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HYPERSURFACES WITH DEGENERATE DUALS
AND THE GEOMETRIC COMPLEXITY THEORY PROGRAM

J.M. LANDSBERG, LAURENT MANIVEL AND NICOLAS RESSAYRE

ABSTRACT. We determine set-theoretic defining equations for the variety Dualy,a,n C P(Sd(CN)
of hypersurfaces of degree d in CV that have dual variety of dimension at most k. We apply
these equations to the Mulmuley-Sohoni variety GL,2 - [detn] C P(S"(C"z), showing it is an

irreducible component of the variety of hypersurfaces of degree n in C* with dual of dimension
at most 2n — 2. We establish additional geometric properties of the Mulmuley-Sohoni variety
and prove a quadratic lower bound for the determinental border-complexity of the permanent.

1. INTRODUCTION

A classical problem in linear algebra is to determine or bound the smallest integer n such that
the permanent of an m X m matrix may be realized as a linear projection of the determinant
of an n X n matrix. L. Valiant [7] proposed using this problem as an algebraic analog of the
problem of comparing the complexity classes P and NP. Call this value of n, dc¢(perm,,). He
conjectured that dc(perm,,) grows faster than any polynomial in m. The best known lower
bound is dc(perm,,) > %2, which was proved in [3].

The definition of de(perm,,) may be rephrased as follows: let ¢ be a linear coordinate on C,
let C® M,,(C) C M,(C), be any linear inclusion, where M, (C) denotes the space of complex
n X n matrices; then de(perm,,) is the smallest n such that ¢~ perm,, € End(M,(C)) - det,.
Here u € End(M,,(C)) acts by (u - dety,)(M) := det, (u(M)).

K. Mulmuley and M. Sohoni [4, 5], have proposed to study the function dc(perm,,), which
is the smallest n such that [("~" perm,,] is contained in the orbit closure GL,: - [det,| C
P(S™(My,(C))*). Here S™(M,(C))* denotes the homogeneous polynomials of degree n on M, (C).

The best known lower bound on this function had been linear. Note that dc(perm,,) <

de(perm,, ), the potential difference being the added flexibility of limiting polynomials in GL,,2 - [det,]

that are not in End(M,(C))-[det,]. Our main result about dc(perm,,) is the following quadratic
bound.

- 2
Theorem 1.0.1. dc(perm,,) > =5-.

Consider the ideal of regular functions on S™(M,(C)*) that are zero on GL,2 - [det,]. We
construct an explicit sub-GL,2-module V,, in this ideal which has the following properties.

Theorem 1.0.2. (1) The GL,2-module V,, contains an irreducible module of highest weight
n(n —1)(n — 2)wy + (2n? — 4n — 1)wg + 2wan 11
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and V,, is a subspace of the space of homogeneous polynomials of degree n(n — 1) on
S (Mn(C))*.
(2) The variety GL, - [det,] is an irreducible component of the zero locus D,, of V,,.

Theorem 1.0.2 provides the first explicit module of equations in the ideal of GL, - [det,].
However dim(D,,) grows exponentially with n, whereas dim(GL,: - [det,]) is on the order of
n*. In particular, D, has other irreducible components, one of which is described in §4. A
more precise statement than Theorem 1.0.2 is Theorem 3.1.1, which implies that our equations

provide a full set of local equations of GL, - [det,| around [det,].

One can similarly define dc(P), de(P) for an arbitrary polynomial P of degree n in N variables.
Such a polynomial, if nonzero, defines a hypersurface Z(P) c PV~!. If P is reduced, the Zariski
closure of the set of tangent hyperplanes to this hypersurface is a subvariety Z(P)* of the dual
projective space, called the dual variety of Z(P). For generic such P, Z(P)* is a hypersurface.

