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1. Introduction

We consider the problem of multivariate nonparametric regression with errors
in variables. We observe the i.i.d dataset

(Wlayl)a ey (anyn)

where
Y =m(X)) +¢

and
VVI = Xl + 5la

with Y; € R. The covariates errors §; are i.i.d unobservable random variables
having error density g. We assume that ¢ is known. The §;’s are independent
of the X;’s and Y;’s. The ¢;’s are i.i.d standard normal random variables, inde-
pendent of the X;’s with variance s? which is assumed to be known. We wish
to estimate the regression function m(z),z € [0, 1]¢, but direct observations of
the covariates X; are not available. Instead due to the measuring mechanism or
the nature of the environment, the covariates X; are measured with errors. Let
us denote fx the density of the X;’s assumed to be positive and fy the density
of the Wp’s.

Use of errors-in-variables models appears in many areas of science such as
medicine, econometry or astrostatistics and is appropriate in a lot of practical
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experimental problems. For instance, in epidemiologic studies where risk fac-
tors are partially observed (see [23], [10]) or in environmental science where air
quality is measured with errors ([6]).

In the error-free case, that is §; = 0, one retrieves the classical multivariate
nonparametric regression problem. Estimating a function in a nonparametric
way from data measured with error is not an easy problem. Indeed, construct-
ing a consistent estimator in this context is challenging as we have to face to a
deconvolution step in the estimation procedure. Deconvolution problems arise in
many fields where data are obtained with measurement errors and has attracted
a lot of attention in the statistical literature, see [21] for an excellent source of ref-
erences. The nonparametric regression with errors-in-variables model has been
the object of a lot of attention as well, we may cite the works of [10], [11], [17],
[19], [21], [5], [3], [8] [2], [6]- The literature has mainly to do with kernel-based
approaches, based on the Fourier transform. All the works cited have tackled
the univariate case except for [10] where the authors explored the asymptotic
normality for mixing processes. In the one dimensional setting, [3] used Meyer
wavelets in order to devise his statistical procedure but his assumptions on the
model are strong since the corrupted observations W; follow a uniform density
on [0,1]. [5] investigated the mean integrated squared error with a penalized
estimator based on projection methods upon Shannon basis. But the authors
do not give any clue about how to choose the resolution level of the Shannon ba-
sis. Furthermore, the constants in the penalized term are calibrated via intense
simulations.

In the present article, our aim is to study the multidimensional setting and
the pointwise risk. We would like to take into account the anisotropy for the
function to estimate. Our approach relies on the use of projection kernels on
wavelets bases combined with a deconvolution operator involving the noise in
the covariates. When using wavelets, a crucial point lies in the choice of the res-
olution level. Actually, the main goal of the paper focuses on how to choose in
a calibrated way the multiresolution analysis. It is well-known that theoretical
results in adaptive estimation do not provide the way to choose the numerical
constants in the resolution level and very often lead to conservative choices. We
may cite the work of [12] which attempts to tackle this problem. For the density
estimation problem and the sup-norm loss, the authors based their statistical
procedure on Haar projection kernels and provide a way to choose locally the
resolution level. Nonetheless, in practice, their procedure relies on heavy Monte
Carlo simulations to calibrate the constants. In our paper the resolution level of
our estimator is optimal, partially data-driven and varies x by x. It is automat-
ically selected by a method inspired from [14] to tackle anisotropy problems.
This method has been used recently in various contexts (see [7], [4] and [1]).
Furthermore, we do not resort to thresholding which is very popular when us-
ing wavelets and our selection rule is adaptive to the unknown regularity of the
regression function. We obtain oracle inequalities and provide optimal rates of
convergence for anisotropic Holder classes. The performances of our adaptive
estimator, the negative impact of the errors in the covariates, the effects of the
design density are assessed by examples based on simulations.
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The paper is organized as follows. In Section 2, we describe our estimation
procedure. In Section 3, we provide an oracle inequality and rates of conver-
gences of our estimator for the pointwise risk. Section 4 gives some numerical
illustrations. Proofs of theorems, propositions and technical lemmas are to be
found in Section 5.

Notation LetN={0,1,2,...}andj = (ji1,...,jq) € N%, weset S; = 2;1:1 Ji
and for any y € R%, we set, with a slight abuse of notation,
2y = (201yy, ..., 2dy,)

and for any k = (ky,--- ,kq) € Z7,

Sy

. Sj . )
hjk(y) =22 h(2y —k) =22 h(2"y1 — ky,...,27yq — ka),

for any function A : R — R. We denote by F the Fourier transform of any
Lebesgue integrable function f € LL; (R?) by

FO@ = [ e iy rere

where < .,. > denotes the usual scalar product.
For two integers a, b, we denote a Ab := min(a, b) and a Vb := max(a,b). And
|y] denotes the largest integer smaller than y: |y| <y < |y] + 1.

2. The estimation procedure

For estimating the regression function m, the idea consists in writing m as the

ratio
_ m(z)fx(z)

In the sequel, we denote

x € [0,1]%

p(x) == m(z) X fx(z).

First, we estimate p, then fx. Since estimating fx is a classical deconvolution
problem, the main task consists in estimating p. We propose a wavelet-based
procedure with an automatic choice of the maximal resolution level. Section 2.2
describes the construction of the projection kernel on wavelet bases depending
on a maximal resolution level. Section 2.3 describes the Goldenshluger-Lepski
procedure to select the resolution level adaptively.

2.1. Technical conditions

To facilitate the presentation, we collect in this subsection all the conditions
that we need throughout the paper.
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First, some conditions are imposed on the regression function m and the
design density fx. We suppose that

meMm)={S:[0,1] 2 R: [|S]s <m}, m >0, (1)

and
fx € M(d) = {f density on [0,1]% and || f||ec <}, 0 > 0. (2)

Futhermore, there exists C; > 0 such that for any x € [0,1]¢, fx(x) > Cy.
To ensure the existence of all Fourier transforms, we also suppose that m - fx
and F(m - fx) € Li(R?).

To derive rates of convergence and lower bounds as we have to face a decon-
volution step, we need some assumptions on the smoothness of the density of
the errors covariates g. We suppose that

d

F9)t) = [T F o (t).

=1

and there exist positive constants ¢, and Cy such that
e+ 6 < [F@))] < Cy(L+1u) ™", v>0, teR  (3)

The left hand side of the above inequality is usual when proving upper bounds.
But here as we use compactly supported wavelets, we also need the right hand
side to prove upper bounds. This supplementary assumption has been already
used in deconvolution density estimation problem (see [9]). The right hand side
of inequality (3) also appears in the proofs of lower bounds.

We require another condition on the derivative of the Fourier transform of g
to prove lower bounds. There exists a positive constant C, such that

F (g)(t)] < C(L+ )™, teR. (4)

Laplace and Gamma distributions satisfy the above Assumptions (3) and (4).
Assumptions (3) and (4) control the decay of the Fourier transform of each
components of g at a polynomial rate controlled by the degree of ill-posedness
v. Hence we deal with a midly ill-posed inverse problem.

We consider a father wavelet ¢ on the real line satisfying the following con-
ditions:

e (A1) The father wavelet ¢ is compactly supported on [—A, A], where A is
a positive integer.
e (A2) There exists a positive integer N, such that for any =

/Zgo(asfk)ga(yfk)(yfx)edy:605, =0,...,N.

kEZ

o (A3) ¢ is of class C", where r > v + 1.
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Conditions (A1), (A2) and (A3) are satisfied for instance by Coiflets wavelets
(see [15], Chapter 8). Condition (A3) has already been encountered in the lit-
erature (see condition (A2) in [9]). It ensures that our estimator is well-defined
(more explanations about this are given in Section 2.2). Condition (A3) is also
useful to prove Lemma 9.

Remark 1. Note that most of our results remain valid by using wavelets with
compactly supported Fourier transform such as Meyer wavelets. However, in
this case, the summation in (5) is not finite, which leads to some difficulties
in practice. [9] also used compactly supported wavelets such as Daubechies ones
when dealing with deconvolution density problem.

