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C. Blanchet-Scalliet * M. Jeanblanc | R. Romo Romero?

January 8, 2016

Abstract

We present some results on enlargement of filtration in discrete time. Many results known
in continuous time extend immediately in a discrete time setting. Here, we provide direct proofs
which are much more simpler. We study also arbitrages conditions in a financial setting and
we present some specific cases, as immersion and pseudo-stopping times for which we obtain
new results.

Introduction

In this paper, we present classical results on enlargement of filtration, in a discrete time frame-
work. In such a setting, any F-martingale is a semimartingale for any filtration G larger than
F, and one can think that there are not so many things to do. From our point of view, one
interest of our paper is that the proofs of the semimartingale decomposition formula are simple,
and give a pedagogical support to understand the general formulae obtained in the literature in
continuous time. It can be noted that many results are established in continuous time under the
hypothesis that all F-martingales are continuous or, in the progressive enlargement case, that
the random time avoids the F-stopping times and the extension to the general case is difficult.
In discrete time, one can not make any of such assumptions, since martingales are discontinuous
and random times valued in the set of integers do not avoid F-stopping times.

In the first section, we recall some well know facts. Section 2 is devoted to the case of initial
enlargement. Section 3 presents the case of progressive enlargement with a random time 7. We
give a "model-free" definition of arbitrages in the context of enlargement of filtration, we study
some examples in initial enlargement and give, in a progressive enlargement setting, necessary
and sufficient conditions to avoid arbitrages before 7. We present the particular case of honest
times (which are the standard example in continuous time) and we give conditions to obtain
immersion property. We also give also various characterizations of pseudo-stopping times.

1 Some well known Results and Definitions

In this paper, we are working in a discrete time setting: X = (X,,n > 0) is a process on a
probability space (Q2,P), and H = (H,,n > 0) is a filtration. We note AX,, := Xp,— Xp_1,n > 1
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the increment of X at time n and we set AXo = Xo. A process X is H-predictable if, for any
n > 1, the random variable X,, is H,,—1-measurable and X is a constant. A process X is square
integrable if E(X2) < oo for all n > 0. A random variable X is positive if X > 0 a.s. and a
process A is increasing (resp. decreasing) if A, > A,_1 (resp. A, < A,_1) as. , foralln > 1.

1.1 H-martingales

We give some obvious results on the form of H-martingales.
The set of processes of the form (Yo + > 7, ¥x — E(¢Yr|Hr—1), n > 0) where ¢ is an H-
adapted integrable process is equal to the set of all H-martingales (here, 22:1 .=0)

The set of processes of the form (¢ [];_, W, n > 0) where v is a positive integrable
H-adapted process is the set of all positive H-martingales (here, [[,_, . = 1).

1.2 Doob’s Decomposition and Applications
1.2.1 Doob’s decomposition

Lemma 1.1 Any integrable H-adapted process X is a special H-semimartingale' with (unique)

decomposition X = MXF 4 VXE where M is an H-martingale and V0 is an H-predictable
. X ,H

process with V5 = 0. Furthermore,

AV, = B(AXn|[Hp-1), Y0 > 1.
Proof. In the proof, VE := VXH and M¥ .= MXE. Setting VE =0 and, for n > 1
Vol = Vily = B(Xn — X1 [Hn-1),

we construct an H-predictable process. This leads to AME = AX,—AVE = Xn—E(Xn|Hn-1),Vn >
1. Setting M = Xo, the process MY is an H-martingale. O

In what follows, we shall also denote VX (resp. VH) the H-predictable part of X if there are
no ambiguity on the choice of the filtration (resp. on the choice of the process).
As an immediate corollary, we obtain the Doob decomposition of supermartingales:

Corollary 1.2 If X is an H-adapted supermartingale, it admits a unique decomposition
X =M% - A

where M is an H-martingale and AX is an increasing H-predictable process with A* = 0.

1.2.2 Predictable brackets

Proposition 1.3 If X and Y are square integrable H-martingales, there exists a unique H-
predictable process VXY =: (X,Y) such that VOX’Y =0 and XY — VXY is an H-martingale.
Furthermore

AVEY = E(YaAXy|Hoo1) = E(AY,AX [ Hn-1), n > 1.

Proof. Indeed, from Lemma 1.1, and using the martingale property of X and Y, we have, for
n>1:

AVEY =V 5Y v = E(XaYn — Xpo1Yao1[Hno1)
]E(YnAXn‘anl) + ]E(anlAYn‘anl) = ]E(YHAanﬂnfl)
E(AY, AX | Hi-1).

O

LA special semimartingale is an adapted process X such that X = M + V where M is a martingale and V a
predictable process.



The predictable bracket of two semimartingales X,Y is defined in continuous time as the
dual predictable projection of the covariation process, that is (X,Y) := [X,Y]?. For discrete
time semimartingales, we adopt the same definition. The covariation process is

[X,Y]o =0, [X,Y],:= > AXyAYi,n>1,
k=1

and [X,Y]? is the unique predictable (bounded variation) process null at time 0, such that
[X,Y] — [X,Y]? is a martingale, i.e., [X,Y]? is the predictable part of the semimartingale
[X,Y].
Lemma 1.4 Let X,Y be two H-adapted processes (hence, semimartingales). Then
(X,Y)o =0, AX, V), =E(AX,, AY, |Hpn-1),n > 1.

Proof. From Doob’s decomposition (Lemma 1.1), for n > 1,

AKX Y)n = E(X,Y]n = [X,Y]n1[Hno1) = B(AX, AY [Hn1).

O

As usual, two martingales X and Y are said to be orthogonal if the product is a martingale,
e, if E(AY, AX,|Hpn-1)=0,Vn > 1.

1.2.3 Stochastic integral of optional processes and martingale property

Lemma 1.5 If Y is an H-adapted square integrable process and X a square integrable H-
martingale, the process Y. X defined as (Y. X)n := Yo+>_;_, YeAXk, n > 0 is an H-martingale
if and only if the H-martingale part of Y is orthogonal to X . In particular, if Y is H-predictable,
Y . X is an H-martingale.

