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COMPUTING DISTANCES AND GEODESICS BETWEEN
MANIFOLD-VALUED CURVES IN THE SRV FRAMEWORK

ALICE LE BRIGANT

ABSTRACT. This paper focuses on the study of open curves in a Riemannian
manifold M, and proposes a reparametrization invariant metric on the space
of such paths. We use the square root velocity function (SRVF) introduced
by Srivastava et al. in [12] to define a Riemannian metric on the space of
immersions M = Imm([0, 1], M) by pullback of a natural metric on the tan-
gent bundle TM. This induces a first-order Sobolev metric on M and leads
to a distance which takes into account the distance between the origins in M
and the L2-distance between the SRV representations of the curves. The geo-
desic equations for this metric are given and exploited to define an exponential
map on M. Two possibilities are presented to effectively compute the optimal
deformation of one curve into another — that is, the geodesic linking two ele-
ments of M — geodesic shooting, and path straightening. The particular case
of curves lying in the hyperbolic half-plane H is considered as an example.

1. INTRODUCTION

Computing distances between shapes of open or closed curves is of interest in
many applications, from medical imaging to radar detection, as soon as one wants to
compare, classify or statistically analyze trajectories or contours of objects. While
the shape of an organ or the trajectory of a car on a short distance can be modeled
by a plane curve, some applications provide curves in a non-flat space : if we
consider a trajectory on a larger scale, such as that of a hurricane or a ship, the
curvature of the earth can no longer be ignored and the appropriate model is an S2-
valued curve. However trajectories are not restricted to the description of movement
but can more generally represent the evolution of any given object — such as the
covariance matrix of a Gaussian process — evolving in a certain space — the space of
hermitian positive definite matrices. This motivates the study of curves lying in a
general manifold, and more specifically the choice of a metric on the space of such
curves.

Here we consider open oriented curves in a Riemannian manifold M, more pre-
cisely the space of immersions ¢ : [0,1] — M,

M = Imm([0, 1], M).

One way to proceed is to equip M with a Riemannian structure, that is to lo-
cally define a scalar product G on its tangent space TM. A property that is
usually required of this metric is reparametrization invariance, that is that the
metric be the same at all points of M representing curves that are identical mod-
ulo reparametrization. Two curves are identical modulo reparametrization when
they pass through the same points of M but at different speeds. Reparametriza-
tions are represented by increasing diffeomorphisms ¢ : [0, 1] — [0, 1] (so that they
1
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preserve the end points of the curves), and their set is denoted by Diff* ([0, 1]). El-
ements h, k € T, M of the tangent space in ¢ € M are infinitesimal deformations of
c and can be seen as vector fields along the curve ¢ in M. The Riemannian metric
G is reparametrization invariant if the action of Difft ([0, 1]) is isometric for G

(]‘) GCO¢(hO¢7kO¢) :GC(ha k)v

for any ¢ € M, h,k € T.M and ¢ € Diff" ([0, 1]). This is often called the equivari-
ance property, and it guarantees that the induced distance between two curves cg
and c¢; does not change if we reparametrize them by the same diffeomorphism ¢

d(co 0 ¢,c10¢) = d(co,c1).

What’s more, a reparametrization invariant metric on the space of curves induces
a Riemannian structure on the shape space, where the space of reparametrizations
is quotiented out. A shape can be seen as the equivalence class of all the curves
that are identical modulo a change of parameterization, and the shape space as the
associated quotient space

S = Imm([0, 1], M) /Diff ™ ([0, 1]).

We get a formal —the manifold structure of the space Imm(][0, 1], M) has not yet
been thoroughly studied to our knowledge — principal bundle structure = : M — S,
which induces a decomposition of the tangent bundle TM = VM @& HM into a
vertical subspace VM = ker(T'r) consisting of all vectors tangent to the fibers of
M over §, and a horizontal subspace HM = (VM)J‘G defined as the orthogonal
complement of V. M according to the metric G that we put on M. If G verifies the
equivariance property, then it induces a Riemannian metric G on the shape space,
for which the geodesics are simply the projected horizontal geodesics of M for G.
The geodesic distances d on M and d on S are then simply linked by

d([eo], [r]) = inf { d(co,c109) | ¢ € Diff*([0,1]) },

where [c] and [¢1] denote the shapes of two given curves ¢y and ¢;, and d verifies
the stronger property
d(co 0 ¢, c1 09) = d(co,c1),

for any reparametrizations ¢, € Diff"(]0,1]). This motivates the choice of a
reparametrization invariant metric on M.

Riemannian metrics on the space of curves lying in a flat space have been widely
studied ([8],[9],[14],[1]). The most natural candidate for a reparametrization invari-
ant metric is the L?-metric with integration over arc length d¢ = ||c/(t)|| dt

Gc(h,k):/<h,k)d€,

but Michor and Mumford have shown in [7] that the induced metric on the shape
space always vanishes. This has motivated the study of Sobolev metrics ([9],[1],[2]),
where higher order derivatives are introduced. One first-order Sobolev metric has
proved particularly interesting for the applications ([4],[13])

&) Gulh k) = [(Dul, Dk + 1(Dal), D)

where ¢ is a curve in a euclidean space R™, (-,-) denotes the euclidean metric on
R™, D¢h = LR/ is the derivation of h according to arc length, Dyhl = (Dyh, v)v

el



COMPUTING DISTANCES AND GEODESICS BETWEEN MANIFOLD-VALUED CURVES IN THE SRV FRAMEWORRE

is the projection of Dyh on the unit tangent vector field v = mc’ to ¢, and

Dsht = Db — Dyhll. Srivastava et al. introduced in [12] a simple framework to
study this metric, by showing that it could be obtained by pullback of the L2-metric
via a simple transformation called the Square Root Velocity Function (SRVF) which
associates to each curve its velocity renormalized by the square root of its norm.
This framework can be extended to curves in a general manifold by using parallel
transport, in a way which allows us to move the computations to the tangent plane
to the origin of one of the two curves under comparison, see [5] and [15]. In [5] the
transformation used is a generalization of the SRV function introduced by Bauer
et al. in [1] as a tool to study a more general form of the Sobolev metric (2). In
[15] a Riemannian framework is given, including the associated Riemannian metric
and the geodesic equations.