2.2. Approximation kernels and family of estimators for p

The associated projection kernel on the space
V; = span{pji, k € 7%}, jeN¢
is given for any x and y by

Ki(z,y) =Y eir(@)ey),
k
where for any =z,
d 4
pin(a) = [[2% e a — k), jeN, kezd

=1

Therefore, the projection of p on V; can be written for any z,
pj(2) == K;(p)(2) := /Kj(% Wp)dy = piresn(2)
k

with
Pik = /p(y)wjk(y)dy.
First we estimate unbiasedly projection p;. Secondly to obtain the final es-
timate of p, it will remain to select a convenient value of j which will be done
in Section 2.3. The natural approach is based on unbiased estimation of the

projection coefficients p;i. To do so, we adapt the kernel approach proposed by
[11] in our wavelets context. To this purpose, we set

n

55 n d =7 N71 N\

2% 1 i<t W — Flp)(t)
= Yu (& 1<t,2 Wu k> 7dt 5
(2m)?n 2 / E Flo)@t)

N
ik == > Yu X (D;0) k(W)
u=1



688 M. Chichignoud et al.

then

n

z) = Zﬁjk@jk(ff) = %Z ZYu X (Djp) .k (Wu)pji(x), (5)
%

k u=1

where the deconvolution operator D; is defined as follows for a function f defined
on R

1 —i<t,w>
D)) = G / H f ml ot w € R (6)

Lemma 3, proved in Section 5.2.1 states that E[p;(z)] = p;(z) which justifies
our approach. Note that as ¢ has compact support, the summation in k& is finite
for all = (see the expression of estimator p;(x) in (5)).

The deconvolution operator (D; f)(w) in (6) is the multidimensional wavelet
analogous of the operator K, (z) defined in (2.4) in [11]: the Fourier transform
of their kernel K has been replaced in our procedure by the Fourier transform
of the wavelet ¢, and their bandwith h by 277. Eventually, our estimator is
well-defined: using Lemma 8 and Assumption (3) we have that, for C a constant,

I

=1

d

d
<CH(1—|—|tl|) (1+|2]ltl| H 1+t

=1

Fle)(t)
Flgr)(29ty) 2“151

which is integrable using condition (A3).
The definition of the estimator p;(x) still makes sense when we do not have
any noise on the variables X; i.e g(z) = do(z) because in this case F(g)(t) = 1.

2.3. Selection rule by using the Goldenshluger-Lepski methodology

The second and final step consists in selecting the multidimensional resolution
level j depending on x thanks to a data-driven selection rule. This selection rule
is a modification in the light of [14] of a method exposed in [18]. First we have
to introduce some quantities which will intervene in the rule. In the sequel we
denote for any w € R,

Tj(w) :=Y (Dje)jk(w)pjk(@)

k

and

Z i)k (W)pik(r) =y x Tj(w),

k

so we have
1 n
= — U;(Y,, W,
P

Proposition 1 in Section 5.2.1 shows that p;(x) concentrates around p;(z). So,
the idea is to find a maximal resolution j that mimics the oracle index. The oracle
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index minimizes a bias variance trade-off. So we have to find an estimation for
the bias-variance decomposition of p; (). We denote o3 := Var(U;(Y1, W1)) and

2
the variance of p; is thus equal to % We set:

n -1

7} = n_lZZ (Y, W) = U (Yo, W), (7)

=2 v=1

and since E(&?) = ajz, 57? is a natural estimator of crjz. To devise our procedure,

we introduce a slightly overestimate of 0’? given by:

logn logn

2 A

+857C3

(®)

where 7 is a positive constant and

O = (m+5\/2’~ylogn> [

Let v > 0 and
, 2755 5 logn  ¢jylogn
D) = g SRR SR,
where
¢; =16 (2m+ s) || T} || oo-
Let
Ly (7,3") =T50() + T1 (G A J),
and
I3(j) = sup I'y (4, ") 9)
j'eJ
We now define the selection rule for the resolution index. Let
Ry = sup { Pin (@) = pir (@] = T2 (75} +T50). (10)

Then p;(x) is the final estimator of p(z) with 7 such that

= R, 11
J arggﬂelgl g (11)

where the set J is defined as

J = {jeNd: 25i < Lo;?n”' (12)

Now, we shall highlight how the above quantities interplay in the estimation of
the risk decomposition of p;. An inspection of the proof of Theorem 1 shows
that a control of the bias of p; is provided by:

su,p{ Bing (€) = Py ()| = FV(j/’j)L

J
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The term |p;a - (x)—p;| is classical when using the Goldenshluger Lepski method
(see Sections 2.1 and 5.2 in [1]). Furthermore for technical reasons (see proof of

~2
Theorem 1), we do not estimate the variance of p;(x) by %J but we replace it
by F% (j). Note that we have the straightforward control

. . [logn logn
r,(j)<C (%‘\/ " +(C;j "’CJ)T) ,

where C' is a constant depending on ¢, 4 and 7. Actually we prove that ng (j) is
w%a? (see Lemma 6 and 10). The dependence of &?ﬁ (8) in m appears
only in smaller order terms. In conclusion, up to the knowledge of m and s2
the procedure is completely data-driven. Next section explains how to choose
the constants v and 4. Our approach is non asymptotic and based on sharp

concentration inequalities.

of order

3. Rates of convergence
3.1. Oracle inequality and rates of convergence for p(-)

First, we state an oracle inequality which highlights the bias-variance decompo-
sition of the risk.

Theorem 1. Let g > 1 be fized and let j be the adaptive index defined as above.
Then, it holds for any v > q(v + 1) and 4 > 2q(v + 2),

|

pyt)—p(o)|'] < R (B (B0 + T30} ) + Rl
where
B0 = ma (s0p £ gy ()] — E 5y 0] [ )] = (o)
Ry a constant depending only on q and R} a constant depending on s, m, 0, ©,

cg, Cyg.

The oracle inequality in Theorem 1 illustrates a bias-variance decomposition
of the risk. The term B(n) is a bias term. Indeed, one recognizes on the right
side the classical bias term

[Epy(2)] = p(2)] = |py(z) = p(x)].

Concerning |E [pya;(z)] — E [pj (x)]|, for sake of clarity let us consider for in-
stance the univariate case: if j/ < n this term is equal to zero. If ;' > 7, it turns
to be

|E [py ()] = E [pj(2)] | = Ipy(x) — pjr ()| < |pn(2) — p(2)] + [pj (x) — p(2)].
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As we have the following inclusion for the projection spaces V;, C Vj:, the term
pj+ is closer to p than p,, for the Lo-distance. Hence we expect a good control of
|pjs (x) — p(x)| with respect to |p,(x) — p(x)|. Finally, the third term is a remain
term and is negligible.

We study the rates of convergence of the estimators over anisotropic Holder
classes which are adapted to local estimation. Let us define them.

Definition 1 (Anisotropic Holder Space). Let g = (B1,Ba,....B4) € (RY)?
and L > 0. We say that f : [0,1]9 — R belongs to the anisotropic Hélder class
Hy(B, L) of functions if f is bounded and for anyl =1,...,d and for all z € R

olblf by

(1,142, xg) —— = (T1, - o Ty e e, Xg) SL|Z|§FL5LJ.
&,EZLBZJ

sup
z€[0,1]4

5':Elle

The following theorem gives the rate of convergence of the estimator p;(z)
for the pointwise L, risk with ¢ > 1. Of course, one gets the usual pointwise Lo
risk for ¢ = 2.

Theorem 2. Let ¢ > 1 be fized and letj' be the adaptive index defined in (11).
Then, if for any 1, | 5] < N and L > 0, it holds

q (2v+1) logn. qB/(2B+2v+1)
sup E 13](33) —plx)| < L2%+2,/+1 R, ( g ) ’
pEH4(B,L)
with B = ﬁ and Rs a constant depending on v, q,7¥, m,0, s, @,cg,Cg,B'.
B1 Ba

Remark 2. The estimate p-(x) achieves the optimal rate of convergence up
to a logarithmic term (see Section 3.3 in [4]). This logarithmic loss is due to
adaptation.

The next section presents convergence rates for the estimator m(z) of the
regression function m.

