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Introduction

A saddle-center fixed point of a Hamiltonian system is a fixed point with precisely
one pair of purely imaginary eigenvalues, and other eigenvalues all having non-zero
real part. Such a fixed point is contained in a two dimensional invariant manifold,
called the center manifold, associated with the pair of imaginary eigenvalues and
filled with periodic orbits. Each of these periodic orbits is the transversal intersection
between its energy shell and the center manifold, and is hyperbolic with respect
to its energy shell. We are interested in the existence of orbits homoclinic to these
periodic trajectories.

Let us consider an initial system with a saddle-center fixed point and an orbit
homoclinic to it. The orbit structure near this homoclinic orbit of the initial system
and of perturbed systems can be studied using appropriate local sections and the
Poincaré return map along the homoclinic. This has been initiated by Conley in
[13], and used in [23], [25] and [28] to prove the existence of homoclinic orbits in
perturbed systems. Under suitable hypotheses, and if the phase space is four dimen-
sional, these papers show the following behavior. Hamiltonian systems sufficiently
close to the initial system have a saddle-center fixed point with a center manifold.
We can suppose without loss of generality that the saddle-center fixed point al-
ways has zero energy in the systems under interest. For any sufficiently small fixed
positive energy, the periodic motion on the center manifold at that energy has a
homoclinic orbit in a system sufficiently close to the initial system. However, in
a fixed system close to the initial system, the periodic orbits closest to the fixed
point are not proved to have any homoclinic orbit. The homoclinic orbits of small-
est energy are first destroyed by the perturbation. This is not surprising since the
saddle-center fixed point itself does not have any homoclinic orbit in general. These
works provide a much more detailed description of the orbit structure than we do in
this paper, but their range is limited to the study of perturbations of initial systems
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with a homoclinic orbit to the saddle-center, which is an exceptional case, and to
four dimensional phase spaces.

Variational methods provide global existence results on homoclinic orbits to a
hyperbolic fixed point, see [6], [14] and many other papers, that can be viewed as
non-perturbative analogs of the theory of Melnikov that studies the persistence of
homoclinics under perturbation. In the same spirit, we attempt to provide a non-
perturbative analog of the behavior described above around saddle-center fixed
points. This paper is closely connected to [4], where we study the existence of
homoclinic orbits to some hyperbolic periodic orbits of a Hamiltonian system in
C

n. Since the smallest periodic motion in the center manifold having a homoclinic
orbit seems to go away from the fixed point when the system goes away from the
initial system in the perturbative setting, it is natural to consider a global center
manifold in order to find a global (i.e. non-perturbative) result. In [4], we studied
the vicinity of a prescribed energy shell sufficiently far from the origin, and obtained
homoclinic orbits in a dense family of energy shells around the prescribed one. We
abandon all pretension to find many homoclinic orbits, but focus on finding the
orbit closest to the saddle-center. It is yet very unlikely that the orbit we find is
indeed the closest to the saddle-center, but it is probably the closest among those
which satisfy a certain estimate. We shall clarify this point later.

We study a model system where the center manifold is a plane with harmonic
oscillations on it. We suppose that these periodic motions are hyperbolic with
respect to their energy shells, so that the center manifold is a normally hyperbolic
manifold. The setting is thus quite similar to the setting of [4], but we assume
here that the total phase space is the product of this plane with the cotangent
bundle of a compact manifold M , instead of R

2n in [4]. This product structure is
a key to our result, since we shall obtain homoclinic orbits by comparison with
product (uncoupled) flows. The existence of homoclinic orbits for product flows
is reduced to well-known existence results on homoclinic motions to hyperbolic
fixed points on compact Riemannian manifolds, see [6]. We shall moreover assume
that the Hamiltonian is fiberwise convex on the total phase space T ∗(M × R),
so that a Lagrangian action functional can be used. It should be possible to avoid
this restriction since the Hamiltonian action functional can be well studied in this
context, see [20] or [11]. Yet the Lagrangian functional remains simpler, and the
results of this paper will be expressed in terms of Lagrangian systems.

Let us stress that, although the setting is Lagrangian, our result is very different
from classical ones on homoclinic orbits in Lagrangian systems since the periodic
orbits of the center manifold do not satisfy the minimality hypothesis needed in
these results. In fact, the center manifold as a whole satisfies this hypothesis, and
we shall look for orbits homoclinic to this manifold. An orbit homoclinic to the
center manifold is homoclinic to one of the periodic orbits, by energy conservation.
The difficulty is that the center manifold is not compact, and that we have to find a
way to localize orbits.

Under suitable hypotheses, we prove the existence of an orbit homoclinic to
one of the oscillations of the center manifold and give an estimate of its action
and of its energy. These estimates are the main novelties compared with [4], they
allow interesting new applications. The energy is close to zero (the energy of the
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Fig. 1. Elastic pendulum

fixed point) when the system is close to a product system and the homoclinic we
find should be seen as the continuation, when a coupling is introduced, of the orbit
homoclinic to the origin that existed in the product system. In this sense we can
say that the homoclinic we find is the closest to the origin, although new orbits,
longer and closer, may appear. Both the center manifold and the homoclinic orbit
are preserved by a small perturbation of the system i.e. a perturbed system still has
an invariant manifold diffeomorphic to a plane and foliated by periodic orbits one
of which has a homoclinic.

Among the applications let us give the example of the stiff elastic spatial pen-
dulum. This is a pendulum where the bar has been replaced by a stiff spring which
has variable length but remains always straight, see Fig. 1. The center manifold
here is the set of oscillations of the spring in unstable equilibrium. We obtain an
orbit homoclinic to one of these oscillations when the spring is stiff enough. This
homoclinic is moreover preserved by a small perturbation of the system. It is a very
general process to introduce an additional degree of freedom highly confined to zero
in a mechanical system (a previously frozen binding is now granted some freedom
to oscillate). Under certain hypotheses, we see that a hyperbolic fixed point with a
homoclinic orbit of the frozen system is turned to a saddle-center fixed point with
a center manifold and an orbit homoclinic to the center manifold in the extended
system.

A major interest of homoclinic orbits is their link with chaotic behavior. The
orbit structure near a transversal homoclinic orbit to a hyperbolic fixed point of a
periodic time-dependent system has by now been well described. The natural analog
of this structure exists in an autonomous system around a transversal homoclinic
orbit to a hyperbolic periodic orbit. It should be noted however that the behavior
associated with homoclinic orbits to hyperbolic fixed points of autonomous systems
is not as well understood, see [16] and [9] for some results on this subject. One
of the interests of our work is that the homoclinic we find, if transversal, lead to
the well described case, i.e. to a Bernoulli shift with topological entropy. Consider
for example a classical plane pendulum, our results provide a new way to break
integrability and introduce chaotic behavior. Instead of considering that there is
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some small influence from the exterior (a time dependent perturbation), one can
consider that the bar has some elasticity. In this case, the unstable equilibrium is
surrounded by unstable oscillations. We prove that one of these oscillations have a
homoclinic orbit, this homoclinic can be made transversal by a perturbation, and
the system then has topological entropy.

The questions discussed in this paper were asked to me by my advisor, Eric
Séré. It is a pleasure to acknowledge his decisive helps and encouragements. I also
wish to thank Ivar Ekeland for his interesting comments.

1 Results, comments and applications

LetM be a compact manifold, TM
π−→ M its tangent bundle. We provideM with

a metric g, and note

‖z‖ =
√
gπ(z)(z, z)

the norm of a tangent vector z ∈ TM . There is an associated metric onTM , and we
note d(z, z′) the distance between two points of TM associated with this metric.
Let us consider the smooth Lagrangian on T (M × R) = TM × R

2 given by

L(z, q, v) = a
(
v2 − ω2q2

)
+G(z, q, v) (z, q, v) ∈ TM × R × R, (1)

where a and ω are positive real numbers and G : TM × R
2 −→ R is a smooth

function satisfying the assumptions:
HG1 : There exists a z0 = (θ0, 0) ∈ TM such that G(z0, q, v) = 0 and
dG(z0, q, v) = 0 for all (q, v) ∈ R

2.
HG2 : There exists a b > 0 such that G(z, q, v) � b d(z, z0)2.
HG3 :

G(z, q, v) � 1
2

(
q
∂G

∂q
(z, q, v) + v

∂G

∂v
(z, q, v)

)
+ bd(z, z0)2.

Moreover, we assume that there exist two smooth fiberwise convex functions U
and W on TM such that

U(z) � G(z, q, v) � W (z) (2)

for all (z, q, v) ∈ TM × R
2, and that they both satisfy

HU1 : U(z0) = 0 and dU(z0) = 0,
HU2 : U(z) � b d(z, z0)2 .
Finally, we assume that the Lagrangian L is fiberwise convex,
HL : The restriction of L to each fiber TθM × TqR is convex, with uniformly
positive Hessian.
No more control at infinity is necessary for our results to hold true, but we will use
in the proofs systems satisfying the additional hypothesis
HG4 : There exists a function G∞ on TM , a number α > 0, a compact set
K ⊂ TM and a compact set B ⊂ K × R

2 such that G(z, q, v) = G∞(z) outside
B, and G∞(z) = α‖z‖2 outside K.
As a consequence of [HL], the trajectories of L on M × R are the projections of
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the integral curves of a vector-field YL on TM . This vector-field is conjugated to
the Hamiltonian vector field XH on T ∗M , where H is the fiberwise dual of L

H(ζ, q, p) = sup
z∈π−1(π∗(ζ)),v∈R

〈ζ, z〉 + pv − L(z, q, v) (ζ, q, p) ∈ T ∗M × R
2.

See Section 2 for more details. The flow of YL has an invariant manifold, the center
manifold, of equation z = z0. The center manifold is filled with periodic orbits,
which are the liftings of

Or(t) = (θ0, r cos(ωt)),

and can be described also by

Or = {(z0, q, v) ∈ TM × R
2 / v2 + ω2q2 = ω2r2}.

We are looking for orbits homoclinic to Or, i.e. trajectories x = (θ, q) : R −→
M × R such that θ �≡ θ0 and

lim
t→±∞

(
θ(t), θ̇(t), q̇(t)2 + ω2q(t)2

)
=
(
θ0, 0, ω2r2

)
.

