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GLOBAL UNIQUENESS IN AN INVERSE PROBLEM FOR TIME
FRACTIONAL DIFFUSION EQUATIONS

Y. KIAN, L. OKSANEN, E. SOCCORSI, M. YAMAMOTO

ABSTRACT. Given (M, g), a compact connected Riemannian manifold of dimension
d > 2, with boundary OM, we consider an initial boundary value problem for a frac-
tional diffusion equation on (0,7) x M, T > 0, with time-fractional Caputo derivative
of order o € (0,1) U (1,2). We prove uniqueness in the inverse problem of determining
the smooth manifold (M, g) (up to an isometry), and various time-independent smooth
coefficients appearing in this equation, from measurements of the solution on a subset
of OM at fixed time. In the “flat” case where M is a compact subset of R%, two out
the three coefficients p (weight), a (conductivity) and ¢ (potential) appearing in the

equation pdfu — div (aVu) + gu = 0 on (0,T) x Q are recovered simultaneously.

Keywords: Inverse problems, fractional diffusion equation, partial data, uniqueness

result.

Mathematics subject classification 2010 : 35R30, 35R11, 58J99.

1. INTRODUCTION

1.1. Statement of the problem. Let (M, g) be a compact connected Riemannian
manifold of dimension d > 2, with boundary OM. For a strictly positive function p we

consider the weighted Laplace-Beltrami operator
A, = p divyu Vv,
where div , (resp., V,) denotes the divergence (resp., gradient) operator on (M, g), and

s
coincides with the usual Laplace-Beltrami operator on (M, g). In local coordinates, we

stands for the multiplier by the function p*'. If u is identically 1 in M then A, ),

have

d
A=Y gl 720, (ulg g7 0ryu), w e Cx(M),
ij=1
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where ¢! 1= (¢”)1<;j<q and |g| := det g. For a € (0, 2) we consider the initial boundary
value problem (IBVP)

Ofu— ANy u+qu = 0, in (0,7) x M,
uw = f, on(0,T)xdM, (1)
Ofu(0,-) = 0, in M, k=0,...,m,

with non-homogeneous Dirichlet data f. Here m := [a] denotes the integer part of «

and 0; is the Caputo fractional derivative of order o with respect to ¢, defined by

Ou(t,x) == ! ) /0 (t — s)™ 9" (s, 2)ds, (t,7) € Q, (1.2)

F'm+1-—«

where I' is the usual Gamma function expressed as I'(z) := O+OO e 't*"1dt for all z € C
such that Rz > 0. The system (1.6) models anomalous diffusion phenomena. In the
sub-diffusive case a € (0,1), the first line in (1.6) is usually named fractional diffusion
equation, while in the super-diffusive case a € (1,2), it is referred as fractional wave

equation.

Given two non empty open subsets S;, and Sy, of OM, Ty € (0,T) and a € (0,2),

we introduce the function space
Hinam, = {f € CPN(0,T], H2(OM)); supp f C (0,Ty) X Sin},

where we recall that [a] stands for the integer part of . As established in Section 2,
problem (1.1) associated with f € Hina1, is well posed and the partial Dirichlet-to-
Neumann (DN) map

d
AM79#7‘1 : Hin,a,To = f — al/u(T(]? ')‘Sout = Z gijyiazju(T()v ')\Souﬂ (13)
ij=1
where u denotes the solution to (1.1) and v is the outward unit normal vector field along
the boundary M, is linear bounded from H;y o 7, into L?(Sout)-

In this paper we examine the problem whether knowledge of Ay, 4 determines the

Riemannian manifold (M, g), and the functions p and ¢, uniquely.

1.2. Physical motivations. Recall that fractional diffusion equations with time frac-
tional derivatives of the form (1.1) describe several physical phenomena related to
anomalous diffusion such as diffusion of substances in heterogeneous media, diffusion
of fluid flow in inhomogeneous anisotropic porous media, turbulent plasma, diffusion

of carriers in amorphous photoconductors, diffusion in a turbulent flow, a percolation
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model in porous media, fractal media, various biological phenomena and finance prob-
lems (see [12]). In particular, it is known (e.g., [1]) that the classical diffusion-advection
equation does not often interpret field data of diffusion of substances in the soil, and as

one model equation, the fractional diffusion equation is used.

The diffusion equation with time fractional derivative is a corresponding macro-
scopic model equation to the continuous-time random walk (CTRW in short) and is

derived from the CTRW (e.g., [46, 51]).

In particular, in the case where we consider fractional diffusion equations describing
the diffusion of contaminants in a soil, we cannot a priori know governing parameters in
(1.1) such as reaction rate of pollutants. Thus for prediction of contamination, we need
to discuss our inverse problem of determining these parameters from measurements of

the flux on S,y at a fixed time ¢t = T associated to Dirichlet inputs at Si,.

1.3. State of the art. Fractional derivative, ordinary and partial, differential equa-
tions have attracted attention over the two last decades. See [37, 47, 53, 57] regarding
fractional calculus, and [3, 26, 45], and references therein, for studies of partial differen-
tial equations with time fractional derivatives. More specifically, the well-posedness of
problem (1.1) with time-independent coefficients is examined in [4, 25, 52], and recently,
weak solutions to (1.1) have been defined in [36].

There is a wide mathematical literature for inverse coefficients problems associated
with the system (1.1) when a = 1 or 2. Without being exhaustive, we refer to [11, 13,
17, 18, 20, 23, 32] for the parabolic case a = 1 and to [5, 6, 7, 8, 9, 10, 21, 34, 38, 39, 40,
43, 49, 54, 55, 56| for the hyperbolic case a = 2. In contrast to parabolic or hyperbolic
inverse coefficient problems, there is only a few mathematical papers dealing with inverse
problems associated with (1.1) when o € (0,1) U (1,2). In the one-dimensional case,
[15] uniquely determines the fractional order a and a time-independent coefficient, by
Dirichlet boundary measurements. For d > 2, the fractional order « is recovered in
[28] from pointwise measurements of the solution over the entire time span. In [52],
the authors prove stable determination of the time-dependent prefactor of the source
term. In the particular case where d = 1 and a = 1/2, using a specifically designed
Carleman estimate for (1.1), [16, 58] derive a stability estimate of a zero order time-
independent coeflicient, with respect to partial internal observation of the solution. In
[41], time-independent coefficients are uniquely identified by the Dirichlet-to-Neumann
map obtained by probing the system with inhomogeneous Dirichlet boundary conditions

of the form A(t)g(x), where X is a fixed real-analytic positive function of the time
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variable. Recently, [22] proved unique determination of a time-dependent parameter
appearing in the source term or in a zero order coefficient, from pointwise measurements

of the solution over the whole time interval.

1.4. Main results. The paper contains two main results. Both of them are uniqueness
results for inverse coefficients problems associated with (1.1), but related to two different
settings. In the first one, (M, g) is a known compact subset of R?, while in the second
one, (M,g) is an unknown Riemannian manifold to be determined. The first setting
is not contained in the second one, however, since in the second case, (M, g) and all
the other unknown coefficients are assumed to be smooth, while in the first case the

regularity assumptions are relaxed considerably.

We begin by considering the case of a connected bounded domain 2 in R¢, d > 2,
with C1'! boundary 9. Let p € C(Q), V € L*(Q2) and a € C*(Q) fulfill the condition

=
&
\Y
O

2
&
\Y

¢, V() 20, €9, (1.4)

for some positive constant ¢. For M := Q, put

1—d/2),,11/2

g:=pa Iy pi=p la|'/?, and q := p~ 'V, (1.5)

in the first line of (1.1), where I; denotes the identity matrix in R%. Since (M, g) is
a Riemannian manifold with boundary such that p|g|'/? = p, ¢¥ = 0 if i # j, and
gt =plafori,je{l,...,d},, we have

A, u = p tdiv (aVu), u € C®(Q).
Therefore, (1.1) can be equivalently rewritten as

pofu — div (aVu) +Vu = 0, in @ :=(0,T) x Q,
u = f, onX:=(0,T) x 0, (1.6)
Ofu(0,-) = 0, inQ, k=0,...,m.

