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Abstract

In this paper, we show super-linear propagation in a nonlocal reaction-diffusion-mutation
equation modeling the invasion of cane toads in Australia that has attracted attention recently
from the mathematical point of view. The population of toads is structured by a phenotypical
trait that governs the spatial diffusion. In this paper, we are concerned with the case when the
diffusivity can take unbounded values, and we prove that the population spreads as t3/2. We
also get the sharp rate of spreading in a related local model.

1 Introduction

The invasion of cane toads in Australia has interesting features different from the standard spreading
observed in most other species. The experimental data [42,45] show that the invasion speed has
steadily increased during the eighty years since the toads were introduced in Australia. In addition,
the younger individuals at the edge of the invasion front have a significantly different morphology
compared to other populations — their legs tend to be on average much longer than away from the
front. This is just one example of a non-uniform space-trait distribution — see, for instance, a study
on the expansion of bush crickets in Britain [46]. Several works have addressed the front invasions
in ecology, where the trait is related to the dispersal ability [3,18]. It has been observed that
selection of more mobile individuals can occur, even if they have no advantage in their reproductive
rate, due to the spatial sorting [1,35,42,43].

In this paper, we focus on the super-linear in time propagation in a model of the cane toads

invasion proposed in [5], based on the classical Fisher-KPP equation [24,36]. The population

density is structured by a spatial variable, x € R, and a motility variable 6§ € © def [0,00), with a

fixed § > 0. This population undergoes diffusion in the trait variable 6, with a constant diffusion
coefficient ov > 0, representing mutation, and in the spatial variable, with the diffusion coefficient 0,
representing the effect of the trait on the spreading rates of the species. Thus, neglecting the
competition and reproduction, the population model for the population density (¢, x,#) would be

Up = QUyy + Qigy. (1.1)
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In addition, each toad competes locally in space with all other individuals for resources. If the
competition is local in the trait variable, has a saturation level S, and a growth rate r, then a
Fisher-KPP type generalization of (1.1) is

up = Ougy + augy + ru(S — u). (1.2)

It is also natural to consider a non-local in trait competition (but still local in space), which leads
to
ng = Ongy + angg + rn(S — p), (1.3)

where

p(t,x) = /000 n(t,x,0)dd (1.4)

is the total population at the position z.
Both (1.2) and (1.3) are supplemented by the Neumann boundary condition at 6 = ¢:

ug(t,z,0) =0, t>0, x €R. (1.5)
The non-dimensional versions of (1.2) and (1.3) are, respectively,
up = Ougy +ugg+u(l —u), t>0, x€R, €O, (1.6)
and

ne = Onge +ngg +n(l —p), pt,z) = / n(t,xz,0)dd, t>0, xe€R, §c0O. (1.7)
0

In general, the speed of propagation in the Fisher-KPP type equations is determined by the
linearization around zero, that is, with the terms u(1 — ) in (1.6) and n(1 — p) in (1.7) replaced
by u and n, respectively. Since the linearizations of (1.6) and (1.7) are identical, we expect both
models to have the same propagation speed.

Models involving non-local reaction terms have been the subject of intense study in recent years
due to the complexity of the dynamics — see, for example, [2,14,23,33,38,39] and references therein.
The cane toads equation has similarly attracted recent interest, mostly when the motility set O is
a finite interval. An Hamilton-Jacobi framework has been formally applied to the non-local model
n [11], and rigorously justified in [47]. In these works, the authors obtain the speed of propagation
and the expected repartition of traits at the edge of the front by solving a spectral problem in the
trait variable. The existence of traveling waves has been proved in [9]. The precise asymptotics
of the front location for the Cauchy problem, up to a constant shift has been obtained in [13] by
using a Harnack-type inequality that allows one to compare the solutions of the non-local equation
to those of a local equation, whose dynamics are well-understood [15].

As far as unbounded traits are concerned, a formal argument in [11] using a Hamilton-Jacobi
framework predicted front acceleration and spreading rate of O(t?’/ 2). In this paper, we give a
rigorous proof of this spreading rate both in the local and non-local models. This is an addition to
the growing list of “accelerating fronts” that have attracted some interest in recent years [12,16,
17,19,26,32,34,37].



The local case

Our first result concerns the local equation (1.6).

Theorem 1.1 (Acceleration in the local cane toads model). Let u(t,x) be the solution of the
local equation (1.6), with the boundary condition (1.5), and the initial condition u(0,x) = up(x) > 0.
Assume that ug(z) is compactly supported, and fix any constant m € (0,1), then

max{r € R:30 € O,u(t,z,0) =m} 4

finm o -7 9

The limit is uniform in m € [e,1 — €|, for any € > 0 fized.

The assumption that ug is compactly supported is made purely for convenience, one could allow
more general rapidly decaying or front-like initial conditions. The proof of Theorem 1.1 is in two
steps. First, we show that the Hamilton-Jacobi framework provides a super-solution to (1.6), and
gives the upper bound of the limit in (1.8) — see Proposition 3.1. Second, we prove the lower bound
to the limit in (1.8) by constructing a sub-solution to w. This is done in Proposition 4.2. The
argument involves building a sub-solution to (1.8) on a traveling ball with the Dirichlet boundary
conditions, whose path comes from the Hamilton-Jacobi framework discussed above. These sub-
solutions are arbitrarily small initially but become bounded uniformly away from zero on any
compact subset of the traveling ball for large time. The analysis is complicated by the fact that
the diffusivity is unbounded in the € direction. It is crucial to match the upper bound that we use
the optimal paths coming from the Hamilton-Jacobi framework.

The non-local case

Our second main result shows that the full non-local model (1.7) exhibits a similar front acceleration.

Theorem 1.2 (Acceleration in the non-local cane toads model). Let n(t,z) be the solution
of the non-local cane toads equation (1.7), with the Neumann boundary condition (1.5), and the
initial condition n(0,z) = no(x) > 0. Assume that ng(x) is compactly supported, and fix any € > 0.
There exists a positive constant c., depending only on €, such that

: >
L(l —¢) < limsup max {z € R3 g(t,w) = CE}. (1.9)
3v/3v/3 500 t3/
In addition, if m is any constant in (0,1), then we have that
) max{r € R: p(t,x) >m} 4
hﬁiﬂp 5/ < 3 (1.10)

In contrast to the sharp bound provided by Theorem 1.1, Theorem 1.2 does not have matching
lower and upper bounds. This is due to the lack of a comparison principle for (1.7). The proof
of the lower bound involves arguing by contradiction in order to compare (1.7) to a solution of
the local, linear equation defined on a moving ball with the Dirichlet boundary conditions. This
causes the lim sup to appear in (1.9), as opposed to the more desirable lim inf. In addition, because
the optimal Hamilton-Jacobi trajectories trajectories are initially almost purely in the 6 direction,
we can not use them to move the “Dirichlet ball”, and are forced to use non-optimal trajectories,



leading to the sub-optimal constant 8/(31/3+v/3) in (1.9). We comment on this in Section 4.2.
We believe that the sharp result would have the lower bound matching the upper bound (1.10).
The proof of the upper bound is given by Proposition 3.1 below, as in the local case, while the
proof of the lower bound and an explicit bound on ¢, are given by Proposition 4.3. We also note
that in general non-local Fisher-KPP type equations the stability of the steady state u = 1 may
fail [6,27,29]. Thus, it is not surprising that we are restricted to working with the level sets of
certain heights ¢, in (1.9) — this mirrors the propagation results in [33].

