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ẑ f(z|x; θ̂K)



K̂
f̂(x|K) θK

z K

−2 0 2 4

−2
0

2
4

X1

X2

−2 0 2 4

−2
0

2
4

X1

X2

x = (x1, . . . ,xn) −→ ẑ = (ẑ1, . . . , ẑn) K̂ = 3
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X1|Z11 = 1 ∼ (0, I), X1|Z12 = 1 ∼ (2, I), X1|Z13 = 1 ∼ (−2, I), .
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Σk = BkB
′
k + ωkΛk

Bk d× q 1 ≤ q ≤ q q < d
ωk Λk d× d

|Λk| = 1



X1 ∈ Rd
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X1|Y1, Z1k = 1 = BkY1 + µk + εk
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Jc
r = {1, . . . , d} \ Jr

(S(K,Jr))

S(K,Jr) =

⎧
⎪⎨

⎪⎩

xi ∈ Rd /→ f(xi; θ) =

[
K∑

k=1
πk φ(x

Jr

i ;µk,σ2I)

]
φ(x

J
c
r

i ;0,σ2I)

θ =
(
π1, . . . ,πK ,µ1, . . . ,µK ,σ2

)
∈ ΠK ×

(
R|Jr|

)K × R∗
+

⎫
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S(K,Jr)

D(K,Jr) = K(1 + |Jr|)

ℓ1 (K,λ) ∈ N∗ × Gλ Gλ

λ θ̂L
(K,λ)

J(K,λ) = {j ∈ {1, . . . , d} : ∃ k ∈ {1, . . . ,K} µ̂kj ̸= 0}.

{S(K,Jr) : (K,Jr) ∈ ML}

ML = {(K,Jr) : K ∈ N∗,Jr ∈
⋃

λ∈Gλ
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(K,Jr) =
D(K,Jr)

n

n = 200 d = 1 000
π1 φ(·;0d, I) +

(1 − π1)φ(·;µ2, I) µ2 = (1.5, . . . , 1.5,0950) π1 = 0.85
J⋆
r = {1, . . . , 50} 20

K ∈ {1, 2, 3}

K̂

50.3 (0.2) 214.6 (79.0) 0 16 4 0.90 (0.03)
49.7 (0.8) 14.3 (3.4) 0 18 2 0.86 (0.02)
50.0 (0.0) 0.2 (0.2) 0 20 0 0.95 (0.02)
50.0 (0.0) 17.1 (4.2) 0 14 6 0.90 (0.04)
49.8 (0.4) 4.4 (2.2) 0 20 0 0.92 (0.02)
50.0 (0.0) 2.4 (1.7) 0 20 0 0.94 (0.02)

± K̂ = 1 2
3 ±

20



(S)
(Sc)

(U)
R (W )

f(xi|m; θ) =
K∑

k=1

πkφ(x
S
i ;µk,Σk)× φ(xU

i ; a+ xR
i b,Ω)× φ(xW

i ;γ,Γ)

xS
i xi S

U R W θ =
(
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m =
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Ω Γ

W
mΣ

mΩ mΓ

W = Sc R = ∅ U =
∅

W = ∅ U = Sc R = S



R ⊂ S (W = ∅,U = Sc)

m = (K,mΣ)(x
S) + mΩ

(xU | xR) + mΓ
(xW ),

(·,·,S)

S (·,U ,R)

U R (·,W )

W

S R U W

K ∈ N⋆

λ ρ Gλ Gρ

θ̂K(λ, ρ) = ((π̂k(λ, ρ)), (µ̂k(λ, ρ)), (Σ̂k(λ, ρ)))Kk=1



(λ, ρ) Gλ × Gρ

j ∈ {1, . . . , d} K

OK(j) =
∑

(λ,ρ)∈Gλ×Gρ
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1− 1µ̂1j(λ,ρ)=...=µ̂Kj(λ,ρ)=0

)
.

OK(j) j
OK(j)

IK = (j1, . . . , jd)

(K,mΣ,mΩ,mΓ)

S IK
S

(jv) = (K,mΣ)

(
xS ,xjv

)

− (K,mΣ)

(
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)
− mΩ

(
xjv | xR[jv ]

)

R[jv ] S xjv

IK c
c

W
IK jv W R[jv ] S

c

U = {1, . . . , d}\{S∪W } R S
xU

(K,mΣ,mΩ,mΓ)

Σk = (σ2
k1, . . . ,σ

2
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j

µ1j = . . . = µKj σ2
1j = . . . = σ2

Kj .



wj wj = 0 j
wj = 1 w = (w1, . . . , wd)

m = (K,w)

m =
ln f(x, ẑm|m) ẑm θ Sm

m = ln f(x, z∗m|m) z∗m = argmax
z∈Z

ln f(x, z|m).

