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Gindikin-Karpelevich finiteness

Auguste HEBERT

Abstract

In this paper, we give a proof of certain finiteness results about split Kac-Moody
groups over a local non-archimedian field. Our results generalize those of "An affine
Gindikin-Karpelevich formula" of Alexander Braverman, Howard Garland, David Kazh-
dan and Manish Patnaik. We do not require our groups to be affine. We use the hovel
T associated to this situation, which is the analogue of the Bruhat-Tits building for a
reductive group.

1 Introduction

Let G a split Kac-Moody group over an ultrametric field. By [GR08] and [Roul2] one can
associate a hovel Z to G. This is some kind of generalization of Bruhat-Tits buildings for
reductive groups. Studying Z enables to get information on G. In general, Z is not a building:
there may be two points such that no apartment of Z contains these two points. However
some properties of euclidian buildings remain, for example one can still define retraction onto
an apartment centred at a sector-germ.

Let (C, XY, (i)ier, (o) )icr) be a generating root system associated to G. Let A =Y ®R.
We will call A the standard apartment of Z. The hovel is a set covered with vectorial spaces
isomorphic to A analogously to euclidean buildings.

Let CF be the fundamental chamber of A. Let p,o (resp. p_oo) be the retraction onto A
centred at the germ +oo of C} (resp. centred at the germ —oo of —C7%). Let Q" = @,; Za/,
Qg be the R-vectorial subspace of A generated by @V and A;, be the inessential part of A:
Ain = {x € Aloy(z) = 0 Vi € I}. We can define a vectorial distance d on a subset of Z? with
values in CF. For A € C, one sets B*(0,\) = {x € Z| d"(0,z) is defined and d*(0,z) = A}.

The aim of this article is to show the following four theorems:

Theorem 4.6: Let g € A. Then if p ¢ QY, proc({N+ 1}) N pZ({A\}) is empty for all
A€ A If u € Qp, then for A € A sufficiently dominant, pi i ({\ + u}) N p=({\}) C

BU(0,\) N pto (I + p1}).

Corollary 5.3: Let p € Y + A;,. For all A € Y + A, , BY(0,A) N piL ({p + A}) is finite
and is empty if u ¢ QY = —P,.; Nay'.

Theorem 5.6: Let 1 € Aand A € Y +A;,. Then |p; ({A+u})NpZ (V)] = |pri({n})N

p—L.({0})|. Therefore theses sets are finite and if 1 ¢ QY they are empty (this is formulated
slightly differently in the article).

Theorem 7.4: Let p € QY. Then for A € YT + A, sufficiently dominant, B¥(0, \) N
Proc({A+ 1}) = poc (PAD) N pZac ({A + 1))



These theorems generalize theorem 1.9 of [BGIKP14]. Let us make the dictionary between
our objects and those of loc. cit.. Our @QV corresponds to RY and P¥Y = {z € A| Vi €
I, a;(x) € Z} corresponds to AV (for each generating root system, we can chose Y such that
Y + A, = PV). For all A € PY, p=}_({\}) corresponds to K\K7*U~, p; ({\}) corresponds
to K\K7*U and B"(0,\) corresponds to K\K71 K.

Contrary to [BGKP14|, we do not assume our Kac-Moody groups to be affine. This
paper is written in the framework of hovels, which is a bit more general than that of split
Kac-Moody groups over local non-archimedian field.

Corollary 5.3 is a slight generalization of results from Section 5 of [GR14].

The main tools used to show these theorems are Hecke paths and results of [GRI14].
Hecke paths were defined by Misha Kapovich and John J.Millson in [[XMO8]. They are used
in [GRO8] Section 5 and [GR14] Section 1.8 and they correspond to the image of segments of
7 by retractions centred at +oo.

In section 2 we set the general frameworks, the notations and we define hovels.

In section 3 we first define two applications: 7, : Z — Ry and y, : Z — A, for a fixed
veCC; Forxel T () measures the distance between the point z and the apartment
A along R, v and y,(z) defines the projection of z on A along R;v. We also determine the
antecedents of some kinds of paths by p_.

In section 4, we show that under some conditions, 7, is bounded and we deduce theo-
rem 4.6.

In section 5, we study some kinds of translations of Z, which enables us to show Corol-
lary 5.3 and theorem 5.6.

In section 6, we show that Y™ =Y N C_}’ is a finitely generated monoid.

In section 7, we use the tools of the preceding sections to show theorem 7.4.

I thank Stéphane Gaussent for suggesting me this problem and for helping me improving
the manuscript.

2 General frameworks

2.1 Root generating system

A Kac-Moody matrix (or generalized Cartan matrix) is a square matrix C' = (¢; j); je; with
integers coefficients, indexed by a finite set I and satisfying:

1. Vi EI, Ci,i:2
2. W(i,j) € I?]i # j, ey <0

3. V(Z,j) < [2, Cij = 0« Cji = 0.

A root generating system is a 5-tuple S = (C, X, Y, (;)ier, (o)

)ier) made of a Kac-Moody
matrix C' indexed by I, of two dual free Z-modules X (of characters) and Y (of cocharacters)
of finite rank rk(X), a family (o;);e; (of simple roots) in X and a family (a;);c; (of simple
coroots) in Y. They have to satisfy the following compatibility condition: ¢;; = a;(«;”) for
all 7,57 € I. We also suppose that the family (o;);es is free in X and that the family (o)ies
is free in Y.

We now fix a Kac-Moody matrix C' and a root generating system with matrix C'.

Let V =Y ® R. Every element of X induces a linear form on V. We will consider X as

a subset of the dual V* of V: the o4, 1 € I are viewed as linear form on V. For i € I, we
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define an involution 7; of V' by 7;(v) = v — a;(v)ay for all v € V. Tts space of fixed points is
ker ;. The subgroup of GL(V') generated by the «; for i € I is denoted by W and is called
the Weyl group of S.

