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Moutard transform approach to generalized
analytic functions with contour poles *

P.G. Grinevich ! R.G. Novikov?

Abstract

We continue studies of Moutard-type transforms for the general-
ized analytic functions started in [13], [14]. In particular, we show
that generalized analytic functions with the simplest contour poles
can be Moutard transformed to the regular ones, at least, locally. In
addition, the later Moutard-type transforms are locally invertible.

1 Introduction

We study the equations B
O: =wyp in D, (1)

x4t = —uyp™ in D, (2)
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where D is an open domain in C, u = u(z) is a given function in D, 0; = 0/0z.
The functions ¢» = 1(z) satisfying equation (1) are known as generalized
analytic functions in D, equation (2) is known as the conjugate equation to
(1); see [30]. In the present article the notation f = f(z) does not mean that
f is holomorphic.

The classical theory of generalized analytic functions is presented in [3],
[30]. In addition, very recently in [13], [14] it was shown that a new progress
in this theory is possible by involving ideas of Moutard-type transforms going
back to [22]. Actually, ideas of Moutard-type transform were developed and
successfully used in the soliton theory in dimension 2+1, in the spectral
theory in dimension 2 and in the differential geometry; see [5], [21], [23],
[26]-[29] and references therein.

We recall that in our case the Moutard-type transforms assign in quadra-
tures to a given coefficient u and fixed solutions f;, fj+, 7 =1,...,N, of
equations (1),(2), and all formal solutions v, ¥+ of (1), (2) a new coefficient
@ and new related formal solutions t, ¢/ for these generalized analytic func-
tion equations; see [13], [14]. In turn, the construction of [13] was stimulated
by recent articles by I.A. Taimanov [27], [28] on the Moutard-type transforms
for the Dirac operators in the framework of the soliton theory in dimension
2+ 1.

In the classical theory of generalized analytic functions it is usually as-
sumed that

we Ly,(D), p>2, if D isbounded, (3)
ue L,s(C), p>2, if D=C, (4)
where

L,,(C) denotes complex-valued functions u such that
1 1

u € Ly(Dy), u, € L,(Dy), where u,(z) = Wu (_) 7 (5)
zY z

Dy ={z€C: |z| <1}

see [30].

On the other hand, one of the most important applications of the general-
ized analytic functions theory is associated with the inverse scattering in two
dimensions, see [2], [8]- [12], [15], [18], [20], [24] and references therein. In ad-
dition, already in [15] it was shown that, for the case of the two-dimensional
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Schrodinger equation, not only regular generalized analytic functions, where
u satisfies (3) or (4), but generalized analytic functions with contour poles,
also naturally arise. However, in the latter case, assumptions (3), (4) are
not valid at all. It is quite likely, that the classical methods of generalized
analytic functions dot not admit appropriate generalizations for this case. In
particular, the problem of proper solving the generalized analytic function
equation (1) for w with contour poles was remaining well-known, but open.

It is in order to precise that in the framework of inverse scattering for
the Schrodinger equation in two dimensions the generalized analytic function
equation (1) with contour poles arises for the case when

U1 Y

U = A ) ?/} - A ) (6)
where A is real-valued and u_1, ¥»_1, A are quite regular (e.g. real-analytic)
functions on D, and the pole contours are the zeroes of A. In this setting ¢ =
(x, z, F) are the Faddeev exponentially growing solutions of the Schrodinger
equation in x € R? at fixed energy £ € R, u is a particular case of the Faddeev
generalized scattering data, A is the modified Fredholm determinant for the
Lipman-Schwinger-Faddeev integral equation for ¢, and z is a fixed-energy
spectral parameter; see [7], [19], [15] and references therein.

Proceeding from the aforementioned inverse scattering motivation, we
consider the generalized analytic function equation (1) with contour poles
for the case when u is of the form as in (6), and when this equation has
sufficiently many (more or less as in the regular case) local solutions 1 of
the form as in (6). Adopting the terminology of [17] we say that in this case
equation (1) is of meromorphic class. Note also that equation (1) may be
of meromorphic class only if principal terms of u near pole contours satisfy
solvability conditions; for simple contour poles these conditions were found
in [15].

