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Abstract: We prove the consistency and asymptotic normality of the Laplacian Quasi-Maximum
Likelihood Estimator (QMLE) for a general class of causal time series including ARMA, AR(o0),
GARCH, ARCH(c), ARMA-GARCH, APARCH, ARMA-APARCH,..., processes. We notably ex-
hibit the advantages (moment order and robustness) of this estimator compared to the classical

Gaussian QMLE. Numerical simulations confirms the accuracy of this estimator.
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1 Introduction

This paper is devoted to establish the consistency and the asymptotic normality of a parametric
estimator for a general class of time series. This class was already defined and studied in Doukhan
and Wintenberger (2007), Bardet and Wintenberger (2009) and Bardet et al. (2012). Hence, we

will consider an observed sample (X1, -+ , X;,) where (X})cz is a solution of the following equation:
Xt:MGQ(Xt*IaXt*Q)'”)Ct+f90(Xt715Xt725"'), tGZ, (11)
where

e 0y € © C RY d € N*, is an unknown vector of parameters, also called the ”true” parameters;

o ((t)tez is a sequence of centred independent identically distributed random variables (i.i.d.r.v.)
with symmetric probability distribution, i.e. (g £ _ Co, satisfying E[|(p]"] < oo with r > 1
and E[|(o|] = 1. If » > 2, denote ag = Var({p);

o (0,(xn)nen) = My((xzn)nen) € (0,00) and (0, (zp)nen) — fo((zn)nen) € R are two known

applications.



For instance, if My, (X¢—1, X2, --) = 1 and fp,(X¢—1, X2, -+) = ap Xi—1 with |ap| < 1 then
(X¢) is a causal AR(1) process. In Doukhan and Wintenberger (2007) and Bardet and Winten-
berger (2009), it was proved that all the most famous stationary time series used in econometrics,
such as ARMA, AR(c0), GARCH, ARCH(c0), TARCH, ARMA-GARCH processes can be written
as a causal stationary solution of (1.1).

In Bardet and Wintenberger (2009), it was also established that under several conditions on My, fy
and if E[|(o|"] with r» > 2, the usual Gaussian Quasi-Maximum Likelihood Estimator (QMLE) of 0
is strongly consistent and when r > 4 it is asymptotically normal. This estimator was first defined
by Weiss (1986) for ARCH processes, and the asymptotic study of this estimator was first obtained
by Lumsdaine (1996) for GARCH(1, 1) processes, Berkes et al. (2003) for GARCH(p, q) processes,
Francq and Zakoian (2004) for ARMA-GARCH processes, Mikosch and Straumann (2006) for gen-
eral heteroskedastic models, and Robinson and Zaffaroni (2006) for ARCH(co) processes. The
results of Bardet and Wintenberger (2009) devoted to processes satisfying almost everywhere (1.1)
as well as its multivariate generalisation, provide a general and unified framework for studying the
asymptotic properties of the Gaussian QMLE.

However, the definition of the Gaussian QMLE is explicitly obtained with the assumption that ((;)
is a Gaussian sequence and even if it could be applied when the probability distribution of ({;) is
non-Gaussian, it keeps some drawbacks of this initial assumption. Indeed, the computation of this
estimators requires the minimization of a least squares contrast (typically Y ;" M, 2(X; — f9)?)
and this induces that » = 2 is required for the consistency and r = 4 for the asymptotic normality
(and therefore confidence intervals or tests). For numerous real data such requirement is sometimes
too strong (for instance the kurtosis of economic data is frequently considered as infinite). More-
over, such estimator is not robust to eventual outliers. Hence, the reference probability distribution
of ({;) could be a Laplace one and this allows to avoid both these drawbacks. Roughly speaking
this choice implies to minimize a least absolute deviations contrast (typically >°7 | M, | X; — fo|)
instead of the previous least squares contrast. And therefore, » = 1 will be sufficient for insuring
the strong consistency of this Laplacian-QMLE, while only » = 2 is required for the asymptotic
normality (see below).

Such probability distribution choice is not new since this leads to a Least Absolute Deviations (LAD)
estimation. Hence, for ARMA processes, Davis and Dunsmuir (1997) proved the consistency and
asymptotic normality of the LAD estimator. For ARCH or GARCH processes, the same results
concerning the LAD estimator were already established by Peng and Yao (2003), while Berkes
and Horvath (2004) proved the consistency and asymptotic normality of the Laplacian-QMLE.
Newey and Steigerwald (1997) considered also the estimator for other conditional heteroskedastic-
ity models. Recently, Francq et al. (2011) proposed a two-stage non-Gaussian-QML estimation
for GARCH models and Francq and Zakoian (2013) proposed an alternative one-step procedure,
based on an appropriate non-Gaussian-QML estimator, the asymptotic properties of both these
approaches were studied.

In this paper we unified all these studies of the Laplacian-QMLE in a simple framework, i.e. causal
stationary solutions of (1.1). This notably allows to obtain known results on ARMA or GARCH but
also to establish for the first time the consistency and the asymptotic normality of the Laplacian-
QMLE for APARCH, ARMA-GARCH, ARMA-ARCH(o0) and ARMA-APARCH processes.



Numerical Monte-Carlo experiments were realized to illustrate the theoretical results. And there are
convincing, especially when the accuracy of Laplacian-QMLE is compared with Gaussian-QMLE:
except for Gaussian distribution of ({;), the Laplacian-QMLE provides a sharper estimation than
Gaussian-QMLE for all the other probability distributions we considered. This is notably the case,

and this is not a surprise, for a Gaussian mixing which mimics the presence of outliers.

The following Section 2 will be devoted to provide the definitions and assumptions. In Section
3 the main results are stated with numerous examples of application, while Section 4 presents the

results of Monte-Carlo experiments and Section 5 contains the proofs.

2 Definition and assumptions

2.1 Definition of the estimator

Let (X1, --,X,) be an observed trajectory of X which is an a.s. solution of (1.1) where § € © C
R is unknown. For estimating  we consider the log-likelihood of (X7,---,X,) conditionally to
(Xo,X_1,--+). If g is the probability density (with respect to Lebesgue measure) of (y, then, from
the affine causal definition of X, this log-likelihood can be written:

log(Lg(X1,"', Zlog< < t—fe))

where M} := My(X;_1,X;—9,---) and f} := fo(Xi—1, X¢—2,- -+ ), with the assumption that M} > 0.
However, M} and f} are generally not computable since Xy, X_1,... are unknown. Thus, a quasi-
log-likelihood is considered instead of the log-likelihood and it is defined by:

log (QLo(Xi, -+ . X, Zlog( (% fe)),

with ]/”\5 = fo(Xi-1,...,X1,u) and ]\/4\5 = Mp(Xi—1,...,X1,u) , where u = (up)nen is a finitely
non-zero sequence (uy)nen. The choice of (uy)nen does not have any consequences on the asymp-
totic behaviour of L,,, and (u,) could typically be chosen as a sequence of zeros. Finally, a Quasi-
Maximum Likelihood Estimator (QMLE) is defined by:

0, := Argmaxyco log (QLg(X1, -+, Xy)).

Usually, the Gaussian distribution is considered, with g(z) = (27)"%/2¢=*"/2 for z € R and this
provides the Gaussian-QMLE of 6.

