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Introduction

A saddle-center fixed point of a Hamiltonian system is a fixed point with precisely
one pair of purely imaginary eigenvalues, and other eigenvalues all having non-zero
real part. Such a fixed point is contained in a two dimensional invariant manifold,
called the center manifold, associated with the pair of imaginary eigenvalues and
filled with periodic orbits. Each of these periodic orbits is the transversal intersection
between its energy shell and the center manifold, and is hyperbolic with respect
to its energy shell. We are interested in the existence of orbits homoclinic to these
periodic trajectories.

Let us consider an initial system with a saddle-center fixed point and an orbit
homoclinic to it. The orbit structure near this homoclinic orbit of the initial system
and of perturbed systems can be studied using appropriate local sections and the
Poincaré return map along the homoclinic. This has been initiated by Conley in
[13], and used in [23], [25] and [28] to prove the existence of homoclinic orbits in
perturbed systems. Under suitable hypotheses, and if the phase space is four dimen-
sional, these papers show the following behavior. Hamiltonian systems sufficiently
close to the initial system have a saddle-center fixed point with a center manifold.
We can suppose without loss of generality that the saddle-center fixed point al-
ways has zero energy in the systems under interest. For any sufficiently small fixed
positive energy, the periodic motion on the center manifold at that energy has a
homoclinic orbit in a system sufficiently close to the initial system. However, in
a fixed system close to the initial system, the periodic orbits closest to the fixed
point are not proved to have any homoclinic orbit. The homoclinic orbits of small-
est energy are first destroyed by the perturbation. This is not surprising since the
saddle-center fixed point itself does not have any homoclinic orbit in general. These
works provide a much more detailed description of the orbit structure than we do in
this paper, but their range is limited to the study of perturbations of initial systems
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with a homoclinic orbit to the saddle-center, which is an exceptional case, and to
four dimensional phase spaces.

Variational methods provide global existence results on homoclinic orbits to a
hyperbolic fixed point, see [6], [14] and many other papers, that can be viewed as
non-perturbative analogs of the theory of Melnikov that studies the persistence of
homoclinics under perturbation. In the same spirit, we attempt to provide a non-
perturbative analog of the behavior described above around saddle-center fixed
points. This paper is closely connected to [4], where we study the existence of
homoclinic orbits to some hyperbolic periodic orbits of a Hamiltonian system in
C™. Since the smallest periodic motion in the center manifold having a homoclinic
orbit seems to go away from the fixed point when the system goes away from the
initial system in the perturbative setting, it is natural to consider a global center
manifold in order to find a global (i.e. non-perturbative) result. In [4], we studied
the vicinity of a prescribed energy shell sufficiently far from the origin, and obtained
homoclinic orbits in a dense family of energy shells around the prescribed one. We
abandon all pretension to find many homoclinic orbits, but focus on finding the
orbit closest to the saddle-center. It is yet very unlikely that the orbit we find is
indeed the closest to the saddle-center, but it is probably the closest among those
which satisfy a certain estimate. We shall clarify this point later.

We study a model system where the center manifold is a plane with harmonic
oscillations on it. We suppose that these periodic motions are hyperbolic with
respect to their energy shells, so that the center manifold is a normally hyperbolic
manifold. The setting is thus quite similar to the setting of [4], but we assume
here that the total phase space is the product of this plane with the cotangent
bundle of a compact manifold M, instead of R?" in [4]. This product structure is
a key to our result, since we shall obtain homoclinic orbits by comparison with
product (uncoupled) flows. The existence of homoclinic orbits for product flows
is reduced to well-known existence results on homoclinic motions to hyperbolic
fixed points on compact Riemannian manifolds, see [6]. We shall moreover assume
that the Hamiltonian is fiberwise convex on the total phase space T*(M x R),
so that a Lagrangian action functional can be used. It should be possible to avoid
this restriction since the Hamiltonian action functional can be well studied in this
context, see [20] or [11]. Yet the Lagrangian functional remains simpler, and the
results of this paper will be expressed in terms of Lagrangian systems.

Let us stress that, although the setting is Lagrangian, our result is very different
from classical ones on homoclinic orbits in Lagrangian systems since the periodic
orbits of the center manifold do not satisfy the minimality hypothesis needed in
these results. In fact, the center manifold as a whole satisfies this hypothesis, and
we shall look for orbits homoclinic to this manifold. An orbit homoclinic to the
center manifold is homoclinic to one of the periodic orbits, by energy conservation.
The difficulty is that the center manifold is not compact, and that we have to find a
way to localize orbits.

Under suitable hypotheses, we prove the existence of an orbit homoclinic to
one of the oscillations of the center manifold and give an estimate of its action
and of its energy. These estimates are the main novelties compared with [4], they
allow interesting new applications. The energy is close to zero (the energy of the
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Fig. 1. Elastic pendulum

fixed point) when the system is close to a product system and the homoclinic we
find should be seen as the continuation, when a coupling is introduced, of the orbit
homoclinic to the origin that existed in the product system. In this sense we can
say that the homoclinic we find is the closest to the origin, although new orbits,
longer and closer, may appear. Both the center manifold and the homoclinic orbit
are preserved by a small perturbation of the system i.e. a perturbed system still has
an invariant manifold diffeomorphic to a plane and foliated by periodic orbits one
of which has a homoclinic.

Among the applications let us give the example of the stiff elastic spatial pen-
dulum. This is a pendulum where the bar has been replaced by a stiff spring which
has variable length but remains always straight, see Fig. 1. The center manifold
here is the set of oscillations of the spring in unstable equilibrium. We obtain an
orbit homoclinic to one of these oscillations when the spring is stiff enough. This
homoclinic is moreover preserved by a small perturbation of the system. It is a very
general process to introduce an additional degree of freedom highly confined to zero
in a mechanical system (a previously frozen binding is now granted some freedom
to oscillate). Under certain hypotheses, we see that a hyperbolic fixed point with a
homoclinic orbit of the frozen system is turned to a saddle-center fixed point with
a center manifold and an orbit homoclinic to the center manifold in the extended
system.

A major interest of homoclinic orbits is their link with chaotic behavior. The
orbit structure near a transversal homoclinic orbit to a hyperbolic fixed point of a
periodic time-dependent system has by now been well described. The natural analog
of this structure exists in an autonomous system around a transversal homoclinic
orbit to a hyperbolic periodic orbit. It should be noted however that the behavior
associated with homoclinic orbits to hyperbolic fixed points of autonomous systems
is not as well understood, see [16] and [9] for some results on this subject. One
of the interests of our work is that the homoclinic we find, if transversal, lead to
the well described case, i.e. to a Bernoulli shift with topological entropy. Consider
for example a classical plane pendulum, our results provide a new way to break
integrability and introduce chaotic behavior. Instead of considering that there is
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some small influence from the exterior (a time dependent perturbation), one can
consider that the bar has some elasticity. In this case, the unstable equilibrium is
surrounded by unstable oscillations. We prove that one of these oscillations have a
homoclinic orbit, this homoclinic can be made transversal by a perturbation, and
the system then has topological entropy.

The questions discussed in this paper were asked to me by my advisor, Eric
Séré. It is a pleasure to acknowledge his decisive helps and encouragements. I also
wish to thank Ivar Ekeland for his interesting comments.

1 Results, comments and applications

Let M be a compact manifold, M — M its tangent bundle. We provide M with
a metric g, and note

121l = \/ 9x(z) (2, 2)

the norm of a tangent vector z € T'M . There is an associated metric on 7'M, and we
note d(z, z’) the distance between two points of T'M associated with this metric.
Let us consider the smooth Lagrangian on T'(M x R) = TM x R? given by

L(z,q,v):a(027w2q2)+G(2,q,fU) (Z’Q7v) GTMXRXR7 (1)

where a and w are positive real numbers and G : TM x R? — R is a smooth
function satisfying the assumptions:

HG1 : There exists a z9 = (6p,0) € TM such that G(zp,q,v) = 0 and
dG(z9,q,v) = 0 for all (¢,v) € R

HG?2 : There exists a b > 0 such that G(z, ¢,v) > bd(z, 29)?.

HG3:

1/ 0G oG
G(quav) Z = (qaq(zaQav) +U(Z,q,’l))) + bd(z720)2'

2 ov
Moreover, we assume that there exist two smooth fiberwise convex functions U
and W on T'M such that

U(z) < G(z,q,v) < W(2) 2)

for all (z,q,v) € TM x R?, and that they both satisfy

HU1 : U(zy) = 0 and dU(zp) = 0,

HU2:U(2) > bd(z,2)? .

Finally, we assume that the Lagrangian L is fiberwise convex,

HL : The restriction of L to each fiber Ty M x T;R is convex, with uniformly
positive Hessian.

No more control at infinity is necessary for our results to hold true, but we will use
in the proofs systems satisfying the additional hypothesis

HG4 : There exists a function G, on T'M, a number o > 0, a compact set
K C TM and a compact set B C K x R? such that G(z, q,v) = G (2) outside
B, and G (2) = al|z||? outside K.