Proof. Let Y = MY 4+ VY. Since
E(YnAXn|Hno1) = E(M) AXp[Hn—1) + Vil E(AX | Hn-1) = E(AM) AXp|[Hn—1)

the result is obvious. O

1.3 Multiplicative decomposition

Theorem 1.6 Let X be an H-adapted (integrable) positive process, then X can be represented
in a unique form as

X =K*N¥,
where K is an H-predictable process with K& =1 and N is an H-martingale. More precisely,
n
Ng© = X, , Vn>1,
X =%, -~ gy
K(‘)XZL H EXe |Hk17 Vn > 1.

Proof. For eachn > 1 ﬁxed the positive random variable N;X, is integrable since by recurrence
E[Nr)f] = [Nr)f 1E( Hon— 1)] = E(Ni{_l) = Xy, and from Subsection 1.1, N¥ is a

]E(XnIHn 1)
martingale.
In the other hand, the process K, defined by
X _ Xn _ ﬁ E(Xk|Hi-1)
L 7 X5 -
Xo HICL:I ]E(Xk\’}]-zk,l) =1 X1
is an H-predictable process. O

Remark 1.7 In terms of Doob’s decomposition X = M*X 4+ VX one has

MX X ©ME L+ VX
KX = M g = TS N = XK 2
ne k=1 -

Corollary 1.8 Any positive H-supermartingale Y admits a unique multiplicative decomposition
Y = ND where N is an H-martingale and D an H-predictable decreasing process with D = 1.

Proof. The process D = KX is indeed decreasing,. O



1.4 Exponential process

Given an integrable process X, such that Xo, = 0, we define the exponential of X denoted by
&(X) as the solution of the following equation in differences:

AE(X)n = EX)waAX,, Vn>1, ,
{5(){)0 -1 (1)

Proposition 1.9 The solution of (1), is given by
EX)p =1 (AXr+1), Yn>1. (2)
If AX, > —1, for all n > 0, then £(X) is positive.

Lemma 1.10 Let ¢ and v be predictable and M and N be two martingales. Then
EWME(.N)=EM~+~v.N+¢vy.[M,N]).

Proof. This result is known as Yor’s equality. By definition, the two sides are equal to 1 at
time 0. For n > 1, the left-hand side K, := E(¢p « M)nE(y « N), satisfies K, = K,-1(1 +
Y AMR)(1 + v AN,). The right-hand side J, := (¥« M + v . N + ¢y . [M, N]),, satisfies
In = Jn—1(1+Yn AMy 4+ ANy +0n v AM, AN,,). Assuming by recurrence that K,,—1 = Jp—_1,
the result follows. O

1.5 Girsanov’s transformation

Theorem 1.11 Let X be a (P,H)-martingale, Q a probability measure such that Q ~ P on H,
for alln >0, and L, := % " If X,, € LY(Q) for all n > 0, then the process X defined as

n

- n 1
Xp = X — A(X, L)y, ¥n >0
;qu (X, L)k, ¥n

is a Q-martingale.

Proof.  The result follows from the fact that, from Doob’s decomposition, the process X©
defined, for n > 0 as

n n 1
X =Xp =Y Eo[AXy[Hi 1] = Xn =) T ErlLeAX [ Hi]
—1
k=1 k=1

is a Q-martingale.

1.6 Enlargement of filtration

In continuous time, a difficult problem is to give conditions such that an F-martingale is a
G-semimartingale for two filtrations satisfying F C G, and, if it is the case, to give the G-
semimartingale decomposition of an F-martingale. In discrete time, the following proposition is
an easy consequence of Doob’s decomposition and states that if F C G, then any F-martingale
is a G-semimartingale and gives explicitly the decomposition of this semimartingale.

Proposition 1.12 In a discrete time setting, any integrable process is a special semimartingale
in any filtration with respect to which it is adapted: if F C G, and if X is an F-martingale, it is
a G special semimartingale with decomposition

X=M°+VE®
where M€ is a G-martingale and VC is G-predictable, V& =0, and
AV =E(AX,|Gno1), n > 1.

Our goal is to compute more explicitly the semimartingale decomposition in some specific
cases, and to show, with elementary computations, that we recover the classical general formulae
established in the literature in continuous time.



Comment 1.13 Note that results in continuous time can be directly applied to discrete time:
if F is a discrete time filtration and X a discrete time process, one can study the continuous on
right jumping filtration F defined in continuous time for n <t < n+ 1 as F; = Fp, and the
cadlag process )?t = >, Xnlin<icnt1}- One interest of our computations relies on the fact
that we do not need hypotheses done in continuous time and that our proofs are simple.

Another goal of this paper is to study how enlarging the filtration may introduce arbitrages.

To do this, we first recall some definition of no arbitrage for a given filtration

Definition 1.14 Let X be an H-semimartingale, where H is a given filtration. We say that the
model (X,H) has no arbitrages if there exists a positive H-martingale L, with Lo = 1, such that
XL is an H-martingale.

We start with a general result, valid for any filtration H:

Lemma 1.15 Let Y be an integrable H-semimartingale. If there exists a positive H-adapted
process Y such that

]E(annwinfl) - YnflE(wn‘anl)y vn Z ]-7
there exists a positive H-martingale L such that LY is an H-martingale.