Sm∗ m

m∗ = arg max
m∈M

m.

w K
K

w

K
K w(0) Sm(0)

z(0)

q ≤ 0

z(q+1)

ln f(x, z(q+1)|m(q)) ≥ ln f(x, z(q)|m(q)).

m(q+1) = argmaxm∈M ln f(x, z(q+1)|m) m(q+1) =
(K,w(q+1)) j = 1, . . . , d

w(q+1)
j = arg max

wj∈{0,1}
ln f(xj

1, . . . , x
j
n|K,wj , z

(q+1)).



n x) K
z = (z11, . . . , znK) zik = 1 i k

zik = 0 zi = k zik = 1
d x L

w = (w11, . . . , wdL) wjl = 1 j l
wjl = 0 wj = l wjl = 1

Z W



n = 500 d = 100
K = 6

L = 4



i j k l {1, . . . , n}
{1, . . . , d} {1, . . . ,K} {1, . . . , L}

xj
i zi wj

f(x|z,w; θ) =
∏

i,j

f(xj
i ;αziwj ).

θ = (π,ρ,α) α = (αkl) π = (πk) ρ = (ρk)
πk ρl

k l
zi wj

f(x; θ) =
∑

(z,w)∈Z×W

∏

i,j

πziρwjf(x
j
i ;αziwj ).

f(·;αziwj ) xj
i

• xjh
i ∈ {0, 1}2

∑2
h=1 x

jh
i = 1 f(·;αkl)

B(αkl) αkl = p(Xj
i = 1)

• m xjh
i ∈ {0, 1}m

∑m
h=1 x

jh
i = 1

f(·;αkl) M(αkl)
αkl = (α1

kl, . . . ,α
m
kl) αh

kl = p(Xj
i = h) h = 1, . . . ,m

• xj
i ∈ N) f(·;αkl)

P(µkνlγkl) αkl = (µk, νl, γkl)
µk νl k

l γkl kl

µk νl γkl∑
k πkγkl =

∑
l ρlγkl = 1∑

k µk = 1,
∑

l νl = 1

• xj
i ∈ R f(·;αkl)

N(µkl,σ2
kl) αkl = (µkl,σ2

kl)



L

n d

dim(π) + dim(ρ) +KL
dim(π) + dim(ρ) +KL(m− 1)

dim(π) + dim(ρ) +KL
dim(π) + dim(ρ) + 2KL

dim(π) = K − 1 dim(π) = 0
dim(ρ) = L− 1

dim(ρ) = 0

(x, z,w) z w

ℓ(θ;x, z,w) =
∑

k

(
∑

i

zik) log πk+
∑

l

(
∑

j

wjl) log ρl+
∑

i,j,k,l

zikwjl log f(x
j
i ;αkl).

Q(θ, θ(q)) q

Q(θ, θ(q)) =
∑

i,k

p(Zi = k|x; θ(q)) ln πk +
∑

j,l

p(Wi = l|x; θ(q)) ln ρl

+
∑

i,j,k,l

p(Zi = k,Wj = l|x; θ(q)) ln f(xj
i ;αkl).

p(Zi = k,Wj = l|x; θ(q))



•

f(z,w|x; θ) ≈ f(z|x; θ)f(w|x; θ).

•

(z,w) x

Z|x,w; θ W |x, z; θ.

ℓ(θ;x)

S = (K,L)

n d
f(x)

z w

m = ln f(x, ẑm, ŵm) = ln f(x|ẑm, ŵm) + ln f(ẑm) + ln f(ŵm),

ẑm ŵm z w

θ̂m



m

m = ℓ(θ̂m;x, ẑm, ŵm)−K − 1

2
ln(n)− L− 1

2
ln(d)−KL(m− 1)

2
ln(nd).

n d

m = ln f(ẑm, ŵm|x; θ̂m) + m

m = ℓ(θ̂m;x)− K − 1

2
ln(n)− L− 1

2
ln(d)− KL(m− 1)

2
ln(nd).

n d

ℓ(θ̂m;x)

K L

p(Xj1
i = 1|Zi = k) = τk =∑L

l=1 αklρl Xj
i j

B(·, ·)
⎧
⎨

⎩
∑

j

Xj1
i

⎫
⎬

⎭ |Zi = k ∼ B(d, τk).

z

z∗

p(ẑ ̸= z∗) ≤ 2n exp

{
−
1

8
d

[
min
k ̸=k′

|τk − τk′ |
]}

+K(1−min
k

πk)
n.

n d

ln(n) = o(d).



n

(ẑ, ŵ)

θ̂
n,d→∞−→ θ∗ ⇒ p(ẑ = z∗, ŵ = w∗|x; θ̂) n,d→∞−→ 1,

θ∗ w∗ θ w



·
·

K =
2 L = 2

×

d = 9275

(K,L) = (2, 2)
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