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Abstract

We consider the stochastic optimal control problem of McKean-Vlasov stochastic
differential equation where the coefficients may depend upon the joint law of the state
and control. By using feedback controls, we reformulate the problem into a determin-
istic control problem with only the marginal distribution of the process as controlled
state variable, and prove that dynamic programming principle holds in its general
form. Then, by relying on the notion of differentiability with respect to probability
measures recently introduced by P.L. Lions in [32], and a special It6 formula for flows
of probability measures, we derive the (dynamic programming) Bellman equation for
mean-field stochastic control problem, and prove a verification theorem in our McKean-
Vlasov framework. We give explicit solutions to the Bellman equation for the linear
quadratic mean-field control problem, with applications to the mean-variance portfolio
selection and a systemic risk model. We also consider a notion of lifted viscosity solu-
tions for the Bellman equation, and show the viscosity property and uniqueness of the
value function to the McKean-Vlasov control problem. Finally, we consider the case
of McKean-Vlasov control problem with open-loop controls and discuss the associated
dynamic programming equation that we compare with the case of closed-loop controls.
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1 Introduction

The problem studied in this paper concerns the optimal control of mean-field stochastic dif-
ferential equations (SDEs), also known as McKean-Vlasov equations. This topic is closely
related to the mean-field game (MFG) problem as originally formulated by Lasry and Lions
in [27] and simultaneously by Huang, Caines and Malhamé in [24]. It aims at describing
equilibrium states of large population of symmetric players (particles) with mutual inter-
actions of mean-field type, and we refer to [14] for a discussion pointing out the subtle
differences between the notions of Nash equilibrium in MFG and Pareto optimality in the
optimal control of McKean-Vlasov dynamics.

While the analysis of McKean-Vlasov SDEs has a long history with the pioneering works
by Kac [26] and H. McKean [33], and later on with papers in the general framework of
propagation of chaos, see e.g. [30], [25], the optimal control of McKean-Vlasov dynamics is
a rather new problem, which attracts an increasing interest since the emergence of the MFG
theory and its numerous applications in several areas outside physics, like economics and
finance, biology, social interactions, networks. Actually, it has been first studied in [I] by
functional analysis method with a value function expressed in terms of the Nisio semigroup
of operators. More recently, several papers have adopted the stochastic maximum (also
called Pontryagin) principle for characterizing solutions to the controlled McKean-Vlasov
systems in terms of an adjoint backward stochastic differential equation (BSDE) coupled
with a forward SDE: see [3], [9], [38] with a state dynamics depending upon moments of the
distribution, and [13] for a deep investigation in a more general setting. Alternatively, and
although the dynamics of mean-field SDEs is non-Markovian, it is tempting to use dynamic
programming (DP) method (also called Bellman principle), which is known to be a powerful
tool for standard Markovian stochastic control problem, see e.g. [21I], [34], and does not
require any convexity assumption usually imposed in Pontryagin principle. Indeed, mean-
field type control problem was tackled by DP in [28] and [5] for specific McKean-Vlasov
SDE and cost functional, typically depending only upon statistics like its mean value or
with uncontrolled diffusion coeflicient, and especially by assuming the existence at all times
of a density for the marginal distribution of the state process. The key idea in both papers
[28] and [5] is to reformulate the stochastic control problem with feedback strategy as a
deterministic control problem involving the density of the marginal distribution, and then
to derive a dynamic programming equation in the space of density functions.

Inspired by the works [5] and [28], the objective of this paper is to analyze in detail
the dynamic programming method for the optimal control of mean-field SDEs where the
drift, diffusion coefficients and running costs may depend both upon the joint distribution
of the state and of the control. This additional dependence related to the mean-field in-
teraction on control is natural in the context of McKean-Vlasov control problem, but has
been few considered in the literature, see however [38] for a dependence only through the
moments of the control. By using closed-loop (also called feedback) controls, we first con-
vert the stochastic optimal control problem into a deterministic control problem where the
marginal distribution is the sole controlled state variable, and we prove that dynamic pro-
gramming holds in its general form. The next step for exploiting the DP is to differentiate



functions defined on the space of probability measures. There are various notions of deriva-
tives with respect to measures which have been developed in connection with the theory of
optimal transport and using Wasserstein metric on the space of probability measures, see
e.g. the monographs [2], [37]. For our purpose, we shall use the notion of differentiability
introduced by P.L. Lions in his lectures at the College de France [32], see also the helpful
redacted notes [I1]. This notion of derivative is based on the lifting of functions defined on
the space of square integrable probability measures into functions defined on the Hilbert
space of square integrable random variables distributed according to the “lifted” probability
measure. It has been used in [13] for differentiating the Hamiltonian function appearing
in stochastic Pontryagin principle for controlled McKean-Vlasov dynamics. As usual in
continuous time control problem, we need a dynamic differential calculus for deriving the
infinitesimal version of the DP, and shall rely on a special It6’s chain rule for flows of prob-
ability measures as recently developed in [10] and [16], and used in [I2] for deriving the
so-called Master equation in MFG. We are then able to derive the dynamic programming
Bellman equation for mean-field stochastic control problem. This infinite dimensional fully
nonlinear partial differential equation (PDE) of second order in the Wassertein space of
probability measures extends previous results in the literature [5], [12], [28]: it reduces
in particular to the Bellman equation in the space of density functions derived by Ben-
soussan, Frehse and Yam [0] when the marginal distribution admits a density, and on the
other hand, we notice that it differs from the Master equation for McKean-Vlasov control
problem obtained by Carmona and Delarue in [I2] where the value function is a function
of both the state and its marginal distribution, and so with associated PDE in the state
space comprising probability measures but also Euclidian vectors. Following the traditional
approach for stochastic control problem, we prove a verification theorem for the Bellman
equation of the McKean-Vlasov control problem, which reduces to the classical Bellman
equation in the case of no mean-field interaction. We apply our verification theorem to
the important class of linear quadratic (LQ) McKean-Vlasov control problems, addressed
e.g. in [38] and [7] by maximum principle and adjoint equations, and that we solve by a
different approach where it turns out that derivations in the space of probability measures
are quite tractable and lead to explicit classical solutions for the Bellman equation. We
illustrate these results with two examples arising from finance: the mean-variance portfolio
selection and an inter-bank systemic risk model, and retrieve the results obtained in [29],
[20] and [I5] by different methods.

In general, there are no classical solutions to the Bellman equation, and we thus in-
troduce a notion of viscosity solutions for the Bellman equation in the Wasserstein space
of probability measures. There are several definitions of viscosity solutions for Hamilton
Jacobi equations of first order in Wasserstein space and more generally in metric spaces,
see e.g. [2], [22], [19] or [23]. We adopt the approach in [32], and detailed in [11], which
consists, after the lifting identification between measures and random variables, in work-
ing in the Hilbert space of square integrable random variables instead of working in the
Wasserstein space of probability measures, in order to use the various tools developed for
viscosity solutions in separable Hilbert spaces, in particular in our context, for second order
Hamilton-Jacobi equations, see [30], [31], and the recent monograph [I8]. We then prove



the viscosity property of the value function and a comparison principle, hence uniqueness
result, for our Bellman equation associated to the McKean-Vlasov control problem.

Finally, we consider the more general class of open-loop controls instead of (Lipschitz)
closed-loop controls. We derive the corresponding dynamic programming equation, and
compare with the Bellman equation arising from McKean-Vlasov control problem with
feedback controls.

The rest of the paper is organized as follows. Section 2 describes the McKean-Vlasov
control problem and fix the standing assumptions. In Section 3, we state the dynamic
programming principle after the reformulation into a deterministic control problem, and
derive the Bellman equation together with the proof of the verification theorem. We present
in Section 4 the applications to the LQ framework where explicit solutions are provided
with two examples arising from financial models. Section 5 deals with viscosity solutions
for the Bellman equation, and the last section considers the case of open-loop controls.

2 McKean-Vlasov control problem

Let us fix some probability space (€2, F,P) on which is defined a n-dimensional Brownian
motion B = (By)o<i<r, and denote by F = (F;)o<i<r its natural filtration, augmented
with an independent o-algebra Fy C F. For each random variable X, we denote by P
its probability law (also called distribution) under P (which is deterministic), and by dx
the Dirac measure on X. Given a normed space (F,|.|), we denote by P,(F) the set of
probability measures p on E, which are square integrable, ie. |pl? := [ |z|*u(dz) <
o0, and by L*(Fo; E) (= L*(Q, Fo,P; E)) the set of square integrable random variables on
(Q, Fo,P). In the sequel, E will be either RY, the state space, or A, the control space, a
subset of R™, or the product space R% x A. We shall assume without loss of generality (see
Remark 2] below) that Fy is rich enough to carry E-valued random variables with any
arbitrary square integrable distribution, i.e. P,(E) = {P¢,£ € L*(Fo; E)}.