As a consequence of [HL], the trajectories of L on M X R are the projections of
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the integral curves of a vector-field Y7, on T'M. This vector-field is conjugated to
the Hamiltonian vector field X g on T™* M, where H is the fiberwise dual of L

H(C q,p) = sup (¢ 2)+pv—L(z,q,0) (¢,q,p) € T*M x R*.
zem—1(m*(¢)),vER

See Section 2 for more details. The flow of Y7, has an invariant manifold, the center
manifold, of equation z = zy. The center manifold is filled with periodic orbits,
which are the liftings of

O, (t) = (6p,7 cos(wt)),
and can be described also by
OT = {(ZOaQ7’U) S TM x Rz /U2 +w2q2 — w? 2}-

We are looking for orbits homoclinic to O, i.e. trajectories x = (6,¢q) : R —
M x R such that § # 6, and

lim (9(t),9(t),q(t)2 +w2q(t)2) = (00,0, wr2) .

t—too

We will see in Section 5 that to any function U on T'M satisfying [HU1,2] we can
associate a number I(U) such that

U<SW = I(U) <I(W)

and

-1

1)

(W(z) - U(2)|

bd?(z, zo) )

forall U and W satisfying [HU1-2]. Recall that b is the constant of [HU2]. The value
I(U) can be thought of as the action of an orbit homoclinic to z, for the Lagrangian
system U on T'M, although we can only prove that there is a homoclinic of action
below I(U). We are now in a position to state the main result of this paper:

Theorem 1 Let us consider the Lagrangian system (1), and assume that G satisfies
[HGI-3], [HL], and
U(z) < G(z,q,v) < W(z)

with U and W satisfying [HU1,2]. There is a radius

2maw

such that the periodic orbit O,. has a homoclinic orbit X oo = (00, Goo ). This orbit
moreover satisfies

oG 1. 0G
a—q(axm) = 54005 (0X o) < I(W). (5)

1
| Gox) - s S
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In the expression above, 0.X is the lifting of X, see Section 2. This paper is organized
as follows. First we comment the theorem, and give some applications in the next
subsections. In Section 2, we recall some general facts about Hamiltonian and
Lagrangian systems. These facts will be used throughout the paper. The detailed
analysis of the local behavior of the flow in Section 6 may be of independent interest,
while section 5 provides a concise account about the existence of homoclinic orbits
in Lagrangian Systems of the kind U on T'M, and gives the precise definition of
the number I(U). The proof of Theorem 1 is explained in Section 3, and detailed in
the last sections of the paper. We show in Section 4 how to change the Lagrangian
function at infinity in order to be reduced to a Lagrangian satisfying [HG4].

Remarks.

1. A very similar result is obtained in [4]. Beyond the fact that the setting is
different, the main interest of the present result is that we obtain an explicit
estimate of the maximum radius (4), which, combined with (3), allows in certain
instances to prove that the homoclinic we find is actually close to the saddle-
center. This enables new applications. The estimate (5) is also new, we have to
relax it in [4] to localize the homoclinic orbits. Our belief is that the homoclinic
we obtain is the closest to the fixed point among those which satisfy (5). The
price for these estimates is that we obtain only one homoclinic orbit, while
infinitely many are found in [4]. It should be possible, although not so easy, to
carry over the results of this paper to the setting of [4], and the results of [4] to
this setting.

2. As a consequence of the hypotheses [HG1,2], the orbit O, is hyperbolic with
respect to its energy shell and the fixed point (g, 0) is of saddle center type,
with 2n hyperbolic dimensions and 2 elliptic dimensions in phase space. This
is proved in Section 6.

3. The hypothesis [HG3] can also be written

1/ 0L oL ,
> 2 g2= -
L(Z7q,’l)) = 9 (q 8(] (’Z7Qav) + vav (Zv(L/U)) + Cd(Z7ZO) )

or in the Hamiltonian form

1/ 0OH oOH
H(<7Q7p)+0d2(HV7ZO) < (q

3 8q+p8p)+<<’H”>’

where H,, € T M is the derivative of H with respect to the fiber to T M.
4. Let E be the energy, see Section 2. It can be easily computed (see Section 6)
that

E(0,) = aw?r?,

and the energy of the homoclinic obtained from Theorem 1 satisfies

0 < E(0X) < By = — (I(W) — I(U)).
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5. The integral fR (0X) is not defined for a homoclinic orbit because it has an
oscillating tail. This is linked to the fact that the action

/t L(00,(s))ds
0

is not identically zero. We can nevertheless integrate by parts the expression

[ - = lail - [ ati+wra),

and using the Euler-Lagrange equation

_ oG oG

and a second integration by parts we obtain

) 1 oG 1. oG
LX) = alaiin] + [ GOXo) = 30 G (0X) = 5 5 (0Xo0),

thus the integral can be thought as the action of the homoclinic orbit.

6. Although the setting is Lagrangian, the theory of Bolotin [7] can not be applied
to our problem. Here the whole center manifold enjoys a minimizing property
as used in [7], but the orbits O, themselves do not. This is connected with the
fact that the center manifold is hyperbolic with respect to the full phase space,
while the periodic orbit O,. is not. For that reason, we shall rather search orbits
homoclinic to the center manifold as a whole, and this is why we do not know
precisely which of the periodic orbits O, have a homoclinic.

7. It should be possible to extend Theorem 1 to more general Hamiltonian systems
by using the analysis of [20] or pseudo-holomorphic curves as in [10] and [11],
[12].

1.1 Normalization of the center manifold and persistence of the hypotheses

The hypotheses of Theorem 1 may appear to be very rigid. They imply for example
that there is an invariant plane with elliptic linear motion on it. We see in this section
a general method for normalizing center manifolds i.e. bringing them to a linear
elliptic plane. This requires a change of coordinates and a reparametrisation. These
operations preserve homoclinic orbits. This method can be applied to prove that
the homoclinic obtained by Theorem 1 is not destroyed by a C®-small perturbation
of L.

Theorem 2 Let L be a Lagrangian function satisfying all the hypotheses of Theo-
rem 1, let

Eqy > o (1(W) - 1(V)

be afixed energy and let K be a compact set of T M x R? containing { E < Eg+1}.
Thereisae > 0 suchthat any perturbed Lagrangian L. satisfying || Le—L||cs (k) <
€ has a saddle-center fixed point p(e) and a center manifold C(¢) intersecting each
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energy shell {E = e}, E.(p(€)) < e < Ey transversally along a closed integral
curve of the associated vector field Y. Each of these periodic orbits

Cle)n{E=e}, Ec(p(e)) <e< Ep

is moreover hyperbolic with respect to its energy shell, and one of them has a
homoclinic orbit.

Let us start with some general comments before we prove Theorem 2. We call a
non-degenerate fixed point p of a Hamiltonian vector field on a 2n 4 2-dimensional
symplectic manifold a saddle-center if the linearized vector field at p has one pair of
purely imaginary eigenvalues £iw and if the 2n other eigenvalues have nonzero real
part. By a theorem of Lyapunov, there exists a unique local center manifold, which
is an invariant two dimensional symplectic manifold. There are symplectic coordi-
nates (2, ¥; Jo<i<n around p such that the local center manifold is a neighborhood
of the origin in the plane (xq, yo). The induced flow on this two-dimensional plane
is integrable, and we can choose the coordinates (xg, o) such that the induced
Hamiltonian is H (o, y0,0,...,0) = +f(x3 + y2), with a smooth function f
such that f'(0) = w > 0. There is an increasing function g : (—o0, hy] — R such
that ¢ = f on an interval [0, ho], with some hg > 0. The Hamiltonian function
H = g '(£H/2) is defined on {H < £2f(hg)}. The point p is a saddle-
center fixed point of H, its center manifold is the plane (zg,yo) in local charts,
and H(20,90,0,...,0) = (23 + y2)/2 when 23 + y3 < ho. We say that H has
a normalized center manifold. The important point is that there is a homoclinic for
H if there is a homoclinic for H. Such a homoclinic may be found under additional
hypotheses by applying Theorem 1 to a Hamiltonian system extending H. This can
be done for example when H is a perturbation of a system satisfying the hypotheses
of Theorem 1. Let us now focus our attention on this situation.

The center manifold is globally preserved by a perturbation. To make this pre-
cise, let us consider a Lagrangian given by (1), satisfying [HL] and [HG1,2], and a
one parameter family of Lagrangians L. satisfying

[Le = Lijes < e

and such that L. — L = 0 outside some fixed compact subset K of TM x R2. The
associated Hamiltonian function H. satisfies | H.— H||cs < o.(1)and H.—H =0
outside K. The periodic orbits filling (6, 0) x R? for the unperturbed system L are
hyperbolic, this is proved in Section 6. The persistence of the invariant manifold
can be seen as a particularly simple case of the theory of normally hyperbolic
manifolds in the sense of [19] or [18], or proved directly since the persistence of a
given periodic orbit can be reduced to the persistence of a hyperbolic fixed point
after taking a section and restricting to the energy shell. The perturbed manifold
is smooth, and can be redressed by a global symplectomorphism. This is carried
out in details in [5], where we prove the following: There is a family of compactly
supported symplectic diffeomorphisms @, with ||®. — id||c2 = o.(1) and a family
fe of functions with || f. — id||c2 = o0c(1) such that the manifold &, ((6,,0) x R?)
is invariant for H., and

fe © He © ¢E(00705q7p) = HO(HOaOale)'
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We define the normalized Hamiltonian H, e = feoH.o®,, the associated Lagrangian
L, can be written as (1) with a function G, satisfying [HG1], we have globally
normalized the center manifold. Let us now compute

A*H.(z) - (u,u) = f/(H. 0 Pe(z)) P He(Pe(z)) (dPe(z) - u, dDe() - u)
+ fl(He o ®e(z)) dH (D (7)) 0 d*Pe(z) - (u, )
+ fI'(H. 0 @.(x)) (dH (D ()) 0 dD.(x) - u)”.

