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THE AMPLIFICATION METHOD IN THE GL(3) HECKE ALGEBRA

ROMAN HOLOWINSKY, GUILLAUME RICOTTA, AND EMMANUEL ROYER

ABSTRACT. This article contains all of the technical ingredients required to
implement an effective, explicit and unconditional amplifier in the context of
GL(3) automorphic forms. In particular, several coset decomposition compu-
tations in the GL(3) Hecke algebra are explicitly done.
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

1.1. Motivation: sup-norms of GL(n) Hecke-Maal$ cusp forms. Let f be a GL(n)
Maal3 cusp form and K be a fixed compact subset of SL,(R)/SO, (R) (see [Gol06]).
The generic or local bound for the sup-norm of f restricted to K is given by

[1£lilloo << A1

where Ay is the Laplace eigenvalue of f (see [Sar]). Note that E Brumley and
N. Templier noticed in [BT] that the previous bound does not hold when 7 = 6 if
f is not restricted to a compact.
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If f is an eigenform of the Hecke algebra, however, then the generic bound
is not expected to be the correct order of magnitude for the sup-norm of the
restriction of f to a fixed compact. This is essentially due to the fact that the
Hecke operators are additional symmetries on the ambient space. In other words,
we expect there to exist an absolute positive constant 6, > 0 such that

[1£1illoo < A0, (1.1

H. Iwaniec and P. Sarnak proved the bound given in (1.1) in [IS95] when n =2
for 6, = 1/24. Note that improving this constant §, seems to be a very delicate
open problem. The case n = 3 was completed by the authors in [HRR] with
63 = 1/124. The general case was done, without an explicit value for 6, in a series
of recent impressive works by V. Blomer and P. Maga in [BMb] and in [BMa].

All of the above achievements (and much more) were made possible thanks to
generalizations of the amplification method developed by W. Duke, J. Friedlander
and H. Iwaniec for GL(1) and GL(2) (see [F192], [Iwa92] and [DFI94] for example).
In particular, the proof of (1.1) for n = 3 with §3 = 1/124 relies on Theorem B of
this article which was stated without proof in [HRR] as Proposition 4.1 1 For the
sake of completeness and future use, we provide the full details of the proof of
Theorem B, including computations, here in this article.

1.2. The GL(2) and GL(3) amplifier. The general principle behind the construc-
tion of an amplifier, is the existence of an identity which allows one to write a
non-zero constant as a finite sum of Hecke eigenvalues. In the most basic context
of GL(2) automorphic forms, this identity is

Ar(p) - Ar(pP) =1 (1.2)

where p is any prime and A ¢(n) is the n-th Hecke eigenvalue of a Hecke-Maal$ cusp
form f of full level, i.e. T), f = A(n) f where

1

d
(Tnf)(z)=7 > Zf(

ad=n b=1

az+b)

One may interpret the above identity as the fact that the Rankin-Selberg convolu-
tion factors as the product of the adjoint square and the Riemann zeta function
and therefore has a pole at s = 1.

From the identity (1.2), one constructs an amplifier

2

Af = ;ag/lf(f)
with
A (0) if €< VLisa prime number,
ap=4-1 if ¢ < L is the square of a prime number,
0 otherwise

ITheorem B and Proposition 4.1 in [HRR] are not entirely identical. Since releasing our first
article [HRR], we have noticed a simplification in the construction of the amplifier. Therefore,
Theorem B only contains the identities in Proposition 4.1 of [HRR] which are necessary for the
amplification method. The implied power saving in the Laplace eigenvalue for the sup-norm
bound remains the same.



THE AMPLIFICATION METHOD IN THE GL(3) HECKE ALGEBRA 3

for some fixed form f. The advantage to constructing such an amplifier is that
it is expected to be small? for general forms f while satisfying the lower bound
Af >, L'"¢ when =/

Reinterpreting (1.2) in terms of Hecke operators, we may write

TyoT,— Ty = Id.

In application to the sup-norm problem for GL(2) via a pre-trace formula argu-
ment, this translates into a need to geometrically understand the behavior of the
following collection of operators on an automorphic kernel:

Ty, Tpo T;, Tpo T;z and T2 0 T;Z

both in the cases of primes p = g and p # g. Since the Hecke operators T}, in
GL(2) are self-adjoint and computationally pleasant to work with due to their
relatively simple composition law, one quickly computes that the above collection
of Hecke operators may be reduced to the study of

Tp, qu, quz and szqz.

In truth, one has an opportunity to further reduce the collection of necessary
Hecke operators through the simple inequality
2

+2

2

Ap<2 : (1.3)

Yaphs(p)| +2|  apAr(p?)
14 p

Indeed, an appropriate application of (1.3) (see for example [BHM]) allows one
to further restrict the set of necessary Hecke operators to

qu and sz qz

both in the cases of primes p = g and p # q.

The case of GL(3) is much more computationally involved due to the lack of
self-adjointness of the Hecke operators and their multiplication law. Instead of
looking at identities involving Hecke eigenvalues, we start immediately with the
Hecke operators themselves (see §2 for definitions). Our fundamental identity
now will be

2
Tdiag(l,p,p) ° Tdiag(l,l,p) - Tdiag(l,p,pz) =(p°+p+1Id.

We set cr(p) = ag(p,1), cr(p)* = ar(p,1) and cf(pz) to be the eigenvalues of
p‘leiag(l,Lp) =Ty, p_leiag(l,p,p) =T, and p? Tiag(1,p,p?) respectively when
acting on a form f. See (2.2) and (2.3) for the precise definitions. We construct
the amplifier

2
Af = Za(Cf(f)
¢
with®
cf )" if¢<vlisa prime number,
ap:=<% -1 if ¢ < L is the square of a prime number,
0 otherwise.

2This follows, at least conditionally, from a suitable version of the Generalized Riemann Hy-
pothesis. However, we do not need to use this fact.
30ne may also choose a variant, in the spirit of [Ven10], which involves the signs of ¢, (£).
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As in the case of GL(2), this amplifier will satisfy A fy e L'"¢and A ris otherwise
expected to be small for f # fp.
Applying the inequality
2
+2

2

Af<2 Zapcf(p) Zapch(pz)
p p

one is reduced to understanding the actions of

Tdiag,1,p) © Tdiag(1,q,q) and Tiag1,p,p2) © Tdiag1,q,q%

both in the cases of primes p = g and p # g on the relevant automorphic kernel.
In the following sections, we compute the above compositions as linear com-
binations of other Hecke operators and state our main result as Theorem B. In
the end, we shall see that the following operators are the relevant ones for our
application

Tdiag(l,p,pq)» Tdiag(l,pq,pzqz)) Tdiag(l,p3,p3) and Tdiag(l,l,p3)

for primes p=qgand p # q.