Remark 2.1 A possible construction of a probability space, which is rich enough to satisfy
the above conditions is the following. We consider a Polish space €y, its Borel g-algebra F
and let Py be an atomless probability measure on (£2g, Fy). We consider another probability
space (4, F1,P;) supporting a n-dimensional Brownian motion B and denote by F? =
(FP) its natural filtration. By defining Q = Qo x Q1, F = Fo V Fi, P = Py @ Py, and F
= (F;) with F; = FP Vv Fo, 0 <t < T, we then obtain that the filtered probability space
(Q, F,F,P) satisfies the required condition in the above framework. O

We also denote by Wy the 2-Wasserstein distance defined on P,(E) by
1
Wo(p, ') = inf {(/ |z — y|?n(dz, dy)> * .71 e P,(E x E) with marginals ; and ,u'}
ExE

_ inf{(E\g - 5’\2>% L £,€ € L*(Fo; E) with P = 1, Per = ,/}.

We consider a controlled stochastic dynamics of McKean-Vlasov type for the process



X* = (Xta)OStST valued in Rd:

dXy = b(t, X{", o, P Ydt + o(t, X7, oy, P )dB, X5 = Xo, (2.1)

(X§*at) (X§at)

where Xo € L?(Fy,RY), and the control process o = (a)g<i<7 is progressively measurable
with values in a subset A of R™, assumed for simplicity to contain the zero element. The
coefficients b and o are deterministic measurable functions from [0, 7] x R? x A x P, (R9 x A)
into R¢ and R?*™ respectively. Notice here that the drift and diffusion coefficients b, o of the
controlled state process do not depend only on the marginal distribution of the state process
X, at time ¢ but more generally on the joint distribution of the state/control (Xy,ay) at
time ¢, which represents an additional mean-field feature with respect to classical McKean-
Vlasov equations. We make the following assumption:

H1) There exists some constant Cj,, > 0 s.t. for all t € [0,T)], z,2' € R, a,a’ € A, \, N
( b
€ P, (R4 x A),
Ib(t,z,a,\) — b(t, 2’ a' N+ |o(t,z,a,\) —o(t,2’,a', \)|
< Chollr — 2| +la—d'| + Wa(A,X)],

and

T
/0 1b(t,0,0,800,0))* + [0(£,0,0,500,0))|?dt < oo.

Condition (H1) ensures that for any control process a, which is square integrable, i.e.
E[ fOT |o|?dt] < oo, there exists a unique solution X to (ZI), and moreover this solution

satisfies (see e.g. [30] or [25]):
T
E[ sup |X/] < C<1 +E\X0]2+E[/ \at]2dt]> < 0. (2.2)
0<t<T 0

In the sequel of the paper, we stress the dependence of X“ on « if needed, but most often,
we shall omit this dependence and simply write X = X® when there is no ambiguity.

The cost functional associated to the McKean-Vlasov equation (Z.1]) is

T
J@) = E| /0 Pt Xe 00, By, )+ g(Xr Py )] (2.3)

for a square integrable control process . The running cost function f is a deterministic
real-valued function on [0, 7] x R? x A x P,(R? x A) and the terminal gain function g is a
deterministic real-valued function on RY x P, (R%). We shall assume the following quadratic
condition on f, g:

(H2) There exists some constant Cy, > 0s.t. forallt € [0,7], 7 € RY, a € A, u € P,(RY),
A€ P,(RY x A),

[tz a, )]+ lglz w)] < Crg(L+ |2 +lal® + lully + M)



Under Condition (H2), and from (Z2]), we see that J(«) is well-defined and finite for
any square integrable control process .. The stochastic control problem of interest in this
paper is to minimize the cost functional:

Vo = inf J(a), 2.4
o = inf () (24)
over a set of admissible controls A to be precised later.

Notations: We denote by x.y the scalar product of two Euclidian vectors z and y, and
by MT the transpose of a matrix or vector M. For any u € P,(F), F' Euclidian space, we
denote by Lﬁ(F ) the set of measurable functions ¢ : E — F which are square integrable
with respect to p, and we set

<@ pu> = /Ecp(w)u(dw)-

We also denote by Ly (F) the set of measurable functions ¢ : E' — F which are bounded
p ae., and [l¢[|, denotes the essential supremum of p € Li°(F).

3 Dynamic programming and Bellman equation

3.1 Dynamic programming principle

In this paragraph, we make the standing assumptions (H1)-(H2), and our purpose is to
show that dynamic programming principle holds for problem (2.4]), which we would like to
combine with some Markov property of the controlled state process. However, notice that
the McKean-Vlasov type dependence on the dynamics of the state process rules out the
standard Markov property of the controlled process (X;);. Actually, this Markov property
can be restored by considering its probability law (th)t- To be more precise and for the
sake of definiteness, we shall restrict ourselves to controls o = (ou)o<i<7 given in closed
loop (or feedback) form:

o = d(t,Xt,PXt), OStST, (31)

for some deterministic measurable function G(t,z,u) defined on [0,7] x R? x P,(R9). We
shall discuss in the last section how one deal more generally with open-loop controls. We
denote by Lip([0,T] x R% x P,(R%); A) the set of deterministic measurable functions & on
[0, 7] x R? x P,(R?), valued in A, which are Lipschitz in (z, 1), and satisfy a linear growth
condition on (z, u), uniformly on ¢ € [0, 7], i.e. there exists some positive constant Cy s.t.
for all t € [0,T], z,2" € R, p, ' € P,(RY),

a(t,z, p) — alt, 2, 1) < Callz —a'| + Walp, 1)),
T
/ 16(£,0,00)2dt < oo,
0

Notice that for any & € Lip([0,T] x R? x P,(R%); A), and under the Lipschitz condition in
(H1), there exists a unique solution to the SDE:

dX; = b(t, X, a(t, X, Py, P )dt

’ (Xt,d(t,Xt,JP’Xt )

+ U(tth7d(taXt7]P)Xt)7P dBt, (32)

(X,6(6,X4,P 5, )))



starting from some square integrable random variable, and this solution satisfies the square
integrability condition (2.2]). The set A of so-called admissible controls « is then defined as
the set of control processes a of feedback form (B with @ € Lip([0, 7] x R x P,(R%); A).
We shall often identify o € A with & in Lip([0,T] x R? x P, (R%); A) via @31I]), and we see
that any « in A is square-integrable: E[ fOT loy|?dt] < oo, by ([Z2) and Gronwall’s lemma.

Let us now check the flow property of the marginal distribution process P, = ng for
any admissible control a in A. For any @ € L(R% A), the set of Lipschitz functions from
R? into A, we denote by Id& the function

Ida:RY — Rex A

r = (x,a(x)).

We observe that the joint distribution ]P)(Xtvat) associated to a feedback control a € A is
equal to the image by Ida(t, ., ]P’Xt) of the marginal distribution Py, of the controlled state
process X, i.e. ]P)(Xtvat) = Ida(t, ., IP’Xt)*]P’Xt, where * denotes the standard pushforward of

measures: for any @ € L(R? A), and pu € P,(R9):
(Idaxp)(B) = up(Ida~'(B)), VB e B(R?x A).

We consider the dynamic version of (2] starting at time ¢ € [0, 7] from ¢ € L?(F; R9),
which is then written as:

S
X = ¢+ /t b(r,X}fvf,d(r,X}fvf,PX%),Ido?(r,.,PX%)*PX%)dr (3.3)
S
_|_/O_(T,Xﬁ,ﬁ’d(T7Xﬁ,5,]}DXt,£),Idd(r,.,IP’XtYE)*]P’Xt,g)dBr, t<s<T
t T T T

Existence and uniqueness of a solution to ([B.3]) implies the flow property:

t,6
Xt = X0V V0<t<0<s<T, ¢eLXF;RY. (3.4)
Moreover, as pointed out in Remark 3.1 in [I0] (see also the remark following (2.3) in [16]),
the solution to (B.3) is also unique in law from which it follows that the law of X*¢ depends
on § only through its law PP,. Therefore, we can define
Pyt = P ., for 0<t<s<T, pu=P ¢ P,(RY), (3.5)

s

As a consequence of the flow property ([.4), and recalling that P, (R?) = {P¢, ¢ € L*(Fo; RY)},
it is clear that we also get the flow property for the marginal distribution process:
N7 971[%# d
Pt = Pg?, VO0<t<O<s<T, peP,(RY. (3.6)
Recall that the process X*¢, hence also the law process P* depends on the feedback control
a € A, and if needed, we shall stress the dependence on o by writing PH#®,

We next show that the initial stochastic control problem can be reduced to a deter-
ministic control problem. Indeed, by definition of the marginal distribution P, recalling



that P(Xt,at) = Ida(t, .,]P’Xt) * ]thv and Fubini’s theorem, we see that the cost functional
can be written for any admissible control o« € A as:

T
/0 F(t. Py, G(t, Py )t + 5Py ),
where the function f is defined on [0, 7] x P, (R%) x L(R% A) and g is defined on P, (R%) by

ft @) =< f(t,..a(), Ida* p), p >, g(p) =<glopw,p>.  (37)

