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PONTRYAGIN PRINCIPLE FOR A MAYER PROBLEM
GOVERNED BY A DELAY FUNCTIONAL DIFFERENTIAL
EQUATION

JOEL BLOT AND MAMADOU 1. KONE

ABSTRACT. We establish Pontryagin principles for a Mayer’s optimal control
problem governed by a functional differential equation. The control functions
are piecewise continuous and the state functions are piecewise continuously
differentiable. To do that, we follow the method created by Philippe Michel
for systems governed by ordinary differential equations, and we use properties
of the resolvent of a linear functional differential equation.
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1. INTRODUCTION

We consider the following problem of optimal control. It is called a problem of
Mayer since its criterion takes into account only the final value of the state; it is
governed by a functional differential equation in presence of terminal constraints.

Maximize J(z,u) := ¢°(x(T))
when z € CO([-r,T],R"),z € PC*([0,T],R"™)
uw e PC°([0,T],U)
YVt e [0, T\ F, 2'(t) = f(t,ze,u(t)) (o)
o = ¢
Vji=1,..,ni ¢’ (x(T)) >0
Vi=n;+1,...,n; +ne ¢’ (z(T)) =0.

where the ¢/ : R* — R are mappings, the state variable z is a piecewise contin-
uously differentiable function (see Section 2), the control variable u is a piecewise
continuous function (see Section 2), U is a nonempty subset of R?, F' denotes a
finite subset of [0,7] (not a priori fixed), x(0) := z(t + ) when 6 € [-r,0], ¢ is
fixed continuous function from [—r, 0] into R™. The only assumptions that we do
on this problem are the following ones.

f€C(0,T] x CO([—r,0],R™) x U,R™)

Y(t, ¢,&) €[0,T] x CO([—r,0],R™) x U, Do f(t, ¢, &) exists 11
Daf € CO[0,T] x CO([=r, 0], R") x U, £(CO([—r, 0], R"), R™) (1.1)
Dy f is a bounded operator.

where C°(X,Y) denotes the space of the continuous mappings from X into Y,
Dy f(t, ¢,&) denotes the partial Fréchet differential of f with respect to its second
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2 BLOT KONE

variable, and £(E, F1) is the vector space of the continuous linear mappings from
F into Fy when E and E; are normed vector spaces.

Vi €{0,...,n; +n.}, ¢’ € CLR"R). (1.2)

where C' means continuously Fréchet differentiable.

To establish a Pontryagin principle for problem (91) under assumptions which
are so light as possible, we follow the method created by Philippe Michel in [9] for
systems governed by ordinary differential equations. This method is also used in [1]
for Bolza problems. We can say that this work is an essay to generalize the method
of Michel to the setting of systems governed by functional differential equations.

On the question of the resolvent of (nonautonomous) linear functional differential
equations, the difference between the results that we use (issued from [5]) and the
results of Banks [2] is the choice of the class of solutions: we use continuously
differentiable and piecewise continuously solutions with a continuous vector field
and Banks uses absolutely continuous solutions without the continuity of the vector
field. On the problem of optimal control, the difference between our setting and the
setting of Banks [3] (except that Banks considers a Lagrange problem) is that we
use piecewise continuously differentiable state variables and piecewise continuous
control variables (as [9] and [1]) and banks uses absolutely continuous state variables
and bounded measurable control variables.

Now we describe the contents of the paper. In Section 2 we specify the notation.
In Section 3 we recall some precise properties of the resolvent of linear functional
differential equations in the framework of piecewise continuous functions. In Section
4 we give the statement of a Pontryagin principle. In Section 5 we give a proof of
this Pontryagin principle.

2. NOTATION

M, (R) denotes the space of the real n x n matrices. || - ||¢ denotes the norm of
the linear continuous operators.

When a < b are two real numbers, C%([a, b],R™) (respectively C? ([a,b],R™)) is
the space of the right-continuous (respectively left-continuous) functions from [a, b]
into R”, and C*([a,b],R™) is the space of the continuously differentiable functions
from [a, b] into R™.

BV ([a,b],R™) is the space of the bounded variation functions from [a,b] into
R". When g € BV ([a,b],R™) the variation of g on [a,b] is denoted by V.’(g). We
set NBV ([a,b],R") := {g € BV([a,b],R™) N C?([a,b],R™) : g(a) = 0}. When
g € NBV([a,b],R"), |lg|lsv := V,’(g) defines a norm on NBV ([a, b], R™).

AC([a,b],R™) is the space of the absolutely continuous functions [a, b] into R™.

Let g : [a,b] = R™ be a function, and ¢ € [a,b) (respectively (a,b]) when it
exists the right-hand limit (respectively the left-hand limit) of g at ¢ is g(t+) =
limg_y; 55t g(s) (respectively g(t—) := lims_¢ s<¢ g($)).

Let f : [a,b] X [¢,d] = R™ be a mapping, and let (¢,s) € [a,b) x [¢,d] (re-
spectively (a,b] x [¢,d]). When it exists the right-partial derivative (respectively

left-partial derivative)with respect to the first variable of f at (¢,s) is denoted by

of(t,s)

51 (respectively %).
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A function g : [a,b] — R" is called piecewise continuous when it is continuous
or when there exists a finite list of points, tg = a < t; < ... < t, < tpy1 = b
such that g is continuous at each ¢ € [a,b] \ {tx : k € {0,...,p+ 1}} and such that,
for all k € {0,...,p}, g(tx+) exists, and for all k € {1,...,p + 1}, g(tx—) exists.
We denote by PC°([a, b], R™) the space of the piecewise continuous functions from
[a,b] into R™. ||g]loo := sup{||g(t)|| : t € [a,b]} defines a norm on PCY([a,b], R");
endowed with this norm, PC?([a, b], R") is not complete. When g € PC?([a, b], R™)
we denote by N, the set points ¢ € [a, b] where ¢ is not continuous at t. When we fix
a finite subset 7 C [a, b], we set PCY([a,b],R") := {g € PC°([a,b],R") : N, C }.
Endowed with ||| s, PC2([a,b],R™) is a Banach space.

A function g : [a, b] — R™ is called piecewise-C! when g is C! on [a, b] or when g €
C([a, b],R™) and there exists a finite list tp = a < t1 < ... <, < tp41 = bsuch that
g is C' on [tg, tg41] for all k € {0, ...,p} and such that, for all k € {0, ...,p}, ¢'(tx+)
exists and, for all k € {1,...,p+1}, ¢’ (tx—) exists. We denote by PC*([a, b], R") the
space of the piecewise-C'! functions from [a, b] into R™. When g € PC([a, b], R™) we
denote by Ny the set of the ¢ € [a, b] such that ¢’ is not continuous at t. When we fix
a finite subset m C [a, b], we set PCL([a,b],R") := {g € PC'([a,b],R™) : Ny C 7}.

