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CONSTRUCTION OF MOLLER WAVE OPERATORS FOR VLASOV EQUATIONS
LINEARIZED AROUND BOLTZMANNIAN STATES*

BRUNO DESPREST

Abstract. We detail a possible construction of the Moller wave operators for linear Vlasov-Poisson and Vlasov-Ampere
equations. This is based on an explicit and detailed calculation of the eigenstructure. A simple non homogeneous case is detailed.
We finally show that, for the homogeneous case, the Morrison transform is exactly the Moller wave operator.
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AMS subject classifications. 35B35, 35160, 82D10

1. Introduction. This work is a extension of a previous one [6] on the linearized Vlasov-Poisson or Vlasov-
Ampere equation and is dedicated to new connections between Moller wave operators (in the context of the
abstract theory of scattering [15, 19, 13, 32]) for general homogeneous or non homogeneous states and the
Morrison integral transform [24, 25]. It yields an alternative to the standard Hamiltonian framework privileged
in Morrison works. Indeed it seems that the abstract scattering theory per se has never been adapted to the
study of linearized Vlasov-Poisson equation, or more precisely, the fact that Moller wave operators give a proof
of linear Landau damping has never been explicitly formulated [27]. The associated algebra gives some tracks
in the direction of a proof of linear Landau damping [18, 27] for non homogeneous states [28, 3]. In particular
we rigorously derive an integral equation which appears to be fundamental for the definition of Moller operators
for non homogeneous Boltzmannian states.

The model problem is a Vlasov-Ampere equation in dimension 1+1

Ouf +00,f —EO,f =0, t>0, (z,v)elXxR, (1.1)
WE = [pvfdv, t>0, zel, :

where I = [0, 1] is a periodic domain. The system (1.1) is equivalent to the Vlasov-Poisson equation

Of +v0.f—Edf=0, t>0, (x,v)€elXxR, (12)

0 E = po(x) — [ fdv, >0, zel '
considering that the following conditions are fulfilled at initial time

0. E = po(z) — [ fdv att=0and Vz € I,

J; Jg fdvdz = [, po(x)dz, att =0, (1.3)

I; Jg frdvdz =0, at t = 0.

These conditions are propagated by the equation. The solutions of the Vlasov-Poisson-Ampere equation satisfy
the conservation of the physical energy % (fI fR f(t,z,v)v?dvdr + fI E(t,x)de) = 0 and the boundedness of
the density 0 < f(t,2,v) < ||follze(rxr); f(0,7,v) = fo(x,v).

We will study the linear stability around general non homogeneous states

'Uazfo - Eo(I)ano =0. (14)

A natural possibility to represent such states is fo(z,v) = F (% — @(m)) where ¢ is the 1-periodic electric
potential such that

¢'(x) = —Eo(x) (1.5)

and F' is an arbitrary function which can be multivalued as well. For the simplicity of the expository, we will
restrict a lot by considering that the stationary state is Boltzmannian, that is F'(w) = exp(—w) so that we can
write

2

fo(z,v) = no(x)G(v), mno(z) =exp(p(z)), G(v)=-exp (_UQ> .
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Notice that

2
—¢" + % expp = py with o = / exp (—g) dv = V2.

R
This assumption could probably be partially relaxed, see [6].
Starting from the Kruzkal-Obermann-Antonov identity [17, 2], the linearized Vlasov-Ampere equations are
recast in the next section as

o,U =iHU, i? = -1, (1.6)

where U (t) is in a convenient Hilbert space V' and one has the formal identity H* = H. The notation is formal
since ¢H is a real valued operator. Looking at the structure of the equations, one realizes moreover that

H=Hy+ K

where Hj = Hp models the particles without interaction with the electric field and K is a compact operator
that models the interaction between the particles and the electric field. More precisely, writing all quantities
with moments against Hermite functions, the operator K is realized as an infinite matrix but with finite rank,
so the compactness. This is the framework of scattering theory. So, in this context, it is natural to embark in
the construction the Moller wave operator L such that

L*H = HyL* <= HL = LH, (formally). (1.7)
Assuming invertibility of L*, it yields a representation formula for the solution of (1.6)
U(t) = exp (iHt) Uy <= U(t) = L™ " exp (iHot) L*Uy. (1.8)

The Moller wave operator is a fundamental object in scattering theory, we just quote seminal references [15, 19],
see also [13, 32].
In this work, we concentrate on an explicit representation for L and notice that (1.7) implies the formal identity

Vi = LU,

where V), is a (generalized) eigenvector for the full Hamiltonian, that is HV) = AV), and V), is a (generalized)
eigenvector for the reduced or free Hamiltonian, that is HoUy = AU,. It appears that Uy and V) can be
constructed almost explicitly, which ultimately is a method to construct the wave operator L. In this work, we
try to make everything as discrete as possible by using a Hilbert basis conveniently defined with moment against
the Hermite functions: this construction is done with the help of the Koopman-von Neumann (KvN) method
[16, 30, 31] which yields a natural bridge between the method of characteristic for the transport equation and
the Hilbertian formulation. These ideas go back to the very early stage of quantum mechanics.

The results of this general strategy are pushed in two directions. Firstly we construct, for a simple non
homogeneous state, original series formulas and a new Lipmann-Schwinger integral equation. A necessary
structural condition shows up for the principal values to make sense. One needs that the time needed to travel
along characteristics must be monotone function. When applied to the case of study, one obtains the structural
condition which writes:

the function h is strictly concave

ha) = Ver —p@),  ¢r = maxe(2). (1.9)

Additional technical difficulties associated to the integral equation in the general case are left for further research.
Secondly we show that, in the homogeneous case, the Moller wave operator is exactly the integral transform of
Morrisson, which can be used to obtain an elegant proof of linear Landau damping [24, 25, 6].

The plan of this work is as follows. Firstly we linearize the Vlasov equation around a general family of Boltz-
mannian stationary states. It gives the definition of ¢H, iHy and K. The KvN setting is used to construct
the generalized eigenvectors of i Hy and we prove that the completeness of the construction. The next section is
devoted to the construction of the eigenvectors V). It yields an new equation of Lipmann-Schwinger type. For
homogeneous states the solution is trivial and it gives the Moller wave operator which is exactly the Morrison
transform. We indicate some open problems related to the solution of this integral equation.
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2. Vlasov equation. We provide elementary considerations on linearized Vlasov equations which justify
(1.6).

2.1. Linearization. The decomposition
flt,xz,v) = fo(z,v) + g(t,x,v) and E(t,x) = Eo(z) + F(t, )

injected in (1.3) yields, after dropping the quadratic terms, the linear system

Org +v0,g — Eo(2)0yg + Fong(z)G(v) =0, t>0, (z,v)€elxR, (2.1)
O F = [y vgdv, t>0, zel. :
The Gauss relation reads 9, F' = — fR gdv. This equation is endowed with an important weighted L? conservation

property

4 //devdx—F/Ede =0 (2.2)
dt I RTLOG I o '

which can be traced back to the early works of Kruzkal-Obermann and Antonov. Let us define

2

M(z,v) = \/no(x)G(v) = exp (—Z + 80(;)) . (2.3)

and the function v = . Using that (v0, — Ep0,) M = 0, one gets the linear system

Ou + vo,u — Egdyu = —vMF, t>0, (z,v)elxR,
oF = [puvMdv, t>0, zel,

with the energy identity

% (/I/Ru2duda:+/IF2dx) =0. (2.5)

The Gauss law

O F = —/uMdv (2.6)
R

is propagated by the equations. The system (2.4) shows that one can recast the linear Vlasov-Ampere equation
(2.4) as 0;U(t) = iHU(t) where the unknown is

U:(}ﬁ)eV:LZ(IxR)xL?(I)

and the operator writes

T — —v0; + Ey0, ‘ —uM
HE\T LoMde | 0 )

Since this operator is (formally) anti-hermitian, it shows that H is (formally) hermitian. The space V' is endowed
with the natural real scalar product

(U1, Us) = wusdrdv + | FiFde, U= Y ), U= 2 Jew
1JR I Fy Fy

The quadratic norm is

U] = <//u2dxdv+/F2dz> .
I JR I
3



2.2. Reduction. We show that a reduction method is possible which allows to work in the reduced space
L?(I x R) instead of V = L?(I x R) x L?(I). This is perhaps more a curiosity but we indicate it since the
algebra is interesting.

The idea is to find a weight y(z) and a new function

w=u+y(x)M(z,v)F (2.7)

//wzdvdm://uzdvdx—i—/FQ. (2.8)
1JR 1JR I

The electric potential ¢ in the next formula is the periodic function defined in (1.5).
PROPOSITION 1. Assume the 1-periodic function vy is solution to the equation

such that

Dy + 2% expp = 1.