We have thus transformed the initial control problem (Z4)) into a deterministic control
problem involving the infinite dimensional controlled marginal distribution process valued
in P,(R%). In view of the flow property (B.0), it is then natural to define the value function

v(t,pn) = mf / F(s,Pb" a(s, ., PL"))ds + g(Ph ”)] te[0,T], peP,(RY),(3.8)

so that the initial control problem in (24]) is given by: Vp = U(O,]P’XO). It is clear that
v(t, pu) < oo, and we shall assume that

o(t,p) > —oco, Vtel0,T], peP,(RY. (3.9)

Remark 3.1 The finiteness condition (B.9]) can be checked a priori directly from the
assumptions on the model. For example, when f, g, hence f , g, are lower-bounded func-
tions, condition (B9 clearly holds. Another example is the case when f(t,z,a, ), and
g(z,p) are lower bounded by a quadratic function in z, p, and A (uniformly in (¢,a)) so
that

ftma) +g(xp) > —C(1+|ull,), YueP,(RY), ae LR%A),

and we are able to derive moment estimates on the controlled process X, uniformly in «:

H]P’t’“H E[|X552] < C(1+ [|u])?), (for = P,) which arises typically from (22 when A
is bounded Then, it is clear that (3.9]) holds true. Otherwise, this finiteness condition can
be checked a posteriori from a verification theorem, see Theorem [B.11 O

The dynamic programming principle (DPP) for the deterministic control problem (B8]
takes the following formulation:

Theorem 3.1 (Dynamic Programming Principle)
Under 39), we have for all0 <t <0 < T, u € P,(RY):

o(t,p) = 1nf / f(s,PhH a(s, ., PY))ds + v(6, ]P”“)] (3.10)
Proof. In the context of deterministic control problem, the proof of the DPP is elementary
and does not require any measurable selection arguments. For sake of completeness, we

provide it. Denote by J(¢, i, ) the cost functional:

J(t, o / F(s,PLR G(s, ., PLR))ds + G(PH®), 0<t < T, p e P,(RY),a € A,

8



so that v(t,u) = infaeq J(t, u, @), and by w(t, u) the r.hes. of BI0) (here we stress the
dependence of the controlled marginal distribution process P“*% on «). Then,

0
w(ta N) = inf [/ f(37 ]P?IMOC’ 54(37 ] ]P)?MOC))dS + éni J(Ha P9t7u7a7 B)]
t S

acA

0
= inf inf (5, PL%, a(s, ., PL))ds + J (0, Py™®
Olélel.AﬁlIElA[/t f(sa S ,Oé(S, b} )) S+ ( P 75)]

6
—= ;2&5123 [/t f(s7 Pévuvv[avﬁh;}}[aj /8] (37 . ]Pévl"?'Y[Of,B}))dS _|_ J(07 P@'t?uvv[avﬁ}’,}/[a, /8])]

where we define y[a, 8] € A by: F[a, 8](s,.) = a(s, .)lo<s<o + (s, .)lg<s<r. Now, it is clear
that when «, 5 run over A, then v[a, 8] also runs over A, and so:

vt = g / Pl e, 3 (s,  BLA))ds + T (0, Py, )]
bk L I
= / F s, B3 s, L) )ds + / F(s, B0 50, BT 4 (BT
= / f s, PEM, A, PY))ds + / Fls,PL9 A (s, PUR)) + g(PEY)],

by the flow property ([B.0]) (here we have omitted in the second and third line the dependence
of Ps in ). This proves the required equality: w(t, u) = v(t, ). O

Remark 3.2 Problem (24]) includes the case where the cost functional in (23]) is a non-
linear function of the expected value of the state process, i.e. the running cost functions
(X¢,a )) f(t XtvE[Xt]vat)v t
€(0,7], g(Xr,Py ) = §(Xr, E[X7]), which arises for example in mean-variance problem

and the terminal gain function are in the form: f(¢, Xy, ay,P

(see Section Hl). It is claimed in [§] and [38] that Bellman optimality principle does not
hold, and therefore the problem is time-inconsistent. This is correct when one takes into
account only the state process X (that is its realization), since it is not Markovian, but as
shown in this section, dynamic programming principle holds true whenever we consider the
marginal distribution as state variable. This gives more information and the price to paid
is the infinite-dimensional feature of the marginal distribution state variable. O

3.2 Bellman equation

The purpose of this paragraph is to derive from the dynamic programming principle ([BI0I),
a partial differential equation (PDE) for the value function v(¢, i), called Bellman equation.
We shall rely on the notion of derivative with respect to a probability measure, as introduced
by P.L. Lions in his course at College de France, and detailed in the lecture notes [11].

This notion is based on the lifting of functions u : P,(R?) — R into functions U defined
on L2(Fp;RY) by U(X) = u(P,). We say that u is differentiable (resp. C') on P,(R%) if
the lift U is Fréchet differentiable (resp. Fréchet differentiable with continuous derivatives)
on L?(Fp; R%). In this case, the Fréchet derivative [DU](X), viewed as an element DU (X)
of L?(Fo; R?) by Riesz’ theorem: [DU](X)(Y) = E[DU(X).Y], can be represented as

DUX) = du(P,)(X), (3.11)



for some function d,u(P, ) : R? — RY, which is called derivative of u at u = P,.. Moreover,
Ouu(p) € Li(Rd) for € P,(RY) = {P,, X € L*(Fy;R%)}. Following [16], we say that u is
partially C? if it is C', and one can find, for any u € P, (R%), a continuous version of the
mapping * € R? — 9,u(u)(z), such that the mapping (u,z) € P,(R?) x R s 9 u(p)(x)
is continuous at any point (u,z) such that = € Supp(u), and if for any p € P,(R?), the
mapping z € R? — 9,u(u)(z) is differentiable, its derivative being jointly continuous at
any point (p,z) such that € Supp(u). The gradient is then denoted by 0,0,u(u)(x) €
S%, the set of symmetric matrices in R9¢. We say that u € CZ(P,(R%)) if it is partially C2,
0,0, u(p) € LZO(Sd), and for any compact set K of P,(R?), we have

sup | [ [0u(n)(@)Pu(de) + [|0pduu(m)].. | < oo
neK - JRd

As shown in [16], if the lifted function U is twice continuously Fréchet differentiable on
L%(Fo;RY) with Lipschitz Fréchet derivative, then u lies in CZ(P,(R)). In this case, the
second Fréchet derivative D2U(X) is identified indifferently by Riesz’ theorem as a bilinear
form on L?(Fy;R?) or as a symmetric operator (hence bounded) on L?(Fy;R%), denoted
by D?U(X) € S(L*(Fo; R%)), and we have the relation (see Appendix A.2 in [12]):

ED2U(X)(YN).YN] - E[tr((‘)x(‘)uu(]P’X)(X)YYT)}, (3.12)

for any X € L?(Fo;RY), Y € L?(Fp;R?*9), and where N € L?(Fy;R?) is independent of
(X,Y) with zero mean and unit variance.

We shall need a chain rule (or Ité’s formula) for functions defined on P,(R?), proved
independently in [10] and [16], see also the Appendix in [12], and that we recall here. Let
us consider an R%valued It6 process

dXy = bdt+ oydBy, Xg € Lz(]:();Rd),

where (b;) and (o) are progressively measurable processes with respect to the filtration
generated by the n-dimensional Brownian motion B, valued respectively in R? and R%*",
and satisfying the integrability condition:

T
E[/ b + lou ] < oo, (3.13)
0
Let u € C2(P,(R%)). Then, for all t € [0, 7],
t
1
uPy) = uPy) + [ EQaP)X)b+ su(@0u(Py,)(X)007)|ds.(314)
0

We have now the ingredients for deriving the Bellman equation associated to the DPP
(3I0)), and it turns out that it takes the following form:

0 inf | f(t,p, @) + < LO(t,p),p>| = 0, 0,T) x P,(R%),
tv+&eg&d;A)[f( py @) + < Lot ), p } on [0,T7) x P,(R) (3.15)

v(T,.) = ¢, on P,(RY)
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where for @ € L(R%: A), ¢ € CZ(P,(RY)) and (t, 1) € [0,T] x P,(RY), LF@(p) € L%(R) is
the function: R? — R defined by
Lio(p)(@) = Oup(n)(2).b(t, z,a(z), 1da  p)
+ %tr(@xaucp(u)(x)aaT(t, v, d(2), 1da + 1)). (3.16)
In the spirit of classical verification theorem for stochastic control of diffusion processes,

we prove the following result in our McKean-Vlasov control framework, which is a conse-
quence of It6’s formula for functions defined on the Wasserstein space.

Proposition 3.1 (Verification theorem)

Let w : [0,T] x P,(R?) — R be a function in C;’z([O,T] x P,(RY)), i.e. w is continuous on
0,7] x P,(RY), w(t,.) € C}(P,(RY)), for all t € [0,T], and w(.,u) € C*([0,T)). Suppose
that w is solution to [B.I5), and there exists for all (t,u) € [0,T) x P,(R?) an element
a*(t,.,u) € L(RY; A) attaining the infimum in BI5) s.t. the mapping (t,z, ) — &*(t, x, )
€ Lip([0,T] x R? x P,(R%); A). Then, w = v, and the feedback control o € A defined by

o = a'(t, X, Py ), 0<t<T,
is an optimal control, i.e. Vo = J(a*).