For x € V we let a(z) = (a;(z))ier € RL.

Let Q¥ = @,; Zoy and PY = {v € Vl|a(v) € Z'}. We call Q¥ the coroot-lattice and PY
the coweight-lattice (but if (),c; ker oy # {0}, this is not a lattice). Let QY = &,.; Na;’ and
Qf = @,c; Ray. This enables us to define a preorder <gv on V' by the following way: for
all z,y € V, one writes v <gv yify —z € QY.

Let Vi, = ;s ker ;. Then one has Y + V;,, C PY.

Remark 2.1. Suppose Y + V;, & PY. Then one can construct a generating root system
(C, XY, (&)ier, (0 )ier) such that PV = {x € V|Vi € [,al(z) € Z} =Y + Vj, by the
following way. Let n = rkX and suppose I C [1,n]. Let ey,...,e, be a Z-basis of X.
For ¢ € I one writes o = Z?:l Bije;, with B;; € Z for all j € [1,n]. For ¢ € I, let

d; = ged ((Bii)icninl), o = % and o} = d;o). Then one can complete (a);c; in a Z-basis
8 Jlieltnl), & = 73, i i i
(a})icp,ng of X. Let x € Z™. There exists v € Y such that (¢ («))cp1,») = = and in particular,

for all z € 7!, there exists u € Y such that (af(u));e; = x. Therefore PV =Y + Vj,.

2.2 Vectorial faces

Define C} = {v € V| a;(v) > 0, Vi € I}. We call it the fundamental chamber. For J C I,
one sets F(J) ={v € V| a;(v) =0 Vi € J,oy(v) > 0 Vi € J\I}. Then the closure ?}ﬁ of
C% is the union of the F¥(J) for J C I. The positive (vesp. negative) vectorial faces are the
sets w.F(J) (resp. —w.F¥(J)) for w € WY and J C I. A wvectorial face is either a positive
vectorial face or a negative vectorial face. We call positive chamber (resp. negative) every
cone of the shape w.C} for some w € W (resp. —w.C%). For all z € C§ and for all w € W,
w.x = x implies that w = 1. In particular the action of w on the positive chambers is simply
transitive. The Tuts cone T is defined by T = [J,cppo w.?}’. We also consider the negative
cone —7 . We define a WV invariant relation < on V by: V(z,y) e V*, 2 <y & y—z € T.

2.3 Filters

Definition 2.2. A filter in a set E is a nonempty set F' of nonempty subsets of E such that,
for all subsets S, S" of E, if S, S’ € F then SN S’ € F and, if ' C S, with S’ € F then
SeF.

If Fis a filter in a set F, and E’ is a subset of E, one says that F' contains E’ if every
element of [’ contains F’. If £’ is nonempty, the set F of subsets of E containing F’ is a
filter. By abuse of language, we will sometimes say that £’ is a filter by identifying Fr and
E'. If F is a filter in E, its closure F' (resp. its convex envelope) is the filter of subsets of £
containing the closure (resp. the convex envelope) of some element of F. A filter F' is said
to be contained in an other filter F": F' C I’ (resp. in a subset Z in E: F C Z) if and only
if any set in F’ (resp. if Z) isin F.

If z € V and 2 is a subset of V' containing x in its closure, then the germ of Q) in x is the
filter germ,(Q2) of subsets of V' containing a neighbourhood of = € Q.

A sector in V' is a set of the shape s = x + C* with C* = +w.C} for some z € A and
w € W, The point z is its base point and C" is its direction. The intersection of two sectors
of the same direction contains a sector of the same direction.



A sector-germ of a sector s = x+C" is the filter & of subsets of V' containing a V-translate
of 5. It only depends on the direction C”. We denote by +o00o (resp. —oo) the sector-germ of
CY% (resp. of —C7).

One defines an action of the group W* on V* by the following way: if x € V, w € W" and
o € V* then (w.o)(z) = a(w™".x). Let ® = {w.as/(w,i) € WY x I'}. Then ® C @, ; Zay;.
For o € ® and k € Z, let M(a, k) = {z € V]a(z) = k}. Let W* the subgroup of GA(V) of
all elements stabilizing (J,cq 1z M(a, k), where GA(V) is the set of affine isomorphisms of
V. Then W* > W".

A ray § with base point x and containing y # x (or the interval |z, y] = [z,y]\{z} or
[z, y]) is called preordered if x <y or y < x and generic if y — z € +7, the interior of £7.

In the next subsection, we define the notions of faces, enclosures and chimneys defined in
[Roull] 1.7 and 1.10 and in [GR14] 1.4. For a first reading, one can just know the following

facts about these objects and skip this subsection:

1. To any filter F' of V is associated its enclosure cla(F') which is a filter in A containing
the convex envelope of the closure of F.

2. A face or a chimney is a filter in V.

3. A sector is a chimney which is solid and splayed.

4. If a chimney is a sector, its germ as a chimney coincides with its germ as a sector.
5. Every x € V is in some face of V.

6. The group W* permutes the sectors, the enclosures, the faces and the chimneys of V.

2.4 Definitions of enclosures, faces, chimneys and related notions

Let A = PUA UA; C Q, where Q = @D, Za; be the set of all roots, defined in [Kac94].
The group W stabilizes A. For a € A, and k € ZU+o00, let D(a, k) = {v € V|a(v)+k > 0}
(and D(a, +00) =V for all @« € A) and D°(a, k) = {v € V]a(v) + k > 0} (for & € A and
keZU{+o0}).

Given a filter F' of subsets of V', its enclosure cly (F') is the filter made of the subsets of V'
containing an element of F' of the shape (,cx D(«, ko) where k, € ZU {400} for all a € A.

A face F in V is a filter associated to a point x € V and a vectorial face F* C V. More
precisely, a subset S of V' is an element of the face F' = F'(z, F'V) if and only if, it contains an
intersection of half-spaces D(a, k,) or open half-spaces D°(«, k), with k, € Z for all &« € A,
that contains Q N (z 4+ F¥), where €2 is an open neighbourhood of z in V.