As will appear in Section 3 for any arbitrary o € (0,1) U (1,2) and Ty € (0,7), the
partial DN map

Ap,a,V : Hin,a,Tg = f = aauu(T07 )|S

out

= aVu(Th, ) - Vs, (1.7)

where wu is the solution to (1.6) and v is the outward unit normal vector to 0%, is
bounded from Hi, 7, into L?(Sout). Our first result claims that knowledge of Apav
uniquely determines two out of the three coefficients p, a, and V', which are referred as,

respectively, the density, the conductivity, and the (electric) potential.
4



Theorem 1.1. Assume that Siy N Soue # O and that Sy, U Souy = 0Q. For j = 1,2, let
pj € L®(Q), a; € W2>(Q), and V; € L>(Q) satisfy (1.4) with p = p;j, a =a;, V =V;.
Moreover, let either of the three following conditions be fulfilled:

(i) p1 = p2 and
Vai(z) = Vay(z), x € 05 (1.8)

(ii) a; = as and
3C >0, |pi(z) — po(x)| < Cdist(z, 00)?, = € Q. (1.9)

(iii) Vi = Vo and (1.8)-(1.9) hold simultaneously true.

Then; Apl,al,vl = Apg,az,VQ yleldS (p17 ay, ‘/1) = (p27 a2, ‘/2)

The second result describes the identifiability properties of the Riemannian manifold
(M, g) and the functions p € C>*(M) and g € C*°(M), appearing in the first line of the
IBVP (1.1), that can be inferred from Ay, 4. It is well known that the DN map is
invariant under isometries fixing the boundary. Moreover, gauge equivalent coefficients
(14, q) cannot be distinguished by the DN map either. Here and henceforth, (ui,q)
and (i, go) are said gauge equivalent if there exists a strictly positive valued function

Kk € C*(M) satisfying

k(x) =1and O,k(z) =0, x € OM (1.10)
such that

to = K 21, Qo =q — /iAgM/fl. (1.11)

Our second statement in as follows.

Theorem 1.2. For j = 1,2, let (M;, g;) be two compact and smooth connected Rie-
mannian manifolds of dimension d > 2 with the same boundary, and let p; € C*(M;)
and q; € C(My,) satisfy pj(x) > 0 and q;(z) > 0 for all x € M;. Let Sin, Sout C OM;
be relatively open and suppose that Sy, N Seue # 0. Suppose, moreover, that g, = ga,
p1 = po =1 and Oyp1 = Oyt = 0 on OMy. Then, Ay gy jngi = Mizgopoqe Yi€lds that

(My, g1) and (Ma, go) are isometric and that (py1,q1) and (us2, q2) are gauge equivalent.
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1.5. Comments. Notice that the absence of global uniqueness result manifested in
Theorems 1.1 (in the sense that only two of the three coefficients p, a, and V', are
recovered) and 1.2 (where the metric g is determined up to an isometry and (u,q) are
identified modulo gauge transformation) arises from one or several natural obstructions
to identification in the system under investigation, each of them being induced by an

invariance property satisfied by (1.1).
The first obstruction, which can be found both in Theorems 1.1 and 1.2, is due

to the invariance of (1.1) under the group of gauge transformations given by (1.11).
Indeed, given a strictly positive function k € C*°(M) satisfying (1.10), we observe for
any (p1,q1) and (u2,q2) obeying (1.11), that

Ay (kW) = KAy w + dkw, w e CF(M),

where 0 := k7 'A, ,, k—2k72(Vyk, Vyk)g, and (-, ), denotes the inner product on (M, g).

1

In particular, taking w = k! we get the simpler expression § = —xA, ,, x~*. Finally,

taking w = wu, where u is the solution to (1.1) associated with y = p; and ¢ = ¢, we
find that

(OF = Dg s + @2) (k) = K(FF = Bgpy + q1)u=0.

Since our assumptions (1.10) on x imply that 0, (ku) = d,u and ku = w on (0,7) x IM,
we find that Aysg .00 = AMigps,ge- This proves that the DN map is invariant under the

group of gauge transformations

(:ua Q) = (’43_2/% q— KAg,uK_l)

parametrized by strictly positive functions k € C*(M) satisfying (1.10). Notice that
the conditions g; = go, p1 = e = 1 and 0,1 = 0, o = 0 imposed on M, in Theorem
1.2 are analogous to (1.9) in Theorem 1.1. Moreover, the above mentioned invariance
property of the system indicates that the result of Theorem 1.1, where two of the three
coefficients p, a, and V', are simultaneously identified while keeping the third one fixed,

is the best one could expect.

The second obstruction arises from the fact that (1.1) is invariant with respect to
changes of coordinates. That is, if ® : M — M is a diffeomorphism fixing the boundary

OM then Aprg g = Ari,arguq Where ®*g is the pullback of g by ®.
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To our best knowledge, the results of this article are the most precise so far, about
the recovery of coefficients appearing in a time fractional diffusion equation from bound-
ary measurements. We prove recovery of a wide class of coefficients from partial bound-
ary measurements that consist of an input on the part Sj, of the boundary and obser-
vation of the flux at the part Sy for one fixed time ¢t = Ty € (0,7"). Our results extend
the ones contained in the previous works [15, 16, 28, 41, 58] related to this problem.
Another benefit of our approach is its generality, which makes it possible to treat the
case of a smooth Riemannian manifold, and the one of a bounded domain with weak

regularity assumptions on the coefficients.

Notice that (1.6) associated with a = 1 is the usual heat equation, in which case
Theorem 1.1 is contained [13, 14]. We point out that the strategy used in [13, 14] for
the derivation of Theorem 1.1 with @ = 1, cannot be adapted to the framework of
time fractional derivative diffusion equations of order a € (0,1) U (1,2). This is due to
the facts that a solution to a time fractional derivative equation is not described by a
semi-group, and that there is only limited smoothing property, and no integration by
parts formula or Leibniz rule, with respect to the time variable, in this context. As a
consequence, the analysis developped in this text is quite different from the one carried
out by [13, 14].

Notice from Theorem 1.2 that the statement of Theorem 1.1 still holds true for
smooth coefficients in a smooth domain, under the weaker assumption Si, N Sou
(). Nevertheless, in contrast to Theorem 1.2 where we focus on the recovery of the
Riemaniann manifold and the metric, the main interest of Theorem 1.1 lies in the weak
regularity assumptions imposed on the unknown coefficients of the inverse problem under
consideration. In the same spirit, we point out with Theorem 5.3 below, that the result
of Theorem 1.2 remains valid when Si, N Sy = @, in the special case where = 1 and

q = 0, and assuming a Hassell-Tao type inequality [27].

The key idea to our proof is the connection between the DN map associated with
(1.1) and the boundary spectral data of the corresponding elliptic Schrodinger operator.
This ingredient has already been used by several authors in the context of hyperbolic
(see e.g. [31, 32, 38, 39, 40]), parabolic (see e.g. [14, 32]), and dynamical Schrodinger
(see e.g. [32]) equations. Nevertheless, to our best knowledge, there is no such approach
for time fractional diffusion equations, available in the mathematical literature. Once
the connection between the DN map and the boundary spectral data is established, we
obtain Theorems 1.1 and 1.2 by applying a Borg-Levinson type inverse spectral result
(see e.g. [14, 19, 30, 31, 33, 35, 50]).



1.6. Outline. The paper is organized as follows. The next three sections are devoted
to the study of the inverse problem associated with (1.6) in a bounded domain, while
the last section contains the analysis of the inverse problem associated with (1.1) on a

Riemannian manifold.