Theorem 1.0.3. For any irreducible polynomial P,
- dim Z(P)* +1
- 2

Theorem 1.0.3 is obtained by partially solving a question in classical algebraic geometry
(Theorem 2.3.1): find set-theoretic defining equations for the variety Dualy g n C P(SICY) of
hypersurfaces of degree d in CPV~! whose dual variety has dimension at most k.

dc(P)

While it was generally understood that End(M,,(C))-[det,| C GL,z - [det,] was a proper inclu-
sion, it had not been known if the difference was potentially significant. Proposition 3.5.1 exhibits
an explicit codimension one GL,2(C)-orbit that is contained in the boundary of GL,2 - [det,]
but not contained in End((C”2) -det,,, at least when n is odd. In particular, we exhibit an explicit
sequence of polynomials P, with dc(P,,) < dc(Py,).

2. HYPERSURFACES WITH DEGENERATE DUAL VARIETIES

2.1. Katz’s dimension formula. Let W be a complex vector space of dimension N, and
P € SUW* a homogeneous polynomial of degree d. Let Z(P) C PW denote the hypersurface
defined by P. If P is irreducible, then Z(P) and its dual variety Z(P)*, the Zariski closure of
the set of tangent hyperplanes to Z(P), are both irreducible. The Katz dimension formula [2]
states that
dim Z(P)* =rank(Hp,,) — 2,

where Hp,, denotes the Hessian of P at w, a general point of the affine cone over Z(P). Recall
that the Hessian can be defined, once a coordinate system on W has been chosen, as the
symmetric matrix of second partial derivatives of P. Intrinsically, it is just the quadratic form
constructed from P by polarization:

Hpy(X) =P(w,...,w, X, X).

Katz’s formula implies that Z(P)* has dimension less or equal to k if and only if, for any
w € W such that P(w) = 0, and any (k + 3)-dimensional subspace F' of W,

det(Hpw|r) = 0.

Equivalently (assuming P is irreducible), for any such subspace F', the polynomial P must
divide det(Hp|r), a polynomial of degree (k + 3)(d — 2).
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2.2. Pairs of polynomials such that one divides the other. Consider two homogeneous
polynomials P,Q on W = CV, of respective degrees d,e. We determine equations on their
coefficients that are implied by the condition that P divides Q.

There is an obvious solution in the slightly different situation where P and @ are (non-
homogeneous) polynomials in a single variable: one simply performs the Euclidian division of @
by P and requires that the remainder R be zero. The ideal defined by this condition is described
in [6].

In our situation, we can first restrict P and @ to some plane L in W, and choose coordinates
x,y on L. The restricted polynomials P; and () are then binary forms in these coordinates.
Then set y = 1 and perform a Euclidean division on the resulting polynomials in z. After
rehomogenization, we obtain

(1) Qr(z,y) = Pr(z,y)Dr(z,y) + v Ry(x,y),

where Ry (x,y) is homogeneous of degree d — 1. The condition R;, = 0 depends on the choice
of the coordinates x and y, but up to scale, the coefficient Ry, 41 of %1 only depends on
the choice of the coordinate y. That is, the condition Ry, 4—; = 0, considered as a polynomial
equation in the coefficients of P and @), only depends on the choice of L and of the line D in L
defined by the equation y = 0.

To make the connection with [6], write

Qu(z:y) = Lizo qiz'y" " = g [Tia (@ — ya),
Pr(z,y) = Y50 pjay" T = pa[Ti=y (& — yB).

Divide equation (1) by Pr(z,y) and set x = 1. We get an identity between power series in y,
to which Dy, contributes only up to degree e — d. We conclude that Ry, 4_1/pq is equal to the

coefficient of y¢~9*! in

QrLy) el —you) e  om
Pr(Ly)  pallii,(1—yB)  Pa ngosm(ﬂ W

where the last equality can be taken as a definition of the symmetric functions s,,(5 — «). The
condition that Ry 41 = 0 is thus equivalent to the condition that

Se—d—i—l(ﬁ - Oé) = 0.

In order to get a polynomial equation in the coefficients of @ and Pr, we modify the expression
slightly. Write

Qr(l,y)  Qul,y)  Quly) e
Pr(Ly)  pal+7(y)  pa ngo( D™m(y)™,

where 7(y) = Z;l:l %yj . Therefore, the coefficient of y~%*1 can be expressed as

. 1 & Pd—iy -+ Dd—j,
R(Q, P) :=p—Zqi > (1)
=0 jretjrm—dtlti d

In that sum the maximal value of r is € — d + 1, so we make it a polynomial by multiplying by

pfl_d+2. We conclude that Ry, g—1 = 0 is equivalent to the condition that
(2) > (—1)"qipa—j, - paj,py T =0.