Here, we chose the Laplacian distribution, ¢.e.,
g(z) = =1l for z € R, (2.1)

and this implies E[|¢o] = 1.
Therefore, we respectively define the Laplacian-likelihood and Laplacian-quasi-likelihood by:

La(©) = =Y a(©)  with  ¢(0)=log|M§| + |M§| "X, — f§| (2.2)

La0) = =Y @(0)  with  G(6) := log | M| + M| X¢ — fil. (2.3)



A Laplacian-QMLE é\n is a maximizer of En:

0, = arg max Ln(6).

We restrict the set © in such a way that a stationary solution (X;) of order 1 or 2 of (1.1) exists.
Additional conditions are also required for insuring the consistency and the asymptotic normality

of é\n More details are given now.

2.2 Existence and stationarity

As it was already done in Doukhan and Wintenberger (2007) and Bardet and Wintenberger (2009),
several Lipshitz-type inequalities on fy and My are required for obtaining the existence and r-order
stationarity of an ergodic causal solution of (1.1). First, denote ||gs|le = supyeg ||go|| with m € N*
and || - || the usual Euclidian norm. Now, let us introduce the generic symbol K for any of the
functions f or M and for g : RY — R™ or M,,(R), For k = 0, 1, 2 and some subset © of R?,

define a Lipshitzian assumption on function Kj:

Assumption (A (K,0)) Vz € R™, 0 € © — Ky(x) € C*(0) and 9} Ky satisfies ||0f Ky (0 He < 00
and there exists a sequence ( r )(K @)) of nonnegative numbers such that Vz, y € RY
o0

|08 Ko () — 05 Ko(y) | o < Z J(K,0)|z; — ], with Y ol (K,0) < 0o
: j:l

For ensuring a stationary r-order solution of (1.1), for r > 1, define the set
O(r) == {0 € R, (Ao(f.{0})) and (Ao(M, {8})) bold,
Za (A6} + EIGIDY™ Y ol (0, {6}) < 1.
7=1

Then, from Doukhan and Wintenberger (2007), we obtain:

Proposition 2.1. If 0y € O(r) for some r > 1, then there exists a unique causal (X is independent
of ()ist fort € Z) solution X of (1.1), which is stationary, ergodic and satisfies E[|Xo|r] < 00

Finally, the following lemma insures that if a process X satisfies Proposition 2.1, a causal pre-
dictable ARMA process with X as innovation also satisfies Proposition 2.1. We first provide the

classical following notion for a sequence (uy,)nen of real numbers:

(un)nen is an exponentially decreasing sequence (EDS)
<~

there exists p € [0, 1] such as u,, = O(p") when n — oo.

Lemma 2.1. Let X be a.s. a causal stationary solution of (1.1) for 6y € R, Let X be such
as X; = Ag(L) Xy for t € Z with Ag (L) = PB_ol(L) Qp, (L) where (Pg,,Qps,) are the coprime

polynomials of a causal invertible ARMA(p,q) processes with a vector of parameters [y € RPTY,



Denote Agol (x) = ngl () Pgy () = 143272, Vi (Bo)x?. Then X is a.s. a causal stationary solution
of the equation

X, = Mgo (Xi—i)iz1) G + J?go (Xi—i)is1)) forteZ,
where fgo and M@O are given in (5.1) and O = (0o, Bo). Moreover, fori =0, 1, 2 and with K = f
or M and K = f or M,

s ifag‘i)(K, {6p}) = O(=P) and B > 1, then ay)(f(,{go}) =0(?);

o if o\ (K, {00}) is EDS, then o\ (K, {fo}) is EDS.

2.3 Assumptions required for the convergence of the Laplacian-QMLE

The Laplacian-QMLE could converge and be asymptotically Gaussian but this requires some ad-

ditional assumptions on © and functions fy and Mpy:
e Condition C1 (Compactness) © is a compact set.

e Condition C2 (Lower bound of the conditional variance) There exists a deterministic con-
stant M > 0 such that for all 6 € ©, then My(z) > M for all z € RY.

e Condition C3 (Identifiability) The functions My and fp are such that: for all 61, 6, € O,
then My, = My, and fy, = fp, implies that 61 = 60s.

3 Consistency and asymptotic normality of the estimator

3.1 Consistency and asymptotic normality

First we prove the strong consistency of a sequence of Laplacian-QMLE for a solution of (1.1). The

proof of this theorem, is postponed in Section 5, as well as the other proofs.

Theorem 3.1. Assume Conditions C1, C2 and C3 hold and 6y € ©(r) N O with r > 1. Let X be
the stationary solution of (1.1). If (Ao(f,0)) and (Aog(M,®)) hold with

2

(. 2) .

o(£,0) + ol (M,0) = O™ for some £ >

then a sequence of Laplacian-QMLE (é\n)n strongly converges, that is é\n 25 6.
n—o0

Of course, the conditions required for this strong consistency of a sequence of Laplacian-QMLE are
almost the same than the ones required for the strong consistency of a sequence of Gaussian-QMLE
except that r € [1,2) is proved to be possible in Theorem 3.1 and not in case of Gaussian-QMLE
(see Bardet and Wintenberger, 2009). Moreover, if » = 2, the condition (3.1) on Lipshitzian co-
efficients is weaker for Laplacian-QMLE than for Gaussian-QMLE. As we will see below, many
usual time series can satisfy the assumptions of Theorem 3.1; for example, an AR(o0) process can
be defined for satisfying the strong consistency of Laplacian-QMLE while the conditions given in
Bardet and Wintenberger (2009) do not ensure the strong consistency of Gaussian-QMLE.

Now we state an extension of Theorem 1 proved in Davis and Dunsmuir (1997) which will be

an essential step of the proof of the asymptotic normality of the estimator.



Theorem 3.2. Let (Z;)iez be a sequence of i.i.d.r.v such as Var(Zy) = 0% < oo, with common
distribution function which is symmetric (F(—xz) = 1 — F(x) for x € R) and is continuously
differentiable in a neighborhood of 0 with derivative f(0) in 0. Denote Fy = 0(Zy, Zy—1,---) fort € Z
and let (Yy)iez and (Vi)iez two stationary processes adapted to (Fy)r and such as E[YOQVOQ] < 0.
Then

> Vir(1Ze =i - 1Z) 2 N (O E[VYE], BVYE)) (32)

=1 n—oo
Then, the asymptotic normality of the Laplacian-QMLE can be established using additional as-
sumptions:
Theorem 3.3. Assume that 0y Eé NO(r) where r > 2 and é denotes the interior of ©. Let X be
the stationary solution of the equation (1.1). Assume that the conditions of Theorem 3.1 hold and
for i =1,2, assume (A;(f,0)) and (A;(M,0)) hold. Then, if the cumulative probability function
of Co is continuously differentiable in a neighborhood of 0 with derivative g(0) in 0 and if matrix

I'p or Ty, defined in (5.21), are definite positive symmetric matriz, then
~ D -1 -1
Vi(0n = 0o) — Nd(o, (Tar +29(0)Tr) ™ ((0Z = 1) Tar + T) (Tar +29(0) Tr) ) (3-3)
n—oo

As it was already proved for the median estimator (see van der Vaart, 1996) or for least absolute
deviations estimator of ARMA process (see Davis and Dunsmuir, 1997), it is not surprising that the
probability density function g of the white noise ((;); impacts the asymptotic covariance of (3.3).
However, when fy = 0, this is not such the case and this is what happens for GARCH processes
(see Francq et al., 2011, or Francq and Zakoian, 2015) where g does not appear in the asymptotic

covariance.