We will see in Section 5 that to any function U on TM satisfying [HU1,2] we can
associate a number I(U) such that

U � W =⇒ I(U) � I(W )

and ∣∣∣∣1 − I(W )
I(U)

∣∣∣∣ � sup
z

|W (z) − U(z)|
b d2(z, z0)

(3)

for allU andW satisfying [HU1-2]. Recall that b is the constant of [HU2]. The value
I(U) can be thought of as the action of an orbit homoclinic to z0 for the Lagrangian
system U on TM , although we can only prove that there is a homoclinic of action
below I(U). We are now in a position to state the main result of this paper:

Theorem 1 Let us consider the Lagrangian system (1), and assume thatG satisfies
[HG1-3], [HL], and

U(z) � G(z, q, v) � W (z)

with U and W satisfying [HU1,2]. There is a radius

r �
√
I(W ) − I(U)

2πaω
(4)

such that the periodic orbitOr has a homoclinic orbitX∞ = (θ∞, q∞). This orbit
moreover satisfies∫

R

G(∂X∞) − 1
2
q∞

∂G

∂q
(∂X∞) − 1

2
q̇∞

∂G

∂v
(∂X∞) � I(W ). (5)
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In the expression above,∂X is the lifting ofX , see Section 2. This paper is organized
as follows. First we comment the theorem, and give some applications in the next
subsections. In Section 2, we recall some general facts about Hamiltonian and
Lagrangian systems. These facts will be used throughout the paper. The detailed
analysis of the local behavior of the flow in Section 6 may be of independent interest,
while section 5 provides a concise account about the existence of homoclinic orbits
in Lagrangian Systems of the kind U on TM , and gives the precise definition of
the number I(U). The proof of Theorem 1 is explained in Section 3, and detailed in
the last sections of the paper. We show in Section 4 how to change the Lagrangian
function at infinity in order to be reduced to a Lagrangian satisfying [HG4].

Remarks.

1. A very similar result is obtained in [4]. Beyond the fact that the setting is
different, the main interest of the present result is that we obtain an explicit
estimate of the maximum radius (4), which, combined with (3), allows in certain
instances to prove that the homoclinic we find is actually close to the saddle-
center. This enables new applications. The estimate (5) is also new, we have to
relax it in [4] to localize the homoclinic orbits. Our belief is that the homoclinic
we obtain is the closest to the fixed point among those which satisfy (5). The
price for these estimates is that we obtain only one homoclinic orbit, while
infinitely many are found in [4]. It should be possible, although not so easy, to
carry over the results of this paper to the setting of [4], and the results of [4] to
this setting.

2. As a consequence of the hypotheses [HG1,2], the orbit Or is hyperbolic with
respect to its energy shell and the fixed point (θ0, 0) is of saddle center type,
with 2n hyperbolic dimensions and 2 elliptic dimensions in phase space. This
is proved in Section 6.

3. The hypothesis [HG3] can also be written

L(z, q, v) � 1
2

(
q
∂L

∂q
(z, q, v) + v

∂L

∂v
(z, q, v)

)
+ cd(z, z0)2,

or in the Hamiltonian form

H(ζ, q, p) + cd2(Hν , z0) � 1
2

(
q
∂H

∂q
+ p

∂H

∂p

)
+ 〈ζ,Hν〉,

where Hν ∈ TM is the derivative of H with respect to the fiber to T ∗M .
4. Let E be the energy, see Section 2. It can be easily computed (see Section 6)

that

E(Or) = aω2r2,

and the energy of the homoclinic obtained from Theorem 1 satisfies

0 � E(∂X∞) � E0 =
ω

2π
(
I(W ) − I(U)

)
.
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5. The integral
∫

R
L(∂X) is not defined for a homoclinic orbit because it has an

oscillating tail. This is linked to the fact that the action∫ t

0
L(∂Or(s)) ds

is not identically zero. We can nevertheless integrate by parts the expression∫
q̇2 − ω2q2 = [qq̇] −

∫
q(q̈ + ω2q),

and using the Euler-Lagrange equation

2a(q̈ + ω2q) =
∂G

∂q
− d

dt

(
∂G

∂v

)
,

and a second integration by parts we obtain

L(X∞) = a[q∞q̇∞] +
∫

R

G(∂X∞) − 1
2
q∞

∂G

∂q
(∂X∞) − 1

2
q̇∞

∂G

∂v
(∂X∞),

thus the integral can be thought as the action of the homoclinic orbit.
6. Although the setting is Lagrangian, the theory of Bolotin [7] can not be applied

to our problem. Here the whole center manifold enjoys a minimizing property
as used in [7], but the orbits Or themselves do not. This is connected with the
fact that the center manifold is hyperbolic with respect to the full phase space,
while the periodic orbit Or is not. For that reason, we shall rather search orbits
homoclinic to the center manifold as a whole, and this is why we do not know
precisely which of the periodic orbits Or have a homoclinic.

7. It should be possible to extend Theorem 1 to more general Hamiltonian systems
by using the analysis of [20] or pseudo-holomorphic curves as in [10] and [11],
[12].

1.1 Normalization of the center manifold and persistence of the hypotheses

The hypotheses of Theorem 1 may appear to be very rigid. They imply for example
that there is an invariant plane with elliptic linear motion on it. We see in this section
a general method for normalizing center manifolds i.e. bringing them to a linear
elliptic plane. This requires a change of coordinates and a reparametrisation. These
operations preserve homoclinic orbits. This method can be applied to prove that
the homoclinic obtained by Theorem 1 is not destroyed by aC3-small perturbation
of L.

Theorem 2 Let L be a Lagrangian function satisfying all the hypotheses of Theo-
rem 1, let

E0 >
ω

2π
(
I(W ) − I(U)

)
be a fixed energy and letK be a compact set ofTM×R

2 containing {E � E0+1}.
There is a ε > 0 such that any perturbed LagrangianLε satisfying ‖Lε−L‖C3(K) �
ε has a saddle-center fixed point p(ε) and a center manifold C(ε) intersecting each
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energy shell {E = e}, Eε(p(ε)) < e � E0 transversally along a closed integral
curve of the associated vector field Yε. Each of these periodic orbits

C(ε) ∩ {E = e} , Eε(p(ε)) � e � E0

is moreover hyperbolic with respect to its energy shell, and one of them has a
homoclinic orbit.

Let us start with some general comments before we prove Theorem 2. We call a
non-degenerate fixed point p of a Hamiltonian vector field on a 2n+2-dimensional
symplectic manifold a saddle-center if the linearized vector field at p has one pair of
purely imaginary eigenvalues ±iω and if the 2n other eigenvalues have nonzero real
part. By a theorem of Lyapunov, there exists a unique local center manifold, which
is an invariant two dimensional symplectic manifold. There are symplectic coordi-
nates (xi, yi)0�i�n around p such that the local center manifold is a neighborhood
of the origin in the plane (x0, y0). The induced flow on this two-dimensional plane
is integrable, and we can choose the coordinates (x0, y0) such that the induced
Hamiltonian is H(x0, y0, 0, . . . , 0) = ±f(x2

0 + y2
0), with a smooth function f

such that f ′(0) = ω > 0. There is an increasing function g : (−∞, h0] −→ R such
that g = f on an interval [0, h0], with some h0 > 0. The Hamiltonian function
H̃ = g−1(±H/2) is defined on {±H � ±2f(h0)}. The point p is a saddle-
center fixed point of H̃ , its center manifold is the plane (x0, y0) in local charts,
and H̃(x0, y0, 0, . . . , 0) =

(
x2

0 + y2
0
)
/2 when x2

0 + y2
0 � h0. We say that H̃ has

a normalized center manifold. The important point is that there is a homoclinic for
H if there is a homoclinic for H̃ . Such a homoclinic may be found under additional
hypotheses by applying Theorem 1 to a Hamiltonian system extending H̃ . This can
be done for example whenH is a perturbation of a system satisfying the hypotheses
of Theorem 1. Let us now focus our attention on this situation.

The center manifold is globally preserved by a perturbation. To make this pre-
cise, let us consider a Lagrangian given by (1), satisfying [HL] and [HG1,2], and a
one parameter family of Lagrangians Lε satisfying

‖Lε − L‖C3 � ε

and such that Lε −L = 0 outside some fixed compact subsetK of TM × R
2. The

associated Hamiltonian functionHε satisfies ‖Hε−H‖C3 � oε(1) andHε−H = 0
outsideK. The periodic orbits filling (θ0, 0)×R

2 for the unperturbed systemL are
hyperbolic, this is proved in Section 6. The persistence of the invariant manifold
can be seen as a particularly simple case of the theory of normally hyperbolic
manifolds in the sense of [19] or [18], or proved directly since the persistence of a
given periodic orbit can be reduced to the persistence of a hyperbolic fixed point
after taking a section and restricting to the energy shell. The perturbed manifold
is smooth, and can be redressed by a global symplectomorphism. This is carried
out in details in [5], where we prove the following: There is a family of compactly
supported symplectic diffeomorphisms Φε with ‖Φε − id‖C2 = oε(1) and a family
fε of functions with ‖fε − id‖C2 = oε(1) such that the manifold Φε

(
(θ0, 0) × R

2
)

is invariant for Hε, and

fε ◦Hε ◦ Φε(θ0, 0, q, p) = H0(θ0, 0, q, p).
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We define the normalized Hamiltonian H̃ε = fε◦Hε◦Φε, the associated Lagrangian
L̃ε can be written as (1) with a function G̃ε satisfying [HG1], we have globally
normalized the center manifold. Let us now compute

d2H̃ε(x) · (u, u) = f ′
ε

(
Hε ◦ Φε(x)

)
d2Hε(Φε(x))

(
dΦε(x) · u , dΦε(x) · u)

+ f ′
ε

(
Hε ◦ Φε(x)

)
dHε(Φε(x)) ◦ d2Φε(x) · (u, u)

+ f ′′
ε

(
Hε ◦ Φε(x)

)(
dHε(Φε(x)) ◦ dΦε(x) · u)2.

We obtain that ∥∥∥H̃ε −H
∥∥∥

C2
−−−−→

ε→0
0,

which implies that ∥∥∥L̃ε − L
∥∥∥

C2
−−−−→

ε→0
0, (6)

and we also easily see that

L̃ε − L = 0 outside K. (7)

We use this normalized form to prove Theorem 2.

Proof of Theorem 2. The first step is to replace the Lagrangian Lε by a new
Lagrangian, still noted Lε, which satisfies

‖Lε − L‖C3 � CKε

and such that Lε = L outside K. This can be done with a constant CK depending
only on K. When ε is small enough, the associated vector field has a global center
manifold. We now consider the normalized Lagrangian

L̃ε = a
(
v2 − ω2q2

)
+ G̃ε(z, q, v) (z, q, v) ∈ TM × R × R,

as defined above. Let us stress thatLε has an orbit homoclinic to a periodic trajectory
C(ε) ∩ {E = e} for some e ∈ [Eε(p(ε)), E0] if L̃ε has an orbit homoclinic to a
periodic trajectory Or for some r satisfying aωr2 � E0. We apply Theorem 1
to find such a homoclinic orbit. There remains to check that the hypotheses of
Theorem 1 are satisfied by L̃ε. The Lagrangian L̃ε has been constructed to obtain
[HG1]. The hypothesis [HL] is a direct consequence of (6) and (7) when ε is small
enough. It is not harder to see that [HG2] holds with the constant b/2 instead of b
for sufficiently small ε. We also obtain from (6) and (7) the existence of a function
c(ε) > 0 with limε→0 c(ε) = 0 such that∣∣L̃ε − L

∣∣ � c(ε)d2(z, z0)

and ∣∣∣∣∣
(
q
∂L

∂q
(z, q, v) + v

∂L

∂v
(z, q, v)

)
−
(
q
∂L̃ε

∂q
(z, q, v)v

∂L̃ε

∂v
(z, q, v)

)∣∣∣∣∣
� c(ε)d2(z, z0).
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The hypothesis [HG3] is thus satisfied with the constant b/2 when ε is small enough.
We moreover have the inequality

Uε = U − c(ε)d2(z, z0) � G̃ε � W + c(ε)d2(z, z0) = Wε.