More precisely, we establish a connection between Theorem 1.1 and a Borg-Levinson
type inverse spectral result in the first part of Section 2. In the second part, we introduce
mathematical tools used in the analysis of the direct problem associated with (1.6),
which is carried out in Section 3. Then we define the partial DN map A, ,y at the end
of Section 3, and complete the proof of Theorem 1.1 in Section 4. Finally, Section 5
contains the proofs of Theorem 1.2, and the stronger result stated in Theorem 5.3 in

the particular case where ;p =1 and ¢ = 0.

2. THE SETTINGS

In this section, we begin the analysis of the inverse problem associated with (1.6),
which is the purpose of Theorem 1.1. We first establish the connection between Theorem

1.1 and a suitable version of the Borg-Levinson inverse spectral theorem.

2.1. Borg-Levinson type inverse spectral problem and Theorem 1.1. Let us
start by defining the boundary spectral data used by the Borg-Levinson type inverse
spectral theory.

Boundary spectral data. Given a positive constant ¢, we assume that p € L>®(Q)

satisfies p(x) > ¢ > 0 for a.e. x € Q, so the scalar product

(u,v), = /Qp(ac)u(x)v(x)dx, u,v € L*(),

is equivalent to the usual one in L*(©2). We denote by L2(€2) the Hilbertian space L*(£2)

endowed with (-, -),.

Next, for a nonnegative V € L>*(Q), and for a € C*(Q) fulfilling a(z) > ¢ > 0 for

every x € ), we introduce the quadratic form
hlu] := / (a(2)|Vu(z)|* + V(z)|u(z)|*) dz, u € Dom(h) := Hy(R),
Q

and consider the operator H generated by h in L>(€). Since 0 is C', H is self-adjoint

in L2(Q) and acts on its domain as
Hu := p~" (div (aVu) + Vu), u € Dom(H) := Hy(Q) N H*(Q), (2.1)

according to [24, Theorem 2.2.2.3].



By the compactness of the embedding Hj(Q2) < L2(€2), the spectrum o(H) of the
operator H is purely discrete. Let {\,; n € N*} be the non-decreasing sequence of the
eigenvalues (repeated according to multiplicities) of H. Furthermore, we introduce a

family {¢,; n € N*} of eigenfuctions of the operator H, which satisfy
Hyp, = A\, n € N, (2.2)

and form an orthonormal basis in L2(€). Notice that each ¢, is a solution to the

following Dirichlet problem :

—div (aVe,) + Vo, = \ppn, in £,
Pn = 0, on 89, (23)
Jo @) lpa(x))*dz = 1,

Put v, = (a@ugpn)‘m for every n € N*. Following [13, 14, 31|, we define the boundary

spectral data associated with (p,a,V), as
BSD(p,a,V) :={(A\n,n); n > 1}

A strategy for the proof of Theorem 1.1. We first recall from [14, Corollaries 1.5,
1.6 and 1.7] the following Borg-Levinson type theorem.

Proposition 2.1. Under the conditions of Theorem 1.1, assume that either of the three
assumptions (i), (i1) or (i) is verified. Then BSD(p1,a1,q1) = BSD(ps, as, q2) entails
that (p1, a1, q1) = (p2, a2, 2)-

In view of the inverse spectral result stated in Proposition 2.1, we may derive the
claim of Theorem 1.1 upon showing that two sets of admissible coefficients (p;, a;, V;),
J = 1,2, have same boundary spectral data, provided their boundary operators A, 4, v

coincide. Otherwise stated, the proof of Theorem 1.1 is a byproduct of Proposition 2.1

combined with the coming result :

Theorem 2.2. For j = 1,2, let V; € L®(Q), p; € L®(Q) and a; € CY(Q) satisfy
(1.4) with p = pj, a =a;, V =V;. Then N, o, vy = Ny, 0015 tmplies BSD(py, a1, V1) =
BSD(p2, az,Va), up to an appropriate choice of the eigenfunctions of the operator H,
defined in (2.1) and associated with (p,a,V) = (p1,a1, V7).

Therefore, we are left with the task of proving Theorem 2.2.
9



2.2. Technical tools.

Fractional powers of H. Since H is a strictly positive operator, for all s > 0, we can
define H® by

o0 oo
Hh=) (h,pa) Nypn, heD(H*) = {h € LYQ): D Kk pu) AT < OO}
n=1 n=1

and we consider on D(H?®) the norm

2

+00
1Pl Dy = (ZW% son>|2A?f> , heDH?).
n=1

Two parameters Mittag-Leffler function. Let a and § be two positive real numbers.
Following [57, Section 1.2.1, Eq. (1.56)], we define the Mittag-Leffler function associated

with a and (3, by the series expansion

+00 o
EQ”B(Z) = ; m, z € C. (24)

In the particular framework of this paper, where o € (0, 2), we recall for further reference

from [57, Theorem 1.4] the three following useful estimates.

The first estimate, which holds for any a € (0,2) and 8 € R%, claims that there

exists a constant ¢ > 0, depending only on « and [, such that we have

c
141

|Eop(—t)] < , te Ry, (2.5)
The second estimate applies for a« = § € (0, 2) and states for every 6 € (ra/2, mar),
that
c

Eaa < 9
Baal2)l < T3 o

(2.6)

whenever z € C\ {0} satisfies |arg(z)| € [0, 71]. Here ¢ is a positive constant depending
only on a and 6. In contrast to (2.5), which is explicitly stated at formula (1.148) of
[57, Theorem 1.6], estimate (2.6) follows from the asymptotic behavior of E,,(z) as
|z| = 400 given by formula (1.143) of [57, Theorem 1.4]. Indeed, formula (1.143) of
[57, Theorem 1.4] implies that for |arg(z)| € [#, 7] we have

-1

Eop(z) = “Tla—5) + \z|—(?+oo (12172

and using the fact that F(za;_lﬂ) = 0 for o = 8 we deduce (2.6).
10



Finally, the third estimate we shall need in the derivation of Theorem 1.1, follows
readily from (2.6) and reads:
c
Eaa _t g o o t R* . 27
Feal-t)| < T, tE RS 2.)
An a priori elliptic estimate. In what follows, we shall make use several times of the

following result.

Lemma 2.3. Let p € L®(Q), a € C1(Q) and V € L>=(Q) fulfill (1.4). Then there exists

a constant ¢ > 0, such that the estimate
+oo
PO
n=1

holds whenever g € H3/?(02).

2
< g2 00 (2.8)

/a g(@ (e

Proof. We first prove that the boundary value problem

—div (aVv)+ Vv = 0, in Q,
(2.9)
v = g, in 09,

admits a unique solution v € H?(Q2). To do that, we refer to [42, Section 1, Theorem
8.3] and pick G € H*(Q) satisfying G = g on 9 and the estimate

1G] m20) < Cliglimereon)- (2.10)

Here and in the remaining of the proof C' denotes a positive constant that does not

depend on g. Evidently v is a solution to (2.9) if and only if w = v — G is a solution to

—div(aVw) +Vw = Fg, inQ,

(2.11)
w = 0, in 09,

where Fg := — (=div (aVG) + VG). Since H is boundedly invertible in L?(Q) and
p1Fg € L*(Q), then w = H ' (p™'Fg) € Dom(H) = H}(Q) N H*() is the unique

solution to (2.11), and we have
lwll20) < CllFellr2@)- (2.12)

Here we used the fact, arising from the strict ellipticity of H (see [24, Sections 2.2, 2.3,
and 2.4]), that the graph norm of H is equivalent to the usual norm in H?(Q). Therefore,
v=w+ G € H*(Q) is the unique solution to(2.9) and we derive from (2.10) and (2.12)
that

[ollz2@) < Cligllasra0)- (2.13)
11



Now, in view of (2.9), we get for each n € N* that

0= (=div (aVv) + Vv, ¢,) = (v, Hp,), + /mg(x)wn(x)dx,

upon integrating by parts twice. This and (2.2) yield that

R I e /an g(x)y(z)dz, n € N*. (2.14)

Finally, putting the Parseval identity -7 [v,]? = ||v||? together with (2.13)-(2.14), we
obtain (2.8). O

3. ANALYSIS OF THE DIRECT PROBLEM

In this section we rigorously define the DN map (1.7), which requires that the direct
problem associated with (1.6) be preliminarily examined. Next we relate the DN map
(1.7) to the BSD.

