becomes clear that for any fixed R > 0 and the conditions of Lemma 4 satisfied,
application of Theorem 1 give us the existence of solutions of the differential inclusion
(10) with the multivalued controller u € —y0® (o).

5 Robust stability of the closed-loop system

In this section we prove how the trajectory tracking is achieved in a robust way against
external bounded disturbances and parametric uncertainties. Additionally, we show
that the variable o reaches zero in finite time. In order to get an upper bound of the
reaching time, we shall take only the dynamic equation related to the o variable and we
make K, = 0. i.e.,

M(q)o + C(q,q)o +&(t,0,q) € —v(0,7)0%(0). (22)

From the closed—loop equation (10) we see that the finite-time stabilization of the vari-
able o implies the asymptotic stability of the error ¢ and its derivatives.

Theorem 2. Consider system (22). Let the assumptions of Theorem 1 hold. Let us set
v(o,q) = (2B8(0,q) + 9)/a, where 6 > 0 is constant and B as in Proposition 2. Then the
sliding surface o = 0 is reached in finite time.

Proof. Consider the positive definite function of o, V(0,t) = 30" M(q(t))o. Deriving V
along trajectories of (22) leads to

1% :%UTM((])O' + 0" M(q)o
=50 (W) = 20(0.0) 7 ~ (10,0)¢ + €t 0). )
S - ’7(0-¢ Cj)<€70> + ||£(ta g, qN)HHO'H,

where ( € 9®(0) and we used Property 1. From subdifferential’s definition together
with Proposition 3 it follows that

—((,0) < —®(0) < —alla]],
which yields the following expression

V < —lay(o,q) — B0, 9] o]l

Hence, if ay(o,§) = B(o,§) + 6 where § = const. > 0, we obtain V < —d|lo|| =
—04/ k%Vl/ 2. Separating variables and integrating the previous inequality over the time

interval [0,], yields V1/2(t) < V1/2(0) — \/%t, and consequently V' reaches zero in a

finite time ¢* bounded by t* < —V?”Vlﬂ(O). O

It is worth to mention that the multivalued control law (13) preserves the passivity of
the closed—loop system as the following proposition shows.

Proposition 4. Let the assumptions of Theorem 1 hold. Then the closed—loop system
(10)~(13) with new input v (refer to Figure 1) without disturbances (i.e., & = 0) is
passive with input v and output o.

11



o RO un] MasiChioikizw | o
=0 — A(j7

Y

u € v(0)0®(0)

v(0)0®(0) |l&—

Figure 1: Closed-loop Lur’e system.

Proof. Consider the storage function H(o,q) = %JTM((])J + %QTKPQ, then deriving
along the trajectories of system (10) we have,

N 1 . . N
H(0,G) = 0" M(q)o + 0 M(q)o + G Kpq

2
= LT M@)o + 0T (v 2(0,0)C ~ Cla, o — Kyi) + " Kyl — Ad)
= 20" (81(a) ~ 20(0,0) ) o — " KpAd—A(0, DG, 0) + 0T

= —G"KyAG— ar(o,d)||o|| + o v

< ol

)

where ( is an element of 0® (o) and we use Property 1 together with the positiveness of
K,A and Proposition 3. O

This allows us to recast the set-valued closed-loop system, in the class of nonlinear non-
smooth Lur’e systems as depicted in Figure 1. Now that we have proved the global
asymptotic stability of the origin in the presence of both parametric and external dis-
turbances using a state-dependent gain (o, ), we start looking for a constant gain -,
which as we can expect will depend of the initial conditions.

Theorem 3. Let the assumptions of Theorem 1 hold. Consider the system (10) with
the multivalued control law u € —y0® (o) and consider the compact set,

Wrk, = {(0,q) € R" xR" | H(0,q) < R},

where

17 1+
H(a,q)fia M(q)a+§q K,q.

Then for any initial condition (c(0),G(0)) which lies in Wg i, and any R > 0 fived, the
origin of the closed—loop system is semi—globally asymptotically stable whenever
Re

)

a

Y2

where R is specified below in the proof.

Proof. From the fact that the set Wg f, is positively invariant (the proof of this last
fact is similar to the one of Lemma 4) and the fact that

H = - qNTKpAq - 7<<7 J) - <§(t7 g, q~>7 J>
< — G KpAG—~®(a) + B(0,§) o]
< —§' KpAG — (ya — Re)|o|l,

is strictly negative whenever v > R¢/a, where Re = MAX (5, 7)eWp k., B(o,q) and ¢ €
0®(0). O
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6 Implicit discrete—time sliding—mode trajectory tracking
control

6.1 Discrete—time controller design

This section is devoted to the analysis of the discrete—time version of the above robust
set-valued passivity-based control algorithms. An implicit discrete—time controller is
used, as advocated in [1, 2, 19] for linear time—invariant systems with known parameters,
where equivalent-control-based sliding mode algorithms are analysed. The difficulty in
extending the ideas in [1, 2, 19] is that the plant is now nonlinear (thus preventing us
from using an exact differentiation like the zero-order-hold method), the controller is
also nonlinear, and most importantly we allow for parametric uncertainties. Let us start
considering the following Euler discretized version of the plant (8):

M(q@qu_q’“ + C(qrs i) st + Glar) + F(trr qi di) = T, (23a)
Qe+1 = Gk + i (23b)

It is worth to mention that Property 1 is fundamental for proving stability in the
continuous—time formulation. Unfortunately it is not preserved exactly in the discrete—
time case, but a perturbed version is available instead. Henceforth for a function F', Fj
denotes F'(ty).

In addition, assuming that the matrix C (q,q)is corpputed through the so—called Christof-

fel’s symbols from M(q), then the pair M(q), C(q,q) satisfies a property similar to
Property 1.

Property 2. The matrices M(q) and C(q,q) satisfy

d

ﬁM(q(t)) = C(q(t),q(t)) + C T (q(t), 4(t)).

It is worth to mention that Property 2 is not necessary in the continuous—time case since
the explicit selection of the controller was not specified, contrary to the discrete—time
setting where one of our main concerns is to obtain a numerical value for the control
input at each time step (see (31)).