Then the identity (2.8) holds.
Proof. By definition (2.3), one has that M? = exp (—g + go(x)) So [u M?(x,v)dv = o exp(p(x)). Therefore

//wzdvdx=//u2dvdm+2/7F/uMdvdx—|—a2/72F2exp<pdm
IJR I1JR

://u2dvdx+2/7F(78$F)dz+a2/72FQeng0dx
1JR

= /uzdvdx+/8m’yF2dz+a2/72F2 exp pdx
IJR
d

from which the result proceeds.
Set g = % which a formal solution of the Ricati equation

g'(z) + g(z)* = a® exp (p(2)).

PROPOSITION 2. There exists one unique I-periodic solution g = % of the Ricati equation. It is a positive
function.

Proof. The proof of the existence is by a shooting method. We consider the solution given by the Cauchy-Lipshitz
theorem of the equation in the interval (0, 1)

{ go(r) = a®exp (p(2)) — ga(x)?, 0 <z <1,
9a(0) = a

and define the function H(a) = g,(1).

Define K = amax;crexp (¢(z)/2) + 1. We claim that the trajectories are well defined for a € [0, K] and that
g(x) € [0, K] for all x: this is actually trivial since if g(z) = 0 then ¢'(x) > 0, and if g(z) = K then ¢'(x) < 0.
Therefore H[0, K] C [0, K]. Since H is a continuous function, there exists b € [0, K] such that H(b) = b.
Therefore the trajectory such that g(0) = b is periodic. Of course b cannot be equal to zero, nor to K. So this
trajectory is globally positive.

Assume there exists another solution ¢ (without any sign condition). Note z = g — g. As usual for Ricati
equations, one gets a simpler equation for the difference

2 4292+ 22 =0.

(eXp (2 /Ow g(y)dy> Z(fv)>/ = —2%exp <2 /Ow g(y)dy> .

The derivative on the left hand side is 1-periodic function. So after integration

/01 2% exp <2 /Owg(y)dy) dz = 0.
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Therefore z = 0 which yields the uniqueness and ends the proof. O
Now that w is defined from u and F', we desire to show that the sole knowledge of w is enough to reconstruct
u and F. Indeed the integration of the identity (2.7) (multiplied by M) in the velocity direction yields

- / wM (z,v)dv = —/ uM (x,v)dv — ya? exp (p(z)) F = 0, F — o*v(x) exp (¢(x)) F
R R

where we use the Gauss law (2.6). One obtains an equation for F'

8357 _ 1) F = —/wM(.fE,U)dU
v v R

o+ (
or
0z (vF) — 0, F = —W(x)/RwM(x,v)dv.
Set G = vF so that

0.G — %&CG = —(z) / wM (x,v)dv
R

0, (exp (— /Om ;éz)) G) — —exp (- /0 %) +(z) /RwM(x,v)dv. (2.9)

PROPOSITION 3. F' and u can be reconstructed from w.
Proof. Tt is sufficient to show that the equation (2.9) is solvable in the space of periodic functions. By integration
in [ one gets

<exp < / 1 ;&) - 1> G- [ 1 (exp ( / ’ ﬁ;) 1@ [ wM(x,@dU) dz.

Since exp (— 01 %) < 1 as a consequence of v > 0, the Cauchy data G(0) is uniquely determined, which is

enough to construct the function in the entire interval with the Cauchy-Lipshitz theorem. Therefore F' is known
from w. After that u = w — y(z)M (z,v)F. The proof is ended. O

Since the system (2.4) preserves the quadratic norm of the pair (u, F') which is equal to the quadratic norm of
w, it is not surprising w is the solution of an homogeneous equation. Define H = H* by

and

—iHw = Dw + v(z) (vM(ac, v) /wM(;v, v)dv — M (z,v) / woM (z, v)dv)

with D = 9,v — Eo(x)0,.
PROPOSITION 4. The function w is solution of Oyw = iHw.
Proof. Indeed

Oyw + Dw = dyu + Du + yM (x,v) /udev + D(y(x)FM(x,v))
= —vMF —|—’y(x)M(x,v)/udev + MD(y(z)F)

= —oMF +~vM(z,v) /vadv —yM(z,v) /('y(z)FM)dev + Mv,(y(x)F).
One has that [, vM?(z,v)dv = 0. So

Oyw + Dw = yM (z,v) / woMdv — vMF + Mvy(2)0, F + MvF 0,y
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=M (z,v) /vadv —vMF — Mv'y/uMdv + MuF(1 — a2y exp (¢))
=M (z, v)/vadv - Mvv/uMdv — MvFo?~y% exp ()
=yM(z,v) /vadv —yoM / wMdv +yoM /(’yMF)Mdv — MvFa?y? exp (¢)

= 'yM(x,v)/vadv - ’}/UM/U)MdU.

The proof is ended. O

3. The KvN setting. The scattering method exposed in the introduction is based on the construction
of the eigenstructure of Hy. Since we desire to obtained a rigorous decomposition, we decide to construct
a convenient basis of the space L?(I x R) with moments against Hermite functions, as proposed in [12, 6].
Moreover it appears that the equation which defines the generalized eigenvectors of vd, — FEo(x)0, can more
easily be defined if one has in mind the structure of the characteristic lines of the transport operator because
the generalized eigenvectors can be interpreted as some Dirac masses which move along the characteristic lines.
This approach, which makes an explicit connection between a transport/Liouville equation and the underlying
Hilbert structure, is called the KvN approach, giving full credit to a formalization of quantum mechanics
achieved by Koopman [16] and von Neuman [30, 31]. This approach is sometimes referred to as Koopmanism.

3.1. Notations. We introduce the Hermite polynomials H,(v) which are orthonormal with respect to
the Maxwellian weight G(v), see [1, 12]. The Hermite polynomials are H,(v) = (—1)"G(v)"'£-G(v). The
degree of H,, is n. The parity of H,, is the parity of n. Hermite polynomials are orthogonal with respect to the
Maxwellian weight

/ H, (v)Hp (0)G(0)dv = (27)2n) 6,  n,m € N.

One has the recursion formula H,41(v) = vH,(v) — Hp—1(v). The family of Hermite polynomials is a Hilbert
basis of the space of functions such that [, f?(v)G(v)dv < co. Define for convenience I, (v) = (2m)~in!"2 H, (v)
and the Hermite functions which constitute a Hilbert basis of L?(R)

U (v) = I,(v)GZ (v). (3.1)

The family (¢n)nen is by construction orthonormal: [, ¢, (v)1q(v)dv = 8. The first terms of the series are

Gz G: 2-1)G? .
Yo(v) = a(”), Yi(v) = 2 a("’), s (v) = (“a\)@(”) = (2m)i. (3.2)
The recursion formula becomes after rescaling
v, (V) = Vn + 1,41 (v) + VRp—1(v), neN. (3.3)
Another fundamental relation writes
1
Pl (v) = 3 (—vVn+ i1 (v) + Vnbp—1(v)), neN. (3.4)

The system (2.4) is therefore rewritten as

Opu + v0u — Egdyu = —amg(z))1(v)F, t>0, (z,v)elxR,
O F =ang(z) [p 1 (v)udv, t>0, zel.

Assuming in view of the energy identity that u(t) € L?(I x R), we define the moments o, (t) € L2(I) by

u(t, z,v) = Zun(t,x)wn(v), Uy = / uthpdu.
- R
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By construction Hu||2L2(IX]R) =D neN Hun||%2(1). We construct the vector

U(t,-) = (F(t,-),uo(t, ), ua (t, ), ua(t, ), . (3.6)
and the matrices
0 0 0 0 0
0 0 1 0 0
0 1 0 22 0 :
0 0 0 32 0 42
43
0 0 0 0
0 0 1 0 0
1fo -1 220 ... .
B=510 o =2t o0 3 o |75 (38)
0 0 0 33 0 4%
_43
and
0 0 —a 0 0
0 0 0 0 0
e 0 0 0 0 ... |_
P=109 0o o 0 o o =D (3:9)
0 0 0 0 0 0
With these notations (3.5) is recast as
U =iHU, iH =i(Hy+ K) (3.10)

where iHy = —A0,U + Eo(x)BU and iKU = /ng(z)DU. The matrix K has a finite rank, and so is a compact
perturbation of Hy. The Hilbert space that will be used from now on is

V= {U = (an)nen € L*(DN, Z ||an||2Lz(I) < oo} . (3.11)

neN

The norm in V is
01 =3 [ lonf?(z)da.