Jitetir=—d+1+i
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This condition is linear in the coefficients of ()7, and of degree e — d + 1 in those of Pr. It
depends, as we have seen, on the choice of a preferred coordinate on L, in particular, on the
choice of the line D defined by this coordinate.

Note the following behavior under rescaling:

(3) R(aQ(z,\y), BP(z, \y)) = af N TIHIR(Q, P).

2.3. Equations for hypersurfaces with degenerate duals. We apply the results of the
preceeding section to the case where Q = det(Hp|r), whose degree equals e = (k + 3)(d — 2).
Recall that F' C W is a subspace of dimension £+3. Once F' has been chosen, we obtain a family
of equations depending, up to scale, only on the choice of a plane L in W and a line D in L. In
particular, if F' contains L we get an equation depending only on the partial flag D C L C F.
This equation must therefore be a highest weight vector in some module of polynomials on
S™W*, and its highest weight must be of the form awy + bws + cwy1 3.

Consider a basis adapted to D C L C F and let (z,y,2,w) = (2,5, 2", w*) denote its dual
basis. Consider a diagonal matrix T := (t,,ty,t.Idp/, twldy,r). Under rescaling

(4) (T.P)(x,y,0,0) = t;"P(z,tst,"y,0,0).

Moreover, the matrix of Hp p|r is obtained from that of Hp|p by substituting (z,y, z,w) by
(t; lx,t; Yy,t-12, ¢t 'w) and multiplying the first row and column by t, !, the second row and
column by ¢, 1 and the other rows and columns by ¢ !. It follows that det(Hrz p|r) is obtained
from det(Hp|r) by substituting (¢; 'z, t;ly, t712,tp w) in for (z,y, z,w) and by multiplying the
result by
In summary,

(5) det(HT.P’F)(x7 Y, 0, 0) = tx_2ty_2tz_2(k+l)t;e det(HP‘F)(xa txt;1y7 0, 0)
From equations (3), (4) and (5), the vector of exponents of the action of 7' on our equation is:
24+e+(d—1)(e—d+1)
e—d+3
2(k+1)
This vector should be
a+b+c
b+c
c(k+1)
We deduce
a=—e+3d—2+de—d*=(d—1)(d—2)(k+2),
b=e—d+1=d(k+2)—2k—5,
c=2.
Note that a + 2b+ (k + 3)c = d(d — 1)(k + 2) so this module occurs in W®Hd-1)k+2),

Define Dualy g n C P(SW™*) as the Zariski closure of the set of irreducible hypersurfaces of

degree d in PW ~ PN~1 whose dual variety has dimension at most k.

Theorem 2.3.1. The variety Dualy gy C P(S"(CN)*) has equations given by a copy of the
S Ly-module with highest weight

Q(k,d) = (d—1)(d — 2)(k + 2)w1 + (d(k +2) — 2k — 5)wa + 2wy 3.
These equations have degree (k + 2)(d — 1).
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Note that when we constructed our equations, we did not suppose that L was contained in
F'. This indicates that the module generated by these equations should in fact be larger than
the single module with highest weight Q(k, d).

Set theoretically, these equations suffice to define Dualy, 4 n locally, at least on the open subset
parametrizing irreducible hypersurfaces Z(P) C P(W). Indeed, once the plane L is fixed, by
varying the line D one obtains a family of equations expressing the condition that Pr, divides Qr,,
respectively the restrictions to L of the polynomials P and @ = det(Hp|r). But P divides @ if
and only if restricted to each plane P divides @), so our conditions imply that the dual variety
of the irreducible hypersurface Z(P) has dimension less or equal to k. On the other hand, if P
is not reduced, then these equations can vanish even if the dual of P,.4 is non-degenerate. For
example, if P = R? where R is a quadratic polynomial of rank 2s, then det(Hp) is a multiple
of R%.