The estimate (3) now yields∣∣I(Wε) − I(Uε)
∣∣ −−−−→

ε→0

∣∣I(W ) − I(U)
∣∣.

It is possible to apply Theorem 1 to L̃ε when ε is small enough, and get a homoclinic
orbit to Or with

aω2r2 � ω

2π
(
I(Wε) − I(Uε)

)
� E0.

�

1.2 Perturbation from product systems

Let us first consider the case where G does not depend on (q, v). We can set
U = G = W in the notations of Theorem 1, and

Q(q, v) = a(v2 − ω2q2), (q, v) ∈ R
2.

The system L is the uncoupled product between the linear oscillating Lagrangian
systemQ on R and the Lagrangian systemU onM . It is well known that if [HU1,2]
hold the Lagrangian system U has an orbit h(t) homoclinic to θ0, see Section 5.
This can be recovered from Theorem 1. The hypothesis [HG3] always holds in this
case, and Theorem 1 gives the existence of an orbit homoclinic to (θ0, 0) for L,
which of course implies the existence of the homoclinic of U . All the orbits Or

have a homoclinic for L in this case, given by

hr(t) = (h(t), r cos(ωt)).

Let us now come back to the general case of a function G(z, q, v). The theorem
1 can be seen as a perturbation result when a coupling is introduced in a product
as above. Elementary dimension considerations show that the saddle-center fixed
point do not have any homoclinic orbit in a generic coupled system. The theorem
1 yet gives the existence of an orbit homoclinic to some periodic orbitOr if [HG3]
holds. In view of the estimate (3) the quantity I(W ) − I(U) is a measure of the
coupling, and we obtain that the radius r tends to zero when the coupling tends to
0. The orbit obtained by Theorem 1 can be considered as the continuation of the
orbit homoclinic to the fixed point that existed in the uncoupled system. Moreover,
the hypothesis [HG3] is satisfied when the coupling is small since it can be written

1
2

(
q
∂C

∂q
+ v

∂C

∂v

)
− C � U − cd2(z, z0)

if we separate the main part U and the coupling perturbation C of R: G(z, q, v) =
U(z) + C(z, q, v), and it is satisfied for example when

|C| +
∣∣∣∣q ∂C∂q

∣∣∣∣+
∣∣∣∣v ∂C∂v

∣∣∣∣ � εd2(z, z0)
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with a sufficiently small ε. Shortly, The homoclinic orbit to the fixed point that
existed in the uncoupled system is turned to an orbit homoclinic to Or when the
coupling is introduced, with r as small as the coupling is small, and this homoclinic
exists as long as [HG3] holds. Combining this with the methods of the preceding
subsection, we obtain

Application 1 Let us consider a smooth one parameter family Lε of Lagrangian
systems such that

L0(z, q, v) = a
(
v2 − ω2q2

)
+ U(z), (z, q, v) ∈ TM × R × R

satisfies [HL] and [HU1,2]. There is an ε0 > 0 and a function e(ε) � 0 satisfying
limε→0 e(ε) = 0 such that for ε � ε0 the system Lε has a saddle-center fixed
point p(ε) and a center manifold C(ε) intersecting transversally the energy level
E−1

ε

(
e(ε)

)
along a hyperbolic periodic trajectory which has a homoclinic orbit. �

1.3 Singular perturbation

The case ω −→ ∞ is of physical interest. Let us consider a system

Lω(z, q, v) = a(v2 − ω2q2) +G(z, q), (z, q, v) ∈ TM × R × R,

and set
G0(z) = G(z, 0), z ∈ TM.

Whenω is large, the term aω2q2 inL can be seen as a potential confining the system
on the subspaceM ×{0} of the total configuration spaceM ×R. Taking ω −→ ∞
approximates the case of a holonomic constraint, see [1], chapter 4, or [2], p 41. At
the limit, the configuration of the system is forced to stay inM = M ×{0}, and its
evolution is described by the Lagrangian flow of G0 on TM . Let us suppose that
there is a critical point z0 = (θ0, 0) ∈ TM of G0 such that G0(z0) = 0 and
HG2 : There is a b > 0 such that G0(z) � bd2(z, z0).
The point z0 = (θ0, 0) is then a hyperbolic rest point of the limit flow (the flow of
G0) and there is an orbit of G0 homoclinic to this fixed point, see Section 5. It is
interesting to study the limit process and describe what remains of this homoclinic
orbit in the total flow for large but finite ω. We will furthermore assume that G
satisfies
HG1 loc : There exist an ε > 0 and a continuous function C(q) such that, when
|q| � ε, G(z0, q) = 0, dG(z0, q) = 0 and∣∣∣∣∂G∂q

∣∣∣∣ � C(q)d2(z, z0)

for all z.

Example. Let us consider a pendulum, in the plane or in space, where the bar is
replaced by a stiff spring which has variable length but remains always straight, see
Fig. 1, page 123. The Lagrangian of this system can be written

L(θ, θ̇, q, q̇) = q̇2 − ω2q2 + (l0 + q)2θ̇2 + (l0 + q)(1 − cosϕ(θ))
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where θ ∈ S2 is the direction of the spring, ϕ(θ) is the angle between the spring
and the vertical axis pointing up, and l0 + q is the length of the spring, l0 being
its length in the unstable equilibrium position. Let us call θ0 the vertical direction
pointing up, that is the direction of the unstable equilibrium. It is not hard to check
that both hypotheses above hold for that system. There is an unstable invariant
manifold (θ, θ̇) = (θ0, 0) filled with oscillations of the spring. In view of the
application below, one of these oscillations has a homoclinic orbit if the spring is stiff
enough. The whole structure, center manifold and homoclinic orbit, is preserved by
a small perturbation. The homoclinic of the stiff elastic pendulum can be seen as the
continuation of the homoclinic that exists in the rigid pendulum, which is the limit
system when the stiffness tends to infinity. Note that the energy of the homoclinic
orbit does not tend to zero in general when the stiffness tends to infinity (or at least
we can not prove that it does) although the length of the spring is converging to l0.
The homoclinic has small but fast oscillations.

Application 2 Let us consider a Lagrangian Lω as defined above, satisfying the
hypotheses [HG2] and [HG1 loc]. The point (z0, 0, 0) is a saddle-center fixed
point of Lω. It has a center manifold z = z0, which is filled with the periodic orbits
Oω

r = {v2 + ω2q2 = ω2r2}. There is an energy E∞ � 0 such that

– When ω is large enough there is an orbit hω =
(
zω, qω, q̇ω

)
of Lω homoclinic

to Oω
r with

r � 1
ω

√
E∞
a

;

– The orbits hω converge to M in configuration space:

‖qω‖∞ −−−−→
ω→∞

0;

– The function ω −→ ∫
d2(zω, z0) is bounded;

– For any sequence ωn −→ ∞, there is a subsequence pn, a finite number m of
orbitsZi ofL0 homoclinic to z0 andm sequences tip such that limp→∞

(
ti+1
p −

tip
)

= ∞ and

zωp(t− tip)
C1

loc−−−−→
p→∞

Zi(t).

– If ω is large enough and fixed, there is an ε > 0 such that any Lagrangian
system L̃ satisfying ‖L̃− Lω‖C3 � ε also has a saddle-center fixed point with
a center manifold and an orbit h̃ homoclinic to this center manifold and such
that Ẽ(h̃) � E∞.

Remarks.

1. The limit configuration space M = M × {0} is not invariant for Lω hence the
fixed point (z0, 0, 0) does not have any homoclinic orbit in general (its stable
and unstable manifold have dimension n in a 2n+1-dimensional energy shell).

2. The energy Eω(hω) is bounded, but does not converge to zero, or at least we
can not prove that it does. It should be interesting to understand whether this is
only a side effect due to our approach, or whether it has a physical meaning.
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3. It should be possible, when M is not simply connected, to prove that the zω is
actually converging to a single homoclinic of L0.

4. The hypothesis HG1 loc is an unpleasant restriction, assumed in order that
Theorem 1 can be readily applied. It is not hard to see however that even
without this assumption a saddle-center exists in Lω for large ω, and it may
be possible using the techniques of Section 1.1 to prove that the phenomenon
described in the application still occurs.

5. Adding more than one degree of freedom makes things much harder. Even in
the ideal case where a center manifold foliated by quasi-periodic tori would
exist, there would remain the problem that the intersection between the center
manifold and an energy shell would contain families of such quasi-periodic
tori, in contrast with our situation where each periodic orbit is the intersection
between its energy shell and the center manifold. Moreover, this ideal case is
not as rigid as our case, since some of the invariant tori are usually destroyed
by a perturbation.

6. The classical pendulum is described by the Lagrangian

G0(θ, θ̇) = ‖θ̇‖2 + (1 − cos θ), θ ∈ S1.

It is well known that integrability can be destroyed and chaotic behavior turned
on by a time-dependent small perturbation. Let us consider a system

Lω(θ, θ̇, q, q̇) = q̇2 − ω2q2 +G(θ, θ̇, q), (θ, q) ∈ S1 × R

with G(θ, θ̇, 0) = G0(θ, θ̇), satisfying the hypotheses of the application. The
homoclinic orbit obtained by the application can be made transversal by a small
perturbation of G. This is a new way, also physically relevant, to introduce
chaotic behavior in the classical pendulum.

Proof. We are interested in trajectories located around q = 0, and it is first necessary
to change the Lagrangian function outside a neighborhood of q = 0. We need a
smooth function ϕ : [0,∞] −→ [0, 1] such that ϕ|[0,1] = 1 and ϕ|[2,∞) = 0 and
0 � ϕ′ � −2. Let us fix δ > 0 and define

Gδ(z, q) = ϕ(q/δ)G(z, q) +
(
1 − ϕ(q/δ)

)
G0(z).