1.3. Statement of the results.

Theorem A— Let p be a prime number and A = GL3(Z).

o The set Ry,1,p (respectively Ry p p, Ry p, ,2) defined in Proposition A.1 (re-
spectively Proposition A.2, Proposition A.3) is a complete system of repre-
sentatives for the distinct A-right cosets in the A-double coset of diag(1, 1, p)
(respectively diag(1, 1, p), diag(1, p, p?)) modulo A.

o The following formulas for the degrees of A-double cosets hold.

deg(diag(1,1, p)) pP+p+1,

deg(diagl,p,p)) = p*+p+1,
deg(diag1,p,p») = pp+DEP*+p+1),

deg(dlag(p, pp) = 1,
deg(diag(1,p*, p") = P’ (p+DEP*+p+1),
deg(diag(1,p* p*) = p'P*+p+1),
deg(diag(p, p, ph) = p'p*+p+),
deg(diag(p, p>,p*)) = pp+D(p*+p+1),
deg(diag(p®, p*,p»)) = L

o Finally,

Adiag(1,1, p)A = Adiag(l, p, p) A = Adiag(l, p, pz)A + (p2 + p+1)Adiag(p, p, p)A.
(1.4)
and
Adiag(1, p, pH AxAdiag(l, p, p?) A = Adiag(l, p?, p*) A+(p+1) Adiag(1, p°, p>) A
+ (p+ D Adiag(p, p, pY) A+ (p+1)2p — 1) Adiag(p, p?, p>) A
+p(p+1D(p* + p+1)Adiag(p?, p*, pY)A. (1.5)
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Remark 1.1-In [Kod67], T. Kodama explicitely computed the product of other
double cosets in the slightly harder case of the Hecke ring for the symplectic
group. The results stated in the previous theorem are similar in spirit.

Remark 1.2—Tt is well-known that a A-double coset can be identified with its char-
acteristic function y. Under this identification, the multiplication law between
A-double cosets is the classical convolution between functions. If u = (u, y2, u3)
with y; = gy = u3 = 0and v = (v, v2,vs) with v; = v, = v3 = 0 are two partitions
of length less than n, then

_ A
X Adiag(pH1,pr2,pr3) A * X Adiag(p*1,p¥2,p¥3) A = Zg,u,v(p)XAdiag(pﬁl,p@,pAS)A
A

for any prime number p where A ranges over the partitions of length less than n
and the gﬁ,v(p) are the Hall polynomials (see [Mac95, Equation (2.6) Page 295]).
The sum on the right-hand side of the above equality is finite since only a finite
number of the Hall polynomials are non-zero. However, determining which Hall
polynomials vanish is not straightforward (see [Mac95, Equation (4.3) Page 188]).
Using Sage, one can check that

g((g:f,’g)),(z,1,0) (P =1

g((g:f:g)),(Z,I,O) (p = p+l,
g((g:ll,yé)),(z,l,m (p) = p+1,
g((g,’i'é)),(z,l,m (p) = (p+DHE2p-1),

g((gf,ﬁ)),(z,l,m (p = pp+L(EP*+p+1D)

and one can recover the coefficients occurring in (1.5). We prefer to give a differ-
ent proof, which has the advantage of producing explicit systems of representa-
tives for the A-right cosets and formulas for the degrees.

Corollary B—Ifp and q are two prime numbers then

Tdiag(l,p,p) ° Tdiag(l,l,q) = Tdiag(l,p,pq) + 6p:q(P2 +p+ 1Id (1.6)

and

Tdiag(l,p,p2)°Tdiag(l,q,qz) = Tdiag(l,pq,pzqz)+6p=q(p+1) (Tdiag(l,p3,p3) + Tdiag(l,l,p3))
+0p=q(p+1D2P = 1) Tdiag,p,p2) + O p=qP(p+ D(p* + p+ DId. (1.7)

When p # g, the previous corollary immediately follows from (2.6) and (2.7).
When p = g, it is a consequence of the previous theorem and of (2.6).

Remark 1.3—As observed by L. Silberman and A. Venkatesh in [SA] and used by
V. Blomer and P. Maga in [BMb] and in [BMal], the precise formulas for the Hall
polynomials occurring in (1.6) and in (1.7) are not really needed for the purpose
of the amplification method, since the Hall polynomials are easily well approxi-
mated for p and g large by the much easier Schur polynomials. Nevertheless, the
precise list of the Hecke operators relevant for the amplification method, namely
occurring in (1.6) and in (1.7), seems to be crucial in order to obtain the best
possible explicit result. For instance, G. Harcos and N. Templier used such a list
in order to prove the best known subconvexity exponent for the sup-norm of
GL(2) automorphic forms in the level aspect in [HT13].
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1.4. Organization of the paper. The general background on GL(3) Maall cusp
forms and on the GL(3) Hecke algebra is given in Section 2. The linearizations
involved in Theorem A are detailed in Section 3. The proof requires decomposi-
tions of A-double cosets into A-left and right cosets and computations of degrees
as done in Appendix A.

Notations— A stands for the group GL3(Z) of 3 x 3 invertible matrices with integer
coefficients. If g is a 3 x 3 matrix with real coefficients then 'g stands for its
transpose. For g € GL3(Q) we let T, denote the Hecke operator associated to g (see
§2). If a, b and c are three rational numbers then

o diag(a, b, c) denotes the diagonal 3 x 3 matrix with a, b and c as diagonal
coefficients;

e L, (respectively R, p, o) stands for a system of representatives for the de-
composition of the A-double coset Adiag(a, b, c) A into A-left (respectively
right) cosets.
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2. BACKGROUND ON THE GL(3) HECKE ALGEBRA

Convenient references for this section include [AZ95], [Gol06], [New72] and
[Shig4].

Let f be a GL(3) Maal cusp form of full level. Such f admits a Fourier expan-
sion
my|my|

ag(my, my)
f—VVIa ml (Y 1) g,/vf"(ljl my
1

fo= X
yeU,(@\SLy(Z) my=1 my|my|
M€ Z\ {0}

for g € GL3(R) (see [Gol06, Equation (6.2.1)]). Here U, (Z) stands for the Z-points
of the group of upper-triangular unipotent 2 x 2 matrices. vy € C? is the type

? Imy|
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of f, whose components are complex numbers characterized by the property
that, for every invariant differential operator D in the center of the universal
enveloping algebra of GL3(R), the cusp form f is an eigenfunction of D with the
same eigenvalue as the power function I, ,, which is defined in [Gol06, Equation
(5.1.1)]. 1,41 is the character of the group of upper-triangular unipotent real
3 x 3 matrices defined by

I w2 wmg3 _
Y141 1 g || = e?mlieatiz),
1

Wja(x,v¢,91,41) stands for the GL(3) Jacquet Whittaker function of type vy
and character ¥ 4 defined in [Gol06, Equation 6.1.2]. The complex number
af(my, my) is the (my, my)-th Fourier coefficient of f for m; a positive integer and
m;y a non-vanishing integer.