—~~

‘We obtain that

|a-H|| , — o0
c? e—0
which implies that
Hif _ L‘ .0, (6)
Cc? e—0
and we also easily see that
L.—L=0 outside K. (7

We use this normalized form to prove Theorem 2.

Proof of Theorem 2. The first step is to replace the Lagrangian L. by a new
Lagrangian, still noted L., which satisfies

ILe — L|jcs < Cke

and such that L, = L outside K. This can be done with a constant C'x- depending
only on K. When ¢ is small enough, the associated vector field has a global center
manifold. We now consider the normalized Lagrangian

L.=a (v2 — w2q2) + C;’e(z7q7v) (z,q,v) € TM xR x R,

as defined above. Let us stress that L. has an orbit homoclinic to a periodic trajectory
C(e) N {E = e} for some e € [E(p(e)), Eo] if L, has an orbit homoclinic to a
periodic trajectory O, for some r satisfying awr? < Ey. We apply Theorem 1
to find such a homoclinic orbit. There remains to check that the hypotheses of
Theorem 1 are satisfied by L.. The Lagrangian L. has been constructed to obtain
[HG1]. The hypothesis [HL] is a direct consequence of (6) and (7) when € is small
enough. It is not harder to see that [HG2] holds with the constant b/2 instead of b
for sufficiently small e. We also obtain from (6) and (7) the existence of a function
c¢(€) > 0 with lim¢_,q ¢(e) = 0 such that

|l~;e - L| < C(G)d2(Z,ZO)

and

0L (orge )+ 02 g, 0)) = (022 g, 0002 20
qaq Z7q”l) 1)61) qu7v q 8q Z7 q?v v av Z’ q?v

< c(e)d2(z, 20)-
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The hypothesis [HG3] is thus satisfied with the constant /2 when e is small enough.
We moreover have the inequality

U =U — c(€)d*(z, 20) < Ge < W + c(e)d?(z, z0) = We.
The estimate (3) now yields

‘I(We) - I(Ue)’ :) ’I(W) - I(U)"
It is possible to apply Theorem 1 to L, when € is small enough, and get a homoclinic
orbit to O, with

2

1.2 Perturbation from product systems

Let us first consider the case where G does not depend on (g,v). We can set
U = G = W in the notations of Theorem 1, and

Qlq,v) = a(v® —w?¢®), (q,v) €R®

The system L is the uncoupled product between the linear oscillating Lagrangian
system (Q on R and the Lagrangian system U on M. It is well known that if [HU1,2]
hold the Lagrangian system U has an orbit A(¢) homoclinic to 6, see Section 5.
This can be recovered from Theorem 1. The hypothesis [HG3] always holds in this
case, and Theorem 1 gives the existence of an orbit homoclinic to (g, 0) for L,
which of course implies the existence of the homoclinic of U. All the orbits O,
have a homoclinic for L in this case, given by

h.(t) = (h(t), r cos(wt)).

Let us now come back to the general case of a function G(z, ¢, v). The theorem
1 can be seen as a perturbation result when a coupling is introduced in a product
as above. Elementary dimension considerations show that the saddle-center fixed
point do not have any homoclinic orbit in a generic coupled system. The theorem
1 yet gives the existence of an orbit homoclinic to some periodic orbit O,. if [HG3]
holds. In view of the estimate (3) the quantity I(W) — I(U) is a measure of the
coupling, and we obtain that the radius r tends to zero when the coupling tends to
0. The orbit obtained by Theorem 1 can be considered as the continuation of the
orbit homoclinic to the fixed point that existed in the uncoupled system. Moreover,
the hypothesis [HG3] is satisfied when the coupling is small since it can be written

1

B (qﬁai —H)(Zf) — O < U —cd*(2,2)
if we separate the main part U and the coupling perturbation C of R: G(z,¢q,v) =
U(z) + C(z,q,v), and it is satisfied for example when

ocC ocC
qa—q v—o| < ed*(z,20)

+(%

|c+]
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with a sufficiently small e. Shortly, The homoclinic orbit to the fixed point that
existed in the uncoupled system is turned to an orbit homoclinic to O, when the
coupling is introduced, with r as small as the coupling is small, and this homoclinic
exists as long as [HG3] holds. Combining this with the methods of the preceding
subsection, we obtain

Application 1 Let us consider a smooth one parameter family L. of Lagrangian
systems such that

Lo(z,q,v) = (v2—wq)—|—U(z), (z,q,v) eTM xR xR

satisfies [HL] and [HU1,2]. There is an ¢y > 0 and a function e(e) > 0 satisfying
lime,0e(e) = 0 such that for € < € the system L¢ has a saddle-center fixed
point p(e) and a center manifold C(¢€) intersecting transversally the energy level
E1 (e(e)) along a hyperbolic periodic trajectory which has a homoclinic orbit. O

€

1.3 Singular perturbation
The case w — oo is of physical interest. Let us consider a system
L¥(z,q,v) = a(v® —w?¢*) + G(2,9), (2,¢,v) € TM x R xR,

and set
Go(z) = G(2,0), ze€TM.

When w is large, the term aw?¢? in L can be seen as a potential confining the system
on the subspace M x {0} of the total configuration space M x R. Taking w — 0o
approximates the case of a holonomic constraint, see [1], chapter 4, or [2], p 41. At
the limit, the configuration of the system is forced to stay in M = M x {0}, and its
evolution is described by the Lagrangian flow of G on T'M. Let us suppose that
there is a critical point zo = (6p,0) € T'M of G such that Go(zp) = 0 and

HG2 : There is a b > 0 such that Go(2) > bd?(z, 20).

The point zo = (6, 0) is then a hyperbolic rest point of the limit flow (the flow of
G) and there is an orbit of Gy homoclinic to this fixed point, see Section 5. It is
interesting to study the limit process and describe what remains of this homoclinic
orbit in the total flow for large but finite w. We will furthermore assume that G
satisfies

HG1 loc : There exist an € > 0 and a continuous function C(g) such that, when
lg| < e, G(20,9) =0, dG(z9,q) = 0 and

e | < (e )

for all z.

Example. Let us consider a pendulum, in the plane or in space, where the bar is
replaced by a stiff spring which has variable length but remains always straight, see
Fig. 1, page 123. The Lagrangian of this system can be written

L(ov év q, q) = qQ - (.4}2112 + (lO + q)20.2 + (ZO + Q)(l — CO8 @(0))
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where § € S? is the direction of the spring, ¢ (#) is the angle between the spring
and the vertical axis pointing up, and [y + ¢ is the length of the spring, [y being
its length in the unstable equilibrium position. Let us call 6 the vertical direction
pointing up, that is the direction of the unstable equilibrium. It is not hard to check
that both hypotheses above hold for that system. There is an unstable invariant
manifold (8,0) = (6,0) filled with oscillations of the spring. In view of the
application below, one of these oscillations has a homoclinic orbit if the spring is stiff
enough. The whole structure, center manifold and homoclinic orbit, is preserved by
a small perturbation. The homoclinic of the stiff elastic pendulum can be seen as the
continuation of the homoclinic that exists in the rigid pendulum, which is the limit
system when the stiffness tends to infinity. Note that the energy of the homoclinic
orbit does not tend to zero in general when the stiffness tends to infinity (or at least
we can not prove that it does) although the length of the spring is converging to lg.
The homoclinic has small but fast oscillations.

Application 2 Let us consider a Lagrangian L“ as defined above, satisfying the
hypotheses [HG2] and [HGI loc]. The point (20,0,0) is a saddle-center fixed
point of L*. It has a center manifold z = zy, which is filled with the periodic orbits
0¥ = {v? + w?q? = w?r?}. There is an energy E, > 0 such that

T

— When w is large enough there is an orbit h* = (,z‘"7 q“, q“’) of L¥ homoclinic
to OF with
1 /E
r< =y —=;
wV a

— The orbits h* converge to M in configuration space:

1g°lloc —— 0;
w—00

— The functionw — [ d*(z*, 29) is bounded;

— For any sequence w,, — oo, there is a subsequence p,, a finite number m of
Ofbits Z" of Lo homoclinic to zy and m sequences t;, such that limy,_, oo (t;“‘l —
t;) = oo and

) Ch.
2 (t—th) ﬁ Z'(t)

- If w is large enough and fixed, there is an € > 0 such that any Lagrangian
system L satisfying ||L L¥||¢s < € also has a saddle-center fixed point with
a center manifold and an orbit h homoclinic to this center manifold and such

that E(h) < Eu
Remarks.

1. The limit configuration space M = M x {0} is not invariant for L* hence the
fixed point (zg, 0, 0) does not have any homoclinic orbit in general (its stable
and unstable manifold have dimension n in a 2n + 1-dimensional energy shell).

2. The energy E“(h®) is bounded, but does not converge to zero, or at least we
can not prove that it does. It should be interesting to understand whether this is
only a side effect due to our approach, or whether it has a physical meaning.
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3. It should be possible, when M is not simply connected, to prove that the z* is
actually converging to a single homoclinic of L.

4. The hypothesis HG1 loc is an unpleasant restriction, assumed in order that
Theorem 1 can be readily applied. It is not hard to see however that even
without this assumption a saddle-center exists in L for large w, and it may
be possible using the techniques of Section 1.1 to prove that the phenomenon
described in the application still occurs.