Actually, our recent works [13], [14] were motivated considerably by the
aforementioned open problem of proper solving the generalized analytic func-
tion equation (1) with contour poles for the meromorphic case. In particular,
in [13] we give examples of coefficients u when equation (1) is of meromorphic
class and can be efficiently studied using Moutard-type transforms. In addi-
tion, we were stimulated by results of [1], [4], [16], [25], [29], [27] on efficient
applications of Darboux-Crum and Moutard-type transforms to studies of
some important linear ODE’s and PDS’s with singular coefficients.

The results of the present work can be summarized as follows:



e We give composition and inversion formulas for the simple Moutard-
type transforms for the equations (1), (2); see Theorems 1, 2 in Sub-
section 2.2;

e We show that any equation (1) of meromorphic class with a simple
contour pole can be transformed to a regular one in a neighborhood
of the pole contour via an appropriate simple Moutard-type transform;
see Theorem 3 in Subsection 3.4.

2 Moutard-type transforms for generalized an-
alytic functions

2.1 Basic construction

Let
fj:fj<z> and fjji—:f]ﬂ_(z)v Jj=1...,N, (7>
denote a set of fixed solutions of equations (1) and (2), respectively.
Let 1, ¥t be arbitrary solutions of (1), (2). We define an imaginary-
valued potential wy, y+ = wy 4+ (2) such that

8zwwp+ = ’(/)’17[)—’—, 85w¢7¢+ = —’QZ)Q/)'F in D. (8)
We recall that this definition is self-consistent, at least, under the assumption
that D is simply-connected. The integration constant is imaginary-valued
and may depend on concrete situation.
As in [13], [14] we consider imaginary-valued potentials wy, p, k=
1,..., N, and we set

Wenrt YWeat o o Winsr
w + W Y +

Q _ f1.7f2 f2.7f2 . f]\f,fQ ) (9)
Yat Yharh oo Yrnordh

Following [13], for equations (1), (2) we consider the Moutard-type transform

u - g , (10)
{07} = {97} (11)
M =My g5+ = Mu,fl,...,fN,fj,...,f; (12)



defined as follows:

I
d=u+t i fN]QTH (13)
fx
) Yo 1t
p=1p—[fi .. Q| ], (14)
W 1
thd,-k
e P ol K (Y L IR (15)
Wiyt

where 1, 1T are formal solutions to equations (1), (2), respectively, Wy 1+
g
and wy, -+ are defined as in (8); ¢ in (15) stands for the matrix transposition.

Due to results of [13], the transformed functions 1, ¢t solve the trans-
formed generalized-analytic function equations:

D) = G in D, (16)
Ot = —Tapt in D. (17)

2.2 Composition and inversion of simple Moutard trans-
forms

We say that the Moutard-type transforms (10)- (15) are simple if N = 1. In
this case:

~ ww,ff
w = ,l/} - fl ; (18)
thfl+
~ Wy
gt =yt - (19)
wfl,ff
e
g=ut DI (20)
wfl,ff



Proposition 1 For a simple Moutard transform (18)- (20) the following
formula holds:

Wep,pt Wiy g = Wy, Wit (21)

Wi 5 =
bt
Yot
where wy, . is defined according to (8), and Cpag+ IS an imaginary-valued
integration constant.

Proposition 1 was announced in [14] and is proved in Section 4 of the
present work.