We should mention the concurrent work by Berestycki, Mouhot, and Raoul [7], who use a mix
of probabilistic and analytic methods to prove the same sharp result in the local model (1.6).
In addition, they prove the sharp asymptotics in a non-local model where p is replaced by a
windowed non-local. Ecologically, the windowed term models a situation where individuals compete
for resources only with individuals of a similar trait. The techniques of [7] do not seem to apply to
the full non-local model that we address here.

The rest of the paper is organized as follows. In Section 2 we recall some facts from [11] on the
Hamilton-Jacobi framework. Then we derive in Section 3 the upper bound common to Theorems 1.1
and 1.2 using an explicit super-solution that arises from the work in Section 2. The lower bound
is then proved in Section 4. There, we first derive a general propagation result on the linearized
equation by using the optimal paths from Section 2, re-scaling the equation appropriately, and
using precise spectral estimates. We then use this result to obtain the lower bounds for the local
and non-local models. Section 5 contains the proofs of some auxiliary results.
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2 The Hamilton-Jacobi solutions

In this section, we recall how a suitable scaling limit of the cane toads equation can formally give
the acceleration rate [11]. The analysis of this section will be used in the rest of the paper to
construct “good” sub- and super-solutions to the local and local equations (1.6) and (1.7). We will
focus on the linearized equation

Ur = Ouge + ugg + u. (2.1)
Writing

u(t, ) = e'o(t, z),
we reduce it to
v = Qg + Vg (2.2)

One obvious solution to this equation is

1
v(t,@) = —ﬁe 0 /(4t),



which also provides a spatially uniform super-solution to (2.1):
B(t,0) = !0/ (2.3)

However, the function o(t,6) has no decay in z, and is not useful in the spatial regions where we
expect the solution of the full cane toads equation to be small.
In order to construct another super-solution to (2.2), with decay in space, we rescale (2.2)

setting
t x 0
6 f— R —
v(t,$,9)—v<€,€3/2,6>.

The function u®(t, z,0) satisfies
edpu® = 2002, u° + 20pgu°.
We perform the Hopf-Cole transformation

u® = exp{—¢°/e},
so that
Brp® + 01051 + 05 |* = €095, + £y, (2.4)

and obtain, in the formal limit as ¢ — 0, the Hamilton-Jacobi equation
O + 0]tz |* + [vg]* = 0. (2.5)

We will use the solutions of this Hamilton-Jacobi equation to construct sub- and super-solutions to
the original problem. The Hopf-Cole transformation is an effective tool in the analysis of front prop-
agation for reaction-diffusion equations — see, for instance, [4,22,25], including parabolic integro-
differential equations modeling populations structured by a phenotypical trait (see [14,21,41]).

A “heat kernel” solution of the Hamilton-Jacobi equation

Let us consider the Hamilton-Jacobi equation (2.5) with the initial condition

0 if (z,0) = (0,0)

. (2.6)
+oo if (x,0) # (0,0).

Pt =0,2,0) :{

The reason for this choice of the initial data is clear: for the standard heat equation, the Hamilton-
Jacobi equation would be

e+ [al* = 0, (2.7)
and the solution is simply
2
x
¢(t7$) - 4_t’

leading to the standard heat kernel. The Hamiltonian for (2.5) is

(2.8)

H((x76)7 (pxap9)) = 9’P:c12 + ‘p€‘27 (29)



and the corresponding Lagrangian is
2
L((z,0), (vs,v9)) = = + %9 (2.10)

Using the Lax-Oleinik formula to solve (2.5), we get

Y(t,z,0) = inf {/0 L(w(s),w(s))ds | w(0) = (z,0),w(t) = (0,0)}. (2.11)

weCl
The optimal trajectory given by the Hamiltonian flow is the solution of

dX(s) do(s) dP,(s) dPy(s)

o 2
ds ds ds ds Pa(s)”

=2P,(s)0(s), = 2PFy(s), =0,

hence

d/ 1 dX(s)\ d%0(s) 1/ 1 dX(s)\2
E(@ ds ) 7 ds? 2( ) ’
Thus, there is a constant C' such that
X(s) = C0(s), 9(3) =——, X(0)=uz 0(0)=6, X(t)=0, 6(t)=0. (2.12)

Plugging this into the expression for ¢ gives

t t C()2 .
Ot 7, 0) = /L(w(s),w(s))ds:/o %(‘Xégsg +9(8)2> ds

== | X(s) ) L isviisds — _CT L OO CP Mt e (2.13)
_ /X /09()9()d MO /09()d

2 4 4 4

B to(t)? 02 _ Cz  th(t)?  Cx  th(t)?
——T—i- A x Oe(s)dS——T—i- 1 +4 =4

We now compute (). From (2.12), we find that
2
B

which implies that

. 6 2 1 22
G P <0+C ) (2.15)
To obtain a closed form for ¢, we need to find C'. We use (2.12) to obtain

C*3 C* 0\ t (Ct)3  0(Ct)
—JZ—/X dS—C/ dS— <— 12 +<T_Z>2 9t> + —.

It follows that Z = C't/2 is the unique real solution of the cubic equation

73 +30Z +3x = 0. (2.16)
Combining (2.13), (2.15), and (2.16), we obtain an explicit formula for (¢, x):
1
Vit.2.0) = 2 (0+ Z(a, 6)%)°, (2.17)

the analog of (2.8) for our problem.



Super-solutions with the diffusion

The function (¢, z) was obtained neglecting the right side in (2.4). It turns out, that, when the
diffusion is taken into account, it still leads to a super-solution to the linearized cane toads equation

up — Oy — ugg —u > 0,

of the form
u(t,z,0) = exp{t — ¥ (t,x,0)},
or, more explicitly showing the difference with (2.3):
(0 + Z*(x, 9))2} :

1
i(t,z,0) = t——

This function satisfies

Up — QUgy — Upg — U = ﬂ( =t + 0y — 9|¢w|2 + g — |71Z)9|2) = ﬂ(ewmm + ¢69)-

Observe that
At (0ze + bog) = 40((0 + Z*) ZZy)0 + 2((0 + Z*) (1 + 2Z Zy) )

=40+ Z*)O0(ZZy) e + (ZZ9)g) + 80(Z Zp)* + 2(1 + 22 Z)* > 4(0 + Z*) Z (0 Zuie + Zpg) -

We claim that, somewhat miraculously,

0Z .y + Zgo = 0.
Indeed, we have
Z 1
)= ————, Lp=———0,
o Z2+ 0 Z2+0
so that
g 2224 0) = 2227+ 1) _ Z(Z*+0)+ (0—-2%)Z 226
o0 = (Z2 4 6)2 B (22 +6)3 (22403
and 0y
Zxx = T 759 .
(22 +0)°