Proof. Let Y be a (P,H)-semimartingale with decomposition Y = MY 4+ VY with AV,Y =
E(AY,|Hn—1) and where MY is a (P, H)-martingale. Define, for a given ¢, the (P, H)-martingale
L

Yn
Lo = 17 Ln = = Ln— ) 2 17
‘ ) Sy "E@nlHa 1) "

then, setting dQ = LdP, the process MY decomposes as MY = m™ + VM where m™ is a
(Q, H)-martingale and

1
AVM = ]EQ(AMHH,L,l):L 71EP(LHAM7§/\H”71)
1 Yy Y 1 Y
= Ep(Ln MY [Hn 1) — Ln My 1) = —————Ep(pu AM, [Hn_1).
Lnfl( p( [Hn-1) 1 1) B (0n[Hn 1) P (1) [Hn-1)

The process Y is a (Q, H)-martingale if VM 4 VY =0 or equivalently AVY + AVM = 0, that is
E(tn AM [Ho—1) + E(bn[Hn—1)E(AYz[Ha1) = 0.
We develop and use that AMY =Y, — E(Yn|Hn—1) and obtain, after simplification
E(WnYn|Hn-1) = E(¥n|Hn-1)Yn-1.
O
In the setting of enlargement of filtration, we introduce the following "model free" definition

Definition 1.16 Let F C G, we say that the model (F,G) is arbitrage free if there ezists a
positive G-martingale L with Lo = 1 (called a deflator) such that, for any F-martingale X, the
process XL is a G-martingale.

Our definition is "model free" in the sense that we do not specify the price process in the filtration
F. The study of conditions so that, for a given martingale X, there exists a deflator, can be
found in Choulli and Deng [7]. In the enlargement of filtration setting, we assume that there
are no arbitrages in F, and we work under a risk neutral probability measure in the filtration
F. Working under the historical probability does not create problems: it suffices to change the
probability at the beginning.

2 Initial Enlargement

The filtration G = (Gn,n > 0) is an initial enlargement of F with a random variable & taken
values in R if G, := Fp, Vo(£),n > 0.



2.1 Bridge

We study the following particular example. Let (Y;,7 > 1) a sequence of i.i.d. random variables
with zero mean and the process X of the form X, := 0, X,, := Z?:l Yi,n > 1. For N fixed,
we put £ := Xy and we denote by F the natural filtration of X, and we note that X is an
F-martingale.

We need to compute AV,, = E(AX,|Fn-1V o(Xn)). Using the fact that (Y;,i > 1) are i.i.d,
we have, forn < j < N

(Y}7X17 t '7Xn*17XN)1gV(Yn7X17 c '7anlaXN)7

hence
E(YalFact Vo(Xn)) = E(Yj|Faos Vo(Xn))
1
= — E(Y,+---+Y+- o+ YN|Fue X
N-(n-1) Yo+ +Y+- +Yn|[Fn1 Vo(Xn))
1 XN _Xn—l
= ——— EXny—Xn-1|Fn-1Vo(XnN)) = —7——.
N (o) A iFn-1Vo(Xw) = §—0 7
Therefore, the process X© defined as
Xy — X
XF =X, >
" N1 =Y
k=1

is a G-martingale.

Comment 2.1 This formula is similar to the one obtained for Lévy bridges: if X is an inte-
grable Lévy process in continuous time (e.g. a Brownian motion) with natural filtration F¥X,
setting G = F* v o(X1) leads to

t
Xr Xsds,Ogth,

XP=x,- [ 2E=2=s
t t , T —s

where X© is a G-martingale.

2.2 Initial enlargement with ¢, a Z-valued random variable

Let X be an F-martingale, £ be a r.v. taking values in Z and, for any j € Z, let p(j) be the
F-martingale defined as p,(j) = P(§ = j|Fn).

Then, the Doob decomposition of X in G is X = M® + V¢ where M® is a G-martingale
and, for n > 1, AV,® = E(AX,|Fn_1V o(€)) so that

E(]l{g:j}AXﬂfn—l)

(AVE)HKZJ} = ﬂ{ﬁzj} P(f — J|]:n—1)
_ E(pn()AXn[Fn-1) _ CAX p(d))n
= lge—py Pn10j) = 1=y Pn_10j) ) (3)

where we have used the tower property in the second equality. On the set {£ = j}, one has
pn(j) # 0,¥n > 0. Indeed,

's )
E(Lip, (h=0yLie=3}) = E(Lp, (=03 E(Lge=j3 177 ) = E(Lgp, (j)=03Pn (7)) = 0.
Therefore, the process X© defined as
XEox, - AX, p(4))kle=;
— pea(§)
is a G-martingale.

Comment 2.2 In continuous time, under Jacod’s hypothesis P(7 € du|F;) = pi(u)P(T € du),
the process X© is a G-martingale where

C (X, p(u))sle=u
X8 = X — — = VY 0.
! /0 ps—(ﬁ) =



2.3 Arbitrages
Lemma 2.3 If & € Fn for some N and & ¢ Fo, the model (F,G) is not arbitrage free.

Proof. Let X,, = E(¢|Fy). If a G-deflator L exists, the process X L would be a G-martingale,
and X,L, = E(XnyLn|Gn). Using the fact that Xy = € € G»,0 < n < N, we obtain
E(XNLnN|Gn) = XnLn, in particular Xy Lo = XoLo which is not possible since Xy = £ is not
in .Fo. O

3 Progressive Enlargement

We assume that 7 is a random variable valued in N U {400}, and introduce the filtration G
where, for n > 0, we set G, = F, V o(7 An). In particular {r = 0} € Go, so that, in general Gy
is not trivial.

In continuous time, many results are obtained under the hypothesis that 7 avoids F-stopping
times, or that all F-martingales are continuous, which is not the case here. We present here
some basic results, and we refer to Romo Romero [9] for more information.

3.1 General results

We now assume that Fy is trivial. If Y is a G-adapted process, then there exists an F-adapted
process y such that
Yoliery = Ynlinery, V0 > 0. (4)

If Y is a G-predictable process, there exists an F-predictable process y such that
Yolin<ry = Ynlin<ry, Vn > 0.
We introduce the supermartingale
Zn =P(r > n|F,),Vn >0
and its Doob’s decomposition Z = M — A with
Ao =0, AA, = —E(AZp|Frno1) =P(r =n|Fn-1),Vn > 1.