There is an order on the faces: if F' C F’ we say that "F is a face of F'" or "F"’ contains
F". The dimension of a face F' is the smallest dimension of an affine space generated by
some S € F. Such an affine space is unique and is called its support. A face is said to be
spherical if the direction of its support meets the open Tits cone T or its opposite —T then
its pointwise stabilizer W in W is finite.

We have W* C PY x W". As a(P") C Z for all o in €, Zay, if 7 is a translation of
V of a vector p € PV, then for all a € @), 7 permutes the sets of the shape D(«, k) where k
runs over Z. As W stabilizes A, any element of W permutes the sets of the shape D(«, k)
where « runs over A. Therefore, W* permutes the sets D(«, k), where («, k) runs over A x Z
and thus W permutes the enclosures, faces, chimneys, ... of V.

A chamber (or alcove) is a maximal face, or equivalently, a face such that all its elements
contains a nonempty open subset of V.



A panel is a spherical face maximal among faces that are not chambers or, equivalently,
a spherical face of dimension n — 1.

A chimney in V is associated to a face F' = F(x, F{) and to a vectorial face F'"; it is the
filter ¢(F, FV) = clp(F + F"). The face F' is the basis of the chimney and the vectorial face
F"v its direction. A chimney is splayed if F"" is spherical, and is solid if its support (as a filter,
i.e., the smallest affine subspace of V' containing t) has a finite pointwise stabilizer in W". A
splayed chimney is therefore solid.

A shortening of a chimney t(F, F"), with F' = F(xz, Fy) is a chimney of the shape t((F(z+
§), Fy), F¥) with £ € F¥ (this definition is slightly different from the one of [Roull]| 1.12 but
follows [Roul2] 3.6). The germ of a chimney v is the filter of subsets of V' containing a
shortening of t.

2.5 Hovel

We now denote by A the affine space V' equipped with its faces, chimneys, ...

An apartment of type A is a set A with a nonempty set Isom(A, A) of bijections (called
isomorphisms) such that if fy € Isom(A, A) then f € Isom(A, A) if and only if, there exists
w € W satisfying f = fp ow. An isomorphism between two apartments ¢ : A — A’ is a
bijection such that (f € Isom(A, A) if, and only if, ¢ o f € Isom(A, A")). We extend all the
notions that are preserved by W to each apartment. By the fact 6 of the above subsection,
sectors, enclosures, faces and chimneys are well defined in any apartment of type A.

Definition 2.3. An ordered affine hovel of type A is a set Z endowed with a covering A of
subsets called apartments such that:

(MA1) Any A € A admits a structure of an apartment of type A.

(MAZ2) If F' is a point, a germ of a preordered interval, a generic ray or a solid chimney
in an apartment A and if A’ is another apartment containing F', then A N A’ contains the
enclosure cly(F') of F' and there exists an isomorphism from A onto A’ fixing cl,(F').

(MA3) If R is the germ of a splayed chimney and if F' is a face or a germ of a solid
chimney, then there exists an apartment that contains R and F.

(MA4) If two apartments A, A’ contain R and F as in (MA3), then there exists an
isomorphism from A to A’ fixing cla(RU F).

(MAO) If z, y are two points contained in two apartments A and A’, and if z <4 y then
the two segments [x,y]4 and [z, y]a are equal.

In this definition, we say that an apartment contains a germ of a filter if it contains at
least one element of this germ. We say that an application fixes a germ if it fixes at least one
element of this germ.

Remark 2.4. (consequence 2.2 3) of [Roull]) By (MA2), the axioms (MA3) and (MA4)
also apply in a hovel when F' is a point, a germ of a preodered segment and when R or F is
a germ of a generic ray or a germ of a spherical sector face.

Until the end of this article, Z will be an affine ordered hovel. We suppose that Z is thick
of finite thickness: the number of chambers (=alcoves) containing a given panel has to be
finite, greater or equal to 3. This assumption will be crucial to use some theorems of [GR14]
but we will not use it directly.

We assume that 7 has a strongly transitive group of automorphisms G, which means that
all isomorphisms involved in the above axioms are induced by elements of G. We choose
in Z a fundamental apartment, that we identify with A. As G is strongly transitive, the
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apartments of Z are the sets g.A for g € G. The stabilizer N of A induces a group v(N) of
affine automorphisms of A and we suppose that v(N) = WY x Y.

An example of such a hovel Z is the hovel associated to a split Kac-Moody group over an
ultrametric field constructed in [GRO8] and in [Roul2].

Vectorial distance For z € T, we denote by 7+ the unique element in C_}’ conjugated by
W@ to x. Let T x<Z = {(z,y) € I?|x < y} be the set of increasing pairs in Z. Such a pair
is always in the same apartment g.A for some g € G. So g7ty — g~ t.x € T, and we define
the vectorial distance d*(x,y) € ?}ﬁ by d*(z,y) = (97 .y — g~ t.2)*™. Tt does not depend on
the choices we made.

For z € Z and A € C7, one defines B*(x,\) = {y € Z|z <y and d*(z,y) = \}.

Remark 2.5. a) If a € Y and \ € C_}), then BY(a,\) = {z € Z|3g € G|g.a = a and g.x =
a—+ A}

b) Let z,y € Z and suppose that for some g € G, gy — g.x € 7}? Then = < y and
d'(z,y) = g.y — g.x.

2.6 Retractions and Hecke paths

Let R be the germ of a splayed chimney of an apartment A. Let x € Z. By (MA3), for all
x € T, there exists an apartment A, of Z containing = and JR. By (MA4), there exists an
apartment ¢ : A, — A fixing R. By [Roull]| 2.6, ¢(x) does not depend on the choices we
made and thus we can let pan(z) = ¢(z).

The application p4 s is a retraction from Z onto A. It only depends on R and A and we
call it the retraction onto A centred at *R.