Lemma 5. For any k > 0 we have
MkJrl — Mk = hék + hé];r + €, (24&)
Mpyy1 — My, = hCy, + hC} + ey, (24b)

where h is the so—called time step and satisfies ti11 —tp = h and €, € € R™™ are o(h)
(‘little-0’) matriz functions, i.e.,

- léwl - lex]|
] m _ m _ .
ho  h no  h

Proof. Obtained from the expansion in Taylor series of Properties 1 and 2 [5]. O]

Following the same methodology as in the continuous—time problem, we introduce the
position error ¢x = q — qg as well as the sliding surface o3, = Gx + Adg, where Qk+1 =
Je+he, A € R™ ™ is a matrix whose spectrum is contained in the interior of the complex
unitary circle, and ql,ccl refers to the sample of the reference trajectory at time t;. We
propose the control law 75, as

~o Gy — A A A
T = Mk% + qul7;+1 + Gy + ug, (25&)
k1 = qr, + hdg, (25b)

13



where ¢, = q'g — Agp and wuy refers to the multivalued part of the controller plus an
additional dissipation term specified below. After some simple algebraic manipulations
the first closed-loop system is obtained from (23) and (25) as

{ Myojq1 — Myoy, + hCrogir + héi, = huy, (26a)
Ger1 = (I — hA) G + hoy, (26b)

where 0j41 = 0x+hok, Gur1 = Ge+hie, and the equivalent disturbance &, := &(t,, o, Gi.)
is given by
§e = Fl + (Mk - Mk) (q'/‘f — Aok — Affk))
+ (ck - ék) (qgﬂ ~A[(I — hA) G, + hak]> Y G — G (27)

It is easy to prove that the discrete—time version of the disturbance & satisfies an
analogue version of Proposition 2 as:

Proposition 5. The function &(tg, ok, Gx) satisfies

1€tk ors Gic) | < B(oky @)

where B(ok, k) = c1 + callowl| + esllgkll + call@rllllonll + csllgel®, for bounded positive
constants ¢;, 1 =1,...,5.

Proof. The proof is omitted because it is obtained following the same steps as in the
proof of Proposition 2. O

It is worth to mention that the control law 75 depends only of the data available at time
ti as well as the position and velocity errors, whenever u; is also well-posed and non
anticipative. Simple computations reveal that (25) is equivalent to

7= W (i = A (o = M) + G (G = AL = hA) G+ hoyl ) + G + g (28)

Additionally, from (26b) we are led to make the following assumption,

Assumption 8. The step length h > 0 is small enough such that the spectrum of I —hA
is contained in the interior of the complex unitary circle.

At this point we specify the missing term w; in a similar way as its counterpart in
continuous-time (13) as
—U € Kg&kH + 78@(&k+1), (29)

where K, = K UT > 0, v > 0 is considered constant, and &1 is related to the nominal
version of (26a) as

My6111 — Moy + hCibpi1 + hKobpy1 € —hy0®(Gp11)- (30)

Since the equivalent disturbance & is unknown, we will calculate the controller from the
nominal unperturbed plant (30) with state 63, and using (26), as follows:

My0p41 — Myoy + hCrojg1 + hKs0141 + hée = —hyCrpa, (31a)
Corr € 0D(6511), (31b)
My6is1 — Myoy, + hCibpi + hE 6141 = —hyCrin, (31c)
Gior = (I — hA) G + ho, (31d)

14



Notice that the discrete—time closed—loop system (31) is slightly different from the direct
discretization of the continuous—time closed-loop system (10), by adding a new term
K ;6541 and making K, = 0. The additional term K,6111 will allow us to assure the
stability of the closed—loop system by adding dissipation, as is shown in the proofs of
Theorems 4 and 5. From now on we will concentrate our attention on equations (31a)—
(31c) for which if some stability result is preserved, then the boundedness of the solution
of the difference equation (31d) is guaranteed as will be shown later. Moreover, from
Assumption 8 we have that g — 0 as o — 0 and & — +o00. System (31a)—(31d) may
be viewed as follows: (31a) and (31d) are the Euler discretization of the plant with a
pre-feedback, (31c) is a nominal unperturbed system, and (31b) is the discretized set—
valued controller to be calculated from (31c). From (31) it becomes clear that when all
uncertainties and disturbances vanish, then &3 = o, whenever 69 = oy.

Remark 5. The set—valued controller is approzimated in (29) with an implicit approach.
An explicit discretization would yield 0®(oy) instead, since oy is known at t = ty.
Explicit discretizations however yield the so-called numerical chattering effect on both
input and output [14, 17, 18, 40, 41].

First, we prove the well-posedness of the general scheme (31), i.e., we prove that we can
compute a selection of the multivalued controller (31b) in a unique fashion, using only
the information available at the time step k. To this end we have from (31c) and (31b),

(Mj; + hC, + hK )6 341 — Myoy € —hy0®(6741). (32)
Equivalently,

<Akf3k+1 — Myok,n — &k+1> + hy®(n) — hy®(6x41) > 0, for all n € R”, (33)

where /lk = (Mk + hC’k + hK ) It becomes clear in the light of Lemma 1 that 6411

is uniquely determined if the operator Ay is strongly monotone. Additionally, it is also
worth to mention that such 6541 depends on Ak, Mk, ok, h,y and ® (all them available
at time step k). For the strong monotonicity of Ay, we have that for any w € R™ the
following holds,

</lkw,w> =w' <]\Z[k + hKU> w + %wT (Mk+1 — ]\Z[k — ék) w
> (o = L8] (34

where k1 is the minimum eigenvalue of the matrix K, and we made use of Assumption
6 and Lemma 5. Hence, for any A sufficiently small such that
k1 _ éxllm

+ hky

>0 35
. > 0, (35)

it follows that Ay, is strongly monotone. Therefore, by applying Lemma 1 we obtain the
uniqueness of 6;41. Moreover, the solution 641 is Lipschitz continuous with respect to
0. It is worth to mention that the condition on the strong monotonicity of Ay, of Lemma
1 can be relaxed using the approach developed in [3], especially the results in Section
2.7 (see also [27]). The following Lemma allows us to obtain an implicit expression for
the solution of (33) which can be solved numerically in an easy way.

Lemma 6. Consider the following variational inequality of second kind

(Px —r,n—x)+¢(n) —¢(x) =20, for alln € R", (36)
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with P € R™ ™ q strongly monotone operator (but no necessarily symmetric). Then the
unique solution of (36) satisfies

x = Proxu (I — pP)x + pr) = (Id — pProxgs, op~ ' Id) (I — pP)x + pr)  (37)

for some i > 0. Moreover, the map x — Prox,4 (I — puP)x + ur) is a contraction for
w small enough.

Proof. Let z be the solution of (36). Then for any p > 0 we have

pr — pPz € d(ud)(x) < (I — pP)x + pr — x € 0(ud)(x).