3.2. Rates of convergence for m(-)

As mentioned above, the estimation of m requires an adaptive estimate of fx.
This is due to kernel estimators, e.g. projection estimators do not need the addi-
tional estimate (see [1]). For this purpose, we use an estimate introduced by [4]
(Section 3.4) denoted by fx. This estimate is constructed from a deconvolution
kernel and the bandwidth is selected via a method described in [14]. We will
not give the explicit expression of f x for ease of exposition. Then, we define the
estimate of m for all z in [0, 1]%:

m(z) = L (13)

fx(x) Vnol/2

The term n~ /2 is added to avoid the drawback when fX is closed to 0.
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Theorem 3. Let ¢ > 1 be fized and let v defined as above. Then, if for any [,
|81] <N and L >0, it holds

sup E|m(z) — m(x)|? < L2241 Ry
(m,fx)€H4(B,L)xHqa(F,L)

b

q(2v+1) 1Og n qB/(2B+2v+1)
n

with R a constant depending on v, q,7y,m, s, 0, @, cg,Cg,g.
The following theorem gives a lower bound for the pointwise risk:

Theorem 4. Let ¢ > 1, L > 0 and for anyl, |8, < N. Then for any estimator
m of m and for n large enough we have

Sup E |m(z) — m(z)|? > Ryn~ 1%/ (25+20+1),
(m, fx)€EH4(B,L)xHy(B,L)

with Ry a positive constant depending on E, L, s, Cy and C.

Consequently, the estimate m achieves the optimal rate of convergence up to
a logarithmic term and oracle inequality derived in Theorem 1 is then optimal.

4. Numerical results

In this section, we implement some simulations to illustrate the theoretical re-
sults. We aim at estimating the Doppler regression function m at two points
xo = 0.25 and 29 = 0.90 (see Figure 1). We have n = 1024 observations
and the regression errors g;’s follow a standard normal density with variance
52 = 0.152. As for the design density of the X;’s, we consider the Beta density
and the uniform density on [0, 1]. The uniform distribution is quite classical in
regression with random design. The Beta(2,2) and Beta(0.5,2) distributions
reflect two very different behaviors on [0, 1]. Indeed, we recall that the Beta
density with parameters (a,b) (denoted here by Beta(a,b)) is proportional to
2711 —2)" g 1(z). Moreover, despite the fact that Beta densities vanish in

(a) (b) (c)

Fi1a 1. a) Representation of Doppler function. b) A zoom of Doppler function on [0.15,0.30].
¢) A zoom of Doppler function on [0.80, 1].
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(a) (b) (c)

F1G 2. a/ Noisy Doppler with X; ~ U[0,1]. b/ Noisy Doppler with X; ~ Beta(2,2). ¢/ Noisy
Doppler function with X; ~ Beta(0.5,2).

0 and 1 and the design density fx is assumed to be bounded from below, the
choice of Beta distributions is still reasonable for simulations on any compact
strictly included into [0, 1]. Our numerical study illustrates the deteriorated per-
formances of the estimator at points very closed to 0 and 1. This is justified in
Table 3.

In Figure 2, we plot the noisy regression Doppler function according to the
three design scenario. For the covariate errors §;’s, we focus on the centered
Laplace density with scale parameter o4, > 0 that we denote gr. This latter
has the following expression:

1 _ =l

gL(I) = % e 9L .,
gL

The choice of the centered Laplace noise is motivated by the fact that the Fourier
transform of gy, is given by

_ 1
1+U§Lt2

Flgr)(t)

and according to Assumption (3), it gives an example of an ordinary smooth
noise with degree of ill-posedness v = 2. Furthermore, when facing regression
problems with errors in the design, it is common to compute the so-called reli-
ability ratio (see [11]) which is given by

Var(X)

Ry = ———+——.
Var(X) + 202,

R, permits to assess the amount of noise in the covariates. The closer to 0 R,
is, the bigger the amount of noise in the covariates is and the more difficult the
deconvolution step will be. For instance, [11] chose R, = 0.70. We computed
the reliability ratio in Table 1 for the considered simulations.
We recall that our estimator of m(x) is given by the ratio of two estimators
(see (13)):
() = — p;(z)

Folo v (14)
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TABLE 1
Reliability ratio.

gy, Design of the X;

‘ U[0,1]  Beta(2,2) Beta(0.5,2)
0.075 0.88 0.81 0.80
0.10 ‘ 0.80 0.71 0.69

First, we compute p;(z) an estimator of p(z) = m(x) x fx(z) which is denoted
“GL” in the graphics below. We use coiflet wavelets of order 5. Then we divide
p;(z) by the adaptive deconvolution density estimator fx(x) of [4]. This latter
is constructed with a deconvolution kernel and an adaptive bandwidth. For the
selection of the coiflet level j in p;(z), we advise to use &JZ instead of &]2-’a and

2max [VillTyllee jpgtead of ¢;. It remains to settle the value of the constant 7.

To do so, we compute the pointwise risk of ﬁj(x) in function of v: Figure 3
shows a clear ”dimension jump” and accordingly the value v = 0.5 turns to be
reasonable. Hence we fix v = 0.5 for all simulations and our selection rule is
completely data-driven.

intwise
1

gamma

Fic 3. Pointwise risk of 135 at zo = 0.25 in function of parameter 7y for the Beta(2,2) design
and o4, = 0.075.

Boxplots in Figure 4 and 5 summarize our numerical experiments. Theorem 1
gives an oracle inequality for the estimation of p(x). We compare the pointwise
risk error of p;(2) (computed with 100 Monte Carlo repetitions) with the oracle
risk one. The oracle is p;, .. with the index jorqcre defined as follows:

Joracle = argmin |]5]($) —p(a:)|.
jeJ

In Table 2, we have computed the MAE (Mean Absolute Error) of m(z) over
100 Monte Carlo runs.

Our performances are close to those of the oracle (see Figure 4 and 5) and
are quite satisfying both at zo = 0.25 and zy = 0.90. When going deeper
into details, increasing the Laplace noise parameter o4, deteriorates sligthly
the performances. Hence it seems that our procedure is robust to the noise in
the covariates and accordingly to the deconvolution step. Concerning the role
of the design density, when considering the Beta(0.5,2) distribution, we expect
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F1G 4. Estimation of p(z) at zo = 0.25
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Fi1G 5. Estimation of p(x) at xg = 0.90

the performances to be better near 0 as the observations tend to concentrate
near 0 and to be bad close to 1. Indeed, this phenomenon is confirmed by
Table 3. And when comparing the Beta(2,2) and Beta(0.5,2) distributions,
the performances are much better for the Beta(0.5,2) at g = 0.25 whereas
the Beta(2,2) distribution yields better results at xop = 0.90. This is what is
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TABLE 2
MAE of m(x): on the left at xo = 0.25 and on the right zo = 0.90.

Ogr, design of the X; g1 design of the X;
| U[0,1]  Beta(2,2) Beta(0.5,2) ‘ U[0,1]  Beta(2,2) Beta(0.5,2)
0.075 | 0.0144 0.0204 0.0071 0.075 | 0.0212 0.0177 0.1012
0.10 | 0.0156 0.0206 0.0072 0.10 ‘ 0.0192 0.0195 0.104
TABLE 3
MAE of m(x) at the points very closed to 0 and 1: on the left: zo = 0.01 and on the right:
xo = 0.98.
Ogr. design of the X; g, design of the X;
‘ U[0,1] Beta(2,2) Beta(0.5,2) ‘ U[0,1]  Beta(2,2) Beta(0.5,2)
0.075 | 0.3461 0.5312 0.3445 0.075 | 0.2153 0.3429 0.5130
0.10 ‘ 0.3668 0.5493 0.3589 0.10 ‘ 0.2191 0.3453 0.5293

expected as the two densities charge points near 0 and 1 differently.

For our simulations, we have chosen coiflets of order K = 5. The Fourier
transform for the coiflet ¢ is given by:

Flo)(t) = /Rexp(—itm)cp(m)dx, teR.

In theory, the Fourier transform is defined for all ¢ € R. But in practice, it is
sufficient to select ¢t € [—L, L] since F(p)(t) almost vanishes for all ¢ outside the
interval [—L, L] where L is chosen to be large enough. Preliminary simulations
allowed us to select L = 50 and we partitioned the interval [—L, L] into M =
4096 points t, = —L+ kAt, k=0,...,M — 1 with At = 2L/(M —1). Then we
approximated F(p)(tx) by a Riemann sum:

N—
F(o)(te) = Y exp(—itra;)e(a;) A

J=0

Ju

Since the support of the coiflet ¢ is [-2K,4K — 1], we approximated F(¢)(tx)
on the grid [z¢,z1,...,2n—-1] where z; = —2K + jAz, j =0,...,N — 1 and
Az = (6K —1)/(N — 1), N = 2048.

In a similar way, we approximated the integral

(Djp) (w) = / exp(—iwt)Mdt, w e R,

R Flgr)(271)
by
M—-1
> exp(—itgw) (1 + o, (27t:)?) F () (te) At,
k=0

since F(gz)(t) = 1/(1 4 o2, t) by the choice of the centered Laplace noise.
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5. Proofs
5.1. Proofs of theorems
This section is devoted to the proofs of theorems. These proofs use some propo-

sitions and technical lemmas which are respectively in Section 5.2.1 and 5.2.2.
In the sequel, C is a constant which may vary from one line to another one.