5. Adding more than one degree of freedom makes things much harder. Even in
the ideal case where a center manifold foliated by quasi-periodic tori would
exist, there would remain the problem that the intersection between the center
manifold and an energy shell would contain families of such quasi-periodic
tori, in contrast with our situation where each periodic orbit is the intersection
between its energy shell and the center manifold. Moreover, this ideal case is
not as rigid as our case, since some of the invariant tori are usually destroyed
by a perturbation.

6. The classical pendulum is described by the Lagrangian

Go(0,0) = [|8]> + (1 — cos ), 6 e St

It is well known that integrability can be destroyed and chaotic behavior turned
on by a time-dependent small perturbation. Let us consider a system

L¥(0,0,q,4) = ¢ — w’¢® + G(0,0,q), (0,q) € S' xR

with G(6,60,0) = Go(6, §), satisfying the hypotheses of the application. The
homoclinic orbit obtained by the application can be made transversal by a small
perturbation of G. This is a new way, also physically relevant, to introduce
chaotic behavior in the classical pendulum.

Proof. We are interested in trajectories located around ¢ = 0, and it is first necessary
to change the Lagrangian function outside a neighborhood of ¢ = 0. We need a
smooth function ¢ : [0, 00] — [0, 1] such that ©|jg 1) = 1 and ¢|[2 ) = 0 and
0> ¢ > —2. Letus fix § > 0 and define

Gs(z,q) = 0(q/6)G(z,q) + (1 — ¢(q/0))Go(z).

It is clear that G5 satisfies HG1 when ¢ is small enough. To check the other hy-
potheses of Theorem 1 let us first notice that hypothesis [HG1 loc] gives a constant
C such that

|G — Go| < 2C8d*(2,2) and ‘Zj < Cd*(z, 2)
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when || < 26. It follows from the first estimate above that G5(6, ¢) > bd>(z, z) /2
when 4 is small enough. In view of the calculation

Gs = 505t = a/9)G + (1~ 9(a/3))Go

~50 (wlar) 52+ (6 - Go)e' a0
> Go = (o(0/3) = ¢ (4/9) G ~ Gol ~ 55(a/0) |
> Gy — 66C d*(z, 20),

the hypotheses HG2 and HG3 are both satisfied with the constant b/3 when J is
small enough. We also obtain that

= Go(2) — 200d°(z, 20) < G5 < Go(z) + 2C8d* (2, 20) = W,

and (3) yields
I(W5) — I(Us) < C9,

where C' is a new constant that does not depend on §. We are now in a posi-
tion to apply Theorem 1 to L§ = a (v? — w?q?) + G5(z, ), and obtain an orbit
h§ = (2%, ¢¢, ¢§') homoclinic to O, with r < B4/d/w, where B is a constant
that depends neither on w nor on §. We shall use energy conservation to localize
the obtained homoclinic. Let us consider the function G, : z — G(z,¢) as a
lagrangian on T'M, and let E; be the associated energy. A simple calculation in
local coordinates shows that the energy function E¥ associated with LY is

E$(2,q) = a (v’ + w?¢®) + 0(q/0)Eq(2) + (1 — ¢(q/8)) Eo(2).

The term ¢(q/6)E,4(2) + (1 — ¢(q/d)) Eo(z) is clearly bounded from below by
a constant that does not depend on § < 1. Writing energy conservation along h¢
thus yields

w?|¢¢? < B*w + C.

The homoclinic h§ is thus an orbit of L* if
w262 > B?%6w + C.

Let us now choose 6 = [/w, where (3 is a sufficiently large fixed number, the
inequality above is satisfied and the homoclinic h* = hf,, = (2¥,¢,¢”) is a

trajectory of L*, of bounded energy E“ (h*) < E*° = aB?03, and satisfying

8G5/w
Gyo(hy) — = B Ws).
/ 3/ q 94 (%) < I(Wp/)

In view of HG3, this estimate yields

/dz(z“’,zo) <C.
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The function G4(z) = G(z, q) is a fiberwise convex Lagrangian on T'M for all g.
Let us call Y;, the associated vector field. The curves z* satisfy the Euler-Lagrange
equation

2(t) = Yoo ) (2*(1))
hence 2 is bounded in C1 (IR, T'M ). Moreover, since ||¢*| — 0, any limit curve
z°° of z% satisfies the Euler-Lagrange equation

22(t) = Yo(2>(1)),

where Y is the Euler-Lagrange vector field of Gy. It is not hard to see that there is
a constant C' > 0 independent of w such that all orbit Z of Gy homoclinic to zg,
satisfies [ d?(Z, z0) = C, and all orbit X = (Z,Q, Q) of L* homoclinic to the
center manifold z = z( and lying in E¥ < E satisfies ||d(Z, z0)||cc = C. One
now applies the concentration compactness principle, see [29], 4.3, to the function
d?(2(t), z0) in order to prove the last point of the theorem, see [14] for the use
of concentration compactness with homoclinic orbits. In our situation, vanishing is
impossible since ||d?(2*, z0)||oo = C?, while only a finite number of bumps can
appear since each bump satisfies [ d*(Z?, zp) > C. To finish, the persistence is a
direct consequence of Theorem 2. O

2 Lagrangian and Hamiltonian systems

We recall in this section some standard facts abound Lagrangian and Hamiltonian
systems. This is an opportunity to introduce some notations and to state a simple
estimate of the energy function that will be used throughout the paper.

Let N be a manifold, TN -~ N the tangent bundle and 7" NV L) N the
cotangent bundle. The lifting dx of a curve z : R — N is the curve

or:R—TN
t— dx(t, 1).

We consider a smooth Lagrangian function L : TN — R, that is convex on each
fiber with uniformly positive definte Hessian. The fiber derivative L,, of L is well
defined, and the application

¢: TN — T*N
v —> Ly (v)

is a diffeomorphism. We can associate to L an energy function

E:TN —R
v ($(v),v) = L(v)

and a Hamiltonian function
H:T*N — R
pr—Eo¢ ' (p) = (v,¢ ' (v)) — L(¢~ " (v)).
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There is a canonical symplectic structure 2 on 7 M, and we associate to H its
Hamiltonian vector field X defined by the equation ix {2 = —dH. Let us define
the action £(z) of a smooth curve z : [to, t1] — N

Liz) = / ' L(0x(t)) dt,

to

we say that x is a trajectory of L if it is a critical point of the action with respect
to fixed endpoints variations. A curve x : R — N is a trajectory of L if and only
if its restrictions to finite time intervals are trajectories of L. We will pay special
attention to the periodic trajectories of L. Let 7" > 0 be a fixed period, a T-periodic
curve z : R — N is a trajectory of L if and only if the loop x|, is a critical
point of

Lr(z) = /0 L(z)

on Cf = {z € C'([0,T],M) /x(0) = z(T)}. There is a one to one correspon-
dence between trajectories x of L and integral curves z of X, given by

r—z=0¢0x), z—z=1"(z2).

As a consequence, there is a vector-field Y on 7'M such that x is a trajectory of L
if and only if Oz is an integral curve of Y, and we have

Y(2) = (dg.) " (X(4(2)).

In any canonical chart (g, v) of T'M, the trajectories of L satisfy the Euler-Lagrange

equations

2O 40 4(0) - %{;(q(t),q(t».

The Hamiltonian function H is invariant along integral curves of X, and the energy
E is invariant along integral curves of Y hence E(Ox) is constant if z is a trajectory
of L. This construction can be reversed. Let H : T*N — R be a Hamiltonian
function. If the mapping

%:TN — TN
z+— Hy,(z)

is a diffeomorphism, which happens when H is fiberwise convex and proper, we
define

L(z) = (%,97'(2)) = HW ™' (2)),

the associated mapping ¢ is the diffeomorphism ¢ = 1) ~!, and the correspondence
described above between orbits of L and integral curves of H holds. Let us now
come back to our main subject of interest and estimate the energy F associated
to (1). We assume [HG1-4] and [HL]. Note that the configuration space of L is
N =M xR.
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Lemma 1 Let L be a Lagrangian given by (1) , satisfying [HGI-4] and [HL)].
There is a constant C' > 0 such that

B(2,0,0) - a(0® + %) | < Cd(2, 20) ®)
Sorall (z,q,v) € TM xR x R.

Proof. Let us consider the energy F, on T'M associated with the Lagrangian G o,
as defined in [HG4]. It can be computed in local coordinates that

E(z,q,v) = a(v’ + w’¢*) + Ex(2)

when z € B, and that
Eo(2) = a2|?

outside K. Recall that K and B are defined in [HG4]. It follows that the function
|Eoo(2)]/d (2, 20)

is bounded at infinity, and it can be checked from [HG1] (using local expression
(10) below) that it is bounded around zg, and thus bounded. It follows that the
function

|E(z,q,v) — a(v® + w?q?)|/d*(2, 20)

is bounded outside B. It also follows from [HG1] and the local expression (10)
below that this function is bounded in a neighborhood of B N {z = 2}, and thus
bounded everywhere. O

3 Sketch of proof of Theorem 1

‘We obtain the homoclinic orbit as limit set of a sequence of periodic orbits obtained
by a variational method. We first have to solve a technical difficulty. The statement of
Theorem 1 involves no growth conditions while such conditions are needed to define
appropriate functionals. These conditions can be artificially obtained by changing
the Hamiltonian at infinity, since the behavior we are describing is localized in a
compact zone E' < Ej, where E is the (proper) energy function and

(1W) - 1(V)).

w

Eyg=—
0 2

Proposition 1 If the conclusions of Theorem 1 hold for any Lagrangian function
satisfying all the hypotheses of Theorem I and the additional hypothesis [HG4],
then Theorem 1 holds.