In a normed space E, when € E and r € (0,+00) we set B(z,r) := {2 € E:
[z — x|l <r}.

3. LINEAR FUNCTIONAL DIFFERENTIAL EQUATIONS

3.1. The continuous time framework. We consider a mapping L : [0,T] —
£(CO([-r,0],R™), R™) which satisfies the following condition.
Le CO([O7T],£(CO([—T7 0]7Rn)7Rn)) (31)

From L and a function ¢ € C°([—r,0],R"), when o € [0,7], we consider the
following linear functional differential equation under an initial condition.

2'(t) = L(t)xy, To = ¢. (3.2)

When moreover h € C°([0,T], R™) we consider the nonhomogeneous following prob-
lem.
z'(t) = L(t)xe + h(t), xo = ¢ (3.3)
A solution of one of these problems is a function z € C°([—r, T],R™) which is of
class C! on [0,T] and whom the derative satisfies the equation at each point of
[0,T7].
The only difference between Theorem 4.1 of [5] and the following result is the choice
of n(t, —r) = 0 instead of n(¢,0) = 0..
Proposition 3.1. Under B1)) there exists a mapping n : [0,T] x [—7r,0] — M, (R)
which satisfies the following properties.
(i) Yt € 0,71, n(t,-) € NBV([-r,0],M,(R))
i) vt €[0,T], [[n(t,)llBv = [[L(t)] e
(iii) [t — n(t,-)] € C°([0,T], NBV([-r,0], M, (R)))
(iv) vt € [0,T], Y6 € ([, T],R"), L(t)é = [, don(t,0)6(6)
(v) n is Lebesgue measurable on [0,T] x [—r,0]
(vi) n is Riemann integrable on [0,T] x [—r,0].

The following result is devoted to the resolvents of the equations of ([B.2) and
B3). It is proven in [5].
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Theorem 3.2. Under B1) there exists a mapping X : [0,T] x [0,T] — M, (R)
which satisfies the following properties.

(i) X is bounded on [0,T] x [0,T)

(i) Vs,t € [0,T] such that s > t, X(t,s) =1 (identity)

(iv) Vs, t € [0,T], X(-,s) is right-differentiable and left-differentiable at t,
i € CR(0, 7], Ma(R), Z522 € CY([0, 7], M (R))

(v) Vs,t €10,T] such that s > t, a);fj_’s) - % =t (s—t)+) —n(t, (s—1))

(vi) Vs € [0,T], the set of the points of [0,T] where X (-,s) is not differentiable

is at most countable
(vii) Vi € [0,T], X(t,-) € BV(0,T], Ma(R)) N C((0, T], M, (R)).
We define the mapping Z : {(t,0) € [0,T] x [0,T]: t > o} x C°([-r,0],R") — R"

by setting
t o—§

T

Then the following properties hold for all o € [0,T] and for all € C°([—r,0],R™).
(Vlll) Z(a g, ¢) € OO([Ua T]v Rn)
(ix) Vt € [0,T), Z(-,0,¢) is right-differentiable and left-differentiable at t,
0Z(-,o, n oZ(-,o, n
iz € CY((lo. TLR™), and 22529 € C) (o, T],R")
0Z(t,o,¢ 0Z(t,o,0) _ 0X(t,s 00X (t,s
(9 Vb € [0, T, S5peh — S5m0 = el — S
We define the set © := {(t,0) € [0,T] x [0,T] : t > o —r} and we define the
mapping U : © x C°([-r,0],R™) — R™ by setting

| X(t,0)00)+ Z(t,0,0) if t>0
U(t,a,¢)-—{ ot — o) if o—r<t<o.
Then the following assertions hold for all o € [0,T) for all € C°([—r,0],R™).
(xi) U(0,9)),., € C*([o, T),R"™), and U(-,0,¢) € C°([c — r,T],R")
(xii) U(-,0,¢) is the (unique) solution of B2) on [o,T].

Moreover we define the mapping V : ® x CO([—r,0],R") x C°([0,T],R") — R"™ by
setting

_ ) Ult,o,0) + f; X(t,a)h(a)da if t>o
V(t’a’¢’h)'_{¢(t—o) if o—r<t<o.
Then the following assertions hold for all o € [0, T for all ¢ € C°([—r,0],R"™) and
for all h € C°([0,T),R"™)
(Xlll) V(a g, ¢a h)\[U,T] € Ol([gv T]a Rn) and V(a g, ¢a h) € CO([U -7 T]v Rn)
(xiv) V(-,0,¢,h) is the (unique) solution of B3) on [o,T).

The proof of this theorem is contained into Section 6 of [5]. The only differences
between the results of [5] and the present paper are the replacing of the condition
g(b) = 0 by g(a) = 0 in the definition of NBV ([a,b],R™) and the extension of n
into n' with n'(¢,6) = 0 when 6 < —r instead of 7(¢,6) = 0 when 6 > 0.
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3.2. The piecewise continuous time framework. Instead of the continuity of
the vector field L we assume that

L € PC°(0,T], &(C°([-r,0],R™), R™)). (3.4)

When ¢ € C°([-r,0],R"), when o € [0,7], and when h € PC°([0,T],R"), we
consider the following problems.
Vt € [0,T)\ Ny, 2'(t) = L(t)zt, To0 = (3.5)
Vt €10,T]\ N, 2'(t) = L)z + h(t), x5 = &. (3.6)
A solution of (B3] or of B8] is a function z € PC*([0,T],R"); more precisely
z € PCy, ([0,T],R") for B5) and z € PCy, y, ([0,T],R") for B.6). We can
deduce the results of the piecewise continuous time from those of the continuous
time framework by proceeding in the following way. If 0 =g < t; < ... < t, <
tp+1 = T are the points of Ny, for all k € {0, ..., p} we denote by Ly, the (continuous)
restriction of L at [tg, tk+1]. When we fix o € [0,T) we consider the index m such
0 < tm < .. < tpy1 = T and we split the problem (31 into a finite list of
problems like (8:2) as follows: first we have a solution 2™ of the problem (2'(t) =
Li—1(t)z¢, 25 = ¢) on [0, t,,], secondly we have the solution 2™*1 of the problem
(l‘l(t) = Lm(t)xta Lo = (bm) on [tma tm-i—l]v where ¢m(9) = Zm(tm+9) for6 € [—T‘, 0]7
and inductively until to have a solution 2P*1 of the problem (2'(t) = L,(t)xt, 7, =
¢p) on [tp,tpt1], where ¢,(0) = 2P(t, + 6) for § € [—r,0]. Then the function
z: [~t,T] — R™, defined by z(t) := 2¥(t) when t € [t;_1, k], is a solution of (B.3).
Moreover using Proposition Bl for all k¥ € {0,...,p}, we obtain the existence
of ni : [tk, tky1] X [—7,0] = M, (R) which satisfies the conclusions of Proposition
B where [tg,tx+1] replaces [0,T] and where Lj, replaces L. We define 7 : [0, T] x
[—7,0] = M, (R) by setting n(t,0) := ni(t,0) when t € [tg, tr+1), 0 € [—7,0] when
k€ {0,....,p— 1} and n(t,0) := n,(t,0) when t € [t,,T], 8 € [-r,0]. And so, from
Proposition Bl we deduce the following result.