Let fi, fo and f;", f5© be some fixed solutions of equations (1) and (2),
respectively, with given u. Let

M

u ——

20

)

{g,ut} 230,071, (23)
)

M :MQOMl, (24)

where

1. M is the simple Moutard transform for equations (1), (2) with coef-
ficient u, generated by fi, f;" and given by formulas (18)-(20);

2. My is the simple Moutard transform for equations (16), (17) with
coefficient © = Mju, given by:

x~ ~ -~ Wi i+
wva
— b — , 25
=1 fo g (25)
= ~ ~ w~27~+
gt =gt - ff (26)
Wi, fi
B rra
o 22 : (27)
Wiy i

where we assume that:
b 1/; = My, 1/~1Jr = M11/1+7 JE2 = M. fo, JFQL = le;;
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® w5+, Wi, g+ and wg, s+ are given by (21) with ¢ 7, ¢f, 5+ and
iy ft equal to zero.

3. We assume that Wy p £ 0, Wy, # 0.

Theorem 1 Let fi, fo and f;, fi be some fized solutions of equations (1)
and (2), respectively, with given u, and let M be defined as in (22)-(24).
Then M coincides with the Moutard transform given by formulas (10)-(15)
for N =2 and generated by the initial functions fi, fa, fi7, fof -

Schematically, the result of Theorem 1 can be also presented as follows:

{fi. 0} > {fo.f5} =
¥ A v g0 ¥ (28)
W
Theorem 1 is proved in Section 4.
Next, in order to inverse simple Moutard transforms, we consider:
=0, fF=0, Wy, g+ =10, Wy g =15 (29)
Fo_ o . fl o + o+ f1+
fo=Mifo=[f=—1 y S =My =T = i (30)

Wert Wert

In particular, f and f* defined in (30) satisfy equations (16) and (17), re-
spectively, with the coefficient @ given by (20).

Theorem 2 Let M be a simple Moutard transform defined as in (18)-(20),
where w i # 0. Let My be the simple Moutard transform for equations

(16), (17) with_coefficient i = Myu, given by (25)-(27), where ) = My,
Ot = Mt fo=f, [ = fT, where f and ft are defined in (30). Then:

1. The potentials Wit Wh gt Wi ff CaN be chosen as follows:

Wy f Wy gt 1

W7 = —f—1 Wi o= —1 Wi i+ = —; (31)
P, f. ’ fo, bt ’ fa,f. )
’ N N e

2. Under assumptions (31), the composition M = Moo My is the identical
transformation.

Thereom 2 is proved in Section 4.



3 Removing the simplest contour pole singu-
larity

3.1 Real analytic pole contour
We consider a real analytic curve I' C D:
I'={z(7) : 7 €]ity,ita[}, t1,t2 € R, (32)

where:

e 2(7) € D for 7 €ity, its],

e 2 is (complex-valued) real-analytic on |ity, it5],

o o(r]) # 2(1) for 7 £ 7

o dz(it)/dt # 0 for for t €]ty .

Here D is the domain in (1), (2).
Let
T=Tap-={7€C: a<Im7 <b, |Ret|<e}, (33)

where a,b,c € R, ¢ > 0.
As a corollary of our assumptions, z in (32) could be continued to a
holomorphic bijection Z:

Z 7:1,b,5 — Da,b,ea T — Z(T)a (34)
Z7 . Dape = Tape, 2 — 7(2),

for some a, b, ¢ such that t; <a <b <ty, € >0, where D, C D.
Actually, we consider I' of (32) as a pole contour for equations (1), (2).

3.2 Holomorphic change of variables

In the domain D, of (34) we rewrite equations (1), (2) in variable 7 € Ty ...
In this connection, following [14] we consider

u.(r) = u(z(r)) | 22, (35)
0r) = 0 D gty = w20 (a0



where u(z), ¥(z), ¥t (z) are the same that in equations (1), (2), z(7) is the
same that in (34), 7 € Tope. Then (see [14)):

aq’—'l/}* :u*w* in 7;,b,€7 (37)
aﬂ/fj = _Ia*’l/;j in 7;,b,e- (38>

In addition, we have (see [14]):
Mo gogr 027 =270 Muy e, (39)
where:

e 7 !is considered as a map of the conjugate pairs of equations (1), (2)
in D, into the conjugate pairs of equations (37), (38) in 7T, and is
defined according to (35), (36);

o M, s+ for (1), (2) in D,y and Mu*,f*,f:r for (37), (38) in T, are
defined according to formulas (10)- (15), where wy, fu = {fi4; -, [Nt
fF=Af, ..., fx.} are defined according to (35), (36), and

for all involved potentials.