It is clear that Gδ satisfies HG1 when δ is small enough. To check the other hy-
potheses of Theorem 1 let us first notice that hypothesis [HG1 loc] gives a constant
C such that

|G−G0| � 2Cδd2(z, z0) and

∣∣∣∣∂G∂q
∣∣∣∣ � Cd2(z, z0)
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when |q| � 2δ. It follows from the first estimate above thatGδ(θ, q) � b d2(z, z0)/2
when δ is small enough. In view of the calculation

Gδ − 1
2
q
∂Gδ

∂q
= ϕ(q/δ)G+ (1 − ϕ(q/δ))G0

−1
2
q

(
ϕ(q/δ)

∂G

∂q
+ (G−G0)ϕ′(q/δ)/δ

)

� G0 − (ϕ(q/δ) − ϕ′(q/δ)
)|G−G0| − δϕ(q/δ)

∣∣∣∣∂G∂q
∣∣∣∣

� G0 − 6δC d2(z, z0),

the hypotheses HG2 and HG3 are both satisfied with the constant b/3 when δ is
small enough. We also obtain that

Uδ = G0(z) − 2Cδd2(z, z0) � Gδ � G0(z) + 2Cδd2(z, z0) = Wδ,

and (3) yields
I(Wδ) − I(Uδ) � Cδ,

where C is a new constant that does not depend on δ. We are now in a posi-
tion to apply Theorem 1 to Lω

δ = a
(
v2 − ω2q2

)
+ Gδ(z, q), and obtain an orbit

hω
δ = (zω

δ , q
ω
δ , q̇

ω
δ ) homoclinic to Or with r � B

√
δ/ω, where B is a constant

that depends neither on ω nor on δ. We shall use energy conservation to localize
the obtained homoclinic. Let us consider the function Gq : z 
−→ G(z, q) as a
lagrangian on TM , and let Eq be the associated energy. A simple calculation in
local coordinates shows that the energy function Eω

δ associated with Lω
δ is

Eω
δ (z, q) = a

(
v2 + ω2q2

)
+ ϕ(q/δ)Eq(z) +

(
1 − ϕ(q/δ)

)
E0(z).

The term ϕ(q/δ)Eq(z) +
(
1 − ϕ(q/δ)

)
E0(z) is clearly bounded from below by

a constant that does not depend on δ � 1. Writing energy conservation along hω
δ

thus yields
ω2 |qω

δ |2 � B2δω + C.

The homoclinic hω
δ is thus an orbit of Lω if

ω2δ2 � B2δω + C.

Let us now choose δ = β/ω, where β is a sufficiently large fixed number, the
inequality above is satisfied and the homoclinic hω = hω

β/ω = (zω, qω, q̇ω) is a

trajectory of Lω, of bounded energy Eω(hω) � E∞ = aB2β, and satisfying∫
R

Gβ/ω(hω) − 1
2
qω ∂Gβ/ω

∂q
(hω) � I(Wβ/ω).

In view of HG3, this estimate yields∫
d2(zω, z0) � C.
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The function Gq(z) = G(z, q) is a fiberwise convex Lagrangian on TM for all q.
Let us call Yq the associated vector field. The curves zω satisfy the Euler-Lagrange
equation

żω(t) = Yqω(t)(zω(t))

hence zω is bounded in C1(R, TM). Moreover, since ‖qω‖ −→ 0, any limit curve
z∞ of zω satisfies the Euler-Lagrange equation

ż∞(t) = Y0(z∞(t)),

where Y0 is the Euler-Lagrange vector field of G0. It is not hard to see that there is
a constant C > 0 independent of ω such that all orbit Z of G0 homoclinic to z0,
satisfies

∫
d2(Z, z0) � C, and all orbit X = (Z,Q, Q̇) of Lω homoclinic to the

center manifold z = z0 and lying in Eω � E∞ satisfies ‖d(Z, z0)‖∞ � C. One
now applies the concentration compactness principle, see [29], 4.3, to the function
d2(zω(t), z0) in order to prove the last point of the theorem, see [14] for the use
of concentration compactness with homoclinic orbits. In our situation, vanishing is
impossible since ‖d2(zω, z0)‖∞ � C2, while only a finite number of bumps can
appear since each bump satisfies

∫
d2(Zi, z0) � C. To finish, the persistence is a

direct consequence of Theorem 2. �

2 Lagrangian and Hamiltonian systems

We recall in this section some standard facts abound Lagrangian and Hamiltonian
systems. This is an opportunity to introduce some notations and to state a simple
estimate of the energy function that will be used throughout the paper.

Let N be a manifold, TN
π−→ N the tangent bundle and T ∗N π∗

−→ N the
cotangent bundle. The lifting ∂x of a curve x : R −→ N is the curve

∂x : R −→ TN

t 
−→ dx(t, 1).

We consider a smooth Lagrangian function L : TN −→ R, that is convex on each
fiber with uniformly positive definte Hessian. The fiber derivative Lv of L is well
defined, and the application

φ : TN −→ T ∗N
v 
−→ Lv(v)

is a diffeomorphism. We can associate to L an energy function

E : TN −→ R

v 
−→ 〈φ(v), v〉 − L(v)

and a Hamiltonian function

H : T ∗N −→ R

p 
−→ E ◦ φ−1(p) = 〈v, φ−1(v)〉 − L(φ−1(v)).
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There is a canonical symplectic structure Ω on T ∗M , and we associate to H its
Hamiltonian vector field X defined by the equation iXΩ = −dH . Let us define
the action L(x) of a smooth curve x : [t0, t1] −→ N

L(x) =
∫ t1

t0

L(∂x(t)) dt,

we say that x is a trajectory of L if it is a critical point of the action with respect
to fixed endpoints variations. A curve x : R −→ N is a trajectory of L if and only
if its restrictions to finite time intervals are trajectories of L. We will pay special
attention to the periodic trajectories of L. Let T > 0 be a fixed period, a T -periodic
curve x : R −→ N is a trajectory of L if and only if the loop x|[0,T ] is a critical
point of

LT (x) =
∫ T

0
L(∂x)

on C1
T = {x ∈ C1([0, T ],M) / x(0) = x(T )}. There is a one to one correspon-

dence between trajectories x of L and integral curves z of X , given by

x −→ z = φ(∂x) , z −→ x = π∗(z).

As a consequence, there is a vector-field Y on TM such that x is a trajectory of L
if and only if ∂x is an integral curve of Y , and we have

Y (z) = (dφz)−1(X(φ(z)).

In any canonical chart (q, v) ofTM , the trajectories ofL satisfy the Euler-Lagrange
equations

d

dt

∂L

∂v
(q(t), q̇(t)) =

∂L

∂q
(q(t), q̇(t)).

The Hamiltonian functionH is invariant along integral curves ofX , and the energy
E is invariant along integral curves of Y henceE(∂x) is constant if x is a trajectory
of L. This construction can be reversed. Let H : T ∗N −→ R be a Hamiltonian
function. If the mapping

ψ : TN −→ TN

z 
−→ Hv(z)

is a diffeomorphism, which happens when H is fiberwise convex and proper, we
define

L(z) = (z, ψ−1(z)) −H(ψ−1(z)),

the associated mapping φ is the diffeomorphism φ = ψ−1, and the correspondence
described above between orbits of L and integral curves of H holds. Let us now
come back to our main subject of interest and estimate the energy E associated
to (1). We assume [HG1-4] and [HL]. Note that the configuration space of L is
N = M × R.
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Lemma 1 Let L be a Lagrangian given by (1) , satisfying [HG1-4] and [HL].
There is a constant C > 0 such that∣∣∣E(z, q, v) − a

(
v2 + ω2q2

)∣∣∣ � Cd2(z, z0) (8)

for all (z, q, v) ∈ TM × R × R.

Proof. Let us consider the energyE∞ on TM associated with the LagrangianG∞
as defined in [HG4]. It can be computed in local coordinates that

E(z, q, v) = a(v2 + ω2q2) + E∞(z)

when z �∈ B, and that
E∞(z) = α‖z‖2

outside K. Recall that K and B are defined in [HG4]. It follows that the function

|E∞(z)|/d2(z, z0)

is bounded at infinity, and it can be checked from [HG1] (using local expression
(10) below) that it is bounded around z0, and thus bounded. It follows that the
function

|E(z, q, v) − a
(
v2 + ω2q2

)|/d2(z, z0)

is bounded outside B. It also follows from [HG1] and the local expression (10)
below that this function is bounded in a neighborhood of B ∩ {z = z0}, and thus
bounded everywhere. �

3 Sketch of proof of Theorem 1

We obtain the homoclinic orbit as limit set of a sequence of periodic orbits obtained
by a variational method. We first have to solve a technical difficulty. The statement of
Theorem 1 involves no growth conditions while such conditions are needed to define
appropriate functionals. These conditions can be artificially obtained by changing
the Hamiltonian at infinity, since the behavior we are describing is localized in a
compact zone E � E0, where E is the (proper) energy function and

E0 =
ω

2π
(
I(W ) − I(U)

)
.

Proposition 1 If the conclusions of Theorem 1 hold for any Lagrangian function
satisfying all the hypotheses of Theorem 1 and the additional hypothesis [HG4],
then Theorem 1 holds.

This proposition is proved in Section 4 by changing the Lagrangian function at
infinity. It is thus sufficient to prove Theorem 1 for Lagrangian functions satisfying
the additional Hypothesis [HG4]. We will use periodic orbits of

Ll(z, q, v) = a
(
v2 − l2ω2q2

)
+G(z, q, v), (z, q, v) ∈ TM × R × R
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obtained as critical points of the Lagrange action functional

Ll(X) =
∫ T

0
Ll(∂X)

defined on T -periodic loops. The critical points of Ll are precisely the T -periodic
solutions of Ll. We will see in Section 8, that it is possible to find a critical value
cT (l) of Ll for all T = 2πτ/ω, τ ∈ N, and all l ∈ (1, 1 + 1/τ). This critical value
satisfies

IT (U) � cT (l) � IT (W ),

the numbers IT (U) are defined in Section 5 together with the numbers I(U). Since
the function l −→ cT (l) is non-increasing, there is an l(T ) ∈ (1, 1 + 1/τ) such
that c′T (l(T )) exists and |c′T (l(T ))| � τ(IT (W ) − IT (U)). We use this to find a
critical point XT = (θT , qT ) of Ll(T ) at level cT (l(T )) such that

2l(T )aω2‖qT ‖2
2 =

∣∣∣∣∂Ll(XT )
∂l

∣∣∣∣
l(T )

� 1 + |c′T (l(T ))| � τ(IT (W ) − IT (U)) + 1.

The periodic orbit we obtain is not trivial i.e. θT �≡ θ0, because it has nonzero
action. All this is detailed in Section 8, where we prove

Proposition 2 For all τ ∈ N and T = 2πτ/ω, there exist a parameter l(T ) in the
interval (1, 1 + 1/τ) and a trajectory XT = (θT , qT ) of Ll(T ) such that

1
T

‖qT ‖2
2 � 1

4πaω

(
IT (W ) − IT (U) +

1
τ

)
,

Ll(T )(XT ) = cT (l(T )),
θT �≡ θ0.