3.2 Examples

In this section, several examples of time series satisfying the conditions of previous results are con-
sidered. Like it could be boring to state the results for all sufficiently famous processes, we refer,
mutatis mutandis, to Bardet and Wintenberger (2009) and Bardet et al. (2012) for ARCH(c0) and
TARCH(00).

1/ APARCH processes. APARCH(0,p,q) model has been introduced (see Ding et al, 1993)

as the solution of equations
Xt = 01y,
of = w+ 20 (| Xeil = %iXe—i)? + 25 Bior,
where d > 1, w >0, -1 <y <landa; >0fori=1,...,p, B; > 0for j =1,...,q with o, 5,

(3.4)

strictly positive and 23:1 Bj < 1. Hence, we denote here 6 = (5,w, Qe Oy Vs e s Yps By - - - ,ﬁq).
Using L the usual backward operator such as LX; = X;_q, (1 — Z?Zl ﬁjLJ)_l exists and simple
computations imply for ¢ € Z:

of = (1= ) w+ D it =) (max(X;—,0))° + ai(1 +7)° (~ min(X;-,0))’|
j=1 i=1

= bo+ Y b (max(X;4,0))° + Y b; (max(—X;4,0))°.

i>1 i>1



177

where by = w(1 — 23:1 $B;)~1 and the coefficients (b;, b; );>1 are defined by the recursion relations

b =0, Beb  + (1 —)? with a;(1—7;) =0for i>p

(3.5)
by =30 Bib; p +ai(1+75)° with a;(1+7) =0for i>p

with b;r =b; =0 fori <0. As a consequence, for APARCH model, f{ =0 and M} = 0. It is clear

that ozg.o) (f,©) = 0 and simple computations imply ozg.o) (M, ©) = supyeg max (|b;r (0)1/9, b (9)|1/5).
Therefore Ay(f, ©) holds and Z?Zl B; < 1implies that a sequence defined by u,, = > -7 _; Bpu,—y, for
n large enough is such as (uy)nen is an exponentially decreasing sequence and therefore Ay(M, ©)

holds. Thus for r > 1, the stationarity set ©(r) is defined by

o(r) = {a € R2PHa+2 / E[Il )" S max (j552, b7 V%) < 1}. (3.6)

Jj=1

Now the strong consistency and asymptotic normality of the Laplacian-QMLE for APARCH models

can be established (see the proof in Section 5):

Proposition 3.1. Assume that X is a stationary solution of (3.4) with 8y € © where © is a
compact subset of O(r) defined in (3.6). Then,

1. If r =1, then é\n 25 f,.

n—oo

2. If r =2, and if T'p; defined in (5.21) is a definite positive symmetric matriz, then
~ D —
Vi (On —00) — Nopigr2(0, (07 —1) I'y}).
n—o0

To our knowledge, this is the first statement the asymptotic properties of Laplacian-QMLE for
APARCH processes.

2/ ARMA-GARCH processes. ARMA(p, q)-GARCH(p', ¢) processes have been introduced
by Ding et al. (1993) and Ling and McAleer (2003) as the solution of the system of equations

Py(L) X¢ = Qo(L) &,

) , (3.7)
er =0y, Wwith of =co+ >0 el + >0 diok;

where
e cy>0,¢g>0fori=1,...,p,d;>0fori=1,...,q¢, Zg/:ldl- < 1 and ¢,,dy positive;

o Py(x) =1—ajx—---—apz? and Qp(z) =1 — bz — - -- — bga? are coprime polynomials with
> izt lagl < land 350 [b;| < 1.

Let 0 = (co,c1,.-.,¢pyd1y. .. dg,a1,...,ap,b1,...,by). We are going to use Lemma 2.1. Since

(e¢) is supposed to be a GARCH(p',¢'), then f§ =0 and M§ = ((1 — Z?l:l dij)_l(co +crel |+
2 \1/2

b))

ol?(f2,{60}) = 0 and o\” (M=, {6p}) = |8;] with (1 + 222, B29) (1 — X0, djad) = 37 cjal.

Therefore (oéo)(fe, {00})); and (a§0)(M5, {00})); are EDS (see for instance Berkes and Horvath,

and direct computations imply that the Lipshitz coefficients of (¢;) are such as

7



2004). Thus (Ao(f¢,{60})) and (Ag(M*<,{6p})) hold.
Considering the ARMA part and denoting (¢;) such as (1 + PO Yzl (1 - PO a;z?)
>521 bja’), then from Lemma 2.1 we deduce that:

I
—~
—_
|

{a§0)(f,{90}) = [l
o) (M. AB0}) < Sy [l x 18]

Then we deduce that ( ( ,{00})); and ( (M {00})); are EDS, (Ao(f,{00})) and (Ao(M,{6o}))
hold, and X is a.s. a solutlon of (1.1) for 6 1ncluded in the r-order stationarity set O(r) defined by

o0 oo J
O(r) = {0 e RFF 0 1 [ N7 () + (B[IGl) DO el x 184l <1} (38)
=1

j=1k=1
Now the strong consistency and asymptotic normality of the Laplacian-QMLE for ARMA-GARCH

processes can be established:

Proposition 3.2. Assume that X is a stationary solution of (3.7) with 6y € © where © is a
compact subset of O(r) defined in (3.8). Then,

1. If r =1, then é\n 25 6.

n—o0

2. If r =2, and if 'y and T'p; defined in (5.21) are definite positive symmetric matriz, then the
asymptotic normality (3.3) of é\n holds.

This result is a new one and extends the previous results already obtained with Gaussian-QMLE

for such processes (see for instance, Ling and McAleer, 2003, and Bardet and Wintenberger, 2009).

3/ ARMA-ARCH(c0) processes. ARMA(p, q)-ARCH(c0) processes are a natural extension
of ARMA-GARCH processes. They are the solution of the system of equations

Py(L) X¢ = Qo(L) &,

(3.9)
er = 01, With 0F =co+ Y ooy CiEr,
where
e cyg>0,¢>0fori>1;
o Py(x) =1—ajx—---—apz? and Qp(z) =1 — bz — - -- — bga? are coprime polynomials with

S il < 1and Y2, [bi] < 1.

