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CHARACTERIZATIONS OF FREENESS FOR COHEN-MACAULAY SPACES

DELPHINE POL

ABSTRACT. The purpose of this paper is to develop an analogue of freeness for reduced Cohen-
Macaulay spaces embedded in a smooth manifold S which generalizes the notion of Saito free
divisors. The main result of this paper is a characterization of freeness in terms of the projective
dimension of the module of multi-logarithmic k-forms, where k is the codimension of X in S. We
then focus on quasi-homogeneous complete intersection curves, for which we compute explicitly a
minimal free resolution of the module of multi-residues and the module of multi-logarithmic forms.

1. INTRODUCTION

Let D be the germ of a reduced hypersurface in a smooth analytic variety S. A meromorphic form
with simple poles along D is called logarithmic if its differential has also simple poles along D. When
the module of logarithmic 1-forms is free, the hypersurface D is called a free divisor. For example,
normal crossing divisors, plane curves and discriminants of isolated hypersurface singularities are
families of free divisors (see [Sai80]).

Several characterizations of freeness are known. Let us mention some of them. Thanks to the
duality between the modules of logarithmic vector fields and logarithmic differential 1-forms proved
in [Sai80], a hypersurface is free if and only if the module of logarithmic vector fields is free. Another
characterization of freeness is the following: a hypersurface is free if and only if the Jacobian ideal
is Cohen-Macaulay (see [Ale88]).

A theory of multi-logarithmic differential forms and multi-residues for a reduced complete inter-
section is developed in [ATO01], [AT08], [Ale12] and studied in [GS12]. A generalization of this theory
to Cohen-Macaulay spaces is developed in [Alel4], which is inspired by the interpretation of regular
meromorphic forms with residue symbols developed in [Ker84|, which is also used in [Sch16].

Let X be a reduced Cohen-Macaulay space of codimension k£ contained in a smooth complex
manifold S, and Zx the defining ideal of X. There exists a reduced complete intersection C' defined
by a regular sequence f = (f1,..., fx) such that X C C. We set Zo = Ele fiOsand f = f1- fi.
The module of multi-logarithmic differential g-forms with respect to the pair (X, C') is defined by:

1
f

Following the definition of freeness for complete intersection suggested in [GS12|, we say that X is
free if the restriction to X of the Jacobian ideal of C' is Cohen-Macaulay. We prove in proposition 4.4
that this notion of freeness is independent from the choice of the complete intersection C.

1 1
(1) Q(log X/C, f) = {w €-0%; Ix -wC ?ICQ% and d(Zx) Aw C fzcng“} .

The natural problem which then arises is to characterize the freeness of a Cohen-Macaulay space
thanks to the module of multi-logarithmic forms. It leads to the main theorem of this paper (see
theorem 4.6):

THEOREM. A reduced Cohen-Macaulay space X contained in a reduced complete intersection C of
the same dimension is free if and only if the projective dimension of QF(log X/C, h) is lower than or
equal to k — 1, which is equivalent to the fact that the projective dimension of QF(log X/C) is equal
tok—1.
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For a free reduced Cohen-Macaulay space of codimension at least 2, the module QF(log X/C) is
no more free, however, it is of minimal projective dimension.

We then focus on a particular family of free singularities, namely the curves. The computation of
multi-logarithmic forms is in general difficult. In this paper, we determine explicitly a free resolution
of the module of multi-logarithmic forms for quasi-homogeneous complete intersection curves.

Let us describe more precisely the content of this paper.

We first consider in subsection 2.1 the complete intersection case, which is less technical and is
used for the Cohen-Macaulay case.

Let C be a reduced complete intersection defined by a regular sequence (hy,...,h;). We set
h=hy---hg, and Q4(log C, h) = Q%(log C/C, h).

In subsection 2.1.1 we first recall several definitions and properties of multi-logarithmic forms and
multi-residues from [AT01], [AT08] and [Alel12|. We set R(é_,f for the module of multi-residues of
multi-logarithmic ¢-forms, and R¢p, = R%’ , (see definition 2’77)

In subsections 2.1.1 and 2.1.2 we make explicit the dependence of the modules Q4(log C, h) and
R‘é_,f on the choice of the equations. We prove that the modules of numerators hy - - - hy-Q%(log C, h)

do not depend on the choice of the equations (see proposition 2.3). In addition, the modules chflf
depends only on C' (see proposition 2.9). We then fix a regular sequence (h1, ..., hj) and we denote
Q9(log C) = Q9(log C, h) and RE, = RE, -

Let C be the normalization of C. A consequence of [Sch16, Proposition 2.1] is that Oz € Re.
We give here another proof of this result which is similar to the proof of [Sai80, Lemma 2.8] (see
proposition 2.13).

Following [GS12|, we define the module of multi-logarithmic k-vector fields as the kernel of the
map: /\k O©s — Jo, 0+ dhy A -+ Adhg(6), where Jo is the Jacobian ideal of C'.

In subsection 2.1.4, we show that the fact that C is reduced imposes a strong condition on the
module of logarithmic 1-forms of the divisor D defined by hq - - - h. We denote by D; the hypersurface
defined by h;. Then we have (see proposition 2.23):

Q' (log D) = Q*(log D1) + - - - + Q' (log D).

In section 2.2, we consider first a reduced equidimensional space X of dimension n. Let C
be a reduced complete intersection of dimension n containing X defined by a regular sequence
(f1,--+, fr). We first recall definitions and properties from [Alel4|. For all ¢ € N, the module
fi- fuf2(log X/C, f) depends only on X and C, so that we set Q9(log X/C) = Q4(log X/C, f).
We have the inclusion Q7(log X/C) € Q4(log C)). The multi-residue of a form w € Q9(log X/C) is
defined as the restriction to X of the multi-residue of w seen as a multi-logarithmic form on C.

Let c¢x be the fundamental class of X (see notation 2.36). We prove the following characterization
of multi-logarithmic differential forms with respect to the pair (X, C), which generalizes [Alel12, §3,
theorem 1] and [Sai80, (1.1)] (see proposition 2.38): a meromorphic g-form w € %Q% is multi-

logarithmic if and only if there exist g € Og which induces a non zero divisor in O¢, & € Q%fk and
n e (NZ‘} such that gw = 0. + .
We suggest the following definition of multi-logarithmic k-vector fields: a holomorphic k-vector

field 0 is multi-logarithmic if §(cx) € Zx. We then have the following perfect pairing which gener-
alizes the duality of the hypersurface case (see proposition 3.3):

1
Der*(—log X/C) x Q*(log X/C) — ?IC.

We denote by Jx,c the restriction to X of the Jacobian ideal of C'. In subsection 3.2, using
an approach which is similar to the proof of [GS14, Proposition 3.4|, and which uses the previous
perfect pairing, we prove that Homo (Jx/c; Oc) = Rx, where Ry is the module of multi-residues
of multi-logarithmic k-forms (see proposition 3.11).
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Section 4 is devoted to the main results of this paper, namely, the characterizations of freeness
for Cohen-Macaulay spaces. Since a hypersurface is free if the module of logarithmic vector fields
is free, or equivalently, the module of logarithmic 1-forms is free, it is then natural to investigate
conditions on the projective dimensions of Q¥(log X/C) and Der®(—log X/C) to characterize the
freeness of a Cohen-Macaulay space.

We prove that a reduced Cohen-Macaulay space is free if and only if the projective dimension
of Der®(—log X/C) is k — 1 (see proposition 4.5). Contrary to the hypersurface case, passing from
Der®(—log X/C) to Q*(log X/C) requires much more work. The proof of our main theorem 4.6 is
developed in section 4, and uses Koszul complexes and change of rings spectral sequences.

We also give other characterizations of freeness involving the module of multi-residues in corol-
lary 4.19.

In section 5 we study a particular family of free complete intersections: the complete intersec-
tion curves. For quasi-homogeneous curves, we determine a minimal free Og-resolution of R¢o and
Om=l(log C) (see theorems 5.9 and 5.11). We also give a characterization of plane homogeneous
curves using multi-residues (see proposition 5.17). Several properties of complete intersection curves
are studied in [Poll5]|, and are used in this section.

Acknowledgements. The author is grateful to Michel Granger for raising several questions on
this subject and many helpful discussions. The author also thanks Mathias Schulze for inviting her
in Kaiserslautern, and for his suggestion to use Ischebeck’s lemma instead of spectral sequences in
section 3.2, and for pointing out the characterization of quasi-homogenous curves used in the proof
of proposition 5.7.

2. MULTI-LOGARITHMIC DIFFERENTIAL FORMS
2.1. Complete intersection case.

2.1.1. Definitions. We give here the definitions and several properties of multi-logarithmic differen-
tial forms and their residues along a complete intersection, which are a natural generalization of the
theory of logarithmic differential forms developed in [Sai80].

Let S be a smooth analytic complex variety of dimension m > 1. We denote by Og the sheaf of

holomorphic functions on S. Let z € S, and (h1, ..., hi) be a regular Og ;-sequence such that the
ideal Z¢ = Zle h;Og . is radical. For the statements concerning sheaves, we will consider an open
neighbourhood of p such that the equations (hq,...,hx) converge and define a reduced complete
intersection.

Notation 2.1. For all i € {1,...,k}, we denote by D; the hypersurface of S defined by h;, and
D = D U---UDjy the hypersurface defined by h := hy --- hy. For j € {1,... k}, we set I’E\J = H#j h;
and B; the hypersurface of S defined by }/l\]

We denote by C = D1N---N Dy the reduced complete intersection defined by the regular sequence
(hi,...,hi). We set Oc := Og/IZc. We denote n = dim(C) = m — k.

For ¢ € N, we denote by Q%, or Q9 for short, the sheaf of holomorphic differential forms on S.
For I C {1,...,m}, we set dz; = A;c;dz;, and |I| the cardinality of I.

We first recall some definitions and results from [Alel12|. The following definition generalizes
[Sai80, (1.1)] to the complete intersection case.

1
Definition 2.2 ([Alel2]). Let x € S and w € ﬁQ‘éz, with ¢ € N. We call w ¢ multi-logarithmic

g-form along the complete intersection C for the equations (hq, ..., hy) if

k
1 1
Vie{l,... .k}, dhAwe Y ﬁggj = EICQ%J:;.
j=1"4
We denote by Q%L(log C, h) or Q(log C, h) the sheaf of germs of multi-logarithmic q-forms along
C' with respect to the equations (hi, ..., h).
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From the definition, one can see that h - Q9(log C, h) is the kernel of the map of coherent sheaves

Qatl
w: Q4 — <

k
IQq“> given by p(w) = (dh1 Aw,...,dhi Aw). It implies the following result:
C

Proposition 2.3. The sheaves Q4(log C, h) are coherent Og-modules and the modules h-Q4(log C, h)
do not depend on the choice of the defining equations (hq, ..., hg).

1

IO,

k
~ 1
Notation 2.4. To simplify the notations, we set Qé = E hfﬁg =
j=1"%

The following characterization of multi-logarithmic forms generalizes [Sai80, (1.1)]:

1
THEOREM 2.5 ([Alel2, §3, theorem 1]). Let w € EQ%” with ¢ € N and z € S. Then w is multi-
logarithmic if and only if there exist a holomorphic function g € Og, which induces a non zero

diwvisor in Oc z, a holomorphic differential form & € Qqs;k and a meromorphic q-form n € ﬁzx such
that:

dhi A---Adh
e gu=SALCE f gy

Remark 2.6. For ¢ < k, we have the equality Q%(log C,h) = Qg

2.1.2. Multi-residues. Let ¢ € N. The module of Kéhler differentials of order ¢ is:
Q, o

(hiyo o he) QL+ dhy AQET o dhy A QLT dZc A QLT

20

C C

Definition 2.7 ([Ale12, §4, Definition 1]). Let x € S and w € Q% ,(logC, h),q > k. Let us assume
that g, &, satisfy the properties of theorem 2.5. Then the multi-residue of w is:

o 5 q—k _ q—k
resc,p(w) 1= 5 o € Mcz ®oc, QC@ = (w* (MC R0z Q@ ))z
where m: C — C is the normalization of C' and Mc is the sheaf of meromorphic functions on C.