For g € GL3(Q), the Hecke operator Tg is defined by

Te(HW= ) f@h

SeA\AGA

for h € GL3(R) (see [AZ95, Chapter 3, Sections 1.1 and 1.5]). The degree of g or Ty
defined by

deg(g) = deg(Ty) = card (A \ AgA)

is scaling invariant, in the sense that
deg(rg) = deg(g) 2.1

for r € Q*. The adjoint of Ty for the Petersson inner product is Tg-1. The algebra
of Hecke operators T is the ring of endomorphisms generated by all the Tg'’s
with g € GL3(Q), a commutative algebra of normal endomorphisms (see [Gol06,
Theorem 6.4.6]), which contains the m-th normalized Hecke operator

Ty = L > T, 2.2)

M g=diag(y1,y2,73)
yily2lys
Yiy2ys=m

for all positive integers m. A Hecke-Maall cusp form f of full level is a Maal§ cusp
form of full level, which is an eigenfunction of T. In particular, it satisfies

Tm(f) = ar(m, Dfand T,,(f)= af(l,m)f =ar(m, nf 2.3)

according to [Gol06, Theorem 6.4.11].

The algebra T is isomorphic to the absolute Hecke algebra, the free Z-module
generated by the double cosets AgA where g ranges over A\ GL3(Q)/A and
endowed with the following multiplication law. If g; and g, belong to GL3(Q) and

deg(g1) deg(g>)
AgiA= |J Aa;and AgoA= |J ABj

i=1 j=1
then

AgIA*AgoA= > m(g1, g2; W) AhA (2.4)
AhAcAgIAgA
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where h € GL3(Q) ranges over a system of representatives of the A-double cosets
contained in the set Ag1AgyA and

m(g1, g h) = card ({(i, j) € {1,...,deg(g)} x {1,...,deg(g2)}, a;fj € Ah}),  (2.5)

1 . .
= deall) card ({(i, j) €{1,...,deg(g)} x {1,...,deg(g2)}, aifj € AhA}),

_ deg(g2)
~ deg(h)

Confer [AZ95, Lemma 1.5 Page 96]. In particular,

card ({i €{1,...,deg(g1)}, aig2 € ARA}).

Adiag(r,r,r)A* AgA = ArgA (2.6)

for ge GL3(Q) and r € Q™ ([AZ95, Lemma 2.4 Page 107]). In addition, for p and g
two distinct prime numbers,

Adiag(1, p™, p®) A = Adiag(1, g, gP2) A = Adiag(1, p* ¢P', p®2 P A (2.7)

where a1, a2, B1, B2 are non-negative integers by [AZ95, Proposition 2.5 Page 107].
Every double coset AgA with g in GL3(Q) contains a unique representative of
the form

rdiag(l, s1(g), s2(g)) (2.8)

where r € Q* and s (g), s2(g) are some positive integers satisfying s;(g) | s2(g)
(see [AZ95, Lemma 2.2]).

Finally, let g = [g;,j]1<i,j<3 be a 3 x 3 matrix with integer coefficients. Its deter-
minantal divisors are the non-negative integers given by

di(g) = ged(igij,1<i,j<3,
dy(g) = gcd({determinants of 2 x 2 submatrices of g}),
d3(g) = |det(g)l.

and its determinantal vector is d(g) = (d1(g),d2(g),ds(g)). The determinan-
tal divisors turn out to be useful since if h is another 3 x 3 matrix with integer
coefficients then h belongs to AgA if and only if di(h) = di(g) for 1 < k <3
(see [New72]).

3. PROOF OF THE LINEARIZATIONS GIVEN IN THEOREM A

3.1. Linearization of Adiag(l,1, p) A * Adiag(1, p, p) A. This section contains the
proof of (1.4).
By (2.4), the product of these double cosets equals

1 1
3 m 1 1 » sh | ARA
AhAcAdiag(1,1,p)Adiag(1,p,p) A p p

where h € GL3(Q) ranges over a system of representatives of the A-double cosets

contained in the set
1 1
p p
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Let us determine the matrices h occuring in this sum. Let & in GL3(Q) be such
that AhA is included in the previous set. By (2.8), one has uniquely

A
AhA = Ag}t—ldiag(l,sl,SZ)A
2

with € = +1, 11,42 >0, (A1,A2) =1, 51,82 >0, 51| s2. The inclusion is equivalent to
AeAidiag(l, sy, s2)A = AA20162A

for some matrices 61 € Ry 1, and 6> € Ly p,,, by (A.3) and (A.4). So, both matrices
have the same determinantal divisors ie

el = A2d1(6162),
Aisi = A5da(6162),
8/12138152 = /lgds((sl&z) =/13p3.

One can check that the set
{6162,(81,62) € Ri,1,p % Li,p,p}

is made exactly of the matrices

p
( p ~ d(6162) = (p, p* P,
p
p d1+D1
( p ~ d(6182) = ((p,d1 +Dy), p(p,dy + Dy), p*),
p
p e1+E;
( p fi+F| ~ d6162)=(pe+Ey,fi+F)ppe +E,fi+F)p’
p

p? pE;
p F | ~ d616)=01,pp°,

1
p* pDi
( 1 ~  d(6162) = (L, p,p°),
p
1 pd
( P2 ~ d(6162) = (l’p) Ps)»
p

p* pFi ~  d(5162) = (1, p, p®),

1 pei
p pjzi ~ d(6182) = (1,p, p°),

1 p@ ~ d(8162) = (1, p, p°)
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with 0 < dy, ey, f1, D1, E1, F1 < p. As a consequence, only two cases can occur
since

d(516,) €1, p, p°), (p, P*, PO)}.
First case: d(5152) = (1, p, p°).

EAI = AZ»
Als; = Asp,
81? S18p = /13 p3.

The first equation gives € = 1) = 1, = 1 by the coprimality of 1; and A,. The
second equation gives s; = p. The third equation gives s, = p. Thus,

AhA = Adiag(l, p, p*)A.