We denote by p.o (resp. p_o ) the retraction onto A of center +o0o (resp. —o0).

We now define Hecke paths. They are more or less the images by p_., of preordered
segments [x,y] in Z. The definition is a bit technical but it expresses the fact that the
image of such a path "goes nearer to +00" when it crosses a wall. A consequence of that is
Remark 2.7 and we will not use directly this definition in the following.

We consider piecewise linear continuous paths 7 : [0,1] — A such that the values of 7/
belong to some orbit WY\ for some A € ?}) Such a path is called a A-path. It is increasing
with respect to the preorder relation < on A. For any t # 0 (resp. t # 1), we let 7’ (¢) (resp.
7' (t)) denote the derivative of m at ¢ from the left (resp. from the right).

Definition 2.6. A Hecke path of shape A with respect to —C% is a A-path such that
' (t) <wz, 7. (t) for all ¢ € [0,1]\{0,1}, which means that there exists a W] -chain
from 7’ (t) to 7'.(t), i.e., a finite sequence (§, = 7' (t), &1, ..., & = 7. (t)) of vectors in V and
(B1,...,Bs) € ¢* such that, for all i € [1, 5],

L. 7’62-(51'—1) =&

2. Bi(&-1) <.

3. rg, € W2y Le., Bi(m(t)) € Z: w(t) is in a wall of direction ker(f3;).
4. Each f; is positive with respect to —C7; i.e., 3;(C}) > 0.

Remark 2.7. Let 7 : [0, 1] — A be a Hecke path of shape A € C'_}’ with respect to +00. Then

if ¢ € [0, 1] such that 7 is derivable in ¢ and 7/(t) € C?, then for all s > ¢, 7 is derivable in s
and 7'(s) = A.



3 Preliminaries

In this section we begin by defining for all v € C} two applications y, : Z — Aand T, : T —
R, where for all x € Z, T, (z) and y,(z) can be considered as the distance between = and A
along R,v and the projection of z on A along R, v.

We also show that the only antecedent of some paths for p_., are themselves (this is
Lemma 3.4).

Recall that we want to prove Theorem 4.6: Let p € A. Then if u ¢ Q, pis({\ +
p}) N p=l ({A\}) is empty for all A € A. If 4 € Qy, then for A € A sufficiently dominant,
Proe (A + 1) N pZi({A}) € BY(0,0) N pZaa({A + p}).

Let us sketch the proof of this theorem. We fix v € C} and pu € Qf. Let T~ = T
and y~ =y, be the analogue of 7, and y, with v replaced by —v. We show that if A € A,
T~ (prac ({A+13)Np=L({A})) is bounded by some constant h() (this is Corollary 4.4), which
uses Lemma 3.4 and Lemma 4.1). Therefore, for A sufficiently dominant, y~ (p3 1 ({A+x})N
p=5({\})) € C% and Lemma 4.5 completes the proof.

Let us recall briefly the notion of parallelism in Z. This is done more completely in [Roull]
Section 3. Let ¢ and ¢' be two generic rays in Z. Then there exists a splayed chimney R
containing ¢ and a solid chimney F' containing ¢’. By (MA3) there exists an apartment A
containing the germ R of R and F'. Therefore A contains translates of 0 and ¢ and we say
that § and 0" are parallel, if these translates are parallel in A. Parallelism is an equivalence
relation and its equivalence classes are called directions.

Lemma 3.1. Let x € Z and 6 be a generic ray. Then there exists a unique ray x + 9 in L
with base point x and direction §. In any apartment A containing x and a ray 0" parallel to
0, this ray is the translate in A of 0" having x as a base point.

This lemma is analogous to Proposition 4.7 1) of [Roul1]. The difficult part of this lemma
is the uniqueness of such a ray because second part of the lemma yields a way to construct
a ray having direction 0 and = as a base point. This uniqueness can be shown exactly in
the same manner as the proof of Proposition 4.7.1) by replacing "spherical sector face" by
"generic ray". This is possible by NB.a) of Proposition 2.7 and by 2.2 3) (or by Remark 2.4
of this paper) of [Roull].

Definition of y, and T, (resp. y, and 7,7) Let z € Z. Let v € C} and § = R, v, which
is a generic ray. According to axiom (MA3) applied to a face containing x and the splayed
chimney C%, there exists an apartment A containing x and +o0o. Then A contains z+ 9. The
set x + 0 N A is nonempty. Let z € z +d N A. Then AN A contains z, +00 and by (MA4),
AN A contains cl(z, +00). As cl(z,+00) D2+ CY% ANAD z+Jand thusz +INA=y+6
0rx+5ﬁA:y+<§f0r some y € T + 0, where § = Riv.

Suppose .+ NA =1y + 5. Let z € Y+ 5. Then by (MAZ2) applied to germy([y, z]\{y}),
AN A D cl(germy(ly, 2]\{y})) 2 y because cl(germ,([y, z]\{y})) contains the closure of
germy(ly, z]\{y}). This is absurd and thus ANz + 6 = y+ 0, with y € A. One sets
y,(x) =y € A (actually, y, only depends on 9).

One has pioo(® 4+ 6) = pioo(z) + 0 and y € pioo(z) + 0. We define T, (x) as the unique
element 7" of Ry such that y = pyoo(x) + Tv.

Let - = —Riv and x € Z. Similarly, one defines y,, as the first point of z + ¢~ meeting
A and T, () as the element T of R, such that p_.(z) =y + Tv.



Remark 3.2. In the following, the choice of v will not be very important. We will often
need to choose v in Y N CY.

Let I(] =G.0.

Lemma 3.3. Letz € Z andv € C}. Lety =y, (z) and T =T,(x).

a) Then x <y and d°(z,y) = Tv.

b) One has pioso(z) € Y if and only if p_o(x) € Y if and only if x € Zy. In this case,
P+o0(T) SQv p-oo().