Thus, (2.23) holds and, as a consequence, (2.18) follows.
A level set of the super-solution and the optimal trajectories
The level set {u(t,z,0) =1} is given by

0+ Z(x,0)* = 2t.
Multiplying this equation by Z, and using (2.16), we get

307 + 3z = — (2t — 0) Z,

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)



or
3z

Z = ——". 2.2
@0 =357 (2.27)
Inserting this back into (2.25), gives the equation for the level set {u(t,z,0) = 1}:
4
== (2t—0)(0+1t)>. (2.28)

9

In order to compute the rightmost point of this level set at a given time ¢ > 0, we differentiate (2.28)
in #. The critical points are determined by

ox 4 9 4
0=2255 =5 [—(0+1)* +2(2t — 0)(6 +1)] = g(t +0)(t —0),
and the maximum A
redselt) = 51/ (229)

is attained at Oeqge(t) = t.

With the maximal end-points in hand, we now compute the Lagrangian trajectories X (s), 6(s)
which travel to the far edge (Tedge(t),fedge(t)). Using the general form (2.14) with the choice
C =27/t for 0(s), we obtain

5\ 2 s
0(s) = _Z(xedgc(t)v eodge(t))z (z) + (Z(xodge(t)y eodge(t))z - Hodge)g + ecdge(t)~

Then using the expressions Teqge(t) = 4t32/3 and Oeqge(t) = t along with the expression (2.27)
for Z, we obtain

o) = () (e 7= ()) e

We similarly deduce the trajectory for X(s). Indeed, we have from (2.12) and the definition of Z
that

X () = Tedge(t) + ? /OS O(r)dr.

Using expression (2.29) for 2eqg(t) and (2.30), we get
4 1 [ 3xeq ° 2 4 s
X(s) = t3/2 - - [ hedee /t 1= (5) ) dr =232 —op1/2 (s — 2
(5)=3 t <eedge+t 0 (t) T3 ST

43 3s s
=3 <1 2t (1 3t2) )"

To obtain the forward trajectories, we reverse time, that is, change variables from s — t — s, and
with a slight abuse of notation, write

X(s) = (g - 2%) <;)2 %t?’/z, and 6(s)=s (2 - f) . (2.31)



The minimum of ¥ (t,z,0)

In the sequel, we also need the minimum 6, (t,z) of ¢(t,z,0) in 8 € O, for t and x fixed. We
differentiate expression (2.17) for ¥ (¢, z,6) with respect to 6:

Yy = 2% (0+ 2Z%) (1+2Z2y). (2.32)

Hence, the critical points satisfy
1
ZZy = —5 (2.33)

Using expression (2.24) for Zy leads to (note that Z has the opposite sign of z)
7Z = —/0.(z)sgn(x).

We insert this value into (2.16), and find

0.(z) = <§|:s|)2/3, (2.34)

and

4/3
Wit 0. () = % Gm) . (2.35)

Note that the internal minimum exists only if |z| is sufficiently large:
def 4 3/2
2] > re = 26777, (2.36)

so that 0,(xz) > 6, otherwise the minimum of (¢, z,0) is attained at 6 = 0.

3 An upper bound

In this section, we construct an explicit super-solution for the local and nonlocal versions of the
cane toads equation. This provides an upper bound on the spreading rate.

A super-solution

Ideally, we would take as a super-solution the function
u(t,z,0) = u(t+ a,x,0),

with @ as in (2.19) with some suitably chosen a > 0. There is an obstacle: a super-solution, in
addition to (2.18), should satisfy the boundary condition

ug(t,x,0) <0. (3.1)
For a function of the form (2.19), this condition is equivalent to

Yo(t,z,0) > 0. (3.2)



Trait variable 0
T
1

-

- -

0.8 - - -
-
N
06 P il
e
~ "
04 = 4
L
4
0 Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Space variable x

Figure 2.1: The level set {u(t,z,0) = 1} in the phase space (x,0) for different values of time and
the optimal trajectory, see also [11]. We also plot the trajectories that lead to the edge of the front
for various values of time. These latter trajectories are crucial for the paper.

The function v (¢, x,#) has a single minimum, either at 6 = 0, if |x| < r., or at § = 0, (z) if |z| > r,
where we recall 7. from (2.36). Hence, (3.2) can not hold for |z| > 7., and we need to modify u(t, z, 6)
to turn it into a true super-solution.

To this end, we recall the other family of super-solutions, v(t,6) given by (2.3):

(t,0) = e~/ (40 (3.3)

that do satisfy the boundary condition (3.1). As, on the other hand, ¥(¢,0) has no decay in z, we
will only use it for z < 0. Let us define the set

Q={(z,0): 2 >r., and § <0 <0.(z)}. (3.4)

We define our super-solution first on {x < 0} and on {z > 0} NQ°, but we extend it to all of R x
below. First, we define

u(t 0 <
a(t,z,0) = Cla)o(t +a,0), z=0, (3.5)
Cla)u(t+a,z,0), x>0, (z,0)e€Q,
with the constant C'(a) to be chosen later. Note that we have
o(t+a,0) > u(t + a,z,0), (3.6)

with the equality holding only at = = 0, where we recall that Z(t,z = 0,0) = 0. Hence, the
function (t,z,0) is C* in Q°.

10
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Figure 3.1: Definition of the super-solution in the three domains {x < 0}, Q and QN {xz > 0}. The
red line gives the curve (z,0.(z)).

It is a super-solution in the sense that

s — Ot — gy — @ > 0 in QF, (3.7)
tg(t,z,0) <0 for all z < r.

In order to extend % into Q as a C'-supersolution we simply set

u(t,z,0) = Cla)u(t,z,0.(x)), for (x,0) € Q, (3.8)
or, more explicitly
- 1 /3z\4/3
u(t,x,0) = C(a)exp {t +a-— T a <Z> }, for (z,0) € Q. (3.9)

We need to verify that the extended function is C* and that it satisfies (3.7). Before we verify
this, we point out that in order to apply the maximum principle, we only require that @ is C'* and
is C? except on a smooth 1D set. As such, we need not worry that @ is likely not C? on 0. The
boundary condition in (3.7) is automatic since @ does not depend on the variable 6 in Q. As 6, (z)
is the minimum of ¢ (¢, z,0) in 6, we have 4y = 0 on both sides of the curve

I'=00 = {(z,0.(x)), x >r.}.

It is easy to see that the z-derivatives of 4 match across I' for the same reason, and the extended

11



function is C''. We now compute in €2

(D e (D) @)

L(%)w[(%)w e L(?ﬁ)z/z”w*(w) 8) >0,

Up — Olyy — Ugg — U

\%

T (t+a)? 4 (t+a)2\ 4

as 0 < 0,(x) in Q. Thus, the function a(¢, z,0) is a super-solution in the sense of (3.7) in the
whole domain (z,6) € R x ©:

Up — Olgy — Ugg — U >0 forall z € R and 0 € ©, (3.10)
tp(t,z,0) > 0 for all x € R.