In the framework of the Moutard transform approach, using the commuta-
tivity relation (39) we reduce local studies of equations (1), (2) with contour
pole at ' in (32) to the case of contour pole at the straight line

I'y={7 € Tope: ReT =0}, (41)
where T, is defined as in (33), (34).
Remark 1 We recall that, in view of formulas (35), (36), the generalized

analytic functions 1, v of (1), (2) can be treated as spinors, i.e. differential

forms of type (%, O), and u can be treated as differential form of type (1 l);

272
see [14]. These forms can be written as:

u=u(2)Vdzdz, o =()Vdz, ¥t =T (2)Vdz. (42)



3.3 Constraints on the meromorphic class coefficients
at singularity
We consider equations (37), (38) in 7 = T, defined by (33) for the case of

simplest pole at I, defined by (41). We write 7 = x + iy, T = x — iy.
We assume that

+o0
u, (1) = ¥°W Z ri(y)z’ in T, (43)

j=—n

where ¢, r; are quite regular functions on the interval ]a, bj~ I',, and ¢, r_,,
are real-valued, n € N. For this case we consider solutions v, ¥ of (37),
(38) near I'y of the following form:

+oo +oo
=Y ad, of =Y afwd, W' eN,  (44)
j:—n/ j:—n”

where a;, oz;r are quite regular on Ja,b[ and a_,/, o’ , are not-zero almost
everywhere at |a, b|.

Note that in this section we consider u., ¥, ¥ in formulas (43), (44) as
formal power series in variable x.

Lemma 1 Assume that equation (37) with coefficient u, as in (43) has, at
least, one solution 1, of the form as in (44). Thenn =1 and |r_,(y)| =n'/2

in (43).

Lemma 1 follows from formal substitutions of (43), (44) into (37), (38).

In the present article we restrict ourselves to the simplest (but generic)
case when n’ = n” = 1. In this case, without loss of generality, we can assume
that r_; = —1/2, adding 7/2 to the phase ¢, if necessary.

Then, as a corollary of results of [15], equation (37) is of meromorphic
class, at least formally, if and only if:

Rero(y) =0, y €la, b, (45)
Im7y(y) = %dcz(gy), y €la, b. (46)

For completeness of exposition, this result is proved in Section 5.
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Here, belonging of equation (37) to meromorphic class means that equa-
tion (37) has local solutions 1, near I'y C T of the form (44) with n’ = 1
parametrised by two real-values functions (one complex-valued function) on
I, i.e., roughly speaking, equation (37) has as many local solutions 1, near
I, as in the regular case.

Actually, equation (37) and formulas (43), (44) for u., ¥, with n = 1,
n' =1, r_1 =—1/2 imply that

Ime “®Wa_,(y) =0, y €la,bl. (47)

In addition, under conditions (45), (46), the solutions v, of (37), (44) are
parametrised by 8_1(y) and Im 3;(y) on ]a, b], where a;(y) = €™ 3;(y); see
Section 5.

Finally, one can see that the meromorphic class conditions (45), (46)
for equation (37) imply the related meromorphic class conditions for the
conjugate equation (38).

3.4 Moutard transform to the regular case

We consider equations (37), (38) for the case when
- 1
u, = %) (—% +ro(y) +r1i(y)x + O (IEQ)) in TUIdT,  (48)

where

¢ is real-valued, ¢ € C?([a,b]),

e2i9(y)
Uy +

. cCH(TuUaT), (49)
ro, 71 satisfy (45), (46),

T is defined by (33).
We assume that equations (37), (38) have some solutions f,, f;7 such that

o= e (P14 )+ 0(0))

B_y is real-valued, f_; >0, B_; € C'([a,b]), (50)
id(y)
- W) ¢ oo,
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f:r — e Uo(y)+m/2) (% + 5;@) + O(az)) ,