ARCH(o0) processes were introduced by Robinson (1991) and the asymptotic properties of Gaussian-
QMLE were studied in Robinson and Zaffaroni (2006), Straumann and Mikosch (2006) or Bardet
and Wintenberger (2009). Hence, we assume that there exists 8 = (1, ,[8m) such as for
all i € N, ¢ = ¢(i,8), with ¢(-) a known function. Let 6 = (B,a1,...,ap,b1,...,by). We
are going to use Lemma 2.1. Since (e;) is supposed to be an ARCH(oo), then f; = 0 and
Mg = (c(0,8) + 3232, c(i, B)ez ;) /2 and direct computations imply that the Lipshitz coefficients



of () are such as a (f6 {6p}) =0 and a( (M=,{6v}) = c(j, Bo). Therefore we assume that there

exists £ > 1 such as
c(j, Bo) = O(;7*) when j — oo. (3.10)

Thus (Ao(f¢,{6o})) and (Ag(M*,{6p})) hold.
Considering the ARMA part and denoting (1;) such as (1 + Z YT )( Z]O; ajmj) = (1 —
Z‘;il bjz’), then from Lemma 2.1 we deduce that:

{a§°><f,{eo}> = |yl |
ol (M {00}) < Yo Il x e o)

Then we deduce that (!’ (f,{6p})); is EDS and (a\” (M, {6o})); = O(j ). Then (Ao(f,{60}))
and (Ap(M,{6p})) hold, and X is a.s. a solution of (1.1) for € included in the r-order stationarity
set ©(r) defined by

00 oo J
o(r) = {0 e R [ 37 (@) + (BlIGl) D0 N " el x e <1 (3.11)
i=1

7j=1k=1
Now the strong consistency and asymptotic normality of the Laplacian-QMLE for ARMA-ARCH (o)

processes can be established:

Proposition 3.3. Assume that X is a stationary solution of (3.9) where (3.10) holds and with
0o € © where © is a compact subset of ©(r) defined in (3.11). Then,

1. Ifr >1 and £ > 2/min(r,2), then 6,, =% 6.

n—oo

2. Ifr=2,0>1 and if %c(j,ﬁ) =07 fori=1, 2, and if Ty and T defined in (5.21)

are definite positive symmetric matriz, then the asymptotic normality (3.3) of é\n holds.

This result is a new one. Note that £ > 1 and r = 2 is required for the asymptotic normality of
Laplacian-QMLE while r = 4 and ¢ > 2 is required for Gaussian-QMLE for such processes (see for
instance Bardet and Wintenberger, 2009). This confers a clear advantage to Laplacian-QMLE.

4/ ARMA-APARCH processes. The ARMA(p, q)-APARCH(p', ¢') processes have been also
introduced by Ding et al. (1993) as the solutions of the equations

Pp(L) Xy = Qo(L) &, (3.12)
et = 01 G, with 0f = w + Y7 ai(ler—i| — vier—i)® + Z?:l ﬂjaf—j

where:

e 0>1,w>0,-1<vy,<landa; >0fori=1,...,p'—1,8;>0forj=1,...,¢ -1, ap, By

/
positive real numbers and Z?:l aj < 1;

o Py(x) =1—ajx —--- —apz? and Yy(z) =1 — bz — - -+ — by are coprime polynomials with
S ol < 1and S bl <1



Let § = (0, w, 01, .., Qs Y1y o3 Ypts Bs -, Bgrs @1y - oy Gp, b1, .., bg). Then, as for ARMA-GARCH
processes, we are going to use Lemma 2.1. Thanks to the computations realized for APARCH
processes, we obtain a (f6 {60}) = 0 and a( (M=, {00}) = max(\bj\l/‘s, \bﬂl/‘s) with (b, b; )i>1
defined in (3.5).

Then, we have

{ ol (1, 160}) \wjr
(0)

(M, {b0})

( ) such as (1+3°72, 1/1] )( =20 ajxj) = (1-2252, bj2?). From Lemma 2.1, (Ao(f,®)) and
hold since (a; f5 00})); = 0 and al? MEe {6y})),; are EDS. As a consequence, for
J 7 J
r> 1 the stationarity set ©(r) is defined by

<
< —1 |thk] x max (‘b+ k‘l/(s ‘bj_—k‘l/&) .

oo oo _]
o(r) = {9 c RPHa+p'+a'+2 / ZW’H + (E‘C0| 1/7"22 x| x max |b+ k|1/5 |b;_ |1/5) < 1}
j=1

j=1k=1

Now, we are able to provide the asymptotic properties of QMLE for ARMA-APARCH models.

Proposition 3.4. Assume that X is a stationary solution of (3.12) with 6y € © where © is a
compact subset of O(r) defined in (3.8). Then,
1. If r =1, then é\n 25 6.

n—oo

2. If r =2, and if 'y and T'py defined in (5.21) are definite positive symmetric matriz, then the
asymptotic normality (3.3) of é\n holds.

This result is stated for the first time for Laplacian-QMLE. The case of Gaussian-QMLE for ARMA-
APARCH could be also obtained following the previous decomposition and the paper Bardet and
Wintenberger (2009). Once again, the asymptotic normality of Laplacian-QMLE only requires
r = 2 while this requires r = 4 for Gaussian-QMLE.

4 Numerical Results

To illustrate the asymptotic results stated previously, we realized Monte-Carlo experiments on
the bevarior of Laplacian-QMLE (denoted é\ﬁQL) for several time series models, sample sizes and
probability distributions. A comparison with the results obtained by Gaussian QMLE (denoted
[t QL) is also proposed.

More precisely, the considered probability distributions of ((;) are:

e Centred Gaussian distribution denoted N;

Centred Laplacian distribution denoted L;

Centred Uniform distribution denoted U/;

Centred Student distribution with 3 freedom degrees, denoted t3;

Normalized centred Gaussian mixture with probability distribution 0.05 x A'(—2,0.16) +
N(0,1) + 0.05 * N(2,0.16) and denoted M.

10



All these probability distributions are normalized such as E[|(y|] = 1, required for Laplacian-
QMLE. For using Gaussian-QMLE requiring O'g = 1, it is necessary to consider the model with
M = Elisll My instead of M.

0 o¢
Several models of time series satisfying (1.1) and the assumptions of Theorem 3.1 and 3.3 are

considered:
e a ARMA(1,1) process defined by X; = ¢ X;—1 + (¢ + 01 with ¢ = 0.4 and 6 = 0.6;
a ARCH(1) process defined by X; = (4 \/w +aX? ;| with w = 0.4 and a = 0.2;

a GARCH(1, 1) process defined by X; = (; oy where 0?7 = ag+ a1 X2 ;| + Bo?_; with ag = 0.2,
a1 = 0.4 and 8 = 0.2;

e a ARMA(1,1)-GARCH(1,1) process defined by X; = ¢X;_1 +¢&;+0e,_1 where &, = (; o4 and
02 = o+ aier_q + Bo? | with ¢ = 0.4, 0 = 0.6, ap = 0.2, a1 = 0.4 and 8 = 0.1;

e a ARMA(1,1)-APARCH(1, 1) process defined by X; = ¢X;_1 + & + 0,1 where ¢, = (4 0y
and o = ag + 061(\&—1! - 'yat_l)5 +Bod_; and ¢ = 0.4, 0 = 0.6, ap = 0.2, ay = 0.4, v = 0.5,

8 =0.1and §d=1.2.
Hence we computed the root-mean-square error (RMSE) from 1000 independent replications of

é\ﬁQL and é\ﬁQL for those processes and the results are presented in Table 1 and 2.

Conclusion of the numerical results: On the one hand, it is clear that the RMSE decreases as
the sample size increases, which validates the theoretical results (consistency of the estimators). On
the other hand, Table 1 and 2 show that the Laplacian-QMLE provides more accurate estimation
than the Gaussian-QMLE for several types of noise, except of course in the case of a Gaussian

distribution (even in this case the RSME of both the estimators are almost the same).