Proposition 3.3. Under B4) there exists a mapping n : [0,T] x [—7r,0] — M, (R)
which satisfies the following properties.
(i) V¢t €[0,T], n(t,-) € NBV([-r,0],M,(R))
ii) vt € [0,T], [[n(t,)llpv = [[L(t)] ¢
(i) [t n(t, )] € PCY, ([0, ], NBV([-,0], My (R))
(iv) vt € [0,T], Y6 € C([=r, T],R"), L(t)é = [, don(t,0)6(6)
(v) n is Lebesgue measurable on [0,T] x [—r,0]
(vi) n is Riemann integrable on [0,T] x [—r,0].

Now we want to obtain a result which is analogous to Theorem for the
piecewise continuous time framework. We proceed as in [5], replacing the prop-
erty [t — n(t,-)] € C°([0,T], NBV ([-r,0],M,(R)) by the property [t — n(t,-)] €
PCR., ([0,T], NBV([—-r,0], M,,(R)) and then we obtain the following result.

Theorem 3.4. Under [BA4l) there exists a mapping X : [0,T] x [0,T] — M, (R)
which satisfies the following properties.
(i) X is bounded on [0,T] x [0,T)
(i) Vs,t € [0,T] such that s > t, X(t,s) =1 (identity)
(iii) Vs € [0,T], X(-,s5) € AC([0,T],M,,(R))
(iv) Vs,t € [0,T], X (-, ) is right-differentiable and left-differentiable at t,

2XC5) € 09([0,T], Mu(R)), 252k € C9([0,T], M, (R))




6 BLOT KONE

(v) Vs €[0,T], ¥t € [0,T]\ N such that s > t,
62;518) - 6)(;5&8) = n(tu (S - t)+) - n(t7 (S - t))

(vi) Vs € [0,T], the set of the points of [0,T] where X (-,s) is not differentiable
is at most countable

(vii) Vt € [0,T], X(t,) € BV([0,T], M, (R)) N C%([0, T], M, (R)).

We define the mapping Z : {(t,0) € [0,T] x [0,T]: t > o} x C°([-r,0],R") — R"
by setting

t o—¢&
Z(tvov(b) ::/ X(tvg) <‘/_ d277(§=9)¢(§—0+9)> d§

Then the following properties hold for all o € [0,T] and for all $ € C°([—r,0],R™).

(Vlll) Z(a g, ¢) € OO([Ua T]v Rn)
(ix) Vt € [0,T], Z(-,0,¢) is right-differentiable and left-differentiable at t,

92:0.9) ¢ % (([o, T),R"), and 225:29) ¢ €Y ([0, T], R")

9Z(t,o, 0Z(t,o 0X(t,s 0X(t,s
(x) Vt € [0, 7]\ Ny, 22L0) éif” o) _ DX,

We define the set ®

= {(t,0) € [0,T] x [0,T] : t > o —r} and we define the
mapping U : ® x CO([-r, 0], R™

|,R™) — R™ by setting

X(t,0)p(0)+ Z(t,0,0) if t>0o
t—o) if o—r<t<o.
Then the following assertions hold for all o € [0,T) for all ¢ € C°([—r,0],R™).

(xi) U(,0,9)),., € PCY([o,T],R"), and U(-,0,¢) € C°([o — r,T],R™)
(xii) U(-,0,¢) is the (unique) solution of BA) on [o,T].

Moreover we define the mapping V : ® x C°([—r,0],R™) x C°([0,T],R") — R"™ by
setting

_ [ Ut,0,¢0) + [L X(t,a)h(e)da if t>0o
V(t’a’¢’h)'_{¢(t—a) if o—r<t<o.
Then the following assertions hold for all o € [0,T) for all ¢ € C°([—r,0],R"™) and

for all h € C°([0,T),R"™)
(xiil) V(- 0,0,h), . € PCY([0,T],R") and V(-,0,¢,h) € C°([o —r,T],R™)
(xiv) V(-,0,¢,h) is the (unique) solution of B8] on [o,T].

3.3. Adjoint equation.

Proposition 3.5. Let X be provided by Theorem[37) and n be provided by Proposi-
tion[31l We define Y : [0,T] x [0,T] — M, (R) by setting Y (s,t) := X (t,s). Then
when s < t, the following equation is satisfied: Y (s,t) = I—fst Y (o, t)n(a, s—a)da.

Proof. We set k(a, s) = (a ) After Theorem 5.4 in [5], there exists R which
satisfies R(t,s) = k(t f (a, s)da. Ever after [5] we have X(t,s) :=
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I- fst R(a, s)da. Then we calculate

f Y (o, 1)k (e, s)da =1- fStX(t,oz)k(a,s)da

t f R(B,a ﬁ)k(a,s)da

a,s da—i—f f%R(B,a)k(a,s)dﬁ)da
(57 )d5+f f R(B, a)k(a, s)da)dB
[k(B,s) — f f R(B,a)k(a, s)daldB
(6,5)d6 = X (1,5) = Y (5,1).

I
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The integral equation which is present into the previous statement is called the
adjoint equation of (B3]).

4. PONTRYAGIN PRINCIPLE

First we give the qualification condition of Michel [9], where (T, %) is an admis-
sible process of (91).

Y(¢j)o<ij<nitn, € RITPH
if Vj=0,..,n4¢ =0
(QC) V‘] =1,..,n chJ(E(T)) =0

S ¢ Dg’ (F(T)) = 0
then Vj=0,...,n;+ne, ¢c; =0.