Hence & = Prox,4(({ — puP)x + pr). The second equality in (37) is a direct consequence
of the Moreau’s decomposition Theorem (Proposition 1). Recalling that Prox,s is a
nonexpansive operator, we have that

|Pros,us((I — uP)ay + ur) — Pros,g((I — pP)as + ur)|| < (I = pP)(a1 — o)
< 1T = pPllnllas — .

Now, because we are using the Euclidean norm we have that the induced norm of a
matrix A satisfies ||All;, = v/ Amax(ATA) (see e.g., [25, p. 365 Exercise 5]). Thus, it
follows that if (I — uP)" (I — uP) < I, where the order relation < means that I — (I —
uP)T (I — pP) is positive definite, then the map defined by = — Prox,,s((I — uP)z + pr)
is a contraction. Therefore,

0<I—(I—pP)'(I—pP)=0<P+P" —uP'P,

and from the strong monotonicity property of P it follows that selecting p small enough
we arrive at the desired conclusion. O

Remark 6. There are several ways to numerically solve problems like (36), like the semi-
smooth Newton method [13, §7.5] as advocated in [5, Section 6]. For control applications
this method may be time consuming, since it involves the computation of inverse matrices
and proximal maps of composite functions. In contrast, the simple method of successive
approximations [23, §14] can be applied in order to find quickly the fized point in (37).
Details about the implementation are given in Section 7.

From Lemma 6 the selection of the control value can be obtained from (31b) (31c) as

1 /. .
Chot1 = "y (Ak0k+1 - MkUk) (38a)
Gpr1 = Proxunye (I — pAR)Grs1 + pMyoy), (38b)
for any g > 0 such that R R o
0 < Ap + Al — uAl Ay (39)

The solution of the implicit equation (38b) with unknown 6541 being a function of oy,
and h, it is clear from (38a) that the controller is non-anticipative. Let us now show
conditions that guarantee (35), consequently the possible application of Lemma 6 to
(33).

Lemma 7. There exists 0* > 0 (which is a function of Gy and og) such that for any
h € (0,6%] the following inequalities hold

Jéell, < min {ir, 2 | (40a)
lléxll,, < min{ki,2hri}, (40b)

where k1 is the minimum eigenvalue of K, and €, € satisfy (24).
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Proof. By Lemma 5 it follows that (40) is always solvable. Indeed, since € (ex) is o(h)
we have that for any € > 0 (¢ > 0) there exists & > 0 (§ > 0) such that ||ég|lm < &h
(lle]l < eh) for all h < & (b < &). Therefore, choosing ¢ and & small enough, we have
that for any h € (0, min{4,8}] both inequalities in (40) are fulfilled. O

There is one detail to consider in the previous reasoning related with the uniformity of
h, i.e., &* and & can be selected independently of the step k. This fact becomes more
clear after proving that all solutions of (31) are bounded. The strict reader can think
as h = hy, see Remark 9. Moreover, from Lemma 7 it is easy to see that (40a) implies
(35).

6.2 Stability of the discrete—time closed—loop system

The second important question to solve, after the input calculation, is about the stability
of the full discrete-time system (31). To this end we present two cases. The first one
attacks the stability issue without parametric uncertainty, whereas in the second case
the full perturbation case (i.e., external disturbance and parametric uncertainty) is
considered. The following bounds will be useful.

Proposition 6. Let Assumption 6 hold, and assume that the time step h > 0 is such
that (40a) is satisfied. Then, for all k € N, the following bounds hold:

. 1

A,;lu < (41)
m k1

oy 9

B; H <=z, (42)
m k1

where ,[lk = Mk + hC’k + hK, and B’k = Mk + hC’k.
Proof. From (34) and (40a) we have that for any w € R™ \ {0}

v

H (Mk +hCy, + hKU) wH [|wl] <(Mk + hCy + hKU) w,w>

N €
Z<MAJMy—Hgm>”wW

> ki [lwll?,

< AI ~ ~

Setting w = (Mk + hC), + hK(f) x, where z € R™\ {0}, yields the desired result. The

proof of the second inequality follows the same steps and the fact that ky — [|é]l, > 0
(see (40a)). Indeed,

H@ﬁ+ha)meuz<@ﬁ+ha)mw>z(&—’@Wﬁumﬂ

2
k
> %,
Setting w = (Mk + hCA'k)i x, finishes the proof. O

Remark 7. Notice that in an analogue way we also obtain bounds for matrices A,;l
and B.' calculated with My, and Cy, as || A, |m < k—ll and ||B; |m < k% by making use
of (40b) in Proposition 6 instead.
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Before presenting the main results about stability of the closed—loop system (31) we
show that even in the presence of an external perturbation &, the variable 6 which is
the state of the nominal unperturbed system (31b)-(31c), can be maintained at zero.

Lemma 8. Let h > 0 be small enough such that (40a) hold. If

then 6x+1 = 0. Moreover, in the case where there is no parametric uncertainty (i.e.,
My, = My, Cr = Ck and & is uniformly bounded by some constant 0 < F' < +00), if
Oko+1 = 0 for some k = ko then 61y4n, = 0 for all n > 1 whenever,

Myoy
h

< o

— )

ko —
222F < va. (43)
k1

Proof. By the uniqueness of solution of the variational inequality (33), we have that

or+1 = 0 if and only if Mh’“ify”“ belongs to the set of minimizers of the conjugate function
¢*. Indeed from (32),

M, M,
Gpp1 = 0 & Rk €8<I>(O)<:>O€8<I>*< k”’“)

hy hry
M,
LEL S Arg min ®*.
hy
Now, under Assumption 7 we have that ®(-) > «|| - || which in fact implies ¥,p, (1) >
®*(-). Recall that the conjugate function of «f| - || is the indicator function of the set

aB,, and f > g implies g* > f*. Hence, we have that for any w € aB,, ®*(w) < 0. On
the other hand, from the definition of the conjugate function, the fact that ® € I'o(R"™)
and using the Fenchel-Moreau Theorem [9, Theorem 1.10], it is easy to deduce that
0 = ®(0) = &*(0) = —inf *, and we have 0 < ®*(w) for all w € R™. Therefore we
have proved that for any w € aB,,, one has ®*(w) = 0, while ®*(-) > 0 everywhere. So
aB,, C Argmin ®*. This finishes the first part of the proof.