This proposition is proved in Section 4 by changing the Lagrangian function at
infinity. It is thus sufficient to prove Theorem 1 for Lagrangian functions satisfying
the additional Hypothesis [HG4]. We will use periodic orbits of

LI(Z,(],’U) =a (U2 - 12(4)2(]2) + G(27Qav>7 (Z7Q7 U) € TM x R X R
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obtained as critical points of the Lagrange action functional

T
£4(X) = / Li(OX)

defined on T'-periodic loops. The critical points of £; are precisely the T-periodic
solutions of L;. We will see in Section 8, that it is possible to find a critical value
er(l)of £y forall T = 277 /w, 7 € N,and all [ € (1,1 + 1/7). This critical value
satisfies

Ir(U) < er(l) < Ip(W),

the numbers I (U) are defined in Section 5 together with the numbers I (U). Since
the function | — c¢ (1) is non-increasing, there is an [(T') € (1,1 + 1/7) such
that ¢/ (I(T')) exists and |- (I(T))| < 7(Ir(W) — Ir(U)). We use this to find a
critical point X7 = (07, qr) of Lyr) atlevel er(I(T')) such that

oL (Xr)

2U(T)a? gz = \ <1+ 1 (UT)| < FIr (W) = Ir(U)) + 1.

ol 1)

The periodic orbit we obtain is not trivial i.e. 07 # 6y, because it has nonzero
action. All this is detailed in Section 8, where we prove

Proposition 2 For all 7 € Nand T = 277 /w, there exist a parameter [(T) in the
interval (1,1 +1/7) and a trajectory Xt = (07, qr) of Ly(r) such that

| 1
— < - _ =
Hlarl < o (B0 - 120+ 1),
Lyry(Xr) = cr(U(T)),
O = 0y.

‘We now use the periodic orbits given by Proposition 2 to build the homoclinic orbit.
Since I(U) = lim infr_,» I7(U), see Section 5, we can extract a subsequence T},
of T' such that

1
Tfﬂ”é]ﬂ 5 —17/2
with a radius
Lo JI) 1),
2maw

We obtain a sequence X, of T),-periodic orbits of L;(r,,) which satisfies

UT,) —1
T, — oo,
Ly, (Xn) < I(W),
lgnl[* /T — 72/2,
- Gn §—é 60,
and we prove in Section 7 that a homoclinic orbit can be found as an accumulation

point of this sequence. Moreover, this homoclinic orbit satisfies all the conclusions
of Theorem 1. m|
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4 Control at infinity

All the systems considered in this paper are autonomous, and preserve an energy
function. It is thus possible to change the Lagrangian function at infinity without
changing the flow on prescribed compact energy shells. This observation is the basis
of the proof of Proposition 1. The details are not simple since fiberwise convexity
has to be preserved during the process. We now prove Proposition 1.

Let us consider a Lagrangian function L = a(v? —w?q¢?) + G satisfying all the
hypotheses of Theorem 1. We build a new Lagrangian function that is equal to the
old one on E < Ej and that satisfies all the hypothesis of Theorem 1 and [HG4].

Recall that w
(W) — I(U)).

EOZ%(

First step: Let Ky be a compact subset of 7'M, we first build a function G; on
TM x R? such that

Gi1(z,q,v) = G(z,q,v) when z € K,
Gl(zaCLU) :CY||Z||2 whenng

for some v > 0 and some compact set K C T'M, and G +av? is fiberwise convex.
Let us set d = sup,¢ g, ||z(|. There exists a d; > d such that for all o > 0 there
exists a convex function f, : [0,00) — [0, co) satisfying f,(z) = 0 whenz < d
and f,(z) = ax? when x > d;. We now consider a function ¢ : Rt — [0, 1]
such that ¢(x) = 1 when x < dy and p(x) = 0 when = > dy for some dy > d;
and we set

G1(2,0,v) = (121G (2 0,0) + falll2]2).

It is easy to see that the function G + av? is fiberwise convex except maybe on
the compact set d; < ||z|| < da. To prove that Gy + av? is also fiberwise convex
ond; < ||z|| € dz we will use a local canonical chart z = (6, v) of TM and prove
that the function G + av? is convex in (v, v) on d; < ||z|| < d. We first note that

dy(Gr + av?) = o(||2])d3G + 2a

is positive since d2G + 2a is positive. On the other hand, it is not hard to see that
given 3 > 0 one can take « large enough so that d2G; > BId on d; < ||z < da.
Since the cross derivatives d,d,,(G1 + an) do not depend on «, one can check that

the Hessian
d2(Gy + av?) dyd,(G1 + av?)
dydy(G1 + av?) d%(Gy + av?)

is positive definite when « is large enough. The function G + av? is thus fiberwise
convex, as well as the function L; = a(v? —w?¢?) + G. The function G| satisfies
[HG1-3] with the same constant b. Let us define the functions

Ui(2) = o([1z1)U(2) + fa(ll2l*), ©)
and W7 in the same way, so that

Uy <G < W
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If « has been chosen large enough, the functions U; and W are fiberwise convex
and satisfy

Ui(z) =U(z) and Wy(z) = W(z) when z € K
and
Ui(z) = Wi(2) = a||z||* whenz ¢ K.

If K is sufficiently large, the definition of I is I(U) = I(Uy) and I(W') = I(W1)
(see Definition 2 of Section 5). So the maximal energy F\ has not been changed.

Second step: We now want to control the behavior for large v. Let By be a compact
subset of TM x R2, we will define a function G such that G = G; on By and
G=U 1 outside a compact subset B D By. To do this we first observe that Uy — G
is bounded, which easily implies that d, G is bounded since d>G; > —2a. We
now take a compactly supported function ¢ : R? — [0, 1] such that ¢(g,v) = 1
when there exists a z € TM with (z, q,v) € By, and such that ||d¢||c: < € and
qdq¥ + vdyyp < 0. The function

G(2,q,v) = ¥(g,0)G1(2,4,0) + (1 = (g, 0)) U1 (2),
satisfies [HG4] with G, = U;. With the notation z = (6, v), we derive
3= d2Gy + (1 —¥)d*U,
d, d = d,d, Gy + dyp(d,G1 — d,Uy)
dyG = PdiGy + diy (Gy = Uh) + 2dup duGr,

and get

|2, (Crav®) v, ) (Grav’)—(1 = )d2, , (Ur+av?)|  —— 0,

e} e—0

which implies that G is fiberwise convex when e is small enough. The function G
moreover satisfies [HG1-2] with the same constant b and [HG3] follows from :

1 ~ ~ 1
G = 5(adyG +vdoG) =1(G1 = 5 (4dyG1 +vduGr) )

1
+ (1 —=)Us + §(U1 — G1)(qdgtp + vdy1))
> Pbd?(z,20) + (1 — P)bd?(2, 20) = bd*(z, 20).
The function L = a(v? —w?¢?) + G satisfies all the hypotheses of Theorem 1 with

the same constants a, b and w, and with U and W replaced by U; and Wj. Let us
assume that Ky and By have been taken large enough so that

{E < Eo} C BN (Ko x R?).

If the conclusions of Theorem 1 hold for L, they give the existence of a ho-
moclinic of energy below Ej, this orbit is also an orbit of L since the function
have not been changed in this region, the conclusion of Theorem 1 thus hold for L. O
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5 Systems with a hyperbolic fixed point

We now define the number I (U) for a fiberwise convex LagrangianU : TM — R
satisfying [HU1-2]. These hypotheses imply that z is a hyperbolic fixed point of
the system, see Section 6, and that it has a homoclinic orbit. Homoclinics for this
kind of Lagrangian were first studied variationally by Bolotin [6], and then by
several authors (see e.g. [3],[27]). These works have also been extended to more
general Hamiltonian systems in [17] and [11], [12]. We just give here a presentation
of these results that will be useful in the proof of Theorem 1. We shall first study
Lagrangians U with the additional hypothesis

HUS3 : There exists an « > 0 such that U(z) = «l|z||? outside a compact set of
TM.

Although we are interested mainly in the homoclinic orbit, we shall use a variational
setting for T-periodic orbits of U: Let A7 be the manifold of H!-loops

v: S =R/TZ — M,
the action functional

L{T:AT—>R

’w—)/o U(y(t)) dt

is smooth and satisfies the Palais-Smale condition. We note H the rational coho-
mology. A pointed set (.S, s) is a set S with a distinguished element s € .S. We will
use the notation H (.S, s) for the relative cohomology H (S, {s}). For any closed
subset .S of Ar containing the constant loop 6 = 6 we consider the morphism

’Lg : H(AT, 9(]) — ]:.[(S7 90)
associated with the inclusion.

Definition 1 We call X1 the family of all compact subsets o of Ar containing 6
and having induced cohomology, i.e. such that i, # 0.

The distinguished level
Ip(U) = inf supUr

ceXT o
satisfies:

Lemma 2 There exists a constant M > 0 independent of T such that0 < I7(U) <
M.