We start with the sub-diffusive case a € (0, 1).
Proposition 3.1. Let a € (0,1), p € L®(Q), a € CY(Q) and V € L>(Q) fulfill (1.4),
and let f € CY([0,T]; H2(99)) satisfy f(0,-) = 0 in 0Q. Then, there exists a unique

solution v € C([0,T], L*(Q)) to the boundary value problem (1.6). Moreover, we have
we C((0,T], H?(Q)) for any v € (0,1).

Proof. With reference to [42, Section 1, Theorem 8.3] we pick F € C'([0,T], H*(Q))
satisfying F' = f on 3. Then, it is apparent that u is a solution to (1.6) if and only if
v :=u — F'is a solution to the IBVP

pofv —div (aVo) + Ve = G, inQ,
v = 0, on, (3.1)
v(0,-) = wvg, in Q,

where G := —(pOPF — V - aVF + VF) and vy := —F(0,:). Applying the Laplace
transform to (3.1) we find through basic computations similar to the ones used in the
derivation of [52, Theorems 2.1 and 2.2], that

t
0(t) = Sult)un+ [ S(E)G(E~ 5, )ds, t€ (0.7) (3.2)
0
where we have set

+00 +0o0
So()h =" Ea1(=Aat®)(h, en)pn and S(H)h 1= 1"~ Eqa(=Aat®) (b, on)on, (3.3)
n=1 n=1

12



for every ¢t € (0,T) and h € L*(Q). Further, in view of (2.5), we have

150 (&)1 720 ZV a1 (= Aat®)? (R, 0n)*

< Czt 2 [(h, gn)* = Ct2|hl|Z2q) (3.4)

where C' is a positive constant that is independent of ¢ and h. The convergence of the
series appearing in the right hand side of (3.4) being uniform with respect to t € [, T,
for any fixed € € (0,7T), then t — Sy(t)h € C([e, T], H*(Q)). And since ¢ is arbitrary in
(0,7), we ned up getting that

t s So(t)h € C((0,T], HA()). (3.5)

Similarly, we obtain for all ¢t € (0,T) and h € L?(Q) that

—+00

ISRl = 27 Z A B o(=Mat®)? (R )|

< CZt A== [, @) [P = Ct 202002y (3.6)

As a consequence we have ¢ — fo S(s)G(t — s,-)ds € C([0,T], H(R)), since G €
C([0,T], L*(£2)). This, (3.2) and (3.5) yield that v, and hence u, is lying in C((0, T'], H*Y(£2)).

We turn now to proving that lim,_, [|u(t)||L2(q) = 0, or equivalently that lim,_q ||v(t)—
vol|L2() = 0. With reference to (3.2), we shall actually establish that

t
lim [|So(t)ve — vol|L2() = lim / S(s)G(t — s)ds = 0. (3.7)
t—0 t—0 0 L2(Q)
This can be achieved upon recalling from (3.3) that
1S0(t)vo = vollZay = Y (Baa(=Aat®) = 1)*[{vo, )[*, t € (0,7), (3.8)

n=1
noticing that %ir% (Ea1(=Apt*) — 1) = 0 for every n € N*, and taking advantage of the
4>
fact that the series in the right hand side of (3.8) convergences uniformly with respect
tot € (0,T), as we have
c

Eot(-Mt%) 1| < ——— 41<e+1, t€(0,T), ne N,
| Eai( ) | 1+)\nta+ c+ € (0,7), ne

/||S G(t — )| 2y ds

by (2.5). Further, since

’ /0 "S(5)G(t — s)ds




t
< C/ s’lm(l’V)HG(t — 5,)||L2(ds
0

< (Cfal = NGl eqorrz) t € (0,T),

by (3.6), we end up getting (3.7). This terminates the proof since v, and hence wu, is
uniquely defined by (3.2). O

In view of Proposition 3.1, for o € (0,1) and for any f € C([0,T], H2(99))
such that f(0,-) = 0 on 99 and all v € (0,1), there exists a unique solution u €
C([0,T], L*(2)) n C((0,T], H*'(Q)) to (1.6). Thus, taking v € (3/4, 1), we see that the
mapping

adyu: [0,T] x 02 > (t,z) — a(x)d,u(t, z) := a(x)Vu(t,z) - v(x),

where v denotes the outward unit normal vector to 95, is well defined in C'((0, T, L*(9)).
From this result we deduce for all & € (0,1) that the operator A,, v is bounded from
Hino, int0 L?(Sout).

Further, arguing as above, we derive the following result in the super-diffusive case
a € (1,2).

Proposition 3.2. Let a € (1,2), p € L®(Q), a € CYQ) and ¢ € L>(Q) fulfill (1.4),
and let f € C*([0,T); H2(99)) satisfy f(0,-) = 0,f(0,-) = 0 in 0Q. Then, there exists
a unique solution u € C([0,T], L*(Q)) to the boundary value problem (1.6). Moreover,
we have u € C((0,T], H*(Q)) for any v € (0,1).

Fix a € (1,2). We deduce from Proposition 3.2 that for all v € (3/4,1) and all
f e C([0,T], H?(8)) verifying f(0,-) = 0,£(0,-) = 0 on <, there exists a unique
solution u € C([0,T1], L*(2)) N C((0,T], H*'(Q)) to (1.6). Therefore, the mapping

adyu : [0,T] x 02 > (t,z) — a(x)o,u(t, x),

is well defined in C((0,77],L*(012)), and the operator A,,y is bounded from Hi, o1,
into L?(Sou)-

3.1. Normal derivative representation formula. In view of deriving the represen-
tation formula of A,y given in Proposition 3.4, we start by establishing the following

technical result..
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Lemma 3.3. Let o € (0,1)U(1,2). Forp, a and q as in Proposition 3.1 and f € Hin a1,

the solution u to (1.6) reads
n=1

for each t € [0,T], where u,(t) :== (u(t,-), on), expresses as

un(t) = — /0 t OB o (—Ans®) ( [ pe- s,x)wn(x)da(x)) ds.  (3.10)

Proof. The identity (3.9) follows readily from the fact that u is lying in C([0,T], L?(£2))
and that {y,; n € N*} is an orthonormal basis of L2(Q2). Next, upon extending f
by zero outside [0,T] x 99, i.e. putting f(t,x) := 0 for (t,z) € (T,+00) x 99, and
denoting by w the solution to (1.6) in (0,+00) x €2, we compute for all n € N*, the
Laplace transform L[u,](p) of u, which is well defined for p € R* according to estimate
(2.6) and Proposition 3.1, 3.2. We get

+o0 +o0
ciud) = [ e i = [ o) ([ o)) oo = (€. e

' ? ' (3.11)
through standard computations. Since L[0fu](p) = p“Lu](p), by [57, Eq. (2.140)] and
the third line of (1.6), we deduce from (3.11) upon applying the Laplace transform on
both sides of the first line in (1.6), that

P Llun)(p) = (p*Lul(p, ), pn)p = —(—=div (aVL[u](p)) + ¢L[u](p), ¢n), p € RL. (3.12)

Thus, applying the Green formula in the right hand side of (3.12), we get for each
p € RY that

P Llunl(9) = = (L[] ()s 0 — / Llfl(pa)un(e)do(o).