In this paper we propose another generalization of the SRV framework to curves
in a manifold. Instead of moving the computations to one tangent plane as in
[5] and [15], the distance is computed in the manifold itself which enables us to
take into account a greater amount of information on the space separating two
curves. Therefore, we feel that the distance we introduce here will be more directly
dependent on the geometry of the manifold. In the following section, we introduce
our metric as the pullback of a quite natural metric on the tangent bundle T'M,
and show that it induces a formal fiber bundle structure over the manifold M
seen as the set of starting points of the curves of M. In section 3, we give the
induced geodesic distance and highlight the difference with respect to the distance
introduced in [15]. In section 4, we give the geodesic equations associated to our
metric and exploit them to build the exponential map. Geodesics of the space
of curves can then be computed using either that exponential map and geodesic
shooting, or by path straightening. The first method requires the characterization
of Jacobi fields on M. Finally, in section 5, we consider the special case of curves
lying in the hyperbolic half-plane, for which we give some simple computational
tools needed in the algorithms previously presented, as well as explicit formulas for
the path straightening in that simpler setting.

2. EXTENSION OF THE SRV FRAMEWORK TO MANIFOLD-VALUED CURVES

2.1. Our metric on the space of curves. Let c¢: [0,1] — M be a curve in M and
h,k € T.M two infinitesimal deformations. We consider the following first-order
Sobolev metric on M

Gult) = (HO).KO)) + [ (Ve Vi) + 1 (Vanl i) a,

where we integrate according to arc length, (-,-) denotes the Riemannian metric
of the manifold M, V,h = ”C—l,”chh is the covariant derivative of h according to
arc length, and V il = (Dsh,v)v and V,ht = V,h — Vbl are its tangential
and normal components respectively. If M is a flat euclidiean space, we obtain the
metric (2) studied in [12], with an added term involving the origins. Without this
extra term, the bilinear form G is not definite since we are no longer translation
invariant as soon as the curves lie in a non-flat manifold. Here we show that G
can be obtained as the pullback of a very natural metric G on the tangent bundle
TM. We consider the square root velocity function (SRVF, introduced in [12]) on
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the space of curves in M,

/

VIl

where ||-|| is the norm associated to the Riemannian metric on M. In order to define
G, we introduce the following projections from TTM to TM. Let £ € T, ,\TM
and (z,U) be a curve in TM that passes through (p,u) at time 0 at speed £. Then
we define the vertical and horizontal projections

VP(pu) - T(p’u)TM — TPM, fl—> §V = Vw/(O)U,

WP @ T TM = T,M, € & = a'(0).

R-M—-TM, c—

The horizontal and vertical projections live in the tangent bundle TM and are
not to be confused with the horizontal and vertical parts which live in the double
tangent bundle TTM and will be denoted by €7, ¢V. Furthermore, let us point
out that the horizontal projection is simply the differential of the natural projection
TM — M, and that according to these definitions, the Sasaki metric ([10], [11])
can be written

gé,u)(fﬂ) = <§Ha 77H> + <§V777V>a

where (-,-) denotes the Riemannian metric on M. Now we can define the metric
that we put on TM. Let us consider h € TM and &,n € T TM. We define

éh@nn::<amHynmnn—k1;<awv,mwv>du

where £(t)g = hp(£(¢)) and £(t)y = vp(£(t)) are the horizontal and vertical
projections of £(t) € TTM for all t. Then we have the following result.

Proposition 1. The metric G on the space of curves M can be obtained as pullback
of the metric G by the square root velocity function R.

Proof. For any ¢ € M, and h,k € T, M, the metric G is defined by
Gc(h> k) = éR(c) (TcR(h)7 TCR(k)) .

For any t € [0, 1], we have T.R(h)(t)g = h(t) and T.R(h)y = VR(c)(t). To prove
this proposition, we just need to compute the latter. Let s+ ¢(s,-) be a curve in
M such that ¢(0,-) = ¢ and ¢s(0,-) = h. Here and in all the paper we use the
notations ¢; = dc/ds and ¢, = 0c/0t. Then

1 _
ViR(O)(1) = thc’ +h ()72 ¢
1 _
= 71/2Vsct +0s (ct, ) Ve,
ezl
1 1

— 75 Vies = 5 (s e) " (Veer e e
el 2

ml/2 1 1 d d )
= | Veh)™ + =(Vih, ,
I Q )+ 5(Veh DT

where in the last step we use again the inversion V¢ = Vics. O

2.2. Fiber bundle structures. This choice of metric induces two formal fiber
bundle structures.
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Principal bundle over the shape space. Just as in the planar case, the fact that the
square root velocity function R satisfies

R(co¢) = ¢/ (R(c) o ¢),
for all c € M, h,k € T.M and ¢ € Diff ([0, 1]), guarantees that the integral part
of G is reparametrization invariant. Remembering that the reparametrizations
¢ € Difft([0,1]) preserve the origins of the curves, we notice that G is constant
along the fibers and verifies the equivariance property (1). As mentioned in the
introduction, we then have a formal principal bundle structure over the shape space

7 M =Imm([0,1], M) — S = M/Diff ([0, 1]).

1L
which induces a decomposition TM = VM @& HM . There exists a Riemannian
metric G on the shape space S such that 7 is (formally) a Riemannian submersion

from (M, G) to (S, G)
Go(h k7Y = G o) (Tm(h), Ter(k))

where Al and k¥ are the horizontal parts of h and k, as well as the horizontal lifts
of Tem(h) and T.mw(k), respectively. This expression does in fact define G in the
sense that it does not depend on the choice of the representatives ¢, h and k. For
more details, see the theory of Riemannian submersions and G-manifolds in [6].

Fiber bundle over the starting points. The special role that plays the starting point
in the metric G induces another formal fiber bundle structure, where the base space
is the manifold M, seen as the set of starting points of the curves, and the fibers
are composed of the curves which have the same origin. The projection is then

™M= M, e e0).

It induces another decomposition of the tangent bundle in vertical and horizontal

bundles
VI M ker Tr*) = {h € T,M|h(0) =0},

HOM = (VM) -

1
Proposition 2. We have the usual decomposition TM = VS M & H®M, the

horizontal bundle HC(*)M consists of parallel vector fields along ¢, and ©*) is (for-
mally) a Riemannian submersion for (M,G) and (M, (-,-)).