An upper bound

We now use the above super-solution to give an upper bound for the speed of propagation for the
local and non-local cane toads equations.

Proposition 3.1. Let ug € L>®(R x O) be a non-zero, non-negative function such that

uO S ]1.[_0075[77-} X[Q70u}

for some z, € R, 6, > 0. Fiz any m > 0. Let u be a solution of either the local cane toads
equation (1.6) or the non-local cane toads equation (1.7). Then the following upper bounds hold

: >
lim max{z € R: 30 € ©,u(t,z,0) > m} < é’ and
t— 00 t3/2 3
. max{z € R:p(t,z,0) >m} 4
tllglo $3/2 = 3
Proof. Whether u solves (1.6) or (1.7), it satisfies
up — gy — ugg — u < 0, (t,z,0) € RT xR x O,

ug(t,x,0) =0,
u(t =0,2,0) = up(z,0).

As a consequence, u is a sub-solution of the linearized cane toads equation. On the other hand,
the function u(¢, z, ) defined by (3.5) and (3.9) is a super-solution, in the sense that (3.10) holds.
Let us choose a constant C(a) large enough so that, for all (x,0) € R x ©,

ﬂ’(oa z, 9) > UO(‘Ta 9)
We deduce from the parabolic comparison principle that
u(t,x,0) < a(t,z,0), (3.11)

forallt >0,z € R, and 6 € O.

12



We now use the explicit expression for @ to obtain an upper bound on the location of the level
sets of u. To this end, fix any m € (0,1). As 0,(z) is the minimum of the function (¢, x,6), the
rightmost point Z,,(t) of the level set {u(t,z,0) = m} is where it intersects the curve 6 = 0, (x):

tia log (%))3/4. (3.12)

Using (3.11) and passing to the limit ¢t — +o00, we obtain from (3.12):

() = %(t—l— @2 (1~

: >
lim max{r € R:360 € ©,u(t,z,0) > m} < g

t—o0 t

(N[

This gives us an upper bound on the level sets of u, but we also need an upper bound on p. As
follows from (3.11), it suffices to bound

At a) = /@ itz 0)do.

Let us use m = m/10(t + a) in (3.12), so that

(t, T, 0) for all 6 > 0,

<L
~—10(t+a)’

where we define x,, 1 = Ty,,/10(14-a) (t). We recall that

32\ 23
0. (2 s) = (%) . (3.13)
Note that, for ¢t large enough we have
5 7

Then we have
m 5m

10(t+a) — 6
We now consider the integral from 56, (z, ) to co. We write, using (3.6) and (3.14):

50+ (z)
/ U(t, Tt 0)dl < 50, (x)
0

00 00 2
ﬂt,xm,,HdHSCa/ exp(t+a— ——)db
/56*(xm,t) ( ) (@) 50, (zm.t) ( 4t + a))
t+a 2502 (2.1 _
< ¢ o * \m, < (t—i—a)/lO‘
< C'(a) RE exp{ +a it+a) } < C'(a)e

If ¢ is sufficiently large, depending only on a and m, the last two estimates give us

limsup/ U(t, xm e, 0)d0 < m.
0

t—o0

Since  is monotonic in the spatial variable z, we have, for any x > 0

limsup p(t, z + zp, ) < lim sup/ U(t,z + xpy, 0)dd < lim sup/ U(t, xm,0)d0 < m.
0 0

t—o00 t—o0 t—o0

Noticing that 2, /t*/? tends to 4/3 as t — 400 finishes the proof. O
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4 The lower bound

In this section, we obtain a lower bound on the propagation in the local and non-local cane toads
equations. As we have mentioned, the idea is to construct sub-solutions of the linearized problem
with the Dirichlet boundary condition on a moving boundary of a domain E(t), and then use them
to deduce a lower bound on the solution of the nonlinear problem. The goal is to have E(t) move
as fast as possible while ensuring that the solution of the linearized problem is O(1) — it neither
grows too much, nor decays. This strategy is inspired by the proof of the Freidlin-Gértner formula
for the standard KPP equation by J.-M. Roquejoffre [44]; however, in contrast, the coefficients that
arise in our formulation are non-periodic and so new estimates are required.
To this end, given some constants z., 0., and r, we define the ellipse

(x — )2

Eﬂcc,GC,R P= {(az,H) e R x [Q, OO] : 0

+(0—6.)* < R2} : (4.1)
Given a large time 7', we will move such an ellipse along some trajectories Xp(¢) and ©p(¢) on the
time interval [0, 7], starting at a point (X7(0),©7(0)). We will denote ©7(0) = H > §. Note that
the equation is translationally invariant in x, so the starting point X7 (0) is not important. The
trajectories will satisfy certain conditions: first, they move “up and to the right”:

Xr(t) >0, Op(t)>0, forall0<t<T. (4.2)
Next, for all 0 <t < T, with some fixed € > 0 we assume that either
L(Xp(t),00(t), Xp(t),070(t) <1—2¢  or X(t)=0=0(t). (4.3)
Here, L(x,0,v,,vy) is the Lagrangian given by (2.10):
vi Y%
L(z,0,v,,v9) = 10 +o (4.4)
Finally, we assume that
. Xr(t
lim ||O7(t)| + ol =0, uniformly in ¢ € [0, T]. (4.5)
T,H—c0 @T(t)

We now state our main lemma, which we use in both the local and non-local settings.

Lemma 4.1. Consider any trajectories Xr(t) and ©r(t) on [0,T] which satisfy the above assump-
tions, and fir e >0, 6 > 0, and v > 0 sufficiently small. There exist constants R., 1., and H. ,
such that for all R > R., T > T_ 5., and H > H. ,, there is a function v which solves

v — Qvge —vgg < (1 —€)v, (t,z,0) € RY X Ex,).00(1),R
v(t,z,0) <1, (t,z,0) € [0,T] X Ex,).00).R (16)
v(t,x,0) =0, (t,2,0) € [0,T] X OEx1.(1),00(t),R »
v(0,x,0) < 6, (7,0) € Ex,.(0),00(0),R »

and such that |[v(T,-, )|~ > 1 ==, and v(T,z,0) > Cr for all (z,0) € Ex,(1).0,(T),r/2> With a
constant Cr > 0 that depends only on R. The constant R. depends only on €, the constant H.
depends only on € and v, and T; 5. depends only on €, 6, v, and the rate of the limit in (4.5).
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We apply Lemma 4.1 as follows. First, we use it to build a sub-solution along a sufficiently large
ellipse moving along a suitably chosen trajectory (Xp(t),©p(t)). In this step, we choose § such that
we may fit ev underneath the solution u so that u always stays above ev. Hence, u is at least of the
size eC'g near the point (X7 (T'), Op(T)), after time T'. Then we re-apply the lemma, with the trivial
trajectory that remains fixed at the point (X7 (7"), ©7(T')) for all time, to build a sub-solution to u
on the ellipse Ex, (1) 0, (7)r/2 that grows from eCr to any prescribed height m € (0,1) in O(1)
time, depending on € and m. It follows that u is at least of height m near (X7 (7T'),0(T)) after
time T+ O(1).