B, isreal-valued, B*, >0, g+ € C'([a,b]), (51)
T )

where 0,0(x) = O(1), 0,0(z) = O(z).
Note that from point of view of formal considerations of Subsection 3.3
such solutions f,, f. always exist.

e CH(TuUaT),

X

Theorem 3 Let u, satisfy (48), (49) and equations (37), (38) have some
solutions f., fI satisfying (50), (51). Let w; ;+ be some potential defined
according to (8). Then

U =M, ; +ue=0(1) in TopsUITaps (52)

or some  €|0, [, where M + 18 defined according to formulas (10)-(15
u*vf*yf*
for N =1.
Theorem 3 is proved in Section 6.

The point is that that the results of Theorems 2, 3 and the commutativ-
ity formula (39) reduce local studies of equations (1), (2) near the simplest
contour pole singularity to the regular case.

4 Proofs of Proposition 1 and Thereoms 1-2

4.1 Proof of Proposition 1

Let wy ;+ be given by (21). Then it is sufficient to show that

Ouwj g = VT, Oy ju = —UUbt. (53)

Using the definitions of wy, »+, Wy s Wity We fhs and 1/7, 1/;+ we have:

Wy p+W + — W, W +
82(,(}" = az ¢'7¢' f17f1 w’fl flvw +C~ - _
00 W . 0
flvfl

Wfl,w‘l’

Wr Yy it
— ZW¢7¢+ — azwwﬁ o Si¥ —1

Wy,
— Ouwpy o+ —— + Oowy, o+ =
i WrL st WrLt Yrt

12



wflvff wflvff W, T wflvff

w + ~ ~
b, f Wiy ot
=(v—fH—> | |07 = = =yt
WLt WLt

w¢7¢+wf ,f+ — ww,ﬁwﬁ,w
Oswy 5+ = Os ( - 1 +eggr | =

— ?/)'QZ)JF _ wffrwflyw+ _ fl'QZ)Jr ww,ff +w,¢)+wf17¢+ w%ff o

WrL st
Wy Wy, £+ Wi ot Yo i
= Dzt — Oy, pr — — Do, v Bh Doy, gy~ LI -
Wit Wert WrLrt YhLt
- _—w + W S - w Y g
S ‘|"¢}f1+ J1,¢ + Fit . f1 — Pt ft T
WrL st WrLpt WrL st Wr st

w + —_— ==
- 7Y\ (o Whoet

_ <¢ _ 1_1> <w+ _ ;ﬂ) = — .
Wi rt Whtt

Thus, the proof of Proposition 1 is completed.

4.2 Proof of Theorem 1

Due to formula (21) for wg, 7 with cf, 7+ = 0 and due to the assumptions
that Wy p # 0, Wi, 7 # 0, we have:

det Q2 = wfhffrwﬁ,f; # 0, (54>
where (2 is defined according to (9) for N = 2.

Due to the definition of M according to (22)-(24), using (21) for w5+ =
wy, > Wy i+ with ¢ 5 = 0 and using (54), we obtain:

T e e

wﬁf; wflvff
-1
- ( P %zﬁ) (wwﬁwh, 5= %,frwfl,f;> (%, S wa,frwfl,f;> _
Wr st Wr st Wrrt
1
=v¢—fi X

W, frwf%f; — W, frwfl,f;

13



w, +W +W + w +W +W +
¢,f1 f27 1 flyfz _ww’f;wf% 1+ + f27 1 ¢7f1 f17f2 _
Wt Wt

1

_f2 (CLJw f+w‘f f+ - Ww f‘kw‘f f+> —
Wi W gs — WhoprWhops N T IR

X (ww,ffwfzfg* -

v~ [f fo 1 Wttt T Yo Y|
Wittt td — Yha Wt |Yeds Yt T Yot
(55)
Taking into account that

- Yt Yea| g1 1 Yoot TYnat
Wits Yhats Wi W h st T Yh Yt | YR Yhs

_ 1 Wy rr W pn g~ Y st Yo st
Yorf | YntWhgt T et Wt (Y s Yt T Qe
formula (55) can be rewritten as:

b=9—[fi L]

w
v (56)
Wa f5

One can see that (56) coincides with formula (14) for N = 2.