Proof. Let h be a tangent vector. Consider hg the parallel vector field along ¢ with
initial value ho(0) = h(0). It is a horizontal vector, since its vanishing covariant
derivative along ¢ assures that for any vertical vector | we have G.(ho,l) = 0. The
difference h = h — hg between those two horizontal vectors has initial value 0 and
so it is a vertical vector, which gives a decomposition of A into a horizontal vector
and a vertical vector. The definition of H*) M as the orthogonal complement of
V() M guaranties that their sum is direct. Now if k is another tangent vector, then
the scalar product between their horizontal parts is

Gc(hHa kH) = <hH(0) ’ kH(O) >C(0)
= (1(0), k(0) ) ) = (T (W), Ta® (E")) ),
and this completes the proof. [
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3. INDUCED DISTANCE ON THE SPACE OF CURVES

Here we give an expression of the geodesic distance induced by the metric G.
We show that it can be written similarly to the product distance given in [5] and
[15], with an added curvature term. Let us consider two curves cg,c; € M, and a
path of curves s — ¢(s, ) linking them in M

c(0,t) = co(t), c(1,t) = c1(t),

for all t € [0,1]. We denote by ¢(s, ) = R(c(s,)) the image of this path of curves
by the SRVF R. Note that ¢ is a vector field along the surface ¢ in M. Let now §
be the raising of ¢ in the tangent plane T¢ o) M in the following way

q(s,t) = Pcs(’.(?o) ° Pctﬁg,-) (a(s, 1)),

where we denote by Pﬁht? s TyyM — Ty 1,y M the parallel transport along a curve
v from v(t1) to y(t2). Notice that ¢ is a surface in a vector space, as illustrated in
Figure 1. Lastly, we introduce a vector field (a, ) — w**!(a, ) in M, which parallel
translates ¢(s,t) along c(s, ) to its origin, then along ¢(-,0) and back down again,
as shown in Figure 1. More precisely
0, : +,0
whta, ) = Pogy 0 Py © Pefo, (a(5: 1)

for all b, s. That way the quantity V,w®* measures the holonomy along the rectangle
of infinitesimal width shown in Figure 1.

Proposition 3. With the above notations, the geodesic distance induced by the Rie-
mannian metric G between two curves co and ¢y on the space M = Imm([0, 1], M)
of parameterized curves is given by

1 1

(3)  dist(co,c1) = inf / ||cs(s,0)|\2+/ IVsq(s,8)|)> dt ds,
6(07')20070(1")261 0 0

where ¢ = R(c) is the Square Root Velocity representation of the curve ¢ and the

norm is the one associated to the Riemannian metric on M. It can also be written

(4)
1 1

dist{co, c1) = inf / ||cs(s,0)H2—|—/ s (5,1) + Q(s, )| dt ds,
0 0

¢(0,-)=co,c(1,")=c1

where q is the raising of q in the tangent plane T.o,0)M and the curvature term €
is given by

Qs,t) = PS{?O) o PLY ) (szs’t(s,t))

o c(s,

t
= Pcs(’~0,0) o Pct(’g’_) </0 PCT(’;) (R(CT,CS)PE(’;)q(s,t)) dT) ,

if R denotes the curvature tensor of the manifold M.

Remark 1. The second expression (4) highlights the difference with respect to the
distance given in [5] and [15]. In the first term under the square root we can see
the velocity vector of the curve c(-,0) linking the two origins, and in the second the
velocity vector of the curve § linking the TSRV F-images of the curves — Transported
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Square Root Velocity Function, as introduced by Su et al. in [13]. If instead we equip
the tangent bundle TM with the metric

2

Gi(e.0) =161+ [ [0 [ P2 (RE.6)PEhW) ar | ar.

forh € TM and &,n € TR, TM, then the curvature term Q) vanishes and the geodesic
distance on M becomes

1
(5) diSt/(cmcl) = inf /0 \/||CS(57O)||2 + ||CIS(5’ )||2L2 ds,

¢(0,")=co,c(1,")=c1

which corresponds exactly to the geodesic distance introduced by Zhang et al. in [15]
on the space C = Upen L*([0,1], T,M). The difference between the two distances (3)
and (5) resides in the curvature term ), which, as previously mentioned, measures
the holonomy along the rectangle of infinitesimal width shown in Figure 1, and
translates the fact that in the first one, we compute the distance in the manifold,
whereas in the second, it is computed in the tangent space to one of the origins of
the curves. Therefore, the first one takes more directly into account the "relief” of
the manifold between the two curves under comparison. For example, if there is a
"bump” between two curves in an otherwise relatively flat space, the second distance
(5) might not see it, whereas the first one (3) will thanks to the curvature term.

Remark 2. Let us briefly consider the flat case : if the manifold M is flat, the
two distances (3) and (5) coincide. If two curves ¢y and ¢1 in a flat space have the
same starting point p, the first summand under the square root vanishes and the
distance becomes the L?-distance between the two SRV representations qo = R(co)
and g1 = R(c1). If two curves in a flat space differ only by a translation, then the
distance is simply the distance between their origins.

w(s,0)

w5 (s +€0)

a(s,0) €

qs +e€t)

c(s;) c(s+eg)
c(0,) = ¢y c(1,)=¢

FIGURE 1. Illustration of the distance between two curves ¢y and
c1 in the space of curves M
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Proof. Since G is defined by pullback of G by the SRVF R, we know that the
lengths of ¢ in M and of ¢ = R(c) in TM are equal and so that

dist(cg, ¢ G (gs qs( ds,
(0, 1) = C(0)0071)61/\/ (4 7))

with
G (ga(5,),0a(5,)) = [lea(s, 0)[12 + / IV 2q(s,8)] dt.

Now let us fix ¢t € [0,1]. Then s +— Pc(’é ) (q(s,t)) is a vector field along ¢(+,0), and
$0

9
t,0 _ pO,s 5,0 t,0 0,s -
V. (P2 als.0) = Py (aspc<-, 0) © Fefay (a5, ”) oy (@s(:1)) -

We consider the vector field v along the surface (s,7) — c¢(s,7) that is parallel
along all curves c(s,-) and takes value v(s,t) = ¢(s,t) in 7 = ¢ for any s € [0,1],
that is

V(57T) = P;(;) (Q(Svt)) ’

for all s € [0,1] and 7 € [0,1]. That way we know that

Vsv(s,t) = Vsq(s,t),
Vv(s,0) = Pf(’fo) (Gs(s, 1)),
V.v(s,7) = 0,

for all s,7 € [0,1]. Then we can express its covariant derivative in the following
way

Vov(s,t) = Py (Ver(s,0) + /P” (V.Vu(s, 7)) dr

(6) = PY o PYS (d(s, 1) + /0 Py (R(Cr,cs)Pz(’;)q(s,t)) dr.