Proof. To prove that I7(U) > 0, we take a small disk D € M centered at 6y,
and let A7 (D) be the set of H! loops in D. It is not hard to see that A (D) is
contractible, thus 7%,y = 0 and i; = 0 for all o C A7 (D) containing 6. From
this follows that all 0 € X must contain a curve leaving D. Such a curve has its
action bounded away from 0. To prove the second inequality, let us introduce the
set of loops starting at 6

A% = {6(¢t) € Ar / 6(0) = 6y}.
We need the
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Lemma 3 There exists a compact subset K C AY such that i # 0.

Proof of Lemma 3. This is very classical, and we shall only outline the proof.
If M is not simply connected, there is a non contractible curve v € AJ. We
take K = {v,6p}, and see that i}-(H°(Ay,6p)) # 0. Things are much harder
when M is simply connected. Let us set C = C°(S', M) and C° = {y €
C°(St, M) / v(0) = 6p), the inclusion i, : (A% 6y) — (A,6p) is homo-
topy equivalent to the inclusion ic : (CY,0y) — (C, ). A theorem of Sullivan
gives the existence of infinitely many nonzero rational Betti numbers of the space
CO(St, M) if w1 (M) = 0, see [30], page 46. Then, we consider the Serre fibration

C — M
v+ (0)
of fiber C° to prove that ¢c* is nonzero, hence z'jlo is nonzero. We now use

broken geodesics approximation, see [8], to find a compact K representing this
cohomology. O

Proof of Lemma 2. For any T > 1, we can extend loops in AY to [0, T by fixing
them in 6 outside [0, 1], this defines the injection

gt + (A9,60) — (A%, 60)
0(t) — jr(0(t)) = 0(min(1,1))

which is homotopic to the diffeomorphism

(/1(1),90) — (A(T)“?QO)
o(t) —s Sr(6(1)) = 6(t/T).

It follows that j7(K) € X, thus

I7(U) < sup Ur = suplh
Jr (K) K

because the trajectory ¢ — 6 has zero action. This ends the proof of the lemma
since supy U is a finite number. o
There is a T-periodic trajectory v such that Uy () = I7(U). We shall not prove
it since it is very classical, and involves arguments simpler than those of Section 8.
Here non-trivial means that yp # 6. We can define the number

I(U) = liminf I (U).

T—00
There must be a nontrivial homoclinic orbit to zy such that
o0
| ve@a <1,

we obtain it as an accumulation point of the sequence 7 of periodic orbits, compare
Section 7. The following proposition is useful for applications
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Proposition 3 The function U — I(U) is increasing and continuous:
U<SW=IU)<I(W)

LIOV)| W) = UG)
()| . bd?(z, 2g)
forall U and W satisfying [HUI-3]. Recall that b is the constant of [HU2].

Proof. The monotonicity is clear, we shall prove regularity. Let us set

_ . W(z) - U()
A= Sgp bd?(z, zp)

we obtain using [HU?2] that
(1I-XNU<W L1+ MU

This yields
(1= NI (U) < I (W) < (L+ NIz (U).

We thus have for any T’

3

’ I (W)

Ir(U)
and we obtain the proposition by taking the limit. o
Let us come back to Lagrangian systems U on 7'M satisfying only [HU1,2] but
not [HU3]. The energy function Eys is proper and the sets Ef; = {Ey < e} are
compact. Let &y be the set of all Lagrangians U; satisfying [HU1-3] and such that
U, = U on £, for some e > 0. Elements of £ can be constructed by the methods
of Section 4.

Definition 2 For all Lagrangian function U satisfying [HU1,2], we set
I(U) = I1(Uh)

for any Uy € Ey. The proposition 3 holds for U and W satisfying [HU1,2] with
this extended definition of I.

Proof. One has to prove that the number I(U;) does not depend on the choice of
the Lagrangian U; € &. Let us take two Lagrangians U; and Uy in &y, define
U = tUr + (1 —t)Uy, t € [0,1], and let F; be the energy function associated
with Uy. There is an energy e > 0 such that Uy(z) = U(z) for all z € Ef; and
all t € [0, 1]. The Lagrangians U, satisfy [HU1,2] with the same constant b, and
Uy = a¢|z||* at infinity hence E; = oy|z||? at infinity. Since ay, t € [0,1] is
bounded there is a constant C' > 0 independent of ¢ such that E; < Cd?(z, 2),
see Lemma 1. For all T > 0 there is a T-periodic trajectory % of U, such that
Uk (~L) = Ir(U;). One can build by the methods of Section 4 a Lagrangian
Us € &y such that Uz > max(Up, Uy) and thus Uy > U, for all ¢ € [0,1]. Tt
follows that Uk (vh) = I7(U;) < Ir(Uz) is bounded, and
/
B < 5 [ @O0 < 1 [Uion) < 5
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As a consequence, there exists a Ty > 0 such that all the periodic orbits 9+ with
T > Ty are contained in { E; < e}, which is nothing but Ef . The curves 7% with
T > Ty are thus all trajectories of U and of Uy, and the value I'7(U;) is critical
for the Lagrange action U2 associated with Up. The set of critical values of U2 has
measure zero. This is a non-trivial application of Sard’s Theorem, see for example
[12], Lemma 3.1, for aresult of this kind. On the other hand, we see from Proposition
3 that the function ¢ — I(U;) is continuous, hence constant since it takes values
in a set of measure zero. We have proved that I-(Uy) = Ip(Up) when T is large
enough, hence I(Uy) = I(Uy), and the definition is meaningful. We now prove that
Proposition 3 holds with this extended definition. Let us consider two Lagrangian
functions U and W satisfying [HU1-2]. We use the construction of Section 4 to
build distinguished elements of &, and . We take K containing E[Oj and EgV
in its interior, and define U; € &y and W7 € &y by the same expression (9). It
is clear that U; < Wy if U < W, and that |[I(Uy) — I(Wy)| < |I(U) — I(W)].
Proposition 3 for U; and W3 thus implies Proposition 3 for U and W. O
Let us now come back to the full system.

6 Local structure

In this section, we focus on the vicinity of the center manifold z = zy. Let us define
the balls Ds = B(6y, ) € M and Bs = B(zp,0) € T M. We will work in a local
chart of M around 6, that is we identify Ds with a neighborhood of 0 in R™. The
local form of the Lagrangian function is

L(G,V7q,1}) =a (U2 - w2q2) + G(03V7Qav)a (9,1/,q7’0) € D5 X R™ x R x Ra

and we can compute the associated energy function, see Section 2

E(Q,u,q,v) :a(v2+w2q2) + <y’ Zf) + (’U,ij) - G. (10)
The hypothesis [HG2] implies
[HG2 loc] :
0?G
9(0,v)? (
We will only use this local minimizing property in this section. The following
lemma will not be used in the sequel, but Lemma 5 below is the key to nontriviality.

0,0,q,v) > b.

Lemma 4 (Description of the local orbit structure) If the hypotheses [HGI]
and [HG?2 loc] are satisfied, the flow has a saddle-center fixed point (0,0) €
Bs x R? with a 2-dimensional elliptic space and a 2n-dimensional hyperbolic
space. The center manifold of this saddle-center fixed point is the invariant plane
{0} x R? C Bjs x R2. The flow on the center manifold is linear elliptic, and the
center manifold is foliated by the trajectories

O, (t) = (0,7 cos(wt), —wrsin(wt)).

Each of these periodic orbits is the intersection between its energy shell and the
center manifold, and is hyperbolic with respect to its energy shell (but not with
respect to the full phase space).
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Proof. Let ¢ : TM x R? — T*M x R? be the diffeomorphism defined by
fiberwise derivation, see Section 2. We have the expression in local coordinates

oG oG

¢(07VaQ7U) = (07 57(]720’1)_'_ 8’1}) )

hence ¢({0} x R?) = {0} x R? and the Hamiltonian H = E o ¢! can be written

1
H(9,¢,q,p) = @29 + aw?q® + R(0,¢, q,p)

where R = O(||0]|? + ||¢||?). It follows that the plane {0} x R? is invariant for the
Hamiltonian flow, and foliated by the periodic orbits

O,(t) = (0,0,7 cos(wt), —2awr sin(wt)),

we apply ¢! to obtain the expression of the associated orbits of Y. We now prove
hyperbolicity. The hypersurface

Y ={(z,q,v) €TM xR?* /g>0andv =0} = TM x R}

is transversal to the flow around {0} x R}, and we define the associated Poincaré
return map @. Let us fix ar > 0, we want to study the eigenvalues of modulus 1 of
the linearized map d®(0, r). Note that D (o, g+ = Id, thus dD(0,7) (0} xr = Id.
It follows that for all € > O there is a fully resonant approximation ¥ of d®(0, )
such that

1¥(g, z) — d®(0,7)(g, 2)I| < el|z]].

By fully resonant, we mean that all the eigenvalues of modulus 1 of ¥ are roots of
the unity. We can moreover take e small enough so that ¥ and d®(0, r) have the
same number of eigenvalues of modulus 1. Since ¥, {0} xRE = 1d there exists a

neighborhood of (0,7) € X' where
[®(2,q) — d(0,7)(2,q — 1) = (0,7)] < ef[2]|*.