5 Proofs

Proof of Lemma 2.1. First, as X is a stationary process and the ARMA(p, q) process is causal
invertible then X is also a stationary process (the coeflicients of Ag, are EDS). Moreover, it is well
known that (¢;(fo)) en is EDS. Then we have:

Xi = Ag (L) (MGO((thi)izl) Gt + fGo((thi)i21)>

Xt D wi(B0)Xeej = Moy (A5 (L) Xi-i)iz1) G+ o, (Mg, (D) Xi-i)iz1)
=1

X, = Mgo (()zt—i)izl) G+ ]%0 (()?t—i)izl)

]\750 ((wr—i)iz1) = Mg, ((AEO1 (L)xe—i)i>1)

with -
' fi ((@ei)iz1) = foo (Mg, (D)me—i)iz1) — 2252, ¥ (Bo)wej

(5.1)

11



e

ik

e

ik

i

ik

e

ik

e

ik

ARMA(1,1) 6 100
1000
5000

0.106
0.031
0.014

0.091
0.024
0.010

0.114
0.032
0.014

0.117
0.032
0.015

0.113
0.036
0.016

0.090
0.027
0.011

0.112
0.031
0.016

0.059
0.014
0.012

0.110
0.031
0.013

0.078
0.023
0.010

¢ 100
1000
5000

0.119
0.037
0.016

0.102
0.028
0.012

0.121
0.036
0.014

0.128
0.036
0.016

0.123
0.040
0.017

0.102
0.030
0.013

0.120
0.036
0.016

0.067
0.017
0.007

0.121
0.036
0.014

0.090
0.027
0.006

ARCH(1) w 100
1000
5000

0.068
0.020
0.010

0.061
0.018
0.009

0.048
0.015
0.006

0.049
0.015
0.006

0.254
0.134
0.115

0.085
0.049
0.044

0.035
0.011
0.005

0.025
0.016
0.015

0.062
0.036
0.031

0.052
0.018
0.008

o 100
1000
5000

0.161
0.063
0.016

0.155
0.058
0.014

0.141
0.043
0.012

0.142
0.043
0.012

0.979
0.852
0.378

0.418
0.169
0.109

0.102
0.029
0.013

0.064
0.033
0.031

0.484
0.157
0.087

0.423
0.133
0.062

GARCH(1,1) ap 100
1000
5000

0.112
0.036
0.016

0.105
0.032
0.014

0.095
0.028
0.012

0.100
0.028
0.012

0.211
0.098
0.055

0.126
0.058
0.043

0.081
0.023
0.010

0.047
0.018
0.015

0.134
0.066
0.040

0.114
0.051
0.023

a; 100
1000
5000

0.162
0.061
0.029

0.157
0.056
0.026

0.149
0.449
0.020

0.150
0.449
0.020

0.453
0.333
0.193

0.364
0.150
0.095

0.115
0.030
0.013

0.070
0.033
0.030

0.507
0.160
0.086

0.429
0.136
0.058

8 100
1000
5000

0.225
0.060
0.027

0.209
0.055
0.024

0.188
0.051
0.022

0.190
0.051
0.022

0.499
0.285
0.180

0.429
0.174
0.075

0.163
0.044
0.019

0.105
0.022
0.009

0.483
0.170
0.072

0.390
0.169
0.075

Table 1: Root Mean Square Error of the components of 6 “* and 85“" for ARMA(1,1), ARCH(1)

and GARCH(1,1) processes.
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t3

i

ik

D

ik

D

ik

D

ik

i

ik

ARMA(1, 1) 9 100
-GARCH(1,1) 1000
5000

0.120
0.035
0.016

0.097
0.024
0.010

0.107
0.028
0.012

0.107
0.028
0.012

0.121
0.048
0.023

0.098
0.029
0.012

0.097
0.024
0.015

0.067
0.015
0.011

0.123
0.035
0.011

0.087
0.026
0.007

¢ 100
1000
5000

0.135
0.044
0.020

0.109
0.030
0.014

0.117
0.033
0.015

0.119
0.033
0.015

0.141
0.063
0.029

0.116
0.035
0.015

0.110
0.029
0.013

0.077
0.023
0.012

0.132
0.053
0.019

0.102
0.046
0.014

ap 100
1000
5000

0.104
0.031
0.014

0.096
0.028
0.012

0.085
0.025
0.010

0.084
0.025
0.010

0.158
0.241
0.052

0.129
0.060
0.042

0.073
0.021
0.009

0.055
0.019
0.016

0.131
0.053
0.036

0.116
0.046
0.019

o 100
1000
5000

0.179
0.064
0.031

0.177
0.060
0.027

0.166
0.045
0.020

0.167
0.045
0.020

0.469
0.328
0.182

0.385
0.161
0.096

0.134
0.031
0.013

0.107
0.046
0.038

0.494
0.160
0.090

0.405
0.137
0.062

8 100
1000
5000

0.302
0.057
0.025

0.269
0.051
0.022

0.252
0.051
0.020

0.233
0.051
0.020

0.604
0.312
0.199

0.497
0.187
0.073

0.217
0.045
0.062

0.164
0.049
0.066

0.553
0.165
0.019

0.472
0.170
0.025

ARMA(1,1) 100
-APARCH(1,1) 1000
5000

>

0.110
0.029
0.013

0.086
0.021
0.008

0.096
0.023
0.010

0.101
0.024
0.010

0.112
0.031
0.014

0.090
0.021
0.009

0.097
0.022
0.010

0.068
0.014
0.006

0.125
0.033
0.015

0.091
0.024
0.011

¢ 100
1000
5000

0.138
0.040
0.018

0.114
0.027
0.012

0.121
0.032
0.012

0.126
0.032
0.012

0.128
0.041
0.020

0.107
0.028
0.012

0.111
0.029
0.013

0.086
0.026
0.014

0.146
0.043
0.019

0.107
0.030
0.013

w 100
1000
5000

0.198
0.079
0.033

0.192
0.067
0.028

0.199
0.056
0.025

0.210
0.056
0.025

0.254
0.226
0.209

0.262
0.218
0.207

0.221
0.044
0.017

0.170
0.045
0.029

0.290
0.142
0.061

0.272
0.129
0.056

o 100
1000
5000

0.206
0.060
0.025

0.201
0.053
0.023

0.183
0.041
0.018

0.184
0.041
0.018

0.464
0.447
0.421

0.449
0.432
0.414

0.167
0.029
0.012

0.131
0.043
0.027

0.352
0.143
0.071

0.327
0.134
0.059

v 100
1000
5000

0.413
0.105
0.042

0.386
0.094
0.039

0.346
0.071
0.029

0.356
0.070
0.029

0.439
0.101
0.045

0.426
0.092
0.038

0.310
0.057
0.024

0.233
0.041
0.018

0.613
0.217
0.086

0.601
0.220
0.089

8 100
1000
5000

0.297
0.074
0.033

0.282
0.067
0.031

0.255
0.058
0.024

0.238
0.058
0.024

0.312
0.074
0.034

0.288
0.066
0.029

0.186
0.043
0.018

0.145
0.033
0.012

0.476
0.151
0.061

0.468
0.150
0.063

0 100
1000
5000

0.732
0.402
0.170

0.732
0.352
0.147

0.712
0.296
0.132

0.717
0.296
0.131

0.740
0.394
0.169

0.739
0.338
0.145

0.703
0.235
0.092

0.613
0.290
0.168

0.830
0.542
0.251

0.815
0.534
0.262

Table 2: Root Mean Square Error of the components of

GARCH(1,1) and ARMA(1,1)-APARCH(1,1) processes.
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Finally, for i = 0,

|, (we-i)iz1) = f, ((we-i)iz1)| < Za Fi{003) [(Ag (D)ws—j-i)iz1 — (M) (D)ys—j—i)ix1]