2.4. Polynomials of the form (¢ "R.

Lemma 2.4.1. Let U = CM and L = C, let R € S™U* be irreducible, let ¢ € L* be nonzero,
let U* @ L* ¢ W* be a linear inclusion, and let P = (*~™R ¢ SIW*.
If [R] € Dualym,m and [R] & Dual,.—1,m v, then [P] € Dualy g n and [P] & Dual,.—1 4 -

Proof. Choose a basis uy,...,ur,v,warso,...,wy of W so (U*)* = (warya,...,wy) and
(L)t = (uy,...,unr, wargo, ..., wy). Let ¢ = (d — m)(d — m — 1). In these coordinates,
we have the matrix in (M,1,N — M — 1) x (M,1, N — M — 1)-block form:
(4-mHp 0 0
Hp = 0 cl=m=2R
0 0 0

First note that dety/+1(Hp|p) for any F = CM+1 ig either zero or a multiple of P. If
dim Z(R)* = M — 2 (the expected dimension), then for a generic F' = CM*! dety (Hp|r) will
not be a multiple of P, and more generally if dim Z(R)* = &, then for a generic ' = Cr+2,
det,2(Hp|r) will not be a multiple of P but for any F' = C**3, det,.,3(Hp|r) will be a multiple
of P. ]

3. THE ORBIT OF THE DETERMINANT

3.1. Statement of the main result. Let W = M,,(C), the space of complex matrices of size
n. Its dimension is N = n?. The hypersurface in PW defined by the determinant is dual to the
variety of rank one matrices, the Segre product P"~1 x Pr—1 c PN-1,

Intuitively, a deformation of the determinant hypersurface, subject to the condition that its
dual remains of dimension 2n — 2, should have a deformation of the Segre as its dual variety.
But the Segre is rigid, its only deformations in PW* are translates by projective automorphisms.
Hence the only deformations of the determinant hypersurface, with duals of the same dimension,
should be translates by projective automorphisms as well.

The problem with this intuitive argument is that the dual map can be highly discontinuous,
especially in the presence of singularities, and the determinant hypersurface is very singular.
Nevertheless, the conclusion turns out to be correct:

Every small deformation of the determinant hypersurface, with dual variety of the same di-
mension, is a translate by a projective automorphism.

We will prove a more precise statement. For a polynomial P of degree n on W, and a k-
dimensional subspace F' of W, we have expressed the condition that P divides det(Hp|r) in terms
of polynomial equations of degree (k+2)(n—1). These equations define a subscheme Dualy, ,, v C
PS"W*, supported on the variety Dualy , v and possibly other reducible hypersurfaces.
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Theorem 3.1.1. The scheme Duals,_s , 2 is smooth at [det,], and the PGL,2-orbit closure
of [det,] is an irreducible component of Dualy,_s ,, p2-

In particular, Theorem 3.1.1 implies that the SL(W)-module of highest weight Q(2n — 2,n)
given by (2) gives local equations at [det,] of GL,2 - [det,], of degree 2n(n —1). Since Dualy , N
always contains the variety of degree n hypersurfaces which are cones over a linear space of
dimension N — k — 1, the zero set of the equations is strictly larger than GL,2 - [det,]. The
so-called subspace variety of cones has dimension (k+z+1) +(k+2)(N—-—k—-2)—1. Fork =
2n — 2, N = n?, this dimension is bigger than the dimension of the orbit of [det,], and therefore
Dualy,,—3 4, 2 is not irreducible. We have not yet been able to find equations that separate the
orbit of [det,] from the other components of Dualy,, 3, 2.

3.2. Consequences regarding Kronecker coefficients. A copy of the module with highest
weight n(n — 1)(n — 2)w; + (2n2 — 4n — Dws + 2wony in S200=1D(S7C") is in the ideal of
GL(W) - [dety)].

The program suggested in [5] was to separate the determinant and permanent by finding
SL(W)-modules in the ideal of GL, - [det,] such that their entire isotypic component was in
the ideal. (Also see [1] for explicit statements regarding Kronecker coefficients needed to carry
out the program.) This does not occur for the module with highest weight n(n —1)(n — 2)w; +
(2n? — 4n — 1)ws + 2wan 11

For example, when n = 3, the module with highest weight 12wy + 5ws + 2w7 occurs with
multiplicity six in S12(S3C?), but only one copy of it is in the ideal.