Proof: Let A be an apartment containing x and +oo and g € G fixing +o0o such that
A =g LA Then x + ¢ is the translate of a shortening ' C A of § (which means ¢’ = z + 4,
with z € §). Asforall 2/ € 2+, 2 < 2/, one has v < y. As d"(z,y) = d"(g.z, g.y) and
J]A = P+oo ONE gets a).

For x € Z, there exists g_, g, € G such that p_(z) = g_.z and pi () = g,.z, which
shows the claimed equivalence because Y = G.0 N A.

Suppose ¥ € Zy. One chooses v € YNCF. Let S = |T'|+1, where [.] is the floor function,
and z = pioo(z) + Sv € x+ . Then d¥(z,2) = d*(g+.7, g+.2) = d°(proo(x),2) = Sv € YT,

According to paragraph 2.3 of [GR14], the image 7 of [z, z] by p_ is a Hecke path of
shape 2 — pyoo(7) = Sv with respect to —C} (unless the contrary is specified, "Hecke path"
will mean with respect to —C%). By applying Lemma 2.4b) of [GR14] to 7, one gets that
2 — pooo(x) <gv d’(x,2) = 2 — pioo(x) and thus pi(2) <gv p_o(x) and one has b). O

Lemma 3.4. Let 7 : [0,1] — Z be a segment of T such that T(1) € A and p_, 0T is a segment
of A satisfying (p—c 0 T) =V € 7}? Then 7([0,1]) C A and thus p_s o T = T.

Proof: Suppose 7([0,1]) ¢ A. Let u = sup{t € [0,1]|7(u) ¢ A}. Then by the same
reasoning as in the proof that "¢ 4+0NA = y+¢" in the paragraph "Definition of y,, and 7,,",
x =7(u) € A. One has 7(0) < x < 7(1) (by the same reasoning as in the proof of Lemma
3.3 a)).

By Remark 2.4, there exists an apartment A = ¢g~'.A with ¢ € G containing R = —oo
and germ,([z,7(0)]). By axiom (MA4) (and Remark 2.4) applied to R = —oo and to x, we
can suppose that g fixes cl(z,—00) D x — C}. Let 2’ € [z, 7(0)]\{z} such that [z,2'] C A
and 2’ ¢ A. Then g.2' = p_o(2') € v — Ryv C 2 — CF. Therefore, 2’ = g.2’ € A, which is
absurd. Hence 7([0,1]) C A. O

4 Bounding of T and proof of Theorem 4.6
Qg — R
x:ina;/Hin.

Lemma 4.1. Let T € Ry, p € A, a € A, v € YT and suppose there exists a Hecke path
from a to a+Tv — p of shape Tv. Then

a) p € RyQY. Consequently h(p) is well defined.

b) if T'> h(p), there existst such that 7 is derivable on (t,1] and 7|, ;) = v. Furthermore,

2
let t* be the smallest t € [0, 1] having this property, then t* < %

One defines h :

Proof: The main idea of b) is to use the fact that during the time when #'(t) # T,
m'(t) = Tv — TA(t) with A(t) € @Y \{0}. Hence for T" large, 7 decreases quickly for the Q"
order, but it cannot decrease too much because p is fixed.
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Let to =0, t1,...,t, = 1 be a subdivision of [0, 1] such that for all i € [0,n — 1], ¢, 4.,1)
is derivable and let w; € W" be such 7r|/(ti,ti+1) =w;.Tv. If w;.v = v, one chooses w; = 1.

For i € [0,n — 1], according to Lemma 2.4a) of [GR14|, w;.v = v — \;, with A; € QY and
if w; # 1, A\; # 0. One has

n—1

(1) =w(0)=Tv— > (g —t)TN=Tv—p
1=0,w;#1

and one deduces a).

Suppose now 1" > h(u). Let us show that there exists ¢ € [0,n — 1] such that w; = 1.
Let ¢ € [0,n — 1].

For all 7 such that w; # 1, one has h(\;) > 1. Hence TZ?Z_O%W#(QH —t;) < h(u), and
Z?:_O{wi#(tiﬂ —t;) < 1=3"""'(tis1 —t;). Thus there exists i € [0,n — 1] such that w; = 1.

By Remark 2.7, if w; = 1 for some 7, then w; = 1 for all 7 > 4. This shows the existence
of t*. We also have t* < Z?:_ol,wi 1 (tiy1 — t;) and hence the claimed inequality follows. [

From now on and until the end of this subsection, v will be a fixed element of C} NY.

Corollary 4.2. Let v € T such that pioo(z) = p_oo(x). Then x € A. Therefore, Vz € A,
Proo({zh) Np=i({2}) = {2}

Proof: Let x € Z such that pioo(2) = p—o(z). Let y =y, (z) and T'= T, (z) be as in the
paragraph "Definition of 3, and T,,". Let g € G fixing +00 and such that € g71.A. Let
7:10,1] — g 1A defined by 7(t) = g .(p1oo(®) +tTv) for all t € [0,1]. Then T is a segment
going from z to y and d’(z,y) = Tv. Therefore, the image 7 of 7 by p_, of [z,y] is a Hecke
path from p_o(z) to ¥y = pieo() + TV = p_oo(z) + Tv, of shape Tv. By Lemma 4.1, 7 is a
segment of Z such that 7’ = Tv. As 7(1) = y € A, one can apply Lemma 3.4 and one gets
that 7([0,1]) C A and hence z € A. [J

Corollary 4.3. Let x € Z, then p_o(z) — pyoo(z) € RLQY.

Proof : Let y = y,(z) and T = T,(x). By Lemma 3.3, z < y and d’(z,y) = Tv.
Therefore, if 7 : [0,1] — Z is the segment going from z to y, its image 7 by p_. is a Hecke
path of shape Tv from p_o(x) to ¥y = pie() + Tv. Therefore, lemma 4.1a) applied to
4= p_oo(x) and p = p_oo(x) — pioo(x) completes the proof. [

Corollary 4.4. Let u € Qg. Then for all x € T such that p_oo(x) — proo(®) = 1, T,(x) <
h(p).