The notion of multi-residue is well-defined with respect to the choices of g, £, 1 in (2) (see [Alel2,
§4 proposition 2|). We denote chﬁk :=rescp (Q(log C, h)). If ¢ =k, we set Rep := R%’ﬁ C Mc.

Proposition 2.8 ([Alel2, §4, lemma 1]). Let ¢ € N. We have the following ezxact sequence of
Og-modules:

(3) 0 — 2 — Q9(log C,h) 2 RE S — 0

In particular, the sheaf ch_,f is coherent.

From now on, we fix a point « € S, and we consider only germs at X.
The modules of multi-residues do not depend on the choice of the defining equations:

Proposition 2.9. Let (hi,...,h;) and (fi,..., fr) be two regular sequences defining the same re-
duced germ of complete intersection C' of S. We set f = fi--- fr. Let A = (aij)i1<ij<k € Mr(Os)
be such that (f1,..., fr)! = A(h1,...,hg)'. Then for all ¢ € N and for all o € f-Q9(log C, f):

resc (%) = det(A)resc y (?) .

In particular, for all p = 0, the module 7?%@ does not depend on the choice of the defining
equations.
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Proof. Let a € f1--- fr,- Q(log C, f). Then there exists g € Og which induces a non zero divisor in
Oc, €€ Q9% andn e ?2; such that gao =df; A--- Adfg ANE+ fn.
Since for all j € {1,...,k}, df; = Zle (hidaj; + ajidh;), there exists v € ICQg such that:

(4) dfi Ao ANdfy = v +det(A)dhy A--- A dhy.
Thus, gow = dhy A -+ Adhy A (det(A)E) +v A&+ fa.
: q k vAEH [N _5q 1 q
Since fn € ZcQlg and v € 2§, we have o €y = EICQ , so that
L he h
« det(A)¢ o
—) = = det(A - .
resc (h) P et(A)resc (f)

O

In the rest of the paper, we will use the notation Q°(log C'), R¢, and resc where the set of equations
is implicitly (hi,...,hg).
The following proposition shows that we can assume that m is the embedding dimension of C.

Proposition 2.10. Let £ € {1,...,k}. We assume that for all i € {1,...,0} we have h; = z; and
fori>0+1, h; € C{zpp1,...,zm}Nm2 We set C' = Dyy1N...NDy, € C™ ¢, s0 that C = {0} x C".
Then for all q > £:

QI (log C') Aday A - Aday + QF

Q(log C) = p—— (h1,shi)”

Proof. Let~w = %Za[dfﬂ]. Then by definition w € Q4(log C) if ind only if for all i € {1,...,k},
dh; Aw € QI | In particular, for all i € {1,..., ¢}, do; Aw € Q?,jllm
that for all I such that {1,...,¢} Z I, a; € (h1,...,hg). We can write

he)’ This condition implies

)

1
w = W Adzy A Adag+n
$1 PEEY l‘/g
ith n € Q7 dof = — 1 byd ith by € C
W1 n € (h1,..hi) and w = m Z radxy, Wi IS {x5+1, . ,[Em}.
I'C{t+1,...,k}
|I'|=q—¢
Since hyt1, ..., hi € C{zpy1,...,2n}, the conditions dh; A W' AdziA---Adxy € Q(gl N
a’;ll‘z Tyeeey k)
are equivalent to the conditions dh; A w' € Q‘(]}; itl--- hi): Therefore, w € Q9(log C) if and only if
w' € Q7 *(log C"). Hence the result. O

Corollary 2.11. With the same notations, for all ¢ > k, the module Rz;k 1s equal to the O¢-module
—k

RILE.

Notation 2.12. We denote by J¢ the Jacobian ideal of C, which is the ideal of O¢ generated by

the k x k-minors of the Jacobian matrix of (hi, ..., hg). The Jacobian ideal does not depend on the
choice of the equations (hq, ..., hg).

The proof of the following result is similar to the proof of [Sai80, lemma 2.8|:

Proposition 2.13 (see [GS12]). Let m: C — C be the normalization of C and x € C. We have the
inclusion Oz C Re-

Proof. Let a € Op. Then, thanks to [GLS10, Lemma 4.1], for every g € Jc, ga € Oc.

Thus, for every subset J C {1,...,m} with |J| = k, there exists a; € Og such that its class in O¢
satisfies A ja = a; € O¢, where A j is the minor of the Jacobian matrix relative to the set J. Let I,.J
be two subsets of {1,...,m} with k elements. Then from the equality AjA;a — AjAja =0 € O¢
we deduce:

Aray— Ajay = hlb{‘] + -+ hkbé‘] € Og.
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d
Let us define w = M € %Qg The previous equality gives:
Ajayd dhi A---Adh ~
Moreover, there exists a linear combination of the Aj; which does not induce a zero-divisor in O¢
(see [GLS10, Lemma 4.1]). Therefore, w € Q(log C') and res¢(w) = a € Re. O

Other proofs of propositions 2.9 and 2.13 are suggested respectively in [Alel2] and in [Sch16],
which require the introduction of the modules of regular meromorphic forms and theorem 2.16
which is recalled below.

Definition 2.14. The Oc¢-module wg“k = Ext’(%s (Oc, Q) is called the Grothendieck dualizing
module of the germ (C,0). Since C is a complete intersection, it is a free Oc-module of rank 1.

Definition 2.15. The module wf, of regular meromorphic differential p-forms is:
w?, = Homo,, <Qg_k_p, wg_k) )

THEOREM 2.16 (|[AT08, Theorem 3.1|). For all p > 0, the module of multi-residues Ry, is isomor-
phic to the module wg of reqular meromorphic differential forms.

2.1.3. Multi-logarithmic vector fields. We introduce here a module of multi-logarithmic k-vector
fields. We will prove in proposition 3.3 that there exists a perfect pairing between Q*(log C') and
Der®(—log C) with values in +Z¢, which generalizes [Sai80, (1.6)].

Let Og denote the @g-module of holomorphic vector fields and 0% := /\k ©g be the exterior
power of order k of Og.

We can evaluate a k-form w € ng on a k-vector field § € ©F, which gives a function denoted by

w(9).
Definition 2.17 (|GS12|). A k-vector field § € @lg 18 called multi-logarithmic along C' if it satisfies:
dhy A -+ Adhg(0) € Ze.
We denote by Derk(— log C') the Og-module of multi-logarithmic k-vector fields along C.
The following proposition is easy to prove with (4):

Proposition 2.18. The module Derk(— log C') does not depend on the choice of the equations.

The following proposition comes from definition 2.17, where J¢ is the Jacobian ideal defined in
notation 2.12.

Proposition 2.19 (|GS12, (5.1)]). We have the following exact sequence of Og-modules:

dhiA---Adhyg
R,

(5) 0 — Derf(—1logC) — O — Jo — 0.

In particular, Der®(—log C) is a coherent Og-module.

Remark 2.20. The notion of logarithmic vector field studied in [Sai80| can be extended to spaces of
higher codimension (see [HM93|). A holomorphic vector field n € ©g is logarithmic if 7 is tangent
to the complete intersection at its smooth points, which is equivalent to n(Z¢) C Z¢. We denote by
Der(—log C) the module of logarithmic vector fields. The following inclusion is a direct consequence
of the definition:

(6) Der(—log C) A ©%7! C Der*(—log C).

Using the fact that (hi,...,hx) is a regular sequence, it is easy to prove that Der(—log D) C

Der(—log C). In particular, it implies that Der(— log D) /\(9];_1 C Der®(—log C) (see [GS12, (5.3)]).
One can check that the inclusion (6) may be strict, by considering for example the complete

intersection curve defined by h; = 2% — y? and hy = 2%y — 22 (see [Pol16, Exemple 3.2.10]).
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2.1.4. A condition on the divisor associated to a regular sequence. We prove here that the module
of logarithmic 1-forms on the divisor D = D U --- U Dy, satisfies a decomposition property when
Dy N---N Dy is a reduced complete intersection (see proposition 2.23).

We first need the following lemma:

Lemma 2.21. If C is the germ of a reduced complete intersection defined by a reqular sequence
(h1,...,hy), then the complete intersection defined by (hi,...,hx_1) is also reduced.

In addition, for alli € {1,...,k — 1}, the complete intersection defined by (hi, ..., hi_1, Hfzz h;)
1s also reduced.

Proof. Let g € \/(h1,...,hg—1). Then, since \/(h1,...,hg—1) € /(h1,..., he) = (h1,..., hg),

there exists fi € (hi1,...,hg_1) and a1 € Og such that ¢ = f1 + a1hg. We then have aqhy €
\/(h1,...,hg_1). Since (hq,...,h;) is a regular sequence, it implies that a; € /(h1,...,hx_1).
Therefore, there exists fo € (hi,...,hg—1) and ay € Og such that g = fo + agh%. By induction,
we prove that for all i € N*, there exist f; € (h1,...,hx—1) and «; € Og such that g = f; + aih};.
Hence, the class g of g in Og/(h1, ..., hiy_1) satisfies

ge () (hy) € () (i) C Os/(ha, ... hi—1).

=1 i>1

By Krull’s intersection theorem, it implies that g = 0, therefore, g € (hi,...,hr—1). Hence the
first statement.

For the second statement, it is sufficient to prove it for ¢ = k& — 1, the result will then follow by
induction.

Let us consider g € \/(hl,...,hk_g,hk_l-hk). Then, g € (hy,...,hx), so that for all j €
{1,...,k} there exist a; € Og such that g = E§:1 ajh;. Therefore,

ap—1hg—1+ aghy € \/(ha, ... hy—o, by - hy,).

Let ¢ € N* be such that (ag_1hx—1 + arhi)? € (h1,...,hg_o,hx—1 - hg). Since (hi,..., hg) is a
regular sequence, we then have of | € (hi,...,hg_2,hy) and of € (hq, ..., hgy—1). Since by the first
statement, these ideals are radical, it gives the result. O

Proposition 2.22 (see |Alel2, Proposition 1]). For all ¢ € N we have the inclusion:
Q(log D) C Q4(log C).
Therefore, resc(29(log D)) C resc(24(log C)).

Proposition 2.23. Let C be a reduced complete intersection. We keep the same notations as before.
The module of logarithmic 1-forms satisfies:

Q'(log D) = Q'(log Dy) + - - - + Q' (log Dy,).
Proof. We first prove the proposition for k = 2. The general case will then follow from this special
case.
Let w € Q'(log D). Then by proposition 2.22 and Remark 2.6, w = % + % with n; € QY. Then:
hodhy A m i hidhy A lp)
hy ho

dh Aw = dhy Ang +dha Ay + € 03,

Therefore, there exists 6 € Q% such that:
h2dhy Ay 4 h3dhy A ng = hihsf.

Since (hq, ha) is a regular sequence, ho divides dhe Ang and h; divides dhy Anp, which means that

e Q! (log D1) and 2 ¢ Q! (log Ds).
hy ho

The general case is obtained by induction from the case k = 2. Indeed, by lemma 2.21, for all i €
{1, — 1}, (b1, .oy i, Hf i ) is a regular sequence defining a reduced complete intersection,
S0 that Ql(log D) = Ql(log Dy) + -+ Qt(log Di—1) + Q' (log(D; U - - - U Dy)). O
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Remark 2.24. In particular, it gives a necessary condition on Q'(log D) which has to be satisfied
when C' is a reduced complete intersection.