As a consequence we have

Llual(p) = —(0" + M) L [ / f(-,an(x)do(x)] (), p e RY,

Q
for every n € N*. This, [57, Eq. (1.80)] and the injectivity of the Laplace transform,
vield (3.10). 0

We turn now to proving the main result of this section.
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Proposition 3.4. Let a € (0,1) U (1,2) and let p, a, and V', be as in Proposition 3.1.
Pick f € Hinam,, where Ty € (0,T) is fized, and let u be the solution to (1.6). Then,

for a.e. x € 082, we have

o0t = [ " o (fj Bual-3s®) ([ 100 = 5ot ) wa:)) ds.
i (3.13)

Proof. Let us first establish for each s € (0,Tp) that the series Y% 7, (s)¢,, where

Yn(8) = =8 By 0(—Ans®) ( o, f(To — s,y)wn(x)da(x)) , n €N, (3.14)

converges in H?(€). Actually, since the domain of the operator H is continuously
embedded in H?($), it is enough to check that > Ayyn(s)@, converges in L2(€).

This can be achieved with the help of (2.7). Indeed, in view of (3.14) we get through

elementary computations that

[ (8)] < CS_(H_Q))‘:LQ f(To — s, y)¢Yn(z)do(z)],

s € (0,Ty), n € N*, (3.15)
o9
where ¢ is the same as in (2.7). This entails

400 +oo 2
S Rha(s)f < s (Zw )
n=1 n=1

< AT f(T - s, W20y, 5 € (0,Tp), (3.16)

/8 I(T = 5.9 ()do(2)

upon applying Lemma 2.3 with g = f(Ty — s, -), for some constant ¢ > 0, independent
of s and f. As a consequence Y72 \,7,(8)¢n converges in L2(Q) for every s € (0,T),
and hence > 7, (s) ¢, converges in H?(Q).

Next, since supp f C (0, Tp) X Siy, it is apparent that s — s~ || f(To—s, ) || ga/2(90) €
L0, Tp), and similarly, we see from (3.16) that s — SN A,y (s)n € L0, Ty; L2(9))

for every N € N*, as we have

N 1/2
(Z Ail%(<-<f)l2> < Os™ M| [(Ty = 5,-) | mrzgony, s € (0,Tp),
n=1

N
Z AnYn(8)Pn
n=1

p
with C' > 0, independent of s and N. Therefore, s — > v, (s)p, € L*(0, Tp; H*(Q))
by (3.16) and Lebesgue dominated convergence theorem, and the identity

f (/OTO ’Yn(S)dS) Pn = /OTO (*2’0 ’yn(s)gon) ds, (3.17)

n=1 n=1
16



n=1 0
L%(Q), then by uniqueness of the limit, we end up getting from (3.17). Moreover, the

(T, -) / (Z (s ) (3.18)

Finally, we obtain (3.13) from the continuity of the trace map w € H?*(Q) —
dywipn € L*(09Q) by mimicking all the steps of the derivation of (3.18). O

holds in H?(Q). Recalling from Lemma 3.3 that u(Tp,-) = S ( T %(s)ds> ¢, in

identity

holds in H?(Q).

4. PROOF OF THEOREM 2.2

The proof is divided into 4 steps.

Step 1: Set up. For j = 1,2, let H; be the operator defined by (2.1) with p = p;,
a =a; and V = V;, and let {);,;n € N*} be the strictly increasing sequence of the
eigenvalues of H;. For each n € N*, we denote by m;,, € N* the algebraic multiplicity of
the eigenvalue \;,, and we introduce a family {¢;,,; p=1,...,m;,} of eigenfunctions
of H;, which satisfy
Hj@jnp = NjnPjnp:

and form an orthonormal basis in L%j(Q) of the algebraic eigenspace of H; associated
with A, (i.e. the linear sub-space of L7 () spanned by {@jnp, P = 1,...,m n}).
Further, we put for a.e. (z,y) € 99,

mjn

Ojn(,y) ijnp ) inp(y), where ;,,, = (aau%np)laﬂ

Then, with reference to (1.7) and Proposition 3.4, it holds true for every f € H;, 7, that

To .~
Apj,aj,\/jf = /0 (Z Eaa jns ( 90 f(TO -5, y)®j,n('7 y)d0<y))) ds.

From this and the assumption A, o, 11 = Ap, a0, then follows for a.e. x € Sy, that

To oo
/0 Sa_l (Z /(‘)Q (Ea,a(_)\l,nsa)gl,n(x7 y) - Ea,a(_)‘2,nsa)@27n(x7 y)) f(TO -5, y)d0<y)> ds = 0.
(4.1)

In view of the integrand appearing in the left hand side of (4.1), we introduce for every
h € H??(0Q) such that supp h C Sy, the following function

F‘Ih(’z?'r) = ZEa,a(_)\j,nz) (/S @]m,(l',y)h(y)dg(y)) AS C7 T e Sout' (42)
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Then, the identity (4.1) being valid for every f € Hi,1,, we find upon taking f(¢,z) =
g(t)h(z), for (t,z) € (0,Tp) x Sin, where g is arbitrary in C°(0,Tp) and h € H3/2(9Q)

is, as above, supported in S;,, that
Fip(s®,2) = Fyp(s®,x), s€(0,Tp), x € Sout- (4.3)

Step 2: Analytic continuation. We start by establishing the following technical result.

Lemma 4.1. Fiz 0, € (ra /2, ma) and pick h € H3/?(09Q) satisfying supp h C Si,. Then,
both L*(Sout)-valued functions z — Fjp(z,-), j = 1,2, defined in (4.2), are holomorphic
in the sub-domain Dy, = {z € C\ {0}; |arg(z)| <7 — 6p}.

Proof. Let j be either 1 or 2. Bearing in mind that

Mj.n

/S m O (- Yh(y)do(y) =Y < /S in h(y)%n’p(y)dg(y)) Winps m € NF,

p=1

we see upon arguing as in the derivation of Proposition 3.4, that it is enough to show
that the L2(2)-valued function

Z Ea a ] nz (/ h(y)w],n(y)do—(y)) Aj,ngpnv (44)
is holomorphic in Dy,.

Further, as o € (0,2) and |arg(—=z)| € [0o, 7], we invoke (2.6) and get some positive

constant ¢ such that

c
Eool-Ainz)| < ————, 2 € Dy, n €N,
| ( Js )|\1+|/\j,n2’|2 0o

As a consequence we have

]n|Eozoc ]nz | ‘/ Q,D]n ( >‘ < C|Z|_2)\j_ﬂi

h(y)jn(y)do(y)|.  (4.5)

Let K be a compact subset of Dy,. Due to Lemma 2.3, (4.5) yields that the series
appearing in the right hand side of (4. 4) converges in ng (€2), uniformly in z € K. Next,
the mapping z — E, o(—Ajn2) (fs Y)Y;n(y)do(y )) Ajn@n being holomorphic in K
for each n € N*| since the Mittag-Leffler functlon E,  is holomorphic in C from the
very definition (2.4), we get that G; is holomorphic in K as well. This entails that G,

is analytic in Dy, since K is arbitrary in Dy,. 4
18



Fix 0y € (ma/2,ma). Since Fip(z,x) = Fyu(z, ) for a.e. o € Sy and all z €
(0,7%"), according to (4.3), then the same is true for z € Dy,, by Lemma 4.1 in virtue

of the unique continuation principle for analytic functions. This yields
Fip(t,x) = Fou(t, ), © € Sout, t € (0,4+00). (4.6)

Having seen this, we turn now to proving that the identity (4.6) yields
AMan = Aoy and O, (2,y) = O (x,y), n € N*, (2,y) € Sout X Sin. (4.7)

This can be done upon computing the Laplace transform of both sides of (4.6).
Step 3: Laplace transform. We fix N € N*, ¢ € R’ and recall that the L?(0Q)-norm of

gEa,a(—Aj,nto‘) ( /S Ojn (-, y)h(?/)da(y)) = gEa,a(—Amta) (WL; ( /S h(y)@bj,n,p(y)da(y)) Dins

is upper bounded (up to some positive multiplicative constant that depends only on )

by the L2 (@)-norm of 3200 Eaa(=Aat) (524 ([, 20 ¥50p(0)A0 1) ) Ainrng)-
Hence we find that