In particular, since Fy is trivial, Zo = Mo = P(7 > 0).
We also introduce the supermartingale

Zn =P(r > n|Fn), ¥n >0

and its Doob’s decompositionNZ =M — g where M is an F-martingale and A the F-predictable
increasing process satisfying Ao =0, AA, =P(r =n — 1|Fn-1),Yn > 1.
We shall often use the trivial equalities

Zn =P(r>n—1Fn) = Zn +P(r = n|Fn), Zn =P > n+1|Fn), E(Zn|Fn1) = Zn_1.

Proposition 3.1 On the set {n < 7}, Zn and Zn—1 are positive. On the set {n > 7}, Zn and
Zn—1 are (strictly) smaller than 1.

Proof. The first assertion is obtained from the two following equalities:

E(n<riliz, ,=0p) = E@PMn <7|Fa-1)lyz, =0y) =E(Zn-1l(z, ,=0}) =0,
Encnliz,—0y) = E@®<7|F)liz, o)) =E(Znliz, o)) = 0.
The second assertion is left to the reader.
O

We give a useful lemma. The proof of a) is standard, the proof of b) can be found in Aksamit
et al. [4] for continuous time. For the ease of the reader, we recall these proofs.



Lemma 3.2 One has, for any random time T,
a) if the random variable Y is integrable

]E(Yﬂ{n<.,-}|]:n)

b) for Y, integrable and F,-measurable
1 -
E(Yo|Gn-1)1{r>ny = IL{TZn}Z—I]E(YnZnU-'n,l), Vn > 1
Y. 1
E(?\anl)ﬂ{@n} = Lprzny 57— BValyz o[ Fn1), Vo 2 1 (5)

Proof.
a) Taking Y,, = E(Y|Gn) in (4), and taking expectation w.r.t. F, we obtain

E(Yll{n<7'}|]:n) = E(n{n<7}|}—n)yn = ZnYn -

b) Only the second equality requires a proof. For n > 1, we have

Y, 1 1
E(=1 n1) = Lisnyo—E(Yn=Lsn | Fae
(5 Lirzn}lGn) trzny 7 BV = LirznyFu)

1 1 1
Lir>ny KE(Y"Z]I{TZTL}]I{Z">0} Fre1) = Lgrzny 7—E(Val (7,50 Fn1) -

Lemma 3.3 Let H, = 1;<ny,n >0, and A be the F-predictable process defined as

AA,
/\0:07 AAn = ]I{Zn71>0},n21.
anl )
The process N defined as
nAT
Ny = Hy — Appr = Hp = Y X, n >0 (6)
k=1

where Ap, := AN, is a G-martingale.

Proof. 1t suffices to find the Doob decomposition of the G-semimartingale H. The predictable
part of this decomposition is K with

E(AH,|Fn-
AKn = E(AHn|gn_l) = ]I{Tﬁnfl}o + ]l{‘r>n71} %11)
]E(anl - anj:nfl) An — An71
= Lz 7 =gz —p——nxzl

We conclude, noting that Z,—1 > 0 on {1 < n < 7}, so that, on {n < 7}, one has AK,, =
An where A\, = ZAA_’“;]I{Z",_QO} is F-predictable. Note for future use that 0 < A, < E(1 —

In_|Fno1) < 1. 0O

Zn—1

Proposition 3.4 Suppose Z positive. The multiplicative decomposition of Z is given by Z, =
Nfc‘)( - A) , n >0 where N% is an F-martingale and A is defined in Lemma 3.3.

Proof. We have seen that there exist an F-martingale NZ and an F-predictable process K%
such that Z = N2 KZ with

Kf _ H |:Zk71 —E(Zk| Fi—1) I 1] C Vn>1.
k=1 Zk—1

>From Lemma 3.3 and the positivity of Z, we have

Tt — E(Zn|fn,1)

AAn: ) V' >1,
Zn—l "=

then by definition of the exponential process, we get that KZ = 5( - A) . O



3.1.1 Properties

Lemma 3.5 If Z is predictable, and N is defined in (6), then E(Nu|Fp) — No = Mo — M,, for
all m > 0, where M is the martingale part in the Doob decomposition of Z.

Proof. By definition of N, we have that, for n > 0,

E(Aanfn) = E(]l{rgn} - ]l{‘rgn—l} - )\n]l{TZn}‘]:n)
= T+ Zn—MZn=—DZy — M Zn_1 .

Finally, using that AZ,, + AA,, = AM,, and \,, = 1iz, >0

ZAA" which implies
n—1

AnZn—l = AnZn—lIL{Zn_1>0} + )\nZn—l]l{Zn_lzo} = AAru
and we get E(AN,|F,) = —AM,, . O
We denote by H® the increasing integrable F-adapted process 2
Hy, =Y E(AHy|Fy) = > P(r=k|Fx), ¥n>0,
k=0 k=0

which satisfies
E(Vrl{reoy) = B Yo AH,) =E(>_ YVaE(AH,|F,)) = E() | Y.AH;) (7)
n=0 n=0 n=0

for any F-adapted bounded process Y. We define HS, := HS,_ + P(r = oo|Fs) where

HS_ = limy, o0 HS := 3232 P(r = k|Fi). Note that AA,, = HS_, — HJ_,, and since A; = H§
we have A,, = H,,_, hence

Zp+HS = Zn+ AHL + HY_y = Zn + Ay = M, .

Furthermore, since limp, 00 Zn = L{r=cc}, and E(HS,_) = lim E(H?) < 1, one has

My = Zn + HS = E(1l {r—osy + HS%_ | Fn). (8)

Lemma 3.6 Let J := H — %]1[0,7] . H°. Then, for any integrable F-adapted process Y, the
process Y «J is a G-martingale. In particular, J is a G-martingale.