We will consider that ay,,(z) € C as well, since it is convenient for Fourier decompositions. The hermitian
product is

(UYL U?) = Z/a}l(az)a%(x)dx, Ut utev.
—Jr
A larger space is

Viee = L2(I)". (3.12)

These two spaces are functional extensions in L?(I) of the classical Hilbert space

I? = {U = (n)nen € RNv Z ||an||2 < OO} .

neN
7



The notation for the hermitian product in (% will be

UL U? =) anal, Ut U? e’
n

We also define
Wo ={U = (an)nen € V, there exists N > 0 such that

anEHl(I) fornSNandan:0forn>N}.
The space Wy is dense in V, and its elements have compact support with respect to the index n. Note that
Wo CV C Vige.

We begin the construction of the eigenstructure by simple considerations on the operator/matrix A which can
be viewed as an unbounded hermitian operator in (2. So it admits a canonical eigenstructure decomposition. It
can be detailed with the help of the Hermite functions. We will use the notation that

ep=(0,...,0,1,0,...)" p=0,1,...,

where the coefficient 1 is in the pth position. We say that W € RN is a generalized eigenvector of A if it satisfies
the equation

AW =uW, peR.

If W € 5, then one says that W is a classical eigenvector: in this case p is in the discrete spectrum.

REMARK 5. To make no confusion, the standard notation A is reserved for the eigenvalues of iH and iHy.
PROPOSITION 6. There is one eigenvector eg associated to the eigenvalue 0 (Aeg =0). For all p € R, Uy, is in
the continuous spectrum

U = (0,%0(1), 1 (1), 92(), -y AU, = pUy, (3.13)

Proof. Evident from the recurrence relation (3.3) for Hermite functions. O
PROPOSITION 7. These eigenvectors are complete: for all U € 2, one has the representation formula

U:U~eoeo+/U-UuU,Ldu
R
with

U-U:|U-eo|2+/|U-Uu|2d,u. (3.14)
R

Proof. The formulas come from the fact that the family of Hermite functions (1, (1))nen is an Hilbert basis of
L2(R). O

So the discrete spectrum is S4(A) = {0} and the continuous spectrum is S.(A) = R. The goal is now to
extended the results to the operator vd, + ¢'(x)d, viewed as an unbounded Hermitian operator in V.

3.2. Case of study. To more specific, we consider the case of study described in figure 3.1 where the
characteristic lines of the operator v, +¢'(x)0, = vd,— Ey(x)d, are plotted. We make an additional assumption
which will be reinforced later.

ASSUMPTION 8. The electric potential is a 1-periodic function, is smooth ¢ € C*(I)per, and is monotone

{ @' (x) >0 for 0 < z < x,

¢'(x) <0 formg <z <1 (3.15)

Moreover we normalize by translation in the x direction, so that

- =ming = p(0).

The structure of the characteristic lines is depicted in figure 3.1 where the separatrix between these zones are
the curves % —¢(x) = —p_. Fo an electric potential with a more complex structure, the internal zone might be
decomposed into any finite number of connected subdomains, such that a set of closed characteristic is defined
in each of these subdomains. But, for the simplicity of the presentation, we focus only on the situation depicted
in the graphics.
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Fia. 3.1. Case of study: the characteristics in dashed split the domain in three zones. Zonme ’z = +’ corresponds to
{é —o(z) > —gof} N{v>0}. Zone 'z = —’ is the symmetric {% —p(x) > —907} N{v < 0}. Finally central zone 'z = ¢’
corresponds to the closed loops that cross the horizontal axis. The separatrix between these zones are the curves % —p(z) = —p_.

3.3. Eigenstructure of iHy = —AJ, + Ep(z)B. This is the next step in the construction. We will

show that the KvN philosophy is exactly what is needed to obtain an explicit representation of the generalized
eigenstructure of the operator

iHy = —Ad, + Eo(x)B

in relation with a convenient characteristic equation.
e The first line of the infinite matrix ¢Hy vanishes. So any function of the form

uo(-) = w(-)eg €V, w e L*(I), (3.16)

is an eigenvector with eigenvalue 0 which is therefore in the discrete spectrum.
e To construct generalized eigenvectors of iHy, we start from the formula

U(l’) = T(x)Uu(x) = T(IL’)(O, %(ﬂ(f))a 7/}1 (M(x))v 7/}2(:“(1'))7 s )t

and try to find some functions z — 7(z) and = — p(x) so that iHyU = AU for a given A € iR. Such a
representation comes from a direct interpretation of a Dirac mass

u(@,v) = 7(2)d(v — p(x))

in terms of a moment representation: indeed the moments of u are

[ oo = riayi, (uta))

Therefore the equation iHoU = AU can be interpreted as a solution of vd,u — Eg(x)u = 0. Geometrically it
means that « is a Dirac mass at a varying vertical position

v = p(x), (3.17)

with a weight 7(z) that accounts for the local curvature of the characteristic line. This is the KvN methodology.
The algebra is detailed in the next proposition which focuses on the construction in a small interval (xy,z2) € I.
PROPOSITION 9. Assume that

—(t(z)p(x)) = A\r(x), =1 <z <29 (3.18)
9



with the characteristic equation

1
§u(x)2 —px)=ecR, o <z<uz2 (3.19)

Then Ux(x) = 7(2)U,(y) is solution of

(tHoUy) (x) = NUx(z) x1 < x < 2. (3.20)

Proof. By construction AU (z) = u(x)U(x). So

iHoUx(z) = =0y (7(2) (@) Uy(z)) + Eo(2)7(2) BU, ()

= — (T(@)(2)) Upay — T(@) (@)’ (2) (OAUN) sy + Eo(2)7(2) BU,(z)-
One checks by using (3.4) that 9,Uy = —BU,. So

iHoUx () = — (r(@)u(2)) Ungey + () [u(@)u (@) + Eo()] BU)

1
= AT(2)U(q) + 7(2) <2ﬂ(x)2 - @(x)) Up(z) = AUx (), r] <z < 2.
The proof is ended. O

The next steps is to extend the construction in the entire interval I with a correct treatment of the periodic
boundary condition, and to verify the integrability condition Uy € V... At inspection of the figure 3.1 one
distinguishes three zones in the construction/verification.

3.3.1. Zone +. Consider zone + where the characteristics lines are mono-valued functions of the = variable.
In view of (3.17-3.19) it corresponds to e > —p_ and positive velocities. Then g in (3.19) is directly calculated:
we write it with an index e to make clear the dependence with respect to the height of the characteristics

pe(z) = V/2(e + o(2)) 2 V2(e +p-) > 0. (3.21)

It is a positive and periodic function in zone I. Let us define the new variable

ylw) = /ox u:lé)'

Since p. is the dimension of a velocity in view of (3.17), then y has the dimension of a time. It is therefore the
time variable spent by a particle which travels along the characteristics. The total time spent by the particle
along the characteristic is

1
te = / pe(s) " ds > 0. (3.22)
0

Equipped with these notations, one can now find the solutions of equation (3.18-3.19).
PROPOSITION 10. In zone +, the periodic solutions of (3.18-3.19) are given by (3.21) and

Tek(x) = L exp <2iﬂkW> . (3.23)

tefte() te

REMARK 11. The scaling W s convenient since it is equal to 1 if ¢ vanishes. In all cases, fol % =1.

x -1 x —1
If ¢ =0, then W = x for all e: in this case the function exp (QiﬂkW) = exp (2irkx) is the
usual Fourier mode.
Proof. Equation (3.19) has already been discussed. Equation (3.18) is —u(7ue)'(z) = A(7p.) that is with the
time variable

—d%we) — Arpe).

10



The general solution is an exponential. Since we look for periodic functions, one obtains

(riae)y) = peap Rimky/y(1), A= ~2imh/y(1)

where k € Z and L is an arbitrary factor. Taking L = tJ and going back to the original variable, the proof of
the claim is ended. O
One obtains a first family of generalized eigenvector as

xr . 71d
exp <2iwkw> Uy (a)- (3.24)

+ () =
Ver@ =10

PROPOSITION 12. The infinite vectorial function U:k 15 in Vipe, and is a generalized eigenvector

2irk
GHO) Uy = AedUlys Aoy = — % € iR

€,

e

PROPOSITION 13. In the interval (—p— oo) the function e — t. is monotone decreasing from t(_,_y+ to 0.