Second case: d(6102) = (p, p?, p°).

6/11 = Azp,
Alsy = Asp?
eﬂtfslsz = )Lgps.

The first equation gives € = 1, = 1 and 1; = p by the coprimality of A1; and A,.
The second equation gives s; = 1. The third equation gives s, = 1. Thus,

AhA = Adiag(p, p, p)A.

Asa consequence,

1 p
Adiag(l,l,p)A*Adiag(l,p,p)A:mlA( p )A+m2A( p )A
2
p p

A0 )
A0

Let us compute the value of m; first. By (2.5), (A.5) and (2.1),

1 p
61€R1,1yp,61 p eA 14 A .
p p

Let us compute the remaining cardinality. One can check that the set

1
{51( p ),51 €R1,1,p}
p

where

3
Il

my

my=p*+p+1)
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is exactly made of the matrices

p
( p ~ (dy,dy,d3) = (p, p*, p*),
p

1 pd
pZ e (dl)d2vd3): (LP,P?’),
p

1 0 pe
p m;l ~ (dy,dy,d3) = (1, p, p°)
p

with 0 < dy, e1, fi < p. The fact that the determinantal vector of diag(p, p, p) is
diag(p, p?, p?) implies that

o+ Jo o I )

and is of cardinality 1 such that m, = p? + p + 1.
Now, let us compute the value of m;. By (2.5), (A.5) and (A.7),

1 1
{61€R1,1,p,51( p )EA( p )A} .
p p?

Let us compute the remaining cardinality. Both the analysis done for m, and the
fact that the determinantal vector of diag(1, p, pz) is (1, p, pz) imply that

1 1 1 d;
ol 0 Jol + 2
p pz 0Sd1<p 1
1 €1
LAl )
O<e;,fi<p p

3.2. Linearization of Adiag(1, p, p*>) A = Adiag(1, p, p?)A. This section contains
the proof of (1.5).
By (2.4), the product of these double cosets equals

1 1
Y m p , p sh | ARA
AhAcAdiag(l,p,p?) Adiag(1,p,p?) A p? p?

where & € GL3(Q) ranges over a system of representatives of the A-double cosets

contained in the set
1 1
A ( p ) A ( p ) A.
p? p?

1
p(p+1)

m

which is of cardinality p(p + 1) such that m; = 1.
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Let us determine the relevant matrices k& occuring in this sum. Let & in GL3(Q)
be such that AhA is included in the previous set. By (2.8), one has uniquely

A
ARA = Angdiag(l,sl,sZ)A
2

with e =+1, 11,42 >0, (A1,A2) =1, 51,52 >0, 51 | s2. The inclusion is equivalent to
As/lldiag(l, S1, Sz)A = A/1261(52A

for some matrices 61 € R}, pp? and o€ L) pp? by (A.6). So, both matrices have
the same determinantal divisors ie

el = A2d1(6102),
Aisi = A5da(6162),
8/1:;’8182 = Agdg((Sl(Sz) =/13p6.

By (A.6), a straightforward but tedious computation ensures that the set
{d(5152), (51,52) € Rl,p,Pz X Ll,p,pz}
is a subset of

(@, p% p%), 0, p°, %, (0, 2 %), (0, P, PO, (P2, P, PO,
Case 1: (dy,d>, d3) = (1, p?, p°).

811 = 12,
2 2.2
eﬁslsz = )Lgpﬁ.

The first equation gives € = 1; = 1, = 1 by the coprimality of 1; and A,. The
second equation gives s; = p?. The third equation gives s, = p*. Thus,

AhA = Adiag(1, p?, pYA.
Case 2: (dy,da, ds) = (1, p*, p°).

611 = A’Z’
2 2.3
3 3.6
eAs1s2 = Ayp°.

The first equation gives € = A; = 1, = 1 by the coprimality of 1; and A,. The
second equation gives s; = p3. The third equation gives s, = p3. Thus,

ARA = Adiag(1, p°, p°)A.
Case 3: (dy,ds, d3) = (p, p?, p°).

6/11 = Agp,
As; = Asp?,
e/l?slsz = Agpﬁ.

The first equation gives € = 1, = 1 and A; = p by the coprimality of 1; and A,.
The second equation gives s; = 1. The third equation gives s, = p®. Thus,

AhA = Adiag(p, p, pYA.
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Case 4: (d1, do, d3) = (p, p°, p®).

Eﬂ,l = Azp,
Als; = Aspd
eMsis, = A3pt.

The first equation gives € = 1, =1 and 1, = p by the coprimality of A1, and A,.
The second equation gives s; = p. The third equation gives s, = p?. Thus,

AhA = Adiag(p, p%, p°)A.
Case 5: (dy,d», d3) = (pz,p4,P6)-

e = Aop’,
Als; = Asph,
51?5152 = )Lgpﬁ.

The first equation gives € = 1, = 1 and A; = p? by the coprimality of A; and ..
The second equation gives s; = 1. The third equation gives s, = 1. Thus,

AhA = Adiag(p?, p?, p*)A.

Asa consequence,

1 1
Adiag(1, p, p*) Ax Adiag(1, p, p)A = mi A ( p? ) A+moA ( p? ) A
4 3
p p

p p p?
+m3A p A+ myA p? A+ msA p? A
p! p? p?

where
1 1 1
m = m 1% ) p ’ pz ))’
p° p* p*
1 1 1
my = m p A P o I ))
p? p? P’
1 1 p
m3 = m 1% ) p ’ 1% ) ,
p? p* p*
1 1 p
my = m p N P ) :
p? p? p’
1 1 p?
ms = m p A P ; p? ))
p? p* p?