Proof. From AJp = lr—py — %H{Tz,L}P(T =n|Fn), n > 1, one has AJ, 1, .,y =0 and, from
Lemma 3.2 (5), '

E(YnAJnlgnfl)

1
]l{‘r>n—1} KE(YYLAJTL]I{T>’IL—1} |]:n71) + E(YnAJn]l{T<n} |gn71)

1 1
= lon-1y KE (Yn (]P(T =n|Fn) — Z—P(T = n|Fn)P(T > n|.7-n)]1{2n>0}> |-Fn—1)

n

- IL{”"‘”i]E (aP(r = niF0) (112,20 ) 1)

E (Yn]P’(T = n|fn)]l{2nzo}|fn71) )

1
= ]l{‘r>n—1} Zn—l

where the fact that Y is F adapted has been used in the second equality. It remains to note
that, on {Z, = 0}, one has P(1 = n|F,) = 0 to obtain E(Y,AJ,|Gn-1) = 0. O

Note that, if Y is an F-martingale, then, from lemma 1.5, the G-martingale part of Y is
orthogonal to J. This result is similar to the one obtained by Choulli et al. [6].

2In fact, H® is the F-dual optional projection of H, and many proofs are consequences or properties of dual optional
projections. For the ease of the reader, we give the proofs of all the results.
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3.1.2 Immersion in progressive enlargement

We recall that F is immersed in G (we shall write F — G) if any F-martingale is a G-martingale.
This is equivalent to Z,, = P(7 > n|F) = P(7 > n|Fi) for any k > n > 0.

Lemma 3.7 F is immersed in G if and only if Z is predictable and Z, = P(t > n|Fa), n > 0.
Proof. Assume that F is immersed in G. Then, for n > 0,
Zn=P(r>n|Fn) = Pr>n—1F,)=Pr>n—1|Fu_1) =P >n—1|Fx)
= P(r>n|Fw),
where the second and the next to last equality follow from immersion assumption. The equality
Zn =P(1 >n — 1|Fn-1) = Zn—_1 establishes the predictability of Z.
Assume now that Z is predictable and Z,, = P(7 > n|F). Then, Z,, = P(r > n|F,_1) and
P(r > n|Fn) = PE>n+11F) = Zny = P(r > n|Fuo).
The immersion property follows. O

Remark 3.8 We will see in the proof of Theorem 3.24 that Z predictable implies that 7 is a
pseudo-stopping time, hence Z (and Z) is decreasing.

Theorem 3.9 Suppose F — G. Then the following assertions are equivalent
(i) Z is F-predictable.

(ii) For any G-predictable process U, one has ]E(ZZ:I Ur ANy, ’]—'n) =0, Vn > 1, in particular

E(ANn ]—“n> =0,Vn>1.
(iii) Any F-martingale X is orthogonal to N.

Proof. (i)= (ii). By uniqueness of Doob’s decomposition and the predictability of Z, Z, =
Mo — Ay, hence AM,, = 0.
By Lemma 3.5 and 3.7, we have that

and E(ANn fn) =0.
For k < n, let Uy € Fr—1 be such that UpL(r~x—1} = Upll{;>5_1}, then

E(AN,|Fp) = —AM,

E(Ux ANk |Fn) = U [E(_]l{r>k} + W rsiy | Fn) — )‘kE(]l{TZk}‘}—n)} ;
which, using immersion propetry

E(UkANkU:n) = U [E(—H{T>k} + ﬂ{‘er}u:k) - AkE(n{‘er}LFk)}
= UkE(ANk|.7:k) =0,

taking the sum over all £ < n we obtain the desired result.

(ii) = (iii). We prove that E(AX,, AN,|G,—1) =0 for all n > 1.
From the Lemma 3.2, we have that

]E(AXn ANn\gn,l)]l{TZn} = E[AXnﬂ.{T>n,1}ANn|]:n71}]l{72n} s

1
Zn—l
since AX,, € F, and 1{;~,_1} € G,—1 we have, from (ii)

E(AX 1L (rsn 1} ANG|Fp 1) = IE[AXnIE(Il{T>n_1}ANn\]—'n)|}'n,1] —0

hence

On the set {7 < n}, using that {7 < n} € G,_1, we obtain

]E(AXn Aangnfl)]]-{T<n} = ]E[AXn(]]-{T:n} - )\n]]-{-an})]]-{-r<n}|gn71] =0.



Finally, we get E[A(X,N,)|[Gn-1] =0 .

(iii) = (i). By (iii), we have in the one hand, for n > 1, E(AX,AN,|G,—1) = 0, then
E(AX,AN,) = 0 . In the other hand, E(AX,AN,) = E[AX,E(AN,|F,)] , and applying
Lemma 3.5, we obtain E(AN,AX,) = ~E(|]AX,|?) , which implies E(|]AX,|?) = 0 . Therefore
AX, =0, or equivalently E(Z,|Fn—1) = Zn, which is equivalent to the predictability of Z. O

Example 3.10 Assume that 7 = inf{n : I’y > O} where I' is an increasing F-adapted process
and © is independent from F, with an exponential law. Then, immersion property holds and
Zy =Py, > 0|F,) =e T (and Z, = P(7 > n—1|F,) = P(Tph-1 > O|F,) = e Tn-1 = Z,_4).
If T is predictable, the Doob decomposition of Z is Z, = 1—A, = 1—e "', and AA,, = %.
Moreover, Z is predictable and assertions of Theorem 3.9 hold.
If I is not predictable,
AA,  E(—AZu|Fn1) 1—E(e 2" | Foo1)

AN, = _ — o Tn-1 — 1 - RE(e A ).
anl anl € anl (6 ‘f 1)

3.1.3 Construction of 7 from a given supermartingale

We now answer the following question. Let Z be a supermartingale on (2, F,P), valued in [0, 1]
such that Z, = 0. Is it possible to construct 7 such that Z is its Azéma supermartingale. We
mimic the general proof of Song [10]. It is rather obvious that one has to extend the probability
space. Let us consider the space (2 x N,F ® N,Q) where N is the set of non-negative integer,
N the associated o-algebra and Q a probability to be constructed so that the identity map
T(w,n) = n satisfies Q(t > n|F,) = Z, and Q coincides with P on F. To do so, we need to
construct a family of martingales M* which will represent Q(7 < k|Fn). The knowledge of these
quantities will allow us to characterize Q({r < k}NF,,) for any F,, € F,, and using Kolmogorov
arguments, to construct Q on the product space. The measure Q will be a probability, since
Q(R* x Q) = 1. This family must be valued in [0, 1], increasing w.r.t. k. i.e.,

Mf=1—Z,, MF <M vk <n

and Vn < k, M = E(MF|F,).
We assume that 1 > E(Z,|Fn-1), Yn > 1. Let k be fixed and define

E(Zn|Frn-1) — Zn

MF=1-2,, MF=MF_
k ks n n—1 1_]E(Zn|fn71)

,Vn > k.