A divisor is called splayed if in some coordinate system (y,...,%n) it has an equation of the
form g = g1 - go with g1 € C{y1,...ye} and g2 € C{yps1,...,ym}, with £ € {1,...,m — 1} (see
[AF13| and [Sch16]). The following corollary is then a consequence of |[AF13, Theorem 2.12] and
proposition 2.23:

Corollary 2.25. Let C be a reduced complete intersection of codimension 2 defined by (hi,he). If
the divisor D defined by hy - ho is free, then D is a splayed divisor.

2.2. Generalization to reduced equidimensional spaces. We generalize to reduced equidimen-
sional spaces the notions of the previous part. We treated first the complete intersection case because
the reduced equidimensional case rely partially on it.

The reduced equidimensional case uses a description of regular meromorphic differential forms
by residue symbols which has been introduced in [Ker84|. This description was already used by M.
Schulze in a talk given at Oberwolfach in 2012, and then in [Sch16], in order to generalize logarithmic
residues to reduced equidimensional spaces. A definition of multi-logarithmic differential forms is
suggested in [Alel4], where the interpretation of regular meromorphic forms with residue symbols
is also used.

2.2.1. Multi-logarithmic differential forms. Let X C S be the germ of a reduced equidimensional
analytic subset of S of dimension n defined by a radical ideal Zxy. We set k = m — n.

One can prove that there exists a regular sequence (fi,. .., fx) € Zx such that the ideal generated
by fi,..., fr is radical (see [AT08, Remark 4.3] or [Poll6, Proposition 4.2.1] for a detailed proof of
this result). We fix such a sequence (f1, ..., fr). We denote by C' the complete intersection defined
by the ideal Z¢ generated by (f1,..., fi). In particular, C = X UY', where Y is of pure dimension n
and does not contain any component of X. We set f = f1 - fx, and Zy the radical ideal defining Y.

We recall that ﬁf = %ICQ%.

Definition 2.26 (|Alel4, Definition 10.1]). Let ¢ € N. We define the module of multi-logarithmic
g-forms with respect to the pair (X,C) as :

Q9(log X/C) = {w € 0% Iyxw C ﬁ? and (dZx) Aw C ijl} .

o
JERERN/”
Remark 2.27. For all ¢ € N, we have :
Q% C Qi(log X/C) C Q%(log C).
In addition, if C' is a reduced complete intersection, we have Q4(log C/C) = Q4(log C).

Proposition 2.28. Let ¢ € N. The module Q9(log X/C) is coherent and the module of numerators
f-Qi(log X/C) depends only on X and C.

Proof. Let ¢ € N and (hq,...,h,) be a generating family of Zx. The module f - Q%(log X/C) is
the kernel of the map 8 : Q% — (Q%4/ZcQ%)" & (Q%Jrl/ICQ%Jrl)T defined for w € Qf by B(w) =
(hw,...,hyw,dh1 Aw,...,dh, Aw). Hence the result. O

Remark 2.29. The modules f - Q%(log X/C') depend on the choice of the complete intersection C,
since Ze - Q% C f - Q9(log X/C).
Definition 2.30 ([Alel4, Proposition 10.1]). The multi-residue map resx/c : Q%(log X/C) —

Mx Roy Qg(_k is defined as the restriction of the map resc.
For q €N, we set R% ¢, = resx o (Q4* (log X/C)).

Proposition 2.31 (|Alel4, Theorem 10.2|). We have the following exact sequence of Og-modules:

res

_ ) -
(7) 0 — 2% = 29(log X/C) — 5 R 6 = 0.
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We have the following theorem:

THEOREM 2.32 ([Alel4, Theorem 10.2]). Let ¢ € N. The module Rg(/c is isomorphic to the

q

X/C does not depend on the choice of the

module of regular meromorphic forms w% . In particular, R
complete intersection C.

The proof of this theorem uses [Kun86, (E.20)| and [Kun86, (E.21)], and the following character-
ization of regular meromorphic forms with residue symbols:

Proposition 2.33 ([Ker84, (1.2)]). Let ¢ € N. The module of regular meromorphic forms wi
satisfies:
wl = @ jo € Q%Jrk, (fis---s fx) € Ix a regular sequence,
Jroos fr
Ixa C Zfﬁ?q, dZx Na C Z fiQ%JrkH}

where [ denotes the residue symbol (see [Ker83| for more details).

"
flv"'7fk

We end this section with a characterization of multi-logarithmic g-forms with respect to the pair
(X, C), which generalizes theorem 2.5. We first need to introduce the fundamental form of X (see
for example [Ker84, (1.3)]). We recall that C' = X UY is an irredundant decomposition of C'.

Notation 2.34. Let By € Og be such that ff|y =1 and B¢|y, = 0.

A direct consequence of [GLS10, Lemma 4.1] is the following lemma:

Lemma 2.35. The form Bydfi A--- Adfy € Q’fq ®og Mc satisfies Bpdfi A--- ANdfy € Q’g ®oq Oc

Notation 2.36. We fix cx € Qg such that cx = Brdfi A--- Adfy € Qg ®og Oc.

The following result is a consequence of the definition of cx and [Ker84, (1.3)]:
Proposition 2.37 (see [Ker84, (1.3)]). We have ¢ € 0% (log X/C) and resy ¢ (CTX) =1e Mx.

The following proposition gives a characterization of multi-logarithmic forms which generalizes
theorem 2.5.

Proposition 2.38. Let w € %Q% Then w € Qq(logNX/C’) if and only if there exist g € Og which
induces a non zero divisor in O¢, £ € Q%ﬁk and n € Q;{ such that:

CxX

(8) gw =

ANE+T

In addition, we then have resx /¢ (w) = %‘X.

Proof. Let w € Q4(log X/C). Then w € Q4(log C). Let g,&,n satisfying theorem 2.5 such that:
dfi A---Ad
ngﬁ‘f‘mA§+n

Then gresy/c(w) = & = resx/c (CTX A f) By proposition 2.31, there exists ' € ﬁ;’c such that

gw:CTX/\§~I—77'.

Conversely, let w € %Qqs be such that gw = CTX A&+ n with g, & n as ~in the statement oNf the
proposition. Let h € Tx. Since ch € QF(log X/C), we deduce that hgw € Q(jlc and dh A gw € QS{H.

Therefore, since g induces a non zero divisor in O¢, we have w € Q9(log X/C). O
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We deduce from [Sch16, (2.14)] the following equality:
9) Rx ={pix ; p € Rc such that p;y = 0}.

In particular, it implies that Oy C Rx.
As a consequence, we have the following proposition:

Proposition 2.39. Let w € QF(logC). Then:
we QF(log X/C) <= resc(w)|y =0.
Proof. Let w € QF(log C), and p = resc(w). Then:
ply =0 <= '€ Qk(logX/C’),p‘X = reSX/C(W/)
— Ju € W(log X/C), 3 € QE, w=uw +n€Qlog X/C).
Hence the result. O

2.2.2. Multi-logarithmic vector fields. We suggest the following definition of multi-logarithmic k-
vector fields, which generalizes definition 2.17:

Definition 2.40. Let § € 9]5‘;. We say that § is a multi-logarithmic k-vector field with respect to
the pair (X, C) if cx(0) € Ix.

We denote by Derk(—log X/C) the module of multi-logarithmic k-vector fields with respect to
(X, 0).

Remark 2.41. Since cx € nyllg, for all § € OF, cx(6) € Iy. Therefore,
Der®(—log X/C) = {(5 €O ; cx(d) € Ic}.
As a consequence, we have the following proposition:
Proposition 2.42. We have the following inclusion:
Der®(—1log C) C Der*(—log X/C).
Remark 2.43. If C is a reduced complete intersection, we have Der®(—log C/C) = Der*(—1log C).

3. DUALITY RESULTS

3.1. Perfect pairing between multi-logarithmic vector fields and multi-logarithmic forms.
For a reduced hypersurface D, a Og-duality is satisfied between Q!(log D) and Der(—log D) (see
[Sai80, Lemma (1.6)]).

Let us prove that there is a perfect pairing between Q¥(log X/C) and Der*(—log X/C), and in
particular, for a complete intersection C, between QF(logC) and Der* (—logC). We fix a point
x € S and consider germs at this point, without mentioning it.

We first need the following lemma, which is a direct consequence of proposition 2.38 and the
definition of Der*(—1log X/C).

To simplify the notations, we set ¥ = 1Z¢.

Lemma 3.1. Let § € Der*(—1log X/C) and w € QF(log X/C). Then w(d) € X.
Thanks to lemma 3.1, we see that we have a natural pairing
Der®(—log X/C) x QF(log X/C) — X.
Let us notice the following lemma:

Lemma 3.2. We have the following perfect pairings:
(10) Qf x 05 = %,

k
1
(11) ?Q’§ x> f05 > 3.
=1
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Proof. Let us notice that Qk = Qg ® Y and Y f;0F = f@g ® Y. Let M be either Q’g or f@’g. It is

easy to prove that Hompg (M ® X,3) = Hompg (M, Og) and Home (M, ) = Hompg (M, Og)®X.
Hence the result. O

Proposition 3.3. We have the following perfect pairing:

(12) QF(log X/C) x Der®(—1log X/C) — X.
Proof. We have the following inclusions:
~ 1
(13) Qf C Q% (log X/C) C ?Q’é
(14) 0% D Der®(—log X/C) D Der*(—log X/C).

We deduce from lemmas 3.1, 3.2 and the inclusions (13) and (14) the following:

Der*(—log X/C) C Homop, (Qk(logX/C),E) C ok,
1
0F(log X/C) C Homey (Derk(—logX/C),Z> C ?Qg
Let us prove that the left-hand-side inclusions are equalities.

Since <X € Q*(log X/C), for all § € Hompg (2*(log X/C),X) we have cx(§) € Z¢ so that
§ € Der*(—log X/C). Therefore, Hompg (2*(log X/C), ) = Der®(—log X/C).

Let w € Homp, (Der®(—log X/C),%). Let us prove that w € QF(log X/C). Let us set w =
2 \l=k %WIdZU[. Let h € Zx. Then for all I, hd,, € Der®(—log X/C), so that hd,,(w) = h%wI €.
Therefore, hw € Q’;

We set for J C {1,...,m} with |[J| =k+1,0; = ’;;1(—1)5*1 Ok 8xj1/\---/\@/\-~-/\8xjk+1.

81'3'4
We thus have w(d;) = (dh A w)(8,,). Let us prove that §; € Der®(—log X/C). We have:
oh oh
8xj1 te Oxjk_H
k+1 on gfl o 83f1
— T ; T
(Bgdfi A - Adfy) (00) = By Z(—l) 15% A oo = Br _]1 j.kﬂ
=1 : :
Ok _Ofk
8:12]‘1 T 01‘jk+1
Since the codimension of X is k and (h, f1,..., fr) € Zx, the restriction of the previous de-

terminant to X is zero. Given that B¢|,, = 0, we have (Brdfi A---Adfi)(07) = 0 € Mc.
Thus, §; € Der®(—1log X/C). Since w(d;) = (dh A w)(8s,), we deduce that dh A w € Q’;{H and

Homoey (Derk(—logX/C),E) = QF(log X/C). U

Remark 3.4. By lemma 3.2 and proposition 3.3, if C' is a reduced complete intersection, we have
the following perfect pairings between modules which all depend only on C' and not on the choice
of equations:

IeQk x 0% — I¢
0k x 70k — 7o
f-Q%(log C) x Derf(—1log C) — Z¢
3.2. Multi-residues and Jacobian ideal. Let C' be a reduced complete intersection. A conse-
quence of [Sch16, Lemma 5.4] and theorem 2.16 is that the dual of the Jacobian ideal J¢o of C' is
the module of multi-residues R¢.
In this subsection, we give another proof this duality, which does not depend on the isomorphism

of theorem 2.16. In addition, we extend it to the case of reduced equidimensional spaces. Our proof
uses the perfect pairings of proposition 3.3 and is analogous to the proof of [GS14, Proposition 3.4].
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Notation 3.5. Let X be a reduced equidimensional space of codimension k in S and C be a reduced
complete intersection of codimension k containing X. We denote by Jy,c C Ox the restriction of
the Jacobian ideal Jo~ of C to the space X.