Let us compute the value of m;. By (2.5), (A.7) and (A.8),

1 1
{&eRLp,pz,(Sl( p Z)EA( p? 4)A} .
p p

1
m1=—4
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Let us compute the remaining cardinality. One can check that the set

1
{51( 14 ),61€R1,p’p2}
p2

is exactly made of the matrices

1
3

2

p

( p pzf ) M (dl’dZ) d3) = (p) psy PG),
p

p pd
p* (pldo) ~ (di,do,d3)=(p,p°,p®,
p?
p pdi pie
P> P |difi=0,(di e, i) #(0,0,00) ~ (di,da,ds)=(p,p° p°
P
and
1 pdl pzeg
p* P (plf) ~ (d1,d2,d3)=(1,p2,p6)
P
and
1 pd, p261
p* s (dy,do,d3) = (1, p3, p®)
3
p
and
2
p pTe
( p P2f2)(l7|€2) ~ (dy, dy,d3) = (p, p*, p®)
p
and

2
p
( p? 2) s (dy,dy, d3) = (P2, pt, p®)
p

where 0 < dj,e;,fi<pand0<dy, e, fo < pz. The fact that the determinantal
vector of diag(1, p?, p*) is (1, p?, p®) implies that m; = 1.
Let us compute the value of m,. By (2.5), (A.7) and (A.9),

1 1
{616121,,),,,2,51( p )EA( p? )A} )
p* p’

Both the analysis done for m; and the fact that the determinantal vector of
diag(1, p3, p%) is (1, p3, p®) imply that m, = p + 1.
Let us compute the value of m3. By (2.5), (A.7), (2.1) and (A.10),

1 p
61€R1,p,p2:61 p ) EA p A A .
p p

p+1
pl

nmy =

p+1
p?

ms =
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Both the analysis done for m; and the fact that the determinantal vector of
diag(p, p, p*) is (p, p?, p® imply that m3 = p + 1.
Let us compute the value of my. By (2.5), (A.7), (2.1) and (A.7),

1 p
+1
m4:pp3 {516}?1%!)2,51( p Z)EA( p? 3)A}.
p p

Both the analysis done for m; and the fact that the determinantal vector of
diag(p, p?, p?) is (p, p3, p®) imply that my = (p+ 1) 2p - 1).
Let us compute the value of ms. By (2.5), (A.7) and (2.1),

1 p2
m5:p(p+l)(p2+p+l) {61€R1yp,p2,51( p )EA( p? )A} .
p? p?

Both the analysis done for m; and the fact that the determinantal vector of
diag(pz, pz, pz) is (pz, p4, pﬁ) imply that ms = p(p+ 1)(;92 +p+1).

APPENDIX A. DECOMPOSITION OF A-DOUBLE COSETS INTO A-COSETS

By [AZ95, Lemma 1.2 Page 94 and Lemma 2.1 Page 105], we know that every
A-double coset AgA with g in GL3(Q) with integer coefficients is both a finite
union of A-left cosets and A-right cosets. In addition, every A-right coset Ag
contains a unique upper-triangular column reduced representative, namely

a d e
Ag:A( b f)
c

where0<sd <band0<e, f < cby[AZ95, Lemma 2.7 Page 109].
As a consequence, every A-left coset gA contains a unique upper-triangular
row reduced representative, namely

a d e
gA:( b f)A
c

where 0 < d,e < aand 0 < f < b. More explicitely, if UW'gW = H is the upper-
triangular column reduced representative of the A-right coset AW’gW with W
the anti-diagonal matrix with 1’s on the anti-diagonal then gW'UW = W'HW is
the upper-triangular row reduced representative of the A-left coset gA.

The previous fact also entails that

AgA= | A6=>AgA= | 6A A1)
G6€Ry OEW'R,W
since
AgA=WAgA=W'(AgA)=W | '6A= |J W'6WA.
O€Ry G6€Ry

Let us finish with a useful elementary practical remark for the computations
done in the following sections of the appendix. If H is an upper-triangular column
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reduced matrix in a A-double coset Adiag(p®*, p*2, p*3) A where p is a prime
number and a;, a2 and a3 are non-negative integers then

piox x|
H= pP: = [, (@j-6,)=0,Yj€{1,2,3,0<6;< max ay. (A.2)
P53 j=1 1<ks<3

The fact that the diagonal cofficients of H are powers of p comes from the deter-
minant equation. The condition on the exponents of these diagonal coefficients
follows from the fact that p™@{@&1<k<3} =1 hag integer coefficients.

A.1. Decomposition and degree of Adiag(1,1, p)A.

Proposition A.1— One has

Adiag(1,1,ppA= |J As= | 6A (A.3)
(SER],]vp 6EL1,1yp

where

1 dl 1 0 el
Ry, ={diag(p,1, 1D} U p U 1 fi
OSd1<p 1 Osel)fl<p p

and

1 p d e
Liy,p={diag,1,p)} U ( p N U ( 1 ) )
0<fi<p 1 0<d,,e;<p 1

In particular,

deg(diag(1,1,p)) = pP+p+1.

Proof of Proposition A.1. The decomposition into A-right cosets implies the de-
composition into A-left cosets by (A.1). The possible upper-triangular column
reduced matrices 6 that can occur in the decomposition into A-right cosets are

10

1

1 d;

p

p 0

1

where 0 < dy, e, fi < p. The fact that the determinantal vector of diag(1, 1, p)

is (1,1, p) implies the decomposition into A-left cosets given in (A.3) and the
computation of the degree too. O

~ d@6)=(1,1,p),

~ d©)=(1,1,p),

~ d6)=(1,1,p)

—oo moo T =°
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A.2. Decomposition and degree of Adiag(1, p, p)A.

Proposition A.2— One has

Adiag(1, p, p)A = Uger, ,, 6/ (A4)
where
p e p d
Lyp,p ={diag,p,p} U p h U 1
O<ep,fi<p 1 0<d,<p p
In particular,
deg(diag(1, p, p)) = pP+p+1. (A.5)

Proof of Proposition A.2. By (A.2), the possible upper-triangular row reduced ma-
trices 0 that can occur in the decomposition into A-left cosets are

p di e
p fil ~ d©é=Q,(pd,df)p>,
1

p d e
1 ~ d©)=(1,(p, e, p?),
p

1
( p fi| ~ d©=0Q,(p f),p%
p

where 0 < dj, e1, fi < p. The fact that the determinantal vector of diag(1, p, p)
is (1, p, p?) implies the decomposition into A-left cosets given in (A.4) and the
computation of the degree too. g

A.3. Decomposition and degree of Adiag(l, p, pz)A.

Proposition A.3— One has

Adiag(1, p, p*)A = Use Ry, A0 =Uger,  ,0A (A.6)
where
1 dl €2 1 dg €1
Rl,p,pz = U p f U pz
0<d;<p ]92 0<e;<p p
0<ey, fo<p? 0<d,<p?