5.1.1. Proof of Theorem 1

Proof. We firstly recall the basic inequality (a; +---+a,)? < p?~1(af +-- +aj)
for all ay,...,a, € RE, p € N and ¢ > 1. For ease of exposition, we denote
ﬁj(x) = p;. So, we can show for any 7 € N¢:

155 = p(@)| <[5 = Bing| + [Bing — Bo| + 180 — p()]
< |byns = B3| = Ty o) + Do Gom) + [0, — B0
~ T (0.3) + T(0.9) + 1By — pla)]
< Byn; = B3| = T (Gom) + Ty (n, ) + ZA’}AU*Pn’
=Ty, 3) + T5 (7, n) + Py — p()|
< |Byn; — B3| = Lo (om) + T5(n) + ‘ﬁm pn‘
~Ts(0.5) + T50) + 1By — pla)]
< Ry + R + [py — pla)|
< Ry + R; +|E[py] — p(x)| + |y — Elpy]]
< Ry + R; + [E[py] — p(@)| + [Py — Elpy]| — T (n) + T (n)
< Ry + Ry +Elpo) = pla)| +5up { 1oy = Elpy )| = T} +T50)

By definition of j, we recall that Rj < inf, Rn and

Ry <sup { lpjny — Elpjar]| - 156 A5}
3,3’

+sup { by — Elpy]| = T4(7) } +sup [Elpyny] — Elpy )| + T (n):
J’ J’
Hence

53— plo)] <2 [Su,p{ piny —Elpsns)l = T5G G0}
3.3’

+sup {9~ Byl = 157} -+ sup [Elp] — Bl
i +
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+215() + [Elpy] — p(a)| +sup { |y — Elpy]l = Ty () ) +T5(n):
Jl

By definition of B(n) = max (supj/ [Epnaj — Epjr|, [Epy — p(2)]), we get

35 = p(@)| <2sup { 15inyr — Elpjnyl = T 1) }
73’ +
+3sup { [5;7 ~ Elpy)l =15} +3B(n) +30%(n).
J

Consequently
q

i = ()| <30t ([0 + 13001+ 50 {1 By = 1,0}

. . q
+ SUP{ 1Djng' — Epjnjr| — Ty (4 AJ/)} > .
73" +

Using Proposition 2, we have

"< CE[BOm)+TIM)Y) + Rin .

E ’ﬁ; — p(z)
Then, we get
E|p; —p)| < (ing [(B(n) + F:<n>>q]) + Rin 7,

where R; is a constant only depending on ¢ and R} a constant depending on
m, 9, s, ¥, ¢g, Cg. O

5.1.2. Proof of Theorem 2

Proof. The proof is a direct application of Theorem 1 together with a standard
bias-variance trade-off. We first recall the assertion of this theorem:

|

For the bias term, we use Proposition 3 to get:

pi(a) — p(x)‘q] <C (irnlfIE [(B(n) + r;(n))qo + R\,

d
B(n) < CLZ2*’7’ﬁ’,for alln e J.
=1

Now let us focus on E [I'%(n)?]. We have

q
2v(1+¢)d7 5 logn Lo logn
n n

E Ly (n)] =E \/
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_ 2y(1+¢)logn - cyylogn\?
1 n
<% ((# Blonsl+ ("

<o (loer 52(2571’/"‘377)%_1’_ cylogn\
— n n )

using Lemma 6. But

wla

ey =16 (2m + 8) || T || 0o < C2%77 50,

using Lemma 10. Hence

3 q
E[[,(n)7 < C ((k’ﬂ) F @SS (@) 2(Sny+sn)q> .
n

n

We have

a
logn 2 2(2Snl’+sn)% > 10g’fl ! Q(Snu+sn)q<:>25n <
T S = Togn’

which is true since by (12), 2% < —%—.
g2 n
This yields
228 +51) 1og 3

E[T ()1 < C (

Eventually, we obtain the bound for the pointwise risk:

d q
2(23,,V+S’,,) 1
E |p;(z) —p(m)‘q <C <inf {L g 2-mb 4 \/ og(n)} > + Rin~9.

n
" =1

Setting the gradient of the right hand side of the inequality above with respect

to n it turns out that the optimal 7; is proportional to @ 7 (log L +

(28+2v+1)
%log(%)), which leads for n large enough to

E |

__Ba
a(2v+1) log(n)> 2F+2v 1
J )

(@_M@quﬁzﬁ&(

with Ry a constant depending on v, q,7,m, 5,9, ¢, cq,Cq, ﬁ The proof of Theo-
rem 2 is completed. O

5.1.3. Proof of Theorem 3

Proof. We recall that m(x) = fpx(—?z) and m(z) = % We now state the
X

main properties of the adaptive estimate fx showed by [4] (Theorem 2): for all
qg>1,all 3€(0,1]% all L >0 and n large enough, it holds

P(E) =P (1fx(2) — fx(@)] = Con(F) <n 2, (15)
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and

P(Ifx(@) = fx(@) < Cn) = 1, (16)

where ¢,(8) := (log(n)/n)ﬁ/(wwl’“). Although the construction of the esti-
mate fx(gc) depends on ¢, we remove the dependency for ease of exposition
(see [4] Section 3.4 for further details). From (15), we easily deduce, since
fx(z) > Cy > 0, for n large enough that

P(EQ) =P (fx(w) < %) < n_Qq. (17)

We now start the proof of the theorem. We have together with (16)

m(x) —m(z)| = ﬁﬁ(x) — plw)
() = m@)] = | =R T @)
<l pi(x) B C)) (@) _ px)
T ix@ Va2 fx@) ve 2| | fx(@) et fx(z)
@ =rl@) | (fx(@)Vn'2) - fx (@)
= Fe@vame| 5 o F@v)

= Ar + [[mlool fx [ oo A2-

Control of E[A?]. Using Cauchy-Schwarz inequality and the inequality fx (z)V
n~1/2 > n=1/2 we obtain for n large enough

E[A]] = E[A{1g] + E[A{1g,]

< E[A1 gg] + £/ E[AT]/P(E,)
p;(x) —p(ﬂc)m + nq/Q\/JE {

Then, using Theorem 2 and (17), we finally have E[AY] < C¢2(3).

SCE{

(@) - p(x)fq} P(Ey).

Control of E[A]]. Using (16) and the inequality fx (x) Va2 >n 12 it
holds for n large enough

E[Af] < E[Algenpg] + E[AY(LE, + 15,)]
< E[AST perps] + Cn®12(P(Ey) + P(Ey)).
Then, using the definition of A, (15) and (17), we obtain E[A%] < C¢d(3).

Eventually, by definitions of 4; and As, the proof is completed and

(2041 aB/(2B+2v+1)
Elli(z) — m(@)|"] < C(ELAT) + E[AY)) < L3555 R, ( log(”)>

where R3 is a constant depending on v,q,%,m,s,0, ¥, ¢4, Cy, E This completes
the proof of Theorem 3. O
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5.1.4. Proof of Theorem 4

Following Meister [21], the proof is straightforward. Indeed, for the regression
problem with errors in variables, Theorem 3.5 in [21] proves a lower bound
in probability for the pointwise risk which claims that the minimax rate in
dimension 1 is n~ %5+ for Holder class of index B and noise degree-of-ill-
posedness parameter v. Following step by step the proof of Theorem 3.5 in [21]
in dimension 2 (the extension to general case can be easily deduced), one obtains
the lower bound of Theorem 4. In fact, Meister uses densities such as Cauchy
distributions which admit multivariate counterparts.

5.2. Statements and proofs of auriliary results

This section is devoted to statements and proofs of auxiliary results used in
Section 5.1

5.2.1. Statements and proofs of propositions

Let us start with Proposition 1 which states a concentration inequality of p;
around p;.

Proposition 1. Let j be fized. For any u > 0,

2
QO'jU Cj’LL

B { 1is(e) = pi(a)] 2 || =2 + L | <oen, (19)

where
a = Var(Y1T;(Wh)).