Remark 3.6. Since Bf|y = 1, the ideal Jx/¢ is given by Jx,c = {5(0)() €eOx; de @g}
The following result is a consequence of the definitions:

Proposition 3.7. We have the following exact sequence of Og-modules:
0 — Derf(—log X/C) — Ok — JIx/c — 0.

Remark 3.8. Several notions of Jacobian ideals are associated to a reduced equidimensional space:
the ideal Jx C Ox generated by the k x k minors of the Jacobian matrix of (hi,...,h,), where
> i—1 hiOs = Ix, the w-Jacobian J¥ (see for example[Sch16]), and the ideal Jx ¢ considered above.
These three notions may not coincide, as one can check on the example of the non Gorenstein curve
of C3 defined by hy = y® — 222, hy = 23y — 22 and hg = 2° — y?2, which is the irreducible curve
parametrized by (¢°,t7,t'1) (see [Pol16, Exemple 4.2.35]).

We first need the following lemma:

Lemma 3.9. Let X be a reduced space of pure dimension n = m — k. We assume k > 2. Then
Exté (Tx/c,Os) =0 and Exté (Tx/c, %) = Homo,, (Tx/c, Oc).

Proof. We apply the functor Homog (Jx/c, —) to the exact sequence 0 — X x4, Os — Oc — 0.
It gives:

0 — Homo, (JIx/c, Oc) — Exté, (Tx/c,E) = Exti, (Tx/c,0s) = ...

The depth of Og is m and since J- X/C is a fractional ideal of Ox, the dimension of J. X/C is
m —k = dim Ox. Thus, by Ischebeck’s lemma (see [Mat80, 15.E]), we have Ext}gs (Tx/c, Os) = 0.
Hence the result. O

Notation 3.10. Let I C M be an ideal. We set IV = Homo,, (I, O¢).

Proposition 3.11. We have j)\(//c ~ Rx. In particular, if C is a reduced complete intersection,
T =Re.

Proof. We assume k > 2. For k = 1, we refer to [GS14, Proposition 3.4].

We consider the double complex Hompg (Derk (—log X/C) — Ok, f: % — OS), which gives al-
most the same diagram as the dual of (3.8) in [GS14]. By lemma 3.9, Ext}gs (JIx/c>Os) = 0, so that
we obtain the following commutative diagram:

0

0 —————— Homp, (@’g,E) — Homop, (Derk(flogX/C),E) — Ext%gs (jX/C,E) — 0
|-

,05) 2, Homp, (Derk(—logX/C’),Os)

— _+— O

0 O

|

0— HOIHOS (jx/c, Oc) g HOIHOS

0

|

(€] ’,Oc) L Homeg (Derk(—logX/C’),(’)c) — Ext}gs (jX/C,(’)C) -0

o)
~e——
3

ey

N

O —

Exty, (Tx/c,Y) Exty, (Derk(—logX/C),Z) — Exty, (Tx/c,E) — 0
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Let ¢ : Der®(—log X/C) — ¥. Thanks to the isomorphism S of the proof of proposition 3.3, ¢
coresponds to w = %Z[ o(foxr)dz; € QF(log X/C), and ¢() = w(6).
By a diagram chasing process, we obtain the map:

Q*(log X/C) — Homo, (Jx/c, Oc)
w (6 — resc(w)a> .

The map @ — resg(w)a € O¢ is well defined since by proposition 2.39, resc(w)|y = 0.
Similarly, the same diagram chasing process starting from the lower left Homp, (j X/C (’)C) to

the upper right Hompg (Derk(f log X/C), Z), show that the map

p»—>0p:{

is an isomorphism. O

Ixic — Oc
a— pa

4. FREENESS FOR COHEN-MACAULAY SPACES

We prove here our main result, namely, theorem 4.6, which is a characterization of freeness for
Cohen-Macaulay spaces by the projective dimension of the module Q¥ (log X/C'), which generalizes
the hypersurface case.

4.1. Definition and statements. In [Sai80], K. Saito studies a particular family of hypersurfaces
for which the module of logarithmic vector fields is free. This kind of hypersurfaces are called free
divisors. Among the different characterizations of free divisors, let us mention the following one:

THEOREM 4.1 ([Ale88]). The germ of a reduced singular divisor is free if and only if its singular
locus is Cohen Macaulay of codimension 1 in D. Equivalently, a reduced divisor is free if and only
if the Jacobian ideal is Cohen-Macaulay.

Our purpose here is to extend the notion and characterizations of freeness to Cohen-Macaulay
spaces. We give the following definition for freeness, which is inspired by theorem 4.1:

Definition 4.2. A reduced Cohen-Macaulay space X contained in a reduced complete intersection
C of the same dimension is called free if Jx o is Cohen-Macaulay.

Remark 4.3. Definition 4.2 generalizes the notion of freeness for complete intersections defined in
|GS12, Definition 5.1].

Proposition 4.4. If there exists a reduced complete intersection C' of dimension n containing X
such that Jx,c is Cohen-Macaulay, then for all reduced complete intersection C’ of dimension n
containing X, Jx/cr is Cohen-Macaulay. In other words, the notion of freeness does not depend on

the choice of C.

Proof. Let C and C’ be two reduced complete intersections of dimension n containing X. Let C” be

a reduced complete intersection containing C' and C’. Let A be a transition matrix from (f1, ..., fx)
to (f7,..., f), where (f{,..., f{) are defining equations for C”. There exists v € ZcQ% such that:

dff Ao Adf =det(A)dfi A Adfy + v

Therefore, we have: Jx/cn = det(A)Tx/c € Ox. In addition, since X € C'N C" and X is not
included in the singular locus of C or C”, det(A) is a non zero divisor of Ox. Therefore, Jx /¢ and
Jx/cn are isomorphic. Similarly, Jx,c and Jx/cn are isomorphic, which gives us the result. g

We now state our main results:

Proposition 4.5. Let X be a reduced Cohen-Macaulay space of codimension k in S, and C be a
reduced complete intersection of codimension k containing X. The following statements are equiva-
lent:
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(1) X 1is free,

(2) Ox/Jx)c is Cohen-Macaulay of dimension m —k —1 or Ox/Jx/c = (0),
(3) projdim(Der*(—log X/C)) < k — 1,

(4) projdim(Der*(—log X/C)) = k — 1.

The first three equivalences are given in [GS12| for reduced complete intersections.
We add to this list other characterizations, which leads to the following theorem:

THEOREM 4.6. We can extend the list of equivalences of proposition 4.5 with:
(5) projdim (Q*(log X/C)) <k —1,
(6) projdim (2*(log X/C)) = k — 1.

In particular, for & = 1, we recognize the several characterizations of freeness for divisors we
mentioned before. In the hypersurface case, the duality between Der(—log D) and Q!(log D) gives
immediately the fact that if one of the two modules is free, the other is also free, whereas for for
Cohen-Macaulay spaces of codimension greater than 2, the statement on the projective dimension
of 2% (log X/C) needs much more work, that’s why we consider it separately from the others.

4.2. Proof of proposition 4.5. We prove the equivalences of proposition 4.5. They are based on
the depth lemma as stated in [dJP0O, Lemma 6.5.18] and the Auslander-Buchsbaum formula.

The equivalence 1. <= 2. is proved in [Sch16, Proposition 5.6 for Gorenstein spaces. Our proof
is completely similar.

If Tx/c = Ox, the statement is clear. Let us assume that Jx,c # Ox.

Let us consider the following exact sequence of O x-modules:

(15) 0—>jX/0—>Ox—>Ox/jX/C—>O.

By assumption, Ox is Cohen-Macaulay of dimension n. Moreover, since we assume C' to be reduced,
the singular locus of C'is of dimension at most n— 1, and therefore the depth of Ox /Jx /¢ is at most
n — 1. We deduce from the depth lemma that depth(Jx/c) =n <= depth(Ox/Jx/c) =n—1.

We now prove 1. = 4. We recall the following exact sequence:
(16) 0 — Derf(—1log X/C) — Ok — JIx/c — 0.

Then, thanks to the depth lemma, since the depth of Jx,c is m — k and the depth of @lg is m,
we have depth(Der®(—log X/C)) = m — k + 1. By the Auslander-Buchsbaum formula, we have
projdim(Der”*(—log X/C)) = k — 1.

The implication 4 = 3. is trivial.

Let us prove 3. = 1. This implication is mentioned in [GS12| for complete intersections. By
the Auslander-Buchsbaum formula, depth(Der*(—1logX/C)) > m — k + 1. In addition, we have
depth(©%) = m, and depth(J. x/c) < m —k. As a consequence of the exact sequence (16) and of

the depth lemma we have depth(Der®(—log X/C)) =m —k +1 and depth(Jx/c) = m — k, so that
Jx/c is maximal Cohen-Macaulay.

4.3. Preliminary to the proof of theorem 4.6. The methods used to prove proposition 4.5
applied to the short exact sequence (17) are not sufficient to prove directly theorem 4.6.

(17) 0 — Q% — QF(log X/C) —» Rx — 0.

The proof of theorem 4.6 is based on the explicit computation of some modules and morphisms
of the long exact sequence obtained by applying the functor Hompg(—, Og) to the short exact
sequence (17):

(18)
0 — Homp(Rx,Og) — Homp, (Qk(log X/C),08) — Homos(ﬁl}, Og) — Extbs (Rx,08) — ...

The structure of the proof is the following. Thanks to the Koszul complex, we compute the mod-
ules Extg,)s (ﬁ’}, OS)- We then determine the modules EXt?DS (Rx,0Og) for ¢ < k using the change
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of rings spectral sequence. The most technical part is the explicit computation of the connecting
morphism
o Ext]é;l (ﬁﬁ, OS> — Extlff)s (Rx,0s).
This computation is necessary in order to identify the kernel and the image of o/, which are used
in the end of the proof.

4.3.1. We first compute the terms Ext?gs (ﬁ’}, (95) of the long exact sequence (18). We use the

Koszul complex associated to the regular sequence (f1,..., fi).

Notation 4.7. We denote by K (f) the Koszul complex of (f1,..., fx) in Og:

k 1
(19) K(f) : 0 \OE® . 2 A Ok 5 05 - 0.

We also set K (f) the complex obtained from K (f) obtained by removing the last Og.

Lemma 4.8 ([Eis95, Corollary 17.5, proposition 17.15]). Since the sequence (fi,..., fx) is reqular,
K(f) is a free Og-resolution of Oc¢.

The dual complex Homo (K (f),Og) of the Koszul complex is a free resolution of O¢.

Remark 4.9. A consequence of lemma 4.8 is that K (f) gives a free Og-resolution of ¥ ~ Z¢.

We can therefore use the complex K (f) to compute the modules Extg, < (ﬁ;, (’)5):

Lemma 4.10. We assume k > 2. The projective dimension of §~2'Ji 1s k — 1. Moreover, we
have Homo, (ﬁg OS> = jok, Extl! (QE (95) = 0k @0, Oc, and for all j ¢ {0,k —1},
Extl,_ (QE 05) —0.