3.3. Computing the Zariski tangent space. We differentiate the condition that P divides
det(Hp|F) for each F. That is, write det(Hp|r) = PQp for some polynomial Qr, and consider
a curve P. = P + emr + €27 + O(€®), inducing a curve Qr, = Qr + €Q + O(e?). Up to O(€?),
Hp becomes Hp + eH; and we deduce the identity

(6) det(Hp,...,Hp,Hw)‘F:WQF-FPQIF.

To exploit (6), let [w] be a general point of the hypersurface Z(P), so the rank of the qua-
dratic form Hp,, is exactly k + 2. Let X belong to the kernel of Hp,,. Let F’' be a (k + 2)-
dimensional subspace of W, transverse to the kernel of Hp,,, and let F = F' & CX. Now
compute det(Hp,...,Hp, Hy)|Fp at w. In terms of bases adapted to the flag F/ ¢ FF C W,
the matrix of Hp, has zeros in its last row and column, since they correspond to X, which
belongs to the kernel. Removing this row and column yields an invertible matrix, corresponding
to Hpyl|pr, as F " is transverse to the kernel.

Now, det(Hp,...,Hp, H;)|r evaluated at w is the sum of the k + 3 determinants obtained
by considering the matrix of Hp,|r and replacing one column by the corresponding column
of Hy |p. If this column is not the last one, this determinant remains with a zero column,
hence equals zero. In case the replaced column is the last one, since the last row of the ma-
trix of Hp,|p vanishes, the resulting determinant is equal to the determinant of the upper-
left block, det(Hp,|ps), multiplied by the lower-right entry of Hy ,|p, that is, Hy ., (X) =
m(w,...,w, X, X). Equation (6) becomes

(7) det(HP,w’F’)Hw,w(X) = W(M)QF(U)).

Note that Qp(w) depends on both w and X (since F' depends on X), but det(Hp,,|r/) only
depends on w.
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Now specialize (7) to the case P = det,,. Then w must be a matrix of rank exactly n — 1.
Write W = EQFE*, and as such, it is naturally self-dual via the involution e®¢ — ¢®e. For
w € W, write w* € E*QFE = W* for the image of w under the involution.

Lemma 3.3.1. Let w be a matrix of rank exactly n—1. Then the singular locus of the quadratic
form Hges,, v, (Hdet,, w)sing is the space of n x n matrices X such that:

1) Im(X) C Im(w), 2) Ker(X) D Ker(w), 3)w"(X)=0.

Proof. Write w = ¢1 ® e1 + - + ¢pp_1 ® e,_1, for some collection eq,...,e,_1 of independent
vectors in £ = C", and some collection ¢1,...,¢,_1 of independent linear forms. We com-
plete these collections into bases by adding a vector e, and a linear form ¢,. Consider an
endomorphism X = Zlgi, j<n Tij¢i @ €. An easy computation yields

n—1

Hiet,, w(X) = det(w, ..., w, X, X) = Z(x,mx” — Tpiin,)-

i=1
This implies that the singular locus of the quadratic form Hges,, . is defined by the conditions
Tpi = Tip, = 0 for 1 < i < n, and 2?2_11 xz;; = 0. The first identities are equivalent to the
conditions I'm(X) C Im(w) and Ker(X) D Ker(w). The third one is the condition w*(X) =
0. O

We summarize our analysis:
Lemma 3.3.2. Suppose that m € S"W™ belongs to the affine Zariski tangent space T[detn}pual2n_27n7n2.
Then for any matrix w of rank n — 1, and any X € (Hqet,, w)sing
Hrw(X) = exum(w),

for some scalar cx ,, that does not depend on .