S B t®) [ Oruthieiiom))

n=1 Sin L2 (Sow)
™o 2\ \ 1/2
< cpt! (Z X Boa(=Ajnt®)? (Z / () mp(y)do(y) ))
1 109
N mj.n 2 1/2
< o (Z A (Z / h(y)bsp(y)do(y) )) ,
n=1 p=1 o0
according to (2.7), the constant C' > 0 depending neither on N, nor on ¢t. Therefore, we
have
N
S a2t ([ Oitaom)| < O il
n=1 Sin L?(Sout)

by Lemma 2.3, and the Lebesgue dominated convergence theorem for L?(S,y;)-valued

functions yields

c [2 M By 0 (= nt®) ( /S ) @j,n(%y)h(y)do(y))] (p)

“+o00

> ( /S Oin(2; ?J)h(y)d"(y)) L [t* Ena(=Ant®)] (0), @ € Sou, p € RY4.8)

n=1
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We are thus left with the task of computing the Laplace transform of t — t*T E, ,(—\; ,t%)
on R*. We find by standard computations that [57, Eq. (1.80)] implies

d? 20%p® — ala — 1)(p® + \jn)
L[ B =23t () = (£ [ B~ Aint™)] () = H( L )
|: s ( s )i| <p> dp ( |: s ( 5 )] (p)) P (pa + )\jﬂl)g
(4.9)
for all p > )\}7/710‘. Further, since p — L[t*™ E, o(—X;,t%)] (p) is an analytic function of

p € {z € C; Rz > 0}, then (4.9) holds for every p € ]R*Jr, and we have

too (20%p%—ala=1)(p*+A1n)) [, O1n(zy)h y)do(y

n=1 ( XA n) (4 10)
too (2077 —a(a=1)(p*+r2n) [5, O2.n(zy)h(y)do(y) . '
= anl (P> +A2,n)3 y P € R-p T € Souta

by (4.2), (4.6) and (4.8).

Step 4: End of the proof. Consider O := C\ {—\,,; 7 = 1,2, n € N*} and note that,
since, for j = 1,2, (A\jn)n>1 1S a strictly increasing and unbounded sequence, the set O is
connected. Let K be a compact subset of O := C\ {—A;,; j =1,2, n € N*}. Arguing

as in the derivation of Lemma 4.1, we see that, for j = 1,2, the serie

> (e DMy ([ 6 maptioiiot).

n=1

converges uniformly with respect to z € K. Thus, since K is arbitrary in O, the function

20%2 —ala—1)(z + \j,)
ZHZ( Z+)\]n 5 )(/ @jn7 (y))7

is analytic in O and we deduce from (4.10), that

00 a?z—a(a=1)(z4+M n
o2 (Bl ) ([ €1z, y)h(y)do(y) )
=y <2a = o;(Jorz)\Qli()éJr/\z n)) <fsm Ogn(z, y)h(y)da(y)) , 2 €0, T € Sout,

by the unique continuation principle for analytic functions. Now, putting A\, =

y )r?lir;} . Ajn, multiplying both sides of (4.11) by (z + A.1)?, and sending 2 to (— A1),
J,m)E{1l,2} xN*

we obtain that

/\1,1 =g = /\2,1 and /
Sin

(4.11)

O1.1(z,y)h(y)do(y) = /S ©2.1(,y)h(y)do(y) for a.e. z € Syus.

Similarly, by induction on n € N*, we find that
M= daand [ Ou (e phlp)dos) = [ Ban(n)h(u)da(y) for ae. o € S
Sin Sin

for any function h € H3/2(982) supported in Sy, which yields (4.7). Finally, since Sy, U

Sout = 0 and Si, N Sou # 0, we end up getting that BSD(py, a1, V1) = BSD(p2, as, V3),
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up to an appropriate choice of the functions {p;,, n € N*}, from (4.7) and the end of
the proof of Theorem 1.1 in [13] (see [13, pages 975-976]).

5. RESULTS ON RIEMANNIAN MANIFOLDS

In this section we prove Theorem 1.2. Then, we establish in the particular case
where = 1 and ¢ = 0, upon assuming a spectral Hassell-Tao type inequality (see (5.5)
below) that the result of Theorem 1.2 remains valid when Sy, N Sgu; = 0.

Nevertheless, in the first step of the analysis we assume a slightly more restrictive
assumption, i.e. that S, N Syu # 0, than the one required by Theorem 1.2. We consider
the weighted measure pudz, where dz is the Riemannian volume measure, to define the
space L*(M), since A, is symmetric with respect to the resulting inner product. Let us
introduce the elliptic operator A acting on L?(M) with domain D(A) = Hg(M)NH?*(M)
defined by

Ah=—-A, ,h+qh, he D(A). (5.1)

By a compact resolvent argument we know that the spectrum of A consists of a non-
decreasing sequence of eigenvalues (\,),>1 and we can introduce the associated Hilber-

tian basis of eigenfunctions (¢, ),>1. We define the boundary spectral data as

BSD(M, g, 11, q;T') == {(An; Ymyr); n = 1},

where I' C OM is open and 1, = 0,¢,. In view of these BSD, it is easy to see that
the results of Sections 2, 3 and 4 remain valid in the framework of Theorem 1.2. In

particular, we may repeat the proof of Theorem 2.2 in the present context to obtain:

Theorem 5.1. Let (M, gr), k = 1,2, be two compact and smooth connected Riemann-
ian manifolds of dimension d > 2 with the same boundary. Let py, qx € C°(My,) satisfy
pr(x) >0 and qr.(x) > 0 for all z € My, k = 1,2. Let Sy, Sour C OM; be relatively open
and suppose that Sy N S s nonempty. Suppose, moreover, that g1 = go, p1 = po = 1
and Oyp1 = Oypie = 0 on OM,. Then, the condition A, g, g0 = Mis,goonge 1MPpli€s

that, up to an appropriate choice of the eigenfunctions of the operator Ay, we have

BSD(Mjy, g1, i1, 1; Sout U Sin) = BSD(Ma, g2, 112, @25 Sout U Sin)- (5.2)

It is well-known that (5.2) implies that (My, gx), k = 1,2, are isometric, and that
(r,qr), k = 1,2, are on the same orbit of the group of gauge transformations, and
we refer to [31] for a detailed proof. To our knowledge, all the proofs of this result are

based on the Boundary Control method. The Boundary Control method was introduced
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by Belishev in [5] where he solved the inverse boundary value problem for the isotropic
wave equation, that is, the equation (1.6) with « = 2, @ = 1 and ¢ = 0. The method was
generalized to geometric context by Belishev and Kurylev [6], and the inverse boundary
spectral problem with partial data as in (5.2) was solved by Katchalov and Kurylev [30].
We mention that a reduction similar to Theorem 5.1 was shown in [32] in the case of

the heat equation, that is, the equation (1.1) with o = 1.

Let us now consider two further generalization where the assumption that S, NS,
is nonempty is weakened. These generalizations are based on the observation that the

proof of Theorem 2.2 gives:

Theorem 5.2. Let (Mg, gx), k = 1,2, be two compact and smooth connected Riemann-
ian manifolds of dimension d > 2 with the same boundary. Let py, g € C(My) satisfy
pp(z) > 0 and qi(x) > 0 for all z € My, k = 1,2. Let Sin, Sout C OM; be relatively
open, and suppose that g1 = go, 1 = o = 1 and O, 1 = Oype = 0 on OM;. Then, the

condition A, g g1 = Mio,goponge iMplies that
Man = Ao and Oy, (x,y) = Oop(x,y), n € N, (2,y) € Sout X Sin, (5.3)

where, as before, {\r;n € N*} is the strictly increasing sequence of the Dirichlet eigen-

values of Ay and

Mk.n d
o o E ij
@kz,n(xv y) O 77Z)k,n,p(x)¢k,n,p(y)7 where wk,n,p c— 9k Viatj Pk.n.p-
p=1 ij=1
Here the eigenfunctions gy, are chosen so that @rpn,, p = 1,..., My, form an or-

thonormal basis of the eigenspace associated with Ay .