Proof. One has by definition ¢, = fo ﬁ So &Lt = fo m < 0. The limits are evident. The
et+p(x (e+(z))2
proof is ended. O

PROPOSITION 14. Assume ¢"(0) > 0 and ¢ € C*(I)per. Then t(_, y+ = +oo and there exists C, € R such
that

t_g 4o+ loge +Cy, = O(e). (3.25)

1
V¢"(0)

Consider first A = foé ——4d2 ____ QOne has
V2(e+e(z)—p-)

Proof. One has t_, 1. =

e e

3 dz 1 1 )

A= - _
/0 \/m /0 V2(e+9(2) —¢-) \/2(€+ 17(0)22

—A; s

The first term is

A /5 dz 1 /1/(2\/ 2¢/¢"(0)) dy
1= = R y———
o et b0 VIO VI

1 /1/(2\/m) < 1 1 log (1/(2 Qg/wll(o))) ,

1 ! 1
= + — - | dy+ ——
Ve'(0) Jo I+yr V/e'(0) VIty?: v Ve (0)
At inspection of the various terms, Ay is such that A, = 1//(0) (—% log 5) + q1(¢) where q; is a function which
@
admits a finite limit when € = 0. More precisely the second integral is convergent so the reminder can be
bounded

1 /1/ 24/2¢/¢"(0)) 1 1
- - R
Ve (0) S Vity? v

1 1 > 1 1
- | dy — 7/ — ——|d
\/ "( / ( V1t y? y) V' (0) J1/2v/2¢/07(0)) <\/1 +y? y)
: 11| _ 1
Since Y T o) < 2y3, the last integral is bounded as

< (2v/2¢/¢"(0))* = O(e).

o 1 1
— — — |y
/1/(2\/26/50”(0)) (\/ 1+y? y)

11



The second term admits a limit since the function under the integral is

1
\/2(54-(/7 \/25+ L0

F.(2) =

2 (5¢"(0)2" — p(2) + ¢-) _
VEE T 0(2) = 9)y/2(e + 307(0)22 (2l + 9(2) — o) — /2 + 307(0)22)

The numerator is 1¢”(0)2? — ¢(z) + ¢— = 1¢”(0)22 — ¢(z) + ¢(0) = O(z%). Since the denominator is also
O(2?) for & = 0, the limit Fy is finite. Therefore one can write Ay = g2(g) where ¢ is a function which admits
a finite limit when ¢ = 0*. More precisely q2( ) = q2(0) + O(e).

But symmetry the other term A; = f 1 \/+j“(0) has a similar behavior. The proof is ended after summation
(e+30

of all contributions to A. O

3.3.2. Zone -. The construction is the same, it is sufficient to take the negative root of the characteristic
equation (3.19), still with the restriction e > —p_. For simplicity of notations, we keep the same positive
definition (3.21) for p.. The family writes

Ue_k(l’) =

. fo Ne 1d5
exp | —2intk=—————— | U_,, (2)- 3.26
’ tepte(2) < te pe () (3.26)

One obtains readily.
PROPOSITION 15. The infinite vectorial function U_ k isin Vioe, and is a generalized eigenvector

. _ _ 2irk
(ZHQ) Ue7k = /\e,kUe7k, /\eJi’ = — n .

Proof. Just consider (3.18) is now written as

1 7 e(s)~1ds "ok 1 7 e(s)~1ds
(teue(l‘) exp< 217rk0te> (ue(x))> =" (te,ue(x) exp( 217rk0te)>.

3.3.3. Zone c. In view of the fact that the characteristic lines are closed (see figure 3.1), a modification
is needed to define correctly the generalized eigenvectors in the central zone.
Firstly one must restrict the range

€ (—p-,=p4),  p-=minp(x), ¢4 =maxp(e). (3.27)

We look for eigenvectors under the form
U({E) = T+(x)U/L(r) - T_(x)U—/L(m) (328)

where

o) = /2max (e + ¢(2), 0) > 0

and 7% are unknown functions to be determined. Notice that p.(z) = 0 for e 4+ ¢(x) < 0. Considering (3.27),
the function p. vanishes at two endpoints 0 < a. < b, < 1 defined by pe(a) = pe(b) = 0. So

te(x) > 0 for a. < x < be
and

te(x) =0for 0 <z <a,and b, < < 1.
12



We have the idea to impose the condition that 7% (z) = 77 () =0 for 0 < x < a, and b, < x < 1. It will insure
that U described by (3.28) satisfies

U(x)=0for 0 <z <aeorb <x<l1.
In other word, the function vanishes identically (in z) outside the support (in z) of the characteristic line with

level (or label) e. This idea is the main difference with the construction in zones + and -.
Let us take

1 x
() = exp(—)\/ Lel(s 1d$>7 e < < be.
W= @ )
So one has locally

(iHo)TH(2)U, (o) = AT (@) Uy (2), e < T < be.

Similarly take

T (2) = e exp <)\/ ue(s)_1d8> ;G < T < b,

so that
(iHo)T™ () U_po(2) = AT () U_p (@), Ge <@ < be.
Therefore U in (3.28) satisfies
(iHo)U(x) = AU (z), x # e, be. (3.29)
There is a divergence at = a, and z = be, since pe(ae) = pe(be) = 0. More precisely for a. < x < be

pe(z) = /2(0(x) — @ae) = /20 (ae) VT — ae, for z ~af (3.30)

and

pe(r) = V/2(p(x) — p(be) & /=2 (be) V/be — , for z = b; . (3.31)

In particular U might not be even in Vj,.. For the simplicity of the proof, we make a stronger assumption with
respect to the hypothesis 8.
ASSUMPTION 16. The electric potential is a 1-periodic function, is smooth ¢ € C2(I), and is strictly monotone

@' () >0 for 0 <z < x,
{ ¢ (x) <0 forzg <z <1 (3.32)
PROPOSITION 17. Make assumption 16. Let e be in the range (3.27). Consider
—2ink be 1
Aie = ; for k e Z, te =2 u(s)~ ds
e Qe
and
1 S pe(s)" s
Uer(z) = Foe () exp <2mkte Uy, () (3.33)
x —1
1 e(s) ds
+te,ue(f€) exp (—Qiﬂk‘fa“u(e)> U_j(z), T € (ae,be),

with Ue (x) =0 for z € [0,ae) U (be, 1].
13



Then one has the regularity Ue |, € LP(I) for alln € N and 1 <p < % and AU, € CO(I)N. Moreover U, . is
a generalized eigenvector, more precisely one has that

(1Ho)Ue,k(x) = Ak,eUe k() (3.34)
in LP(I)N for 1 <p< 1.

Proof. The proof proceeds in three steps.
e For = € (a,b), one has Uc p = (0,0, a1, .. ), oy With

I pe(s)~ds
¢

e

I pe(s)~'ds
¢

e

o (z) = L exp <2i7rk ) Un(pe(x)) + exp (—mk ) Un(—pte(z))

B teﬂe(l') te,ue(x)

and a,(z) = 0 for z in the complement, that is for € [0,a.) U (b, 1]. Since u. has at most a square root
singularity at a. and b, it is clear that «,, € LP(I) foralln e Nand 1 <p < %
e Next one has that

1 “ ie(s)"tds 1 T e(s) lds
AUe i (7) = 7 exP <2iﬂ'kw> Uue(l)*tf exp <2i7rk:faeu§)> U_jz)> T € (aebe). (3.35)

N
€ €

So

. 1 1
lim AUEJC(Z‘) = tf (Ulte(ae) - Uf,uﬁ(ae)) = ; (UO - UO) = 0.

z—at e e

Since U, (z) = 0 for x < a., one has the continuity of AU, j at a.. Similarly

be ~1 be -1
1 e(s) "ds c(s) "ds
lim AU, x(z) = (exp <Qi7rkfaeut()> Up.(v.) — €xXp (—21#/4]%#;)) U_Me(be)>

T—be te e

= L (-1~ (-1)"Th) =0.

Since U, x(x) = 0 for b, < x, one has the continuity of AU, ; at b.. Therefore one has indeed AU, ; € C°(I)N.
e Since AU, j, is continuous, the derivative in the sense of distribution of AU, j, is almost everywhere equal to the
point wise derivative. At inspection of (3.35), the z-derivative has the regularity of the inverse of the square root
function. Therefore A0, U, € LP(I)N for 1 < p < % One also has directly that Eo(z)BU,  has, component
by component, the regularity of the derivative of the square root function. That is Eo(x)BU,, € LP(I)Y in
the same range 1 < p < % One also has of course A U, i € L”(I)N. Considering the eigenvalue equation is
satisfied almost everywhere (3.29), it show the last result. The proof is ended. O

For the simplicity of the analysis, we add one condition on the electric potential ¢.