For the second part, let kg be such that 65,41 = 0. Then from (31c) we obtain —Mkako =
—h7yCio+1 for some (o1 € OP(0). Substitution of oy, in (31a) gives:

Oko+1 = —hl’S’k_OlgkO. (44)
Hence, the use of (42) together with (43) yields

Therefore from the above we get 64,42 = 0. Following with the proof by induction we
conclude that 64,4y, = 0 for all n > 1. O

2ko —
< A72F < 7a.
k1

My +10ky+1

h — HMIC()-i-IBI;)lgk‘O

In continous-time the selection of the set-valued controller exactly compensates for the
perturbation on the sliding surface o(t) = 0, see (22). An interesting issue is about the
value of the discrete-time controller once the “nominal state sliding surface” & = 0 has
been attained.

Corollary 1. Under assumptions of Lemma 8, the equivalent control which maintains
Ok4n = 0 for all n > 1 s given by

. 1 - .
oo = HM]C'HBI@ ((Mk — My)oy — h&k) (45)

where By, = My + hCl.
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Proof. Under the assumption that 65, = 0 for all n > 1, from (31c) we obtain Mo =
—hy(zqﬂ. Substitution of CZ?H in (31a) yields

(Mg + hCy) og41 — (My, — My)oy, = —hé.

It follows that oj1 = By ((Mk — My)oy, — h§k>. Thus, one iteration through (31c)

results in Ap6pi0 — Mys10p41 = —h7(4 5, and the result follows. O

The previous Corollary shows that the scheme in (38) for computing the controller from
the nominal system (31b)—(31c) allows to compensate for the disturbance with a delay of
two time steps. Obviously the equivalent control in (45) is not implementable since the
disturbance is unknown. It is noteworthy that the magnitude of the equivalent control
in (45) does not depend on h, see (44).

Theorem 4 (No parametric uncertainty). Let Assumptions 1-8 hold. Consider the
discrete~time dynamical system (31) without parametric uncertainty (i.e., My = My,
Cr = Ck and & uniformly bounded by F'). Then for any nitial condition o9 € R™ the
solution oy, of (31a) converges to a ball of mdzus h in a finite number of steps, i.e.,
the system s globally practically stable, whenever

2k — F k 2F
ya > max{ 2 F (1 > gy | 2 <7“—|— < ) (46)
k1 k7 kq k1

for some 0 < 7 small enough and fixed. Moreover, 6} reaches the origin in a finite
number of steps k*, and 6, =0 for all k > k™ 4+ 1.

Proof. Consider the functions V; j, := &,;er.&k and Vo, := a,;erak and their respective
differences AV :=V; 11 — Vi, for i = 1,2. It follows from (24) and (31c) that the next
chain of relations holds,

AT 5 A AT 2 A~
AVY = 64 Myy 1641 — G, MG

T Y 9 S AT 27 A AT 2 A
= Uk:—i—l (Mk—l-l - Mk) Ok+1 — O MkO’k + O'k+1MkUk+1

o\ A AT 2 (A AT S
(Mk—i-l Mk> Ok+1 + UkJrle (Uk:—i-l - Uk) + 0‘k+1M]€O'k — 6, M}.6p,

k
6y (Mer = NIk) 61 + 2570 My (G0 — on) — 011 Midn
+ 260 Myoy, — 6, My6p
<644 <2hék + €k> ri1 + 26441 <_hék&k+1 — hKy0p11 — h’YCkH)
+ o} Myoy, — &) Myéy, (47)
where we apply the inequality 22" Qy < 2" Qx + yTQy and Q = QT > 0 to the term

20k+1Mkak Now, adding and substracting the term ak+1Mk+1ak+1 + 0k+1Mk+1ak+1
in the right-hand side of (47) results in

AT A =~ AT N
AV) < Gy €10k41 — 2h0y (KoOpp1 + YCig1) — AV + AVy
T Y AT Y A
+ Uk+1Mk+1Uk+1 - Uk+1Mk+10k+1;

and it follows that

AV, < G441 é30ks1 — 206441 (Kobrsr +VChs1)

T v AT 9 ~
+ 01 Mis10k41 = O 1 Mi16p41. - (48)
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On the other hand, the substitution of (31c) into (31a) yields (recall that here M}, = My,
Cr = Cy, and By, = My, + th)

Opr1 = Okt — hBy & (49)
Hence, simple computations give:
Op 1 My 410441 = <&k+1 - hl@’;?&k)T Mes1 (&k—l-l - hBlzlfk)
= Gpp1 My 16311 — Qh&l;rJrleHB/;lfk + h2§TB;;TMk+1B;;15k- (50)
Thus, after substitution of (50) into (48) it follows that (recall that kK1 = Amin(K5))

AVy < ||égll,, 6%11 1 — 2R84y (Kobri1 + 7Cet1)
— 2hG ) M1 By ek + hQETB_TMk+lB_1§k
2k2

< — (2hk1 = ||€]lm) [|Gk+1 11> — 276351 Chr1 + 4h \|§k\|||0k+1|| + 4h” = ||€k||2
(51)
R ) s k
< — (2hk1 — ||élm) |6k+1]* — 2R < - k:F> |Grqll + 4h2k2 :

1

where we used the fact that (x+1 € 0P(6%41) together with Proposition 3 in the last
inequality. Now assume that [[ogi1| > (f + i—F) h for some 0 < 7 < 4o00. From (49)
1

and (42) it follows that |logi1]|| > (f + %) h implies ||6%+1|| > 7h. Hence,
1

~

. . 2ks
AVy < = (2hsir = [|éllm) [|Gk1]|* — 20 <7a ~ T
1

kz =2 A
i F Gk

|Gk-41] + 4h%
) kil ol

2% F .
— (2hry — [llm) 64> — 20 <’ya -2F (1 + )) okl

1 kl’f‘
— (2h1 — |ellm) lowss + RAT &2

2%k — F _
_oh ky <1+AA> lowes + hAZ €.
k‘l k‘lT

Finally, from (46) and (40a) we can conclude that AV, < 0 whenever ||oji1] >
(f + %) h. Therefore, we obtain the ultimate boundedness of the solution of (31a),
1

i.e., for any initial condition oy € R™ we have that dist (Jk, \/ 7 P (7“ + = ) hB > — 0

as k — oo.
Now we proceed with the proof of the finite-time convergence of 6. Because of the
ultimate boundedness of the solution of (31a) we have that there exists a finite number

of steps k* such that [jog|| < 2ﬁ /B2 (r + = ) h for all k > k*. Then, from (46) we have

that
k 2F
< —||0k|| < gy | 2 ( . > < av,
iy i1

for all £ > k*. From Lemma 8 we obtain that & reaches zero in at most k* 4 1 steps.