It is easy to check that M" is an F-martingale valued in [0,1] such that M} < MFF! (the
supermartingale property of Z being used to obtain M > 0).

3.2 Study before 7

3.2.1 Semimartingale decomposition

Proposition 3.11 Any square integrable F-martingale X stopped at T is a G-semimartingale

with decomposition
nAT

1
Xn=Xn +

A(M, X)y,

where X® is a G-martingale (stopped at 7). Here, M is the martingale part of the Doob decom-
position of the supermartingale Z.

Proof. We compute the predictable part of the G-semimartingale X on the set {0 < n < 7}
using Lemma 3.2

1 ~
1{T>n}E(AXn+1|gn) - 1{T>n}7E(Zn+1AXn+l‘fn) .

Using now the Doob decomposition of Z, and the martingale property of X, we obtain

E(Zn+1AXn+l|fn) = E((Mn+l — Ant1)AXn 11| Fn)
= E(MunAXni|Fa) = AM, X)7 4

11
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and finally
1 —
1{r>n}E(AXTL+1|gﬂ) = IL{7’>n} 7 A<M’ X>E+1 .

Zn
O
Comment 3.12 We recall, for the ease of the reader, the Jeulin formula in continuous time:
If G is the progressive enlargement of F with a random time 7, any F martingale X stopped at
7 is a G semimartingale with decomposition

- tAT
X =Xt +/
0

where Z; = P(t > t|F;), Zi = P(r > t|F;). Here Z = M — A where M is an F-martingale
and A is F-predictable. As Z is not cadlag, this is not the standard Doob-Meyer decomposition
established only for cadlag supermartingales.

d(M, X)%

s—

3.2.2 Arbitrages

Lemma 3.13 Let G™™ be the filtration G “strictly before 7", i.e., Gi~ = Gua(r—1)- The model
(F,G™7) is arbitrage free.

Proof. In the case where X is an F-martingale and working in the progressive enlarged filtration,
we will find ¢ such that on the set {1 < n < 7} (strictly before 7)

l{n—lST}E(lﬁan'gnfl) = ]l{n—lg‘r}anlE(d)n‘gnfl)

that is

1 Xn_
Loty 5B XnZnlFaot) = Lino1cm) 5 LB (¢ Zn| Fazt) .

n—1 n—1

We are looking for a positive F-adapted process v, satisfying
E(wanZnLFn—l) = Xn—lE(wnZn‘]:n—l) .

The choice ¢ = (1/Z)1{z>0} + 1{z=0} provides a solution, valid for any martingale X. |

Theorem 3.14 Assume that T is not an F-stopping time and denote by G” the filtration Gy =
Gran,n > 0. Then, the model (F,G7) is arbitrage free if and only, for any n, the set {0 = Z, <
Zn-1} is empty.

We mean here that, for any F-martingale X, the stopped process X" admits a deflator. This
result was established in Choulli and Deng [7] and is a particular case of the general results
obtained in Aksamit et al.[4]. We give here a slightly different proof, by means of the two
following propositions.

Proposition 3.15 Assume that for any n, the set {Zn =0 < Zn_1} is empty. The process
L = &), where Y is the G-martingale defined by AY, = IL{TE;C}(ZE: —1) for k > 1 and
Yo = 0, is a positive G-martingale. If X is an F-martingale, the process XL is a (G,P)
martingale.

Proof. The process Y is a martingale: for n > 1,

Zpr — 7. 1 ~
E(AYn\gn_l) = E(]l{q—zn}%‘gn—l) = H{TEH}KE(]I{Z”>O}(Z"_1 — Zn)|.7‘—n_1)

1 ~ -
= Il{TZn}KIE(Zn—l —Zn =1z _0y(Zn-1 — Zn)|Fn-1)

1 ~
]1{7'271} K]E(anl - Zn|]:n71) == 07

where we have used (5), the fact that E(Z,|Fn_1) = Zn_1 and that, by assumption {Z, = 0} C
{Zn-1 =0}, hence 1,5 _(Zn-1— Zy) =0.

Hence L is a martingale. Note that the fact that {Z, 1 = 0} C {Z, = 0} implies that
the inclusion {Z, = 0} C {Z,_1 = 0} is equivalent to {Z, = 0} = {Z,_1 = 0}, or to



{Z, = 0 < Zn_1} is empty. On the set {r > k}, one has Zx_; > 0 which implies that
AY; = (% — 1) > —1, hence L is positive. Furthermore, for X an F-martingale
k

T Ln+1 Zn - Zn+1
]E( n+1 L |gn) = E(X(n+l)/\7'(]- + II-{TZTH»I} = )|gn)
n Zn+1
Zn
= EXnt1lroniy=—|Gn) + E(X: L cny1y1Gn)
Zn+1
Zn
= E(Xn+11|-{72n+1} = |gn) + XTIL{T<7L+1}
Zn+1

1
= ﬂ{‘r>’n}ZE(XW+1ZWI{ZH+1>O}|‘F”) +X7—]].{T§n}
1
= 1{T>n}ZE(Xn+IZn(1 - 1{2"+1:0})‘}—n) + Xrlr<ny

1
= 1{T>H}ZE(XTL+1Zn|fTL) + XT]l{Tgn} = Xnnar 5

where we have used that, by assumption, Z,1 (Znsr=0} = 0. Hence the deflator property. O

Remark 3.16 In case of immersion, there are no arbitrages (indeed any e.m.m. in F will be
an em.m. in G). This can be also obtained using the previous result, since, under immersion
hypothesis, one has Z,_1 = Zn.