ASSUMPTION 18. The electric potential is strictly concave at the mazimum, that is ¢” (xo) < 0.

PROPOSITION 19. In the interval (—p4, —p_) the function e — t. goes from tt«u) =27/V/2 to tt(pi).
Proof. We only have to determine the value of t?_—wr)' Make assumption 18. For e = —p4 + €, we linearize the
function ¢ at second order near its maximum and write without giving the non essential details

2 ds

te(—p4 +¢) = 7/
V2 Jertor@as>o  [e + 59" (20)s?

+o(e)

2 ds + ole) 4 . _
=—— ———+4o0(e) = —
\/5 1—52>0\/]-752 \/5

The proof is ended. O

The next property will be essential to show the structural well-posedness of an original integral equation derived
in the sequel.

PROPOSITION 20. Assume the function x — /@4 — @(x) is strictly concave separately in [0, x) and in (xo, 1].
Then t. is strictly increasing in the interval (—py, —p_).

14



Proof. One has the decomposition

\/§te = e+ (P(a’e) =e+ Qp(be) =0.

) T be T

We firstly study the second term f

= ( - To simplify the notations we set € = e+ ¢4 € (0,94 — ¢_) and
eto(e

U(z) = o(z) — o+ = p(x) — p(xo) < 0. With these notations the second term is

be dx . be dx
————— =H(e) := _.
z Ve + p(T) w0 VE+ Y(x)
Set the change of variable 1 (z) = —eu? for xg <z <1 and 0 < u < 1. One has ¢'(z)dz = —2eudu. So

Ve

(€)du, gu(e) = U (—edd)

1 u
€) = P —
) /0 1— 2 _uggu

The derivative is

d 1 " l —-1(_,2
ﬁgu(é) = ) + \/El/J (2)¥ 52)2 (—u )’ P(2) = —eu?,
that is
L S SR O LIC))
720 = S (-5
At the same time one has /—¢ = f% SO

1/)// 1(1/}/)2 771 (w1)2 B w//w
2 TV 2t 2 ()t (1 2(1//)2)'

Therefore the strict concavity of v—v = /p(z0) x) yields an increasing e — g, (e) which turns into a
strictly increasing H(e). The same result for the second mtegral f dm . The proof is ended. O

Vete
3.4. Completness. We claim the following.
THEOREM 21. Let U € V. Then the spectral decomposition holds

U=U()-coeo+ Y / ) U tede (3.36)

kEeZ —¥-

oo
+Z/ (v.uz) ektde—i—Z/ (U, U i) Us itede,

kez Y e=—¥- k€EZ

with the Plancherel relation

U1 = (U, eo) +Z/ (0.0, tede (3.37)
kEZ

+Z/ UU(,k‘thZ/ (U, Ue ) tode.

kEZ kezZ

Proof. The proof is performed for U € W by a direct computation. By density of Wy in V', it will prove the
result in V. Notice that U € WO has only a finite number of non zero components which are all in H*(I):
since U, € LP(I Wioorl1<p<i , it is enough to get the integrability and summability needed to give sense
to (U, Ue,). Note also that the formulas (3.36) and (3.37) are equivalent, we will prove only the first one. A
last remark is that (3.37) can be checked for different lines independently one to the other: indeed U, U;k,
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are infinite vectors. The method of the proof is by successive changes of variables and the final use of the
completeness of the Hermite functions.
We begin we the analysis of

Ky = Z/ Fo(@)tede

keZ

T ds Y ds dy de
0 pe(s 0 pe(s
/ ( / Uly Up,(y) XP (2171’k = )t pel )> topte( )) Ulw(m)%'
o— \hez e eMelY e

The notation - is understood as the weak product of the vector U(y) which has only a finite number of non zero
components since U € Wy and the infinite vector U, (,). We make a change of variable y — 7. such that

~ dy
= ) dye = .
tebte(y)
We also set 7, = i fox ijs). One has that
T ds _ (Y _ds d
Z/ y) €Xp (—2i7rk: 0 pe(s) - 0 #c(8)> . Yy (3.38)
keZ e et (Y)
= Z/ Uy, () €xp (=2i7k(Ze — Je)) dGe = U () - U, (2)
keZ

using standard properties of the Fourier transform, such as the Dirac comb formula

> exp (2imk(z — y)) = 5(z — y). (3.39)

kEZ

A lengthier verification of the identity is possible with smooth test functions. One obtains

> 1
Kz/ Uz) U, (o)——=U,. (x)de.
1 Y () e ( )He(x) pe(x)

The definition of fic, namely 3u.(z)? — p(x) = e, yields dpu.(z) = for every x. Since it is independent of

He (:v)
x, we will write d\ = du.(x). Therefore one can recast as
oo
K, = / U(z) - UsUd\
Veelz)—e-

where Uy has been defined in (3.13). With exactly the same method one obtains for the third term in (3.36)
de e —Ve(@)—p-
Ky = Z/ U Ue w) Usi(@) = / U(z) - U_\U_xd\ = / U(z) - UaUxdA.
kez pre() Velz)—o oo
With a little more technicalities detailed in the next proposition, one obtains also
Ve(z)—p—
K= |
—Ve(z)—p-

Therefore using the orthonormality properties of the Hermite functions, one gets

U(.’E) -Up\UyxdA. (3.40)

o0

Ky + Ko+ Ky = / Ulz) - UsUrd = U(z) — U) - eoeq

— 00

from which the claim is proved. O
16



PROPOSITION 22. The formula (3.35) holds.
Proof. To be more precise, we note 0 < a. < b. < 1 the boundaries of the interval described in (3.30-3.31).
Since U,,, is now defined in (3.33) as the difference of two terms, full expansion yields four contributions. So

oo
Ky = /
—o+

be fz ds (Y _ds d d
. ae fre(s) ae fe(S) Y €
U(y) - U,y exp | 2imk =2 U,.(x)——
;Z‘/“ e(y) te tepe(y) | ") pe(x)

=D,

—p_ be fz ds Y _ds d d

. ac pe(s) ae fre(8) Y €

-l-/ Uly) - U_,, () exp | —2ink ; U_po(e)——
S PV et te epe() |7 ()

=D,

—p_ be j‘“L (isS + Y dsS d de
+/ Z/ U(y)  Uop,(y) exP <2iﬂk = “C()te ol ; ’ Une@) =y

P+ kez "V Qe

=Ds3

—p_ be fz ds 4 Y _ds d d
. Qe e(s) Qe Me(s) Y €
+/ / Uy) - U,y exp | —2irk=2r U_ () ——-

—oy ke% e ue(y) te te/‘@(?J) el )ME(CC)

=Dy

We consider the change of variable 7, = 2 fay Mdfs), with dy. = 5 id“(’y). Notice that g, € [0,1]. The same

notation is used for Z. € [0, 1].
e It yields for the first term

1 ' k(7 — ) di
D=3 Z/o U() - U, () xp (ink(Z — 5)) dje.
keZ

Splitting between even and odd k, one has

D3 Z / U(y) - U, () exp (2ink(Te — Je)) dJe

+ exp (—inZ, Z/ Uy, (y) exp (i) exp (2i7k(Ze — Ye)) dYe.
keZ

Use the Dirac comb (3.39) on both terms. It yields

1 P R
—exp (—inZ) (U(x) U, (z) €XP (17m‘)) =U(z) Uy, (a)

1
D, = iU(:U) . U#e(ﬂﬁ) + 5

e One has for similar reasons Dy = U(x) - U_,_ ()
e The same change of variable in the third term yields

Z / Up.(y) €XP (irk(ze +¥e)) dye

keZ
17



_ *Z/ Uy () xp (2imk(—(1 — £2) + T)) die

kEZ

+ exp (inT, Z/ Uy, (y) exp (in%e) exp (2ink(—(1 — Zc) + ¥e)) dyE-
keZ

Notice that the change of variable is such that there exists T € (a., be) such that

. 2 [be ds
Te = —
‘ te Jootao—z fhe(s)

so that

N 2 [l ds 2 fbefac—T g 2 [P ds 2 [be ds 9 [hetac—T g
1-z2.=1—— = — = — - — —_— = .
te Jootao—z fhe(s) te Ja, fhe(s) te Ja, Me(s) e betac—7T fre(s) le Ja fhe(s)

e e

In other words 1 — Z, corresponds to b, + a. — Z. Therefore one can write with the Dirac comb technique