Proof. Since Ok = Q’g ®og 2, we have for all ¢ € N, EX'E?QS (ﬁl}, (95> = @g ®0g EXt?QS (%, 0g).
By remark 45, projdim(ﬁlj’%) = k—1and Extlé;l (ﬁl}, (95) Zb]§®os Oc¢ and for all j ¢ {0,k — 1},
Extd,_ (ﬁ; OS) —0. B B
In addition, since Ext%g < (Oc, Os) =0, we deduce from the short exact sequence
0-x L Os =+ 0O0c—0

that Homp, (Og, Og) and Homp, (X, Og) are isomorphic. More precisely, Homp (X, 0g) = fOs.
Hence the result. ]

4.3.2.  We compute the modules EXt?QS (Rx,0Og) for ¢ < k.

To compute the modules involving Rx, we introduce the change of rings spectral sequence (see
for example [CE56, Chapter XV and XVI| for details on spectral sequences). The change of rings
spectral sequence applied to an Og-module M and Og gives:

(20) E3 = Extl) (M, Ext?,_ (Oc OS)) = Extl,(? (M, Os).
Lemma 4.11. For all ¢ < k, Ext}, (M, Og) = 0 and Extg, (M, Og) = Homo,, (M, O¢).

Proof. Since (f1,..., fr) is a regular sequence, we have for all ¢ # k, Ext(é)s (Oc,0g) = 0 and
Ext'(‘:') B (Oc,0g5) = O¢. Therefore, the only non zero terms of the second sheet of the spectral

sequence (20) are the E k, so that the spectral sequence degenerates at rank 2. Hence the result. [J

We deduce from the previous propositions the following exact sequence:
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Corollary 4.12. The long ezxact sequence (18) gives:
(21) -+ =0 — Extg ' (2% (log X/C),05) = 05 ®os Oc = Ry — Extf_ (2 (log X/C),05) — 0 — ...
where RY, = Homo, (Rx,O¢).

4.3.3. Computation of the connecting morphism. The previous results show that there exist isomor-
phisms 3 and 3’ such that the following diagram is commutative:

@lg ®og Oc RY
[e [s
Extlé—sl (QE, OS) 7 EXt]éS (Rx, Os)
We recall that cx is the fundamental form of X (see notation 2.36). In particular, if X is a

complete intersection defined by (hi,...,h), we have cx = dhy A --- A dhy.
The purpose of this subsection is to prove the following proposition:

Proposition 4.13. The connecting morphism of the exact sequence of corollary 4.12 is:
Oz:@lgv@os Oc—>7_\’,\)/(
d®a—a-di(cx)
In particular, the image of a is Jx/c-

Thanks to this proposition, we are able to compare Jy,c and RY-, which is used in the end of
the proof of theorem 4.6.

The computation of « is quite technical. We determine explicitly the isomorphisms 3 and ', and
the connecting morphism «’.

We fix an injective resolution (Z*,¢e,) of Og.
Lemma 4.14. Let M be a finite type Oc-module. The isomorphism of lemma 4.11 is:
B Extg, (M,0s) = H* (Home, (M,Z*)) — Homo,, (M, H* (Homo, (Oc,Z*))) = Homo,, (M, O¢)
Wl (60 [ @ (o)

Proof. Let (Pp,6) be a free O¢-resolution of M. There are two spectral sequences associated to
the double complex APY = Homo,, (Pp, Homp, (O¢,Z?)). The announced isomorphism follows from
the definitions of the spectral sequences (see [CE56, Chapter XV and XVI]) and the fact that both
degenerate at rank two. O

Lemma 4.15. The following map is the isomorphism of lemma 4.10:

8"+ B*! (Homo, (04,7°)) - 6 @0, '™ (T*/Aunze(fi,. .-, i)
>

ZEXtIégl (ﬁE,Os)
el = Y Oz @ [m7)
1

where my € IF1 satisfies f-my = p(dxy).

Proof. For all j € N, there is an isomorphism ¢ : Homopy (ﬁ;, Ij> — @]fq ®os Hompg (Z,Ij) given
by ((¢) =327 021 ® (a = p(adzr)).
Since 0 — X i> Og — Oc — 0 is exact and 77 is injective, the following map is an isomorphism:

Homp, (Og,Z7) /Homog (Oc,Z’) — Home, (Z,77)
[(p:@g —>Ij] — (a— @(f-a))
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Moreover, Homop ((’)S,Ij) ~ 77 and Hompy, (Oc,Ij) ~ Anngz;(f1,..., fx), so that we obtain
the isomorphism

€: 27 /Anng; (fi,. .., fr) — Homoy (2,77)
[m] — (a+—a- fm)

Using the isomorphisms ¢ and £~! we obtain the isomorphism ' announced in the statement of
lemma 4.15. 0

As we mention before in lemma 4.10, H*~! (Homp, (¥, Og)) = O¢. Therefore, there exists an
isomorphism v, : H*~1(Z*/Annze(f1,..., fz)) — Oc.

Moreover, since for all j € N, Annz;(fi,..., fx) is isomorphic to Home(O¢,Z7), we obtain an
isomorphism v, : H* (Annze(f1,..., fx)) = Oc.

The following lemma gives the isomorphism between the modules H*~1 (Z®/Anngze(f1,..., fx))
and H* (Annze(f1,..., fr)).

Lemma 4.16. The following map is an isomorphism:

v H Y (T /Annze (f1, ..., fz)) = H* (Annze(f1,..., )
[m] — [ek—1(m)]

Proof. Let us denote 571 : ZF "' /Anngu—1 (f1,. .., fr) — ZF/Anng.(f1,. .., frx). We first prove that
v is well defined.

If m € Ker(gg_1) then e,_1(m) € Anngi(fi,...,fr). If m = gg_3(m’) for an element m’ €
TF=2/Anngi—2(f1,. .., fr), then [g1_1(ex_2(m))] = 0 so that the map ~ is well defined.

Let us assume that [ex_1(m)] = 0. Then, there exists m’ € Anngzr1(f1,..., fr) such that
ep—1(m) = er_1(m’), so that m —m’ € Ker(ep_1) = Im(ex_2). Hence [m] = 0, therefore, the
map 7 is injective. Let us consider [m] € H¥ (Annze(f1,..., fr)). Then ex(m) = 0 thus there exists
m' € TF"! such that e;_1(m’) = m. Then [m] = v([m/]) so that v is surjective. O

We now have all the identifications we need to compute «.
Proof of proposition 4.13. Let us construct explicitly the connecting morphism:
o HR L (Homos (ﬁg I)) — H* (Homo, (Rx,T*)).
We use a diagram chasing process based on the following commutative diagram:

K
resX

0 < Hompy (ﬁ’},I’“‘l) o Homoyg (2% (log X/C),TF 1) <—/CH0mOS (Rx,TF1) «—0
Jf;kfl lekfl . lekfl
reSX/C

0 —— Homo. (OF, 7F) —— Home. (2*(log X/C), TF) ——— Homo. (Rx,T") —— 0
S i S S

Let ¢ : SN)E — Z%1 be such that e_1(¢) = 0. Let § ® [m] € O% @ H*1(Z°/Annze(fi1,. .., fr)) be
the image of ] € Ext'égl (ﬁ’]‘é, (’)5) by A'. In particular, it means that for € Q%, o(n) = 5(fn)-m.

There exists ® : Q¥(log X/C) — ZF~! such that ® oi = . Let w € QF(log X/C). By proposi-
tion 2.38, there exists g, &, n such that gw = §CTX +n. Then

solw) =8 (5 ) + ol
Moreover, for all i € {1,...,k}, f;® (CTX) =0 (f/%) = fi0(cx) - m. Therefore,

P (?) =d(cx) -m+m

with m’ € Annze—1(f1,..., fx).
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The image by e;_1 of ® satisfies:
9 ex-1(P)(w) = € (d(cx) - ex—1(m) + g1 (m')) .
Since i*cj_1(®) = 0, there exists ¥ : Rx — Z* such that g;_1(®) = res}/c(\lf). In particular, for
all p € Ry, we havel:
gY(p) = gp (6(dhy A--- Adhg) - ep—1(m) +ep_1(m')) .

We thus obtain the expression of go/(8'~1(§ ® [m])) € Ext’és (Rx,0g).
By the isomorphism /5 of lemma 4.14, and using the identification of Homeg (O¢,Z*®) with
Annze(fi1,..., fx), the class of [g¥] € H* (Homp, (Rx,Z*®)) corresponds to the map:

Rx — H* (Annge(f1,..., fr))
p—=lgp- (8(cx) - er—1(m) +ex_1(m))]
In addition, since m’ € Anngzr-1(f1,. .., fx), we have for all p € Rx:
90+ (8(cx) - ex—1(m) +ex—1(m"))] = [gp - (8(cx) - ex—1(m))]

Moreover, we have the isomorphisms:

Oc <= H* 1 (T°/Annge(f1,. ., fr)) = H* (Annge(f1, ..., fx)) = Oc
Let @ = v1([m]) € O¢. Since 7, 71,72 are isomorphisms, we can assume that v o~y o 'yflﬁ) =1,
so that y2([ex—1(m)]) =a € O¢.

RX — Oc
Consequently, [gV] is identified with the map — . and since g is a non zero divisor
p = pgdcx)a
in O¢, the map [¥] is identified with:
Rx — O¢
p— pé(ex)a
Hence the result: let d ® @ € ©g ®o4 Oc, then a(d ®a) =a- é(cx). O

4.4. End of the proof of theorem 4.6. We also need the following results, which are obtained
from the following short exact sequence by using similar methods as the ones used in the proof of
proposition 4.5: B

0— Q% — QF(log X/C) = Rx — 0.

We first notice the following property, which is a direct consequence of [Eis95, Theorem 21.21]:

Lemma 4.17. If X is a free Cohen-Macaulay space, then Rx is a mazimal Cohen-Macaulay module
and R} ~ jX/C'

Lemma 4.18. Let X be a reduced Cohen-Macaulay space. If projdim(Q¥(log X/C)) < k — 1, then
Rx is a mazimal Cohen-Macaulay module. If X is free, then projdim(2*(log X/C)) < k.

Proof. Let us consider the exact sequence 0 — (2’} — O*(log X/C) — Rx — 0.

If projdim(Q*(log X/C)) < k—1, by Auslander-Buchsbaum formula, depth(Q*(log X/C)) >
m—k-+1. Since depth(Q’Ji) =m—k+1 and depth(Rx) < m—k, by the depth lemma, depth(Rx) =
m — k =dim(Rx).

If X is free, by lemma 4.17, we have gepth(RX) = m — k. By lemma 4.10 and Auslan-
der Buchsbaum Formula, we have depth(Q]Ji) = m — k + 1. Therefore, by the depth lemma,
depth(Q2*(log X/C)) = m — k and projdim(Q¥(log X/C)) < k. O

Thanks to the explicit computation of the connecting morphism « of proposition 4.13, we are able
to compare Im(«) = Jx/c and R, so that we can finish the proof of theorem 4.6, using lemma 4.18.

1We notice that ex—1(m) and ex_1(m') are canceled by (fi,..., fr), so that multiplying by gp € Oc makes sense.
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End of the proof of theorem 4.6. We start with the implication 1. = 6. By lemma 4.18, we have
projdim(Q*(log X/C)) < k. Moreover, by lemma 4.17, RY = Jx/c so that the map « of proposi-
tion 4.13 is surjective. Therefore, we have Ext’és (Q*(log X/C), 0g) = 0.