3.4. Immanants. Recall that each partition A of n defines an irreducible representation [A] of
the symmetric group &,,, hence a character x,. The immanant I M) is the degree n polynomial
on M,, defined by the formula

IM)\(X) = Z XA(U)xla(l) * " Tno(n)-
0cBnp
For example, [n] is the trivial representation and IM,) is the permanent; [1"] is the sign
representation and IMny is the determinant.
Write M,,(C) = A* ® B for two copies A, B of C". Since [det,,] is preserved by the action of
GL(A) x GL(B) by left-right multiplication, this is also the case of the Zariski tangent space at
[det,,] of the G L,z2-invariant scheme Dualy,,_s ,, 2. But as a GL(A) x GL(B)-module,

S"(A*®B)* = EP S\A ® S\B”,
A

where the sum is over all partitions of n. Since this decomposition is multiplicity free, the
submodule Tgey,,Dualy, o, n2 must be the direct sum of some of the components:

T[detn]pual2n—2,n,n2 = @ SHA ® S)\B*a
AeP,

for some set of partitions P, to be determined. Note that IM) is contz}ined in the component
SyA ® SyB*. Therefore A belongs to P, if and only if IM) belongs to Tjge,,Duals, 2 pn2-
We apply Lemma 3.3.2 as follows. Start with a matrix w of rank n — 1, which we write as

>, er ®c¢. There is a dependence relation between ¢y, ..., ¢,, which we can suppose to be of
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the form ¢, = 2?2—11 pic;. Then w = Z?;ll(ef + pi€e}) ® ¢;. By Lemma 3.3.1, (Hdet,, w)sing Can
then be described as the set of all

n—1 n—1
X = (ef +mep) @ (O dey),
i=1 Jj=1

where """ ¢/ = 0. In bases, the first n — 1 columns ¢, ...,¢,_; of X are linear combinations

of the columns of w, and ¢, = Z?;ll wic; is then given by the same linear combination as for
the last column of w. We can thus write the entries of X as

n—1 n—1
k _ Jonk k _ k
T, = g Gwy, i <n, T, = g Wiy
j=1 i=1

Substituting these expressions into Hyar, (X) = IMy(w,...,w, X, X) yields a polynomial
IMy\(¢,w', p) which is quadratic in the ¢/ and of degree n in the coefficients w;?, j < mn, of
the first n — 1 columns of w, denoted by w’. Explicitly,

HIM)\,U)(X) = IM)\(C,ZU/,/L)
o(1 o(i o(g o(n—1) o(n
= Zi<j zp,q Cfg?(ik,a :“kX/\(U)wl( ) "'wp( ). "wq(]) : "wn(—l )wk( )>
5 T (S mra(@ef gl ),

On the other hand, expressing the last column of w in terms of the first ones, I M) (w) becomes
a polynomial IM)(w', i), of degree n in w':
k,o

n—1

By Lemma 3.3.2, for each choice of u, the vanishing of IM,(w’, u) implies the vanishing of
IMy(¢,w', ). Since they are both homogeneous of degree m in w’, they must be proportional.

This gives many relations, one for each quadratic monomial in the (’s (but recall the relation
Z?:_ll ¢! =0). We will need only a small subset of them:

Lemma 3.4.1. Suppose that I M) belongs to T[detn]Dual%_g,mm. Then for any permutation
o, and any triple of distinct integers i, p, q smaller than n, one has the relations

Z xx(o7) = 0.

Te((ip),(qn))

Here ((ip), (¢qn)) denotes the group of permutations generated by the two simple transpositions
(ip) and (gn). This group has order four, hence we get a collection of four term relations between
the values of the character x,. Observe also that since the characters are class functions, ipgn
can be replaced by any four-tuple of distinct integers.

Proof. Consider the coefficient of ¢P¢! in IM, (¢, w', p). It is

ZMX/\(U)“’T(I) cewdD @) w;’(i) @ g ),
g
The monomials in that sum do not appear in IMy(w', i), so this sum must be zero. Our
condition is then just that the coefficient of each monomial is equal to zero, since the monomial
to which a permutation o contributes does not change when we compose it on the right with
some element of ((ip), (qn)). O

We conclude:
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Proposition 3.4.2. P, = {17, 21" 2}