For any v > 1 we have for any € > 0 that there exists Ry only depending on 7
and € such that

P(o} > (148)67;) < Ran™7,
G35 being defined in (8).
Proof. First, note that

¥) =Y Pinein(x) ZYZZ 50) 5.6 (Wi)ejk(a lz U; (Y, Wi).
k =1

To prove Proposition 1, we apply the Bernstein inequality to the variables
U;(Y;,W;) — E[U;(Y;, W;)] that are independent. Since,

3

and
E[e,/7;(W))] = 0,
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we have for any ¢ > 2,

NIE

Ay =) E[JU; (Y, W) — E[U;(Yy, Wh)]|]

1

NE

B [|m(X0)T;(Wi) + &T;(Wi) — Elm(Xy)T;(W)]|%] - (19)

=1

With ¢ = 2,

Ay = Y E[U; (M, W) — E[U; (Y, W) )
=1
= nVar(Y1T;(W1))
= nE[(m(X1)T;(Wh) + &1 T;(Wh) — E[m(X1)T;(W1)))?]
= nE[e1T} (W1)] + nVar(m(X1)T;(W1))
= n (s’E[T7(W1)] + Var(m(X1)T;(W1))) .
Now, for any ¢ > 3, with Z ~ N(0,1),
Ay < 027 (E[lm(X0) Ty (Wh) = Elm(X0) T3 (W))|7) + Ef|e T3 (W) 1)
< 2971 (B[lm(X0) Ty (Wh) = E[m(X1)T;(Wh)]|7] + sTB[| Z|E[| T3 (W1)|])
< 20 (El|m(X1)T;Wh) — E[m(X1)T; (Wh)]|]
+s B[ Z|E[T (W)IIT;155%) -

m

Furthermore,

E[lm(X1)T;(Wh) = E[m(X1)T;(W)]|]
< E[(m(X1)T;(Wh) — Elm(X1)T;(W)])?] x (2llmllso]|Tjlloc)~
= Var(m(X1)T;(W1)) x (2[[m]loc [ Tjlloc)* 2.

Finally,

Ay < n2 Y T192 (Var(m(X1)T5 (W1)) x (2llmiloo)?2 + s7E[| Z7|EIT2(W3)])
< n2 7 TIESPE] 2] (Var (m(X1)T;(Wh) x (2]mle0) ™% + s“E[T} (W1)])
< n277 Y| T4 7E(|Z]7] (Var (m(X1)T;(Wh))

+s?E[T7 (W1)]) x ((2[lmllee)™* + 5777)
< 297N TH |45 E(1 217 x Az x (2llmlloo + )77

Besides we have (see page 23 in [22]) denoting I the Gamma function

21/2 1
E[|Z]9] = ﬁr <%> < 29/2971/21 < 9la=1/24) (20)
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< L and T(Z) <T(g+1) = ¢! So, for ¢ > 3,
Ay <27 Ty||4572007 2! x Ay x (2]|ml|oo + 5)* 77

3

q—1 q—2
T lmlle +5))

q!
SEXAQX(zz

The function % is decreasing in ¢. Hence for any ¢ > 3, 2762 < 16.
Thus
X Ay X qu s (2]_)

with
¢; = 16||T}]loc (2m +s).

We can now apply Proposition 2.9 of Massart [20]. We denote fy, the density
of the W’s. We have

Mﬁwm:/ﬁwmwa
1 oI5

since the density fy is the convolution of fx and g, ||fwlleo = llfx * glloo <
| fx |loo- We have

IN

Var(m(X1)T;(Wh)) < E[m?(X1)T} (W)

< mli [ T2 fw (w)dw
< I mlZ 1 x oo T5113-
Therefore, with
A
o? = 72 = Var(Y1T;(Wh)), (22)
o7 = oE[T7(W1)] + Var(m(X1)T;(W1)) (23)

21 Fx oo 1513 + llmll3o 1 fx lloc 175113
1 x eI T3 15 (s% + llmll,)-

IN A

We conclude that for any u > 0,
P |pj(2) —pj(a)| > | —L—+ L= | <27 (24)

Now, we can write

n -1

= i X (G0 - g w)

=2 v=1
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= Mig(Ujm,Wz)E[Um,w
U (Yo, W) + B[V (%%, W,)])
= 5= n(n2— ha
with
55 = n(nl_ ) éiwjm,m) E[U;(Y:, W)])?
+ (U (Yo, W) = B[U; (Yo, W)])?
- LS m) B, v )
and -
& = lzn;lilem,w B[O (% W) (U (¥ W) = EIU (V. W),

In the sequel, we denote for any 4 > 0,

Q.(7) = {112la<x ler] < s/ Qilogn}.

We have that

P(2, (7)) <n'77. (25)

Note that on 2, (%),
1U;( Moo < €5,

Cj = (m+ sy/2ylogn)|| T}l -

Lemma 1. For any vy > 1 and any u > 0, there exists a sequence e, ; > 0 such
that limsup; e, ; = 0 and

we recall that

u(l+e,,)  Oju
P(O’?ZS?—FQC]‘O’J‘ TJ—F;—TL

Qn(fy)> <e™ .

Proof. We denote

Po, () =P(|2%(7)), Eq.5) () =E(QW®A)).

Note that conditionally to £, (%) the variables U; (Y1, W1), ..., U;(Y,, W,,) are
independent. So, we can apply the classical Bernstein inequality to the variables

vy e 8= U W) B4, WO _ of

n n
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Furthermore, as

Eq,5)[U;(Y1, W)l = Elm(X1)T;(Wh)[Qa(3)] + Ele: T5(W1)[2(7)]

= E[m(X1)T;(W1)]
— E[U;(Yy, W1)] (26)
we get
2 2
. Bao) | (7~ (00 W) — B0, 91))°) |
> B, W= -
=1

ot +Eq,(5) [(Uj(Yl, W) — E[U; (Y1, Wl)})‘l}

20%Eq, ;) [(U; (Y2, W) — E[U; (¥, W)])?]

n
o} + (402 = 20%)Eq, ) (U5 (Y2, W) — E[U; (2, W1)))?]

n

<

We shall find an upperbound for Eq (5 [(U;(Y1, W1) — E[U; (Y1, W1)])?]:

Eo, 5) (U3 (Y2, W1) — E[U; (Y1, W1)))?]
= Var(m(X)T;(W1)) + E[ETH(W1)|2(3)]
E[E%]lﬂn(:y)]
P(2,(3))

< Var(m(X:,)T;(W1)) + E[Tf(Wl)]—

Var(m(X1)T;(Wh)) + E[Tf (W1)]

< Var(m(X1)T;(Wh)) + ]E[TJ'Q(Wl)]W
= Var(m(X1)T;(Wh)) + E[T; (W1)]s* (1 + &),
where &, = n'~7 + o(n'~7). Using (23) we have

Eq,5) [(U; (Y1, W) = E[U;(Y1, W1)])?] < (1+ en )07, (27)

where (e, ;) is a sequence such that limsup; e, ; = 0.
Now let us find a lower bound for Eq_ (5 [(U;(Y1, W1) — E[U; (Y1, Wh)])?]:

Ea,5) (U571, W1) = E[U; (v1, W1)?]

Eleilq, )
P(Q.(%))
> Var(m(X1)T;(Wh)) + E[T} (W1)E[e} g, 5)]

= Var(m(X1)T;(Wh1)) + E[TJQ(Wl)]
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= Var(m(Xl)Tj(Wl)) + E[TJQ(Wl)]E[{:‘%(l — ]IQ%(,?))]
= UJZ' — E[TJQ(Wl)]Ek%]lQ%(:Y)]
Now using Cauchy Scharwz, (20) and (25) we have
Eo,5) [(U;(Y1,Wh) = E[U; (Y1, W1)])?] = o} — BT} (W1)](E[1]) 2 (P(2;,(7))) 2
> ]2 - C’SQE[T?(Wl)]an

Il
Q
—~
—_
+
(L1
3
<.
~
—
[\
oo
=

where (€, ;) is a sequence such that limsup; €, ; = 0.

Finally, using the bounds we just got for Eq, (5 [(Uj (Y1, Wh) — E[U;(Y1, Wl)])2]
yields
0} +4C307 (1 + eny) — 207 (1+ én )

n

Y Eo,5V] <
=1

_ 4070 (1 + eny) = (L + 28n)

n
_ 40202 (1 + en j)

n
We obtain the claimed result. O

Now, we deal with &;.
Lemma 2. There exists an absolute constant ¢ > 0 such that for any u > 1,
P(¢ > c(nafu + Ofu2)| Q,(7)) <3e™ ™.