Proposition 3.17 If there exists n > 1 such that the set {0 = Zn < Zn—-1} is not empty, and
if 7 is not an F-stopping time, there exists an F-martingale X such that X" is a G-adapted
increasing process with X§ =1, P(XT > 1) > 0. Hence, the model (F,G") is not arbitrage free.

Proof. The proof is the discrete version of Acciaio et al. [1]. Let ¥ = inf{n : 0= Z, < Zn_1}.
The random time ¥ is an F-stopping time satisfying 7 <9 and P(7 < ) > 0. Let I, = L{y<p}
and denote by D the F-predictable process part of the Doob decomposition of I. One has
Do = 0 and AD,, = P(¢¥ = n|Fn—1). We introduce the F-predictable increasing process U

setting U,, = ﬁ. Then,
Al = 5(—1;)n_1 = 1ADn -b= 5(—1;)n_1 1 —Airbn = UnADn
We consider the process X = UK, where K =1—1,
AX, = =UyAl,+ K, 1AU, =-Uy, (Al, — K,_1AD,)
and
E(AX,|Fno1) = —UnE(AIL, — Kn_1ADy|Fro1) =Up (P(9 = n|Fn-1) — Kn1P(ADn|Fr-1))

= UnKn—1(P(¥ =n|Fn1) —P(ADn|Fn-1)) =0,
where we have used that K,,—1P(¥ = n|Fn_1) = E(Kn—1ly=n|Fn-1) = P(¢ = n|F.-1). Hence

X is an F-martingale.

We now prove that X- > 1 and P(X,- > 1) > 0, equivalently that D, > 0 and P(D- > 0) > 0.
For that, we compute

E(Drlr<oe) = » E(Dplir—ny) =Y E(DnP(r =n|F,))
n=0 n=0
= Y E(DuP(r > n|Fn)) = > _E(DuP(r > n — 1|F,)) + DoP(r = 0)
n=1 n=1
Since D is predictable
E(D-lrcoe) = > E(DuP(r>n|F)) = Y E(DP(r>n—1|F, 1)) =— > E(D.AZ,)
n=1 n=1 n=1

= E(Z Zn—lADn) = E(Zﬂ—1119<oo) > 07
n=1

where, in the last inequality, we used that 7 < and P(7 = ¢) < 1. The process X7 is then an
increasing process and can not be turned in a martingale by change of probability. O

13
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3.3 After 7

As we mentioned at the beginning, any F-martingale is a G-semimartingale (which is not the
case in continuous time). In a progressive enlargement of filtration with a random time valued
in N, one can give the decomposition formula. We start with the general case, then we study
the particular case where 7 is honest, to provide comparison with the classical results.

3.3.1 General case

Mixing the results obtained in initial enlargement and progressive enlargement before 7, for any
F-martingale X

nAT n
e ALK, p(w) kur
X, =X%+ ADM, X))y + Y o B/ ku=r
;) Zia o et 2 pr-1(7)

k=T

(9)
where X is a G-martingale.

3.3.2 Honest times

In continuous time, strong conditions are needed to keep the semimartingale property after 7,
here it is no more the case. However, we now consider the case where 7 is honest (and valued
in N). We recall the definition (see Barlow [5]) and some of the main properties.
A random time is honest, if, for any n > 0, there exists an F,-measurable random variable

7(n) such that

Lir<myT = Lgreny7(n) - (10)
Remark 3.18 Following Jeulin, 7 is honest if there exists an F,, measurable random variable
7(n), such that

Il{7-<n}7' = ﬂ{7<n}5’\(n) . (11)
The two definitions are equivalent. Indeed, starting with the equality (11), one can define
7(n) =7(n) An; then on {7 =n}, 7(n) =n and ;<7 = Lr<ny7(n).

It follows that any G-predictable process V' can be written as V,, = fo]l{ngﬂ +Vilirany
where V®, V? are F-predictable processes.

Lemma 3.19 If 7 is honest, Z,, = Zn on the set {n>7} and Z. =1.
If Z. =1, then T is honest.

Proof. For any n > 0,

P(r =n|Fn)Lin>n P(r =nlF)linsry Linsrn)y = E(Lir=n} Lns>r ()} [Fn) Lins )

E(ﬂ{‘r:n}ﬂ{n>ﬂ'(n)}1{n>f}|-Fn)ﬂ{n>7'} =0.
It follows that Z,1(;<n} = Zn]l{T<n}. Furthermore,

Zilireny = LiemyP(T > 0|Fn) = Lremy L=y B(T > n|Fn)
= Lo E(Liry=n} Lrzn} [ Fn) = Lir=ny

which implies Z, = 1.
If Z. =1, let £(n) = sup{k < n: Zy = 1}. Then, for any n > 0, one has 7 = £(n) on the set
{r < n}, and 7 is honest. O

Proposition 3.20 Let 7 be an honest time and X an F-martingale. Then,

nAT n

1 —~ 1 —
X, =X+ AM, X ), — — = AM,X
kZ=O Ze—1 < >k k;l 1= Z— < >k

where X® is a G-martingale.
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Proof. Let X = ME® + V€ be the G—semimartingale decomposition of X. Let n > 0 be fixed.
From the property of honest times, there exists V', an F-predictable process, such that

Vil rcny = Valr<ny -

Then,

]l{TSn}(Vf+1 - Vf) = ﬂ{rgn} (Vn+1 - ‘777.) = 1{7'§'n,}IE(AX‘n+1 - Xn|gn)
= ]E(]l{rgn}(Xn-H = Xn)|Gn) . (12)

We now take the conditional expectation w.r.t. F, in (12). Taking into account that V is
F-predictable, and the fact that F C G, we get

B <yl Fn)(Vasr = Vo) = E(Lgrany (Xns1 — Xn)|Fn)
EE1L{r<ny[Frns1)(Xns1 — Xn)|Fn) .