As a consequence, there exists a function (7 satisfying [HG1] and [HG2] with a
smaller constant b; and such that Poincaré map ¢, of the flow associated to

L1(97V7q5v) =a (UQ —W2q2) +G1(9aV7Q7U)

satisfies @1(z,q9) = (0,7) + ¥(z,q — r) in a neighborhood of (0,7). Let us
consider an eigenspace of ¥ associated with a pair of eigenvalues of modulus one,
which are therefore root of the unity. This eigenspace is filled with periodic points,
moreover given d > 0 there exists a neighborhood of 0 in the eigenspace such that
all the points in this neighborhood have their ¥-orbit contained in the zone where
b1(z,q) = (0,7) + ¥(z,q — r), and such that the periodic orbits of L; associated
with these @1 -orbits are contained in Bs x R%. We now apply the lemma 5 below
to L; and obtain that the periodic orbits we just constructed must be the trivial
ones, corresponding to the fixed space {0} x R of ¥. As a consequence, the
linearized Poincaré map d®(0, r) can have no eigenvalue of modulus 1 except the
one associated with this fixed space. O
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Lemma 5 Let L be the Lagrangian function (1) with a function G satisfying [HGI-
2], there is a two-parameters family of periodic orbits of L

O(t) = (Bp, 7 cos(wt + ¢)),

and there exists a § > 0 such that they are the only periodic orbits satisfying
Ox € Bs X R2.

Proof. We work in local coordinates as described above. The trajectories lying in
Ds x R satisfy the standard Euler-Lagrange equation

406 _ 96
dt ov 06

As a consequence of [HG?2 loc] there is a 6 > 0 such that

G\ _ b, ., G\ _ b,
V> Z V> 2
(w5 )= glole ana (0,55 > 2ol

in Bs xR Letus now considera closed trajectory (6(t), ¢(t)) such that (6, 8) € B,

the equation
oG d 0G . 0G
[oae) =S viar) =] (5)

yields

b ) d G b [
= < —— V< —= )
2/II9H \/ <9, g 8y> < 2/HHII
It follows that [|4]| = ||4]| = 0. O

7 Convergence of sequences of periodic orbits

In this section, we prove the convergence of good sequences of periodic orbits to
homoclinic orbits. We first state the strong minimizing property of the subspace
zZ = Z0.

Lemma 6 Any T-periodic trajectory X = (0, q) of L satisfies

T
Lr(X) > b/ d(00, ).
0

Proof. If X = (0, q) is a trajectory, ¢ must satisfy the first Euler-Lagrange equation

oG d [(0G
. 2 _ = el
20 (4 wq)_c?q dt(av)'
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If X is closed, we can integrate by parts to write its action

E(X):/ q (§+w’q) +G(09,q,9)

q,q
(e L9 L [ L (2
28q 2%t \ov )

and integrating by part again the last term,
1 OG 1.0G
— g — 24— = b [ (06, %)>.
/G 2700 / (96, 20)
O

This lemma roughly implies that if there exists a sequence of periodic orbits of
L of unbounded period and bounded action, there must be an orbit homoclinic
to the center manifold. Unfortunately, there is no confinement in the ¢ direction,
and we must have some estimate of the ¢ part of the periodic orbits in order to
be able to prove convergence. As explained in the sketch of proof, we must allow
the parameter w to vary. Consider now a sequence w,, of pulsations, with a limit
w, and the associated Lagrangian and action L,, and £,,. We have the following
convergence property:

Proposition 4 [fthere exista constant M, a radius r and a sequence X,, = (0, qn)
of T,,-periodic orbits of L,, such that

- T, — o0,

- En(Xn) g M,

- H‘I71H2/Tn - 7"2/2)
- 0, # 0o,

then there exists an orbit X oo = (00, qo0 ) homoclinic to O,. and such that

1 0G 1. 0G
_ il 4 < .

Proof. Since 0,, £ 0y, Lemma 5 implies that 06,, does not stay in Bs. We can
consider 6, as a periodic curve defined on R, and by changing time origin, we can
require that

d(06,,(0), z0) = 0.
Since the sequence £,,(X,,) is bounded, we obtain from Lemma 6 that the sequence
Tn/2
| #08,,)
T, /2
is bounded. Associated with Lemma 1 this yields
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On the other side, we obtain using the Euler-Lagrange equations and two integra-
tions by parts that

O O N I
Tn/qn Wnd” = o Qnaq(Xn)+QRav(Xn)4>0

because [HG1] and [HG4] imply
(5 (.0 + 05 (210,0) < O (s, ).

Combining these equations and the third hypothesis yields

. . a9 . GWTQL 2 2,2
Ey =limE,(X,) = 2lim —||¢n||5 = 2lim —"||qn||5 = aw?r=.
T, T,

Since E, (X,,) is a bounded sequence and since X, is an integral curve of Y,
the sequence 90X, is C'*- bounded, and by Ascoli’s Theorem it has a subsequence
converging uniformly on compact sets to a limit X that is an integral curve of Y’
and thus the lifting of a L-trajectory X, of energy F.. Recall that

Tn/2
/ d2 (897“ Zo)

~T./2

is bounded. It follows that
/ (D00, 20)

is finite. Since the curve 960, has bounded derivative this yields

lim 89(t) = Z20-

t—too

Using once more the lemma 1 we get that

) 2 2 2.2
a(gs, +w=qs,) tﬁ—goo E = aw’r”.

This is the definition we have taken for a homoclinic orbit. The last inequality
follows from

Tw/2
/ L 28 L. 29 0x,) = £(X,) < M

Xn — a4noq Xn T aUn4q
10X = 5007 (0Xa) = Gy

since the integrand is non-negative. O
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8 Ecxistence of periodic orbits
Let us fix a period ' = 277 /w, 7 € N. For any [ € R, the functional
Q:CPR)—R

T
() a/o #(1)? — Puwa(t)?

can be computed using Fourier expansion:

ikwt/T kPw? 2 2 2
QD e =al) (= -1 ) ol
k

k
It follows that Q; can be extended to
Ep = H'(Sr = R/TZ,R)

as a continuous quadratic form. It has a two dimensional kernel when ! € Z /7, and
is non-degenerate for other values of [. Let us set

E* = {gsuch that gz = 0 when |k| < 7}
E~ = {g such that ¢;, = 0 when |k| > 7},

there is an orthogonal splitting
Er=E"9E",

such that Q|- is positive definite for all { € (1,1 + 1/7). Notice that E~ is
finite dimensional, which is the usual feature of Lagrangian formulations. Recalling
that A is the manifold of T-periodic H' loops, let us define the functionals

giAT:ATXET — R
T
z(t)=(0(t), q(t)) '—>/0 G(96(t),q(t),q(t)) dt.
and

El : AT:AT X ET — R
z(t)=(0(t), q(t)) —Li(z) = Qi(q) + G().

We also define the projection Py : Ap x Ep — Ap.

Lemma 7 For any [ in the interval (1,1/7), the functional L; is C' and satisfies
the Palais-Smale condition. The critical points of L; are the T-periodic smooth
trajectories of the Lagrangian

Li(z,q,v) =a (v2 - l2w2q2) + G(z,q,v), (2,q,v) €TM xR xR.
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Proof. We will often omit the subscript [ in the following proof. Recall that Ar is
a smooth manifold, and that the mappings

exp. : H'(0,) — H(Sp, M)
&(t) — exp(£(t))

are charts of this manifold, where ¢ € C°°(St, M), O, is a sufficiently small
neighborhood of the zero section in the bundle c¢*T'M of tangents vectors of M
along ¢, and exp : TM — M is the exponential map associated with some
spray on M, see [22]. Let ur : R — Sp be the natural projection, the induced
vector bundle p*c*T'M is trivial since it is a vector bundle over R, we have the
commutative diagram

RxR" —2 5 pre*TM —" s oTM

l ! l

R Z—d> R # ST,

where @ is a vector bundle isomorphism and we define the covering
=god :RxR" — ¢*"T'M.

A H! section ¢ : S — ¢*T' M has a unique lifting§~ : R — R" such that the
diagram

R —_— ST
commutes. Let us take a compact neighborhood U, of the origin in R" such that
R x U, C r;1(O..), and suppose without loss of generality that O, = r.(R x U,).
The mapping

p: H'(c"TM) — H'([0,T],R")
£ — &)

is a linear isomorphism onto its image TH C H'([0,T],R™). We will also note p
the mapping (p, idg, ), and we call H the set H = TH N H'([0,T],U,). Let us
define the smooth map

Lo : RxU.XxR*"xRxR — R
(t,é, v,q,v) —> L(exp or.(t, fN)
di(exp o 1) (t,€).1+da(exp o 1) (t,€) ., q, v),
and the functional

L:HY(0,T],U.) x Er — R
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we have £ = L o p. One can check from [HG4] and the expression of Iic above
that the estimates

Le(t,€v,q.0)] S C(L+ ¢ + [v]* +07)
dL. OL. -
<~7 q)(ta§7V7Q7v)

L. OL. -
< ay ) 81} ) (t7f7y7q7v)

hold on R x U, x R" X R x R. These growth conditions imply by well-known
results (see [24]) that £, and thus £, are continuously differentiable. We also have
the local expression of the differential:

SC(l+q+ v +0?)