Proof. Fix (t,u =P¢) € [0,T) x P,(R?), and consider some arbitrary feedback control «
€ A associated to X*¢ the solution to the controlled SDE ([B3)). Under condition (H1), we
have the standard estimate

E[ sup [XE)2] < C(1+E[?) < o,
t<s<T

which implies that
g t t 2
E[/t ‘b(stS,ﬁ’a(S,XSf’IP’X;YE),Ida(s,.,IP’X?E)*]P’ t’£)|

+ |o(s, X1, a(s, XUE,P |, ), Ida(s, . P )*th’g)fds] < .

xté

One can then apply the Itd’s formula [B.I4]) to w(s, th,g) = w(s,P") (with the definition
B3) between s = t and s = T', and obtain |

T
TP = witp) + [ P+
t
E [0 BL) (X1 ).b(5, XL, (s, XLE, BLP), Idai(s, . BL") « BLY)
1
+ (a0, (s, P (X )00 (5, XE€, G(s, XE€, PL), Tda(s, , PL) « L)) | ds

T
) -
= w(t,p) + / a—l;(s,]P’l;’“)—i- < LEE-P (s PUIY, P > ds, (3.17)
t

where we used in the second equality the fact that PY* is the distribution of X5¢ for s €
[t,T]. Since z — a(s,.,PY") € L(R?; A) for s € [t, T], we deduce from the Bellman equation
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satisfied by w and (3I7)) that

g(IP’:,L“) > w(t,p) / f(s,Pb* s, ., PEH))ds.

Since « is arbitrary in A, this shows that w(¢, ) < v(t, ).

In the final step, let us apply the same Itd’s argument ([B.17]) with the feedback control
a* € A associated with the fonction @* € Lip([0,T] x R? x P, (R%); A). Since & attains the
infimum in BI5), we thus get

G = w(t,p) — /f JPGH, G (s, PM))ds,

which shows that w(t,u) = J(t, pu, @) (> v(t,p)), and therefore gives the required result:
v(t,p) = w(t,p) = J(t, p,a®). O

We shall apply the verification theorem in the next section, where we can derive explicit
(smooth) solutions to the Bellman equation (B3 in some class of examples, but first
discuss below the case when there are no mean-field interaction, and the structure of the
optimal control (when it exists).

Remark 3.3 (No mean-field interaction)

We consider the classical case of stochastic control where there is no mean-field interaction
in the dynamics of the state process, i.e. b(t,z,a) and o(t,z,a) do not depend on A, as
well as in the cost functions f(¢,2,a) and g(z). In this special case, let us show how the
verification Theorem B.1] is reduced to the classical verification result for smooth functions

on [0,7] x RY, see e.g. [21] or [34].
Suppose that there exists a function u in C12([0, T] x R?) solution to the standard HJB
equation

Owu + inf [f(t,z,a) + Liu(t,z)] = 0, on [0,T) x RY,

uw(T,.) = g on R%

where L{ is the second-order differential operator
1
Liu(t,z) = 0Oyu(t,z).b(t,z,a) + §tr(8§xu(t, z)oo'(t,z,a)),

and that for all (t,z) € [0,T) x R? there exists a(t,r) attaining the argmin in FIJ), s.t
the map x — a(t,z) is Lipschitz on R%.
Let us then consider the function defined on [0, 7] x P,(R?) by

w(t,p) = <ult,.),p>= /Rd u(t, z)p(de).

The lifted function of w is thus equal to W(t, X) = E[u(t, X )] with Fréchet derivative (with
respect to X € L%(Fy,P)): [DW](t, X)(Y) = E[0,u(t,X).Y]. Assuming that the time
derivative of u w.r.t. t satisfies a quadratic growth condition in x, the first derivative of
u w.r.t. x satisfies a linear growth condition, and the second derivative of u w.r.t. x is

bounded, this shows that w lies in C;’z([O, T] x P,(R%)) with
dw(t,p) =< Oult,.),p >,  Ouw(t,p) = pu(t,.), 0w0v(t,p) = O2pult,.).
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Recalling the definition B8] of L& w(t, 1), we then get for any fixed (¢, 1) € [0,T) x P, (R9):

Ouwlt.) + it [f(t,u,d) o< Lot p), i >}

= i /R (Bt x) + f(t 2, a(2)) + L u(t, 2)] p(da)

= / i1€1£ [Owu(t, ) + f(t,z,a) + Liu(t, z)| p(dz). (3.19)
Rd a

Indeed, the inequality > in ([BI9) is clear since @(x) lies in A for all z € R?, and & €

L(R%; A). Conversely, by taking a(t,z) which attains the infimum in (3I8]), and since the

map z € R — a(t,x) is Lipschitz, we then have

/R L inf [Gput,x) + f(t, @, a) + Liu(t, z)| u(dz)
- /R [Out @) + f(t,2,alt,2) + L{“u(t, 2)] p(dr)

> inf ou(t,x) + f(t,z,a(x —i—Ld(x)ut,x dx),
> int [ [oa) + £t 6(@) + 1O u( )] )
which thus shows the equality ([B.I9). Since u is solution to ([BI8]), this proves that w is
solution to the Bellman equation [BI5l), a*(¢t,z) = a(t,z) is an optimal feedback control,
and therefore, the value function is equal to v(t, ) = < u(t,.), p >. O

Remark 3.4 (Form of the optimal control)

Consider the case where the coefficients of the McKean-Vlasov SDE and of the running
costs do not depend upon the law of the control, hence in the form: b(t,Xt,at,]P’Xt),
o(t,Xe,ar, Py, ), f(t, X¢, 0, Py, ), and denote by

1
H(t,x,a,,u, q, M) = f(t,x,a,,u) + q.b(t,x,a,,u) + §tI‘(MO'O'T(t,$, (1,,&))

for (t,z,a,u,q, M) € [0,T] x R x A x P,(R?) x R x S¢, the Hamiltonian function related
to the Bellman equation ([B.I5]) rewritten as:

Opw(t,u) +  inf / H(t, 2, &(x), p, Opw(p)(x), O Opw(p)(z)) p(dz) = 0,3.20)
a€L(R4A) JRd
for (t,u) € [0,T) x P,(R%). Under suitable convexity conditions on the function a € A
H(t, x,a, u,q, M), there exists a minimizer, say a(t,z, u,q, M), to inf,c 4o H(t, x, a, u, q, M).
Then, an optimal control &* in the statement of the verification theorem B.I] obtained from
the minimization of the (infinite dimensional) Hamiltonian in ([B20]), is written merely as
a*(t,x,p) = alt,x, p, Opw(p)(x), 00, w(w)(x)), which extends the form discuss in Remark
B3] and says that it depends locally upon the derivatives of the value function. In the more
general case when the coefficients depend upon the law of the control, we shall see how one
can derive the form of the optimal control for the linear-quadratic problem. O
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4 Application: linear-quadratic McKean-Vlasov control pro-
blem

We consider a multivariate linear McKean-Vlasov controlled dynamics with coefficients
given by
b(t,z,p,a,\) = bo(t) + Bt)x + B(t)jii+ C(t)a + C(t)A,
o(t,z,pya,\) = oo(t)+ D(t)xr + D(t)ii + F(t)a + F(t)A,

for (t,z,p,a,)\) € [0,T] x R? x P,(RY) x R™ x P,(R™), where we set

o= /Rdzn,u(dx), A= /ma)\(da).

Here B, B, D, D are deterministic continuous functions valued in R¥¢ and C, C, F, F are

(4.1)

deterministic continuous functions valued in R%™ and by, oo are deterministic continuous
function valued in R%. The quadratic cost functions are given by

fltz,pa,N) = 27Qa(t)z + a7 Qa(t) it + aT Ra(t)a + AT Ry (t)A + 227 My (t)a
+ 2" My (t))\ +q1 (t)$ +q1 (t)ﬂ +7r (t).a + 7 (t).)\, (4.2)
g(x,p) = TP+ " Pofi + pr.x + pr.fi,

where Q, Q9 are deterministic continuous functions, Py, P, are constants valued in R4,
Ry, R» are deterministic continuous functions valued in R™*™ My, M are deterministic
continuous functions valued in R¥*™, ¢, §; are deterministic continuous functions, pi, pi
are constants valued in R%, and 7, 7; are deterministic continuous functions valued in R™.
Since f and g are real-valued, we may assume w.l.o.g. that all the matrices Q2, Q2, Ra, Ro,
Py, P, are symmetric. We denote by Sﬁ_ the set of nonnegative symmetric matrices in S¢,
and by S‘i - the subset of symmetric positive definite matrices. This linear quadratic (LQ)
framework is similar to the one in [38], and extends the one considered in [7] where there
is no dependence on the law of the control, and the diffusion coefficient is deterministic.
The functions f and § defined in B1) are then given by