Now, using the fact that

E(lirn)Fn) = 1=E(lgony|Fn)=1—Zn
E(H{Tgn}|fn+1) = 1- E(ﬂ{7>n}|fn+1) =1- E(1{72n+1}|fn+1) =1—Zn

and that X is an F-martingale, we obtain, on the set {7 < n}

(1 - Z")(‘A}n+1 - ‘7n) = _E(Zn+l(xn+1 - Xn)|}—n) = _<M7 X>n~
O

Remark 3.21 It seems important to note that the Doob decomposition of Z is not needed. As
we have seen, one can write an optional decomposition of Z as Z = M — H°. This "explains"
why, in continuous time, such an optional decomposition of Z is required.

Comment 3.22 We recover the Jeulin’s formula for honest times. We recall, for the ease of
the reader, the Jeulin formula in continuous time:

nAT
0

Comment 3.23 Let 7 an honest time. We have obtained a formula using Jacod’s hypothesis
n (2.2). In continuous time, one can show that honest times do not satisfy equivalence Jacod’s
hypothesis. The goal here is to check that the decompositions obtained in (9) and the one for
honest times are the same. We proceed as in Aksamit [2]. Let n > 1 be fixed. On 7 < n, we
have 7 = 7(n — 1) where 7(n — 1) € F,—1 C Fn. We now restrict our attention to k& < n. On
the one hand,

A<M7X>s_/ id<ﬁfx>s

s—

Lireiy(1 = Zn-1) = Lrokmr(-0yP(T <n—1|Fn1) = Lreip E(L (o=} L <n—13 [ Fn-1)
= 1=} B rn-ny=my =iy [Fn-1) = Ly E(L (r=p3 | Fro1) = L=k ph—1
On the other hand
L E(MaAXn | Fact) = —LirmigB((L = Ma)AXn|Fat) = =1 frmpmrn-1y E((1 = Zn) AX | F )
= Lo EQk=r(n-1)} L{r<n} AXn|[Fn-1)
1 =iy E(E(L (p=ry | Fn) AX | Fr1) = =1 frmiy E(r A X | Fror) -

3.3.3 Arbitrages before 7

Let 7 be a bounded honest time which is not an F-stopping time. Assuming the existence
ofideﬂator L implies that ML is a G martingale. Since ZT = ,1¢ one has M, > 1, and
P(M; > 1) > 0. Therefore, using optional sampling theorem, 1 =E(M.L,;) > E(L;) = 1 yields
to a contradiction and to existence of arbitrages.

We now check that the condition given in 3.14 is satisfied. Let no such that P(7 < ng) =1
and P(r < mg —1) < 1. On the set A := {7 < ng — 1 < ng}, the honesty of 7 implies

that Z,, = Zn, = 0. We prove that P(Z,,—114) > 0. The equality Z,,—11a = 0 implies
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that Z no— IE(]I{T<n0 1}|Hn0—1) =0= an_l(l — Zno—l), hence E(Zno—l) = E(Zno 1) WhiCh,
using the fact that E(Z7, 1) < (E(Zny—1))® implies that E(Zny—1) = 0 or E(Zny—1) = 1, i.e.,
Zng—1 =0 or Zp,—1 = 1. The first equality would imply that 7 = ng, the second equality that
7 < ng, a.s., hence a contradiction.

We refer to Choulli and Deng [7] for a necessary and sufficient condition to avoid arbitrages
after 7.

3.4 Pseudo-stopping times

We end the study of progressive enlargement with a specific class of random times. We assume
that Fo is trivial. We recall that a random time 7 is an F-pseudo stopping time if E(X ) = E(Xo)
for any bounded F-martingale X (see [8]).

Theorem 3.24 The following statements are equivalent:
(i) T is an F-pseudo stopping time.

(i) HS_ =P(r < 0| Fx), HS, =1 .

(iii) M =1.

(v) Z is predictable.
(v) Every F-martingale stopped at T is a G-martingale.

Proof. The proofs of ((i)< (ii) < (iii)< (v)) are standard.
(i) = (ii) Using that that the bounded martingale X is closed, lim, oo X, =: Xoo exists and
one can write the integration by parts formula

oo o0
He Xoo=>» Hp 1AX,+ Y X,AH;.
n=1 n=0

Taking expectation, and using the fact that X is an F-martingale, we obtain
E(HS,_ Z X, AH?)

and, from property (7) of H° , one has
E(HS- Xoo) = (X, 1 (1<00}) -
It follows that

Xo = E(XT) = E(XTIL{TQ)o}) +E(Xooﬂ{7-:oo}) = E(XTIL{T<OO}) —‘rE(Xoo) - E(XOOIL{T<OO})
= E(H;_Xoo) + Xo — E(XOOI{TQ)O}) s

hence E(HZ,— Xoo) = E(Xool{7<o0}) = E(XooP(T < 00|Fuo)) which implies HS,_ = P(7 < 00| Feo).
(if) = (iii) Obvious
(iif) = (iv) By definition of H°, and (8) , we have that
M,=H+Z,=H° |\ +Z,, ¥n>1, (13)

therefore, by (iii), we deduce that Zn =1- Hn 1 which, since HO is F-adapted, is Fn—_1-
measurable for all n > 1, i.e. 7 is F- predictable.

( = (v) If Z is predlctable, M is a predictable martingale, hence a constant (indeed,
E(M,|Fn_1) = M, = M, 1) and A(X, M), =0 for all n > 1. The result follows from Propo-
sition 3.11.

(v) = (i) For any bounded F-martingale X, the stooped process X7 is a G-martingale. Then,
as a consequence of the optional stopping theorem applied in G at time 7, we get E(X;) = E(Xo),
hence, 7 is an F pseudo-stopping time. O

Obviously, pseudo-stopping times do not create arbitrages before 7. In continuous time,
the links between pseudo-stopping times and immersion property are presented in [3], and it is
proved that 7 is a pseudo-stopping time if and only if Z is a caglad decreasing process.
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