The proof of Lemma 4.1 involves estimates of the solution to a spectral problem posed on the
moving domain Ex..) e.(1),r after a suitable change of variables and a rescaling. We prove this
lemma in Section 5 below.

4.1 The lower bound in the local equation

Here, we show that Lemma 4.1 allows us to propagate a constant amount of mass along trajectories
that we choose carefully. Our main result in this section is the following.

Proposition 4.2. Suppose that u satisfies the local cane toads equation (1.5) with any initial
data ug > 0. Then, for any m € (0,1), we have

: >
4 mint max {z : 30 € ©,u(T,z,0) > m}
3~ Tooo T3/2

The assumption that wg is positive is not restrictive since any solution with a non-zero, non-
negative initial condition becomes positive for all ¢ > 0 as a consequence of the maximum principle.
In particular, as the initial condition ug in Theorem 1.1 is compactly supported, non-negative, and
non-zero, we may apply Proposition 4.2 to 4, the solution to the cane toads equation with the
initial condition ag(x,0) = u(t = 1, z,0).

Take any function v given by Lemma 4.1. Since v < 1, then ev < € and, hence, satisfies

()t — 8(ev)zw — (ev)go — (ev)(1 — (ev)) < —e(ev) + (ev)* < 0.
In particular, if we choose 0 and our trajectories well, we will have that
u(t,z,0) > ev(t,r,0) for all 0 <t < T and (,0) € Ex,).0,0),R (4.7)
Here, u(t, z) is the solution to (1.5). In particular, we have
V(z,0) € Ex,(1),04(T),R/25 u(T,z,0) > eCp, (4.8)

after a sufficiently long time 7. However, we do not have control on the constant Cr. To remedy
this, we again apply Lemma 4.1, getting a sub-solution v’ for u, in order to show that we can
quickly grow the solution from this small constant to O(1). As such, we make the choices R’ = R/2,
and &' = eCg, € = m.

Proof of Proposition 4.2

Let us now present the details of the argument. We fix ¢ > 0 and any m € (0,1), and let u be
the solution to (1.5) with the initial condition ug. Given 7', R, and H to be determined later, we
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will use the trajectories which are a slightly slowed down version of the optimal Hamilton-Jacobi
trajectories (2.31):

2t2 2t3
Xp(t) = (1 —2¢)* <m - 3T—3/2> ) (4.9)

Or(t) = (1 —2¢)Y? <2t — ;) +H.

It is straightforward to verify to that X7 and ©r satisfy the assumptions above Lemma 4.1: for
all 0 <t <T, we have Xp(t) >0, O > 0 and

L(XT(t), @T(t),XT(t), @T(t)) <1-—2¢

while 3/4 /2
. _4(1-2e) t . o 2(1—-2¢)
o) = = —(1- 7). r)=—=—"—
so that (4.3) and (4.5) hold as well.

We set v = € and

5 inf uo(x, 0).

Ex1(0),07(0),R
Note that 6 depends on R and H but not on 7. Applying Lemma 4.1, we may find R, T; 5 and H,
such that if R > R., T > 1.5 and H > H., then there exists a function v which satisfies (4.6).
Hence, as we have discussed, the function ev is a sub-solution to u on Ex,. 1) e, ),r for all t € 0,77,
and (4.7)-(4.8) hold. In particular, we have that

w(T,z,0) > ev(T,z,0) > eCg

for all (a;, 9) S EXT(T),QT(T),R/Q'
Next, we use Lemma 4.1 a second time, with the new choices
1—m

and ' =——

eCr , 14+m
- € = —— ,
14+m

'— R/9 r_
R =R/2, ¢ o 5

to find H,,, Ry, and T, & such that if R/2 =R > R,, and H > H,, then we may find a solution
w to (4.6) on [0, Ty 5] X Ex,(),00(r),r- We shift in time and scale to define

w(t,x,0) o dw(t—T,z,0).

By our previous work and our choice of &, it follows that w(T,xz,0) < w(T,z,6). In addition, the
partial differential equation for w, (4.6), with our choice of m, guarantees that w is a sub-solution
tow on [T,T + Tps] X Ex,(r),00(1),r- This implies that

HU(T + Tmﬁ’v ) )HL‘X’( ) 2 ”ZD(T + Tm,5’7 ) ')”LOO(EXT(T),(BT(T),R’)

I+m I+m 1—m (4.10)
/
=€ ”'u}(fz—zml’(;/7 . .)HLOO(EXT(T),GT(T),R’) > T (1 — "}/) = 5 < — T m> > m.

Expr),epr),

The first inequality is a consequence of the fact that w is a sub-solution of u, the first equality is a
consequence of the definition of w, and the final equalities is a consequence of Lemma 4.1 and the
choices of € and 7.
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The above, (4.10), implies that u achieves a value at least as large as m for some
x> XT(T) — \/@T(T)R/
at time 1"+ T, 5. As a consequence, we have

%(1—25)3/4 <L>3/2_ VI+H o, max{z : 30 € O, u(T + T) 5,2,0) = m}
’ (

P ——— . (4.11
T+ Tm,5’ T+ Tm,é’)3/2 B (T + Tm,5’)3/2 ( )

Here, we used the definition of X7 (7") and ©p(T'), and the upper bound
Or(T)<T+ H + R.

Since (4.11) holds for all T" sufficiently large, and since H, R, and T, 5 are fixed, we may take the
limit as T tends to infinity to obtain

1 96/t < Jim g X 136 € O, u(Ty @, 6) = m}
3 _—

T—00 T3/2

Since € is arbitrary, this finishes the proof of Proposition 4.2. O

4.2 The lower bound in the non-local equation

In this section we prove the following proposition.

Proposition 4.3. Suppose that n is a solution of the non-local cane toads equation (1.7) with a
positive initial condition ng € L (R x ©). Define

po(x) déf/ no(zx, 0)do,
9

and assume that pg € L°(R). Then, for any e > 0 and vy € (0,1) we have

o 8 (1— 26)3/4 < lim sup

max {x : p(T,x) > e}
3/3/3 T—500 T3/ '

(4.12)