If Sin N Sout # 0, then the equation (5.3) implies that the boundary spectral data
BSD(Mk7gk;,U/k7qk;S0ut)7 k= 1727 (54)

are gauge equivalent in the sense that there is a constant x > 0 such that up to an
appropriate choice of the eigenfunctions of the operator A;, we have v ,,, = K12, on
Sout for all n and p, see [38, Theorem 4]. In [38] the authors considered only operators
A of the form (5.1) with g = 1 identically. We can actually reduce to this case upon
taking x = \/p in (1.11). The gauge equivalence of the boundary spectral data (5.4)
implies that (M, gx), k = 1,2, are isometric and that (ug, qx), k = 1,2, are on the same
orbit of the group of gauge transformations, as can be seen by combining the proofs of

[31, Theorems 4.33 and 3.37]. This proves Theorem 1.2.
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Finally, let us consider the case where S;, and S, are allowed to be far apart.
Following [39] we assume that p, = 1 and ¢ = 0 identically, and that both (Mg, gx),
k = 1,2, satisfy the spectral inequality

)\k,n S OHwkm,,pH%Q(Sin), (55)

where the constant C' > 0 is independent of n and p. Hassell and Tao [27] showed that
all non-trapping Riemannian manifolds (M, gx) satisfy (5.5) when S, is replaced by
OMj}.. Moreover, (5.5) follows from (and is strictly weaker than) the geometric control
condition by Bardos, Lebeau and Rauch [2], see [39]. We will now give a reduction
to the result in [39]. Let us denote by Ly, the hyperbolic DN map associated to the

Riemannian manifold (M, g) and restricted to Si, X Sou, that is,

LM’gf = a'/u‘(oyoo)xsomﬂ f E C(c))o((()?OO) X Sin)7

where u is the solution of (1.1) with u = 1, ¢ = 0 identically and o« = 2. The map

Ly, g, has the representation

B t sin(y/Apn(t —s))
LMkugkf(t7x) - RGZN*/O /Sin f(S, y) \/m @k,n(‘r7 y)dyds’

where dy is the Riemannian surface measure on 0Mj, see e.g. [31, Lemma 3.6]. Hence
(5.3) implies that Ly, 4, = Las,g,, and therefore (My, gi), k = 1,2, are isometric [39].

We have shown:

Theorem 5.3. Let (Mg, gx), k = 1,2, be two compact and smooth connected Riemann-
ian manifolds of dimension d > 2 with the same boundary. Let Sy, Sout C OM; be rel-
atively open, and suppose that g = go on OM;. Suppose, moreover, that both (My, gi),
k = 1,2, satisfy the spectral inequality (5.5). Then, the condition A, gi1.0 = Ariyga1.0

implies that (Mg, gx), k = 1,2, are isometric.

We do not know if Theorem 5.3 holds for operators with varying p and ¢, see the
discussion in [40, pp. 7-8].

ACKNOWLEDGMENTS

The first author would like to thank Lorenzo Brasco for his remarks and fruitful
discussions. The fourth author is partially supported by Grant-in-Aid for Scientific

Research (S) 15H05740 of Japan Society for the Promotion of Science.
23



[1]

[15]

REFERENCES

E.E. ApAaMSs AND L.W. GELHAR, Field study of dispersion in a heterogeneous aquifer 2. Spatial
moments analysis, Water Resources Res. 28 (1992), 3293-3307.

C. BARDOS, G. LEBEAU AND J. RAUCH, Sharp sufficient conditions for the observation, control,
and stabilization of waves from the boundary, STAM J. Control Optim., 30 (1992), 1024-1065
O.P. AGARWAL, Solution for a fractional diffusion-wave equation defined in a bounded domain,
Nonlinear Dyn., 29 (2002), 145-155.

S. BECKERS AND M. YAMAMOTO, Regularity and uniqueness of solution to linear diffusion equa-
tion with multiple time-fractional derivatives, International Series of Numerical Mathematics, 164
(2013), 45-55.

M. BELISHEV, An approach to multidimensional inverse problems for the wave equation, Dokl.
Akad. Nauk SSSR, 297 (1987), 524-527.

M. BELISHEV AND Y. KURYLEV, To the reconstruction of a Riemannian manifold via its spectral
data (BC-method), Comm. Partial Differential Equations, 17 (1992), 767-804.

M. BELLASSOUED, M. CHOULLI AND M. YAMAMOTO, Stability estimate for an inverse wave
equation and a multidimensional Borg-Levinson theorem, J. Diff. Equat., 247(2) (2009), 465-494.
M. BELLASSOUED AND D. D0S SANTOS FERREIRA, Stability estimates for the anisotropic wave
equation from the Dirichlet-to-Neumann map, Inverse Problems and Imaging, 5 No 4 (2011), 745-
773.

M. BELLASSOUED, D. JELLALI AND M. YAMAMOTO, Lipschitz stability for a hyperbolic inverse
problem by finite local boundary data, Appl. Anal., 85 (2006), 1219-1243.

1. BEN AICHA, Stability estimate for hyperbolic inverse problem with time dependent coefficient,
Inverse Problems, 31 (2015), 125010.

A.L. BUKHGEIM AND M.V. KLIBANOV, Global uniqueness of class of multidimensional inverse
problems, Sov. Math. Dokl., 24 (1981), 244-247.

J. CARCIONE, F. SANCHEz-SESMA, F. LUzON AND J. PEREZ GAVILAN, Theory and simula-
tion of time-fractional fluid diffusion in porous media, Journal of Physics A: Mathematical and
Theoretical, 46 (2013), 345501 (23pp).

B. CanuTO AND O. KAVIAN, Determining Coefficients in a Class of Heat Equations via Boundary
Measurements, STAM Journal on Mathematical Analysis, 32 no. 5 (2001), 963-986.

B. CanuTO AND O. KAVIAN, Determining Two Coefficients in Elliptic Operators via Boundary
Spectral Data: a Uniqueness Result, Bolletino Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8), 7 no.
1 (2004), 207-230.

M. CHENG, J. NAKAGAWA, M. YAMAMOTO AND T. YAMAZAKI, Uniqueness in an inverse problem

for a one dimensional fractional diffusion equation, Inverse Problems, 25 (2009), 115002.

24



[16]

[17]

[18]

[31]

32]

J. CHENG, X. XIANG AND M. YAMAMOTO, Carleman estimate for a fractional diffusion equation
with half order and application, Appl. Anal., 90 (2011), no. 9, 1355-1371.

M. CHouLLl, Une introduction aux problémes inverses elliptiques et paraboliques, Mathématiques
et Applications, Vol. 65, Springer-Verlag, Berlin, 2009.

M. CHouLLl AND Y. KIAN, Stability of the determination of a time-dependent coefficient in
parabolic equations, MCRF, 3 (2) (2013), 143-160.

M. CHouULLI AND P. STEFANOV, Stability for the multi-dimensional Borg-Levinson theorem with
partial spectral data, Commun. Partial Diff. Eqns., 38 (3) (2013), 455-476.

M. CHOULLI AND M. YAMAMOTO, Some stability estimates in determining sources and coeffi-
cients, J. Inv. Tll-Posed Problems 14 (4) (2006), 355-373.

M. CRISTOFOL, S. L1 AND E. SOCCORSI, Determining the waveguide conductivity in a hyperbolic
equation from a single measurement on the lateral boundary, arXiv:1501.01384.

K. FuJISHIRO AND Y. KIAN, Determination of time dependent factors of coefficients in fractional
diffusion equations, preprint, arXiv:1501.01945.