Fltm @) = Var(u)(Qa(0) + i(Qa(t) + Qa )
© Var(a 1) (Ralt)) + TR o) + P05 T
2 (My(t) + Ma(t)a it + 2 — @) My(t)a(@)u(dr)  (43)
b )+ a0)7 10 iken
§n) = Var(u)(Py) + i (Py + Po)ii+ (p1 + p1)-fi

for any (¢, 1) € [0,T) x P,(R%), & € L(R% A) (here with A = R™), where we set for any A
in S¢ (resp. in S™), and p € P,(R?) (resp. P,(R™)):

pa) = [oAou(dn), Var((d) = m(8) - mAR.
We look for a value function solution to the Bellman equation ([BIH]) in the form

w(t.p) = Var(u)(A(t) + TR +A(0).i + X(0), (4.4)

14



for some functions A, ' € C*([0, T];S), v € C1([0, T];RY), and x € C'([0,T];R). The lifted
function of w in (4.4)) is given by

W(t, X) = E[XTA(G)X] +EX]T(IT() — AW)E[X] + (1) E[X] + x(2),
for X € L?(Fo;R?). By computing for all Y € L?(Fy; R?) the difference
WHX+Y)-W(tX) = E[(2XTA(t) + 2E[X]T(T'(t) — A(t)) +’y(t)).Y] + o(IY,,),

we see that W is Fréchet differentiable (w.r.t. X) with [DW](t, X)(Y) = E[(2XTA(¢) +
2E[X]7(D(t) — A(t)) +4(t)).Y]. This shows that w lies in C,*([0, T] x P,(R%)) with
Ouw(t,p) = Var(u)(A'(t)) + 2T () ++' ()8 + X (1),
Ouw(t,p)(z) = 2xTA(t) + 207 (I(t) — AR) + (1),
O 0pw(t, p)(x) = 2A().
Together with the quadratic expression ([A3]) of f , g, we then see that w satisfies the Bellman
equation (3.15)) iff
Var (1) (A(T)) + 5" T(T) i +y(T).fi + x(T)
= Var(u)(P2) + @" (P2 + Py) i+ (p1 + P1) i, (4.5)
holds for all € P,(R%), and

Var(u) (A'(t) + Qa(t) + D()TA(t)D(t) + A)B(t) + B(t)TA(t)) + o Li&fd R Gt (&)

+ i (T(8) + Qa(t) + Qa(t) + (D(t) + D()"A®)(D(t) + D(1))

+T()(B(t) + B(#) + (B(t) + B®)T())n

+ (a1 (t) + @ (t) + () (B(t) + B(t) + 205A(t)(D(t) + D(t)) + 2bo(t)T(t)) i
+X'(t) + v(t).bo(t) + oo (t)TA(t)bo(t)
= 0, (4.6)

holds for all ¢ € [0,T), u € P,(R?), where the function G% : Lz(A) > L(R%A) — Ris
defined by

GHa) = Vax(aw(Un) + TraVidwr + 2 [ (o= p)Sia(on(do)
]Rd

+ 20" Zya* o + Yi.ak p, (4.7)

and we set Uy = U(t,A(t)), Vi = V(t,A(t)), Sy = S(t,A(t)), Z = Z(t,A(t),T(t)), YV =
Y (¢, T(t),v(t)) with

U(t,A(t)) = F@)TAQRF(@) + Ra(t),

V(t,At)) = (F@)+ F@)TA®#)(F(t) + F(t)) + Ra(t) + Ra(t)

S(t,A(t)) = DE)AR)F(t) + A)C () + Ma(t),
Z(t,A(t),T(t)) = (D(t)+ D@))TA®X)(F(t) + F(t)) + T(#)(C(t) + C(t)) + Ma(t) + Ma(t)
Y(t,T(),y(t) = (C@t)+C@)v({E) +ri(t) +71(t) + 2(F(t) + F(t))"A(t)oo(t)



We now search for the infimum of the function G}'. After some straightforward calculation,
we derive the Gateaux derivative of G} at & in the direction 3 € Li(A), which is given by:
s (A

DGIG,B) = lim SLEFEA) ZGi(&)

e—0 g

- / 3 (2, 6).B(a)u(da)
Rd
with
gt (,a) = 2U1a+2(Vy — Up)a * p+ 257 (x — i) + 2Z] i + V3.

Suppose that the symmetric matrices U; and V; in ([L8]) are positive, hence invertible (this
will be discussed later on). Then, the function G} is convex and coercive on the Hilbert
space L2(A), and attains its infimum at some & = &*(t,.,p) s.t. DG}'(a;.) vanishes, i.e.
g'(x,a*(t,.,u)) = 0 for all x € R, which gives:

. . i} IR B
& (tap) = U7 Si(x—p) = Vi Zln — SV (4.9)

It is clear that &*(t,., ) lies in L(R%; A), and so after some straightforward caculation:

W GH@) = GHE () = —Varln)(SU7ST) — (2 2

1
YV - VT
Plugging the above expression in (6], we observe that the relation (€3])-(Z0l), hence the

Bellman equation, is satisfied by identifying the terms in Var(u)(.), a7(.)f, i, which leads
to the system of ordinary differential equations (ODESs) for (A,T,~, x):

N (t) +Qa(t) + Dt)TA(t)D(t) + A(t)B(t) + B(t)TA(t)
—S(t, AU, At))" S, At)T = 0, (4.10)
ANT) = P,

: t
)+ @ (t) +2(D(t) + D(t))"A(t)oo(t) + 2D (t)bo(t) = 0, (4.12)

+ aq1(
Y(T) = pr+m
X' () = Y (6T (), v(0))V(EA®) Y (£, T(1),7(t))
+7(t)bo(t) + o0(t)"A(t)oo(t) = 0, (4.13)
x(T) = 0.

Therefore, the resolution of the Bellman equation in the LQ framework is reduced
to the resolution of the Riccati equations ([AI0) and (LI for A and I', and then given
(A,T), to the resolution of the linear ODEs ([@I2)) and [@I3)) for v and x. Suppose that
there exists a solution (A,T') € C1([0,7];S%) x ([0, T];S%) to @EI0)-EIT) s.t. (Uy,V;) in
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(@3) lies in ST, x ST, for all t € [0,T] (see Remark E.T)). Then, the above calculations
are justified a posteriori, and by noting also that the mapping (¢, x,u) — a*(t,z,u) €
Lip([0, T] x R x P, (R%); A), we deduce by the verification theorem that the value function

v is equal to w in ([@4]) with (A,T,~,x) solution to (AI0)-(@II)-@I2)-@I3). Moreover,

the optimal control is given in feedback form from (£9]) by
* ~ % * — * * — * 1 —
Q= a (taXtv]P)X;«) =-U; 1StT(Xt -EX7]) -V, 1ZtTE[Xt] - 5‘/; 'Y, (4.14)

where X™ is the state process controlled by a*.

Remark 4.1 In the case where My = My =0 (i.e. no crossing term between the state and
the control in the quadratic cost function f), it is shown in Proposition 3.1 and 3.2 in [3§]
that under the condition

P2 > 07 P2+p2 > 07 QQ(t) > 07 Q2(t)+Q2(t) > 07 (4 15)
Ry(t) > 0Iy, Ro(t) + Ra(t) > 61y, '

for some ¢ > 0, the Riccati equations (I0)-(EII) admit unique solutions (A, I') € C*([0,77];S4)
x CL([0,T7; Si), and then U, V; in ([@8) are symmetric positive definite matrices, i.e. lie in
ST, for all t € [0,7]. In this case, we retrieve the expressions ({I4]) of the optimal control
in feedback form obtained in [3§].

We shall see in the next two paragraphs, some other examples arising from finance with
explicit solutions where condition (£I5]) is not satisfied. O

4.1 Mean-variance portfolio selection

The mean-variance problem consists in minimizing a cost functional of the form:

J(@) = gVar(XT)—IE[XT]

_ E[g(XT)z—XT] _ g(E[XT])2

for some 1 > 0, with a dynamics for the wealth process X = (X%) controlled by the amount
ay valued in A = R invested in one risky stock at time t:

AX, = r(t)Xudt + o (p(t)dt + 9()dBy), Xo =0 € R,

where 7 is the interest rate, p and ¥ > 0 are the excess rate of return (w.r.t. the interest
rate) and volatility of the stock price, and these deterministic functions are assumed to
be continuous. This model fits into the LQ framework ([@I)-([Z2) of the McKean-Vlasov
problem, with a linear controlled dynamics that does not have mean-field interaction:

bo =0, B(t):’r(t)’ BZO, C(t) p(t)v ¢ =0,
co=D=D=0, F(t)=9(t), F =0,
Q2= Q2 =My =M, =Ry =Ry =0,
Q —

n _
92’ 2 27p1 y D1

G=q=r=r=0 P=
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The Riccati system (EI0)-(@ID)-@I2)-@EI3) for (A(t),I(¢),~(¢t), x(t)) is written in this

case as "
N(t) = (g —2r@)AE) = 0, AMT) = 1§,
> (1)1 (t) _ _
I'(t) = Sea +2r(t ))I;Ef)) =0, TI'(TM) = 0 (4.16)
V() +r(t)y(t) — (¢ )_QW = 0, WT) = -1,
2 2
N0 R N S
whose explicit solution is given by
2 S
A(t) 2 exp (ftT 2r(s) — 528 ds),
it = o,
4.17
Y(t) = —exp (ftTT(S)dS) (4.17)
2 S
x(t) = —% [exp (ftT gggs;ds) - 1].