Now let us fix s € [0,1] as well. Notice that the vector field w** defined above
verifies

wht(s,t) = q(s,t),
V.w*(a,7) = 0,
Vow®(a,0) = 0,

for all a,7 € [0,1]. Note that unlike v, we do not have V,w*'(s,t) = Vq(s,t)
because w®t(a,t) = q(a,t) is only true for a = s. It is easy to verify that the last
term of equation (6) is precisely the covariant derivative of the vector field w®?

vsws,t(&t):/ P (R(cr,cs)Ptf&;’.)q(s,t)) dr,

since for any 7 € [0,1], w®!(s,7) = Pt(S )q(s t), and finally by composing by

PCS( 00) o Pt(0 s We obtain the second expression (4), which completes the proof. [



COMPUTING DISTANCES AND GEODESICS BETWEEN MANIFOLD-VALUED CURVES IN THE SRV FRAMEWORHK

4. COMPUTING GEODESICS

4.1. Geodesic equations on M. To be able to compute the distance given by (3)
between two curves, we first need to compute the optimal deformation s +— ¢(s,-)
from one to the other. That is, we need to characterize the geodesics of M for
our metric. In order to do so, taking inspiration from [15], we use the variational
principle. In what follows, we use the lighter notation w(t;)"'2 = P2 (u(t1)) to
denote the parallel transport of a vector u(t1) € T ;,)M along a curve c from c(t,)
to ¢(t2), when there is no ambiguity on the choice of c.

Proposition 4. Let [0,1] 3 s — ¢(s,-) € M be a path of curves. It is a geodesic
of M if and only if it verifies the following equations

(7a) Vscs(s,0) +7(s,0) = 0, Vs
(7h) Vo Vsa(s,t) + la(s,t)]| (r(s,t)+r(s,t)||> -0, Vis

where ¢ = ¢ /+/||ct]] is the SRV representation of ¢, the vector field r is given by

1
r(s,t) :/ R(q, Vsq)cs(s, 7)™tdr,
t

and rll = (r,v) v with v = ¢;/||c;||, is the tangential component of r.

Proof. The path ¢ is a geodesic if and only if it is a critical point of the energy
functional E : C*([0,1], M) — R4,

! dc Oc
E(c) _/0 G(as,as>ds.

Let a — ¢(a, -, ), a € (—¢,€), be a proper variation of the path s +— ¢(s, ), meaning
that it coincides with ¢ in @ = 0, and it preserves its end points

6(0’ . ) = ¢
éq(a,0,t) = 0 Va,t,
éo(a,1,t) = 0 Va,t.
Then c¢ is a geodesic of M if and only if % wo Eé(a, -, -)) = 0 for any proper

variation é. If we denote by F(a) = E(é(a,-,-)), for a € (—e, €), the energy of a
proper variation ¢, then we have

E(a) = / (4(a,5,0),é4(a,5,0) ) ds + //(VSQ(a, 5,1), Vadla, 5,t) ) dt ds,
where § = ¢é:/+/]|¢] is the SRV representation of ¢é. Its derivative is given by

%E'(a) = / (Vaés(a,s,0),és(a,s,0)) d8+//(Vavsd(a,s,t),vstj(a,s,t)) dt ds.

Considering that the variation preserves the end points, integration by parts gives

/(Vaés,és>ds: —/(Vsés,éa>ds

/ (V,Vai, Vod) ds = — / (VY4 Vad) ds,
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and so we obtain
1
§El(a) = — / (Vsés,Ca)ligds + //(R(ca,cs)q + VsVaq, Vsq)dtds
:_/<V Cs, Cq |t 0 // Q7 Vg Cs>ca> + <V5vs@ava@>dtd3~
This quantity has to vanish in @ = 0 for all proper variations ¢
/< ViCsly—g éa|a:0,t:0 >d3

+ / / (R4, Voq)cs, éal,_o) + (VoViaq, Vadl,_y ) dtds = 0.

We cannot yield any conclusions at this point, because é,(0, s,t) and V,4(0, s, t)
cannot be chosen independently, since § is not any vector field along ¢ but its image
via the Square Root Velocity Function. We notice that

Vai =l (Vad + Vad')

where Vo4l = (V,4,v)v is the projection of V,§ along the unit speed vector field
v = ¢t/ ||let]|. We can then express the variation é, as follows

t T,t
2a(0,5,1) = é4(0,5,0)%% + / G(0, s, 7)|| (VQQ(O,S,T)+vaq“(o,s,7)) dr,
0

and by inserting this expression in the derivative of the energy we obtain the fol-
lowing, where we omit to write that the variations ¢ and ¢ are always taken in a = 0
for the sake of readability

[ (Tt aats.0yas+ [ [ (R@Taaenfonn). a0 yatas
/ / <R 0, Vaa)es(s, 1) / ld(s T)H( (5.7 + Vil (5,7)) d7->dtds
/ / (VVaa(s, ), Vai(s,t) ) dt ds

:/ <v ca(5,0) / R(q, Vsq)cs(s, 7)™0dr ,éals, O)>ds
/ / / Vaa)ea (s, 7)™, (s, )| (Tad(s,8) + Vad (5,6)) ) dr de ds
+ /0 /0 (ViVaa(s,1), Vad(s, 1) ) dt ds
:/01 <Vscs(3,0) +r(s,0) ,éa(3,0)> ds