Moreover, g+, = 0 for all n > 1, since the ball 2,/% ('f’ + ?) hB,, is positively
1 1

| Moy,
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invariant. Finally, since g+, = 0 for all n > 1 it follows from (49) that
_ 2F
ok snll = hlIB &k 4nll < T2l

This concludes the proof. ]

Remark 8. Under the assumptions of Theorem 4, it becomes clear that oy converges to

a ball of radius r, = N/% (f + iF> h, which implies boundedness of the state variable
1 1

G- Recalling that A and h are such that Assumption 8 holds, the solution at the step k

s given by,
k—1

Gr=I—hN) @ +hd> I —hA) " gy,
n=0
Hence, if oy is bounded by R, for all k € N we have that

T dil| < hRo 37 (1~ hA)"]|

n=0

< hR,p,

for some p > 0 [31, Theorem 22.11]. Therefore Gy is also bounded for all k € N.
Moreover, it converges to a ball of radius hRyp.

Corollary 2. Let the assumptions of Theorem 4 hold. Then in the case when there is
no disturbance (£ =0), the origin of (31) is globally finite—time Lyapunov stable, while
qr — 0 asymptotically.

Proof. From (49) we have that o441 = 6%+1 and the result follows since & reaches the
origin after a finite number of steps. The last statement follows by taking R, = 0 in
Remark 8. O

Remark 9. [t is worth to mention that the sampling period h is uniform (i.e., it does
not depend on the step k). Indeed, in view of Lemma 5 it becomes clear that €, depends
of both oy, and §y, consequently the conditions in (40a) should be taken considering this
dependency. Hence, all previous developments hold true if we consider the step length
as a function of k i.e., hy, and we can conclude from Theorem J that oy is at least
bounded for all k € N. By the previous remark it follows that G is bounded also for all
k € N. Previous facts make hy uniformly bounded. Indeed, considering € as a function
of Gy and oy, taking the mazimum max g, ) léx(Gk, ok )|l (which exists since (o, Gy) its
contained in a compact set of R*" for all k € N) allows us to compute h independently

of k.
Let us now consider the parametric uncertainty. In this case we see that the difference
equation (31a) is equivalent to,
Myoyi1 — Moy, + hCroyi1 + hEK o6y + h&p + (My, — My)op
— (Mg — My)oy, + h(Cr, — Ci)okrs = —hyCrpr

Defining two new perturbation terms associated with the parametric uncertainty as
0y == (Mk - Mk)é'k and Y := (Ck - Ck)0k+1, where oy = of + hoy yields

Myoyi1 — Moy + hCrogi1 + hKobpyy + h(E + 0k +U5) = —hyCerr. (52)

The new two disturbance terms will add new constraints in both, the gain of the con-
troller and the time step of the discrete-time scheme as is shown by the following
theorem.
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Theorem 5 (Parametric uncertainty). Let Assumptions 1-8 hold. Consider the discrete
time dynamical system (31). Assume that the parametric uncertainty is small enough
such that there exists a 7, > 0, considered fixed, and h > 0 small enough such that
h € (0, min{d0*, h*}], where 6* is given by Lemma 7 and h* is specified below, and in
addition, v and a satisfy

2k - 2ky - k 2F
v > max { =2 (B + foao) + = 2 B+ foao) 2k [ <7’a + A> ) (53)
k1 k37, ey k1

where ag, a1, 3, fo and F are specified below in the proof. Then the origin of (31a) is
semi—globally practically stable. Moreover, &) reaches the origin in a finite number of
steps k*, and 6, =0 for all k > k* + 1.

Proof. From (52) the analysis made in the proof of Theorem 4 can be achieved with the
new perturbation term §k = &, + Ui + 0, but we must take special care since sz is not
uniformly bounded anymore. Consider the compact set W := {w € R*|w Mow < R}
for some R € Ry. Hence for any o9 € R"™ we can always find R > 0 such that g € W.
Moreover from Assumption 6, there always exists R, > 0 such that W C R,B,. So,
following the same steps as in the proof of Theorem 4 we arrive at an inequality as in
(51):

. . 2]{:
AVy < = (2hk1 — [[éllm) 16341]% — 2k <7 : ) 10k41 Jr4’12*2||€1c||2 (54)
1

Now consider that R is big enough such that ||6y1] > h#, for all o € bd(W) where
7 > 0 is a design variable considered fixed. Note that this is always possible since from
(31c) we have that 6341 = ft,;l (Mo — hyCey1) and the term hyA~1¢y41 is bounded,
which implies that ||6x41]] — +o0 as ||ok|| — +oo. Hence, it follows that for every
o € bd(W):

2k2 2o

2/\
klra

AVy < = (2hk1 — [|éllm) 1341 ]1% — 2k (7 ||5k||2> 10kl (55)

The next step consists in finding appropriate bounds for the term ||£k|| in the boundary
of W. We have:

€D < &kl + 19%]] + [0k
< B+ [|My, = Mi|lmllowll + ICx — Cillmllow+1ll, (56)

where (3 is an upper bound of 3(oy, i) (given in Proposition 5) as

/B = max B(O-k)(jk)u
(o0k,dr) EW X RBy,

where R = R(00, o) is the radius of a closed ball such that § € RB,, (we see that this
is always possible in view of Remark 8). Recalling that hoy = o1 — og, by (31a) it
follows from Assumptions 1 and 6 that

ok]l = HMk_l <C'k0k+1 — K, A Moy, — (I - hKafl;:l) YCht1 + §k) H

Kok

Rf+0+h?>ﬂQ+B (57)
1

1
kr[kcHQkHH0k+1|-%
1
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where ko is the maximum eigenvalue of K, and R is an upper—bound of (1. Thus,
from (57) we obtain

Koko
6l < (1 +a) B+ ™22, +<1+hg2
1

) i Re + (arkeldall + a0) loxell. (58)
1

where
ag = “Ck—ék“ (59)
| v — 2
a i = ——— ™, (60)
k1

Once again from (31a) it follows that

loks1ll = HBII1 ((Mk - hKa/l;;le) oF — (1 - hKa/llzl) hyCrr1 — hfk) H

2 ko + 2k R, + (1 +h'fz) hyR¢ +hp |, (61)
kl k1 ky

where we made use of the analog of Proposition 6 for B,;l (see Remark 7). After some
algebraic operations, the substitution of (61) into (58) results in