Although the condition ([AIH) is not satisfied, we see that (U, V;) in (48], which are here
explicitly given by U; = V; = 9(t)?A(t), are positive, and this validates our calculations for
the verification theorem. Notice also that the functions (Z;,Y;) in (A8]) are explicitly given
by Z; = 0, Y; = p(t)y(t). Therefore, the optimal control is given in feedback form from

(E14) by

af = d*(t,X:,]P’ *)
_ Pt) s x p(t) T p2(s)
= 192( )(X - E[X]]) + D02(D) exp < ) —7r(s) ds), (4.18)

where X™* is the optimal wealth process with portfolio strategy a*, hence with mean process
governed by

T
dE[X]] = r(E[X}]dt + np22(t) exp( /t 7(5) —r(s) ds)dt,

02 (1) 2(s)
and explicitly given by
. 1 T 2(3) t 2(3)
ol — Jo r(s)ds - P _ P _
E[X/] xpelo + ; exp < () 7(s) ds> (exp (/0 792(3)al3) 1).

Plugging into ([AI8]), we get the optimal control for the mean-variance portfolio problem

\ p(t) Co(syds | L T p%(s) 4 .
A = a0 e ( 792<s>d3‘/t r(e)ds) = Xi .

and retrieve the closed-form expression of the optimal control found in [29], [3] or [20] by
different approaches.
4.2 Inter-bank systemic risk model

We consider a model of inter-bank borrowing and lending studied in [I5] where the log-
monetary reserve of each bank in the asymptotics when the number of banks tend to infinity,
is governed by the McKean-Vlasov equation:

dX; = [R(E[Xy] — X¢) +oyldt +0dBy,  Xo = w0 €R. (4.19)
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Here, k > 0 is the rate of mean-reversion in the interaction from borrowing and lending
between the banks, and o > 0 is the volatility coefficient of the bank reserve, assumed to
be constant. Moreover, all banks can control their rate of borrowing/lending to a central
bank with the same policy « in order to minimize a cost functional of the form

i) = B[ [ " (30— qon(ELX) — X0+ DBX) - X)) + S(EIX] - X0)?)

where ¢ > 0 is a positive parameter for the incentive to borrowing (o > 0) or lending (o
< 0), and n > 0, ¢ > 0 are positive parameters for penalizing departure from the average.
This model fits into the LQ McKean-Vlasov framework ([@I)-([£2]) with d = m = 1 and

2
qn=q=r1=7m=0, P2=§,p2 g,pl p1=0
The Riccati system (ZI0)-(@IT)-(@I2)-EI3) for (A(t),T'(t),~(t), x(t)) is written in this
N (t) = 2(k + @)A(t) = 2A%(t) — 5(¢* — ) 0, A(T) 5
I'(t)y—2r%t) = 0, I(T) = 0, (4.20)
V() =29 = 0, ~AT) = 0, '
X'(t) +?A(t) = 37%(t) = 0,  x(T) 0,

whose explicit solution is given by I' = v = 0, and

() = /A \ds,
1

)( (T —6")(T—t) _ 1) _C(5+e(6+—6*)(T—t) _5—)
Alt) = 5 55—t =0 )(T—t) _ 5+) — ce0T=07)(T—t) _ 1 ’

where we set

& = —(kt+ )= V(E+9)?+ -

Moreover, the functions (U, Vi, Z;,Y;) in ([A8) are explicitly given by: Uy =V, = % (hence
0), S¢ = A(t)+ 4, Z; =T(t) = 0, Y; = y(t) = 0. Therefore, the optimal control is given
in feedback form from (EI4) by

ap = a’(t, X, P) = —(2A01) + 9)(X; - E[X7]), (4.21)

where X* is the optimal log-monetary reserve controlled by the rate of borrowing/lending
a*. We then retrieve the expression found in [I5] by sending the number of banks N to
infinity in their formula for the optimal control. Actually, from ([{I9), we have dE[X]]
= Elaj]dt, while E[a;] = 0 from ([@2I). We conclude that the optimal rate of borro-

wing/lending is equal to

of = —(2A()+q)(X; —z0), 0<t<T.
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5 Viscosity solutions

In general, there are no smooth solutions to the HJB equation, and in the spirit of HJB
equation for standard stochastic control, we shall introduce in this section a notion of
viscosity solutions for the Bellman equation (3:I%]) in the Wasserstein space of probability
measures P, (R?). We adopt the approach in [32], and detailed in [I1], which consists, after
the lifting identification between measures and random variables, in working in the Hilbert
space L?(Fp;R%) instead of working in the Wasserstein space P,(R?), in order to use the
various tools developed for viscosity solutions in Hilbert spaces, in particular in our context,
for second order Hamilton-Jacobi equations.
Let us rewrite the the Bellman equation ([BI3]) in the “Hamiltonian” form:

0 Bt 00t 1), () = O on [0,T) x P,(RY,

ot (5.1)
v(T,.)) = § on P,(R?)
where H is the function defined by
H(t,p,p,T) = — deLingd;A) [ < f(t, . p, (), Ida * 1) + p(.).b(t, ., i, &(.), Ida * )
1
+ S0 (1, G(), Tdi % ) 1 > ] , (5.2)
for (¢, 1) € [0,T] x P,(RY), (p,T) € Ly(RY) x L2 (S4).
We then consider the “lifted” Bellman equation in [0, 7] x L?(Fo; R?):
oV 2 2 d
_E +H(t7§7DV(t7§)7D V(t7§)) = 0 on [OaT) X L (f()a]R )7
V(T,6) = G = Elg(&,P,)], &eL’(FRY,
(5.3)
where H : [0,T] x L?(Fo; R?) x L2(Fo; RY) x S(L%(Fo; RY)) — R is defined by
H(tEPQ) = — S {E {f(t,g,]P’E,d(g), [da«P,) + Pb(t,&,P,, IdaxB,)  (5.4)

+ %Q(a(t, §,P,,(6), 146+ PIN) . (o(t, &, P, 4(6), Ida + PN) |},

with N € L?(Fy,R") of zero mean, unit variance, and independent of £&. Observe that
when v and V are smooth functions respectively in [0, 7] x P,(R%) and [0, T] x L?(Fo; R9),
linked by the lifting relation V'(¢,&) = v(t,P,), then from (B.II)-(B.12]), v is solution to the
Bellman equation (&) iff V' is solution to the Bellman equation (B.3]). Let us mention
that the lifted Bellman equation was also derived in [5] in the case where o = o(z) is not
controlled and does not depend on the distribution of the state process, and there is no
dependence on the marginal distribution of the control process on the coefficients b and f.

It is then natural to define viscosity solutions for the Bellman equation (B.I]) (hence
BI0)) from viscosity solutions to (5.3]). As usual, we say that a function u (resp. U) is
locally bounded in [0, 7] x P, (R%) (resp. on [0, T] x L?(Fy; R?)) if it is bounded on bounded
subsets of [0,7] x P,(R?) (resp. of [0,T] x L*(Fo;R?%)), and we denote by u* (resp. U*)
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its upper semicontinuous envelope, and by wu, (resp. U,) its lower semicontinuous envelope.
Similarly as in [22], we define the set CZ([0,7] x L?(Fo; R%)) of test functions for the lifted
Bellman equation, as the set of real-valued continuous functions ® on [0, 7] x L?(Fy; R%)
which are continuously differentiable in ¢ € [0,T"), twice continuously Fréchet differentiable
on L%(Fy;RY), and which are liftings of functions on [0, 7] x P, (R%), i.e. ®(t,&) = o(t,Pe),
for some ¢ € C; 2([0,T] x P, (RY)), called inverse-lifted function of ®.

Definition 5.1 We say that a locally bounded function u : [0, T] xP,(R?) — R is a viscosity
(sub, super) solution to [5.1) if the lifted function U : [0,T] x L*(Fo;R?) — R defined by

Ut,¢) = ult,P), (€ €[0,T] x L*(Fo; RY),

is a viscosity (sub, super) solution to the lifted Bellman equation (5.3l), that is:
(i) US(T,.) < G, and for any test function ® € CZ([0,T] x L*(Fo; RY)) such that U* — &
has a mazimum at (t,,&,) € [0,T) x L*(Fo; RY), one has

oo,
ot
(ii) U (T,.) > G, and for any test function ® C2([0,T] x L*(Fo;RY)) such that U, — ®
has a minimum at (t,,&,) € [0,T) x L*(Fo; R?), one has
_oe
ot

t0760)—"_H(t(ﬁf()?Dq)(tO?SO)?D2@(t0760)) S O

(to: &) + H(ty, & D (ty,&,), D*®(L,,&,)) > 0.