Our strategy here is similar to the local case, though this time we argue by contradiction.
Suppose that the result does not hold. Then there exists € > 0, a time t. > 0 and v € (0, 1) such
that, for all ¢t > ¢.,

sup p(t,z) < ve. (4.13)
x>cqt3/2

Our goal is to construct a sub-solution v to n which will satisfy
[e.9]
/ v(t,z,0)d0 > e > ~e,
[

for some x > ¢;¢3/2. This will push p(t,z) to be greater than e as well, yielding a contradiction
to (4.13). Note that if (4.13) holds, then any solution to

v — Qg — vgg < (1 — 7e), (4.14)
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defined for ¢ > t. and which is supported on = > ¢;#3/2 satisfies
n(t,z,0) > v(t,z,0) for all t > t., (¢t,z,0) € supp v, (4.15)
provided that this inequality holds at ¢ = ¢.. This is because (4.13) implies
ng — Ongy — ngg = n(l — p) > n(l —ve), (4.16)

for all t > t. and = > ¢1t%/2. Note that the nature of the argument by contradiction requires us
now to have the “Dirichlet ball” completely to the right of z = ¢;¢3/2. On the other hand, the
“nearly optimal” Hamilton-Jacobi trajectories (4.9) that we have used in the local case, initially
move mostly in the 0-direction when T is large, and violate this condition. This forces us to choose
sub-optimal trajectories for the center of the “Dirichlet ball”, leading to the non-sharp constant ¢q
in (4.12). We assume now (4.13) and define the trajectories

Xr(t) = et + .72, Op(t) = (1 - 2%)1/2%@ b1+ H, (4.17)

with
8

(1 — 29e)/*,
3v3V3

Cy=

As ¢y > c1, we have
Xp(t) > ci(t +t.)3? for all t > 0.

The constant H will be determined below. We note that X7 and ©p satisfy the assumptions
preceding Lemma 4.1. Indeed, both the non-negativity of X7 and O7 in (4.2) and the limit in (4.5)
are obvious from (4.17). Hence, we only need to check the condition on the Lagrangian in (4.3).
To this end, we compute

X2 0% 41— 2ye)(t+t 1—2ve

P N ( 7)(3\/;) 4! 37)<(1—2ye).

T 6(t +t.) + AG=H
We now build a sub-solution on Ex. . e, t),r for suitably chosen H, R, and T" which grows

and forces p to be larger than ~e, giving us a contradiction. The aforementioned condition on the
support, i.e. that (z,6) € supp(v) only if = > c1t3/2, is equivalent to

Xp(t—t.) — RV/Orp(t —to) > e1t?/?, (4.18)

for all ¢ € [te,t- + T]. In other words, the left-most point of a ball centered at Xp(t — t.) of the
radius R\/O7(t — t.) must be to the right of ¢;t3/2. Since cy > c1, we can clearly arrange for this
to be satisfied by increasing, if necessary, t. in a way depending only on R and H.

Fix M > 0 to be determined later. Let us define

of 1 .
5 — inf n(te,x, ).

M Ex.,0)040),r

Note that § depends on R and M but not on 1. Applying Lemma 4.1 with € and § defined above
and v = 1/2, we may find H. and R., depending only on ¢, and T 5, that depends only on ¢, 4,
such that, if H > H., R > R., and T' > T, 5, we may find v which satisfies (4.6). Define

o(t,x,0) = Mo(t — te,z,0).
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By virtue of the discussion above and by (4.6), we see that o is a sub-solution of u on [te, t 4+ T¢ 5] X
Ex.),0r(),r- In particular, we have that

inf u(te +T,-,-) > inf o(te+1T,-,-)
Exp(1),00(1),R/2 Exr),0p(1),R/2 (4 19)
M M :
= — inf v(te+T,-,-) > —Chg.
2 Ex (1),00(T),R/2 2

We emphasize here that C'r depends only on R and not on M. At the expense of possibly increasing

T¢ 5, we can now specify M = R2C€R' Using now (4.19), we obtain

00 Or(T)+R/2
/ MQ+ﬂXﬂﬂﬁM9>/ wlt + T, Xp(T), 0)d0
0 Or(T)—-R/2

Or(T)+R/2
2/ MCgrdf = MCrR = 2¢.
Or(T)-R/2

Hence we have p(t. + T, Xp(T)) > €. As we have
Xr(T) > ci(te + T)%2,

this contradicts (4.13), finishing the proof. O

5 Proofs of the auxiliary lemmas

In this section we prove the auxiliary results needed in the construction of the sub-solutions. Some
of them are quite standard, we present the proofs for the convenience of the reader.

5.1 Existence of a sub-solution along trajectories — the proof of Lemma 4.1

In this subsection we prove Lemma 4.1 by suitably re-scaling the equation and then using careful
spectral estimates. Recall that our goal is to show that there exist constants R., T s, and H.,
such that for all R > R., T'> T, and H > H. ., there is a function v which satisfies

v — vz — vgg < (1 —&)v, for all t > 0, and (z,0) € Ex,).0.4),R

v(t,z,0) =0, for all 0 < ¢ < T and (x,0) € OEx, (1) 0.(t),R> 51)
v(0,2,0) <0, for all (z,0) € Ex,(0),07(0),R

v(t,z,0) <1, for all 0 <t < T and (z,0) € Ex,(t).0.¢),R>

and such that [[v(7T,-,")|[Le > 1 -, and v(T,z,0) > Cg for all (z,0) € Ex,(1),0,(7),r/2, With a
constant C'g > 0 that depends only on R and d > 0. To construct the desired sub-solution, we first
go into the moving frame, and rescale the spatial variable:

~ :L'—XT JE—XT
b)) =0t 2T g_0,), y= Cand n=0-0r. 5.2
) =0 (LI 0m0r). v T i ymmen G2
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Then (5.1) yields

~ y GT XT - L n ~ ~ ~
Uy — <§@—T + \/@_T> Uy — O70, < <1 + @—T> Vyy + Uy + (1 — €)7, (5.3)
with the boundary conditions
o(t,y,n) =0, for all (y,n) € OBg.

Here, Bp ey Br(0,0) is a ball of radius R centered at (y,7) = (0,0). As in [30,31], the next step
is to remove an exponential, setting,

X €}

+l
wt,y,n) = eVor’ 2

n.
o(t,y,n).

Note that if T and H are sufficiently large, there is a constant Mg, depending only on R, such that

1 -
Mw(tayan) < U(t7y777) < MRw(tvyan) (54)
R

holds for all ¢, y, and n, because of the uniform bound (4.3) on the Lagrangian. Changing variables
in (5.3), we see that w must satisfy the inequality

e (g(:%_ f@iT@iT) wy < <1+(9LT> Wyy =+ Wiy
d:CfA d:Cf1+D
) ) . . ,
e S G S (9

Note that by choosing T and H large enough and using (4.3) and (4.5), we may ensure that

XT XT(;)T X% éT . e 1—¢
— — )| < - — .
(2\/@71 10} >y+<4e%+ 3 )| < min 4

Hence, using (4.3), we have that

X2 o2 e 1—¢ 1—e€ 3¢
Go1-e— 20 Or fel=el i fioe 3l
S T= S mm{4, 2 }—mm{ 2 4
The two cases in the minimum correspond to the two cases in (4.3). Hence, if we construct w which
satisfies

1—-€¢ 3
wy — Awy < (14 D)wyy + wyy, +min{ 5 E,Ze}w. (5.5)

then w also satisfies
wy — Awy < (14 D)wyy + wyy, + Gu.
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Returning to the original variables, v would satisfy the desired differential inequality. With this in
mind, we seek to construct w satisfying (5.5) which has the desired bounds.
We define w using the principal Dirichlet eigenfunction of the operator

def
LT7H(t) = —Aay — (1 + D)(‘)yy — &m (56)
To this end, for each ¢t € [0,7], define o7 u(t,z,6) and Ar g (t) to be the principal Dirichlet
eigenfunction and eigenvalue of L7 () (depending on ¢ as a parameter) in the ball Bp, with the
normalization
lerm 2Ry = 1-

We state two lemmas regarding these quantities which will allow us to finish the proof. First, we
need to understand the behavior of Ay g for 7" and H large. We recall the following result.