Let
(22) 0— 0% 2 0%t ... 0% 5 QF(log X/C) — 0.
be a minimal free resolution of Q¥(log X/C). In particular, it means that the coefficients of d,
belongs to the maximal ideal m of Og. We apply the functor Homp, (—, Og) to this resolution, and
we identify Homo, (of;j, OS) with OF. Then Extl_ (2*(log X/C), ) is equal to O% /Im(*dy).
Since it is zero, by Nakayama lemma, (’)g’C = 0 and therefore projdim(Q*(log X/C)) < k — 1.

In addition, since there are relations between the maximal minors of the Jacobian matrix, the
map « has a non zero kernel.

Therefore, Extg;_ " (2¥(log X/C), Os) # 0 and projdim(Q¥(log X/C)) = k — 1.
The implication 6. = 5. is trivial.

Let us prove 5. = 1.

We assume projdim (Q¥(log X/C)) < k — 1. The exact sequence (21) becomes:

0 — Extly.! (Qk(log X/C), OS) — 0k ®0, Oc S RY — 0.

Since by proposition 4.13 the image of a is Jx/¢, we have RY = Jx)c- By lemma 4.18, Ry is a
maximal Cohen-Macaulay Oc-module. Therefore, by [Eis95, Theorem 21.21], Jx/c is also maximal
Cohen-Macaulay. O

The following corollary gives other characterizations of freeness using the module of multi-residues:

Corollary 4.19. Let X be a reduced Cohen-Macaulay space contained in a reduced complete inter-
section C' of the same dimension. The following statements are equivalent:

(1) X is free,
(2) projdim(Rx) # projdim(Q¥(log X/C)),
(3) Rx is Cohen-Macaulay and Homo. (Rx,Oc) ~ Ix/c-

Proof. We start with (1) <= (2). We consider the exact sequence (17). The depth of ﬁ’} ism—k+1.

Since depth(Rx) < m — k, the depth lemma gives that depth(Q¥(log X/C)) # depth(Rx) if and
only if depth(Rx) = m — k and depth(Q*(log X/C)) = m — k + 1. This is equivalent to the fact
that X is free by theorem 4.6 and the Auslander-Buchsbaum formula.

The implication (1) = (3) is given by lemma 4.17. Conversely, if Homo.(Rx,Oc) = Jx,c and
Rx is Cohen-Macaulay, then, by [Eis95, Theorem 21.21|, Jx /¢ is Cohen-Macaulay so that X is
free. O

Remark 4.20. The condition that Rx is Cohen-Macaulay may not be satisfied (see for example
[OT95, Example 5.6]).

4.5. Consequences of freeness. We give here a relation between the modules Q*(log X/C) and
Der®(—log X/C) which is satisfied by free Cohen-Macaulay spaces.

Corollary 4.21. Let X be a Cohen-Macaulay space of codimension at least 2. Then:
Homopy (Qk(logX/C’),(’)g) = fok,
Der®(—1log X/C)
(Zf:l fz@’f?)

and for all 1 < ¢ < k — 2, Extf, (Qk(log X/C),0s) = 0. If moreover X is free, then for all q > k,
we have Extd (Q (log X/C), (93) =0.

Extls.! (Qk(log X/C),OS> _
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Proof. The beginning of the long exact sequence (18) gives
Hompg (Qk(logX/C),OS> ~ Homopy (ﬁl},(95> = f@’jq.

Moreover, by lemma 4.11, for all ¢ < k — 1, Ext‘(],)s (Rx,0g) =0 and for all 1 < ¢ < k—2,
Extd,, (?2’;,05) = 0 5o that for all 1 < ¢ < k — 2, Extl,_ (?2*(log X/C),0s) = 0. Thanks to

the long exact sequence (21), we see that Extlé_s1 (Q*(log X/C), Og) is the kernel of the map o :
Der”(—log X/C)
(25:1 fi@g)
In addition, if X is free, projdim(Q¥(log X/C)) = k — 1 which implies that for all ¢ > k — 1,
Extd,, (2% (log X/C),0s) = 0. O

@’g ®ogOc — JTx/c computed in proposition 4.13. It is easy to see that this kernel is

Remark 4.22. If X is not free, the module Ext’(%s (Qk(log X/0C), (95) is isomorphic to RX(/\TX/C.
Proposition 4.23. Let X be a reduced Cohen-Macaulay space of codimension at least two. Then:

Homp, (Derk(_logX/C),OS) = Q’g’

Extggl (Derk(—log X/0), (95) ~ Ry,

and for all 1 < g < k—2, EX‘C%S (Derk(—logX/C),Os) = 0. If moreover X is free, then for all
q > k, we have Extl, (Der*(—log X/C),Og) = 0.
S

Proof. We apply the functor Homp(—, Og) to the following exact sequence:
0 — Der*(—log X/C) — 0% — Jx/c — 0

Since ©F is free, for all ¢ > 1, Ext?gs (0%, Og) = 0. In addition, by lemma 4.11, for all ¢ < k,
Ext%S(JX/C, Og) =0 and Ext’és(jx/c, Os) ~ Hompy (jX/C, Oc) = Rx. It gives us the result.

If X is free, by proposition 4.5, projdim(Der”(—log X/C)) = k — 1 so that for all ¢ > k, we have
Ext‘és (Derk(—logX/C),Og) =0. O

5. COMPLETE INTERSECTION CURVES

Several families of Saito free divisors are known: normal crossing divisors, plane curves, dis-
criminants of deformation of isolated singularities... In that case, the module Q!(log D) is a free
Og-module of rank m, so that we know exactly how many generators are needed, and it depends
only on the dimension of the ambient space. Moreover, there is a criterion, known as Saito criterion
(see [Sai80, (1.8)]) which can be used to check if a given family is a basis of Q!(log D).

For Cohen-Macaulay spaces the situation is more complicated. Indeed, if we have a free Cohen-
Macaulay space, we proved in theorem 4.6 that the projective dimension of Qk(log X/C)isk—1, but
it does not give any information on the minimal number of generators of Q¥(log X/C). In addition,
we do not have a criterion as Saito criterion to determine if a given family of multi-logarithmic
differential forms generates the module Q¥ (log C).

In this section, we describe explicitly a free Og-resolution of Q™ 1(logC') when C is a quasi-
homogeneous complete intersection curve. In particular, it gives a minimal generating family of
Q™ 1(log O).

Let us notice the following property which is easy to prove from the definition of freeness:

Proposition 5.1. Reduced curves are free Cohen-Macaulay spaces.

Complete intersection curves are studied in [Poll5]. In this paper, the author proves that the set
of values of the module of multi-residues R¢ satisfies a symmetry with the values of the Jacobian
ideal, and gives the relation between the values of R and the values of the Kéhler differentials. This
result is then generalized in [KTS15] for more general curves by considering the dualizing module.
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5.1. Quasi-homogeneous curves. We describe here explicitly the module of multi-logarithmic
differential forms for a quasi-homogeneous complete intersection curve. We will see in example 5.13
that this result can not be generalized to Cohen-Macaulay curves.

We recall the following notations from [Pol15].

Let C = C1U---UC, be a reduced complete intersection curve with p irreducible components.
The normalization of C satisfies O5 = @}_; C {t;}. It induces for all i € {1,...,p} a valuation map
val; : Mg 3 g~ vali(g) € ZU {0} .

The value of an element g € M is val(g) = (vali(g), ..., val,(g)) € (Z U {cc})P. For a fractional
ideal I C M¢, we set val(I) := {val(g) ; g € I non zero divisor} C ZP.

We consider the product order on ZP, so that for all a,8 € ZP, a < [ means that for all
ie{l,...,p}, a; < B;. Weset1=(1,...,1).

We denote by Co = Oé the conductor ideal. There exists v € NP such that Co = t70O5. In
particular, v = inf {o € NP; o« + NP C val(O¢)}.

Let C be a reduced complete intersection curve defined by a regular sequence (hy, ..., pn—1). Let
us consider the following properties:

Conditions 5.2.

a) There exist (wq,...,wy,) € N™ such that for all ¢ € {1,...,m — 1}, h; is quasi-homogeneous of
degree d; with respect to the weight (wy, ..., wmn,).

b) m is the embedding dimension. Equivalently, for all i € {1,...,m — 1}, h; € m? where m is the
maximal ideal of Og (see proposition 2.10).

5.1.1. Generators of Q™ L(log C).
Lemma 5.3. Let C be a reduced complete intersection curve satisfying condition a). Then

221(—1)1'71@%%(1/@

wo = . c Q" (log D).
Proof. Let i € {1,...,m —1}. We have > ;" wkxka— = d;h; so that dh; A wg = —=<dz. Since
1, ;
dh = S hidhy, we have dh A wy € Q2. Thus, wy € ™ (log D). O

Remark 5.4. By proposition 2.22, we also have wy € Q2™ 1(log C).

Fori € {1,...,m}, we denote by J; the (m — 1) x (m — 1) minor of the Jacobian matrix obtained

by removing the column (gZJ_'

>1<j<m—1'

Lemma 5.5. For all i € {1,...,m}, Jiresc(wo) = (—1)""tw;x;. Let c1,...,cm € C be such that
ZZZI c;J; induces a non zero divisor of Oc. We thus have

Ding (-1 tejwiz;
iy cidi .

Proof. Let ig € {1,...,m}. We recall that dhq A -+ Adhpm—1 => ", sz/:;Z We have:

resc(wo) =

. dhi A= Adhy,— - . i da;
(23)  Jiywo = (—1)0 Ly, ! . Ly Z (1) twizi Jiy — (1) w40 ;) o
i=1
iio =:Aq

Let i € {1,...,m}, i # i9. We develop J; with respect to the column iy, and J;, with respect to
the column i. For {i1,i2} C{1,...,m}and j € {1,...,m — 1}, we denote by thi2 the minor of the

Jacobian matrix obtained by removing the columns ¢1,i2 and the line 5. We then obtain:

m—1

‘ 4 B Oh Oh

Ai = sgn(ip — 1) g (—1)6 ! <wixz‘ax€ + Wiy Tig 4336,6 ) ) Jz‘zo,i
=1 1 0
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By developing a convenient determinant, one can prove that for p ¢ i,i9 and £ € {1,...,m — 1}:
m—1
oh
=197 10
(24) > (-1 aTUin,z‘o =0.
(=1

We then have:

m—1 m oh m—1
0 . . _
Ai = sgn(ip — i) E g Wplpp — wa» = sgn(ip — 1) (—1) ldghgjfo 5
(=1 p=1 p =1

Therefore, there exists n € Q™! such that
dhi A --- AN dhy
hy---hy
Hence the result. ]

(25) JiOWO = (_1)i0_1wioxio

Lemma 5.6. With the notations of lemma 5.3, we have:
inf(val(R¢)) = val(resc(wo)) = —v+ 1

Proof. By [Poll5, Proposition 3.30 and (3.18)], we have val(J;) = y+val(z;)—1. By considering for all
branch C; of C' an index j(i) such that ;) c; # 0, we deduce from lemma 5.5 that val(resc(wp)) =
-y + 1.

Let us prove that inf(val(R¢)) = val(resc(wp)). By [Poll5, Proposition 3.30|, we also have
v+ val(O¢) — 1 C val(Je). Therefore, 2y — 1 4+ NP C val(J¢).

As in [Poll5], we set for v € ZP, Aij(v, Jc) = {a € val(Jc); s = v; and Vj # i, > v;} and
A(v,I) = Ai(v,I). We then have max {v € ZP; A(v, Jc) = 0} < 2y — 2.