P. GArTaN AND Y. KIAN, A stability result for a time-dependent potential in a cylindrical domain,
Inverse Problems, 29 (6) (2013), 065006.

P. GRISVARD, Elliptic problems in nonsmooth domains, Pitman, London, 1985.

R. GORENFLO, Y. LUCHKO AND M. YAMAMOTO, Time-fractional diffusion equation in the frac-
tional Sobolev spaces, Fractional Calculus and Applied Analysis, 18 (2015), 799-820.

R. GORENFLO AND F. MAINARDI, Fractional diffusion processes: probability distributions and
continuous time random walk. In: Rangarajan G, Ding M, editors. Processes with long range
correlations. Vol. 621, Lecture Notes in Physics. Berlin: Springer; (2003), 148-166.

A. HASSELL AND T. TA0, Upper and lower bounds for normal derivatives of Dirichlet eigenfunc-
tions Math. Res. Lett. 9 (2002), 289-305.

Y. HATANO, J. NAKAGAWA, S. WANG AND M. YAMAMOTO, Determination of order in fractional
diffusion equation, J. Math-for-Ind. 5A, (2013), 51-57.

H. Isozaxi, Some remarks on the multi-dimensional Borg-Levinson theorem, J. Math. Kyoto
Univ., 31 (3) (1991), 743-753.

A. KATcHALOV AND Y. KURYLEV, Multidimensional inverse problem with incomplete boundary
spectral data, Comm. Partial Differential Equations, 23 (1998), 55-95.

A. KATCcHALOV, Y. KURYLEV AND M. LASSAS, Inverse boundary spectral problems, Chapman &
Hall/CRC, Boca Raton, FL, 2001, 123, xx+290.

A. KATrcHALOV, Y. KURYLEV, AND M. LASSAS, Fquivalence of time-domain inverse problems
and boundary spectral problem, Inverse problems, 20 (2004), 419-436.

O. KaviaN, Y. KiaN AND E. SOCCORSI, Uniqueness and stability results for an inverse spectral

problem in a periodic waveguide, J. Math. Pures Appl., 104 (2015), 1160-1189.
25



[34]

[35]

[36]

[37]

[38]

[39]

[41]

[42]

[43]

[48]

[49]

Y. KiAN, Stability of the determination of a coefficient for the wave equation in an infinite waveg-
utde, Inverse Probl. Imaging, 8 (3) (2014), 713-732.

Y. KiaN, A multidimensional Borg-Levinson theorem for magnetic Schrédinger operators with
partial spectral data, arXiv:1504.04514.

Y. KIAN AND M. YAMAMOTO, On existence and uniqueness of solutions for semilinear fractional
wave equations, arXiv:1510.03478.

A.A. KiLBAs, H.M. SRIVASTAVA AND J.J. TRUJILLO, Theory and applications of fractional dif-
ferential equations, Elsevier, Amsterdam, 2006.

M. LAssAs AND L.OKSANEN, An inverse problem for a wave equation with sources and observa-
tions on disjoint sets, Inverse Problems, 26 (2010), 085012.

M. LAssAS AND L.OKSANEN, Inverse problem for the Riemannian wave equation with Dirichlet
data and Neumann data on disjoint sets, Duke Math. J., 163 no. 6 (2014), 1071-1103.

M. LassAs AND L. OKSANEN, Local reconstruction of a Riemannian manifold from a restric-
tion of the hyperbolic Dirichlet-to-Neumann operator, Inverse Problems and Applications (Eds. P.
Stefanov, A. Vasy, M. Zworski). Contemporatry Mathematics, 615 (2014), 223-233.

Z. L1, O. Yu. IMANUVILOV AND M. YAMAMOTO, Uniqueness in inverse boundary value problems
for fractional diffusion equations, preprint, arXiv:1404.7024.

J.-L. LioNs AND E. MAGENES, Problémes aux limites non homogénes et applications, vol. 1,
Dunod, Paris, 1968.

S. Liu AND L. OKSANEN, A Lipschitz stable reconstruction formula for the inverse problem for
the wave equation, Trans. Amer. Math. Soc., 368 (2016), 319-335.

Y. Liu, W. RUNDELL AND M. YAMAMOTO, Strong mazimum principle for fractional diffusion
equations and an application to an inverse source problem, preprint, arXiv:1507.00845.

Y. LUCHKO, Initial-boundary value problems for the generalized time-fractional diffusion equation,
in: Proceedings of 3rd IFAC Workshop on Fractional Differentiation and Its Applications (FDAOS),
Ankara, Turkey, 05-07 November (2008).

R. METZLER AND J. KLAFTER, The random walk’s guide to anomalous diffusion: a fractional
dynamics approach, Physics reports, 339 (2000), 1-77.

K.S. MILLER AND B. R0sS, An Introduction to the Fractional Calculus and Fractional Differential
FEquations, Wiley, 1993.

L. MILLER AND M. YAMAMOTO, Coefficient inverse problem for a fractional diffusion equation,
Inverse Problems, 29 (2013), 075013 (8pp).

C. MONTALTO, Stable determination of a simple metric, a co-vector field and a potential from the
hyperbolic Dirichlet-to-Neumann map, Commun. Partial Diff. Eqns., 39 (2014), 120-145.

A. NACHMAN, J. SYLVESTER AND G. UHLMANN, An n-dimensional Borg-Levinson theorem,

Comm. Math. Phys., 115 (4) (1988), 595-605.
26



[51]

[52]

H.E. RoMaN AND P.A. ALEMANY, Continuous-time random walks and the fractional diffusion
equation, J. Phys. A, 27 (1994), 3407-3410.

K. SAKAMOTO AND M. YAMAMOTO, Initial value/boundary wvalue problems for fractional
diffusion-wave equations and applications to some inverse problems, J. Math. Anal. Appl., 382
(2011), 426-447.

S.G. SaAMKO, A.A. KiLBAS AND O.I. MARICHEV, Fractional Integrals and Derivatives, Gordon
and Breach Science Publishers, Philadelphia, (1993).

P. STEFANOV AND G. UHLMANN, Stability estimates for the hyperbolic Dirichlet to Neumann map
in anisotropic media, J. Funct. Anal., 154 (1998), 330-358.

P. STEFANOV AND G. UHLMANN, Stable determination of the hyperbolic Dirichlet-to-Neumann
map for generic simple metrics, International Math Research Notices (IMRN), 17 (2005), 1047-
1061.

P. STEFANOV AND G. UHLMANN, Recovery of a source term or a speed with one measurement
and applications, Trans. Amer. Math. Soc., 365 (11) (2013), 5737-5758.

1. PODLUBNY, Fractional differential equations, Academic Press, San Diego, 1999.

M. YAMAMOTO AND Y. ZHANG,Conditional stability in determining a zeroth-order coefficient in
a half-order fractional diffusion equation by a Carleman estimate, Inverse Problems, 28 (2012),

no. 10, 105010 (10 pp).

YAVAR KIAN, Aix-Marseille Université, CNRS, CPT UMR 7332, 13288 Marseille, and
Université de Toulon, CNRS, CPT UMR 7332, 83957 La Garde, France.

E-mail: yavar.kian@univ-amu.fr.

LAURI OKSANEN, Department of Mathematics, University College London, Gower
Street, London, WC1E 6BT, UK.

E-mail: 1.oksanen®@ucl.ac.uk.

ERIC Soccorsi, Aix-Marseille Université, CNRS, CPT UMR 7332, 13288 Marseille,
and Université de Toulon, CNRS, CPT UMR 7332, 83957 La Garde, France.

E-mail: eric.soccorsi@univ-amu.fr.

MASAHIRO YAMAMOTO, Department of Mathematical Sciences, The University of
Tokyo 3-8-1, Komaba, Meguro, Tokyo 153, Japan.

E-mail: myama@ms.u-tokyo.ac. jp.

27