<COA+¢+ v +v)

. oL, - 0L,
dL(€,q) = CdE + —=<
(&) ) OF 3 5

OL. OL.
dq +

(A€ + % “da + L (da)

and dL(€,q) = dL(€,q) o p. Let us now prove that the Palais-Smale condition is
satisfied. We take a Palais-Smale sequence (6,,, g5, ). The sequence

is bounded. Since Q; is a non-degenerate quadratic form, there exists an operator
A; : Er — Er such that

dQi(q).-A1q = 9i(q)| = Cllq||3:-

Let us now write using [HG4] and that Hdﬁ(@n, qn) || =€, — 0

6n”qn”Hl = dﬁl(ena qn)(O, AlQn) = dQl(qn)'Alqn + dg(fna qn)'(oa Alqn)

oG oG
20 n21 714 n 7'A'n
llgn Iz + ag At 5, A
Cllanllz = Cllanllwra

ClignllE — C"llanllar-

It follows that the sequence ||¢y || zr: is bounded. Plugging this into the action

2
>

C > L0, qn) > / G+ Qulan) > b / (06, 20) — CllanllZp

yields that [ ||06,]|? is also bounded. By a standard application of the theorem of
Ascoli, see [22], Lemma 1.4.4, we can find a C°-convergent subsequence of 6,
and by extracting another subsequence we can obtain that ¢,, also has a uniform
limit. From now on, we will suppose that

(O, 4n) < (6,9).

It remains to prove that the limit holds in A x Er, thatis in H L_norms. Since the
continuous limit # can be approximated by a smooth curve ¢, all the curves 6, lie



152 P. Bernard

in a single chart exp, of A for n large enough. We call &, the local representatives
of 6,,, and we can use the local expressions given above. It is useful to define the

mapping
Q. RXxUXR"XRXxR—RxU. xR*" xR xR

. OL. 0L,
(t)€7 V? Q7 ) <t &’ ) 7 av ) .

It is straightforward from the explicit expression of ic and from [HL] that {2, is a
diffeomorphism, and the estimate

1
SIX| - C < 2t X) < O(X|+1)

is a consequence of [HG4]. A theorem of Krasnoselskii implies that the mapping

Y. : Lz([oaT]7R2n+2) — L2([07T]7R2n+2)
X(t) — 2:.(t, X (1))

is a homeomorphism. It is not hard to see that the sequence

9¢

is bounded in L!([0,7T],R"*!), thus its zero averaged primitive P, €
WL1([0, T],R™*1) has a subsequence that is convergent in L2([0, 7], R"*1). We
suppose that

(“ € msn), a?(émémn,qw)

2
P, p
Since ||dL (¢, gn)|| — 0, we have ||dL(E,,, @n) 7l — 0, and the inequality

8L
|/ . (d€, dg)) =

holds for all variations (d€, dq) € H} ([0, T],R") C TH. The sequence

< enll(d€, dg)|| s

ma=g | (%L (En(8)-E0(0)00(1) (1), 5;;(éna),”;<t>,qn<t>,q'n<t>>> at

is bounded, and we can suppose taking a subsequence that it has a limit m. Inte-
grating by parts in the inequality above yields

8.ch 6.ch = . &/ .
_ _ < 2
<(8V7(%> P mn,<ds,dq>>L2\en||<d§7dq>||L

and we obtain
L L

< €,.

L2
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‘We thus have

OL. L. - = . L?
nySns dns dn —\SnySnrqnyqn — P —m,
(ag(fﬁqﬂ q(&ﬁqq)>

and the sequence

- L OL. > = .
(£n7§;7qn7qn) - (§n7 6 (gna§n7qn7Qn) dn » aq(gn"f”’q"’q”)>

has a limit in L2. The sequence (£,, ¢,) thus has a limit in A ([0, 7], R"*1), and
the sequence (£,,,qn) = p~ (€n, ¢n) has a limitin H'(O,) x Ep. O
We now have to study the topology of the functional. Let us define a group I" of
admissible deformations of A

Definition 3 A homeomorphism h : Ap — Ar belongs to I' if and only if there
exist a parameter | € (1,1 + 1/7) and a continuous isotopy k : [0,1] x Ap —
At such that ko = Id, ky = h, and for all t € [0, 1] ki : Ap — Arisa
homeomorphism satisfying k:(6,q) = (6, q) when Q;(q) + [ W(90) < 0.

For any compact subset o C Ar and any h € I" we define the compact subset
h.o=Py(h(c x ET)NAx ET) C A

Lemma 8 (Intersection property ) Let X be the family of compact subsets of A
defined in Section 5, Definition 1, we have

ceXandhel — h.oeX.

Proof. Compare [20], Proposition 1. Let us consider the mapping
Ts:o0x EF7 — B~
(2,9) — Ts(z,q) = ¢ = P o ky(z,9),

where P~ : Ar x Ep — E~ is the projection associated with the splitting
Er = ET ® E~, and k, is the homotopy between kg = Id and k; = h. Let us set

Fs={(z,q9) co x E~ [ Ti(z,q) = q}

and
I =ks(cx ET)NAX ET = ks(Fs).

Both I and Fj contain (fy,0). Since Q; is negative definite on E~ and [ W is
bounded on o, there is a ¢ > 0 such that Q;(¢) + [ W(80) < 0 forall § € ¢ and
q € B~ satisfying ||q|| > c. As a consequence, the mapping T satisfies

- Ty =0,
- T,(0,q) = 0 for all ¢ such that ||g|| > ¢ and all s,
— T4(00,q) = 0 for all ¢ and all s,
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and we can apply Dold’s fixed point transfer, see [15] and [20], page 433, that
asserts the injectivity of the morphism P} : H*(o,6y) — H*(Fs, (69,0)). We
now take s = 1 and have the commutative diagram

H*(I4, (60,0)) —— H*(F},(60,0))

Py T TP;

H*(h.O', 90) H*(U7 90)

HY(A,0))  —2s  H*(A,60),

where h’ is the isomorphism that makes the following diagram commute

H*(Ax E, (6,0)) —“— H*(Ax E, (6,,0))

i e
HY(A0))  —2  H*(A,0).

Coming back to the first diagram, we see that 7}, _ cannotbe zero because Pj{oi} oh%
is nonzero. o
For all G satisfying [HR1-4] and all [ € (1,1 + 1/7) we define

0 = o, jaf o o

We have the estimate:

Lemma 9 If G satisfies (2) then the inequality
Ip(U) < G (1) < In(W)
holds.
Proof. Since G — c% (1) is an increasing function this is an easy consequence of
the following lemma.

Lemma 10 For all U satisfying [HUI-3], we have
Cg(l) = IT(U)

Proof. Recall that

U . .
c¢p(l) =inf  inf sup Qi(z) +U(2)
’ o€X hel (1 z)eh(oxE-)

I7(U) =inf sup U(z)

oY oo

‘We can take h = Id in the definition of ¢ to obtain

¢ < inf sup Qi(¢7)+U(z) = inf supU(z) = 1.
0€X (3,47 )ETIIXE~ o€ zeo
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To obtain the other inequality, we apply Lemma 8 and get
sup Qi(z)+U(z) = sup U(z) =2 1.
(z,z)ER(ocXE~) z€h.o
We are now in a position to prove Proposition 2.

Proof of Proposition 2. First, notice that the third conclusion is a consequence of
the two other ones since the only 7" periodic solution of L; satisfying 6 = 6 is
the constant curve (6p,0), and has zero action, which is forbidden by the second
conclusion since cr(I(T)) > Ip(U) > 0. Let us now choose /(7). The function
I — ¢ (1) is non-increasing thus almost everywhere differentiable. Moreover, the
inequality

1+1/7
[ dwarz @) - mom)
holds and we can choose an [(7T') in the interval (1,1/7) such that
= (UT))| < 7(Ir(W) = Ir(V)).
Let us set ¢ = ¢p(I(7T)) and recall that
L1(0,9) = L(8,q) — al’w?||qll3.
We shall prove that there exists a critical point X7 = (07, qr) of L;(1) such that
2aw?||qr||3 <14 ¢’

We partially follow the presentation of [21] in the following. Arguing by con-
tradiction we assume that there is no critical point of L;jr) at level c satisfying
2aw?||qr||3 < 1+ ¢’. We can then find using a standard deformation argument an
e in the interval (0, ¢/2) and a homeomorphism hg € I” satisfying

Lycry(ho(X)) < Ly(r)(X)
for all X € A, and such that
Lyry(ho(X)) <c—e
forall X = (0,q) € Ar satisfying
Lyry(X)<c+e and 2aw?(ql3 < +1/2.

Let ,, be an increasing sequence converging to I(7'), and let ¢,, = c¢p(l,) and
L, = L,;,. We can choose ¢,, € X and h,, € I" such that

sup L, |hn(an><E*) <en + ((T) = 1n)/10.

When n is large enough this implies

Liyry b (onxE-) < L |hp(onxi-) < Cn+ (U(T) = 1,)/10
<c+ (d+1/10)((T) — 1) + (U(T) — 1,,)/10
<ot (d+1/5)UT) —1,).
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Take aloop X = (0,q) € hy(0n, X E7), either
Liry(X) < e = (UT) = 1) /5

and
Lyry(ho(X)) <c— (UT) —1,)/5
or
Lyry zc—UT)—1,)/5.
In the second case,
(UT)? — 2)aw?q]]® = Ln(X) — cl(T (X) < e+ (UT) = L)( +1/5)
—c+ (U(T) = 1ln)/5 < (c +1/2)(UT) = 1n),

thus

2aw?||q* < (UT) + ln)aw?|lgl* < ¢ +1/2,

and we get
Ly)(ho(X)) < c—e,

when n is large enough. We have seen that
Lyry(ho o hp(on x E7)) < ¢ = (U(T) = 1n)/5,

which is a contradiction since hg o h,, € I O
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