N
QA

plf
p e p?
U 1 f U 1 f
0<ey, fo<p? p2 0<fi<p p 0<dy,<p?
ple pldz

p di e p?
R | 1 |
0<d,e1, fi<p p 1

dy f1=0
(dh,e1, f1)#(0,0,0)
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and
p* d e p e
Ll,p,p2 = U p fl U pz f2
0<fi<p 1 0<e;<p 1
0<dy,es<p? 0<fo<p?
pld,

p2 dy e p d 1
S8 (Y| RO (G PR (G|
0<d,,e2<p? p 0<di<p P2 0<fo<p? p
plez plf
p di e p*
U ( p fl) U ( p ) .
0<d,ey, fi<p p 1

dy f1=0
(dy,e1,f1)#(0,0,0)

In particular,

deg(diag(1, p, p*)) = p(p+ D1+ p + p?). (A7)
Proof of Proposition A.3. The decomposition into A-right cosets implies the de-
composition into A-left cosets by (A.1). By (A.2), the possible upper-triangular

column reduced matrices 6 that can occur in the decomposition into A-right
cosets are

p di e
Typel:( p fl) ~ d©d) = ((p,dy,er, ), (p*, pdr, pfi,difL — per), p°)
p
and
1 di e
Type2:| p f| ~ dO)=Q1,p )P,
p?
1 dz e1
Type 3: p2 fil ~ d(6)=(1,(p,f1),l73),
p
p €2
Type4:( 1 f22 ~ d6)=(1,(pe),p),
p

2
p €
Type 5:( 1 fi| ~ d®=0(pe)p,

p
p do
Type 6: p2 ~ d((s) = (1,(P, dZ);p?)))
1
p* d
Type 7: p ~  d6)=(Q1,(p,d), p*
1

where 0< dj, e, fi<pand0<ds, e, fo < pz. Let us count the matrices among
the previous ones, whose determinantal vector is the same as the one of diag(1, p, p?),
namely (1, p, p%).
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Let us consider the matrices of type 1. The condition on d, () implies d; # 0.
The condition on d; (§) implies that (dy, e1, f1) # (0,0,0). The condition on d>(9)
implies p | d1 fi such that p | d; or p | fi, namely d; = 0 or fi = 0. There are
(p—1)(2p + 1) such matrices of type 1.

Let us consider the matrices of type 2. The condition on d»(6) implies p | f>.
There are p* such matrices of type 2.

Let us consider the matrices of type 3. The condition on d» (6) implies f; = 0.
There are p3 such matrices of type 3.

Let us consider the matrices of type 4. The condition on d»(6) implies p | e-.
There are p° such matrices of type 4.

Let us consider the matrices of type 5. The condition on d, () implies e; = 0.
There are p such matrices of type 5.

Let us consider the matrices of type 6. The condition on d»(6) implies p | d>.
There are p such matrices of type 6.

Let us consider the matrices of type 7. The condition on d»(6) implies d; = 0.
There is 1 such matrix of type 7.

One can recover the decomposition in A-right cosets given in (A.6) and the
value of the degree given in (A.7) by summing all the contributions in the previous
paragraphs. O

A.4. Degree of Adiag(1, pz, p4)A.
Proposition A.4— One has
deg(diag(1, p>, pH) = P’ (P + D(P* + p+1). (A.8)

Proof of Proposition A.4. By (A.2), the possible upper-triangular column reduced
matrices 6 that can occur in the decomposition into A-right cosets are

pt dy
Type 1: p? ~d©6)=(1,(p% d2), p¥),
1
p* ez
Type 2: 1 f| ~ d6)=01,(p%e) p%,
p2
p* dy
Type 3: p* ~d(8) = (1,(p* ds), p°),
1
p° ey
Type 4: 1 fi| ~ d©6)=1,(p% e p%,
p4
1 d4 e2
Types:| p* fo| ~ d©6) =0, % fodifo), PO,
pZ
1 dz €4
Type6:|  p? fi| - d(®) = (1, (p*, fa, dz f2), p°)
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and

pt di e
Type 7: p fi| ~ d©)=pdie,fi),(p% pdi,difi - pe), p°),

p
p di e
Type 8: p4 f1 ~ d(a) = ((p, d4;elyfl)y (Pz, Pfl, Pd4’d4f1), PG),
p
p di e
Type 9: p fi| ~ d©B)=pdiesf1),(p*,pfidifa—pes), p®)
Pt
and
p* ds
Type 10: p? ~  d(8) =1, (% d3), p°),
1
P’ e
Type 11: 1 f5]| ~ d©6)=0,(p%es),p%,
p
1 dg es
Type 12: PP ol ~ do) =0, 6,dsf),p%)
p?
and
p* d e
Type 13: PP fi| ~ d©)=pdaef1),(p’ pdz,dofi — per), p°)
p
p> di e
Type 14: p L| ~ d®)=pdye,fo) (p’,pPdi,difo— pes), p°)
p?
p* dz e
Type 15: PP Al ~ d©E)=p.ds e, f),(p° pds, p*fi.ds f1), p°)
p
p* di e
Type 16: p fi| ~ d©)=p.des f), (P’ difs—pes,p*f3), p°)
P
and

p d3 e
Type17:( P fz) ~ d©6) = ((p,ds, ez ), (p°, pfo, p°ds, ds o), p©)

p d» es3
TypelS:( p? fg) ~  d©6) = ((p,do,es, f3), (P>, pfa, do f3 — pe3), p©)

and
p* dy e

Type 19: p? f22 ~ d(8) = ((p?,da, ez, ), (p*, pPdo, PP fo, do f» — P e€2), p°)
p
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where 0 < dj,ej, fj < p’ for j =1,2,3,4. Let us count the matrices among the pre-
vious ones, whose determinantal vector is the same as the one of diag(1, pz, p4),
namely (1, pz, pﬁ).

Let us consider the matrices of type 1. The condition on d»(6) implies dy = 0.
There is 1 relevant matrix of type 1.

Let us consider the matrices of type 2. The condition on d»(6) implies e, = 0.
There are p? relevant matrices of type 2.

Let us consider the matrices of type 3. The condition on d> () implies p2 | dy.
There are p? relevant matrices of type 3.

Let us consider the matrices of type 4. The condition on d»(9) implies pz | e4.
There are p® relevant matrices of type 4.

Let us consider the matrices of type 5. The condition on d»(6) implies e, =0 .
There are p® relevant matrices of type 5.

Let us consider the matrices of type 6. The condition on d»(6) implies p2 | fa.
There are p® relevant matrices of type 6.

Let us consider the matrices of type 7. The condition on d,(6) implies d; =
e1 = 0 and the condition on d; (0) implies f; # 0. There are p — 1 relevant matrices
of type 7.

Let us consider the matrices of type 8. The condition on d,(6) implies f; =0
and p | dy. The condition on d; (§) implies e; # 0. There are p®(p — 1) relevant
matrices of type 8.

Let us consider the matrices of type 9. The condition on d»(6) implies p | f3
and p | d; f4/ p— e4. One has d; # 0 since otherwise d; (6) =1 = (p, e4) and d»(6) =
p(p,es) = p # p?. Thus, d, is invertible modulo p and f;/p = esd; (mod p) such
that f3/p can take p? values. There are (p — 1) p® relevant matrices of type 9.