1
Dy = SU(be + ac = 7) - Uy, (pe+a.—m)

1 ~ _ . ~
—|—§ exp (inZ) U(be + aec — Z) - Uy, (b, 40, —z) exp (Hir(1 = 2)) =0

after simplifications.
e Similarly Dy = 0.
e So one can write

K—/_%U(x)U U L—F/_%U(m)U U, o2
3 I’fe(x) e(ﬂ)‘ue(x) _.ue(x) _,U‘e(z)‘ue(x)

—o+ —ot

0 Vee(z)—e-
()= —vVe(z)—e-

The results proceeds by summation of Dy, Dy, D3 and Dy4. It ends the proof. O
The previous result can easily be transformed into a spectral representation formula for iHy. We just give the
result. One has the result

t/v@Wﬂ—w

0

iHyU = Z/ ) AU tede (3.41)

kEZ -

+Z/OO (U o k) e U ytede + Z/ (U, Uo) AekUe itede.

kez "’ e=—¥- kEZ
One has an associated Plancherel relation

|HoU |2 = Z/ U Ujk ‘ el tode (3.42)
kezZ

+Z/ (T02)[ e tde+2/ (U, Ue i)l P tode.

keZ keZ

This formula can actually be used to give a meaning to the largest space such that summability and integrability
hold in all previous formulas.
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4. Generalized eigenvectors of iH. We now construct the eigenvectors of iH
iHVeJ,rk = )‘e-,kVeJ,rk
by a perturbation method. We start from the representation formula (3.36) rewritten as
U=U()-epeo + ZZ/ (U,UZ ) UZ itz de? (4.1)
z keZ

where z is the index of the zone, that is z = +, z = — or z = ¢ in the central zone.
The main idea is to assume a representation under the form

Vi =Uh +a(@e+> ) / bZ UZ tids®. (4.2)
z pEZ

where a and b7 , are unknown. Note that a and b, depend also on e, k and the index of the zone z = +. One
has

iHV, = iH VS +iKV,, =

=AexUS Y / b: A2 Uz tids™ + iKa(x)e + iKUS, +iK Y Y / bz Uz tids™.

z p€EL z pEL
More precisely since K = exp(p/2)D

zHV:k = Ae,kU::k + Z Z/b;p)\;pijptjdsz —aexp (p(z)/2) a(x)es

z pEZ

+a U;'k ~eg + ZZ/biPUiP egtZds® | eg.

z p€Z

On the other hand one has

AV = AekUy + Acal@)eo + Y Y / bZ e UZ jt2ds”.

zZ pEZ

The eigenequation yields

Z Z / b7, (A2) = Aer) UZ tids® = avexp (p(x)/2) a(x)es

z p€EZ

1
+aexp (p(2)/2) | — exp (—p(@)/2) Aepa(x) — USprea—> Y / b Uz, - eatds™ | eq.

z p€L

The right hand side is a linear combination of ey and es, so we identify this relation has an equality between
functions in V' for which (3.36) applies. The equality of the coefficients writes

b5y (ASp = Aek) = (cvexp (p(2)/2) a()e2, UZ,,)

1 oo
— exp (—o(x)/2) A pa(z) — Z bH UL - estsds = Ufk - €. (4.3)

$,p 7 8,p e
pELY =P

From now on, the main question is the solvability of this system. To continue the discussion, we make a
difference between A, # 0 and A y—o. In the homogeneous case, it will be clear that vanishing eigenvalues
play no role for linear Landau damping since they are naturally eliminated from the discussion.

19



4.1. An integral equation. One eliminates b7 , in (4.3) with

_ (cvexp (p(x)/2) a(x)ez, UZ,,)

He
s,
P )\gp )\e,k

and plug in the second equation. It yields the integral equation

1 aexp (¢ /2) a(x)es, UZ,) Lo
- exp (—o(x)/2) Ae pa(x Z Z PV. / — ) UZ, - eatids (4.4)
z pt0 ek
(avexp (p(2)/2) a(a)ez, UZ o) Uz - eatids® = U ) €2

The singular integrals are interpreted principal values [29], similar to the Hilbert transform. The other integral
for p = 0 are convergent. The case where . — 0 is not as singular as it appears at first sight, see discussion
below and remark 24.

. Another family of eigenvector in the null space. The null space if defined by HV = 0. All
generahzed eigenvectors with /\+ = 0 are in the null space. However in view of the fact that all functions
a(x)eg € V are in the null space of Hy, it is natural to think that similar eigenvectors exists for H. It is the
case as shown below.

Start from the representation V(x) = f(z)eo + ag(x)e;. A direct compassion shows that

O:iHV:(—Aaz+E0 )B + \/no D) r)eg + g(w)er)

= /no(z)Df(z)eq + (—Ad, + Eo(z)B) g(x)ey.

In view of the definition of the matrices, one gets 0 = —ay/no(z)f(z)e2 — ag'(z)es — $Eo(z)ag(z)es =
—v/no(z) f(x — 3Eo(z)g(x )) ey rewritten as exp (p(x)/2) f(z) = —¢'(x) + 3¢/ (z)g(z). Since f,g

and @ are 1—prer10dlc functlonb, the solution is
f=—(exp(~¢/2)g)".
Such vectors will be denoted as

Vy = —(exp (—9/2) 9)’ ()eo + ag(-)er. (4.5)

This family is directly linked to the Gauss law.
PROPOSITION 23. Assume U is orthogonal to Vy for all g € H'(I)per. Then U satisfies the Gauss law.
Proof. By definition (3.6) of U, one has that

=(U,Vy) = /1 (= (exp (=(2)/2) g(2))' F(z) + ag(z)uo(x)) dz

_ /1 (exp(—gp(z)/2)g(z)F'(z) + ag(z) /R éexp (_”:> u(z,v)dv) da.

2

Since it is true for all g, it shows that F’(z) = — exp (¢(2)/2) [ L exp (_UI) u(z,v)dv, which is the Gauss law
(2.6). The proof is ended. O

4.3. Comment on the structural well posedness of the integral equations. With the proposed
approach, the construction of the generalized eigenvectors relies on the solution of an integral equation. To have
a better understanding we write them more explicitly in the case of study with the three zones.
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One has the explicit formulas

x -1
zone +: UF (2)-ey = iexp <_2iﬂkw exp —/te4(r)2 7
—1
zone -: U;p(;(;) T (217Tk‘ Jo U’s dt) exp (—;til(x)z) ,
St 1d o
zone ¢ Ugp(x)-ea = I{ae<fc<be}tTa exp( QIWkM exp( ue4( )2> ",

fT ws ()™ 't — 9(1)2
0 (o)

1o, <x<b, }t = €XP <217T
S ps(t)~tdt e (z)?
= I{ae<w<be}ts2a <Z7rk; ® - )eXp( H4( ) ) .

Using that 2pu.(2) — ¢(x) = e (it is the characteristic equation (3.19)), one gets

o[V ps(t) "t
y) exp (—21ﬁp“%> dy _8)d
Aesa(z) + > PV. / L exp(—s)ds (4.7)
— >\s. - )\e k ts
pEZL P— P s
s(t)"tdt
< [;a(y)exp (217TpM7)) dy exp(—s)ds
+Y PV
pEZ e=—p_ >\s,p - Ae,k ts
be Y e (t) " dt -
—p_ fae 2a(y) COS (27‘(‘29«[0 © i 7) dy fO /Ls(t)ildt exp(—s)ds
_|_ZP,V/ cos | 2mp
- As p )\e k s ts
PEL =%+ ’ ’
1 s Ldt
= zt— exp ( 217rkIOMt> exp (—e/2) .
REMARK 24. Note that Ac i, = Qi’rk In the case k # 0, it seems that there is a degeneracy for t. — +o0o. But

this degeneracy can be eliminated since the same 1/(t.) show up in the right hand side.

REMARK 25. To construct Vek and V), it is sufficient to change the right hand side.

Nevertheless two conditions seem necessary for this equation to make sense: one needs that the integrals written
as principal values [29] make sense individually (we call this structural well-posedness); one needs the sums to
be convergent. To save place we made no distinction between p = 0 and p # 0, so that all integrals are written
as principal values.

PROPOSITION 26 (Structural well-posedness). Make the assumption 18. Then the equation (4.7) is structurally
well-posed.