Proof. Note that conditionally to Q,(%), the vectors (Y7, W;)1<i<n are indepen-
dent. We remind that by (26), (27) and (28) we have

Eq,, 5 [U;(Y1, Wh)] = E[U; (Y1, Wh)] (29)
and
Eo, 5 [(U; (Y1, W1) = E[U;(Y1, W1)])?] = (1 + en,)07 -
The &; can be written as

n -1

gj = Zzgj(}/lawlayva WU)7

=2 v=1
with
gj(y7 w, yla wl) - (U] (ya w) - E[UJ (Yh Wl)])) X (UJ (yla wl) - E[UJ (Yh Wl)D

Previous computations show that conditions (2.3) and (2.4) of Houdré and
Reynaud-Bouret [16] are satisfied. So that we are able to apply Theorem 3.1
of [16]: there exist absolute constants c¢;, ¢, ¢ and ¢4 such that for any u > 0,

Pa,. (%) (ﬁj > ¢10Vu + coDu + cs Bu?/? + C4Au2) < 3e7Y,
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where A, B, C, and D are defined and controlled as follows. We have:
A =lgjlloc <4C3.

-1

n(n—1
Ee, 5 [97 (Y1, Wi, Yo, Wy)] = n(n—1)
1

B 0?(1—1—6,%3-)2.

n
=2

=2 v=

Let

n n—1
A= {(al)l,(bv)vi Eq, ) [Zaf(Yth)] <1, Eq,@¥) lz b7 (Y, W)

1=2 =1
We have:
n I—1
D= sup Eq (5 ZZQJ Y, Wi, Yo, Wo)ar (Y, Wi)by (Yo, Wy)
(ar)i,(by)v€A =2 v=1

n -1
[Z Eq, 5 [(U; (Y2, Wi) = [U; (Y5, Wi)])ar(Ye, Wi
" tntoonea | 75
X ]Eﬂn(ﬂ [(Uj(Ym WU) - E[Uj(Ym Wv)]))bv(Ym Wv)}‘|

n 1—1

S 02 1+ en )y Ea, 5) 0P (Vi Wo)lEq, ) [B3 (Ve W)
<az>h<b >v€Az 2 v=1

Sajz»(lJren,]) sup Z\/l—

(1)1, (bv)v €A T,

-1
X J Eo, 5)[0(Y, W] > Eq,, 5)[b3 (Y, W)

v=1
n(n—1
< 032»(1 +en,j) (T)
Finally,
n—1
B?=sup Y Eq ) [(Uj(yv w) — E[U;(Y1, W1))))?
YW op=1

x (U; (Yo, W) — E[U; (Y1, Wh)))?
<4(n-— 1)0]20?(1 +en ;).
Therefore, there exists an absolute constant ¢ > 0 such that for any u > 1,

c1CVu + caDu + cs Bu®/? + ¢, Au® < c(na?u + C?uQ). |
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Let us go back to the proof of Proposition 1. We apply Lemmas 1 and 2 with
u > 1 and we obtain, by setting
u(l+e,;)  oju  2c(noiu+ Ciu?)
-~ @@ 7 A + ,
3n n(n —1)

2u(l+ep 4)
P (UJZ > Mj(u)) < HD<UJ2 = 5? " 1)51 +2C;0; n :
oju  2¢(noiu+ Ciu?)
* 3n n(n —1)

<P <U]2 > s? +2Cj0;

+P (& > e(nou+ C2u?)| Q,(7)) + 1 — P(Q(7)).
Therefore, with w = ylogn and 4 > 1, we obtain for n large enough:
P (ajz- > M;(logn)) < 5n77.

And there exist a and b two absolute constants such that

5 ) o2avlogn  C2b%2321log® n 3
]P<0j226j2+20j0'j\/2710gn(1+en’J)+ 5a g + j ’72 g §5n7"’.
n n n

Now, we set

51 271 1+en, C2b252log? n
91(1avogn)’92q\/vogn( tens) g, pey GV o8

n n n?

SO
P (910’? - 2020’j - 93 Z 0) S 5717:{.

We study the polynomial
p(o) = 0102 — 2050 — 03.

Since 0 > 0, p(o) > 0 means that

1
o> o (92-1-\/9%—1—9193)7

which is equivalent to

1
2> 2 (293 + 0103 + 2051/63 + 9193> .
1
P (Gf 2 9% (20§ + 60105 + 205/ 03 + 9193)> < 5n7.
1

Hence
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So,

]_31+91\/9_+9—2

So, there exist absolute constants 4, 7, and 7/ depending only on 4 so that for
n large enough,

1 1 I
IP( <1+5°g”)+<1+noi”)2q\/2w (1+en;) Oi"
1 1 1/2 ~
+ 80220 <1+r’(°i"> )) <507

Finally, for all £ > 0 there exists R4 depending on &’ and 4 such that for n
large enough

2
P( o 05 205/05 463 ) < 50,

P(o} > (1+¢€')675) < Ryn™ .

Combining this inequality with (24), we obtaln the desired result of Proposi-
tion 1. O

Proposition 2 shows that the residual term in the oracle inequality is negli-
gible.

Proposition 2. We have for any ¢ > 1,

- [?29 (165(@) = ps(@)] = Fv(j))i] < Ryn™", (30)

with R} a constant depending on s, m, 0, @, ¢g, Cq4 and .

Proof. We recall that J = {j eNd: 2% < Llog nj}
Let 4 > 0 and let us consider the event

Qs ={0}<(1+e)5}5, VjeJ}.

J’Y’

Let v > 0. We set in the sequel

2v(1 lon c.vlogn !
5(a) - <<x>|—\/”( Fe)sloan _ cylog

E:=E [sup 1g. |,
Jje€J n n v
+
and R; := |pj(z) — p;(z)]. We have:
(1 +2)02,1 .
00 2v(1 + ¢ 05 5logn ~ 1
E:/ P [sup Rj\/’y g% _ iy ogm 1 >yl dy
0 jes n n 5
+ i
(1 +2)52,1 .
2y(1+¢€)o;5logn  ciylogn
< -2 1g d
> [ J . ] ta, > |
jeJ + i



710 M. Chichignoud et al.

q
o0 2~va2logn ~1
SZ/ PR -2 RGOyl ay.
jeg’0 " "

Let us take u such that

y= h(u>q7
where
202U C;U
h(u) = J iy
n n
Note that for any u > 0,
h(u)
B (u) < —=.
(w) < 2
Hence
oo [2vo2logn ) Quo? .
ESCZ/ P|R, > ) I c;jylogn n J _,'_ﬂ] h(u)q_lhl(u)du
£ o n n n n
JjeJ
oo 202(vlogn + u .
SCZ/ PR > o (ylog )+cg(710gn+u) h(w) ™ B ().
jeg’o " "

Now using concentration inequality (18), we get

o0
E< CZ/ e~ (e nt W ()R () du
0

jeJ

< CZ/ e_(“og"‘*‘")h(u)q%du
0

jeJ
q

o0 2024 . 1
< Qe logn Z/ e I 4+ e —du
0

_ n n U
jeJ
2 a/2 0o o)

—vlogn 9 —u, -1 Ci\? —u, qg—1
<(C|le E — e "u 7 du+ | = e “u? " du
s\ 0 n 0

J

Now using Lemma 10, we have that ajz- < Ry02(28i7+5i) and c; < 029V +S;,

Hence,
9(28;v+5;) a/2 9(S;v+5;)\ ¢
peo (g (B (252
n n

JjeJ
< Cn =7+ (logn)~ 3D < o,

as soon as vy > q(v + 1).
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It remains to find an upperbound for the following quantity:

q
2v(1 4+ ¢)é2 . logn ~1
=& sup (Ioy(0) — py(a)| — | LT Tas 1080 eiylogn) -y
jeJ n n 7

+

We have
E' <E ng) (Ipj (%) — pj(2)|* ]1@;}
< 217! <1E Eg(lﬁj(x)l) ]190] = qup]( ))q]lQ%D '

First, let us deal with the term E [supjej(knj (x)|)q]lﬁp]
Following the lines of the proof of Lemma 7 we easily get that ), @?k (z) <

C2% , hence
< <Zp?k> (Z w?;c(w)>
k k

Now using Proposition 1 which states that P(Q ?Y) <Cn™7

pj () =

ijk%k(ﬂ?)
k

55
< Cllp[l227

B sy ()L | < sunlpl2 ) 1P(@5) (31)
<C (log2 n> n~ 7. (32)

It remains to find an upperbound for E {supjeJ(\pJ—(w)Dq]lm] We have
v

E Sup(lﬁj(fﬂ))qﬂ@g]
jeJ v
q
=E |sup YT} 1s.
up nZ 0

IA

ﬁE [sup (Z Im(Xy) + el [T} (Wl)|> ﬂﬁg]

7€7 \i=1
nd— 1 q
< — supZ|m Xi) + el |T; (W) ]190
n VSR )
S_

Supz Il + [ed )T (W) ]lszc]

l 1
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< € (sup(IT; ILPS) + sup(IT 1) [l )
jeJ jed Rl

-

<c (igganngom(ﬁg) + o7 1%) (B [|2)) (r) "),

where Z ~ N(0,1). Using (20) and [|T}][oo < 7425 +D | we get

[N

n (v+1)g
E [sup(lﬁj(x)l)q]l@e} < C( 5 > not,
~ log”n

JjeJ
We have
. 3 (v+1)q
wco ()" (20
log”n log“n
<Cn™ 9,
as soon as 7 > 2¢q(v + 2). This ends the proof of Proposition 2. O

Proposition 3 controls the bias term in the oracle inequality.