1 1 5 5 5 s I 6(s s
/O /O < ;S;Sq( 7t) HQ( 7t)||(7( 7t) 7( :t) )a ;aQ( 7t) >dtd
——0,

with the previously given definition of r. Since the variations ¢, (0, s,0) and V,4(0, s, t)
can be chosen independently and take any value for all s and all ¢, it is easy to see
that we obtain the desired equations for all s and t. (I
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4.2. Exponential map. Now that we have the geodesic equations, we are able to
describe an algorithm which allows us to compute the geodesic s — ¢(s, -) starting
from a point ¢ € M at speed u € T.M. This amounts to finding the optimal
deformation of the curve c¢ in the direction of the vector field u according to our
metric. We initialize this path s — ¢(s,-) by setting ¢(0,-) = ¢ and ¢4(s,0) = u,
and we propagate it using iterations of fixed step € > 0. The aim is, given c(s,-)
and c¢4(s, ), to deduce c¢(s +¢,-) and cs(s + ¢, -). The first is obtained by following
the exponential map on the manifold M

C(S + € ) = €XP¢(s,) ECS(S, ');
and the second requires the computation of the variation Ve (s, )
Cs(s + ¢, ) = [Cs(sv ) + GVSCS(S, .)]5,5+6 ,

where once again, we use the notation w(s)®5T¢ = P55%¢ (w(s)) for the parallel
transport of a vector field s — w(s) along a curve s — ¢(s) in M. If we suppose
that at time s we have c(s,-) and ¢;(s, -) at our disposal, then we also know ¢(s, )

and q(s,-) = c(s,)//|lcell, as well as Vies(s, -) and
Ve 1 (Vser,cr)
Vil )72 e )

using the fact that V¢, = Vics. The variation Vgeg(s, -) can then be computed in
the following way

(8) Vaq(s,) =

t
Vscs(87 t) = vscs(s7 0)07t + / [st«‘ict(s’ T) - R(Ct7 CS)CS (S’ T)]T,t dr
0

for all ¢ € [0,1], where V,cs(s,0) is given by equation (7a), the second order
variation V;Vsei(s, ) is given by

VoV = e V/2V, Vg + Wfsl;ct)vtcs
t
9
®) (V) 3(View e | Vil
|ct|3/2 2 et a2 )"

and V;V,q can be computed via equation (7b).

Now, if in practice we have a series of discrete observations pg,p1,...,pn € M
made at discrete times 0 = tg < t; < ... < t, = 1, then we can be brought back
to the continuous case by linking these points by pieces of geodesics. By doing so,
we place ourselves in the submanifold of piecewise-geodesic curves. Here we give
the exponential map on that submanifold. Let ¢y be the piecewise-geodesic curve
going through py,...,p, at times to,...,t,, that is co(t;) = p; and C|[ti,ti+1] is a
geodesic for all . Then the optimal deformation of ¢y in the direction of a vector
field u can be computed by the following steps.

Algorithm 1 (Discrete Exponential Map).

Input : co, u.

— Initialization : Set ¢(0,t;) = co(t;) and cs(0,t;) = u(t;) for alli =0,...,n.
— Heredity : If c(s,t;) and cs(s,t;) are known for all i, then
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(1) for 0<i<n-—1, set
1
(s, t;) = P— 108 (s.¢,) (8, tit1),

1 R
vtcs(sati) = T (CS(S;ti+1)tl+l’tl - CS(Sati)) )
tit1 —
where log denotes the inverse of the exponential map on M, and compute
q(s,t;) = cht”ct(s,ti) and Vsq(s,t;) using equation (8).

(2) Compute (s, t;) = >, R(q, Vsq)es(s, te)™ " for all 0 <i<n and set
Vies(s, to) = — (s, to),
VoVaals,ts) = = lla(s. )]l (r(s,ts) +r(s,t)) - Vi,
(3) Fori=0,...,n—1, compute VVsci(s,t;) using equation (9), and set
Vses(s,tiv1) = [ Vses(s, t;)
+ (tis1—t:) (ViVaci(s,t:) — R(cs, ce)es(s, b)) ]
(4) Finally, for all 0 <1i <n, set
s+ €1t1) = XDy (cca(5,12)
cs(s+et;) =[es(s,t;) + eVses(s, t;) ]tz .
where exp is the exponential map on the manifold M.

Output : ¢ = expé\gl u.

The last step needed to compute the optimal deformation between two curves
co and c; is to find the appropriate initial speed u. This can be done by geodesic
shooting.

4.3. Geodesic shooting and Jacobi fields. The aim of geodesic shooting is
to compute the geodesic linking two points pg and p; of a manifold N, knowing
the exponential map exp”. An initial speed vector u € Tp, N is chosen, and is
iteratively updated after evaluating the gap between the point p = exp% u obtained
by taking the exponential map at point pg in w — that is, by shooting from pg in the
direction v — and the target point p;. The gap between the current point p and the
target point p; can be seen as the extremity J(1) of a Jacobi field J : [0,1] = N
which has value J(0) = 0 in 0, and the current speed vector can be corrected by
U — u+ j(0)7 as shown in Figure 2. In our case, the speed vector u can be initialized
by taking the initial speed vector of the L2-geodesic going from cg to ¢;. The steps
can be summarized as follows.

Algorithm 2 (Geodesic shooting).
Input : ¢y, c1 € M.
2 2
— Initialization : Set u = loch.0 (c1), where log™ is the inverse of the exponential

map for the L%-metric.
- Fiz a threshold § > 0.

(1) Compute ¢ = exp!(u) wz’ch Algorithm 1.
(2) Compute the gap j = logf (c1).
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(3) If j > 6, set J(1) = j and u + u + J(0) where J(0) = ¢~ (J(1)), and go
back to the first step.
Else, stop.

Output : ¢ approzimation of the geodesic linking co and c;.

The function ¢ associates the last value J(1) of a Jacobi field with initial value
J(0) = 0 to the initial speed .J(0), and can be deduced from Algorithm 3, which
describes the function associating .J(1) to the initial conditions .J(0) and .J(0). To
find the inverse of this function, we can consider for example the image of a basis
of the tangent vector space in which J(0) lives.