Proof: Let y = y,(x). Let m be the image by p_., of [z,y]. This is a Hecke path from
P—oo(T) t0 Y = pioo(x) + T, of shape Tv, with T'= T, (x). The minimality of 7" and Lemma
3.4 imply that 7'(¢t) # v for all t € [0, 1], where 7 is derivable. By applying Lemma 4.1, we
deduce that T < h(p). O

Lemma 4.5. Let v € Z such that y, (z) € C}. Then 0 <z and p_(z) = d"(0,z).

Proof: Let y~ = y, (z). Let A be an apartment containing x and —oo. By (MA4)
there exists ¢ € G such that A = g7 LA and g fixes cl(y,—o0) D y — C'_}’ 5 0. Then
gr =gy =poolr)—y =T veClCiand gy —g.0=y. Thus gz —g.0=p o (z) € C}
and we can conclude by Remark 2.5. [J



Theorem 4.6. Let yu € A. Then if u & Qf, proc({N+ u}) N pZ ({A\}) is empty for all
N €A If u € Qy, then for X € A sufficiently dominant, pLio({\ + u}) N pZ({\}) C
BY(0,2) N piac({A + }).-

Proof: The condition on p comes from corollary 4.3.

Suppose u € Qf. Let A € A. Let y= = y, and T- = T, . By Corollary 4.4, if
z € pi (AN + u}) NpZ ({A}), then y=(x) € [\ =T~ (x)v, \] € A — [0, h(p)]v. For all i € I,
a;([0, h(p)]v) is bounded. Consequently for A sufficiently dominant, o, (A — [0, h(1)]v) C R%
for all i € I. For such a A, y~ (p3 5 ({A+1}) Np=i({A})) € C4. We conclude the proof with
Lemma 4.5. [J

5 Study of "translations" of 7 and proof of Theorem 5.6

Let Ay = ;e ker oy

In this subsection we introduce some kinds of "translation" of Z of an inessential vector
and show that they have very nice properties. It will be useful to "generalize theorem from
Y toY 4+ A;," by getting rid of the inessential part. First example of this technique will be
Corollary 5.3 which generalizes a theorem of [GR14]. Then we study elements of G inducing
a translation on A. We show that they commute with p,. and p_,,. We then can see
that for fixed p € QV, the pi L ({\ + p}) N pZi({\}), for A € Y + A, are some translates
of pii({u}) N p=L ({0}), which enables to show theorem 5.6 by using Theorem 4.6 and
Corollary 5.3.

Lemma 5.1. Let v € Ay, and a € Z. Then |B%(a,v)| = 1. Moreover, if a € A, B’(a,v) =
{a + v}.

Proof: Let h € G such that h.a € A. Then BY(a,v) = h™'.BY(h.a,v). Therefore one can
assume a € A.

Let # € B¥(a,v). Let g € G such that x,a € g7*.A and gx —g.a=v. Let 7:[0,1] = Z
defined by 7(t) = g7 *.(g.a+ (1 —t)v). Then ™ = p_., o7 is a Hecke path of shape —v and in
particular, it is a —v-path. For all ¢ where 7 is derivable, there exists w(t) € W" such that
©'(t) = —w(t).v = —v. As W acts trivially on A,,, 7'(t) = —v for all such ¢ and thus 7 is
derivable on [0,1] and 7’ = —v. As 7(1) = a € A, one can apply Lemma 3.4 and we get that
7([0,1]) C A. Therefore, x € A and there exists w € W? such that t —a = w.v =v. O

This lemma enables us to define some kinds of translation of an inessential vector. Let
v € Ny Let 7, : T — T which associates to x € Z the unique element of BY(z,v). Then we
have the following lemma:

Lemma 5.2. Let v € A;,, and 7 = 7,,. Then:
1. Forallz € A, 7(z) =z + v.

2. Forallg € G, goT = T1o0g. In particular, for all x € I, if  is in an apartment A,
then 7(x) € A, and if v = g.a with g € G and a € A, then 7(z) = g.(x +v).

3. The application T 1s a bijection, its inverse being 7_,.

4. The application T commutes with pioo and p_o.

5. Let x € T and X € CF, then 7(B*(x,\)) = B*(7(x), \) = B*(z, A + v).
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Proof: part 1 is a part of Lemma 5.1.

Choose z € 7 and g € G. Then d’(z,7(x)) = v and thus d"(g.x,¢.7(z)) = v. Conse-
quently ¢g.7(x) = 7(g.x) by definition of 7. Let A be an apartment containing z, A = h.A,
with h € G. Then 7(z) = 7(h.a) with a € A, hence 7(z) = h.(x +v) € A = h.A and we
have 2.

Let z € Z, x = g.a with a € A. By part 2 applied to 7 and 7_,, one has 7_,(7(g.a)) =
g.7—,(7(a)) = g.a and thus 7_, o 7 = Id. This is enough to show 3.

Let + € Z and g € G fixing +oo such that g.x = pioo(z). Then 7(x) € g LA, thus
9.7(2) = proo(7(z)) and by part 2, g.7(z) = 7(g.z). Hence, 7 and p,,, commute and by the
same reasoning, this is also true for 7 and p_.

Let z € Z and \ € C_}’ Let uw € BY(x,\). There exists g € G such that x,u € g~ 1A
and gu — g.x = X\. Then ¢g.7(u) — g.x = 7(g.u) — g.x = X\ + v. Therefore, 7(B"(z,\)) C
BY(x, A + v). Applying this result with 7_, yields 7_,(B"(x, A + v)) C BY(x,\) and thus
T7(BY(xz,\)) = B (x, A+ v).