& < vo+bin+ban? = 7, (62)
where each b; > 0 is given by
= K2 = ];7 kg
by =B +2—agRs + | B+ ’)/RC + | =—=Kkg+2— ch R, | a1, (63&)
kl kj]_ kl
Koka
by = Q’}/Rca1 + (ﬂ + R + 2 °R ) (ap + kcRgan), (63b)
k'l k‘lk
by := %VRC (ap + kcRqan), (63c)
1

and R, < 400 corresponds to an upper—bound of ¢, (which exists because in the bound-
ary of W both o and ¢ are bounded). Hence, from (55) and (62) it is clear that we
obtain the positive invariance of W whenever

2k 2k
g(h) == —ya + ]%2 (bo + bih + boh?) + =

1 1TO'

(bo + bih +boh?)* < 0. (64)

After some inspection, condition (64) can be written in the form g(h) := dsh* + dsh® +
doh® + dih +dy < 0, where d; > 0 for i = 1,...,4. It follows that if dy < 0, then by the
continuity of g we have that there exists h* > 0 such that g(h) < 0 for all h € (0, h*].
From (64) and (63a) it follows that dp is given by,

2k 2k
do = —ya + =2bg +A72b(2)
1 k%f.a

=—ya+ 2;2 (B+ foao + frar) + = 2 (B + foao +f1a1)2

1 1To
2k ky G 2 (3
= —ya+ 22 (B+ foao) + g (B + foan) + 272 <1+A - (/3+foao)> fraa
ky "o k1 k17
2]%2 2 92
+A7 a7
k%fafl 1
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where fo := Q%Rg and f1 := B+ yR¢ + <%/§2 + Q%chq> R,. Following the same
1

reasoning, we have that dy can be viewed as a second order polynomial in a; with

independent term given by

2ko = _
—ya+ 2 (B+ foao) + ——= (B+ foao)®,
kl 1To

which is negative in view of (53). Then, dy will be negative whenever the parametric
uncertainty is small enough, i.e., since the independent term in the polynomial dy(aq)
is negative there exists an interval [0, aj| such that dy < 0 for all a; € [0,a}]. This last
fact implies that there exists an interval (0,2*] such that for any h € (0, h*] we have
that AV, < 0, which proves the positive invariance of W.

Notice that in the case without parametric uncertainty we have a; = a9 = 0 and from
(62)—(63) it becomes clear that the polynomial g(h) reduces to

ko
g(h)=—w+2 28 4+2—2 2,

1 k17"0—
which is strictly negative in the light of (46) with # = #, and 8 = F. Let us now
pass to the last part of the theorem. Assume that we start at £ = 0 with an initial
condition og € R™. Then, there exists R > 0 such that g € W. Moreover, there exists
R, > 0 such that W C R,B,,. Since W is invariant, it follows that ||| is bounded by
3 for all k € N. Previous statements imply that that the bound (62) is still valid for all

k € N. Then from (54) and considering that ||ogi1|| > (fg + 2%) h, where 7, > 0 is
1
fixed and F is defined in (62), (notice that as in the proof of Theorem 4 the constraint
lokt1]l > (fg + 2%) h implies ||6x11]| > 7o), we have that
1

AVa < — (2htiy — [|€llm) |11 — 2R (W - lfll&kll -
1

ANES
2]{%0” 1) 1okl

For semi-global practical stability we need to prove that the term within parenthesis
that pre-multiplies ||6%.+1] is negative, but in the first part of the proof we have proved
that

1%2 o 1%2 ~
—ya 4 25~ [[€kl| + 25— [|€kll* < g(h) <0,
whenever a; and h are small enough. Therefore, AV, < 0 for all ||og11]] > <fg + 2%) h.
1

The proof for the finite—time convergence mimics the corresponding part of the proof of
Theorem 4 and for that reason we omit it here. This concludes the proof. ]

6.3 Convergence of the discrete-time solutions

In this section we show that the implicit Euler method used for the design of the discrete—
time controller provides a well-posed approximation of the continuous—time system, in
the sense that the solutions of the discrete scheme (31) defined on an interval [0, 7],
T < +o0, converge to solutions of

M(q1)o(t) + C(q(t),4(t) o(t) + Koo (t) + (¢, 0(1),4(t)) = —C(t),  (65a
€ 9P (o(t )) (

)
¢(t) 65b)
q(t) = 0( ) — Aq(), (65¢)
o(0) = o0, 4(0) = Go. (65d)

24



To this end we form the following piecewise—linear approximations

t —t
op(t) := opy1 + k+2 (o — ok11), for all t € [tg, tri1) (66a)
t —_
an(t) = qrs1 + ’“*2 (qk — Qr1) , for all £ € [ty tepr). (66b)
- - t —t . N
Gn(t) = Qry1 + k+2 (Gk — Grs1), forall £ € [ty tpy1). (66¢)

where h = tp11 — t, and T = Nh for some N € N. From (66b) and (66c) we see that
an(t) = qn(t) — qg(t), where q,‘i is the piecewise-linear approximation to ¢¢. We also
define the following step—functions:

op(t) == ogy1, for all t € [tg, trr1). (67a)
Gp(t) := Ogy1, for all t € [tr, trr1). (67b)
qr(t) :== qg, for all t € [tx, tgs1)- (67c)
En(t) := &(tk, ok, i), for all t € [tg, trrq). (67d)

By construction it becomes easy to prove, in view of Theorem 5, that given a set W,
then for any o9 € W, o, € C([0,T];R"™) and ¢, € C([0,T];R™), where C([0,T]; R"™)
refers to the Banach space of all continuous functions with domain [0, 7], range in R"
and norm

Iflle = sup [[f(£)]]-

te[0,7)

Moreover, again as a consequence of Theorem 5, (31) and (38), we have that d, €
L([0, T];R™) and ¢, € L>([0, T];R™). Since the sequences {o},} and {g,} are continu-
ous with uniformly bounded derivatives almost everywhere, it follows that both families
are equicontinuous. Hence, by a direct application of the Arzela-Ascoli Theorem [24,
Theorem 1.3.8], we have that {03} and {g;,} remain in a compact subset of C'([0,T]; R™)
and therefore there exist subsequences (still denoted by) {0y} and {gn} for which

op, —~oashlO, (68)
gn = qas h 0, (69)

uniformly in C(]0,7T];R™) and for some functions o and ¢. In addition we have

tkt1
lon(t) — o (8)122 [OTRn)—Z / (1 — )2 1ol dt

,_\

tkt1
< Cf / (tpy1 — t)%dt

k=0 "tk
N-1
1 C?Th?
< C} g(tkﬂ —t) = 13 ) (70)
k=0

where ||| < C, for all k € N. Hence, it follows from (70) that o — o as h | 0
strongly in L2([0,T]; R™). From (52) together with (31c) the following equality holds