+15(Bo)l |lzt—5 — ye—j

o0

IN

k=0

<.
Il
-

NE

J
> (I3 (B0)] + Y- o (7, {80}y -1(50)) = — 1]
k=1

<.
Il
-

J

—  oO(F{B}) < (Bl + 3 o (£, {601) [ (Bo)].

k=1
Moreover, we also have:
|]T/_f(;0 ((ze-i)iz1) — Mj ((w—i)iz1)| < Za§°)(M, {00}) |(A5, (D)ar—j—i)iz1 — (Mg (L)ye—j—i)ix1]
j=1
= o (M, {00}) < D7 oy (M. {00} y-s. (5.3)

The same kinds of computations could also be done by considering the first and second derivatives
of fvand M with respect to 0. Note, and this is important, that the first and second derivatives of
Agl with respect to 0 are also EDS. Finally,

e if when j — oo, a (K {6b}) = ('_ ) with 8 > 1 and ¢; = O(p/) with 0 < p < 1, then
there exists C > 0 such as Zk 1O‘k (K, {60})|vj—k| < C Z kPR~ —C(log p) 1P
and therefore a (K {60}) = O(j 7).

e if when j — oo, a (K {6v}) = (rj) with 0 <r < 1 and ¢; = O(p?) with 0 < p < 1, then
there exists C' > 0 such as Z] 1O‘k (K {0})|vj—k| < C Z] r~*pI=F = O(j max(r, p)’)
and therefore a( (K, {6y}) is EDS.

The same kind of computation can be also done for (ay)(f( , {50}))j since the derivatives and

second-derivatives of AEOI with respect to 8 and therefore to 6 are also EDS. U

Now we remind two lemmas already proved in Bardet and Wintenberger (2009):

Lemma 5.1. Assume that 0y € O(r) for v > 1 and X 1is the causal stationary solution of the
equation (1.1). If (Ao(K,©)) holds (with K = f or K = M) then K}, € L"(C(©,R™)) and there
exists C' > 0 not depending on t such that

B[R, — K] < CE[1Xo" (Za] (K, 0 ) for all t € N*. (5.4)

j>t

Lemma 5.2. Let D(Q)(G) denote the Banach space of 2 times continuously differentiable functions

on © equipped with the uniform norm

e = lInllo + || 2]

H 0000' lle

14

Za(»o)(f, {60}) | Z V1 (Bo)| |25 — ytfkfj{ + 115 (Bo)l |lze—j — ye—j

(5.2)



Let 6y € O(r) (r > 1) and assume that for i = 0, 1, 2, (4;(f,0)) and (A;(M,O)) hold. Then
fhe L (DP(©)) and M} € L (D?(0)).

Now, we begin with the proofs of Theorem 3.1, 3.2 and 3.3.

Proof of Theorem 8.1. The proof of the theorem is divided into two parts and follows the same
procedure than in Bardet and Wintenberger (2009). In (i), a uniform (on ©) strong law of large
numbers satisfied by %En(ﬂ) converging to L(0) := —E[qo(#)] is established. In (ii), it is proved
that L(6) admits a unique maximum in §y. Those two vconditions lead to the strong consistency
of B, (from Jeantheau, 1998).

(i) In the same way and for the same reason in the proof of Theorem 1 of Bardet and Win-
tenberger (2009), the uniform strong law of large numbers satisfied by the sample mean of (q;)¢en+
(defined in (2.3)]) is implied by establishing E[||¢:(0)||e] < co. But from Lemma 5.1, for all t € Z,

|a(0)] = [(Mg) ™| Xe — fol +log(Mj)]

X — 40
< % + | log(M)| + Mj
—  swlal®)] < 1 (%] + 176)le) + log(a)]| + Ml
0co P75

With r > 1, we have Vt € Z, E[|X;|] < co from Proposition 2.1 and E[||f¢[l5 + [|M{|5] < oo from
Lemma 5.1, implying E[|| f}lle + [|M{|le] < co. As a consequence, for all ¢ € Z,

E[llg:(0)lle] < oo

Hence, the uniform strong law of large numbers for (¢:(0)) follows:

—L(G)H L) (5.5)

© n—oo

Now, we are going to establish %anw) - Ln(H)H® 2% 0. Indeed, for all §# € © and t € N*,

.
13(0) — qi(0)] < | log(M§) — log(M§) + (M§) ™' X, — fil — (M) X, — f|
< | log(Mp) — log(M)| + |(M§) ™ — (M§) ™)X — f&1 + (M§) |5 — 13|
< | My — Mp!| Mt + [ M — MM 21X, — f§ + MY f5 — £
< C (141Xl + |£31) (1M — My' + 1T — £3]),
with C > 0. Hence, we have:

13:(6) — a:(®)lle < C(1+ 1Xel + I folle) (1M — Mo + [1f§ — follo)-

By Corollary 1 of Kounias and Weng (1969), the proof is achieved if there exists s € (0, 1] such as

> LEfla0) - 20)5] <. 5.9

t>1
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Let us prove (5.6) with s = /2 when r € [1,2].
From Cauchy-Schwarz Inequality and assumptions Ay (f,©) and Ay(M, ©),

E[1G(0) — a:0)I14%] < C (B[ + Xl + I£516)])? (B[(IDT — Ml + |13 — fille)]) 2.

Using Lemma 5.1 and previous proved results implying E[|X;|"] < oo, E[|| fi|lg + | ME]5] < oo, we

obtain

C (Z oV (1,0) + a1, @))%

>t
(L—1)r

< Ct 2

fi— )

E[13(0) - a:(0)14”]

IN

where the last inequality is obtained from the condition (3.1) of Theorem 3.1.

Hence, we have

1 . ) r
ZWEUQ(G)—% o/ B s

t>1 t>1

which is finite when ¢ > 2. When r > 2, it is sufficient to consider the case r = 2. As a

consequence, we obtain

1 - ~ a.s. 1=
- g 12:(0) — q:(0) || e 0 - | Ln(0) = Ln(0)]| =% 0, (5.7)

n—oo

and therefore, using (5.5),

% |Z.(6) — L 3% . (5.8)

n—o0

e

(ii) Now for 8 € ©, we study
L(0) = —Elgo(0)].

which can also be consider as a Kullback-Lieber discripency. We have
L(0) = —E[log(Mg)+ (M)~ [X: — f§]

— —E[log(Mg) —‘Ct fehtofgu'

Hence, using E[|(|] = 1, we obtain:

t

L(6o) — L() = E[log(ffg) —\ct f9° \—1]

Mt M} f — f}
s () 1+ Ml ST ]
0

But for {; following a symmetric probability distribution, for any m € R*, E[|(; +m|] > E[|&]] =
Therefore, for 6 # 0y, if fg # fp, (else > is replaced by >),

M M
L(6y) — L(O) > E[log(M—g)—1+ ]\;g]
0
Mt
> b3t ):
0



with h(x) = log(z) — 1+ z. But for any = € (0,1) U (1,00), h(z) > 0 and k(1) = 0. Therefore if

My # M, h(%) > 0 (> 0 is replaced by = 0 if My = Mg, ). This implies from Condition C3
0

(Identifiability) that L(6p) — L(#) > 0 almost surely for all § € ©, § # 6y. Hence a supremum of

L(0) is only reached for § = 6y which is the unique maximum. O

Proof of Theorem 3.2. We follow the same scheme of proof than in Davis and Dunsmuir (1997).