Proof. One has to check the integrability at the boundaries of the integrals, and the monotony of A, ,.
Propositions 13 and 19 show that the weights XP(=9)ds e integrable near the limit points of the integral.
Except for p = 0 which poses no real problem, the variation of As,p — Ae, i is monotone in the two first integrals
so the principal values make sense immediatly. Concerning the third integral one can invoke proposition 20,
S0 t, is strictly monotone in the interval (—p,, —p_). Moreover the weight 1/(t.) vanishes at —p_ and the
integral vanishes at —p4 since in this case a, = b, = x¢. Therefore all integrals/principal values make sense
individually. The proof is ended. O

For ip = A and p € R, let us define the operator
. Lt
< [;a(y)exp (—217rp ) dy exp(—s)ds

a):ZP.V./ pa— 3

PEZ e=—v- >

fus

s 'd
< [;a(y)exp (2177pM> dy exp(—s)ds

PV.
! Z Y /e——so Asp =it ls
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S

J& ps ()~ dt
~¢- [} 2a(y) cos (27rp°t7) dy [ pus(t)7tdt \ exp(—s)ds
S PV : 5 | 2mp 70—
+ v /7 )\87}7 — i R t ts

and the right hand side

—2imk
te

fow ﬂS(t)ildt
t

€ S

bﬁ(x) = ztl exp (—2i7rk ) exp(—e/2), ip=

The equation writes
ipay, +Tu(a,) = bﬁ- (4.8)

REMARK 27. The equation (4.8) poses important difficulties. It is nevertheless possible in certain cases to show
the summability in L(L*(R)) of the series that define T),. In this work we do not pursue in this direction and
focus more on the exact solution in the homogeneous case where everything becomes much simpler. Moreover
some of the methods which can be used to show the summability in the general situation are by comparison with
the homogeneous case which is detailed below.

5. The homogeneous case ¢ = 0. If p(z) = 0 for all z, the problem is homogeneous in space and all
calculations become explicit because of the orthogonality of usual Fourier modes. The third integral vanishes

since ¢_ = ¢ . Moreover t; = % and
1 (% d
—/ L vs.
ts 0 M(S)

2s
PROPOSITION 28. The solution of the integral equation is a(x) = v exp (2irkx) with

o0 U ,u2 )\2
(47r2k2 + P.V./ = 5 6XP (—2> du) ~v = 2imk exp (—4) . (5.1)
—o0

REMARK 29. The principal value is bounded [6]

P.V./OC M (1 dp| < (27)%, VAER.
Lo A 2 -

So v and a are well defined for k # 0.
Proof. Plug in the integral equation (4.4) and obtain after simplification due to the orthogonality of usual
Fourier modes

> V2s
—2imkV 2e —P.V./ Y exp(—s)ds
m 7 0o —2imkv2s — (—2imk)V/2e xp(=s)

h iV2s = exp (—e
JrP.V./O 2mkﬁ_(_2mk)\/%exp(fs)d5—\/% p(—e/2)

that is

— 472k 26y — (P.V. /000 &exp(—s)ds) y

— (P.V. /000 - V25 exp(—s)ds> v = —2itkv2eexp (—e/2).

2s
V2s —/2e ts

Make the change of variable V2e = A, V2s = © > 0 in the first integral and —V2s = © < 0 in the second
integral

oo 2 os} 2 2
42k My + P.V./ a exp R pdp ) v+ P.V./ a exp e pdp ) v = 2imkX exp A .
0o H—A 2 0o —M—A 2 4
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One obtains

o) 2 2 2
(477%2/\ + P.V./ Eexp (—M> du) v = 2irkX\exp (—)\> .
Coo M — A 2 4

0o 2 2 [e'¢) 2
[ 1 1 0
PV. — = A\P.V. —
V/OOM_)\eXp( 2>d,u A /OOM_AeXp< 2)du

One gets after simplification by A the simpler expression

00 2 )\2
4722 4 P.V./ a exp B du | v=2irkexp | —— | .
oo = A 2 4
The proof is ended. O

So, up to the fact that the problem is posed in I = [0, 1] instead of [0, 2x], the generalized eigenvectors are the
same as the ones in in [6] (moreover with k changed in —k due to a different normalization).
PRropoOSITION 30. The generalized eigenvectors satisfy

47r2k2+P.V./DO o (—1) ) v (5.2)
—oo/LiA 2 ek

e} 2
= (477%2 + P,V,/ . ﬁ 5 €XD (—MQ) du) Uy exp (2iTkx)

. A2 . A2 0 u? .
+2irkexp | —— | exp (2irkx) —exp | —— | | P.V- exp | —— | Undp | exp (2imkz)
4 4 e = A 4

27.2 o I
(471' k*+ P.V. /_OO e 5 EXP (—2) du) Ve (5.3)

oo 2
= (4772152 + P_V./ . :t_ 5 €XP (—'L;) du) Uy exp (2irkx)

Note that

and

) )\2 ) )\2 1 ‘u2 )
+2irkexp | —— | exp (2iwkx) —exp | —— | | P.V. exp | —— | U,dp | exp (2imkx).
4 4 = A 4

Proof. Considering the eigenvector (4.2), one has that

V;k = U 5z exp (2imkx) + e exp (2ik)

Pv/oo e (1) U o (2imkz)
+ V. S | ex 1TRX
0 —2imk(2s)} + 2imk(2e)r VY /2s P

2
% ypuexp (—%)
+ / |
o 2wk

1
e —s)U ——ds | e 2itkx) .
(25)% + 2irk(2e)? *p(=s) AN xp (2imhe)

The same change of variable A = v/2e (and p = \/Z) yields

V. = Uxexp (2imkx) + veg exp (2imkz)
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o) 2 oS} 2
~ o o . g I K :
“ 5T (P.V./0 = exp (—4) Uud,u> exp (2mkx)—2mk </0 — exp (—4) Uudu> exp (2imkx)

2
= Uy exp (2imkz) + veo exp (2imkz) — 27—]{; (PV / m K 5§ eXp (—Z) Uﬂdu> exp (2irkz) .
-

Another more explicit form is possible with (5.1). After multiplication by 472k + P.V. [ fooo ﬁexp (—%2) du,

it writes
,u2
(47r2k2 + P.V. / )\exp (—2) du> Vi (5.4)

0o 2
= (477%2 + P_V,/ p ﬁ 5 €XP (—MQ) du) Uy exp (2iTkx)

. A2 . A2 0 u? .
+2irkexp | —— ) exp (2irkx) —exp | —— | | P.V. exp | —— | Undp | exp (2imkz)
4 4 e = A 4

which is the claim. A similar verification yields the other formula. The proof is ended. O
The spectral completeness of the eigenvectors V . can be proved, the difficulty being to find the measure.
Hopefully we can use a formula proved in [24]. To snnphfy and unify the notations, we note the right hand side

of (5.2-5.3)
oo 2
Vag = <4ﬁ2k2 T P.V./ B exp <“) du) Uy
’ W= A 2

— 00

) )\2 )\2 U ,U,2
+2imk exp (4) €g — exp (4) <P.V./R T exp <4) Uﬂdu> . (5.5)

This definition is for the Fourier mode k # 0 and A € R.
Set ef(A\) = =z Aexp (—%2),

k _ w) 1 27.2 /OO I3 _Mj
eR(N) = 1—|—7TPV/‘u )\du FRye <47rk + PV OOM_/\exp< 5 du ),

€* WP = ek + eF (M2

and vg = (—2i7k, @,0,0,...)" which is exactly (4.5) for g = exp (2iwkz). Notice that for all A

A2 e 2 1 A2
Vg -vor = —4m2k?exp | == | + o [ 472K + P.V./ H exp _HE du) —exp | ——
' ' 4 oo A 2 @ 4

() (e st () ow()a) -

which is interpreted as the standard orthogonality condition between eigenvectors (with different eigenvalues)
of an hermitian operator.

THEOREM 31. For all k # 0, and for all W, Z € I? one has

(W - vo.1|? / W - Vsl
Am k2 + o s (2mk)4 R (V)

W-W =

REMARK 32. This formula is identified as a representation of the identity for the spectral representation of
unbounded hermitian operators, which is a key object in scattering theory.
The purely technical proof, based on the inverse formula in [24], is postponed to the appendix.

24



6. Moller wave operators. Once the eigenvectors are constructed, it is possible to define in the general
case formally a Moller wave operator as

LU = ZZ/qspUVZ s ptads (6.1)

where ¢, is a weight which guarantees the summability of the formula. Under this form the Moller operator
is just a change of basis formula.

REMARK 33. The wave operators are traditionally defined as unitary operators [15, 19]. In the homogeneous
case, this can be achieved with a convenient choice of the weight qZ, dictated by the completeness Theorem 31.
Nevertheless we do not pursue in this direction since it is not needed for the analysis below.

The main formal property is the following.

THEOREM 34. Assume U is solution to O,U = iHU. Then W = LU 1is solution to O,W = iHyW .