Proposition 3. For any j = (j1,...,ja) € Z% and j' = (§1,...,j,) € Z* and
any z, if p € Hy(B, L)

d
Ipjng (x) — pjr ()] < RiaL Z 2 b,
1=1
where Ry is a constant only depending on ¢ and E We have denoted
JAG = (1 AdLs- s da A da)-
Proof. We first state three lemmas.

Lemma 3. For any j and any k, we have:

E[pjk] = pjk-
Proof. Recall that
1 27 1 Flo)(t)
R 2 . j _ ©
Digp 1= — Y, x D'(p 1 w,) = - Yu/e 1<t,29 W, —k> 7 dt

Let us prove now that E(p;i) = pjk-
We have

5 —i<t, 27 Wy —k> Flp)®)
E()4) = Gy ( [Bmeictmn) #()2(% dt>.
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We shall develop the right member of the last equality. We have:
E [Yle—i<t,zjwl—k>} ) [(m(Xl) " 51)€—i<t,2jwl—k>}
—F [m(Xl)efKt,szﬁkﬂ
=FE [m(Xl)e*Kt’Qle*’D} E [efi<t72j51>}

= /m(x)eiid’ykbfx(ﬂ?)dﬂ? x F(g)(2't)
— <L F(p) (91 F(g) (1),

Consequently
Lo 2% i<t k> J J W
Bl = e | < DR 3 Ty
2%

“ [ rp@oFm

a7 | T

Since by Parseval equality, we have

D = / p()psn(t)dt = @ / Fp) (0 F (o) @,

the result follows.

713

Note that in the case where we don’t have any noise on the variable i.e
g(x) = do(x), since F(g)(t) = 1, the proof above remains valid and we get

O

Elbjr] = pjk-
Lemma 4. If for any I, | 8] < N, the following holds: for any j € Z¢ and any
pE Hd(57 L)7
4 (24 x 2771)B
B15)] = (o) < Lol (24 + 17 3 Bt
1=1

Proof. Let x be fixed and j = (i, ...,j4) € Z%. We have:

d
/K x,y)dy = /Z ZH (290 (290 2y — k) p (27t — Ky)dy] = 1

Therefore, using lemma 3

E[p; ()] — p(x)
= pj(x) —p(2)
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- Z oo /H22 ('3 = k) (p(6) — (@) dy.

k1€Z;1(x) kq€Z;, d(l)
Now, we use that

d

p(y)_p(m) = Zp(xla e T, Y Yl - 7yd)_p(‘r1a - =15 T Y141, - - 'ayd)a
=1

with p(z1,..., 2,041, ,ya) = p(x1,...,2q) if | = d and p(x1,...,7-1,
Yis-sYd) = p(Y1,...,yq) if I = 1. Furthermore, the Taylor expansion gives:
for any I € {1,...,d}, for some w; € [0;1],
p(l'l,' ey Tp— 17yl3yl+17' . 7yd) _p(xlv .- 'xlflvxlvyl%»l; .o 7yd) -
L 5
: (v — z)"
Z 3317~--5'3l—1’$layl+17~-~7yd)XT+

a\ﬁljp (yz _xl)lﬁLJ
m(fmw--fﬂl—l,xl + (yi — ), Yig1, - -1 Yd) X W

B (yr — x) 7]
8xlm"J

x1, ~~xl717xlayl+17"'7yd)x I_B[J'

Using vanishing moments of K; and p € Hg(f, L), we obtain:

pj(x) — p(z)]
< > - lpjn(z |/H22|<P 2J'y1*kz)|z L w'ﬁldy
- ’ =1 LA)!

ki1€Z;1(x) ka€Z;, d(:p

(u — x|
<kl > o 3 f kuz St ooy,

kieZa(z)  ka€Z;a(e)”’ TAAT =T

Since for any I, k; € Z;;(x), we finally obtain

pj(2) — p(x)|

2A x 27k
el 3 % / Mo > L %du

k1€2Z;1(x) kdEZJd(£) O 1=1

2A><2 D)
L(llelloolll)(24 +1 dz : O
=1
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Lemma 5. We have for any j = (j1,-..,ja) € Z% and j' = (j},...,7}) € Z¢
and any x,

K (pj) () = pjajr ().

Proof. We only deal with the case d = 2. The extension to the general case can
be easily deduced. If for i = 1,2, j; < j/ the result is obvious. It is also the case
if for I = 1,2, j; < j;. So, without loss of generality, we assume that j; < j] and
J5 < ja. We have:

r) = / K; (2, 9)p; (4)dy
/ > einlale i)ty
/ SO it (@) (£2) 05100 (1) 2531 (925 (5) s g

k1 ko
/Zzsﬁjlkl 1)Pjsks (£2) @51k, (Y1) P4k, (42)
k1 ko
XYY @i (1) @iat (Y2) 5,0, (1), (2)p(un, ug)dun dusdys dys.
by L

Since j; < j1, we have in the one-dimensional case, by a slight abuse of notation,
Vj, C Vj, and

/Z%;kl (1) (Y1) @sie (y1)dyr = /Kj; (@1, y1) @500 (Y1)dyr = @jye, (1)
Similarly, since j5 < ja, we have Vj; C Vj, and

/Z%zéz Y2 %zez(uz)sﬁj;kz Y2 dyz / j2 u2,y2 Pjbks (yz)dyz ﬁﬂj;kz(w)-

Therefore, with j = j A j/,

Ky m3)(@) = [ 3 X (o) )it (00t o, s
-/ 32 s a2 ()65 20, ) v
= [ Zeuwestupan
= p;(z),

which ends the proof of the lemma. O
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Now, we shall go back to the proof of Proposition 3. We easily deduce the
result:

Ping (¥) — pj(2) = ) (@) = K (p) ()

K (pJ
_ / Ko, 9) (03 (9) — p(y))dy.

Therefore,
Ipjnj (z) = pjr(2)| < /IKj'(x,y)llpj(y) —p(y)|dy

d
< RuLZQijl'Bl X /|Kj’($7y)‘dya
=1

where Rj2 is a constant only depending on ¢ and ﬁ . We conclude by observing
that

d
/|Kj’($7y)|d1/=/Z"'ZH[2j5|s@(2j{$l — k)llo(2tyr — ko) dy;)
Jox

kq 1=1
d
el T X (/ Iw(v)ldv)
k’1€zj/yl(:t) kdEZj/,d(ac)

< (lllollll (24 + 1))%.

We thus obtain the claimed result of Proposition 3. U

5.2.2. Appendix

Technical lemmas are stated and proved below.

Lemma 6. We have
E[(6;5)1] < Rs2% (v HD3,
with Rs a constant depending on q,7,m,s,0, ¢, cq,Cqy.

Proof. First, let us focus on the case ¢ > 2. We recall the expression of &]2»7;/

logn

1
08T | gyc2 08T
n

~92 JU
=45 +2Cj\/ 2767 -

We shall first prove that
E[(3;)") < C2%@+D4 .

Let us remind that

) 1
J2' = m #ZU(UJ()/[, Wl) - Uj(Yva Wv))g'
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We easily get
67 <

slQ

> (Ui (Y, Wh) — E[U; (Y1, Wh)])?.
1
First let us remark that

2

(Z(Uj(Yu W) — E[U;(Yr, W1)])2>

l

<C (Z((UJ‘(Yl,Wl) —E[U;(Y1, W1)])? - U?)) + n%a;?
]

We will use Rosenthal inequality (see [15]) to find an upper bound for

The variables B; are i.i.d and centered. We have to check that E[|B;|?] < oc.
We have

wla

E [(Z((Uj(ﬁywﬂ —E[U; (Y1, W1)])? — U?))