The main result of the paper is the following statement of a Pontryagin principle.

Theorem 4.1. Under the assumptions (LI) and [L2), if (T,u) is a solution of
the Mayer problem (9M) then there exist Ao,..., An,4n. € R and there exists p €
BV ([0, T],R™) N CY ([0, T],R™) which satisfy the following conditions.

(NN) ()\07 )\m-i-ne) 7é (07 "'70)

()VJE{O i};AjEO

(S vj € {0, .. m} Ajgj(_( ) =0

(AE) Vt € 0, 7], L(p(t) + [T pa)n(a, t — a)da) = 0
(T) p(T) = Z’”*"SA Dy’ ((T))

(MP) vt € [0,T], Vu e U, p(t)f(t, T, u(t)) > p(t)f(t T, u)
If moreover (QC) is fulfilled, we obtain the following additional conclusions.

(A2) There exists € > 0 such that p(t) # 0 for allt € (T —¢,T].
(A2) p(T') # 0 and, for all t € [0,T], p|, inierrry 7 0-

In this statement, (NN) is a condition of non nullity of the multipliers, (Si) is
a condition on the signs of multipliers, (Sl) is a condition of slackness on the final
inequality constraints, (AE) is called the adjoint equation, (T) is the transversality
condition, and (MP) is the maximum principle. The mapping n which is present
into (AE) comes from Proposition B3 with L(t) = D2 f (¢, T, u(t)).

Remark 4.2. The conclusion (AE) is equivalent to say that the function [t — p(t)+

ftmi“{t"'r’T} p(&)n(&, &€ — t)dE] is constant on [0,T]. Since fmln{T+T T} p(En(&. € —
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t)d¢ = 0, using (TC), we obtain that (AE) is equivalent to

ni+ne

min{t+r,T} .
wte T, o)+ [ PEVI(E € — ) = p(T) = 3 XDy’ @(T)

5. PROOF OF THE PONTRYAGIN PRINCIPLE

Our proof follows the proof given by Michel in [9]; we provide the useful changes
to adapt it to the setting of systems governed by a functional differential equation.
Note that we can choose u as a right-continuous function without to lost generality.
We arbitrarily fix S = {(¢;,v;) : i € {1,..,N}} where 0 < t; < .. <ty <T and
the v; € U; we denote by & the set of all these S. When a = (a1, ...,an) € RY,
we define J(i) := {j € {1,...,i} : t; = t;} and we set b; := 0 when J(i) = 0
and b; 1= 3 ;) a; when J(i) # (. After that we define the subintervals I; :=
[ti +bi,ti +b; +a;) and u(t, S, a) := v; when t € I; and the control u(t, S, a) :=u(t)
when t € [0,T]\ Ui<i<nI;. Taking a small enough we have I; C [0,T] and the I;
are pairwise disjoint. We denote by (-, S,a) the unique solution on [0,T] of the
following problem of Cauchy
%f,a) = f(t,z(-, S,a)e, u(t, S,a)), z(-,S,a) = ¢.

Lemma 5.1. We fiz S € G and a € RY. We denote by z(-,S,a) the solution on
[0,T] of the following linear problem

vt € [0,T]\ Nu(.,8,a);

M D2f(t Ty, U ( ))Z(, S, a)t + [f(tvftv u(t7 S, a)) - f(tvftvﬂ(t))]

Vit € [O, T] \ Nu(»,S,a)v

(- S a)o = 0.
Then the partial differential D,z(T,S,0) exists and the following equality holds
N
DGZ(T5 S5 O)a = Z a’iX(Tv tl)[f(tlv T, vi) - f(tlv itzvﬂ(tl))]
i=1

where X (T, t;) comes from Theorem when L(t) = Do f(t, T, u(t)).
Proof. We set A(t,S,a) := [f(t, T, u(t, S,a))— f(t,Te, u(t ))] and usmg Theorem 3]
we obtain 2(T, S,a) = V(T,0,0,A(-, S,a))= X (T,0) O—i—fo (T, ¢) f_T dan(&,0)0(E+

0)de + [ X (T, E)A(E, S, a)de = [ X(T,€)A(E, S, a)de. Since A(€,S,a) = 0 when
€ €[0,T]\ Ui<i<nIi, we obtain

ti+bita;
Z(T7 Sv a) = Z /t-er» X(T7 g)[f(tivftwvi) - f(tivftwﬂ(ti))]dg'

Note that
X(T ti )[f(tzaftwvi) - f(tivftmﬂ(ti))]
= T X T ) (b T v0) = (8, Ty ()€,
Since wu(t,S,0) = w(t ) we have A(t,5,0) = 0 and then z(T,S,0) = 0. For all
i €{1,..,N} we define p; := & x RY — R" by setting

1 ti+b;+a;
Qi(Sv a) = ~/t»+b» [X(t7 S)A(Sv Sv a)_X(Tv ti)(f(tiv Ty, ’Ui)_f(tiv Etma(ti)))]ds
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when a; # 0 and g;(S, a) := 0 when a; = 0. Then the following formula holds.

N N
2(T, 8,a) = 2(T,5,0)+ > a; X (T, t:)A(ti, S,a) + Y _ a;0i(S, a). (5.1)

i=1 i=1
Now to prove the result, it sufffices to prove that the following assertion holds.

Vie{l,..,N}, ili%gi(s,a) =0. (5.2)

In the formula of ¢; we do the change of variable s = t; + b; + 0a; with 6 € [0, 1],
setting wl(S, a, 9) = X(T, ti + bz + 9@1)A(tz + bl + 9&1', S, CL) — X(T, tl)A(t“ S, a),
we obtain the following formula.

0i(S,a) = /O =:(S, a, 0)db. (5.3)

we arbitrarily fix § € [0,1). Note that, for all i € {1, ..., N}, we have lim,_,0a; =0
and lim,_,0 b; = 0. Since X (T, -) is right-continuous ((vi) of Theorem[B3.4]) we obtain
hma‘)() X(T, ti + bz + 9&1) = X(T, tl) Note that A(tl + bz + 9&1', S, a) = f(tl + bl +
0a;, Tt,+b;+0a;, Vi) — [ (ti +bi+0a;, Tt, +b,40a,, W(t; +b;+0a;)). Since f is continuous,
since [t — T;] is continuous and since @ is right-continuous, we obtain lim, 0 A(¢; +
bi + 9&1', S, a) = f(tz, fti y Ui) — f(tl, ftiaﬂ(ti» which implies hma‘)()(X(T, ti + bz +
HaZ)A(tZ—FbZ—F@a“ S, CL)—X(T, tl)A(tZ, S, a)) = X(T, tz)[f(t“ Tti 5 Ui)—f(ti, iti 5 ﬂ(tz))]—
X(T,t)[f(tiy Te;, vi)— f (i, Te,;, w(ti))] = 0. And so we obtain the following property.