Hence, denote

So = > Viei(1Ze —n PV | — | Z4))
t=1

n
= Y ViYiisen(Z)
t=1

n
—1/2
+2 Z Vt—l(n / Yio1— Zt)(10<Zt<n—1/2Yt_1 - 1n_1/2Yt_1<Zt<0)
t=1
= A, + B,.

Since E[W_ll/}_lsgn(Zt) / .7-}_1] = E[sgn(Z;)] E[V;_lY}_l] =0 and E[VOQYOQ] < 00, we can apply

a central limit theorem for stationary martingale difference sequence (see Billingsley, 1968) and

A, 2 N0, E[VEYE)). (5.9)

n—oo
Now, considering B,,, define also W,,; = Vt_l(n*1/2Y}_1 — Zt) Yy g, cn-1/2y, ,- Using the same
arguments as in Davis and Dunsmuir (1997), we also obtain

. limsuan[Wgt] =0

n—oo

1
o E[W, /[ Fi] ~ 5 f(0) ViV, for [n7V?Y 4| < ¢

n » 1
o > Wu — o FO)E[VoYF 1yp0].
Then we deduce
B, 25 FORY] 510
The proof is achieved from (5.9) and (5.10). O

Proof of Theorem 3.3. We follow a proof which is similar to the one of Theorem 2 in Davis and
Dunsmuir (1997) or Li and Li (2008).

Let v = \/n(0 — 6y) € R%. Then we are going to prove in 2/ that maximizing L, (6) is equivalent
to maximizing L, (#) which is equivalent to maximizing

n

Wa(v) = => (a0 +n""?v) — ai(60)) (5.11)
t=1

n 1

(M;()-f—n_l/Q’U)_ t \—1 t t -1 t
- Zlog < (]\/fét )t ) + (Meo) | Xe — f€0’ o (M90+n*1/20) ‘Xt - f00+n*1/2v‘
t=1 o

with respect to v. As a consequence, there exists a sequence (vy,), where ¥, is a maximizer of
Wy (v) such as v, = \/ﬁ(é\n —6p). In 1/ we will provide a limit theorem satisfied by W, (v). Then

17



we are going to prove in 3/ that (W, (-)), converges as a process of C(R?) (space of continuous

functions on R%) to a limit process W. Hence (7,),, converges to the maximizer of W.

1/ First, we are going to study the asymptotic behavior of W,,(v). We have

1)
Wa(v) = Zlog( 90;45 )i )+ IXe = L (M) = (M 02,) ™)

+Z 90+n 1/2 (|Xt_f£0| - ‘Xt_f£0+n71/2v|)

= 11( )+12( )-
We have:
¢
- - (M) 4 1 )
Mg —1/2
o+n v
Using Taylor expansions, we deduce that for each ¢t € {1,--- ,n}, there exists gi and 52 in the

segment [f, 6y + n~1/?v] such as:

o (M) =g () L (PN g (v (08 )')
: 1

t
My,

00 062

t
M90+n*1/2v
Then,

n

= et (P0) L o (o (20 Y (20

)oe)

e = o (), - 4 S ()i ()

t=1

e 200 (7 (), 2 (7 (G),.) )

=1
= 1) + 1P @) + 1 <v>.

t
Using a Central Limit Theorem for martingale-differences (see [4]), since E[(Mj, )~ "0/ (%) , (1¢]—
0

1) / Fio1] =0 and E[|| (M} )~ 1/ (88—]‘?)90”2)] < oo (from Lemma 5.2), we have:

Yy 2 N(o, E[(M&)?(v’(agg@o)%ﬂ (03_1)). (5.12)

n—oo

oMY &2 M
Now, using that 6 € © — —5* and 0 — —55? are continuous functions, 91 2, Ao and 02 2, o,
n—oo n—oo

we claim that If )(v) have the same limit distribution that ;- Z?Zl(Mgo)_ (aaé‘f > v (|G —1).

Note that B|(Mf,) 10/ (%t ), v (16 =1) / Foes| = 0 and B[ () '(a;;‘ﬁé>eovu] < o0 (from

Lemma 5.2). Thus, from the strong large number law for martlngale—dlﬁerences (see [4]), we obtain:

t

s o) ! (%) 6l =) £ 0

n—oo
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and this implies:
1Pw o (5.13)

n—o0

Finally similar arguments as previously induce that I £3) (v) have the same limit distribution that
t 2
= Z?:l(Mgo)’Q <v' <%)0 ) (1 — 2|¢]). From the strong large number law for martingale-
0

differences (see [4]), we obtain:

% tnl(M50)2<v’ <68_J\g;5)60)2 (=206 = %E[(Mgo)”(v' (88—]%90)90)2 (1= 2lc)|

n—oo

e afoy( (28, Y]

1) B - %E[(Mgo)—%' <aa—]\§))90)2]‘ (5.14)

and this implies:

Finally, from (5.12), (5.13) and (5.14), we obtain:

L) 2 N(-%E[(Mgo)—z(v/ (86_]‘?%0)2}@[(1\430)2(@/ (86_]‘53)60)2} (02-1)). (5.19)

n—o0
n
Now we consider I5(v) = Z(MgOJrn_l/%)_l(\Xt — fo,) — | X¢ — f;OJrn_l/QvD. Using again Taylor
expansion, we can write: !
n
I(v) = > (M) (X0 = ol = |1Xe = fo nrr2))
t=1

_ o, (OM}
1/22 GM < aee)giw(’Xt—ng’ - ‘Xt—fgo_,_nq/zv‘)
= L)+ 57 (),

with 53\4 in the segment [0y, 6y + n~1/?v].

First we have:

@) =3 (16l = [ — V2 () ’(%];9) )
t=1

with 51} in the segment [6y,6 + n~'/?v]. Using Theorem 3.2, which an extension of Theorem 1
established in Davis and Dunsmuir (1997), denoting Z; = (;, Y; = (Mg, )~ ! ’(88];9) . and V; =1
for t € Z,

1 20 w(—g@B0g) 2 (90,1 el (), ). 6

n—oo

since E[Y2V?] < M2E[||v' 5 i H | < oo from Lemma 5.2.
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Then, we have:

- oM}
L)~ T Y)Y () (X = S = X f e, )

00
n oM ) 9
~ Y (M) (8—99>90(|<t|_‘<t_n V2 (M) (ajg)) )
t=1

— 0, (5.17)

t
using the proof of Theorem 3.2 and denoting Z; = (;, Y; = (M, )~ 'v (%J;@) 7 and V; = (M§ )1/ (%)0
0
for t € Z and condition EUVtY}H < 00 insuring a strong law of large number instead of central

limit theorem for a martingale difference process. Therefore, from (5.16) and (5.17), we deduce

Bw) 2 N( g0 B[0a) 2 (20, 7). Blan) 2w (2, )7). eas)