The main goal of this section is to prove the viscosity characterization of the value
function v in (3.8]) to the Bellman equation (3.I5]), hence equivalently the viscosity charac-
terization of the lifted value function V : [0, 7] x L?(Fy;R%) defined by

V(t,&) = v(tP), &€ L*(Fp;RY),
to the lifted Bellman equation (G.3]). We shall strenghten condition (H1) by assuming in
addition that b, o are uniformly continuous in ¢, and bounded in (a, \):
(H1’) There exists some constant Cy,, > 0 s.t. for all t,#' € [0,T], z,2’ € R%, a,a’ € A,
AN € P, (REx A),
lb(t,x,a,\) —b(t', 2’ d , N)| + |o(t,x,a,\) —o(t',2',a', \)|
< Cho[mpe(|t =t')) + |z — 2'| + |a — a'| + Wa (X, X)),

for some modulus my, , (i.e. my,(7) — 0 when 7 goes to zero) and

b(t,0,a,8,,))| + |o(£,0, 0,0

) 0’0) S Cb,o N

(070))’

We also strenghten condition (H2) by making additional (uniform) continuity assump-
tions on the running and terminal cost functions, and boundedness conditions in (a, A):

(H2’) (i) g is continuous on R? x P,(R?) and there exists some constant Cy > 0 s.t. for
all z € R4, p € P,(RY),

lg(z, | < Co(1+ |z + [lull3).
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(ii) There exists some constant Cy > 0 s.t. forallt € [0,T], x € RY, a € A, X € P,(R? x A),
[ft @V < Cr(l+ e + L),
and some modulus my (i.e. m¢(7) — 0 when 7 goes to zero) s.t. for all t,¢' € [0,T], z,a’
cRY ac A NN P, (R x A),
|f(tz,a, ) — f(t, 2" a,N)| < mp(t =t + |z — 2| + Wa(A,X)).

The boundedness condition in (H1)-(H2’) of b, o, f w.r.t. (a,\) € A x P,(R? x A) is
typically satisfied when A is bounded. Under (H1’), we get by standard arguments

SupE[ sup |X§’5|2] < oo,
acA t<s<T

for any t € [0,T], ¢ € L*(F;; R?), which shows under the quadratic growth condition of g
and f in (H2’) (uniformly in a) that v and V also satisfy a quadratic growth condition:
there exists some positive constant C' s.t.

ot )| < COUH ). (tu) € 0.7) x Py(RY, 655
VLol < CO+EEP), (1.8 € [0,T] x L(Fo;RY), |

and are thus in particular locally bounded.

We first state a flow continuity property of the marginal distribution of the controlled
state process. Indeed, from standard estimates on the state process under (H1”), one easily
checks (see also Lemma 3.1 in [I0]) that there exists some positive constant C, such that
foralla € A, t,t' € [0,T,t<s<T,t' <5 <T, p="P¢p =Po € P,(RY:

! ! 2
E[XLE - XL87 < CO+EEP+EEP) (-] + s — 5| +Elg — &P,
and so from the definition of the 2-Wasserstein distance
1o, 1 1
Wa(BL BU) < O+l + 1) (1t — €13 + |s — /5 + Wa(u, i) (5.6)

The next result states the viscosity property of the value function to the Bellman equa-
tion as a consequence of the dynamic programming principle (BI0).

Proposition 5.1 The value function v is a wviscosity solution to the Bellman equation
B.15).

Proof. We first show the continuity of ¢t — v(t,.) and V (¢,.) at t = T'. For any (t, u = P¢)
€ [0,T) x P,(R%), a € A, we have from (5.0)

1
2 1
WoP i) < (BIXE —¢)* < OO+ ull)IT — 13, (5.7)

for some positive constant C' (independent of ¢, u, ). This means that PtT’“ converges to
in P,(R%) when ¢ A/ T, uniformly in a € A. Now, from the definition of v in (B8], we have

T ~
olt) ~aw] < sup / £ (s, P8 (s, P |ds + [P — ()

CA+ DT —t + EEE\Q(P?“) — 9w, (5-8)

IN
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from the growth condition on f in (H2’). By the continuity assumption on g together with
the growth condition on g in (H2’), which allows to use dominated convergence theorem,
we deduce from (5.7) that g}(]P’%’f‘ ) converges to g(u) when ¢t T, uniformly in o € A. This
proves by (B.8)) that v(t, u) converges to g(u) when t & T, ie. v*(T,u) = v (T, 1) = g(p)
= v(T, ), and equivalently that V(T,&) converges to é(ﬁ) when t /T, ie. V¥T,§) =
Vi(T,p) = G(¢) = V(T,9),

Let us now prove the viscosity subsolution property of V on [0,T) x L?(Fo;R%). Fix
(ty,&) € [0,T) x L?(Fo;RY), and consider some test function ® € C2([0,7] x L?*(Fo; R%))
such that V* — ® has a maximum at (¢,,¢,), and w.lLo.g. V*(¢,,&,) = ®(¢,,&,), so that V*
< ®. By definition of V*(t,,&,), there exists a sequence (t,, &), in [0,T) x L(Fo; RY) s.t.

(tn,&n) — (t,&), Vit &) — V7'(t. &),

as n goes to infinity. By continuity of ®, we have
Tn = (V_ (I))(tn,fn) — (V* - (I))(t()?go) =0,

and let (h,) be a strictly positive sequence s.t. h, — 0 and ~,/h, — 0. Consider the
inverse-lifted function of ®, namely ¢ : [0,7] x P,(R?) — R defined by o(t,u) = ®(t,£)
for t € [0,7] and p =P, € P, (R9), and recall that ¢ € C;’z([O,T] x P,(R%)). Let & be an
arbitrary element in L(R?; A), and consider the time-independent feedback control o € A
associated with &. From the DPP ([B.I0) applied to v(ty, ftn), with p, = P, , we have

tnthn
U(tna Nn) < / f(S, P?“Mn7 d)ds + U(tn + h"’ P:ngn)
tn

this implies
Tn < 1 tnthn o(tn + hn,IP’izf;;n) — @(tn, pin)

_ ]P)tnylln ~ d
e S on ), TR hn

Applying Ito’s formula (3I4) (similarly as in the verification theorem BI) to ¢(s, Pi ™)
between t,, and t, + h,,, we get

~ 1 tn+hn R 8€0 N
= é _/ [f('S’]P)?“unv d) + _(S’[Pﬂ;nv/in)_‘_ < E?@('S’PZMML)’P?’}M > ]ds
hy, hn J4, ot
1
Recall that Wa(pn, o) < (E|&, — &l[?)?, where p, = P, ,
P,(R%) as n goes to infinity. By the continuity of b, o, f,¢ on their respective domains,

which shows that u, — po in

the flow continuity property (5.0]), we then obtain by sending n to infinity in the above
inequality:

A~ B dy -
0 S f(tO’/’L()’a)—l_a(tO?lu’O)_'_<£t0(5)(70(t07u0)7lu’0 >7

Since @& is arbitrary in L(R?; A), this shows

Oy

_E(tonuo)+H(t07ﬂoaauﬁp(tmﬂo)aaxaucp(tmﬂo)) § 07
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and thus at the lifted level:

0P
ot

which is the required viscosity subsolution property.

(ty. &) + H(to, &, DO(Ly, &), D*®(t,&,)) < 0,

We proceed finally with the viscosity supersolution property. Fix (¢,,¢,) € [0,T) x
L%(Fo;RY), and consider some test function ® € CZ([0,7T] x L?(Fo;RY)) such that Vi, — @
has a minimum at (¢,,¢,), and w.lo.g. Vi(t,,&,) = ®(¢,,&,), so that V, > ®. Again, by
definition of Vi(t,,&,), there exists a sequence (t,,&,), in [0,T) x L?(F;RY) s.t. (tn, &)

— (t,,&,), and V (t,, &) — Vi(t,,&,) as n goes to infinity. We set v, := (V — ®)(tn, &n),
which converges to zero, and we consider a strictly positive sequence (h,) converging to
zero and s.t. 7y, /hy, also converges to zero. Consider the inverse-lifted function of ®, namely
€ C;’z([O,T] x P,(R%)) defined by o(t,u) = ®(t,€) for t € [0,T] and p = P, € P,(RY).
From the DPP (BI0), for each n, and denoting by u, = P, € P,(R?), there exists o™ €
A associated to a feedback control &" € Lip([0,T] x R? x P,(R9); A) s.t.

tn+hn N
V(tn, pn) + h% > / F(s,Plokn GM)ds + v(t, + h"’Pinfﬁn)
tn
Since v(t,p) = V(£,€) > Va(t,€) = B(t,€) = ¢lt, ) for all (£, = P,) € [0,T] x P,(RY),
this implies

1 tn+hn R t + h 7]P)tnuu'n _ t ,
’7_” + hn 2 — f(37]P>§nuUfn7 dn)ds + (’D( n n tn+hn) (’0( n Mn) .
b, b Jt,, b,

Applying Tto’s formula BI4) to o(s, P*"), we then get

1 tn+hn 8
o ). Lot
tn,lJ‘n)

ol 7'7IP5
+ < £‘; (s
t7l+h'n/
tn,hn
> _/ ]P)s a )

£ [f(s P @)+ < Llp(s, Pyn), Plobn > ) ds.
aeE&dA[f(s Sk, @) So(s, Py, P ] )ds

% (s, Bl 4 f(s, Blrbn 7 (s, Pitn))

C,D(S, ]Pﬂ;nuufn)’ ]P)tsnyﬂn > ]dS

By sending n to infinity together with the continuity assumption in (H1’)-(H2’) of b, 0, f, ¢,
uniformly in a € A, and the flow continuity property (&.6]), we get

Oy
ot

which gives the required viscosity supersolution property of Vi, and ends the proof. O

- (tos 1) + H(to, i1y, Opp(ty, o), 0x0up(tos 11y)) = 0,

We finally turn to comparison principle (hence uniqueness result) for the Bellman equa-
tion (BI8) (or (BII)), hence equivalently for the lifted Bellman equation (5.3]), which shall
follow from comparison results for second order Hamilton-Jacobi equations in separable

Hilbert space stated in [31], see also [I8]. We shall assume that the o-algebra Fy is coun-
tably generated upto null sets, which ensures that the Hilbert space L?(Fo; R?) is separable,
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see [I7], p. 92. This is satisfied for example when Fy is the Borel o-algebra of a canonical
space () of continuous functions on R, in which case, Fy = \/320]:530, where (]:fo) is the
canonical filtration on €y, and it is then known that Fy is countably generated, see for

instance Exercise 4.21 in Chapter 1 of [35].