We now use the periodic orbits given by Proposition 2 to build the homoclinic orbit.
Since I(U) = lim infT→∞ IT (U), see Section 5, we can extract a subsequence Tn

of T such that
1
Tn

‖qTn‖2
2 −→ r2/2

with a radius

r �
√
I(W ) − I(U)

2πaω
·

We obtain a sequence Xn of Tn-periodic orbits of Ll(Tn) which satisfies

– l(Tn) −→ 1
– Tn −→ ∞,
– Ll(Tn)(Xn) � I(W ),
– ‖qn‖2/Tn −→ r2/2,
– θn �≡ θ0,

and we prove in Section 7 that a homoclinic orbit can be found as an accumulation
point of this sequence. Moreover, this homoclinic orbit satisfies all the conclusions
of Theorem 1. �
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4 Control at infinity

All the systems considered in this paper are autonomous, and preserve an energy
function. It is thus possible to change the Lagrangian function at infinity without
changing the flow on prescribed compact energy shells. This observation is the basis
of the proof of Proposition 1. The details are not simple since fiberwise convexity
has to be preserved during the process. We now prove Proposition 1.

Let us consider a Lagrangian function L = a(v2 −ω2q2)+G satisfying all the
hypotheses of Theorem 1. We build a new Lagrangian function that is equal to the
old one on E � E0 and that satisfies all the hypothesis of Theorem 1 and [HG4].
Recall that

E0 =
ω

2π
(
I(W ) − I(U)

)
.

First step: Let K0 be a compact subset of TM , we first build a function G1 on
TM × R

2 such that

G1(z, q, v) = G(z, q, v) when z ∈ K0,

G1(z, q, v) = α‖z‖2 when z �∈ K

for someα > 0 and some compact setK ⊂ TM , andG1+av2 is fiberwise convex.
Let us set d = supz∈K0

‖z‖. There exists a d1 > d such that for all α > 0 there
exists a convex function fα : [0,∞) −→ [0,∞) satisfying fα(x) = 0 when x � d
and fα(x) = αx2 when x � d1. We now consider a function ϕ : R

+ −→ [0, 1]
such that ϕ(x) = 1 when x � d1 and ϕ(x) = 0 when x � d2 for some d2 > d1
and we set

G1(z, q, v) = ϕ(‖z‖)G(z, q, v) + fα(‖z‖2).

It is easy to see that the function G1 + av2 is fiberwise convex except maybe on
the compact set d1 � ‖z‖ � d2. To prove that G1 + av2 is also fiberwise convex
on d1 � ‖z‖ � d2 we will use a local canonical chart z = (θ, ν) of TM and prove
that the functionG1 +av2 is convex in (ν, v) on d1 � ‖z‖ � d2.We first note that

d2
v(G1 + av2) = ϕ(‖z‖)d2

vG+ 2a

is positive since d2
vG+ 2a is positive. On the other hand, it is not hard to see that

given β > 0 one can take α large enough so that d2
νG1 � βId on d1 � ‖z‖ � d2.

Since the cross derivatives dνdv(G1 +av2) do not depend on α, one can check that
the Hessian [

d2
ν(G1 + av2) dvdν(G1 + av2)

dνdv(G1 + av2) d2
v(G1 + av2)

]

is positive definite when α is large enough. The functionG1 +av2 is thus fiberwise
convex, as well as the function L1 = a(v2 −ω2q2)+G1. The functionG1 satisfies
[HG1-3] with the same constant b. Let us define the functions

U1(z) = ϕ(‖z‖)U(z) + fα(‖z‖2), (9)

and W1 in the same way, so that

U1 � G1 � W1.
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If α has been chosen large enough, the functions U1 and W1 are fiberwise convex
and satisfy

U1(z) = U(z) and W1(z) = W (z) when z ∈ K0

and
U1(z) = W1(z) = α‖z‖2 when z �∈ K.

IfK0 is sufficiently large, the definition of I is I(U) = I(U1) and I(W ) = I(W1)
(see Definition 2 of Section 5). So the maximal energy E0 has not been changed.

Second step: We now want to control the behavior for large v. LetB0 be a compact
subset of TM × R

2, we will define a function G̃ such that G̃ = G1 on B0 and
G̃ = U1 outside a compact subsetB ⊃ B0. To do this we first observe thatU1 −G1
is bounded, which easily implies that dvG1 is bounded since d2

vG1 � −2a. We
now take a compactly supported function ψ : R

2 −→ [0, 1] such that ψ(q, v) = 1
when there exists a z ∈ TM with (z, q, v) ∈ B0, and such that ‖dψ‖C1 � ε and
qdqψ + vdvψ � 0. The function

G̃(z, q, v) = ψ(q, v)G1(z, q, v) + (1 − ψ(q, v))U1(z),

satisfies [HG4] with G∞ = U1. With the notation z = (θ, ν), we derive

d2
νG̃ = ψd2

νG1 + (1 − ψ)d2
νU1

dvdνG̃ = ψdvdνG1 + dvψ(dνG1 − dνU1)

d2
vG̃ = ψd2

vG1 + d2
vψ (G1 − U1) + 2dvψ dvG1,

and get∥∥∥d2
(v,ν)(G̃+av2)−ψd2

(v,ν)(G1+av2)−(1 − ψ)d2
(v,ν)(U1+av2)

∥∥∥
∞

−−−−→
ε→0

0,

which implies that G̃ is fiberwise convex when ε is small enough. The function G̃
moreover satisfies [HG1-2] with the same constant b and [HG3] follows from :

G̃− 1
2
(
qdqG̃+ vdvG̃

)
=ψ
(
G1 − 1

2
(
qdqG1 + vdvG1

))
+ (1 − ψ)U1 +

1
2
(U1 −G1)

(
qdqψ + vdvψ

)
� ψb d2(z, z0) + (1 − ψ)b d2(z, z0) = b d2(z, z0).

The function L̃ = a(v2 −ω2q2)+ G̃ satisfies all the hypotheses of Theorem 1 with
the same constants a, b and ω, and with U and W replaced by U1 and W1. Let us
assume that K0 and B0 have been taken large enough so that

{E � E0} ⊂ B0 ∩ (K0 × R
2).

If the conclusions of Theorem 1 hold for L̃, they give the existence of a ho-
moclinic of energy below E0, this orbit is also an orbit of L since the function
have not been changed in this region, the conclusion of Theorem 1 thus hold forL. �
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5 Systems with a hyperbolic fixed point

We now define the number I(U) for a fiberwise convex LagrangianU : TM −→ R

satisfying [HU1-2]. These hypotheses imply that z0 is a hyperbolic fixed point of
the system, see Section 6, and that it has a homoclinic orbit. Homoclinics for this
kind of Lagrangian were first studied variationally by Bolotin [6], and then by
several authors (see e.g. [3] ,[27]). These works have also been extended to more
general Hamiltonian systems in [17] and [11], [12]. We just give here a presentation
of these results that will be useful in the proof of Theorem 1. We shall first study
Lagrangians U with the additional hypothesis
HU3 : There exists an α > 0 such that U(z) = α‖z‖2 outside a compact set of
TM .
Although we are interested mainly in the homoclinic orbit, we shall use a variational
setting for T -periodic orbits of U : Let ΛT be the manifold of H1-loops

γ : ST = R/TZ → M,

the action functional

UT : ΛT −→ R

γ 
−→
∫ T

0
U(∂γ(t)) dt

is smooth and satisfies the Palais-Smale condition. We note H the rational coho-
mology. A pointed set (S, s) is a set S with a distinguished element s ∈ S. We will
use the notation H(S, s) for the relative cohomology H(S, {s}). For any closed
subset S of ΛT containing the constant loop θ ≡ θ0 we consider the morphism

i∗S : H(ΛT , θ0) −→ H(S, θ0)

associated with the inclusion.

Definition 1 We call ΣT the family of all compact subsets σ of ΛT containing θ0
and having induced cohomology, i.e. such that i∗σ �= 0.

The distinguished level
IT (U) = inf

σ∈ΣT

sup
σ

UT

satisfies:

Lemma 2 There exists a constantM > 0 independent ofT such that 0 < IT (U) �
M.

Proof. To prove that IT (U) > 0, we take a small disk D ∈ M centered at θ0,
and let ΛT (D) be the set of H1 loops in D. It is not hard to see that ΛT (D) is
contractible, thus i∗ΛT (D) = 0 and i∗σ = 0 for all σ ⊂ ΛT (D) containing θ0. From
this follows that all σ ∈ Σ must contain a curve leaving D. Such a curve has its
action bounded away from 0. To prove the second inequality, let us introduce the
set of loops starting at θ0

Λ0
T = {θ(t) ∈ ΛT / θ(0) = θ0}.

We need the
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Lemma 3 There exists a compact subset K ⊂ Λ0
1 such that i∗K �= 0.

Proof of Lemma 3. This is very classical, and we shall only outline the proof.
If M is not simply connected, there is a non contractible curve γ ∈ Λ0

1. We
take K = {γ, θ0}, and see that i∗K(H0(Λ1, θ0)) �= 0. Things are much harder
when M is simply connected. Let us set C = C0(S1,M) and C0 = {γ ∈
C0(S1,M) / γ(0) = θ0), the inclusion iΛ0 : (Λ0, θ0) −→ (Λ, θ0) is homo-
topy equivalent to the inclusion ic : (C0, θ0) −→ (C, θ0). A theorem of Sullivan
gives the existence of infinitely many nonzero rational Betti numbers of the space
C0(S1,M) if π1(M) = 0, see [30], page 46. Then, we consider the Serre fibration

C −→ M

γ 
−→ γ(0)

of fiber C0 to prove that ic∗ is nonzero, hence i∗Λ0
is nonzero. We now use

broken geodesics approximation, see [8], to find a compact K representing this
cohomology. �

Proof of Lemma 2. For any T � 1, we can extend loops in Λ0
1 to [0, T ] by fixing

them in θ0 outside [0, 1], this defines the injection

jT : (Λ0
1, θ0) −→ (Λ0

T , θ0)
θ(t) 
−→ jT (θ(t)) = θ(min(1, t))

which is homotopic to the diffeomorphism

(Λ0
1, θ0) −→ (Λ0

T , θ0)
θ(t) 
−→ ST (θ(t)) = θ(t/T ).

It follows that jT (K) ∈ ΣT , thus

IT (U) � sup
jT (K)

UT = sup
K

U1

because the trajectory t 
−→ θ0 has zero action. This ends the proof of the lemma
since supK U1 is a finite number. �

There is a T -periodic trajectory γT such that UT (γT ) = IT (U).We shall not prove
it since it is very classical, and involves arguments simpler than those of Section 8.
Here non-trivial means that γT �≡ θ0. We can define the number

I(U) = lim inf
T−→∞

IT (U).