Now, let us characterize the Jacobi fields of M to obtain the function ¢. Consider
a > cla,-,+), a € (—¢,¢€), a family of geodesics in M, that is for each a € (—¢,¢),
[0,1] 2 s+ ¢(a, s, ) is a geodesic of M. Then for all a, ¢(a, -, -) verifies the geodesic
equations

Vses(a, s,0) +r(a,s,0) =0, Vs
V.Vaa(as,0) + la(a.s, ) (r(a5,0) + r(a,s,0)l) =0, Vs

where g = ¢;/+/]|ct|| is the SRV representation of ¢ and r is given by

1
r(a,5,t) = / R0, Vea)es(a, 5, 7).
t

In what follows, we use the notation Ul = (U, v(a, s,t))v(a, s,t) with v = ¢;/||ct]|
to denote the tangential component of any tangent vector U € T¢(q s M. Let us
consider the Jacobi field J : [0,1] - TM,

0

J(s,) = da

cla, s, ).
a=0

Computing the derivative of the geodesic equations according to a leads to a char-
acterization of J

(10a) V4Vscs(0,s,0) + Vor(0,s,0) =0, Vs
(10b) VaVoVeql0,5.8) + Va g0, 5,8)]| (r(0,5,8) + (0, 5,0)")
+ 1|¢(0, s, 2)| (Var(O,s,t) +V, (r(O,s,t)”)) =0, Vts

in the sense that we obtain for each ¢ € [0,1] a second order differential equation
in s, the set of which give a unique solution for J, knowing the initial conditions
J(0,-) and V4J(0,-). Indeed, suppose that we have those two initial conditions and
that the curve s — ¢(0, s, ) in M is known, as well as all its partial derivatives in s
and t. We are interested in finding J(s,t) for all s and ¢. We can write the second
order variation of J as

0,t
VVod(s,8) = | (VaVaes + Rlco )es)|,_g,o]

(11)

a:O,t:‘r:| dT’

t
+/ {(stsvtj-l-'R(ChCS)vSJ-‘r Vs (Rlct,cs)d))]|
0
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where V,V,V,J = W + Wl with
W = (V Vi, Vau)v + (ViVid,v)Vv + (Vi Veu) Vv
+ %<th7 VsVsvho + %(vtj, V)V Vv

12 . 1
(12) + Vel [vavsvsq 2V, <||ctH ) (vsvtj 5Vs (vg“))

_1 1
— V.V, (||ctH ) (th - 2th'> + R(cs, J)Vsq + Vs (R(cs, J)q)} ,

and where variations V,Vcs(0,5,0) and V,V;V4q(0,s,7) for all 7 € [0,1] are
given by equations (10a) and (10b) respectively : for t = 0, we have

(13) VoVses = =Vgr,

and for all ¢ we get

1
vavsvsq = -

(14) 2¢/|let|

(Vid,v) (r + TH)
+ Vel (Var + Vorl + (r,Vsv)v+ <r,v>st) .
The only term left to compute is the variation V,r, which can be written
1
Var(0,5,1) = - / (VaR)(@, Vsa)el + R(Vag, Vo)l
t

+ R(q, VaVsq)cl' + R(q, Veq)Va(c]") dr,

with
1 1 I
(15&) Vaq = VtJ — *th 3
llcel 2
1 1 I 1 1
(15b) V,Vaq = o ViVl = 5Vl = (Vi Vaojv = S{Vid 0) V.
Ct

1
+V, (||ct||‘1/2) (th - 2th'> +R(J, cs)q,
and, for all 7 € [¢, 1],
Val(cs(0,5,7)7) = VsJ(s,t) —|—/ R(ct, J)(es(0, s,u)"") du.
t

We can notice that the obtained equations allow us to iteratively compute J(s+e¢, )
and VJ(s +¢,-), for a fixed step € > 0, knowing J(s,-) and Vi J(s,-). Indeed, we
then know V.J(s,-) since J(s,t) is known for all ¢, as well as V,V J(s,-) since
VsJ(s,t) is known for all ¢, and finally Vi ViJ = Vi VJ + R(cs, ¢;)J. Assuming
that we are able to compute the covariant derivative V ;R of the curvature tensor,
for example if we are in a symmetric space (then it is zero), we obtain an algorithm
to compute the Jacobi fields in the space of curves.

As we did for the exponential map, let us consider the discrete case, and place
ourselves in the submanifold of piecewise-geodesic curves. We assume that M is
a symmetric space. Consider a discrete path of piecewise-geodesic curves c(s;, t;),
where 0 = ¢y < ... < ¢, =1and s; = j/m with j = 0,...,m, for n,m natural
integers, and c(s;, .)|[ti7ti+1] is a geodesic of M for all j and all 7. We assume that
we know the derivatives in s and ¢. Consider two vectors fields Jo, W along ¢(0, -).
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Point drawn
exp u

Initial point

Cp
l_..--"'ﬁ';v’,}(t])

c
V.J(0 1
J(0) Target point

J(1)

FIGURE 2. Geodesic shooting in the space of curves M

Algorithm 3 (Discrete Jacobi fields in the space of curves in a symmetric space).
Input : ¢, Jy and W.
— Ingtialization : Set J(0,t;) = Jo(t;) and VJ(0,t;) = W(t;) fori=0,...,n.
- Heredity : Fiz j € [1,m] and set s = s;, and e = 1/m. We denote by a — c(a, -, ")
a variation of c. If J(s,t;) and VJ(s,t;) are known for all i, then
(1) forall 0<i<mn-—1, set
1
th(S, ti) = (J(S, ti+1)ti+1’ti — J(S, ti>) s
tiy1 —t;
1
ViVil(s,t;) = ———
tiy1 — 1

vsth(S, tl) = VtVSJ(s, tz) + R(Cs, Ct)J(& tz)

(Ved (s, tig1)t 0% = ViJ(s, 1)),

(2) Compute r(0,s,t;) = > pr_; R(q, Vsq)cs(s, ty)* " for alli=0,...,n.
(3) Compute Vaq(0,s,t;) and VVaq(0,s,t;) for all 0 < i < n using (15a)
and (15b) and

k
VQ(CS(O,S,tk)tk,ti) = VsJ(S,ti) + ZR(CuJ)(Cs(S,te)te’ti),
=i

for alli <k <n, and deduce

n

VaT(O, s ti) =— Z [R(Vaq, VsQ)Cs(O, s, tk)tk7t7:
k=i

+R(q, VaVsq)cs (0,8, )" + R(q, Vsq)Vales(0, s, tx) ") |.

(4) Compute V,Vscs(0,8,0) and V,VsVsq(0,s,¢;) for all 0 < i < n using
equations (13) and (14).