Vo € [0,1), (]ili% w;(S,a,0) =0. (5.4)

We fix § € (0,400) small enough to have {t; + b; + 6a; : 6 € [0,1],a € RY N
B(0,6),i € {1,...,N}} C [0,7], and then the closure of this subset is compact. Since
[t — T¢] is continuous, {T; : t € [0,T]} is compact. Since T is piecewise continuous
on [0,T), u([0,T)) is compact, and {u(t; + b; + 6a;, S,a) : i € {1,..,N},a e RY n
B(0,6),0 € [0,1]} is compact. Since f is continuous we obtain that there exists
¢ € (0,+00) such that

Va € RY N'B(0,6),v6 € [0,1],Vi € {1,..., N},

||f(tZ +b; + ea’i?iti‘i’bi‘f’eai’ u(tl +bi + bai, S, a))

—f(ti +bi + 0a;, Tt 46,400, Wt + b + 0a;))|| < c.
Since X is bounded on [0, 7] x [0, T], we obtain the existence of ¢; € (0, +00) such
that

Va € RY N'B(0,6),Y0 € [0,1],Vi € {1,..., N}, [|[@i(S,a,0)|| <ci.

Since a constant is Lebesgue integrable on [0, 1], we can use the theorem of the

dominated convergence of Lebesgue to assert that lim,—o 0;(S,a) = fol 0df = 0.
Then (5.2)) is proven, and the conclusion of the lemma follows from (EI). O

Lemma 5.2. Let S € &. There exists 61 € (0,+00) and ¢z € (0,400) such that,
for all a € RY N'B(0,61), fOT 1f (&, T, ult, S a)) — f(t, T, w(t))||dt < cg-|lall.

Proof. Note that the integrand in the formula is ||A(t, S,a)||. We introduce e :
[0,T] x (RY N B(0,6)) — Ry by setting e(t,a) := f(f |A(t, S, a)||dt.
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Since A(T, S,0) = 0 we have o(T,0) = 0. We set Z; := f(t, T, vi)— f (ts, T, u(t;))-
Then we have

e(T,a) = e(T,0) = L, ail|=i|

Jo 1A S a)lldt —0 = XY, ail|=i|
f[O,T]\ﬂNzlli A, S, a)ldt + fmgv: 1, 1A, S, a)|dt — Zfil a; || =]
0+ 38, [, 1AM S a)ldt -~ S aill i)
D Dl AR NCACR 17 SR A

e betbat i=1Jt;+b;
i a; -
Ei:l aia%- ti+bi+ ( A(t, S, a)” - H:‘i”)dt'

And so defining the function v; : & x (RY N B(0,6)) — R4 by setting
1t +b++ai(
vi(S,a) = 81 titb;

we obtain, for all @ € RY N B(0,9),

= |\ dt

if a; = O,

N N
e(T,a) = e(T, O)—i—ZaiHEiH +Zaiui(5’, a). (5.5)

i=1 i=1
Using the change of variable s = t; + b; + 0a; we obtain v;(S,a) = fol(“A(ti +b; +
Ba;, S, a)|| — ||Zi]])df. In the previous proof we have yet seen that limg o (|| A% +
bi + 6a;, S,a)|| — ||Z:]]) = 0, and that there exists ¢ € (0,+00) such that, for all
a € RY N'B(0,9), for all 6 € [0,1], [|A(t; + b;i + 6a;, S,a)|| — [|Z:]|| < ¢ And so
we can use the theorem of the dominated convergence of Lebesgue and assert that
limg_0 v;(S,a) = 0. And then, using (5.5) we can say that e(7),-) is differentiable
at 0 and that its partial differential is Doe(T,0).a = Efvzl a;||Z;]] that implies the
existence of a mapping 1 : & x (RY N B(0,6)) — R such that lim, o p(a) = 0 and
e(T,a) —e(T,0) — Efil a;||Zi]] = |lal - p(a). We fix §; € (0, 6] such that |ja| <
61 = |u(a)] < 1. Then, when a € R N B(0,6,) we have e(T,a) = |o(T,a)| <
|D2o(T,0)] - |la|l + ||a]. To conclude it suffices to take ¢z := ||D2e(T,0)|| +1. O

Lemma 5.3. Let I': [0,7] x CO([-r,0,R") = R". Let 0 =79 <71 < ... < Ty <
741 =T and F := {1, : i € {0,...,£}}. We assume that, for all i € {0,...,¢},
T is continuous on [1;, Tit1] X C([—r,0],R™).Then the Nemytskii operator Nt :
CY([0, T, C%([-r,0],R™)) — PC%([0, T],R™), defined by Nr(®) := [t — L'(¢, ®(¢))],

15 continuous.

Proof. Let ® € C°([0,T],C°([—r,0],R™)). Then, for all i € {0, ..., £}, the restriction
of ® at [, 7i11] belongs to CO([r;, Tix1], C°([~r,0],R™)). Since I is continuous on
[7i, Tit1] X CO([—r,0],R"™), we know that Np(®) € C°([r;, 7i41], R™). Moreover we
obtain that Np(®) € PC%([0,T],R™).

We arbitrarily fix ® € C°([0, T, C°([—r, 0], R™)). Using Lemma 3.10 in [4], we know
that: Vi € {0, ...,¢},Ve > 0,33c; > 0, such that, V¥; € C°([r;, 7i1], C°([-r, 0], R™)),
WPy oy [A(0) — PO < Bes — suDyeir ) IDCE WD) — Tt 80| <
€. We arbitrarily fix e > 0 and we set 8. := minp<;<¢f,; > 0. Let ¥ €
C°([0, 7], CO([=r,0],R™)) such that sup,cio 7y [|[¥(t) — ®(t)]| < Be; then we have,
Vi € {0,.... 0}, supsepr, ry) W) — @) < Bei that implies: Vi € {0,..., ¢},
SUDselr, riiq IT(E () — T'(¢, ©(2))]| <€, and consequently we obtain that
supsepo,r) [T, () =T, 2(1))[ <e O
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Lemma 5.4. There exist 02 € (0,+00) and ¢4 € (0,+00) such the following asser-
tions hold.

(i) Va € RY N B(0,02), (-, S,a) is defined on [0,T] all over.