Let us consider the matrices of type 10. The condition on d, (5) implies p? || ds.
There are p — 1 relevant matrices of type 10.

Let us consider the matrices of type 11. The condition on dy(6) implies pz | es.
There are (p — 1) p3 relevant matrices of type 11.

Let us consider the matrices of type 12. The condition on d, (5) implies p? || f5.
There are (p — 1) p® relevant matrices of type 12.

Let us consider the matrices of type 13. Note that (ey, f1) # (0,0) since oth-
erwise d;(6) = 1 = (p,d>), which implies that d;(6) = (pdg,pS) =p# pz. As a
consequence, d;(6) =1 = (p,ds, e1, f1).- The fact that d»(9) = p2 implies that p | d»
and p | fido/p, namely f; = 0 or dy = 0. If do = 0 then do(6) = p? = (p3, p?e1)
such that e; # 0. There are p(p — 1) such matrices. If d, # 0 then f; =0, d»(0) =
p?(p,daz! p,e1) = p? since d,/ p is coprime with p and d; (§) = 1 = (p, e1) such that
e1 #0. There are (p — 1)? such matrices. Finally, there are (p — 1)(2p — 1) relevant
matrices of type 13.

Let us consider the matrices of type 14. The fact that d»(§) = p? implies
that p? | dy f> — peo. If d; = 0 then p | e; and do(8) = p? = (p3, p?es/ p) if e, £ 0.
d1(8) = 1= (p, f») implies that p{ f,. There are (p — 1)(p? — p) such matrices. If
d; # 0 then the value of f; is fixed by f, = pegd_l (mod p2) and d;(6) = (p,dy) = 1.
There are p?(p — 1) such matrices. Finally, there are (p — 1)(2p? — p) relevant
matrices of type 14.

Let us consider the matrices of type 15. The condition d»(8) = p? implies that
pldszand p| fids/p.If fi = 0 then dy(8) = p? = p?(p, ds/ p) such that p || ds5. The
condition d; () = 1 = (p, e;) implies that e; # 0. There are (p?> — p)(p — 1) such
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matrices. If fi # 0 then p? | d3 and d; (5) = 1. There are p?(p — 1) such matrices.
Finally, there are (p — 1)(2p? — p) relevant matrices of type 15.

Let us consider the matrices of type 16. The condition d,(5) = p? implies
that p? | difzs — pes. If p|esthen p? | difs. If plesand p | dy thend; =0
and the condition d;(6) = 1 = (p, f3) implies that p { f3 and d» () = p?. There
are p?(p® — p?) such matrices. If p | e3 and p { dy then p? | f3 then dp(5) =
p2(p,di f3/ p? — e/ p) # p? if and only if f3/p? = dies/p (mod p), which given d;
and e3/p can happen for only one value of f3/p?. There are (p —1)p?(p — 1) such
matrices. If p{ e5 then d;(8) = 1 = (p, d;, e3, f3). The condition p2 | difs — pes
implies that p? { d1 f3 and p { d; but p | f3. The condition d»(5) implies that
pll di fs/ p—es. Given d; and es, there are p choices for f3/p givenby f3/p = dy e3
(mod p) but one has to remove the value satisfying f3/p = die3 (mod p?). There
are (p—1)( p3 - pz) (p—1) such matrices. Finally, there are p3 (p—1)2p—1) relevant
matrices of type 16.

Let us consider the matrices of type 17. The condition d,(8) = p2 implies that
plfo. If fo=0then dy(6) = p2 = pz(p, ds) such that p t ds, which implies d; (§) =
1. There are (p® — p?)p? such matrices. If f, # 0 then p | d3 since p | ds f>/p,
in which case d,(0) = pz. The condition d, (§) = 1 implies that p { e,. There
are pz(p2 — p)(p —1) such matrices. Finally, there are p3( p—-1)(2p-1)relevant
matrices of type 17.

Let us consider the matrices of type 18. The condition d»(8) = p? implies that
plfsand p|dafs/p. If p? | f5 then d»(8) = p? = p?(p,do f3/ p? — e3). One has
to remove the p? values of e satisfying e3 = d, f3/p? (mod p). In this case, one
has d,(0) = (p, d2, e3) = 1 sinceif p | (d», e3) then (p, dgfg/p2 —e3) # 1. There are
p?(p3 — p®)p such matrices. If p?1 f3 then p | dy and the conditions on d; (5) and
d» (5) are satisfied. There are p(p® — p?)(p? — p) such matrices. Finally, there are
p*(p—1)(2p — 1) relevant matrices of type 18.

Let us consider the matrices of type 19. The condition on d»(5) implies that p? |
ds fo. If do = 0 then d» (8) = p? = p?(p*, ez, o) and d; (6) = 1 = (p?, ez, f»). One has
to remove the couples (e, f>) satisfying p | e, and p | fo, namely p? couples. There
are p* — p? such matrices. If d, # 0 and f, = 0 then d»(8) = p? = p?(p?, do, e2)
and d;(6) =1 = (pz,dg,ez). One has to remove the couples (ds, ;) satisfying
pldo and p | e;, namely (p — 1)p couples. There are (p?> —1)p? — (p — 1)p such
matrices. If dy # 0 and f> # 0 then da () = p? = p*(p?, pdo | p, pf2! p, do o] P* — €2)
and d;(6) = 1= (p?,e»). Thus, pf e, and p1{da fo/ p*> — e>. Among the p? — p values
of e, satisfying p 1 e», one has to remove these satisfying e> = db fo/ p*> (mod p)
of cardinal p. There are (p —1) (p2 —2p)(p — 1) such matrices. Finally, there are
p(p—1)(3p? — p +1) relevant matrices of type 19.

One can recover the value of the degree given in (A.8) by summing all the
contributions in the previous paragraphs. U

A.5. Degree of Adiag(1, p%, p°)A.