The computations for )" are similar.
In additions, due to the definition of M according to (22)-(24), using (21)
for wy, 7 with ¢f, 7+ = 0 and using (54), we obtain:

RE BRI

=1+ =
wa,f; thffr wf%f;
Ft+ w + — —Cy) + w +
:u+ flfl +<f2_f1 f27f1 ) (f;—_fl—‘r f17f2 ) f17f1 —
WrLpt WrL st Wit ) Yt Yt T WYL
— 0 o T
Cut S wg, g — f2ff Wit _flf;“fz,fr +f2f2+wf1,f1+ _

Wit ha st T WY
1 We o —we | | £
—u+t [h p) | S e )
Wit W tafd T Wha YLt ot Y | | fa

One can see that (57) coincides with formula (13) for N = 2.
This completes the proof of Theorem 1.
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4.3 Proof of Thereom 2

First, we check that wg, 7., Wy s Wiy defined in (31) are the potentials
for the pairs {f, ¥}, {&, f+}, {/, [*}:

W, ++ +
IR — wi v w wf1 ff =

W pit il f17f1

W, e+ i ft -

w.f ify 2

=Y —-N ' = fr,
WrLpt WrLst

W, r+ bfF
Dot w4 = —iD- b, f] — 7vbfl . ¢f1 f1f1 _
oSz We o+ We o+
f17f1 flvf f17f1

+ —_+ = X
:—(@—E”M )( 2 ) =~ f*; (58)
WL rt Wit

the calcualtions for w 7.0+ are analogous to the calculations for Wi

1 8ZW + A A
8wa2,f2+ = azw — walyfl — flfl ff+7
fdt fuf f17f1
1 agw + =
azwfé,f; g azw — w2f17f1 — fl fl — _f B_i_ (59)
fuoff fuofi fl,f1

Here, we used also that all potentials wy, ,+ are pure imaginary.
Second, we calculate the transform My o M;:

- Py
2 = A Wg Wy, rit fi - Yrrst
b= fR oy [
wf27f2+ wfl,fl+ wfl,ffL we ot
1,f1
W, £+ W, £+
U, f U, f
=¢—f —+ fi— =
Wi rt Wit

the calcualtions for 1/1+ are analogous to the calcualations for lﬁ

AA+ _+ AA_+ _+ { ]
I - fifi n If . fifi @rt : WhLst
Wi iy Wit Wi thfr

f1’f1

15



= =
Wfl,fl+ wfl,ff

This completes the proof of Thereom 2.

5 Proof of meromorphic class conditions

We consider equation (37) and formulas (43), (44) for u., 1., where n = 1,
r—1 = —1/2, n’ = 1. In this case formulas (43), (44) can be written as:

A 1
) <_Z +7o(y) Fri(y)z + ra(y)a® + .. ) ; (61)

b= e (B )+ s+ s+ ).

We substitute (61), (62) into (37), and we use that

20,1, = V) (_My) L)~ dW)Ba) | o
. Z [iBi(y W) Bk(y) + (k + 1) Brra(y)] SUk) :
Quah, = €W (_5;2@ L “hy) + 2;o(y)ﬁ1(y) N (64)

Z

;From this point and till the end of the proof ' denotes J,,.

~Bre1(y) + 201 (y) B (y) + 2 Zm(y)ﬁk_z(y)] $k> :

16



Collecting the terms at 2%, k = —2,—-1,0,1,2, ..., we obtain:

B-1(y) =B-1(y) for k = -2, (65)
Bo(y) = —iBL1(y) + &' (y)B-1(y) + 2ro(y)B-1(y)  for k= —1, (66)
Bily) + Bily) = —iBo(y) + ¢' (1) Boly) + 2r1(y) B-1(y)+ (67)
+ 2r0(y)Bo(y) for k =0,
Bri1(y) + (b + 1)Bria(y) = —iBi(y) + &' (v) Br(y)+ (68)
k
+2rp11(y )+ 2 Zrl ) Br—i(y for k > 1.