Oki1 = Opi1 + hB; Y&, (71)

and consequently, making use of (62), we obtain

* Ak 2 2 2
|on(t) —an@)] < h?H&cH < h? (bo + bih + byh?) . (72)
1 1
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Hence, it follows that 6; — o as h | 0 strongly in L?([0,T];R™). On the other hand, we
have that ¢, € L*([0,7];R™), then from the Banach—Alaoglu Theorem [24, Theorem
2.4.3] it follows that ¢, — s in the weak* topology, i.e.,

T

1}3?(} ; (6n(t) — s(t), @(t))dt = 0, for all p € L*([0,T];R™),

Since the domain is bounded, it follows that L'([0,T];R™) C L?([0,T]; R™) and conse-
quently we have that &, converges weakly in L?([0,T],R"™). Moreover, since oy,(t) =

)+ fo t)dt, we infer that s = & almost everywhere. Summarizing we have
o, — o strongly in L*([0,T],R™) (73a)
Gn — § strongly in L*([0,T],R") (73b)
dn — § strongly in L*([0,T],R") (73c¢)
qn — ¢ strongly in L%([0, T],R") (73d)
4n — ¢ strongly in L*([0,T],R") (73e)
&, — & weakly in L2([0, T],R™). (73f)
From Assumptions 3 and 5 it follows that C(qg, Gx)or+1 — C(q,¢)o and G(qr) — G(q)

both strongly in L?([0, T]; R™). An additional assumption is considered with respect to
the disturbance F'(¢,q,¢) in (8) as follows:

Assumption 9. The derivative of F(-,q,q) maps bounded sets of L*([0,T];R") into
bounded sets of L*([0,T]; R™), i.e.,

Sup{”g(wq,d)

Assumption 9 guarantees that Fj, — F(-,q,q) strongly in L?([0,T];R"), see e.g., [5, 7).
This implies in turn the strong convergence of &, to £(-, o, G) in L?([0, T]; R™). Until this
point it only remains to prove the weak convergence of the term M (g} )o, € L*([0,T]; R™)
to M(q)o. Let ¢ € L([0,T); R™),

(o1 sl 2o, mmeys 11l 2o, 77y < R} < +oo.
L2([0,T];R"

T
[ i@yt - 0o o). o0 dt\

<

T
[ tortaie) - e oo o)

T
#| [ ) @0 o) oton
0

T
< k:g/o lan () = ¢@)| lon @] le(2)]] at

T
T /0 (Gn(t) — 6(t), M(g(t))p(t)) db. (74)
Hence, from (73) and (74) it follows that,
M(qp,)on + C(ap, Gn)on + Kq6p + & — M(q)o + Clq, ¢)o + Koo +&,

weakly in L2([0, T]; R™). Finally, since the operator 99 is a maximal monotone operator,
a direct application of Proposition 2 in [6, Chapter 3.1] gives the convergence of solutions
of (31) towards solutions of (65). In other words, we have proved that the chosen time—
discretization in Section 6.1 is a good approximation of the continuous—time dynamics.
This is an important conclusion since the discrete-time controller is designed from an
approximation of the continuous-time plant.
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Figure 2: Diagram of a two—link planar elbow manipulator.

7 Examples

In this section we present some examples of application of the control law developed in
Section 6. Two scenarios are considered. First we apply the control law described by
(28)—(29) to the discrete—time plant (23) for several values of the time step h > 0. After
that a more realistic setting is proposed, i.e., we consider the continuous—time plant (8)
and we apply the stepwise controller obtained from (28)—(29). In the last case the values
of the state of the plant are measured through a zero—order—hold mechanism, creating
a new perturbation due to the fact that the discretization from which the discrete—time
input is designed, is not exact. The robustness of the discrete-time controller with
respect to this perturbation is tested numerically.

7.1 Control in the discrete/discrete setting

Consider the two-link planar elbow manipulator depicted in Figure 2. Its dynamics is
given by (8) with

mllz,l +moa+ 11 + I MQ(Z?:Q +l1l02 COS(QQ)) +I2:|
mg(lé + 11l COS(QQ)) + I mzlgz + I ’
@ @+ dﬂ
—q1 o |’
Glg) = [(mllcl + moali)g cos(q1) + maleag cos(q1 + qz)}

malea cos(q1 + g2) ’

Mig) = {

C(q,q) = —malileo sin(go) {

where m; represents the mass of the ith-link, [; and [, are the length of the ¢th—link
and the distance from the base of the ith-link to its center of mass respectively, I; is the
inertia moment of the ith-link, for i = 1,2, g = 9.81m/s? is the gravitational constant
and a := 2 + lé + 2l3lea(lea + cos(g2)). The parameters of the real plant are as follows:

my | 1.5 kg mo | 1.0 kg
ll 0.4m l2 0.3 m
le1 10.2m leo | 0.2m
I; | 0.08 I, | 0.03
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In this example, our control objective consists in the tracking control of the following
trajectory:

ity =5 [0 oo = 5[] de = 5[]

Moreover, we consider that the system is subject to a disturbance given as:

cos(mt) sin(t) ] Yy [ tanh(qgy) ]

F(t,q,4) =025 [0.5 sin(v/2t) sin(t/3) cos(t) tanh(g2) cos(q1 + q2)

whereas the nominal parameters are:

I 0.4m lo 103m
le1t 1025m || le2 | 0.15m
I; | 0.0853 || Iy | 0.0240

In this case the gains of the controller are set as:

5 —4 5 =05
Kg—2{4 5],1\—[0‘5 8],7-3,&-1.

In all this section we set ®(z) = «|z||;. With this choice of ®, the algorithm described
by (38) for the calculation of the control selection is implemented for each k € N using
the successive approximations method as follows:

1. Set g > 0 small enough such that (39) holds.
2. Set j = 0 and set 20 € R™.

3. Compute 271! as
v = (I — ,u/lk)xj —l—uMkO'k,

) ) J
It = — pProji_g gn (Z) ,

where ¢ = hya, and the set [—c, ¢|™ represents the n—cube in R™ centered in the ori-
gin with edge length equal to 2¢, i.e., [—c,c]" := {w € R"|w; € [—¢,¢], for all i =
1,...,n}.