There must be a nontrivial homoclinic orbit to z0 such that∫ ∞

−∞
U(γ̇(t)) dt � I(U),

we obtain it as an accumulation point of the sequence γT of periodic orbits, compare
Section 7. The following proposition is useful for applications
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Proposition 3 The function U 
−→ I(U) is increasing and continuous:

U � W =⇒ I(U) � I(W )∣∣∣∣1 − I(W )
I(U)

∣∣∣∣ � sup
z

|W (z) − U(z)|
b d2(z, z0)

for all U and W satisfying [HU1-3]. Recall that b is the constant of [HU2].

Proof. The monotonicity is clear, we shall prove regularity. Let us set

λ = sup
z

|W (z) − U(z)|
b d2(z, z0)

,

we obtain using [HU2] that

(1 − λ)U � W � (1 + λ)U.

This yields
(1 − λ)IT (U) � IT (W ) � (1 + λ)IT (U).

We thus have for any T ∣∣∣∣1 − IT (W )
IT (U)

∣∣∣∣ � λ,

and we obtain the proposition by taking the limit. �

Let us come back to Lagrangian systems U on TM satisfying only [HU1,2] but
not [HU3]. The energy function EU is proper and the sets Ee

U = {EU � e} are
compact. Let EU be the set of all Lagrangians U1 satisfying [HU1-3] and such that
U1 = U onEe

U for some e > 0. Elements of EU can be constructed by the methods
of Section 4.

Definition 2 For all Lagrangian function U satisfying [HU1,2], we set

I(U) = I(U1)

for any U1 ∈ EU . The proposition 3 holds for U and W satisfying [HU1,2] with
this extended definition of I .

Proof. One has to prove that the number I(U1) does not depend on the choice of
the Lagrangian U1 ∈ EU . Let us take two Lagrangians U1 and U0 in EU , define
Ut = tU1 + (1 − t)U0, t ∈ [0, 1], and let Et be the energy function associated
with Ut. There is an energy e > 0 such that Ut(z) = U(z) for all z ∈ Ee

U and
all t ∈ [0, 1]. The Lagrangians Ut satisfy [HU1,2] with the same constant b, and
Ut = αt‖z‖2 at infinity hence Et = αt‖z‖2 at infinity. Since αt, t ∈ [0, 1] is
bounded there is a constant C > 0 independent of t such that Et � Cd2(z, z0),
see Lemma 1. For all T > 0 there is a T -periodic trajectory γt

T of Ut such that
U t

T (γt
T ) = IT (Ut). One can build by the methods of Section 4 a Lagrangian

U2 ∈ EU such that U2 � max(U0, U1) and thus U2 � Ut for all t ∈ [0, 1]. It
follows that U t

T (γt
T ) = IT (Ut) � IT (U2) is bounded, and

Et(γt
T ) � C

T

∫
d2(∂γt

T , z0) � C

Tb

∫
Ut(∂γt

T ) � C ′

T
·
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As a consequence, there exists a T0 > 0 such that all the periodic orbits ∂γt
T with

T � T0 are contained in {Et � e}, which is nothing but Ee
U . The curves γt

T with
T � T0 are thus all trajectories of U and of U0, and the value IT (Ut) is critical
for the Lagrange action U0

T associated with U0. The set of critical values of U0
T has

measure zero. This is a non-trivial application of Sard’s Theorem, see for example
[12], Lemma 3.1, for a result of this kind. On the other hand, we see from Proposition
3 that the function t 
−→ IT (Ut) is continuous, hence constant since it takes values
in a set of measure zero. We have proved that IT (U1) = IT (U0) when T is large
enough, hence I(U1) = I(U0), and the definition is meaningful. We now prove that
Proposition 3 holds with this extended definition. Let us consider two Lagrangian
functions U and W satisfying [HU1-2]. We use the construction of Section 4 to
build distinguished elements of EU and EW . We take K0 containing E0

U and E0
W

in its interior, and define U1 ∈ EU and W1 ∈ EW by the same expression (9). It
is clear that U1 � W1 if U � W , and that |I(U1) − I(W1)| � |I(U) − I(W )|.
Proposition 3 for U1 and W1 thus implies Proposition 3 for U and W . �

Let us now come back to the full system.

6 Local structure

In this section, we focus on the vicinity of the center manifold z = z0. Let us define
the balls Dδ = B(θ0, δ) ∈ M and Bδ = B(z0, δ) ∈ TM . We will work in a local
chart of M around θ0, that is we identify Dδ with a neighborhood of 0 in R

n. The
local form of the Lagrangian function is

L(θ, ν, q, v) = a
(
v2 − ω2q2

)
+G(θ, ν, q, v), (θ, ν, q, v) ∈ Dδ × R

n × R × R,

and we can compute the associated energy function, see Section 2

E(θ, ν, q, v) = a
(
v2 + ω2q2

)
+
(
ν,
∂G

∂ν

)
+
(
v,
∂G

∂v

)
−G. (10)

The hypothesis [HG2] implies
[HG2 loc] :

∂2G

∂(θ, ν)2
(0, 0, q, v) � b.

We will only use this local minimizing property in this section. The following
lemma will not be used in the sequel, but Lemma 5 below is the key to nontriviality.

Lemma 4 (Description of the local orbit structure) If the hypotheses [HG1]
and [HG2 loc] are satisfied, the flow has a saddle-center fixed point (0, 0) ∈
Bδ × R

2 with a 2-dimensional elliptic space and a 2n-dimensional hyperbolic
space. The center manifold of this saddle-center fixed point is the invariant plane
{0} × R

2 ⊂ Bδ × R
2. The flow on the center manifold is linear elliptic, and the

center manifold is foliated by the trajectories

Or(t) = (0, r cos(ωt),−ωr sin(ωt)).

Each of these periodic orbits is the intersection between its energy shell and the
center manifold, and is hyperbolic with respect to its energy shell (but not with
respect to the full phase space).
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Proof. Let φ : TM × R
2 −→ T ∗M × R

2 be the diffeomorphism defined by
fiberwise derivation, see Section 2. We have the expression in local coordinates

φ(θ, ν, q, v) =
(
θ,
∂G

∂ν
, q, 2av +

∂G

∂v

)
,

hence φ({0}× R
2) = {0}× R

2 and the HamiltonianH = E ◦φ−1 can be written

H(θ, ζ, q, p) =
1
4a
p2 + aω2q2 +R(θ, ζ, q, p)

where R = O(‖θ‖2 + ‖ζ‖2). It follows that the plane {0} × R
2 is invariant for the

Hamiltonian flow, and foliated by the periodic orbits

Õr(t) = (0, 0, r cos(ωt),−2aωr sin(ωt)),

we apply φ−1 to obtain the expression of the associated orbits of Y . We now prove
hyperbolicity. The hypersurface

Σ = {(z, q, v) ∈ TM × R
2 / q > 0 and v = 0} = TM × R

+
∗

is transversal to the flow around {0} × R
+
∗ , and we define the associated Poincaré

return map Φ. Let us fix a r > 0, we want to study the eigenvalues of modulus 1 of
the linearized map dΦ(0, r). Note that Φ|{0}×R

+
∗

= Id, thus dΦ(0, r)|{0}×R = Id.
It follows that for all ε > 0 there is a fully resonant approximation Ψ of dΦ(0, r)
such that

‖Ψ(q, z) − dΦ(0, r)(q, z)‖ � ε‖z‖.
By fully resonant, we mean that all the eigenvalues of modulus 1 of Ψ are roots of
the unity. We can moreover take ε small enough so that Ψ and dΦ(0, r) have the
same number of eigenvalues of modulus 1. Since Ψ|{0}×R

+
∗

= Id there exists a
neighborhood of (0, r) ∈ Σ where

|Φ(z, q) − dΦ(0, r)(z, q − r) − (0, r)| � ε‖z‖2.

As a consequence, there exists a function G1 satisfying [HG1] and [HG2] with a
smaller constant b1 and such that Poincaré map Φ1 of the flow associated to

L1(θ, ν, q, v) = a
(
v2 − ω2q2

)
+G1(θ, ν, q, v)

satisfies Φ1(z, q) = (0, r) + Ψ(z, q − r) in a neighborhood of (0, r). Let us
consider an eigenspace of Ψ associated with a pair of eigenvalues of modulus one,
which are therefore root of the unity. This eigenspace is filled with periodic points,
moreover given δ > 0 there exists a neighborhood of 0 in the eigenspace such that
all the points in this neighborhood have their Ψ -orbit contained in the zone where
Φ1(z, q) = (0, r) + Ψ(z, q − r), and such that the periodic orbits of L1 associated
with these Φ1-orbits are contained in Bδ × R

2. We now apply the lemma 5 below
to L1 and obtain that the periodic orbits we just constructed must be the trivial
ones, corresponding to the fixed space {0} × R of Ψ . As a consequence, the
linearized Poincaré map dΦ(0, r) can have no eigenvalue of modulus 1 except the
one associated with this fixed space. �
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Lemma 5 LetL be the Lagrangian function (1) with a functionG satisfying [HG1-
2], there is a two-parameters family of periodic orbits of L

O(t) = (θ0, r cos(ωt+ φ)),

and there exists a δ > 0 such that they are the only periodic orbits satisfying
∂x ∈ Bδ × R

2.

Proof. We work in local coordinates as described above. The trajectories lying in
Dδ × R satisfy the standard Euler-Lagrange equation

d

dt

∂G

∂ν
=
∂G

∂θ
·

As a consequence of [HG2 loc] there is a δ > 0 such that〈
ν,
∂G

∂ν

〉
� b

2
‖ν‖2 and

〈
θ,
∂G

∂θ

〉
� b

2
‖θ‖2

inBδ×R
2. Let us now consider a closed trajectory (θ(t), q(t)) such that (θ, θ̇) ∈ Bδ ,

the equation ∫ 〈
θ,
∂G

∂θ

〉
=
∫ 〈

θ,
d

dt

∂G

∂ν

〉
= −

∫ 〈
θ̇,
∂G

∂ν

〉

yields

b

2

∫
‖θ‖2 �

∫ 〈
θ,
d

dt

∂G

∂ν

〉
� − b

2

∫
‖θ̇‖2.

It follows that ‖θ‖ ≡ ‖θ̇‖ ≡ 0. �

7 Convergence of sequences of periodic orbits

In this section, we prove the convergence of good sequences of periodic orbits to
homoclinic orbits. We first state the strong minimizing property of the subspace
z = z0.

Lemma 6 Any T -periodic trajectory X = (θ, q) of L satisfies

LT (X) � b

∫ T

0
d(∂θ, z0)2.