=

One can see that: relation (65) coincides with (47); relation (66) can be
considered as a formula for finding fy; relations (68) can be considered as
recursion relations for finding f;, j > 2. In addition, the real part of (67)
can be considered as a formula for finding Re 31, whereas the imaginary part
of (67) can be rewritten as

m | ~iBh(y) + ' (9)Bo(y) + 2r1 (1) B 1Y) + 2ro(y)Boy)| = 0. (69)

Actually, relations (65), (66), (69) yield the solvability constraints on ¢, ro,
r1. Substituting (65), (66) into (69) we obtain:

I 16/ (1)1 (y) + (' W))? + 26 (9)ro(u)) B (9) + 21 () B-1(y)—
— 2iro(y)BL1(y) + (2ro(y)e' (y) + 4(ro(¥)*)B-1(y) + B2, (y)—  (70)
= i(¢/(y) + 2ro ()B4 (y) — (9" () + 25 (1)) B ()| = 0.

In turn, (70) can be rewritten as:

Im |37, (y) = 2i[ro(y) + ro(y)]B1(y) + [(¢'(y))*+ (71)

+ 26/ (3) (roly) + roly)) + 4ro(y))? + 201 () — 6" () — 2ir5(1)])81(9)] = 0.

In addition, taking into account that ¢, §_; are real-valued, we simplify (71)
as follows:

Im —2i[7’o(y)+ro(y)]ﬁll(y)+[4('r’o(y))2+2r1(y)—w”(y)—?iré(y)]ﬁfl(y)} = 0.
(72)
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One can see that (72) is fulfilled for all sufficiently regular real-valued f_; if
and only if (45), (46) are fulfilled.
Finally, using (65)-(68) under conditions (45), (46), one can see that all
¥, of (62) satisfying (37) with u, of 61) are parametrised by 5_; and Im /.
This completes the proof.

6 Proof of Thereom 3
Substituting (48), (50), (51) into (37), (38) we obtain:

Boly) = i(B_1(y)) + (¢'(y) — 2r0(y))B-1(y), ¥ € [a,b], (73)

Bi () = i(B5 () + (=¢'(y) + 2r0()) 851 (y), v € [a,b]. (74)

As in Section 5 we assume that " denotes J,.
Using (50), (51) and (73), (74) we obtain:

foft —eminl? <61(yifﬂ(y) L BB @) + BB () 0(1)) _

T

= i—ﬁ1<y;fjl(y> + é(ﬁﬂy)ﬁi(y))l +O0(1) in TUIT. (75)

Next, equation (8) can be rewritten as:
Orsogpr = 20T (Yurt), By e = 2iRe (vor*). (76)

As a corollary of (75), (76) and the property that (3;, 8] are real-valued, we
have:

~2i81(y)5%,(y) 2i(B-1(y)64, ()

gt = 22 +OQ), dywy, g = : +0(1);
(77)

2 '
Wi, g = —B-1(y)BLi(y) +O(1) i TUIT. (78)

Remark 2 Note that

res mzoax(wf*’f:r> = 0.

for any fizred y = yo.
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Using also the strict positivity of 3_;3", we obtain:

1 1T

Wy 2B.1(y) B, (y) +0(2%) in Tops U0Taps, (79)
furf - -1
for some ¢ €]0, <.
Note also that
o ' +
I Z.emb(y)w +0 (i) in TUJT. (80)

Finally, due to (20), (48), (79), (80):

Y- fofs — p2i(y) 1 2i(y) 1 —
Uy =u, +——=e —— +7ro(y) +O(x) | + ¥ —40(1) =
Wy, pt 2x 2x

= O(l) n 7;75,75 U 67;75,75. (81)

Theorem 3 is proved.
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