Proof. We know that both partitions are contained in F,, since the first one corresponds to the
determinant itself, and the second one to the tangent space to the orbit of its projectivization.
Therefore, by Lemma 3.4.1, it is enough to check that the vector space C,, of class functions F
on G, such that
Y Flor)=0 Vo, Vi,jk,l,
T€(ig)(kl)

is at most two-dimensional. We prove that F' € C,, is completely determined by its values on
permutations of cycle type (1) or (21"2). Recall that the value of a class function F on a
permutation ¢ only depends on its cycle type, which is encoded by a permutation A\. We will
thus write F'(A) rather than F'(c). Apply induction on the number of fixed points in o. Suppose
that o has at least two nontrivial cycles. Choose i and k in these two cycles and let j = o (i),
[ = o(k), then the three permutations o(ij), o(kl), o(ij)(kl) have more fixed points than o. If
o has a cycle of length at least four, take 7 in this cycle and let j = o(i), k = o(j), | = o(k), to
obtain the same conclusion. Finally, if o is of cycle type 31773, say with a nontrivial cycle (123),
choose ijkl = 1234. This gives the relation 2F(31"~3) + F(41"~%)+ F(21"~2) = 0. On the other
hand, when ¢ has cycle type 41"~*, with nontrivial cycle (1234), let ijkl = 1324, which yields
the relation F(41"~%) 4+ F(221" %) = 0. And if o has cycle type 221"*, with nontrivial cycles
(12)(34), letting ijkl = 1234 gives the relation F(221"~%)42F(21"~2) + F(1") = 0. These three
identities altogether imply that F(31"73) is determined by F(21"~2) and F(1"), and then the
induction argument shows that F'is completely determined by these two values. O

Our discussion implies
T[detn]pual2n—2,n,n2 = T[detn}PGL(Mn).[detn].
Theorem 3.1.1 immediately follows.

3.5. On the boundary of the orbit of the determinant. Decompose a matrix M into
its symmetric and skew-symmetric parts S and A. Define a polynomial Py € S™(M,(C))* by
letting

PyA(M) = det,(A,..., A S).
This is easily seen to be zero for n even so we suppose n to be odd. More explicitly, Py can
be expressed as follows. Let Pf;(A) denote the Pfaffian of the skew-symmetric matrix, of even
size, obtained from A by suppressing its ¢-th row and column. Then

PA(M) =) s Pfi(A)Pf;(A).
i

Proposition 3.5.1. The polynomial Py belongs to the orbit closure of the determinant. More-
over, GL(W) - Py is an irreducible codimension one component of the boundary of GL(W) - [dety],
not contained in End(W) - [det,]. In particular dc(Pp ) = m < de(Pam).

Proof. The first assertion is clear: for ¢ # 0, one can define an invertible endomorphism u; of
M, (C) by us(A+S)=A+1tS, where A and S are the skew-symmetric and symmetric parts of
a matrix M in M, (C). Since the determinant of a skew-symmetric matrix of odd size vanishes,

(ug - det,, ) (M) = det, (A +tS) = ntdet, (4, ..., A,S) + O(t?),

and therefore uy - [det,| converges to [Py] when ¢ goes to zero.
To prove the second assertion, we compute the stabilizer of Py inside GL(M,(C)). The
easiest way to make this computation uses the decomposition C"@C" = A2C" @ S2C" of the
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space of matrices into skew-symmetric and symmetric ones. The action of GL,,(C) on M, (C) by
M +— gMg' preserves Py up to scale, and the Lie algebra of the stabilizer of [Pp] is a GL,(C)
submodule of End(M,(C)). We have the decomposition into GL,,(C)-modules:

End(M,(C)) = End(A\* & S*) = End(A*) & End(5%) & Hom(A?,5%) & Hom(S5%, A?).
Moreover, End(A%) = gl,, ® EA and End(S?) = gl,, ® ES, where EA and ES are distinct
irreducible GL,,(C)-modules. Similarly, Hom(A?, S?) = sl, ® EAS and Hom(S?,A?) = sl,, ©
ESA, where EAS and ESA are irreducible, pairwise distinct and different from FA and ES.
Then one can check that the modules FA, ES, FAS, ESA are not contained in the stabilizer,
and that the contribution of the remaining terms is isomorphic with gl,, ® gl,,. In particular it
has dimension 2n?, which is one more than the dimension of the stabilizer of [det,]. This implies
GL(W) - Py has codimension one in GL(W) - [det,]. Since it is not contained in the orbit of the
determinant, it must be an irreducible component of its boundary. Since the zero set is not a
cone (i.e., the equation involves all the variables), Py cannot be in End(W) - det,, which consists
of GL(W) - det,, plus cones. O

The hypersurface defined by P, has interesting properties.