(5) Compute W (s, t;) using (12) and V V Vi J(s,t;) = W (s, t;)+ Wl (s,t;) for
all time t;, and deduce

0,t
V.V (s,t) = [(vavscs + R(ess )es)|uro.rmo

i tr,t;
+3 [(vsvsw + Rt )V + Vo (R(cty ) T)|aco s,
k=0
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(6) Finally, for all 0 < i <mn, set
J(s+et;) = J(s,t;) + €V (s, t;) |h+
Vo (s + e, t;) = [ VaJ(s,t;) + €V Vi (s, t;) |0+
Output : J(1)

The geodesic shooting method presents several drawbacks : we have no conver-
gence result, and stopping before convergence will not be satisfactory since it will
yield a path that does not link the curves we want to link. Furthermore, the esti-
mation of the ”gap” between the curve obtained by shooting and the target curve

is problematic, as it would require shooting as well. In what follows, we present an
alternative.

4.4. Path straightening. Another possibility to compute an optimal deformation
from one curve to another is the path straightening method, used by Srivastava et
al. (see [12]). The advantage of this algorithm is that it provides a path linking
our two curves at each step. The idea is to initialize the desired geodesic by a path
linking our two curves (for example, the L? deformation) and to update it using a
gradient descent on the energy functional, while fixing the extremities. Here we will
not exactly follow the opposite of the gradient, but the simplest smooth deformation
which makes the energy functional decrease. Let [0,1] 3 s — ¢(s,-) € M be a path
of curves and a — é(a,-,-), a € (—¢,€) a proper variation of c. Recall that the
differential of the energy E : C*°([0,1], M) — Ry,

! de Oc
E(C) = /O G (88, (95) dS,

at point ¢ and in ¢,(0, -, -) is given by
1 1
TLE(60(0)) = — 7/ <Vscs(8, 0) + 7(5,0) , éa (0, 3,0)> ds

2 0
1 1 1 )
_5/0 /O (Vaaa(s,0) + (s, )| (75 £) + (s,0)]1), Vi (0, 5,1) )t ds.

Then it is easy to verify that the following choice of variation ¢ in @ = 0 and
s € [0, 1] will make the energy functional decrease

éa(oa 570) = f(S) (VSCS(S, O) + T(Sv 0)) )

¢a(0, 5,1) = f(s) (éa(o,s,OW + /0 la(s, 7 (Vs 7) + V'(sm))T’th) ,
for all ¢ € [0, 1], with
V(s,7) = VsVsq(s,7) + [lq(s,7)|| (T(S,T) + 7"”(3,7')) VT,

and where f : [0,1] — R satisfies f(0) = f(1) = 0 and f > 0. This multiplica-
tive function guarantees that ¢ is a proper variation of ¢, that is preserving the
extremities

¢4(0,0,¢) =0 Vte0,1],
a(0,1,)=0 Vte[0,1].

The steps of the algorithm can be summarized as follows.
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Algorithm 4 (Path straightening).

Input : cg,cq1 € M.

— Initialization : Set k = 1, ¢ = c2 where cp2 is the L?-deformation between c
and ¢1, and compute its energy E = E(crz2).

— Fiz a threshold § > 0.

(1) Compute for all s and t
V(s 1) = VoVaals )+ lals, )] (r(s,8) + vl (s,1)) .

and set
¢2(0,5,t) = f(s) [(Vscs(s, 0) + r(s,0))""

+ /Ot llg(s, )l (V(S,T) + V”(S,T))Tl't dT:|.

with f :[0,1] = R satisfying f(0) = f(1) =0 and f > 0.
(2) Update c(s,t) < expe(s 1) (£¢4(0,5,t)) Vs,t and compute E(c).

(3) If E—E(c) > 6, then set E = E(c) and k < k+1 and go back to step (1).
Else, stop.

Output : ¢ approximation of the geodesic linking cq to c;.

5. EXAMPLE : CURVES IN THE HYPERBOLIC HALF-PLANE H

Let us consider, as an example, the particular case of curves in the hyperbolic
half-plane H, for which we can obtain some explicit formulas. Here we give a few
tools in that space which are necessary for the algorithms previously described. We
consider the upper half-plane representation of H. Recall that in this representation,
the metric is given by
ulo! + u?e?
Y2
for two tangent vectors u = u! 4+ iu? and v = v! 4+ 0? in a point z = x + iy. If
c(t) = x(t) +iy(t) is a curve in H and v(¢) = v1(¢) + v2(t) is a vector field along c,
then the covariant derivative of v is given by Vv = X(t) + Y (t) where

(u,v) =

)

2 syl

v? 4 gol Jv? — v

X = , Y=

Y Y
Let us now remind a well-known expression for the Riemann curvature tensor in
a manifold of constant sectional curvature. Recall that H has constant sectional
curvature K = —1.

Proposition 5. Let X,Y,Z be three vector fields on a manifold of constant sec-
tional curvature K. The Riemann curvature tensor can be written

R(X,Y)Z =K ((Y,Z)X — (X, 2)Y).

We also need to be able to compute the geodesic starting from a point p € H
at speed ug € T,H (in other words, the exponential map u + exp,(u)), as well
as the geodesic linking two points p and ¢, with the associated initial vector speed
(which gives the inverse q + log,(q) of the exponential map). Let us recall that
the geodesics of the hyperbolic half-plane are vertical segments and half-circles
whose origins are on the x-axis, and that they can be obtained as images of the
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vertical geodesic following the y-axis by a Moebius transformation z — fjj:db, with
ad —bc = 1.

Proposition 6 (Geodesics of H and logarithm map). Let zp = g + iyo and z1 =
x1 +iy1 be two elements of H. If xg = x1 then the geodesic going from zy to zy is
a segment. Otherwise, it is given by v(t) = x(t) + iy(t) with
) bd + acy(t)? 0) y(t)
2(t) = 5———=5 ==
d2 + c2g(t>2 ’ d2 + cQg(t)Q’
where the coefficients of the Moebius transformation can be deduced from the center
xq and the radius R of the semi-circle going through zo and z1 : a = % (% + 1),
b=xzqg— R, c=5=,d=1, and for all t € 0,1],

te€0,1],

_ _ . Y1 _ .
t) = goelt, with K = In 2, = —1
y(t) = o o o p—

The inverse of the exponential map is in turn given by log, (z1) = #(0) 4 ig(0),
with

2Cng02
(d2 + CQ?jOQ)Z’

We now remind the exponential map in H.