Proof. Indeed

0 =0 [ iy (GHUV) UE 55 = Y [ e WV, U3 o
z p

= ZZZ/%,, (U, V) N2 U2 pteds = ZZ/qsp (U, V7)) iHoUZ t2dZ = iHoW.

The proof is ended. O

7. Morrison transform and linear Landau damping. In the homogeneous case, the Moller wave
operator defined with the general change of basis function boils down to a simple integro-differential operator
for a kinetic function. Consider u(z,v) = U(z) - U, and Lu(x,v) = (LU)(x) - U,.

PRrROPOSITION 35. Consider the homogeneous case. Take g3 ) = 47%k? + PV. ffooo ﬁexp (—%2) du. Assume

the Gauss law 0, F(x) = — [ u( v)dv is satisfied .
Then one has the formula

Lo = (—am + (47T2p2 + P.V./ H
—oo M —

v () (3 [ o () o)

which is the Morrison transform [6, 24].
Proof. The Fourier decomposition holds in the homogeneous case. Using (5.5) one gets

Ly = Z/ (U, Vap) Ux exp (2ipx) d.
R

One has

oo 2
(U, V)\,p) = <U, <47T2p2 + PV/ " ﬁ )\exp <'u> d,u> U, exp (21})3;)

- 2

. A2 . A2 L u? .
+2irkexp | —— | exp (2ipx)eg —exp | —— | | P.V. exp | —— | Upexp (2ipz)dp | | .
4 4 L = A 4

Using the Gauss law one gets

oo

(U, Vp) = (U, <47r2p2 + P.V./

— 00

v () (23 [ e () e i)

2
a 5 CXP (—é) du) Uy exp (2ipz)




00 2
= (47r2p2 + P,V./ p ﬁ 3 eXP (—MZ) du) (U, Uy exp (2ipx))

Cvesp (- PV/ ! N 0.0, exp (2ipr) d
exp 1 ..RM_Aexp 1 , Uy exp (2ipz)dp | .

o) 2
= [ 5 [(smg s nv [T e (<) i) (0.0 exp impe)
R, —oo 7

Therefore

A2 1 u? . .
—\exp (—4) (P.V./]R T exp (—4) Ep /}R(U7 Uy exp (2impx)) du) Uy exp (2ipz) dA,
that is
_ 2,2 *p @ . .
Lu(z, ) = 4dn°p® + P.V. = 1P|~ du | (U, Uy exp (2impx)) exp (2ipz)

p

~ Y dexp (_A:) (P.V. /R - L e (-’f) ) /R (U, U, exp (2impe)) du> exp (2ipz)

p p

0o 2 2 2
7 Iz A 1 Iz
= <47r2p2 + P.V. [m = 3 OXP (2) du) U-Uy— dexp <4> (P.V./R Y exp (4> U‘U“du)
oo 2 22 1 2
= (4x%p* + P.V. K B - L P../ B .
( Tp° + V/_Oo Iu)\exp( 5 dp | u(z, A) — Aexp 1 V. RM*AGXP 1 u(z, p)dp

The proof is ended. O
The kinetic counterpart of the formal proposition 34 is as follows.
PRrROPOSITION 36. Take u that satisfies

Oiu+vou+vME =0

together with the Gauss law 9, F (t,x) + [, u(t, x,v)M(v)dv = 0. Then h = Lu satisfies the transport equation
in free space

Osh + v,h = 0. (7.1)

Proof. Let us start from dyu +v0,u+vM(v)E = 0. Since ,L = L9, one has dih+ L (vd,u) + L (vM(v)E) = 0.
The second term is

L (v0,u) = v0; ((—0zs + q(v))u) — v M (v)P.V. Lwa‘ru(m, w)M (w)dw

RW—U

=00, Lu — vM(v) /]R Opu(z, w)M(w)dw = v0, Lu — vM (v)0, /]R u(x, w)M (w)dw

where we have used that

Y = Y- + 1. The last term is
w—v

w—v

w

L(vM(v)E) = vM(v)(—0yy + q(v))E — EUM(’U)P.V/R M (w)?dw

w—v
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=M V)(—0pz + q(v))E — EvM(v)q(v) = —vM (v)0 E.

The Gauss law 0, E + [ u(w)M (v)dw = 0 implies cancellations in the sum of these two terms which simplifies
into L (vOyu) + L (vM (v)E) = v0y Lu = vdzh. The proof is ended. O

This formula finally yields a proof of the linear Landau damping phenomenon for an initial data with no
contribution on the Fourier mode k& = 0. In this case it is known that one can write

E(t,x) :/I/RKx(y,v)u(t,y,v)dydv

where K, is a smooth kernel [6] in the range of L*. One gets formally

E(t,z) = (u,K,) = (Lu, L™ *K,) = (exp (iHot) Lug, L *K,)

://uo(t,y—Ut,v)(L_*Kw)(y,v)dydv.
1JR

It is easy to prove under this form that the electric field tends to zero for ¢ — 400, with a rate that is function
of the regularity of Lug. Details are in [25, 24, 6].

REMARK 37. In the general case, the use of the Moller operator is ultimately a consequence of the well-
posedness of the integral equation (4.3) or (4.7). A necessary condition seems to be that the travel time is a
strictly monotone function of the characteristic label. Further research will devoted to the study of this equation.
REMARK 38. The restriction of a Bolztmannian sationary state can probably be relaxed using other orthogonal
polynomials [6]. The multivalued case, that is fo(z,v) = F(v?/2 — ¢(x)) with a multivalued F, needs probably
different ideas.

REMARK 39. The use of the methods pursued in this work in conjunction with non linear techniques such as
[20, 21, 22, 23, 26, 28, 10, 11] is an open problem. We also quote possible connections with other techniques
such as [8, 3].

Appendix A. Proof of Theorem 31.
The proof is performed in several steps. .
e The vector W € [? is decomposed as W = Mvo,k + W. The orthogonality W - vg j, = 0 yields that

4m2k2+a?
Wevosl> = =

—_~ 2
So it remains to prove that W - W = [, %dk

e This is actually a consequence of Theorem (G4) in [24]. Let us use the notations of the reference and restrict
the proof to its algebraic aspects. R
Define the Hilbert transform H[f](A\) = L [¢ ﬁf(,u)du and the operators G and G by

. 1
G(9) =ehg+ef Hlg] and G(g)zw(e’ﬁzg%?fﬂg])-

The formula of Theorem (G4) writes G(G(g)) = ¢ from which we deduce G(G(g)) = g. It yields the integral
form

/éwxmawmumxz/guﬁawx (A2)
R R

with natural integrability conditions for which we refer to [24].

e Define u(\) = W - Uy and g(A\) = exp (—%) u(A). One has that

Gl9)(N) = ﬁ (ehg — e Hlg))

>\2
eXp (7T> oo ,U /1,2
= 7 Arlk? + PV. _ ——|d (A
4ﬁwww(<” * V/mu—fm< 2>“>“)
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% 1 AP
—Aexp (—4) P.V./]R = exp (—4) u(ﬂ)du)

A
eXp (_T) 272 e ,U“ ,LLZ
= W <<47r k* + P.V. /_OO 7#— 5 EXP (—2> du)
A2 u AP N’ g
exp <—4) P.V./]R A exp (—4> u(p)dp + exp (—4) /RQXP (_4 u(p)dp

exp (72*2) _ ) 22 22 ,u2 R
= m (W <V>\,k — 2irk exp <4) 60> + exp (4) /]Rexp <4) u(,u)du) .

Since one has that

2 2 2 2 2
exp (—Z) /exp (—'Z) u(p)dp = exp (—Z) /exp (—'Z) W - Uxdp = exp (—);1) aW - e;

(M-

<)

it yields
— 22 A2 2
W .| —2irkexp| —— |eo | +exp | —— /exp _E u(p)du
4 4 4
A2 A2
= exp (—4) W - (—2inkeg + aey) = exp (—4) W v =
Therefore

~ exp (_T> —
G(g)(A\) = WW Wk

e Define h(\) = exp (—i-);l—z) u(A). Then

)\2
exp | o 0 2
G*(h) = M(k;‘) ((47#1:2 + P.V./ fﬁ/\exp (-‘;) du) an)

that is

e Plug (A.3-A.4) in (A.2)

1 _ 2 _
/RMW‘W.VM‘ d/\:/g(A)h()\)d)\

A2 a2 B
- /exp <—4> F(\)exp (+4) NN = / ‘W : V,\’ A=W -W

using the orthogonality of the Hermite functions (3.14). Plug in (A.1). The proof is ended.
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