Proposition 5.2 Let u and w be two functions defined on [0,T] x P,(RY) satisfying a
quadratic growth condition such that u (resp. w) is an upper (resp. lower) semicontinuous
viscosity subsolution (resp. supersolution) to [BID). Then u < w. Consequently, the
value function v is the unique viscosity solution to the Bellman equation (BID) satisfying a
quadratic growth condition (B.5l).

Proof. In view of our definition 511 of viscosity solution, we have to show a comparison
principle for viscosity solutions to the lifted Bellman equation (53]). We use the comparison
principle proved in Theorem 3.50 in [I8] and only need to check that the hypotheses of this
theorem are satisfied in our context for the lifted Hamiltonian H defined in (5.4]). Notice
that the lifted Bellman equation (B.3]) is a bounded equation in the terminology of [1§]
(see their section 3.3.1) meaning that there is no linear dissipative operator on L?(Fy; R%)
in the equation. Therefore, the notion of B-continuity reduces to the standard notion of
continuity in L%(Fy; R?) since one can take for B the identity operator. Their Hypothesis
3.44 follows from the uniform continuity of b, o, and f in (H1’)-(H2’). Hypothesis 3.45
is immediately satisfied since there is no discount factor in our equation, i.e. H does not
depend on V' but only on its derivatives. The monotonicity condition in @ € S(L?(Fp;R%))
of ‘H in Hypothesis 3.46 is clearly satisfied. Hypothesis 3.47 holds directly when dealing
with bounded equations. Hypothesis 3.48 is obtained from the Lipschitz condition of b, o in
(H1’), and the uniform continuity condition on f in (H2’), while Hypothesis 3.49 follows
from the quadratic growth condition of ¢ in (H1’). One can then apply Theorem 3.50 in
[18] and conclude that comparison principle holds for the Bellman equation (5.3]), hence for
the Bellman equation (315). O

6 The case of open-loop controls

In this section, we discuss how one can consider more generally open-loop controls instead
of (Lipschitz) closed-loop controls as imposed in the previous sections. We shall restrict our
framework to usual controlled McKean-Vlasov SDE with coefficients that do not depend
on the law of the control but only on the law of the state process, hence in the form

dXs = b(s, X, a,Py )ds +0(s, Xy, o, Py )dBs, (6.1)

where b, o are measurable functions from [0,7] x R? x A x P,(R%) into R?, respectively
R satisfying a Lipschitz condition: for all t € [0,T], z,2’ € RY, a € A, u, i’ € P,(R?),

b(t, x, a, 1) — b(t, 2", a, 1) + |o(t,z,a, 1) — o(t, 2, a, 1)
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for some positive constant C'. We denote by A, the set of F-progressive processes a valued
in A, assumed for simplicity here to be a compact space of R, and consider the McKean-
Vlasov control problem with open-loop controls when there is no running cost:

V() = oeienjo E[g(XT,PXT )] .

Under (6.2)), and given t € [0,T], ¢ € L*(F;;R?), a € A,, there exists a unique (pathwise
and in law) solution X = Xé’g’a, t < s < T, solution to (6.1 starting from £ at time ¢,
satisfying
E[ sup [X4P] < C(1+EP),
t<s<T

for some positive constant C' independent of o € A,. As in (33]), one can then define the
flow PY* = P2 ¢t < s < T, p € P,(RY), a € A, of the law of Xé’g, for 1 = P¢, and it
satisfies the flow property ([3.0)). We then define the value function in the Wasserstein space

vo(t,p) = inf (P, t€[0,T], p€P,(RY), (6.3)

so that Vo = v,(0, P X ). Since the set of open-loop controls is larger than the set of feedback
controls, it is clear that v, is smaller than v the value function to the McKean-Vlasov control
problem with feedback controls considered in the previous sections. By similar arguments
as in Theorem B.Il one can show the DPP for the value function with open-loop controls,
namely:

Ot7 = i f 067]P>t7N7
voltip) = inf (0, Pf")

forall0 < ¢t <60 <T, u="P € P,(RY. It would be possible to consider a nonzero
running cost function f, but in this case, one could not reformulate the value function v,
as a deterministic control problem as in (6.3]), and instead one has to consider the pair
(Xt,Py,) as state variable in order to state a dynamic programming principle. This will
be investigated in detail in [4]. From Itd’s formula ([B.I4]), the infinitesimal version of the
above DPP leads to the dynamic programming Bellman equation:

{ — 0y, (t, 1) +Ho(t,,u,auvo(t,u),&c@“vo(t,u)) = 0, on [0,T)xP,(R%),

vo(T,.) = g, on P,(R%) (64)

where H, is the function defined by

Ho(t,pu,p,T) = — inf E[p(f)-b(t,&at,u)+%tr(F(S)UUT(t,i,at,u))L

aEA,

for (t,p) € [0,T] x P,(RY), (p,T) € LZ(R?Y) x Ly*(S?), and with P¢ = . Similarly as in
Propositions Bl and 521 one can show a verification theorem for v, and prove that v, is
the unique viscosity solution to (G.4).

For any & € L(R% A), it is clear that the control a defined by ay = a&(¢), t < s < T,
lies in A,, so that

Hot,w,p,T) 2 = Liggd;A)E[p(é)-b(t,s,d(é),u)+%tr(r(é)amt,é,d(é),u))]
= H(t pp,T),
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with H the Hamiltonian in (5.2 for the McKean-Vlasov control problem with feedback
control. This inequality H, > H combined with comparison principle for the Bellman
equation (64]) is consistent with the inequality v > v,. If we could prove that H, is equal to
H (which is not trivial in general), then this would show that v, is equal to v, i.e. the value
functions to the McKean-Vlasov control problems with open-loop and feedback controls
coincide. Actually, we notice that the minimization over the infinite dimensional space A,
in the Hamiltonian H, can be reduced into a minimization over the finite dimensional space

A, namely:
Ho(t, p,p,T) = Ho(t,p,p,T) (6.5)
1
= =< iIelfl [p(.)b(t, .. a,p) + itr(F(.)aaT(t, sa, )] >

Indeed, it is clear that H, < H,. Conversely, by continuity of the coefficients b, o w.r.t. the
argument a lying the compact space A, and invoking a measurable selection theorem, one
can find for any (¢, u,p,T) € [0,T] x P,(R?) x Li(Rd) x Ly (S%), some measurable function
r € R — a(t,z, pu,p(x),T(x)) = a(z) s.t. for all z € R,

égg [p(z).b(t,z,a, ) + %tr(F(x)aaT(t,x,a,u))]

= p(x).b(t,z, &(x), 1) + %tr(r(l‘)UJT(t,$, a(z),p)).

By integrating w.r.t. p = IP¢, we then get

Ayt pop,T) = —B[p(€).b(6,€ 4(€), 1) + 5tx(T (o0 (1,6,6(6), )]
< Ho(t,p,p, 1),

which shows the equality (G.5]). Suppose now that there exists some smooth solution w on
[0,T] x P,(R%) to the equation:

—atw(t,,u)+Jflo(t,u,auw(t,u),(‘)xauw(t,,u)) = 0, on [0,T)x P,(R),
w(T,.) = g, on P,(RY),

such that for all (¢, u) € [0,7)x P, (RY), the element x — a(t, z, u, ,w(t, 1) (z), 00 w(t, u)(x))
achieving the infimum in the definition of H, (t, p, Opw(t, i), OpOpw(t, ), is Lipschitz, i.e.
lies in L(RY; A), then (recall also Remark B:2))

ﬁo (t7 Ky a“w(t, M)7 8$a,uw(t7 M)) = H(t7 Ky a“w(t, M)7 8$8,uw(t7 M)))

which shows with (63 that w solves both the Bellman equations (6.4]) and (&I). By
comparison principle, we conclude that w = v = v,, which means in this case that the value
functions to the McKean-Vlasov control problems with open-loop and feedback controls
coincide. Such condition was satisfied for example in the case of the mean-variance portfolio
selection problem studied in paragraph A1]
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