Proof. IfX = (θ, q) is a trajectory, q must satisfy the first Euler-Lagrange equation

2a
(
q̈ + ω2q

)
=
∂G

∂q
− d

dt

(
∂G

∂v

)
.
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If X is closed, we can integrate by parts to write its action

L(X) =
∫

−aq (q̈ + ω2q
)

+G(∂θ, q, q̇)

=
∫ (

G− 1
2
q
∂G

∂q

)
+
∫

1
2
q
d

dt

(
∂G

∂v

)
,

and integrating by part again the last term,

L(X) =
∫
G− 1

2
q
∂G

∂q
− 1

2
q̇
∂G

∂v
� b

∫
d(∂θ, z0)2.

�

This lemma roughly implies that if there exists a sequence of periodic orbits of
L of unbounded period and bounded action, there must be an orbit homoclinic
to the center manifold. Unfortunately, there is no confinement in the q direction,
and we must have some estimate of the q part of the periodic orbits in order to
be able to prove convergence. As explained in the sketch of proof, we must allow
the parameter ω to vary. Consider now a sequence ωn of pulsations, with a limit
ω, and the associated Lagrangian and action Ln and Ln. We have the following
convergence property:

Proposition 4 If there exist a constantM , a radius r and a sequenceXn = (θn, qn)
of Tn-periodic orbits of Ln such that

– Tn −→ ∞,
– Ln(Xn) � M ,
– ‖qn‖2/Tn −→ r2/2,
– θn �≡ θ0,

then there exists an orbit X∞ = (θ∞, q∞) homoclinic to Or and such that∫
R

G(∂X∞) − 1
2
q∞

∂G

∂q
(∂X∞) − 1

2
q̇∞

∂G

∂v
(∂X∞) � M.

Proof. Since θn �≡ θ0, Lemma 5 implies that ∂θn does not stay in Bδ . We can
consider θn as a periodic curve defined on R, and by changing time origin, we can
require that

d(∂θn(0), z0) � δ.

Since the sequence Ln(Xn) is bounded, we obtain from Lemma 6 that the sequence

∫ Tn/2

−Tn/2
d2(∂θn, z0)

is bounded. Associated with Lemma 1 this yields

En(Xn) − a

Tn

∫
q̇2n + ω2

nq
2 −→ 0.
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On the other side, we obtain using the Euler-Lagrange equations and two integra-
tions by parts that

a

Tn

∫
q̇2n − ω2

nq
2 =

1
2Tn

∫
qn
∂G

∂q
(Xn) + q̇n

∂G

∂v
(Xn) −→ 0

because [HG1] and [HG4] imply

q
∂G

∂q
(z, q, v) + v

∂G

∂v
(z, q, v) � Cd2(z, z0).

Combining these equations and the third hypothesis yields

E∞ = limEn(Xn) = 2 lim
a

Tn
‖q̇n‖2

2 = 2 lim
aω2

n

Tn
‖qn‖2

2 = aω2r2.

Since En(Xn) is a bounded sequence and since ∂Xn is an integral curve of Yn

the sequence ∂Xn is C1- bounded, and by Ascoli’s Theorem it has a subsequence
converging uniformly on compact sets to a limit X̃∞ that is an integral curve of Y
and thus the lifting of a L-trajectory X∞ of energy E∞. Recall that

∫ Tn/2

−Tn/2
d2(∂θn, z0)

is bounded. It follows that ∫ ∞

−∞
d2(∂θ∞, z0)

is finite. Since the curve ∂θ∞ has bounded derivative this yields

lim
t→±∞ ∂θ(t) = z0.

Using once more the lemma 1 we get that

a(q̇2∞ + ω2q2∞) −→
t→±∞ E∞ = aω2r2.

This is the definition we have taken for a homoclinic orbit. The last inequality
follows from

∫ Tn/2

−Tn/2
G(∂Xn) − 1

2
qn
∂G

∂q
(∂Xn) − 1

2
q̇n
∂G

∂v
(∂Xn) = L(Xn) � M

since the integrand is non-negative. �
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8 Existence of periodic orbits

Let us fix a period T = 2πτ/ω, τ ∈ N. For any l ∈ R, the functional

Ql : C∞
T (R) −→ R

x(t) 
−→ a

∫ T

0
ẋ(t)2 − l2ω2x(t)2

can be computed using Fourier expansion:

Ql

(∑
k

qke
ikωt/τ

)
= aT

∑
k

(
k2ω2

τ2 − l2ω2
)

|qk|2.

It follows that Ql can be extended to

ET = H1(ST = R/TZ,R)

as a continuous quadratic form. It has a two dimensional kernel when l ∈ Z/τ , and
is non-degenerate for other values of l. Let us set

E+ = {q such that qk = 0 when |k| � τ}
E− = {q such that qk = 0 when |k| > τ},

there is an orthogonal splitting

ET = E+ ⊕ E−,

such that ±Ql|E± is positive definite for all l ∈ (1, 1 + 1/τ). Notice that E− is
finite dimensional, which is the usual feature of Lagrangian formulations. Recalling
that ΛT is the manifold of T -periodic H1 loops, let us define the functionals

G : AT =ΛT × ET −→ R

x(t)=(θ(t), q(t)) 
−→
∫ T

0
G(∂θ(t), q(t), q̇(t)) dt.

and

Ll : AT =ΛT × ET −→ R

x(t)=(θ(t), q(t)) 
−→Ll(x) = Ql(q) + G(x).

We also define the projection PΛ : ΛT × ET −→ ΛT .

Lemma 7 For any l in the interval (1, 1/τ), the functional Ll is C1 and satisfies
the Palais-Smale condition. The critical points of Ll are the T -periodic smooth
trajectories of the Lagrangian

Ll(z, q, v) = a
(
v2 − l2ω2q2

)
+G(z, q, v), (z, q, v) ∈ TM × R × R.
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Proof. We will often omit the subscript l in the following proof. Recall that ΛT is
a smooth manifold, and that the mappings

expc : H1(Oc) −→ H1(ST ,M)
ξ(t) 
−→ exp(ξ(t))

are charts of this manifold, where c ∈ C∞(ST ,M), Oc is a sufficiently small
neighborhood of the zero section in the bundle c∗TM of tangents vectors of M
along c, and exp : TM −→ M is the exponential map associated with some
spray on M , see [22]. Let µT : R −→ ST be the natural projection, the induced
vector bundle µ∗c∗TM is trivial since it is a vector bundle over R, we have the
commutative diagram

R × R
n Φ−−−−→ µ∗c∗TM

µ̃−−−−→ c∗TM� � �
R

id−−−−→ R
µ−−−−→ ST ,

where Φ is a vector bundle isomorphism and we define the covering

rc = µ̃ ◦ Φ : R × R
n −→ c∗TM.

A H1 section ξ : ST −→ c∗TM has a unique lifting ξ̃ : R −→ R
n such that the

diagram
R × R

n rc−−−−→ c∗TM

(id,ξ̃)

� �ξ

R
µ−−−−→ ST

commutes. Let us take a compact neighborhood Uc of the origin in R
n such that

R×Uc ⊂ r−1
c (Oc), and suppose without loss of generality that Oc = rc(R×Uc).

The mapping

ρ : H1(c∗TM) −→ H1([0, T ],Rn)

ξ 
−→ ξ̃|[0,T ]

is a linear isomorphism onto its image TH̃ ⊂ H1([0, T ],Rn). We will also note ρ
the mapping (ρ, idET

), and we call H̃ the set H̃ = TH̃ ∩H1([0, T ], Uc). Let us
define the smooth map

L̃c : R×Uc×R
n×R×R −→ R

(t, ξ̃, ν, q, v) 
−→ L
(
exp ◦ rc(t, ξ̃) ,
d1(exp ◦ rc)(t,ξ̃).1+d2(exp ◦ rc)(t,ξ̃).ν , q, v

)
,

and the functional

L̃ : H1([0, T ], Uc) × ET −→ R

(ξ̃(t), q(t)) 
−→
∫ T

0
L̃c(t, ξ̃(t), ξ̃′(t), q(t), q̇(t)) dt,
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we have L = L̃ ◦ ρ. One can check from [HG4] and the expression of L̃c above
that the estimates

|L̃c(t, ξ̃, ν, q, v)| � C(1 + q2 + |ν|2 + v2)∣∣∣∣∣
(
∂L̃c

∂ξ̃
,
∂L̃c

∂q

)
(t, ξ̃, ν, q, v)

∣∣∣∣∣ � C(1 + q + |ν|2 + v2)

∣∣∣∣∣
(
∂L̃c

∂ν
,
∂L̃c

∂v

)
(t, ξ̃, ν, q, v)

∣∣∣∣∣ � C(1 + q2 + |ν| + v)

hold on R × Uc × R
n × R × R. These growth conditions imply by well-known

results (see [24]) that L̃, and thus L, are continuously differentiable. We also have
the local expression of the differential:

dL̃(ξ̃, q) =
∫ T

0

∂L̃c

∂ξ̃
dξ̃ +

∂L̃c

∂ν
(dξ̃)′ +

∂L̃c

∂q
dq +

∂L̃c

∂v
(dq)′

and dL(ξ, q) = dL̃(ξ̃, q) ◦ ρ. Let us now prove that the Palais-Smale condition is
satisfied. We take a Palais-Smale sequence (θn, qn). The sequence

Ll(θn, qn) = Ql(qn) + G(θn, qn)

is bounded. Since Ql is a non-degenerate quadratic form, there exists an operator
Al : ET −→ ET such that

dQl(q).Alq = |Ql(q)| � C‖q‖2
H1 .

Let us now write using [HG4] and that
∥∥dL(θn, qn)

∥∥ = εn −→ 0

εn‖qn‖H1 � dLl(θn, qn)(0, Alqn) = dQl(qn).Alqn + dG(ξn, qn).(0, Alqn)

� C‖qn‖2
H1 +

∫
∂G

∂q
·Alqn +

∂G

∂v
·Alq̇n

� C‖qn‖2
H1 − C ′‖qn‖W 1,1

� C‖qn‖2
H1 − C ′′‖qn‖H1 .

It follows that the sequence ‖qn‖H1 is bounded. Plugging this into the action

C � Ll(θn, qn) �
∫
G+ Ql(qn) � b

∫
d2(∂θn, z0) − C‖qn‖2

H1

yields that
∫ ‖∂θn‖2 is also bounded. By a standard application of the theorem of

Ascoli, see [22], Lemma 1.4.4, we can find a C0-convergent subsequence of θn,
and by extracting another subsequence we can obtain that qn also has a uniform
limit. From now on, we will suppose that

(θn, qn) C0

−→ (θ, q).