One has g.7(u) — g.7(z) = (gu+v) — (9. +v) = X and thus 7(B"(z,\)) C B"(7(x), ).
Again, by considering 7_,,, we have that 7(B"(z,\)) = BY(7(z),A). O

Corollary 5.3. Let A\ € A and p € Y + A;,. Then for all \;, € Ay, T)\m(Bv(O, A)N
pio({1})) = BU(0, A+ X)) N pi b ({p + Ain}). In particular, for all X € Y + Ay, BY(0,A) N
prec({ie+ A}) is finite and is empty if p ¢ QY.

Proof: The first assertion is a consequence of Lemma 5.2 part 3, 4 and 5.

Let A € Y + Ay, and A, € Ay, such that 7(\) € YV, with 7 = 7,,,. Then T(B”(O,)\) N
pis({X+ 1)) = BY(0,7(N) N pite ({T(A+ 1)}). Consequently, one can assume A € Y.

Suppose BY(0,A) N pi L ({g+ A}) is nonempty and let x be in this set. Then there exists
g,h € G such that go = Xand h.o = p+ A. Thus A\ +pu = h.gtA € ZyNA =Y and
therefore, € Y. We can now conclude because the finiteness and the condition on p are
shown in [GR14], Section 5: if A\, u € Y then BY(0,\) N p; L ({x}) is finite and it is empty if
p ¢ QY (the cardinals of these sets correspond to the ny(v) of loc. cit.). O

We now show a lemma similar to Lemma 5.2 part 4 for translations of G:

Lemma 5.4. Let n € G inducing a translation on A. Thennop s = procon and nop_., =

P—oo O M.

Proof: Let z € Z and A be an apartment containing x and +oo. Then n.A is an
apartment containing +o0o. Let ¢ : A — A an isomorphism fixing +00. We have n.xz € n.A,
and nogon=! : n.A — Afixes +00. Hence pio(n.7) = nogon=t(n.x) = nog(x) = nop, ()
and thus 7 o pio = pio ©n. By the same reasoning applied to p_., we get the lemma. []

Lemma 5.5. Let n € G inducing a translation on A. Let N\, € Ay, Set 7 =Ty, on. Let
veCtandy =y,. ThenToy =y orT.

Proof: If z € A, then y~(z) =z, y~ (7(2)) (x) and there is nothing to prove.

Suppose & ¢ A Then [z, y~(2)\ [y ()} € (2 — Ryw)\A, thus 7((z, 5~ (2)\{y~(2)}) ©
((2x) = Ryv)\A and 7(y~(2)) € A. O

Theorem 5.6. Let € A and A € Y + A;,. One writes A = N\, + A, with N\, € Ay,
and A € Y. Let n € G inducing the translation of vector A and 7 = T, on. Then

P (I + ) N p= L ({A}) = n(ps ({u}) N p=i({0})). Therefore these sets are finite and if
¢ QY these sets are empty.
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Proof: First assertion is a consequence of Lemma 5.4 and Lemma 5.2 part 4. Then
Lemma 3.3 b) shows that these sets are empty unless 1 € QY.

By Theorem 4.6, for \' € Y sufficiently dominant, p; 1 ({\4+u})NpZi ({N'}) € B*(0, \)N
proo({N + pu}), which is a finite set by [G1R14] Section 5 (or by Corollary 5.3). O

6 Description of Y™

In this section we show that Y™ is a finitely generated monoid, which will be useful to prove
Theorem 7.4.

Let [ € N*. Let us define a binary relation < on N!. Let 7,y € N, and o = (z1,..., 1), y =
(y1, ..., 1), then one says x < y if © # y and for all i € [1,1]], x; < y;.

Lemma 6.1. Let | € N* and F be a subset of N! satisfying property (INC(1)):
forallz,y € F, x and y are not comparable for <.
Then F' is finite.

Proof: this is clear for [ = 1 because a set F' satisfying INC(1) is a singleton or ().

Suppose that [ > 1 and that we have proven that all set satisfying INC(I-1) is finite.

Let F' be a set satisfying INC(1) and suppose F infinite. Let (\,)nen be an injective
sequence of F. One writes (\,) = (AL, ..., AL). Let (m,) = (min(\,))nen and M = max ).
Then for all n € N, m,, < M (if m,, > M, we would have Ay < \,). Maybe extracting a
sequence of A, one can suppose that (m,) = (\!) for some i € [1,(] and that (m,,) is constant
and equal to mg € [0, M]. For z € N, we define & = (z;) e\ iy € N7

Set F' = {\,|n € N}. The set F satisfies INC(I-1). By the induction hypothesis, F" is
finite and thus F is finite, which is absurd. Hence F’ is finite and the lemma is proven. [

Lemma 6.2. There exists a finite set E such that Y+ =73%"__.Ne.

Proof: the set Y;,, = Y N A, is a lattice in the vectorial space it spans. Consequently, it
is a finitely generated Z-module and thus a finitely generated monoid. Let F; be a finite set
generating Y;, as a monoid.

Let Yoo = Y*TM\Yj,. Let P = {a € Yigla # b+ cVb,c € Yoo} Let a: YT — N such
that a(z) = (a;(x))ier for all x € YT, Let a,b € P. If a(a) < «(b), then b = b —a + a,
with a,b — a € Y., which is absurd and by symmetry we deduce that a(a) and «(b) are not
comparable for <. Therefore, by lemme 6.1, a(P) is finite. Let Es be a finite set of Y. o such
that a(P) = {a(z)|z € Ea}. Then YT+ =5" o Ne+Y, = > 5Ne, where £ = E, U Ej.
O

7 Proof of Theorem 7.4

Recall that we want to prove Theorem 7.4:

Let g € QY. Then for A € Y** + A, sufficiently dominant, BY(0,A) N p3 ({\ + u}) =
P=se({AD) N pZaa ({A + 11}).