(ii) Va € RY N B(0,d2), vt € [0,T], ||z(t, S,a) —Z(t)| < calal.

Proof. Let a € RY N B(0,6,) where §; is provided by the previous lemma. By
induction we built the sequence (z™(-, S, a))men of functions from [0, 7] into R™ in
the following way.

2°(-,8,a) =T

Ym > 1,¥t € [0,T],z™(t, S;a) —l—fo S a)s,u(s, S, a))ds
Ym > 120" = ¢

We have ||z* (t S,a)—2°(t, S, a)|| = ||zt (t, S,a)—Z(t)] = || fo 8, Ts,u(s, S,a))ds—
fo 5, %o, W(s))ds|| < [ [1f (s, Ts, u(s, S, a)) - f(S Ts,u(s))ds <
fo I1f(s,@s,u (S,S, a)) — f(s,%s,u(s))|lds < ¢z - |lal]|]- And so we have proven the
followowing assertion: Va € RY N B(0,61),Vt € [0,T], ||z'(¢,S,a) — 2°(¢, S, a)|| <
c2.||al|. Then, for all t € [0,T], V8 € [—r,0], if t + 6 > 0 then |z'(t +6,S,a) —
2°(t +6,8,a)|| < co-llall, and if t + 6 < 0 then ||2'(t +6,S,a) —2°(t + 6, S,a)| =
lp(0) — p(6)]] =0 < ¢z - ||al]|. And so we have proven the following assertion.

Va € RY NB(0,6:),Vt € [0,T), ||z (-, S, a)e — 2°(-, S, a)¢]| < ca - [|al|. (5.6)
We introduce the set
B = {(t,,v) €[0,T] x CO[—r,0],R") x U : || = Tt | oo < 7,0 € {T(t),v1, ..., un}}.
Note that B is bounded since it is included into the bounded set [0, 7] x B(Z,r) x
(@([0, T))U{v1...,un}). Since Daf is a bounded operator, c3 := sup{||D2f (¢, ¢, v)|| :

(t,0,v) € B} < +o00. Now we want to prove by induction the following relation,
for all a € RY N B(0,41) such that |ja|| < éefcf*T, Ym e N, Vt € [0,T]:

||{E ( S a)t —xo(. 87 a)tH < T, } (57)
[z (-, 8, a)e — 2™ (-, 8, @)l < se2all(est)™
For m = 0, using Lemma and (5.6) we obtain, for all ¢ € [0,7], ||z'(-,S,a); —
2, 5,a) | < cz - a] = gic2 - llall(cst)’, and ¢z - [laf| < rem T <.

Now we assume that (B.7)) holds for the integer n < p — 1. Then, for all ¢t € [0, T7,
we have

la?(t, 5,a) —2°(t, S, a)ll = | 325, 2o (@™ (t, 5, a) — a™(t, S, a))|

>omzo ||$m“(t S,a) —a™(t, S, a)l| < 320 L (Gheallall(est)™)

 all Sy 0™ < - afletst < cp - alleT <,

I IA

and since 2P (-, S,a)p =« (-, S,a)o = ¢ we deduce from the previous inequality that
we have

vt € (0,TY,||2P(-, S, a); — x°(-, S, a)¢|| < 7
And so (t,2P(-,S,a),u(t,S,a)) € B, and using the assumption of induction and
the mean value theorem with the boundedness of D f we obtain, for all ¢ € [0, 7],
||f(t7 xp(., Su a)t7 ’U,(t, Su a)) - f(t7 xp_l('7 S7 a)tu (t S a))”

_ p—1 Ptp 1
< c3- ”Ip('vSv a)t —aP 1('787 CL)t” <cs ((5211)1)! C2 - ”a‘” =17

¢z - |lal|
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which implies

||:1:p+1(t S,a) — 2P (¢, 5, a)| )
I fo s, a:p , S, a)s,u(s, S, a))ds—fo f(s, 2P~ 1(-, S, a)s,u(s, S, a))ds||
fo IIf (s, xP S a)s,u(s,S,a)) — f(s,2P71(-,S,a)s, u(s, S,a))|ds

]-7
fO C2 |a|| (p— 1)|)d5_02 HCLH (p— 1)! fo sP~ ldS—CQ ||a||c§§j

IAN A

and since zP™1(-, S,a)o = 2P(-,5,a)o = ¢ we deduce from the previous inequality
that we have finished the induction and so the formula (57 is proven.

From (5.7)) it is easy to see that ([t — 2™ (-, S, a)t])men is a Cauchy sequence into
(C°([0,T7], CO([—7,0],R™)), |||lsc) and consequently we obtain that (2™ (-, S, a))men
is a Cauchy sequence into C°([—r, T],R™). Since this last space is complete, there
exists @.(-,S,a) € C([-r,T],R") such that lim,, ;o sup,e_. 7y |27 (t, S, a) —
2.(t, S, a)|| = 0 which implies that limy;,— 4 e SUPeo, 77 |77 (-, S, @) — 24 (+, 5, a)¢|| =
0. Using Lemma with F' = Ny(. s,4) and I'(¢,¢) = f(t,¢,u(t,S,a)) we ob-
tain lim, oo sUPseio ) [1F (8 2™ (- S, @), u(t, S,a)) — f(t,24(+, S, a), u(t, S, a))|| =
0 which implies, V¢ € [0, T],

lim /t f(suxm('u Su a)s,u(s,S, a))dS = ‘/Ot f(S,{E*(',S, G)S,U(S, Su a)ds

m——+oo 0

Taking m — 400 into the formula
t
2 (0,5,0) = 6(0) + [ (7(5,am 7,8, 0) (s, S.a))ds
0

we obtain z.(t,5,a) = ¢(0) + fo 8, x4(+,S,a)s,u(s,S,a))ds. Note that the set
of the discontinuity points of the integrand of this last integral is included into
Nu(»,S,a) = Nz U {ti +b; 11 € {1, ,N}} U {ti +b;+a; i€ {1, ,N}} And so
2.(+,8,a) € CO([—r,T],R™) N PC([0,T],R"). From the last integral equation we
deduce

Oz, (t, S, a)

ot

Since 2™(+,S,a)o = ¢ for all m € N, we have also x.(-, S,a)g = ¢. Then using the
uniqueness of the solution of a Cauchy problem we obtain that

(-, S,a) = z(-, S, a). (5.8)

We have yet seen that ||2™(t, S, a)—2°(t, S,a)| = ||[2™(t, S, a) —T(t)|| < c2-||alle®T
for all t € [0,T]. And so setting ¢4 := ke®2? and taking m — +oo we obtain
[2(t, 5, a) =Z(O)]| = [[2.(t,5,a) =T()]| < ca. O

vt € [0,T]\ Nu(.,s,a), = f(t,z(-, S, a), u(t, S, a)).