Proposition A.5— One has

deg(diag1, p*, p*) = p*(P* +p+ D). (A.9)
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Proof of Proposition A.5. By (A.2), the possible upper-triangular column reduced
matrices § that can occur in the decomposition into A-right cosets are

3 4
p 3
Type 1: p3 ~ d(6) =1, (p% ds), p°),
1
p’ es
Type 2: 1 fi| ~ dd)=0,pes),p?,
P
1 d3 es
Type3:| p° | ~ d©6) =0, fsdsfs), p®)
.
and
PP od e
Type 4: P2 il ~ d©d)=p.daen, A1), (% pda,da fi — pPe), p°),
p
pPod e
Type 5: p L] ~ d©O) =pdi,e,f) P pidi,difr—pe), p®),
p?
P> ds e
Type 6: PP fi| ~ d©é)=p.ds,en f1),(p° pds, p* fi,ds 1), PO,
p
p* di e
Type 7: p A ~ d©d)=pdesf), (3 p*fi,difs - pes), p°),
p
p d3 e
Type 8: P3 f2 ~ d(a) = ((p’ dS» e?_’fZ)’ (PS, pzd?n sz,dsfz),PG),
p?
p di es3
Type 9: P2 fi| ~ d©)=p.diesfa), (P’ pfsdafs— p°es), p°)
P
and
p* d e
2 4 2 2 2 6
Type 10: p? f22 ~ d(6) =((p*,dy, e, f2),(p", p°da, p° fo,da fo — p~e2), p°)
p

where 0 < dj,ej, fj < p! for j =1,2,3. Let us count the matrices among the pre-
vious ones, whose determinantal vector is the same as the one of diag(1, p*, p%),
namely (1, p?’, pG).

Let us consider the matrices of type 1. The condition on d»(6) implies d3 = 0.
There is 1 relevant matrix of type 1.

Let us consider the matrices of type 2. The condition on d»(6) implies e3 = 0.
There are p® relevant matrices of type 2.

Let us consider the matrices of type 3. The condition on d;(6) implies f3 = 0.
There are p® relevant matrices of type 3.
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Let us consider the matrices of type 4. The condition on d»(6) implies d, =0
and e; = 0. Then, d;(6) =1 = (p, f1) such that f; # 0. There are p — 1 relevant
matrices of type 4.

Let us consider the matrices of type 5. The condition on d»(6) implies d; =0
and e; = 0. Then, d;(8) = 1 = (p, f2) such that pt f>. There are p? — p relevant
matrices of type 5.

Let us consider the matrices of type 6. The condition on d,(6) implies f; =0
and p2 | d3. Then, d,(6) =1 = (p, e;) such that e; #0. There are p(p — 1) relevant
matrices of type 6.

Let us consider the matrices of type 7. The condition on d,(6) implies p | f3
and p | d, fs/p — es. One has d; # 0 since otherwise p2 | e2 by the condition on
d»(6) such that d; (6) = p # 1. Thus, d is invertible modulo p and f3/p = egd_l
(mod pz) is fixed. There are (p — 1) p3 relevant matrices of type 7.

Let us consider the matrices of type 8. The condition on d;(6) implies p | d3
and f, =0. Then, d, (§) = 1 = (p, e2) such that p 1 e,. There are pz( p2 — p) relevant
matrices of type 8.

Let us consider the matrices of type 9. The condition on d, (§) implies p? | f3
and p | dafs/p—es. If fs =0then p|e3 and d;(6) =1 = (p, d>) such that p 1 d.
There are (p? — p) p? such matrices. If f3 # 0 then d» = e3 f3/p? (mod p) can take
p values. Then, d;(§) = 1 = (p, e3) such that p 1 es. There are p(p3 - pz)(p -1
such matrices. Finally, there are p*(p — 1) relevant matrices of type 9.

Let us consider the matrices of type 10. The condition on d»(0) implies p | da,
plfoand p| dgfg/p2 —e,. One has d»> # 0 since otherwise d» () = pz(pz,ez) =
p?d;(0) = p? # p3. Thus, d»/ p is invertible modulo p and f; is fixed by fo/p =
exdy/p (mod p). Then, d;(5) =1 = (p,ez) suchthat pf ey, pt f>/pand da(6) = p°.
There are (p — 1)(p? — p) relevant matrices of type 10.

One can recover the value of the degree given in (A.9) by summing all the
contributions in the previous paragraphs. O

A.6. Degree of Adiag(1,1, p%)A.
Proposition A.6— One has
deg(diag(1,1,p*) = p*(p* + p+1). (A.10)

Proof of Proposition A.6. By (A.2), the possible upper-triangular column reduced
matrices 6 that can occur in the decomposition of the A-double coset Adiag(1,1, p3) A
into A-right cosets are

p
Type 1: 1 ~ d©)=(Q1,1,p%),
1
1 ds
Type2:| p? ~d)=@1,1,p%),
1
1 es
Type 3: 1 fz| ~ d(5)=(1,1,]93)
3
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and
1 dl e2
Typed:| p fo| ~ d®=Q0,p )P
p?
1 dz €1
Types:| p*> fi| ~ d©E) =0 p f),p°,
p
p €2
Type 6: 1 f2 ad d((s) = (1, (p’ 82), p3)’
p?
p¥ e
Type 7: 1 fi|l] ~ d(6)=(1,(p,€1)»l93),
p
p d
Type8:|  p? ~  d6)=(1,(p,d2), p¥),
1
p* d
Type 9: p ~ d©6)=(Q1,(p,d),p*)
1
and
p d e
Type 10: p | ~ d©&)=pd,e,f),(p*pdi,pfi,drfi—pe),p*)
p

where 0 < dj, e}, fj < pj for j = 1,2,3. Let us count the matrices among the
previous ones, whose determinantal vector is the same as the one of diag(1, 1, p°),
namely (1,1, p3).

Let us consider the matrices of type 1. There is 1 relevant matrix of type 1.

Let us consider the matrices of type 2. There are p® relevant matrices of type 2.

Let us consider the matrices of type 3. There are p® relevant matrices of type 3.

Let us consider the matrices of type 4. The condition on d, () implies p 1 f>.
There are p3(p? — p) relevant matrices of type 4.

Let us consider the matrices of type 5. The condition on d;(6) implies fi # 0.
There are p3(p — 1) relevant matrices of type 5.

Let us consider the matrices of type 6. The condition on d, () implies p 1 e;.
There are p?(p? — p) relevant matrices of type 6.

Let us consider the matrices of type 7. The condition on d»(6) implies e; # 0.
There are p(p — 1) relevant matrices of type 6.

Let us consider the matrices of type 8. The condition on d,(5) implies p 1 d.
There are p? — p relevant matrices of type 7.

Let us consider the matrices of type 9. The condition on d»(6) implies d; # 0.
There are p — 1 relevant matrices of type 9.

Let us consider the matrices of type 10. One has d; # 0 since otherwise p | d» (9).
Thus, d;(6) = 1. In addition, fi # 0 since otherwise p | d2(6). There are p(p — 1)2
relevant matrices of type 10.

One can recover the value of the degree given in (A.10) by summing all the
contributions in the previous paragraphs. U
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