The basic idea of the proof of this theorem, is that if u € QV there exists a finite set F' C
Y+ such that for all A € Y™+ A, prt ({A+p})NBY(0,)\) C UfeFIA—feC_}’ Prec({A+ )N
BY(A—f, f) (this is Corollary 7.3, which generalizes Lemma 7.1 and uses Section 6). Then we
use Section 5 to show that p L ({\+pu}) N BY(A— £, f) is the image of pL L (u+ f) N B(0, f)
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by a "translation" 7y_; of G of vector A — f (which means that 7,_; induces the translation
of vector A\ — f on A). We fix v € C} and set y~ =y, . By Lemma 5.5,

y (P (A + 1) N B0, 1) € | ey oy (B0, £) N pih (i + £1)).
fer

According to Section 5 of [GR14], for all f,u € Y, BY(0, f) N pii({p+ f}) is finite. Con-
sequently, for A sufficiently dominant, (J,.p 7a—y (y= (B0, /)N pii({pn+ f}) C C% and one
concludes with Lemma 4.5.

Lemma 7.1. Let p € Q¥ and H=—h(u)+1€N. Leta €Y, T € [H,40), v € YT and
x € Ba, Tv)Npit({a+Tv+u}). Let g € G such that g.a = a and g.x = TA+a. Then g
fizes [a,a+ (T — H)v| and in particular x € B*(a+ (T — H)v, Hv).

Proof: Let 7 : [0,1] — A defined by 7(t) = a + (1 — t)Tv. The main idea is to apply
Lemma 4.1 to pyo © (¢971.7) but we cannot do it directly because p;o o 7 is not a Hecke
path with respect to —C}. Let A be the vectorial space A equipped with a structure of
apartment of —A: the fundamental chamber of A" is O = —C7 etc ... Let Z' be the set Z,
whose apartments are the —A where A runs over the apartment of Z. Then Z’ is a hovel of
standard apartment A”. We have 0 < z in Z and so <’ 0 in 7.

Then the image 7 of g71.7 by p, is a Hecke path of shape —T'v from p o (z) = a+Tv+u
to a. By Lemma 4.1 (for Z'), for ¢t > —h(u)/T, 7'(t) = —Tv, and thus Lemma 3.4 (for 7’
and A') implies pio(977(t)) = g~ L.7(t) for all t > —h(pu)/T. Therefore, g~ .7/ p(u 7 18 &

segment in A ending in a, with derivative —Tv and thus, for all ¢ € (_hT(“), 1], g7 .7 (t) = 7(¢).

In particular, g fixes [a,7(£)] = [a,a + (T — H)v], and d*(a + (T — H)v,z) = d°(g"".(a +

(T—Hw),g'z)=d’(a+ (T — H)v,a+Tv) = Hv. O

Let E be as in the Lemma 6.2.

Lemma 7.2. Let p € Q¥Y, H = —h(p) +1 € Nanda € Y. Let A € YT+, One writes
A=Y cpAe with A\. €N for alle € E. Lete € E. Then if \. > H, B"(a,\) N pIL ({a+
A+ p}) C B'(a+ (A — He, A — (A — H)e).

Proof: Let x € B%(a,\) N pii({a+ A+ u}) and g € G fixing a such that g.x = a + A.
Let z = g Ya + Aee).

Then one has d¥(a, z) = A\ce and d"(z,x) = X — Ace.

According to Lemma 2.4.b) of [GR14] (adapted because one considers Hecke paths with
respect to C'}), one has:

Proo(2) —a <gv d’(a,z) = Aee and pioo(z) — proc(2) <gv d’(z,2) = X — Ace.

Therefore,

a+ A4 1= proo(®) Qv proc(z) £ A — Ace <gv a+ A

Hence, pioo(2) = a+ Aee + p/, with p <gv ¢/ <gv 0. Ome has —h(y') + 1 < H. By
Lemma 7.1, g fixes [a,a + (A\. — H)e] and thus g fixes a + (A, — H)e.
Asd’(g7t(a+ (N —H)e),x) =A— (Ae— H)e,z € B(a+ (A\e — H)e, A\ — (\e — H)e). O

Corollary 7.3. Let p € QY. Let H = —h(p) + 1. Let X € Y1, We fix a writing A =
S eep Aee, with Ac € N for alle € E. Let J = {e € E|A\. > H}. Then B"(0,\) N p 5 ({\ +
p}) CBYAN=HY cre =g At HY cse+ 3 05 Ae)-

Proof: this is a generalization by induction of Lemma 7.2.
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Theorem 7.4. Let p € QY. Then for X\ € Y™ + A, sufficiently dominant, B*(0,\) N
proc({A+ 11}) = P ({AD) N pZsc (A + 1))

Proof: Theorem 4.6 yields one inclusion. It remains to show that po 5 ({\+p})NBY(0,\) C
prac(IN+ 1}) N p=i ({A}) for A sufficiently dominant.

Let H = —h(p) + 1 and F = {3, cpvee|(ve) € [0, H — 1]"}. This set is finite. Let
AEY T+ Ny A= Aipy + A, with A, € Ay, and A € YT

Let z € BY(0,\) N p+oo({)\ + u}). Then by Lemma 7.3, there exists f € F such that
A—f € ?}’ and z € BY(\ — f,f). Let n an element of G inducing the translation of
vector A — f = A — X\, + fon Aand 7,y = 7y, on. Then x € 7, (By) where By =
B0, f) N piae ({1 + f1).

Let B = UfeF By. Then one has proven that

B (0,\) N pi b (A + 1) € | ms(B)
fer

By Section 5 of [ 14] (or Corollary 5.3), By is finite for all f € F and thus B = (J; B
is finite. Let v € € and y~ = y,. Then y~(B) is finite and for A sufficiently dominant,
User Tar 0y~ (B) C Cf. Moreover, according to Lemma 5.5, Ucp 7oy 0y (B) = Usepy™ 0
7. f(B). Hence

Y~ (B0, ) N prh({A + 1) € O

for A\ sufficiently dominant. Eventually one concludes with Lemma 4.5. [J
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