Lemma 5.5. For all S € G, the two assertions hold.
(i) =(T,S,-) is differentiable at 0.
(ii) For allie {1,..,N},
0x(T, S,0)
804'

Proof. After Lemmalb.Tlwe know that z(T', S, -) is differentiable at 0. Then to prove
(i) it suffices to prove that the mapping (T, S,-) — 2(T, S, -) is differentiable at 0.

X(T ti )[f(tivftmvi) - f(tivftmﬂ(ti))]'
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We introduce

¢(t, S, a) = (x(t,S,a)—=z(¢,S,a)—(x(¢,5,0)—z(t, S,0)) = z(t, S, a)—f(t)—z(t,?’, ag).

9)
and
o((t, S, _
e.5.) = 223D b3, m0)C( 5,00 (5.10)
We calculate
Bg(gf,a) _ Bz(tatS a) f/(t) _ Bz(taf' ,a)
= f( ( S a’)ta t,S )) (t ‘rtvu(t)

(
_D2f(t Tt, U ( ))Z( S a)t - f(t Ty, u (t,S, a)) + f(tvftvu(t))
- f( ( S a/)tu (t7 )) (t xta (t7S7a’))

—sz(t,l't, ( ))Z( S a)

which implies, using (59) and (5I0), that

€(t,S,a) = 259 prt 7, a(t)) (e, S, a) — T — 2(-, S, a))
= f( ( S, a‘)tv ( aSaa‘)) f(taftau(tvsva»
_D2f(t T, U ( ))(.’L‘( =) )_Et)
- f Do f(t, T + 0z(-, S, a) — m],u(t, S,a))d0(x(-, S,a) — T)
=D f(t, 7, u(t))(2(., 5, a) — T)
and so we obtain
&(t, S a) = ||lx(-, S, a)t — Til|oo - E(t, S, a) (5.11)
where E(t, S, a) (fo Daf(t, T + 0[z(-, S, a) — Tl u(t, S, a))d — Dof(t,Ts, T (t)))

% if x(-, S,a); # Ty and E(t,S,a) := 0 if z(-,S,a); = Ty. Since Daf is

bounded, there exists ¢4 > 0 such that, for all ¢ € [0,7], for all a € B(0,4y),
|E(t, S,a)|]| < c4. Note that E(t,S,a) =0 when ¢t € [0,T] \ Ui<i<n1;, and conse-
quently we have

JTNE®, S a)|dt = E(t,S,a) E(t,S,a)|dt
NV b; al
S ||Et,s,a>||dt—zfi1 :Ib | B, S, a) at
< Y jaica=ci|al
that implies
T
513%/0 IE(L, S, a)|dt = 0. (5.12)

From (5.10) we have 2859 — D, £(¢. 7, w(t))¢(-, S, )¢ +£(t, S, a), and from (5.3)
we also have (-, S,a)o = z(-,S,a)o — To — (-, S,a) = ¢ — ¢ — 0, and so we can use
Theorem [B.4] and assert that ((¢,S,a) = X (¢,0)0 + f(fX(t,y)(f__ry dan(y, 0)0(y +

0))dy) + fo a)(a,S,a)da = 0+ 0+ fo ,a)é(a, S,a)da, and so we have
established the followmg formula

T
(T, 5,a) = /O X (T, 1)E(t, S, a)dt. (5.13)
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We know that X is bounded on [0,7] x [0,7T], and using Lemma 54 (&I3) and
(E10) we obtain
[(=(T,S,a) — 2(T, S,a) — (x(T, 5,0) — 2(T, 5,0))|| = |{(T, S, a)
< Jo IX (@] - 1€t S, a)dt < [ Xl fy (126 S,a) = Falloo - | B, S, a)])dt
<[ Xllso - es- llall - fy I1E(t S, a)lldt
which implies (using (5.12))) that the mapping «(T, S, ) — z(T, S, -) is differentiable
at 0 and that its differential at 0 is equal to zero. Then using lemma [5.1] we obtain
D.X(T,S,0)a = Do2(T,S,0)a = S aiX (Tyt)(f(ti, Tusyvi) — f(ti, T,y (L))
O

The following multiplier rule comes from [9].

Lemma 5.6. Let V be a neighborhood of 0 into RN . Letn;, q. € N. Let? : V — R
be differentiable functions at 0, for j € {0,...,n; + n.}. We assume that 0 is a
solution of the following maximization problem
Maximize 9°(a)
when a€VNRY

Vi=1,..,n4 ¥ (a) >0

Vi =mn;+1,....,n; + ne,, ¥ (a) = 0.
Then there exists (Ao, ..., An;4n.) € RIT"iT1e which satisfies the following condi-
tions.
() ()\0, nﬁnﬁ) is non zero
(111) Vi =1, .m, ﬂ/f (0) =
(iv) VaeR+, SN DW( ).a <0.

Now we apply this multiplier rule to our problem that permits us to obtain the
following lemma.

Lemma 5.7. Let S € &. Then there exists A(S) = (\j)o<j<n;+n. € RITPT which
satisfies the following properties.
() S0 Il =1
(i) V]—O Mg, Aj >0
(iii) Vi =1,...,ni, X\j¢?(@(T)) =0
(iv) Vi=1,...,N,
Znﬁ_ne )‘ Dg ( (T))X(Tv ti)[f(tivftwvi) - f(tivftwﬂ(ti))] <0.

Proof. Since the process (T, @) is optimal for (90), it is also optimal among the
processes (z(-,S,a),u(-,S,a)) when a belongs to a neighborhood of 0 into RY.
Recall that z(-,5,0) = Z and u(-,S,0) = @. And then 0 is an optimal solution of
the following maximisation static problem

Maximize ¢°(z(T, S,a))
when a € B(0,8:) NR?
Vji=1,..,n4 ¢/(x(T,S,a)) >0
Vi=mni+1,....n; +ne, ¢ (z(T,S,a) =0
We use the previous lemma by setting 17 (a) := ¢’(x(T, S,a)). Since the set of

the lists of multipliers is a cone the non nullity of (A\;)o<j<n;+n. Permits us to
choose it to satisfy (i). The conclusions (ii) and (iii) are given by the previous
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lemma in a straightforward way. To treat the last condition, note that D17 (0) =
D¢’ (Z(T))Dyx(T, S,0), and then the last conclusion of the previous lemma is: Va €
RY, Z?;J,S"e \;Dg’(Z(T)).Doz(T, S,0)a < 0. If (e;)1<i<n denotes the canonical
basis of RY, we obtain

e i s o 9x(T, S,0)
0> Y X\Dg(Z(T))Dax(T, S,0)a =Y a;A;Dg (:C(T))T
: =

and we conclude by using Lemma O

The following lemma ensures the existence of multipliers which do not depend
of S € 6.