Proposition 3.5.2. The dual variety of the hypersurface Z(P,) is isomorphic to the Zariski
closure of
P{v’ v Aw € S*C" @ A*C", v,w € C"} C P(M,(C)).

As expected, Z(Py)* is close to being a Segre product P"~! x P*~!. It can be defined as
the image of the projective bundle 7 : P(E) — P"~!, where E = O(—1) @ Q is the sum of the
tautological and quotient bundles on P"~!, by a sub-linear system of Og(1) ® 7*O(1). This
sub-linear system contracts the divisor P(Q) C P(E) to the Grassmannian G(2,n) C PA2C".

4. A LARGE IRREDUCIBLE COMPONENT OF Dualy 4 n
Let Suby2(SYW*) be the projectivization of
{P e SW*|3U* c W*, dim(U*) =k +2, and P € S4U*},
the subspace variety of hypersurfaces of degree d in PW that are cones over some Z* Cc PF+1 ¢
PW. The reduced, irreducible variety Subyo(SYW*) is of dimension k+ 1+ (k+2)(N — (k+2))
and its ideal is generated in degree k + 3 (see [8, §7.2]).
If [P] € Subgio(STW*), then Z(P) C PW is a cone with an (N — k — 1)-dimensional vertex
P(U*)*, and Z(P)* C PU*. In particular dim(Z(P)*) < k.
Proposition 4.0.3. Subk+2(SdCN) is a reduced, irreducible component of Dualy, g n-
Proof. Let W* = CN and let P € Suby 2(S?W*) be a general point. Write P € SIU*. Tt
follows from the Kempf-Weyman desingularization described in [8, §7.2] that
Tip|Subg42(S W) = SU* + (w2 P)oa |u €U, a € W*).
If we choose a complement V* to U* in W* we may write
T[p}SUb]H_Q(SdW*) =S & (usP)oa|uelU, aecV*.
We must show

Tip|Dualy,an € Tip|Subg+o(SW*) € SIU* & ST™IU*eV* C SUU* & V*).

Following the notation and discussion of §3.3, in equation (7), for P € Subyo(S?¥W™), since
the determinant of the Hessian on any k+3-plane vanishes, Qr = 0, and we conclude Hy ,(X) =
0 for all [w] € Z(P) and for all X € V. This says the degree d — 2 hypersurface Z(H, (X))
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is contained in the irreducible degree d hypersurface Z(P), which implies 7(X, X,-,...,:) =

% =0forall X €V, ie., T[P]Du(llk7d7]\[ C SU* @ S1U*®V*. To obtain the restrictions

on the term in S 1U*@V* we must consider the term of order two in € in the expansion of
det(Hp, |r) = P.Qc . With our choice of splitting we may identify U = (V*)- C W and take
F' = U. (In other words, the choice of F’ is equivalent to choosing the splitting.) Note the
order € term also implies in this case that Q% = 0.

The terms on the left hand side that potentially could contribute to the €2 coefficient are in

9P +e 3 ?n
Ou;0u; 8u18u 8u18X
9%

det 92+

€Fu;0% (aX)2‘F€2( X7

The actual contribution is the sum of detk+2(H p]U) ~—= and terms substituting two entries

(3X )
from au a ~ for two of the columns of Hp|y = au au . The right hand side is zero.

Choose [w] € Z(P) N Z(detx+2(Hp|r)), and note that we can take a basis of elements of W
of this form, so the first term is zero. We conclude that the column vector afng is a linear

combination of the columns of 83 ; - which implies g—)’z is a linear combination of the %, ie.
7

that g—; = u- P for some u € U Wthh is what we needed to prove.
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