Lemma 5.1. Fiz s > 1. Consider the operator
La,b: —V-aV—b-V,

defined on a smooth, bounded domain Q C R% with a,b € C*(Q) and where a is a uniformly positive
definite matriz. Let A\qpo be the principal Dirichlet eigenvalue of Loy with eigenfunction ¢qp0
having L>-norm one. Then A\qp0 and @qp0 are continuous in a and b, when considered as maps
from (Lo")d2 x (L®)* to R and to H*®, respectively.

The proof of Lemma 5.1 will be presented in section 5.2 below.

Lemma 5.1 implies that, as 7" and H tend to infinity, Ar g (t) becomes bounded above and
below by a constant multiple of R~2 since the principal eigenvalue of —A on Bp equals ¢;/R? for
some positive constant c¢;. This convergence is uniform in ¢. Hence, choosing first R sufficiently
large, we may choose H and T, depending only on €, R, the convergence rate of the limit in (4.5),
such that

1 . [1—-€c¢€
)\T7H(t)<1m1n{ 51

We will also need the behavior of the time derivative of ¢ f.

} ,  for all ¢. (5.7)

Lemma 5.2. Using the notation above, Oyor, is a smooth function iny and n, and

O $T,H
©r,.H

=0.
Lo°

lim
T,H—o0

Lemma 5.2 implies that for fixed R, we may choose T and H, depending only on € and the
convergence rate of the limit in (4.5), such that

1 1-
‘8t(pT,H‘ S Z min {Teu Z} @T,Ha for all (t7 Y, 7]) € [07 T] X BR’ (58)
With this set-up, we can now conclude the proof of Lemma 4.1. We define

def T,H
wrH = 56”—(‘0 —

with 1
def def
r = —Tlog(é) and N = sup [loru(t)]so-
te[0,7
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Fix T large enough, depending on ¢ and 4, such that

4 2 4]
Then, (5.7) and (5.8) and our choice of r imply that

Oywwr g — Lt pwr, g = Oywr, g + Ar,gWT,H

< Oy $T,H
YrT.H

3 . [1l—-€c¢
wr, g + rwr,g + Ar,gwr g < 4 Tin { 5 Z} WT,H,
and wr g is a sub-solution to (4.6). In addition, by construction, we know that wr 5 (0,y,7) <
for all (y,n) € Bg, and wr g(t,y,n) <1 for all t € [0,7] and (y,7n) € Bg.
Finally, due to the uniform convergence of ¢ r to the principal Dirichlet eigenfunction of B,
if T'and H are sufficiently large, there exists cg such that

cp < min W = min ZUT,H(T, Y, 77)

~ (ymEBR2 N (y:m)EBRy2
In view of (5.4) and by undoing the change of variables, this implies

ck < min  wry(T,y,n) < Mg min o(T,x,0),
(y:m€BR/2 (@.0)€EEX 1. (T),00(T),R/2
which finishes the proof of the lower bound on ©.

The fact that ||?]|- > 1 —~ follows by noting the following: @7 r/N converges to the Dirichlet
eigenfunction with L* norm 1, which takes a maximum of 1 at (y,n) = (0,0). Choosing T and
H large enough, we have that @7 g (7,0,0)/N > 1 —~. Using the definition of wz g finishes the
proof. O

5.2 The spectral problem — the proofs of Lemma 5.1 and Lemma 5.2
The proof of Lemma 5.1.

To simplify the notation, we show continuity at A7 oo and @700, but the same argument works for
all matrices @ and vector fields b. Fix any sequence a,, and b, which tend to I and 0, respectively.
Let ¢, and A, be the principal eigenfunction and eigenvalue of the operator L,, := L, 3, 0, with
the normalization |\¢n||r2) = 1.

First, we show that ), is bounded. Suppose by contradiction that (up to a subsequence that
we omit) A, tends to infinity, and write

1

An
Multiplying by a test function n € C§°(€2), integrating over €2 and passing to the limit n — 400 we
see that ¢, converges weakly to zero as n — +o00. and the right side is bounded in L? uniformly
in n, then elliptic regularity implies that @, is bounded uniformly in H?. Let ¢ be the strong
H' limit of @,, taking a subsequence if necessary. Multiplying the equation for @, by @, and
integrating, we see that

/ Vo - an Vo, dz +/ @by - Vo dr = 1.
Q Q

22



Taking the limit as n tends to infinity yields

IVenllz2@) = 1.

On the other hand, since [|¢n[/z2() = 1 and A, tends to infinity, it is clear that ¢o, = 0. This is a
contradiction.

Since A, is bounded uniformly, then ¢, is bounded uniformly in H?. Hence, we may, taking a
subsequence if necessary, find a strong H'™* limit of ¢,,, Yo, and a limit of \,, As. Since a, and
b, converge in L°°, then we see that ¢, must satisfy

—AYoo = Ao Poo-

The maximum principle and the fact that ¢, > 0 imply that ¢o > 0. Hence ¢, must be the
principal eigenfunction of —A and Ao, must be the principal eigenvalue.

We have shown that every sequence ¢, and A, has a subsequence which must converge to the
¢r,0,0 and Ajg o, respectively. This implies that ¢,,0 and A, are continuous at a = I and
b = 0, finishing the proof. O

The proof of Lemma 5.2.

First we show that 0yp7 g is well-defined. To do this, we need only show that A7 g (t) is Lipschitz
continuous in ¢. Indeed, with this shown, if Ay () is in W1 as a function of ¢, we may take a
derivative in ¢ of the equation for ¢ f, allowing us to write down an equation for d;¢r f, showing
that Opor g is well-defined.

Before we begin, we recall that we may characterize A g as

Mat) = sup  mf ZpH®V@m Ly (0¥ (y,m)

0<pec(Br) WMEBR  V(Y.N)  0<weCiBr) waenr VM)

Using this, we now estimate Ap g (t + h) — Az g (t) from below — the upper bound may be found
similarly. For any i small enough and pj, to be determined, we have that, as long as ¢r g +hpy, > 0,

Mg (t+h) > inf (LT,H(t + h)or a(t) + hLy g (t + h)ph>

(y.m) erm(t) + hpp (5.9)
_ it (AT,H(t)SDT,H(t) (Lr,g(t+h) — Lra(t)era(t) + hLrwa(t + h)ph> ’
() \ 1,1 (t) + hpp o7, (t) + hpp '
This suggests that we define p;, as the unique solution of
LTH(t-l-h) —LTH(t) .
L t+h)pp = —— ’ t B
7.1t + h)ph o ¢r.u(t), in Br (5.10)

PrloBg = 0.