Lemma 5.8. There exists (\j)o<j<n;+n. € R which satisfies the following
properties.
(i) 27" Al =1
(ii)) ¥V =0,...,n;, A; >0
(iii) Vi =1,...,ni, X\j¢?(@(T)) =0
(iv) Vt € [0,T], Vu € U,
S A Dg? @(T)) X (T, t)[f (¢, Tew) — (8, 72,0(t)] < 0.

The proof of this lemma is completely similar to this one of Lemme 3 in [9].
The idea of this proof is the following one: at each S € & we associate the set
K (S) as the set of the (A\j)o<j<ni+n. € R ¥ which satisfy the conclusion (i-
iv) of Lemma [5.71 Denoting by S(0,1) the unit spere of R+ for the norm
() o<j<nitne || == Somig™ |\, we see that K (S) is nonempty (by Lemma 5.7), is
closed into the compact §(0, 1). For all finite list (Sk)1<k<¢ of elements of &, we can
build S* € & such that K(S*) C ﬂlgkgK(Sk) that proves that ﬁlgkggK(Sk) 75
(). Then the compactness of S(0,1) and the closedness of the K(S) imply that
Nses K (S) # 0. It suffices to take (Aj)o<j<n;+n. € NsesK(S) and to note that
each (t,u) € [0,T] x U belongs to & to obtain the conclusion (iv) of the lemma.

The end of the proof of Theorem [4.7l The scalar multipliers Ag,..., Ap, tn, are
provided by Lemma[5.8 From lemmal[5.8 we see that the conditions (NN), (Si) and
(S1) of Theorem [£1] are fulfilled.We define the function p : [0, 7] — R™ by setting

nit+ne

= > MDD @T)X(T,8). (5.14)

From (iv) of Lemma[5.8] we see that the condition (MP) is fulfilled. Since X (T,T") =
I (identity), from (&.14]) we see that the condition (T) is fulfilled. Using Proposition

B35 we have X (T,t) =1 — ftT X(T,a)n*(a,t — a)da, which implies

p(t) = 5" NDg (T (T))X(T t)
= 2”1*”@ \;Dg’ (T ft S /\ D¢ (Z(T)) X (T, a)n(e, t — a)da
= En”_ne \;Dg’ (T ft a,t —a)da
and so we see that the function [t — p(t —l—ft a)n(a, t—a)dal] is constant on [0, 7.
Note that a > t+rimplies t —a < —r and then n'(a,t —a) = 0 and consequently
min r,T min r,T
ft (ot — a)da = [} {t+r T} pla)nt(a,t — a)da = ) {t+r T} pla)n(a,t —

)da that proves that the condition (AE) holds.
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Using (QC), if p(T") = 0 since (NN), (Si) and (SI) hold we obtain a contradiction,
and so we have p(T) # 0 under (QC). Since X (T,t) =1 — ftT R(&,t)d€, and since
R is bounded, if we choose € € (0, ||R||Z}], then, when t € (T — ¢, T], we obtain
that X (T,t) is invertible. Using (TC), we have p(t) = p(T)X(T,t), ans since
p(T) # 0, we obtain p(t) # 0. And so (Al) is proven. To prove (A2), we proceed
by contradiction. We assume that there exists 7 € [0, 7] such that p(t) = 0 when
t € [r,min{7 + r,T}]. Note that 7 < T since p(T") # 0. Using (AE) and (TC) we

have, p(1) + f;nin{TH’T} p(&)n(&, 7 — &)dé = p(T) which implies 0 + 0 = p(T") that
is impossible. And so (A2) is proven and the proof of Theorem 1] is complete.

REFERENCES

[1] V.M. Alexéev, V.M. Tihomirov and S.V. Fomin, Commande optimale, French edition, MIR,
Moscow, 1982.

[2] H.T. Banks, Representation of solutions of linear functional differential equations, Differential
FEquations 5, 1969, 399-409.

(3] H.T. Banks, A maximum principle for optimal control problems with functional differential
systems, Bull. Amer. Math. Soc. 75(1) 1969, 158-161.

[4] J. Blot, P. Cieutat, G.M. N’Guérékata, and D.Pennequin, Superposition operators between
various almost periodic function spaces and applications, Commun. Math. Anal. 6(1), 2000,
42-70.

(5] J. Blot and M.I. Koné, Resolvent of nonautonomous delay functional differential equations,
Nonauton. Dyn. Syst. 2 2015, 77-101., 2015.

(6] J.K.Hale and S.M. Verduyn Lunel, Introduction of functional differential equations, Springer-
verlag, New York, 1991.

[7] L.V. Kantorovitch and G.P. Akilov, Analyse fonctionnelle, tome 1: opérateurs et fonction-
nelles linéaires, French edition, MIR, MOscow, 1981.

(8] A.N. Kolmogorov and S.V. Fomin, Eléments de la théorie des fonctions et de l’analyse fonc-
tionnelle, French edition, MIR, Moscow, 1974.

[9] P. Michel, Une démonstration élémentaire du principe du maximum de Pontriaguine, Bulletin
de Mathématiques E’conomiques 14, 1977, 9-23.

JoEL BLOT: LABORATOIRE SAMM UE 4543,
UNIVERSITE PARIS 1 PANTHEON-SORBONNE, CENTRE P.M.F.,
90 RUE DE TOLBIAC, 75634 PARIS CEDEX 13, FRANCE.

E-mail address: blot@univ-parisl.fr

MaMADOU 1. KONE: LABORATOIRE SAMM UE 4543,
UNIVERSITE PARIS 1 PANTHEON-SORBONNE, CENTRE P.M.F.,
90 RUE DE TOLBIAC, 75634 PARIS CEDEX 13, FRANCE.

E-mail address: mamadou.kone@malix.univ-parisi.fr



	1. Introduction
	2. Notation
	3. Linear functional differential equations
	3.1. The continuous time framework
	3.2. The piecewise continuous time framework
	3.3. Adjoint equation.

	4. Pontryagin principle
	5. proof of the Pontryagin principle
	References