By [Poll5, Theorem 2.4| we have v € val(R¢) <= A(y —v—1,J¢) = 0. It implies that

(

inf(val(R¢)) = —v + 1. Hence the result: inf(val(R¢)) = val(resc(wp)). O
Proposition 5.7. Let C' be a singular complete intersection satisfying condition a). Then R¢ is
generated by resc (M) =1 and resc(wp), where wy is given in lemma 5.3. In addition, this

generating family is minimal.

Proof. We set Z = Sing(C') the singular locus of C. By dualizing over O¢ the exact sequence
0— Jo — Oc — Oz — 0, we obtain

(26) 0—=0c—Rec—>wz—0

where wy is the dualizing module of Z. Moreover, the singular locus of a quasi-homogeneous curve
is Gorenstein (see [KW84, Satz 2|), so that wz = Oz. The exact sequence (26) implies that R¢ is
generated by two elements, the image of 1 € O¢, which is 1 € R¢, and the antecedent of 1 € Oy.
Therefore, there exists pg € R¢ such that (1, pg) generates Re.

It remains to prove that we can take py = resc(wp). By lemma 5.6, val(resg(wo)) = —v + 1.

We assume first that —y + 1 ¢ NP. For example, —y; + 1 < 0. There exists ap,a; € O¢
such that resc(wop) = appo + a1. Since val(ai) > 0, and inf(val(R¢)) = val(resc(wp)), we have
vali(po) = vali(wp) therefore valj(ap) = 0 which implies that val(ap) = 0 and o is invertible.
Thus, (resc(wop), 1) generates R¢.

Let us assume that —y 4+ 1 € NP. Since v > 0, we must have v = 1 or v = 0. However, if v = 0,
we have O¢ = Og so that C is smooth. Therefore, v = 1. By [Poll5, Corollary 3.32], we have
val(Jc) = val(Cc) = 1+ NP. It implies that Jo = Cc, so that by duality, Rc = Og. By [Schl6,
Proposition 4.11], it implies that C' is a plane normal crossing curve. By Saito criterion [Sai80, (1.8)],
if h = 2y defines a plane curve C, then (wy = w, dhh) is a basis of Q! (log C). Hence the result.

O

Since {h’ S5 e {1,. —1},5€{1,..., m}} generates ﬁ’,?_l, proposition 5.7 gives:
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Corollary 5.8. Let C be a singular complete intersection curve satisfying condition a). Then

dhi A---ANdh

Om=L(log O) is generated by the multi-logarithmic form wq of lemma 5.3, .

family {hizxj;i e{l,....m—1},j € {L...,m}}.

We will see in the next section that this generating family is minimal if the conditions 5.2 are
satisfied.

5.1.2. Free resolution. Since curves are free, lemma 4.17 yields depth(R¢) = 1, so that by the
Auslander-Buchsbaum Formula, the projective dimension of Ro as a Og-module is m — 1. In
addition, by theorem 4.6, the projective dimension of Q™ !(log C) is m — 2.

In corollary 5.8, we give a generating family of Q™ !(log C). We can go further and compute
explicitly a free Og-resolution of R and 2™ ! (log C) for a quasi-homogeneous complete intersection
curve.

THEOREM 5.9. Let C be a reduced complete intersection curve satisfying the conditions 5.2. We
set forp € {0,...,m —2}:

P p
F,=\oi"'a \OF
and F—y = N1 O2.
There exist differentials de : Fo — Fe_1 such that (Fs,ds) is a minimal free resolution of R as a

Og-module.
In particular, the Betti numbers of Ro as a Og-module are:
m

Wp e {0,...,m—2},bj(Re) = (mp”) + <p

In order to prove this theorem, we introduce the following exact sequence, where the middle
module is isomorphic to R and where a free resolution of the two other modules is given by Koszul
complexes.

) and by—1(Rc) =m

Lemma 5.10. We keep the hypothesis of theorem 5.9. Let Cly.. . Cm € C be such that g =
S cidi € Og induces a mon zero divisor in Oc. Lety = >0 (=1)"teywx;. In particular,

Reo =~ yOc + gOc. We have the following exact sequence:

(90s +yOs +Ic)

27 0— Oc L yOc + gO0c —
(27) c = yOc + gO¢ 05 1 1o

(905 +yOs +1¢)

yOs +Ic
the reqular sequence (w11, ..., WnTy).

In addition, a free resolution of 1s given by the Koszul complex associated with

Proof. The exact sequence (27) is just a consequence of the fact that y is a non zero divisor of O¢.

We have:
(90s +yOs +I¢)

yOs + Ic
; dhi A -+ Adhp,—

By (25), for all i € {1,...,m}, Jiwo = (—1)uwya; 2" hA 1

have for all 4,5 € {1,...,m}:

(28) (=)t J; = (—1)rwjzJ; mod (hy, ..., hp—1)

We thus have yJ; = (—1)'wjzjg mod (hq,...,hm_1). Therefore,

— 0.

0— ((yahla”'ahm—l) ig)@S — OS i)

+ n; with n; € Qm1. We

(11, .o, W) € (Y h1s e hm—1) 1 9oy -
Moreover, by proposition 5.7, (1, %) is a minimal generating family of R¢, thus, g ¢ (y, hi, ..., hpm—1).
We thus have m = (wiz1, ..., WnTm) = (Y, h1, ..., hm—2) : Jl)os' Hence the result. O
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Proof of theorem 5.9. We consider the exact sequence (27). A minimal free resolution of O¢ is

given by the Koszul complex associated with the regular sequence (hy,...,h,—1) and a minimal
(90s+yOs+Ic)
yOs+Zc
deduce from these two resolutions a free resolution (F ]’ , 5;) of (y,9)Oc¢, whose length is m. However,
the projective dimension of R¢ is m — 1, so that the free resolution we obtain is not minimal.
Thanks to the explicit computation of the differential (53-, one can see that all the coefficients of
the differentials belongs to the maximal ideal m of Og, except from 4], which has an invertible
coefficient. A minimization of these free resolution then gives the announced result. The precise
expression of the differential can be computed exactly as in [Poll6, Théoréme 6.1.29], where we

assume that g = Ji is a non zero divisor in O¢. O

free resolution of is given by the Koszul complex associated to (w11, ..., wynTy). We

THEOREM 5.11. We keep the notations and hypothesis of theorem 5.9. We set for all j € {0, ..., m — 3},

j+1
Py = (/\ ot Q’S’H) @ Fj

and Py,_9 = Fy,—o. There exist ag : Py — Po_1 such that (Pe,s) is a minimal free resolution of
Om=l(log O).
In particular, the Betti numbers of Q™ 1(log C) are for all j € {0,...,m —3},b;(Q™ (logC)) =

m (7o) + (7)) + (7) and b (27 (l0g C) = m — 14 (7).

Proof. We consider the exact sequence
0— Q™' 5 Q™ logC) — Re — 0.

The free resolutions of Q™! and R¢ induce a free resolution (P, ) of Q™ (logC), whose
length is m — 1. By theorem 4.6, the projective dimension of 2™ !(log C') is m — 2 since C is free.
Therefore, the previous free resolution of 2™ 1(log C) is not minimal. A minimization gives the
announced result. The expression of the differentials can be found in [Pol16, Théoréme 6.1.33] O

The following example shows that theorems 5.9 and 5.11 can not be generalized to Cohen-
Macaulay quasi-homogeneous curves. Let us notice that for a space quasi-homogeneous complete
intersection curve, a free resolution of Q?(log C) is:

0— 0% — 0% — Q*(log C) — 0.

Remark 5.12. For a complete intersection curve C' C C3, a free resolution of Der?(—log C) is given
in [GS12, Proposition 5.5].

Ezample 5.13. Let us consider the curve X of C3 parametrized by (¢3,¢4,%). This curve is a quasi-
homogeneous curve which is not Gorenstein. The reduced ideal defining X is the ideal generated
by h1 = 2z — y?, hg = 23 — yz and hy = 2%y — 22. We set C the reduced complete intersection
defined by (22 — 32,23 — yz). A computation made with SINGULAR gives the following minimal free
resolution of Q?(log X/C) :

0— 0% = 0% - Q*(log X/C) — 0.
In particular, the number of generators of Rx is 3.
If the curve is not quasi-homogeneous, the number of generators can be strictly greater:

Ezample 5.14. Let hy = 2] — 25+ 2923 and hy = 2322 — 22. The sequence (h1, hy) defines a reduced
complete intersection curve of C3, which is not quasi-homogeneous. We use SINGULAR to compute
a minimal free resolution of Q2(log C):

0— 0% - 0% = O?(logC) — 0.

Remark 5.15. It is then natural to look for analogous results for quasi-homogeneous complete in-
tersections of higher dimension. However, the situation seems to be more complicated than in the
curve case. In particular, we compute with SINGULAR examples of homogeneous complete intersec-
tion surfaces in C* for which the Betti numbers are different (see [Pol16, §A.2.2]).



CHARACTERIZATIONS OF FREENESS FOR COHEN-MACAULAY SPACES 25

5.2. Complements. The following property shows that for a reduced quasi-homogeneous curve,
even the quasi-homogeneity of the equations cannot be dropped in the statement of [Alel2, §6,
Theorem 2]. An interesting question would be to determine precisely under which hypothesis on the
equations the equality resc (2™ 1(log D)) = resc (2™ L(log C)) holds.

We denote by w-deg( f) the weighted degree of a quasi-homogeneous element f € O¢, with respect
to the weight (w1, ..., wn).

Proposition 5.16. Let C' be a reduced complete intersection curve defined by a reqular sequence
(h1,...,hm—1) satisfying conditions 5.2.
Let A = (aij)1<; jern—1 € Mm—1(C) be an invertible matriz with constant coefficients. We set

(fi, oo s fm1)t = A-(h1,...,hpm_1)t. In particular, (f1,..., fm—1) also defines the complete inter-
section C. Let Dy be the hypersurface defined by f = f1--- fm—1.
If there exists £,4,j € {1,...,m — 1} such that f, = > /" _1 agqhq with w-deg(h;) # w-deg(h;)
and ag;ag; 7 0 then:
resc(Q™ (log Dy)) # resc (™ (log C)).

Proof. For the sake of simplicity, we assume that a; 1 - a2 # 0 and w-deg(h1) # w-deg(h2).
S (1) twzda

fio i
resc(w) ¢ resc (2™ ! (log Dy)). We thus have to prove that for all ) € Q’}“l, w+n ¢ Q" (log Dy).

By lemma 5.3 and proposition 2.3, w = € Q" (logC, f). Let us prove that

Let n € ﬁz_l. Then n = 27]”:—11 fjfnj with n; € Q%1 We have df; = Py awdh and:

m—1 N m—1 dz m—1 df A f7]
afnrn =3 7 [ 3 (b E+ 3 < j J)
i=1 =1 f =1 f
If w+n € Q™ (log Df) then df A (w+n) is holomorphic. Since the sequence (f1,. .., fm—1) is
regular, it implies that f; divides Z;n:_ll (a1jdjh; + fi61,;), where 61 jdz = dfi Anj. In particular,
since for all i € {1,...,m — 1}, h; € m?, we also have f; € m? so that we have 61 ; € m. There exists
q € Og such that:

m—1 m—1
aiedp + Z aje01j) —qaig | -he=0.
/=1 j=1
Since (h1,...,hm,—1) is a regular sequence, we have for all £ € {1,...,m — 1},
m—1
aredy + Z aMHl,j —qaiy € (hl, - ,hm_l).
j=1

It implies that for all £ € {1,...,m — 1}, aie(d¢ — ¢(0,--- ,0)) = 0. In particular, since a;,; # 0
and a2 # 0, we have di — ¢(0,...,0) =0 and dy — ¢(0,...,0) = 0. Since by assumption, d; # da,
it leads to a contradiction, so that df A (w+n) ¢ Q& and w +n ¢ Q™ L(log Dy). O

We end this subsection by a characterization of plane homogeneous curves via multi-residues.