With the following lemma, we may choose h small enough that ¢ + hpp, > 0, and @ + hpy is
admissible in the formula above (5.9).

Lemma 5.3. For h sufficiently small, ||pn/or 1 (t)||cc < C. Further, ||pn/¢rH|00 — 0 as T, H —
oo uniformly in t and h.
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Returning to (5.9) and using our choice of py,, we obtain the inequality:

L+ he e er.a(t)

1
A1 (t+ h) > A g (t) inf <7> > A (t) <1 _C H Ph h> ’
xT .
with a universal constant C. Since Az g (t) is bounded independently of ¢, T', and H by a constant

which we may denote by M, we arrive at

Ph
erH(t)

DPh
orH(t)

hz—CM'

L Lo

Hence, A7, (t) is Lipschitz and its Lipschitz bound is linear in ||pp, /o7 1 ()| 1o
Since we may easily obtain a similar upper bound, we obtain

Ph
oru(t)

|0 AT H(t) < CM H

LOO
Using Lemma 5.3 and the above bound implies that o Ap g (t) tends to zero in L>°([0,77) as T" and
H tend to infinity.
We now show that 0,7 g tends uniformly to zero in L2
We argue by contradiction; assume that |0y #||2 is bounded from below, passing to a subse-
quence if necessary. Let us define
det Oy H
YrHg =
10cer a2

Taking the ¢ derivative of the equation for ¢ p yields the equation

(O AT 1 )r,H + (04 A)Oypr,H + (04 D)0y o1,

5.11
I (5.11)

Ly yYrg — Arubrm =
The explicit forms of A and D and the fact that O;A\p g shows that, if ||0ypr m||r2 is bounded
uniformly below, then the right hand side of this equality tends uniformly to zero in L? as T and H
tend to infinity. In addition, calling Ap,, the principal Dirichlet eigenvalue of —A on Bg, we have
that A7 g converges to Ap, by Lemma 5.1.
By elliptic regularity, see e.g. [28, Theorem 8.13], 17 5 is uniformly bounded in H? since it has
L? norm 1. Up to taking a subsequence if necessary, we see that Y7 g converges to some function
¥ with ||¢||z2 = 1 that, owing to (5.11), solves

—AY — Ayt = 0. (5.12)

Let ¢p, be the L2normalized Dirichlet eigenfunction corresponding to Ag,. By Lemma 5.1, it
follows that ¢ g converges to pp,. Since Ap, is a principal eigenvalue, it is simple, see e.g. [20,
Chapter VIII|. Hence,

Y = app,. Note that |a| = 1 since |[¢|| 2 = 1. On the other hand, we have that

. 8t(10TH . 1 2
a = ¢ B dyd = lim <7’ T,ded = lim ——— 0 T,H =0.
o ontin = [ (romials ) eradotn = s Olheral

The last equality holds since (@7 m|| 2 = 1 for all ¢. This contradicts the fact that |a| = 1. Hence,
it must be that ||0p7 i 12 tends to zero uniformly as 7' and H tend to infinity.
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Knowing that Oy¢7 i and O; A7 g tend to zero, we may now conclude. First, we note that

Ly g (Ower ) — M,u(Over i) = (O A H)er,H + (014)0y 01,1 + (0: D)0y o1 H-

Since the right side tends to zero in H? and since Oypr,m tends to zero in L?, it follows that oot o
tends to zero in H*, see e.g. [28, Theorem 8.13]. Using Morrey’s inequality [28, Theorem 7.22], we
may strengthen this to show that dy¢7 i converges to zero in C''(Bg) uniformly in ¢. On the other
hand, by Lemma 5.1 ¢7 5 converges in H %0 ¢ Bgr- Again, using Morrey’s inequality, we have that
o7.1 converge to pp, in C*(Bg) uniformly in ¢.

It follows from this C'! convergence that when T and H are sufficiently large, ¢ g is uniformly
positive for any compact subset of Br and 0,¢7 g is uniformly negative, where n is the outward
unit normal of dBp since ¢p,, has these properties. On the other hand ;7 i converges uniformly
to zero on Bg and 0, (0,1, 1) converges uniformly to zero on dBpr. This yields

0ot H
Yr,.H

=0,
LOO

.
T,H—o0

which finishes the proof. O
In order to conclude, we must now prove Lemma 5.3. We do that here.

Proof of Lemma 5.3. Since |7, (t)||12(5,) = 1 and since the coefficients of Ly i are bounded
in C?, then estimates as in, e.g. [28, Theorem 8.10 and Theorem 8.13], imply that T,z (Ol gaBr) <
CR, for a constant independent of 7" and H.

As the coefficients in L7 g(t) are have two bounded derivatives in y and 1, we may apply these
same estimates to obtain that

L t+h)—L t
st )
H?(Br)

Iprll ey < C (”ph”L2(BR) + '

< C(|lpnliz2 + er,uCr) .

where, due to the fact that d;D and ;A tend to zero as T" and H tend to infinity, er  is a constant
which tends to zero as T" and H tend to infinity. Of course, using the definitions of p;, and Lt g
and integrating Lp g (t + h)py, by parts yields

— / prAVppdydn + (1 — ||D||o) / |Vpn|*dydn < / prlr g (t)prdydn

< H LT,H(t + h) — LT7H(t)
- h

or,u(t)

a2
L2

Using that A tends to zero as T' and H tend to infinity and that ||pp|/z2 < Cr||Vppl 2, we obtain
IVoull2: < Crerm.

Here e g is as above. By the Poincaré inequality and our H 4 bound of py,, we obtain
lon|lgs < Crer,m.

Hence, py, is bounded in H* uniformly in h. By Morrey’s inequality, see e.g. [28, Theorem 7.22],
pr, and @7 i (t) are bounded in C?® for some a > 0. Moreover, we see that the py, tends to zero in
C?® as T and H tend to infinity.
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We now suppose that py(Yn, 7n) /@7, 8 (tns Yn, Mn) as 1 tends to infinity for some sequences h,, —
0, Ty, Hy, and (tn, Yn,Mn)- Since py, and @7 g(t) are bounded in C*%, we may define

po(y,n) = lim pp,(y,n), and @(t,y,n) = lIm o7, #g, ¢+ th,y, 7).
n—oo n—oo

In addition, using that B is compact, we let y, — Yoo and 7, — 7eo. Since |07 u ()25, = 1,
then by compactness, ||¢[/ze(pg) = 1.

Since pj, is bounded in C*“, we must have that either p(yoo,7oo) = 0 or that (Yeo,7se) €
OBpRr and the normal derivative of ¢ is zero. The first violates the maximum principle and the
second violates the Hopf maximum principle. This is a contradiction and thus py, /¢ g is bounded
uniformly above.

To see that pp /@7 g tends uniformly to zero. We may argue exactly as we did to show that
Ovpr 1 /T H tends to zero, using the fact that py, tends to zero in C' 1. This concludes the proof. O
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