Finally, we obtain the behavior of W, (v) defined in (5.11) from (5.15) and (5.18). However, we
have to specify the asymptotic dependency relation between [ fl) and Iél). Indeed these two terms
converge to a Gaussian law. This implies to consider the asymptotic behavior of the sum of these

two terms which could be reduced to the asymptotic behavior of:

oM} ¢
_1/22 M) /( 9) (I¢e] — 1) +n—1/22 (Mj)™ ,(3];9)00 sgn(¢),

from the proof of Theorem 3.2. Using again a central limit theorem for martingale differences, we

obtain as asymptotic variance:

el (e (), (ol (2, )] = el (v (%), )2
el (25) (O |el(al - s « ot (v (25), V]
el {0 (), ) (0 (), ) o0

since ((;); admits a symmetric probability distribution with a null median and expectation. There-

fore, there is no covariance term and finally we obtain:

Wh(v) N W)= (- %FM—g(O)FF)v—i—v’N (5.20)

n—oo

N = N( ((62=1)Ta+Tr))
war ) o= ([0 2(%), (), ), (:21)
rw = (E[(52), (*5%), ) e

2/ Now, we consider the approximation Wn(v) of Wy, (v) defined by:

n

Wy, (v) = — Z (q(60 + n~1%p) — 3:(60)) for any v € R
t=1
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From the assumptions of Theorem 3.1 and (5.7) we have 1 Y1 | H@(Q) H)HG 2% 0. Then
n—oo
we have Wn(v) = Wi(v) + Ry (v) with [supyega [Rn(v)]] <2 30 [||@(0) — ¢:(6 H | —> 0 and
then:

W,(v) = W(v) (5.22)

n—oo

with W defined in (5.20).

3/ Now, from (5.22), the proof of Theorem 3.2 and the same arguments than in the proof of The-
orem 2 of Davis and Dunsmuir (1997), we deduce that finite distributions (Wn(vl), e ,Wn(vk))
converge to (W (vy),--- ,W(vy)) for any (vy,--- ,v) € (RY)E. Moreover, always following the proof
of Theorem 2, (W, (v)), converges to (W (v)), as a process on the continuous function space C°.

As a consequence, a maximum U of Wn(v) satisfies:
~ -1
and this implies (3.3). O

Proof of Proposition 3.1. First, Condition C2 is satisfied since by > 0. Other conditions on Lip-
shitzian coefficients are also satisfied from Lemma 2.1 (see the arguments above). The identifia-
bility condition C3 is also satisfied from the following which are divided into two parts. In (i) we
proof that (8, bo, (b7 (8),b; (6))i>1) (defined in (3.5)) are unique, thereafter in (ii) we proof that
0 = (w, (@i)i<i<p, (Vi)1<i<p: (Bi)1<i<q) is also unique.

(i) The proof of this result follow the same reasoning in Berkes et al. (2003). First we have

‘7? = bo(0) + zz‘zl bj(@)(max(Xt_i, 0))5 + zz‘zl b; (0)(max(—X;—, O))é- (5.23)

We prove the result by contradiction. Suppose that there exist two vectors g = (5, bg, (b;‘)izl, (b;)izl)
and 3’ = (&', b, (bF)is1, (b;/)izl) verifying (5.23). Let m > 0 be the smallest integer satisfying
bi, # bt or by, # b, (if bF = b and by = b7 Vi > 1 then by = bj). In one hand, since

)

x € (0,00) — 2° is a one-to-one map and since P(X; = £1, Vt € Z) = 0, we have 6 = ¢’. In the

other hand, by definition of m, we have
(b — b ) (max(X—5,0))° + (b, — by,) (max(—X; ., 0))°
= by — by + Z (b — b;r/)(max(Xt,i, 0))? + Z (b, — b;/)(max(—Xt,i, 0))°. (5.24)

i>m+1 i>m-+1
From (3.4), we have X;_,,, = 04— (t—m, therefore

(O, = 03)o? Gl When G 20

! 5 ! - 5 _
(b:—z _b;)(maX(Xt*m’O)) + (bm _bm)(max(_Xt*m’O)) - { (b " b )Jt m( thm)(s when G < 0

Moreover (5.24) and the fact that b # b’ or b, # b implies that at least one of the following
equalities hold

Cffm = ((b+ - b+)0't m)_1<2i2m+1(b;r - bj/)(maX(Xt—i,O))é) when ¢y, >0

or

(=Ce-m)® = (b = by)of_p) (Ziszrl(bi_ —b;) (max(X;_;, 0))5> when (;—pm <0
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Since ¢¢_,, > by > 0, (), is well defined. Let F}, be the F-algebra generated by ({;,i < k).
The causal representation of tha APARCH(S,p,q) shows that X is Fj-measurable and thus the
right-hand side of the above equations (and consequently also ¢ . in the case (;_,, > 0 or the
case (4—m < 0) is a real-valued random variable, measurable with respect to F;_,,—1. Since ((;) is
a sequence of independent random variables, this implies that (;_,, is a.s. constant when (;_,,, > 0
or when (;_,, < 0, contradicting the hypothesis saying Cg has a non-degenerate distribution. This
achieves (i).

(ii) The representation (5.23) is the same as
0! = by+ Ut (L)(max(Xy,0))° + ¥ (L)(max(—X;,0))°.

with UF = Yo IAL O~ = T, 'Ay and Af (L) = Y0 ou(1 — %)L Ay (L) = Y0 o1+ ) L
and Yo, (L) = Y%, BiL", where (Aéz, Tg,) and (A, , T, ) respectively coprime and 01 = (B;)1<i<qs
02 = ((ci)1<i<p, (Vi)1<i<p), then 0 = (w, 01, 65).

Suppose that there exist others polynomials A;'z =>"P  ai(1-4))L, o= P al(1+4)) L, Ty, =
7 BILY satisfying U+ = TGZIA;JZ’ v = T;,IIA;,Q with (Aéz, T@ﬁ), (A;,Q,Tgi) respectively co-
prime. Then
—1IA+ _ 1A+ + _ —1\ A+
oA =T,lA Aj = (Yo, Y, )A
=
N - —1\ A—
T, Ay = T(’i A% Ay = (Tgl'f@i )A%

from the first equality, since deg(Aé;) = deg(A;,) = ¢, we conclude that Ty, Tg_,l = 1, therefore
2 1
T, = Ty, and so Aéz = A}, likewise from the second equality we conclude that Ay, =4y
2

04
e The equalities A;é = Af, Ag_é = A,, implies that a;(1 — ;) = af(1 —7]) and (1 + ;) =
af(1+~}) which give o; = o} and ~; = ..
e The equality Yy, = Yy, implies that 3; = 3;.
o Since (Bi)i=1,p,00 = w(l = 37_; B;)~! are unique then w is unique.

Thus, Condition C3 is established and the proof of proposition is achieved. O

Proof of Proposition 3.2. Since we prove that Lemma 2.1 implies that conditions on Liptshitzian
coefficients (ay)( f,0)); and (ag-i)(M ,©));, it remains to prove conditions C2 and C3. Condition
C2 holds since ¢y is supposed to be a positive number. Finally, condition C3 also holds since
fo = for implies v;(0) = 1;(#’) for all j € Z. Therefore the parameters of the ARMA part of the
process are identified and then the identification of the parameters GARCH can be deduced from

the proof of Proposition 3.1. O
Proof of Proposition 3.4. This proofs mimics exactly the proof of Proposition 3.2. O
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