- Kyo(d? — g0?)

‘T(O) = y(O) - (d2 + ng—og)g

Proposition 7 (Exponential map in H). Let zg = xg +iyo be an element of H and

ug = Lo+ 1Yo a tangent vector such that £y # 0. Then the exponential map is given
by exp., (uo) = (1), where y(t) = x(t) + iy(t) with
o(t) = bd + acy(t)? (1) = y(t)

T+ 2t P+ G

The coefficients a,b,c,d of the Moebius transformation can be computed as previ-

ously from the center xq = xg + yoz—g and the radius R = \/(xo — xq)? + y3 of the
semi-circle of the geodesic, and for all t € [0,1],

_ Y L azo+b
t = t’y th = —
y(t) =goe o, with gy Zczo +d

tel0,1].

S

L do(d? + p?)?
d = — .
andyo 2cdyy
Finally, we remind how to parallel transport along a geodesic in the hyperbolic
plane.

Proposition 8 (Parallel transport in H). Let ¢t — ~(t) be a curve in H with
coordinates x(t), y(t), and ug € Ty, H a tangent vector. The parallel transport of
ug along v from ty to t is given by

(t) cosB(tg,t) sinb(tg,t)
u(t) = 2 ( )um

~ y(tg) \—sinb(to,t) cosb(to,t)

where 0(t;,tf) = ftif .7:58 dr. If v is a geodesic, we get
0(ti ty) = 2 (arg(d +icy(ty)) — arg(d +icy(ti))) ,

where the coefficients ¢ and d of the Moebius transformation can be computed as
explained previously, and 5 = iy is the pre-image of v by that transformation.

Using these tools, all computations described in the previous algorithms are
explicit. As most of the latter are already detailed, we will only give an explicit
and discretized version of the path straightening described in Algorithm 4. Let ¢
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and ¢; be piecewise geodesic curves, that is co|[

and ¢y, ;) are portions
of geodesic for all i =0,...,n — 1.

tiytit]

Algorithm 5 (Discrete path straightening in the space of curves in H).
Input : co,cq

— Initialization : Set k =1 and fori=0,...,n, c(-,t;) = v; where v; is the geodesic
of H linking co(t;) to c1(t;) and can be computed with Proposition 6. Compute for
al0<j<m—-1and all0<i<n

1
Cs(sjati) = E IOgc(sj,ti) C(Sj+]_,t7;),

1
Vsq(sj,ti) = € (q(57+1,t )FHS — (st ))7

where the log is given by Proposition 6 and the parallel transport can be computed
using Proposition 8, and set E = Z;-n:_ol [||cs(sj,0)||2 + 3 IIVaeq(sy, t)]?

— Fiz a threshold § > 0.
(1) Forallj=0,....m—1and alli=0,...,n—1, set

1
iti)=——1o s i
ACIRD) tirr — s O8¢(s;,t:) € sy titn),
a(si,t:) = _alsipti)
. llee(sy, t)ll

n

(84, ti Z [ (sj,tk), cs(s5,tr) )Vsq(sj, t)

T (Ve el ) oty )]
1

llee(s; t

(2) Forallj=0,....m—2and alli=0,...,n—1, set

TH(Sjvt') )H< (337 ) ct(sj’ti) >Ct(8j7ti)a
1
Cs(Sjt1,ti) = —10ge(s, 1) (8542, i),
Vsq(sjs1ti) = = (q(sj42, )25+ —q(s541,t:) ),

Vies(sj,ti) = = (€s(sjn, 1) 5% — eo(s5, 1) ),

=A==

VsVsalsj ti) = g(st(Sﬂhti)s“l’s" — Vsa(sjiti) ),
and  Vcs(Sm_1,t;) = VsCs(8pm_g, t;)Sm=25m=1,
ViVsa(sm—1,ti) = VsViq(sm—g,t;)*m2"m1.
(3) Forallj=0,...,m—1and alli=0,...,n—1, compute

V(sjots) = VaVaalss, i) + lalss )| (r(s,ts) +71(s5,1:))

eal0,55,1) = £(5,) [mcs(sj, 0) + r(s;,0))°

k=0
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with f :[0,1] - R, z+ /0.25 — (z — 0.5)2.
(4) Update c(sj,t;) < exPe(s, 1, (%¢a(0,55,t;)), Vi,j and compute

1
CS(Sj7ti) =~ logc(5j7ti) C(Sj-‘r].?ti),

€
1
Viq(sj,ti) = E(Q(Sj-&-lati) —q(sj,ti) ),
m—1 n
B(e) = Y [lles(ss, 007 + 3 IVaals; ) |-
j=0 i=0

(5) If E—E(c) > 0, then set E = E(c) and k < k+ 1 and go back to step (1).
Else, stop.

Output : ¢ approzimation of the geodesic linking cq to c;.

6. CONCLUSION

In the same way that the first-order Sobolev metric (2) on the space of plane
curves can be obtained as the pullback of the L?-metric by the square root velocity
function ([12]), our metric G on the space of manifold-valued curves can be obtained
as the pullback of a natural metric on the tangent bundle TM by the same SRVF.
As such it is reparametrization invariant, and induces a Riemannian metric on
the shape space S for which the fiber bundle projection is formally a Riemannian
submersion. On the other hand, the special role that GG gives to the starting points
of the curves induces another formal fiber bundle structure, this time over the
manifold M seen as the set of starting points of the curves, for which the projection
is formally also a Riemannian submersion. The geodesic distance induced by G
takes into account the distance between the origins of the curve in M and the
L2?-distance between the SRV representations, without parallel transporting the
computations to a unique tangent plane as in [5] and [15]. This should allow us to
take into account a greater amount of information on the geometry of the manifold
M. Explicit equations can be obtained for the geodesics, as well as for Jacobi fields.
These allow us to iteratively compute the optimal deformation between two curves,
either by geodesic shooting using the exponential map, or by path straightening
using Jacobi fields. These algorithms are given in the submanifold of piecewise-
geodesic curves to reflect the reality of applications, where instead of curves we
deal with series of observations. The particular case where the manifold M is the
hyperbolic half-plane illustrates that the algorithms are effectively computable in a
simple symmetric space. Future work will include computing means and medians
of curves using our metric.
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