Proposition 5.17. Let (h1,...,hm—1) be a reqular sequence defining a reduced complete intersection
curve C' such that for alli € {1,...,m — 1}, h; is homogeneous of degree d; and m is the embedding
dimension. We set C = C1 U ...UC), the irreducible decomposition of the complete intersection
defined by (hi,...,hm—1), which is an union of lines. We assume p > 2. Then

inf(val(R¢)) = (—p+2,...,—p+2) < C is plane.

Proof. The implication <= comes from a direct computation. Let us prove the implication =-.
Lemma 5.3 gives an element wp in 2™ !(log C) such that val(resc(wp)) = 1 — Zg}l(dz —1).
Moreover, this multi-residue satisfies inf(val(R¢)) = val(resc(wo)).
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Since the curve C is reduced, by Bezout theorem, we have p = d; - - - d,,,—1. Moreover, since m is
the embedding dimension, for all i € {1,...,p}, d; > 2.

Let us assume that inf(val(R¢)) = (—p+2,...,—p + 2). It means that
m—1
1= (di—1)=—dy-dp1+2.
i=1

which is equivalent to dy - -dp—1 = (Zf:ll di> —m + 2. We assume that d; = max(d;). The

left-hand-side term is greater than 2™~2dy, the right-hand-side term is stricly lower than (m — 1)d;
if m > 3. Therefore, equality cannot hold if m > 3. Hence the result. O

APPENDIX A. COMPARISON BETWEEN SIMPLE POLES AND ARBITRARY POLES

The definition 2.2 of multi-logarithmic differential forms we choose here is the definition proposed
in [Alel12]. In previous works, another definition is considered where arbitrary poles are allowed (see
[ATO1], [ATO08]).

The purpose of this appendix is to clarify the relation between the two definitions of multi-
logarithmic differential forms, and to deduce directly from this relation that (R, d) is a complex.

For ¢ € N, we set Q%(xD) the module of meromorphic g-forms with arbitrary poles along D.

Definition A.1 ([AT01], [AT08]). Let w € Q4(xD) with q € N. We say that w is a multi-logarithmic
differential form along C with arbitrary poles along D if the following properties are satisfied:

(1) for all j € {1,... k}, hjwe SF_ Q (*E),
(2) forall j € {1,... k}, dhj Aw € S5 Qu+l <*E).
We denote by Q4(log C') the module of multi-logarithmic differential forms along C with arbitrary
poles along D.
To simplify the notations, we set Q4 = Zle 9 (*E)

Remark A.2. Tt is easy to prove that the modules 2°(log C') induce a complex for the de Rham
differentiation. This property is not satisfied by Q°(log C'). However, the main drawback of the
modules 0°(log C) is that they are not of finite type, whereas the modules Q2°(log C) are.

The relation between the modules Q9(log C) and Q9(log C) is:
Proposition A.3. For all ¢ € N we have the equality:
Q%(log C) = Q9(log C) + Q4.

We first introduce the following lemma, which can be proved by induction on j € {1,...,k}, using
the fact that (hq,...,hx) is a regular sequence in a local ring:

Lemma A.4 ([CMNMO02, Lemma 2.3]). Let p = (p1,...,pr) € N¥ and n = (n1,...,n) € N¥ be
such that for alli € {1,...,k}, pi =2 n; > 1 and a € Og.
IfF R g e (Y, RER), then a € (BT, ... hp).

Proof of proposition A.3. The inclusion Q?(log C') + Q1 C Q4(log C) is obvious.
Let w € Q9(logC). We can choose n € Q4 and for all I C {1,...,m} with |I| = ¢, ar € Og,
I n[
n! € NF such that ar ¢ (hy',..., k"), for all j € {1,...,k}, ar & (h;) and

ardzx
w:ZIiII_Fn

I
ny a3
T hite-hy

Let us prove that we can take for all I, nf = (1,...,1).
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Since w € Q4(logC), we have hjw € Q1. We fix I C {1,...,m} with |I| = ¢q. There exist

(bi,...,b;) € O and for all j € {1,...,k}, m/ = (m],...,m]) € N* with mijsuchthat

T
I md

I T
ny—1,; ny ny, . h
h’l h2 e hk‘ j=1%

; j j
where K™ = h?l e h;n’“. To simplify the notations, we denote for all j € {1,...,k} n§ by n;, and

n' = (ny—1,n9,...,nx). Weset forall i € {1,... .k}, p; = max;e(1, .k} mf We have:

ar _ BPTby 4 By
hn/ - hP :

Thus, since a;%p is holomorphic and by assumption, for all ¢ € {1,...,k}, ar ¢ (h;), we have for

alli € {1,...,k}, pi > nl. Since for all j € {1,...,k}, m) = 0, we have W "as € (AF",... WD)
lemma A.4 gives ay € (h?lfl,hg% .. .,hZ’“), so that

ardr; cr ,
B by

with n’ € @ and ¢; € Og. By induction, one can prove that there exists a ¢g-form w’ € %Qq with
simple poles along D and n” € Q4 such that w = ' +7”.
For all j € {1,...,k}, dhj Aw € Q9, thus, dh; Aw' € Q4. lemma A.4 can be used in a similar

proof to show that dh; A w' € Q7 and therefore, w' € Q%(logC), which finishes the proof of
proposition A.3. O

The following result is then a direct consequence of both proposition A.3 and theorem 2.5:

Corollary A.5 (JAT01, Proposition 2.1]). Let w € Q4(log C). There exist g € Og which induces a
non zero divisor in O¢, a holomorphic (¢ — k)-form & € Qqs_k, and n € Q4 such that

dhi A---Adh
= AR

hy---hy §+m

£

Definition A.6. The multi-residue of w € Q%(log C) is resc(w) = =| € Q(gk ®o. Mc.
glc

As for resc, the map resc is well-defined (see [AT08, Proposition 1.2]). Thanks to proposition A.3,
we have the following equality:

(29) resc(29(log C')) = resc(Q4(log C)).
As a consequence of corollary A.5, we have:

Corollary A.7. The following diagramm is commutative:
d
Q(log C) — Q9" (log C)
| rese | rese

q—k a+1—k
Re Re

In particular, R, is stable by differentiation.



28

[AF13]
[Ale88]

[Ale12]
[Ale14]

[ATO1]
[ATOS]
[CE56]
[CMNMO02]
[dJP00]
[Eis95]
[GLS10]
[GS12]
[GS14]
[HM93]
[Ker83|
[Ker84]
[KTS15]
[Kun86]
[KW84]
[Mat80]
[0T95]
[Pol15]
[Pol16]
[Sais0]

[Schi6]

D. POL

REFERENCES

Paolo Aluffi and Eleonore Faber, Splayed divisors and their Chern classes, J. Lond. Math. Soc. (2) 88
(2013), no. 2, 563-579.

Alexandr G. Aleksandrov, Nonisolated Saito singularities, Mat. Sb. (N.S.) 137(179) (1988), no. 4, 554—
567, 576.

, Multidimensional residue theory and the logarithmic de Rham complex, J. Singul. 5 (2012), 1-18.
A. G. Aleksandrov, Residues of logarithmic differential forms in complex analysis and geometry, Anal.
Theory Appl. 30 (2014), no. 1, 34-50.

Aleksandr G. Aleksandrov and Avgust K. Tsikh, Théorie des résidus de Leray et formes de Barlet sur
une intersection compléte singuliére, C. R. Acad. Sci. Paris Sér. I Math. 333 (2001), no. 11, 973-978.

, Multi-logarithmic differential forms on complete intersections, J. Siberian Federal University 2
(2008), 105-124.

Henri Cartan and Samuel Eilenberg, Homological algebra, Princeton University Press, Princeton, N. J.,
1956.

Francisco Calderon-Moreno and Luis Narvaez-Macarro, The module 2 f° for locally quasi-homogeneous
free divisors, Compositio Math. 134 (2002), no. 1, 59-74.

Theo de Jong and Gerhard Pfister, Local analytic geometry, Advanced Lectures in Mathematics, Friedr.
Vieweg & Sohn, Braunschweig, 2000, Basic theory and applications.

David Eisenbud, Commutative algebra, with a view toward algebraic geometry, Graduate Texts in Math-
ematics, vol. 150, Springer-Verlag, New York, 1995.

Gert-Martin Greuel, Santiago Laplagne, and Frank Seelisch, Normalization of rings, J. Symbolic Comput.
45 (2010), no. 9, 887-901.

Michel Granger and Mathias Schulze, Dual logarithmic residues and free complete intersections, ArXiv.org
(2012), no. 1109.2612v4.

, Normal crossing properties of complex hypersurfaces via logarithmic residues, Compos. Math.
150 (2014), no. 9, 1607-1622.

Herwig Hauser and Gerd Miiller, Affine varieties and Lie algebras of vector fields, Manuscripta Math. 80
(1993), no. 3, 309-337.

Masumi Kersken, Cousinkompler und Nennersysteme, Math. Z. 182 (1983), no. 3, 389-402.

, Reguldre Differentialformen, Manuscripta Math. 46 (1984), no. 1-3, 1-25.

Philipp Korell, Laura Tozzo, and Mathias Schulze, Duality of value semigroups, ArXiv.org (2015),
no. 1510.04072.

Ernst Kunz, Kdhler differentials, Advanced Lectures in Mathematics, Friedr. Vieweg & Sohn, Braun-
schweig, 1986.

Ernst Kunz and Rolf Waldi, Uber den Derivationenmodul und das Jacobi-Ideal von Kurvensingularititen,
Math. Z. 187 (1984), no. 1, 105-123.

Hideyuki Matsumura, Commutative algebra, second ed., Mathematics Lecture Note Series, vol. 56, Ben-
jamin/Cummings Publishing Co., Inc., Reading, Mass., 1980.

Peter Orlik and Hiroaki Terao, Arrangements and Milnor fibers, Math. Ann. 301 (1995), no. 2, 211-235.
Delphine Pol, On the values of logarithmic residues along curves, ArXiv.org (2015), no. 1410.2126v3.

, Singularités libres, formes et résidus logarithmiques, PhD thesis, in preparation (2016).

Kyoji Saito, Theory of logarithmic differential forms and logarithmic vector fields, J. Fac. Sci. Univ. Tokyo
Sect. IA Math. 27 (1980), no. 2, 265-291.

Mathias Schulze, On Saito’s normal crossing condition, J. Singul. 14 (2016), 124-147.

D.PoL, UNIVERSITE D’ANGERS, DEPARTEMENT DE MATHEMATIQUES, LAREMA, CNRS UMR n~°6093, 2 Bp

LAVOISIER,

49045 ANGERS, FRANCE

E-mail address: pol@math.univ-angers.fr


pol@math.univ-angers.fr

	1. Introduction
	Acknowledgements

	2. Multi-logarithmic differential forms
	2.1. Complete intersection case
	2.2. Generalization to reduced equidimensional spaces

	3. Duality results
	3.1. Perfect pairing between multi-logarithmic vector fields and multi-logarithmic forms
	3.2. Multi-residues and Jacobian ideal

	4. Freeness for Cohen-Macaulay spaces
	4.1. Definition and statements
	4.2. Proof of proposition 4.5
	4.3. Preliminary to the proof of theorem 4.6
	4.4. End of the proof of theorem 4.6
	4.5. Consequences of freeness

	5. Complete intersection curves
	5.1. Quasi-homogeneous curves
	5.2. Complements

	Appendix A. Comparison between simple poles and arbitrary poles
	References