It remains to prove that the limit holds in Λ× ET , that is in H1-norms. Since the
continuous limit θ can be approximated by a smooth curve c, all the curves θn lie
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in a single chart expc of Λ for n large enough. We call ξn the local representatives
of θn, and we can use the local expressions given above. It is useful to define the
mapping

Ωc : R × Uc × R
n × R × R −→ R × Uc × R

n × R × R

(t, ξ̃, ν, q, v) 
−→
(
t, ξ̃,

∂L̃c

∂ν
, q,

∂L̃c

∂v

)
.

It is straightforward from the explicit expression of L̃c and from [HL] that Ωc is a
diffeomorphism, and the estimate

1
C

|X| − C � Ωc(t,X) � C(|X| + 1)

is a consequence of [HG4]. A theorem of Krasnoselskii implies that the mapping

Υc : L2([0, T ],R2n+2) −→ L2([0, T ],R2n+2)
X(t) 
−→ Ωc(t,X(t))

is a homeomorphism. It is not hard to see that the sequence(
∂L̃c

∂ξ̃
(ξ̃n, ξ̃′

n, qn, q̇n),
∂L̃c

∂q̃
(ξ̃n, ξ̃′

n, qn, q̇n)

)

is bounded in L1([0, T ],Rn+1), thus its zero averaged primitive Pn ∈
W 1,1([0, T ],Rn+1) has a subsequence that is convergent in L2([0, T ],Rn+1). We
suppose that

Pn
L2

−→ P.

Since ‖dL(ξn, qn)‖ −→ 0, we have ‖dL̃(ξ̃n, qn)|TH̃‖ −→ 0, and the inequality∣∣∣∣∣
∫

〈Ṗn, (dξ̃, dq)〉 +
∂L̃c

∂ν
dξ̃′ +

∂L̃c

∂v
dq̇

∣∣∣∣∣ � εn‖(dξ̃, dq)‖H1

holds for all variations (dξ̃, dq) ∈ H1
0 ([0, T ],Rn) ⊂ TH̃ . The sequence

mn=
1
T

∫ T

0

(
∂L̃c

∂ν
(ξ̃n(t),ξ̃′

n(t),qn(t),q̇n(t)),
∂L̃c

∂v
(ξ̃n(t),ξ̃′

n(t),qn(t),q̇n(t))

)
dt

is bounded, and we can suppose taking a subsequence that it has a limit m. Inte-
grating by parts in the inequality above yields〈(

∂L̃c

∂ν
,
∂L̃c

∂v

)
− Pn −mn , (dξ̃′, dq̇)

〉
L2

� εn‖(dξ̃′, dq̇)‖L2

and we obtain ∥∥∥∥∥
(
∂L̃c

∂ν
,
∂L̃c

∂v

)
− Pn −mn

∥∥∥∥∥
L2

� εn.
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We thus have(
∂L̃c

∂ξ̃
(ξ̃n, ξ̃′

n, qn, q̇n),
∂L̃c

∂q̃
(ξ̃n, ξ̃′

n, qn, q̇n)

)
L2

−→ P −m,

and the sequence

(
ξ̃n, ξ̃

′
n, qn, q̇n

)
= Υ−1

c

(
ξ̃n ,

∂L̃c

∂ξ̃
(ξ̃n, ξ̃′

n, qn, q̇n) , qn ,
∂L̃c

∂q̃
(ξ̃n, ξ̃′

n, qn, q̇n)

)

has a limit in L2. The sequence (ξ̃n, qn) thus has a limit in H1([0, T ],Rn+1), and
the sequence (ξn, qn) = ρ−1(ξ̃n, qn) has a limit in H1(Oc) × ET . �

We now have to study the topology of the functional. Let us define a group Γ of
admissible deformations of AT :

Definition 3 A homeomorphism h : AT −→ AT belongs to Γ if and only if there
exist a parameter l ∈ (1, 1 + 1/τ) and a continuous isotopy k : [0, 1] × AT −→
AT such that k0 = Id, k1 = h, and for all t ∈ [0, 1] kt : AT −→ AT is a
homeomorphism satisfying kt(θ, q) = (θ, q) when Ql(q) +

∫
W (∂θ) � 0.

For any compact subset σ ⊂ ΛT and any h ∈ Γ we define the compact subset

h.σ = PΛ

(
h(σ × E−) ∩ Λ× E+) ⊂ Λ.

Lemma 8 (Intersection property ) LetΣ be the family of compact subsets of ΛT

defined in Section 5, Definition 1, we have

σ ∈ Σ and h ∈ Γ =⇒ h.σ ∈ Σ.

Proof. Compare [20], Proposition 1. Let us consider the mapping

Ts : σ × E− −→ E−

(z, q) 
−→ Ts(z, q) = q − P− ◦ ks(z, q),

where P− : ΛT × ET −→ E− is the projection associated with the splitting
ET = E+ ⊕E−, and ks is the homotopy between k0 = Id and k1 = h. Let us set

Fs = {(z, q) ∈ σ × E− / Ts(z, q) = q}
and

Is = ks(σ × E−) ∩ Λ× E+ = ks(Fs).

Both Is and Fs contain (θ0, 0). Since Ql is negative definite on E− and
∫
W is

bounded on σ, there is a c > 0 such that Ql(q) +
∫
W (∂θ) < 0 for all θ ∈ σ and

q ∈ E− satisfying ‖q‖ � c. As a consequence, the mapping Ts satisfies

– T0 = 0,
– Ts(θ, q) = 0 for all q such that ‖q‖ � c and all s,
– Ts(θ0, q) = 0 for all q and all s,
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and we can apply Dold’s fixed point transfer, see [15] and [20], page 433, that
asserts the injectivity of the morphism P ∗

Λ : H∗(σ, θ0) −→ H∗(Fs, (θ0, 0)). We
now take s = 1 and have the commutative diagram

H∗(I1, (θ0, 0)) h∗
−−−−→ H∗(F1, (θ0, 0))

P ∗
Λ

� �P ∗
Λ

H∗(h.σ, θ0) H∗(σ, θ0)

i∗
h.σ

� �i∗
σ

H∗(Λ, θ0)
h∗

Λ−−−−→ H∗(Λ, θ0),

where h∗
Λ is the isomorphism that makes the following diagram commute

H∗(Λ× E, (θ0, 0)) h∗
−−−−→ H∗(Λ× E, (θ0, 0))

P ∗
Λ

� �P ∗
Λ

H∗(Λ, θ0)
h∗

Λ−−−−→ H∗(Λ, θ0).

Coming back to the first diagram, we see that i∗h.σ can not be zero becauseP ∗
Λ◦i∗σ◦h∗

Λ

is nonzero. �

For all G satisfying [HR1-4] and all l ∈ (1, 1 + 1/τ) we define

cGT (l) = inf
σ∈Σ

inf
h∈Γ

supLl

∣∣
h(σ×E−)

We have the estimate:

Lemma 9 If G satisfies (2) then the inequality

IT (U) � cGT (l) � IT (W )

holds.

Proof. Since G −→ cGT (l) is an increasing function this is an easy consequence of
the following lemma.

Lemma 10 For all U satisfying [HU1-3], we have

cUT (l) = IT (U).

Proof. Recall that

cUT (l) = inf
σ∈Σ

inf
h∈Γ

sup
(z,x)∈h(σ×E−)

Ql(x) + U(z)

IT (U) = inf
σ∈Σ

sup
z∈σ

U(z)

We can take h = Id in the definition of c to obtain

c � inf
σ∈Σ

sup
(z,q−)∈σ99×E−

Ql(q−) + U(z) = inf
σ∈Σ

sup
z∈σ

U(z) = I.
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To obtain the other inequality, we apply Lemma 8 and get

sup
(z,x)∈h(σ×E−)

Ql(x) + U(z) � sup
z∈h.σ

U(z) � I.

�

We are now in a position to prove Proposition 2.

Proof of Proposition 2. First, notice that the third conclusion is a consequence of
the two other ones since the only T periodic solution of Ll satisfying θT ≡ θ0 is
the constant curve (θ0, 0), and has zero action, which is forbidden by the second
conclusion since cT (l(T )) � IT (U) > 0. Let us now choose l(T ). The function
l −→ cT (l) is non-increasing thus almost everywhere differentiable. Moreover, the
inequality ∫ 1+1/τ

1
c′T (l)dl � IT (U) − IT (W )

holds and we can choose an l(T ) in the interval (1, 1/τ) such that

c′ = |c′T (l(T ))| � τ(IT (W ) − IT (U)).

Let us set c = cT (l(T )) and recall that

Ll(θ, q) = L(θ, q) − al2ω2‖q‖2
2.

We shall prove that there exists a critical point XT = (θT , qT ) of Ll(T ) such that

2aω2‖qT ‖2
2 � 1 + c.′

We partially follow the presentation of [21] in the following. Arguing by con-
tradiction we assume that there is no critical point of Ll(T ) at level c satisfying
2aω2‖qT ‖2

2 � 1 + c′. We can then find using a standard deformation argument an
ε in the interval (0, c/2) and a homeomorphism h0 ∈ Γ satisfying

Ll(T )(h0(X)) � Ll(T )(X)

for all X ∈ AT , and such that

Ll(T )(h0(X)) � c− ε

for all X = (θ, q) ∈ AT satisfying

Ll(T )(X) � c+ ε and 2aω2‖q‖2
2 � c′ + 1/2.

Let ln be an increasing sequence converging to l(T ), and let cn = cT (ln) and
Ln = Lln . We can choose σn ∈ Σ and hn ∈ Γ such that

supLn

∣∣
hn(σn×E−) � cn + (l(T ) − ln)/10.

When n is large enough this implies

Ll(T )
∣∣
hn(σn×E−) � Ln

∣∣
hn(σn×E−) � cn + (l(T ) − ln)/10

� c+ (c′ + 1/10)(l(T ) − ln) + (l(T ) − ln)/10
� c+ (c′ + 1/5)(l(T ) − ln).
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Take a loop X = (θ, q) ∈ hn(σn × E−), either

Ll(T )(X) � c− (l(T ) − ln)/5

and
Ll(T )(h0(X)) � c− (l(T ) − ln)/5

or
Ll(T ) � c− (l(T ) − ln)/5.

In the second case,

(l(T )2 − l2n)aω2‖q‖2 = Ln(X) − Ll(T )(X) � c+ (l(T ) − ln)(c′ + 1/5)
− c+ (l(T ) − ln)/5 � (c′ + 1/2)(l(T ) − ln),

thus

2aω2‖q‖2 � (l(T ) + ln)aω2‖q‖2 � c′ + 1/2,

and we get
Ll(T )(h0(X)) � c− ε,

when n is large enough. We have seen that

Ll(T )(h0 ◦ hn(σn × E−)) � c− (l(T ) − ln)/5,

which is a contradiction since h0 ◦ hn ∈ Γ . �
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