4. If ||#9*1 — 27| > ¢, then increase j and go to step 3. Else, set 6341 = /71 and
stop.

In the previous algorithm, the variable € represents the precision of the algorithm which
in all the simulations is set to 10~°. The sliding variable and control input of the closed—
loop system (23) with control law (28)—(29) are shown in Figures 3-5 for the time steps
h = 107's, h = 10725 and h = 1073s respectively. In all the simulations the initial
data are given by [qq ,dq | = [7/3, —7/4,7/3,7/8]T. The plots show how the tracking
error decreases as h decreases (since o — 0 as h | 0), as expected. It is also worth to
mention that the control input magnitude is independent of the sampling—time h in the
discrete—time sliding phase, a property of the implicit discretization method noticed in
[17, 18, 19, 40]. Moreover, in all of the three cases there is no chattering present at all,
neither in the input nor in the output. Finally, the nominal sliding variable & reaches
zero in a finite number of steps and it is maintained at zero (i.e., the system is in the
discrete-time sliding phase [19]).
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Figure 3: Evolution of the sliding variable o, (left) and the input 7, (right) for the
closed—loop system (23) (28) (29) with sampling time h = 10~ !s.
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Figure 4: Evolution of the sliding variable o, (left) and the input 7, (right) for the
closed-loop system (23) (28) (29) with sampling time h = 10~2s.

-40

0 5 10 15
t

Figure 5: Evolution of the sliding variable o, (left) and the input 7, (right) for the
closed-loop system (23) (28) (29) with sampling time h = 10~3s.
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Figure 6: Evolution of the norm of the sliding variable o5, as a function of h in a
logarithmic scale (co-norm left, L?-norm right).

7.2 Control in the continuous/discrete setting

In this case we consider again the two-link planar elbow manipulator with the same
model and parameters as in the previous subsection. The main difference is that in this
setting we take into account the continuous—time evolution of the plant given by (8) and
the feedback loop is implemented using a stepwise controller obtained from the discrete—
time scheme (28)—(29). Notice that in this case a new disturbance appears due to the
lack of knowledge about the exact discrete—time model of the nonlinear process. This
last fact appears in contrast to the linear case, in which the user can obtain with the
zero—order—hold discretization an exact discrete—time model. The performed simulations
allow us to see how this new uncertainty is expressed in terms of chattering when the
sampling time h > 0 is big enough. In all the simulations of this subsection we maintain
the same gains as before, except for v which is changed into v = 0.5. The signals
obtained in simulation are shown in Figures 7-9 for several sampling times. Notice that
in this setting the discrete-time sliding phase, 6 = 0 for all £ > k* for some k* < 400,
cannot be reached (even with precise knowledge of system parameters) because of the
discretization error. This last fact induces an error in the set—valued input, which
explains the appearance of chattering which was absent in the discrete/discrete setting.
It is also worth to mention that this numerical chattering appears when h = 102 (Figure
7) and it vanishes for smaller sampling periods. The plots in Figure 6 depict how the
norm of the sliding variable o}, associated to the continuous/discrete setting, evolves as
a function of the sampling time h > 0. In the simulations we consider two norms: the
oo-norm and the L?>norm. From Figure 6 we can see that the order of convergence is
not fixed and moreover, it tends to zero as h decreases to zero. Finally, in order to
have a frame of reference in the use of the implicit discretization, we present the case
when the controller is discretized in an explicit way, i.e., (29) is replaced by,

—uy, € Kyop, + 700 (o). (75)

Notice that in the explicit case there is no necessity of the scheme (31) since the variable
o} is assumed to be known at time t;. The plots in Figures 10-11 show how the numerical
chattering effect appears in the input and in the output of the closed—loop system with
the sampling times h = 1073 and h = 104 respectively, when the explicit method is
used. On the contrary with the implicit controller chattering is almost suppressed for the
same values of h, see Figures 8-9. Moreover, comparing the plots in Figure 8 against the
plots in Figure 11, we see that the error in the sliding variable oy and the chattering effect
in both the input 75, and the output o, is much bigger with the explicit algorithm (75),
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Figure 7: Evolution of the sliding variable oy, (left) and the control input 7, (right) for
the closed-loop system (8) (28) (29) with sampling time h = 10~2s.
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Figure 8: Evolution of the sliding variable oy, (left) and the control input 7, (right) for
the closed-loop system (8) (28) (29) with sampling time h = 107 3s.
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Figure 9: Evolution of the sliding variable oy, (left) and the control input 7, (right) for
the closed-loop system (8) (28) (29) with sampling time h = 10~4s.
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Figure 10: Evolution of sliding variable (left) and the control input(right) for the closed—
loop system (8) (28) (75) with sampling time h = 1073s.
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Figure 11: Evolution of the sliding variable (left) and the control input (right) for the
closed-loop system (8) (28) (75) with sampling time h = 10~ %s.

even when the sampling time for the implicit algorithm is ten times bigger. Finally it is
worth to mention that in the case when h = 10~2 the resulting closed-loop system with
the explicit controller (75) shows an unstable behavior (a conclusion already drawn for
different plants and controllers in [19, 26]), while the implicit algorithm keeps bounded
input and output (see Figure 7). Therefore, the implicit (discrete—time) controller (29)
shows a better performance when it is compared to its explicit counterpart (75), since the
former allows much smaller sampling rates and exhibits a significantly better chattering
alleviation, together with smaller error amplitudes. This shows that the conclusions
drawn in [17, 18, 19] from experimental data, extend to the nonlinear case analysed in
this article, with parametric uncertainties.

8 Conclusions and further research

The main objective of this article is the analysis of a family of implicit discrete-time set-
valued sliding mode controllers, for trajectory tracking in fully actuated Euler-Lagrange
systems. First the continuous-time controllers are studied, with exogenous disturbances
and parametric uncertainties. Well-posedness together with stability results are estab-
lished. Subsequently the analysis of the implicit discrete—time scheme is done obtaining
interesting features for the closed—loop discrete—time system: finite-time convergence
for the nominal (unperturbed) sliding variable, robustness against external and para-
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metric uncertainties, convergence of solutions of the discrete—time system to solutions
of the continuous—time closed—loop system, and suppression of chattering. Moreover,
we show how the implicit discretization solves the problem related to the selection of a
value from the set—valued controller resulting in an input that is not of the bang—bang
type (i.e., no chattering in the input is presented), contrary to explicit discretizations.
Some simulations validate the theoretical results, and also allow to better understand
the limitations of the proposed scheme. Future research lines may consist in the study
of better plant discretization in order to improve the behavior and provide an analysis
of the continuous plant/discrete controller closed—loop system.
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