!
We set,
By := (U;(Y;, W) — E[U;(Y1, Wh)])? — o7

J

E[|Bi|?] < C(E[|(U;(Y;, W1) — E[U;(Ya, W1)]|9] + o),

but )
E[|(U;(Y;, Wy) — E[U; (Y1, W)])] = ;q,
with A4 defined in (19). Hence
BB < C (52 +01). 33)

Using the control of A, in (21), equation (22) and Lemma 10 we have
Ay < Cnaf|| ;|57
< Op2Silavta=l), (34)

Now, we are able to apply the Rosenthal inequality to the variables B; which

yields
(Z Bz) <cC (ZEHBng] + (ZH&’"]) ) :
l l l

and using (33) and (34) we get

[l (5 ) )

E
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< C (A +nof + (A0 +nio?)
<C <n2sj(qu+q—1) 1 p2Si@rtDg 4 (ngsj(4u+3)g) ‘
Consequently
E[67) < Cn~% (nQS_i(qV+q—1) +n2%rtD3 o (po%ivE3yE 4 n%QSJ‘(QV“'l)%)
< C(nl—%2Sj(qu+q—l) + nl—395i(2v+1)3 + n—§95i(4v+3)¢ + 25.,.(21/4-1)%).
Let us compare each term of the r.h.s of the last inequality. We have
nl=39Si(arta=1) < 9Si(2v+DE y 98i < .
which is true by (12). Similarly we have
n- 1981 E < 98i@vtNE o 985 <y,

and obviously

nl=%95i2riD3 < 9S;(2v+1)g

Thus we get that the dominant term in r.h.s is 2% (2*+13 Hence
E[69] < C2%Zv+D3
i<

Now using that

5 N _logn ? N _ _ologn 3
Ejgf;] <C E[Ug]—i—(Zqu/Q’y i ) E[aj]+<8’yCJ2 i ) ,

and since C; < C'y/Togn2% #+1) we have

E[?%] < C<23j(2u+1)§ + ((log n)nf%QSj(u+1))gQSj(2y+1)%

n 10g2n2251(u+1) : .
n

Let us compare the three terms of the right hand side. We have

2qu<2u2+1> > ((logn)nf%2sj(y+1))g25j(2u+1)%

n

— 2% (t3) > (1ogn)%n_%25j(q”+%) — 2% < 5
- ~ log“n

which is true by (12). Furthermore we have

2 a
9S; 1D (log nzzsj(u+1)> ’
B n
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2 9q
— 9Sila+d) > <10g ”) TSt 98 < (35)

n 24’

~ log®n
which is true again by (12). Consequently
E[5Y:] < Rs2% @13,

with Rs a constant depending on ¢,¥,m,s,9, ¢, cg,Cy and the lemma is proved
for ¢ > 2.
For the case ¢ < 2 the result follows from Jensen inequality. |

Lemma 7. Under Assumption (A1) on the father wavelet v, we have for any
j = (jla s 7jd) and any x € Rd:
Z (@) < @A+ D) lpl|d2 7

Proof. A proof of this standard result can be found in Section 4.2 in [13]. O

Lemma 8. Under condition (A1) and ¢ is C", there exist constants Re and Ry
depending on o such that

F) ()] < Re(1+[t)™",  forany t €R. (36)
and ,

FW®'| < B0+ 1t)7, forany teR. (37)
Proof. A proof of this result can be found in Section 4.2 of [13]. d

Lemma 9. Under conditions (A1) and (A3), for v >0, we have

d
(Do) (w)] < Rg2%" [T+ |wi]) ™", w e R?
=1

where Rg is a constant depending on ¢, Cy and cq.

Proof. If all the |w;| < 1 then using (3), Lemma 8 and r > v+ 1 with v > 0 we
have

LI 17l

|(ng0)(w)| < |]__( )( )| (38)
< CH / F)(0)(1 + 27 )| iy (39)
< C2% ”H / +[t]) Tty (40)
d
< 029" < C2% [J(1+ ) ™" (41)

=1
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Now we consider the case where there exists at least one w; such that |w;| > 1.
We have

D= T [ens S M [eos Fooke
I=1,w | <1 1=1, || >1 )

For the left-hand product on |w;| < 1 we use the result (41). Now let us consider
the right-hand product with |w;| > 1. We set in the sequel

Flp) ()

t) = ——————.
)= F i)
We have
H / 7ztlwl (tl) RN ANV . H / ztlwl t dt
1= (t1)dt;.
1=1, [wy|>1 2]ltl) 1=1, [y |>1

Since |n;(t;)| — 0 when t; — +o00, an integration by part yields

/e—itzwzm(tl)dtl — iwfl /e_itLWLnl/(tl)dtl'
Let us compute the derivative of n;(¢;)

F(@) (k) F(9)(271t) — 2 F(g) (2711) F(p) ()
(F(9)(2711))? '

m(t) =

Using Lemma 8, (3) and (4)

1(g)(201
o =| |+ P R
SC((L+ )@+ 27t ]) + 270 (1427 ) "L+ [a]) (L + 27 ])%)
<C 2+ a4 )Y+ 2 (L4 27y ]) L+ )T
SC A+ )@+ ) + 27+ ) T+ G
SCPY (U4 )" + )" + @77+ ) A+ )T
Therefore,

’ / e~y (tl)dtl‘

< uy| ! / (8|,

< Clwz|*12jl”/((1+ )27 )+ @7 )T+ )T dt

é C|wl|—12le(D1 + D2 + .Dg)7



Adaptive wavelet multivariate regression with errors in variables 721

with Dy, Dy and D3 defined below.

D, ::/ (@D TR )+ @ ) T+ [G])TT) dy
lty| <21

<c / (@9 + [al)” + (277 + 0] ) dy
[ti| <279

< CQ‘jl(Q_jl” + Q—J'Z(V—l))
<C.

Dz ::/ - (L)@ + ) + @77+ [ A+ a])™") db
2791 <[] <1

<C (77 + ) + @77 + ) ) dy

2791 <ty |<1

2791
< C/ (277 +270ts)” (2790 4 27 Tts) 12700 ds
1

271 271

< 2 vt / s¥ds + CQ*j”’/ s¥ s
1 1

<C,

as soon as v > 0.

bs :/| (L4t + ) + @77+ )" L+ [t]) ") dt;
t|>1

<C (Ja" ="+ |t dy
[t1|>1

<C,

since v —r < —1.
When v = 0 we still have

/ e_itlwl m (tl)dtl

Indeed when v =0

< C|wl|_12j”’ = C’|wl|_1.

m(t) = F(e)(t),

and

iwfl /e_itl“”nl’(tl)dtl

iw; ! / e~ (o) () dty

< w7 | dt

< Cluy|~ /(1 + ) "dt < Clun| !

using Lemma 8 and r > 2. O
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Lemma 10. There exist constants Riy depending on s, m, 0, ¢, ¢4, Cq and Ry
depending on ¢, cq, Cq4 such that

UJQ_ < R1p25 Y| | Ts < R1 255D,
Proof. We have
0’ = Var(U; (Y1, W1))
<E [|U;(vi, W1)P

r 2
=E |1 ) (D), , W1)pjk(x)
k
r 2
—F ‘ (X1) +21) > (D), 1 (Wh)pju()
k

2

Z J‘P]k Wl @Jk( )
k

2l + o2)E
2l +02) [ 32 0r), w)oinla)
k

< 2(lm|2 + oI fx oo / 25

2

fw (w)dw

2

Z (Djp) (2w — k) (x)| dw.

k

Now making the change of variable z = 27w — k, we get using Lemma 7 and
Lemma 9 to bound (D;¢)(z)

2

< o(||ml2 + o2 ||fX||oo/ S (D50) (2)pna)| dz

k

2
. 1
éc/ e e (;'ww') -

< Rlozsj (21/—‘,—1)7

where Ry is a constant depending on s, m, 9, ¢, ¢4, C4. This gives the bound
for o2.

For ||T}||s, using again Lemma 7 and Lemma 9, we have

175l < max||(Dje) Jiklloo Y lgu(@)] < 27 (D %) IImZMk
k

< Ry 25D

where R, is a constant depending on ¢, ¢4, Cy. O
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