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Abstract. A method for computing upper-bounds on the length of
geodesics spanning random sets in 2D and 3D is proposed, with emphasis
on Boolean models containing a vanishingly small surface or volume frac-
tion of inclusions f � 1. The distance function is zero inside the grains
and equal to the Euclidean distance outside of them, and the geodesics
are shortest paths connecting two points far from each other. The asymp-
totic behavior of the upper-bounds is derived in the limit f → 0. The
scalings involve powerlaws with fractional exponents ∼ f2/3 for Boolean
sets of disks or aligned squares and ∼ f1/2 for the Boolean set of spheres.
These results are extended to models of hyperspheres in arbitrary dimen-
sion and, in 2D and 3D, to a more general problem where the distance
function is non-zero in the inclusions. Finally, other fractional exponents
are derived for the geodesics spanning multiscale Boolean sets, based on
inhomogeneous Poisson point processes, in 2D and 3D.

Keywords: Geodesic, shortest paths, stochastic geometry, Boolean mod-
els, multiscale random sets

1 Geodesics in random media

Among its many applications [1], geodesics have been linked to the transport
properties of nonlinear random resistor networks. In the idealized problem con-
sidered by Roux and co-workers [2,3,4], each bond in the lattice is a conductor
if the voltage drop across the bond is greater than a threshold v(x). The val-
ues for v(x) are uniformly distributed in [0, 1]. At the macroscopic scale, no
current flows if the applied voltage is smaller than a macroscopic threshold V ,
determined by directed geodesics. More precisely:

V = min
∑
i

v(xi),

where the minimum is taken over all paths (xi)i spanning the lattice in the
direction of the applied voltage. Similar random networks have been used to
model the ductile fracture of porous materials with perfectly-plastic embedding
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medium [5]. In this problem, the effective plastic yield stress is determined by
the length of minimal paths spanning the lattice. The length of the paths are
weighted by the local plastic yield stress. Notably, several scaling laws are given
in [5,6] for the first-order correction to the geodesics in the 2D square network
with small concentration of “porous” bonds f � 1. The latter scale as ∼ f for
minimal paths directed parallel to the bonds and ∼ f1/2 along their diagonals. A
scaling law ∼ f2/3 has been derived in 2D for the geodesics, in the continuum [7],
a result consistent with numerical computations for the plastic yield stress [8].

In this article, we extend the result in [7] to other inclusion shapes, distances
and dimensions. We first consider a 2D Boolean set of disks (Sec. 2), as in [7].
We derive an upper-bound for its geodesics which is sharper than the one given
in [7] but coincide with the latter in the dilute limit f → 0. The rest of this work
is concerned by other geometries. In Sec. (3), results for the Boolean model
of disks are extended to other 2D models: aligned squares (3.1), disks where
the distance function is non-zero (3.2) and multiscale 2D Boolean models (3.3).
Sec. (4) is devoted to 3D Boolean models of spheres (4.1), to models of spheres
where the distance function is non-zero (4.2) and to multiscale 3D models (4.3).
The Boolean model of hyperspheres, in arbitrary dimension, is considered in
Sec. (5). We conclude in Sec. (6).

2 Boolean set of disks

2.1 Distance function

This section focuses on the geodesics, i.e. the minimal paths spanning a Boolean
model [9] of disks in R2. As in [7], the distance between two points A and B is
defined by:

d(A,B) = inf
p∈K

∫ 1

0

dt χ(p(t)) ||∂tp(t)|| , (1)

χ(M) =

{
0 if M lies inside a disk,
1 otherwise.

Therefore disks are crossed at no cost whereas the embedding medium is crossed
at a unit cost. In the above, || · || is the Euclidean norm, 1 − χ is the indi-
cator function of the disks, and the paths are taken over the set of piecewise,
continuously differentiable curves that connect A to B:

K =
{
p ∈ C1

(
[0; 1],R2

)
, p(0) = A, p(1) = B

}
. (2)

We denote the disks surface fraction by f (0 ≤ f ≤ 1) and their radius by D > 0.
The “dilute limit” of inclusions is the limit f → 0. The disks centers follow a
homogeneous Poisson point process.

Any optimal path solution of (1) may be replaced by a union of line segments
that join a set of disk centers Ci (i = 1, ..., N) of coordinates (Ci1;Ci2). We denote
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by (A;C1; ...;CN ;B) (N ≥ 0) such path. We are interested in the asymptotic
limit of the normalized geodesic distance:

ξ =
d(A,B)

L
, L = |AB| → ∞. (3)

We assume hereafter that A is the center of a disk at the origin of a Cartesian
coordinate system (e1; e2) and that the line joining A and B is parallel to e1.
To obtain a upper-bound on ξ, we follow [7] and consider a set of disk centers
defined by:

|Ci+1
1 − Ci1| = inf

{
|C1 − Ci1|; C a disk center;

C1 > Ci1, |C2 − Ci2| ≤ α
√
D|C1 − Ci1|

}
. (4)

where α > 0 is a constant to be optimized on. This method amounts to choos-
ing the next disk in a domain delimited by two curves of equation x2 − Ci2 =

±α
√
D|x1 − Ci1|, with minimal coordinate x1 along e1 (see Fig. 1). The shape

of this domain, elongated in the e1 direction, is the result of a trade-off be-
tween following the direction e1 from A to B and maximizing the chance to
find a disk at a short distance. The curves that delimit the domain, with equa-
tion |C2−Ci2| ∼

√
D|C1 − Ci1|, follow from geometrical considerations involving

three discs [7].

C 
i

C 
i+1

Fig. 1. Method for choosing the disk Ci+1, knowing Ci.

2.2 Upper-bound on the length of geodesics

We now compute the asymptotic length (3) of the path (4). The number N is
chosen so that CN+1 is the first disk center with coordinate along e1 larger than
B1, i.e. CN+1

1 > B1 and CN1 ≤ B1. Define `i = Ci1 − Ci−11 and mi = Ci2 − Ci−12
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(i ≥ 1) (see Fig. 1). The path (4) provides the following upper bound on ξ:

ξ ≤

∑N
i=1 max

{
0;
√
`2i +m2

i −D
}

+ Z∑N
i=1 `i

, (5)

where Z = |CNB| is the Euclidean distance from CN to B. The mi are uniform
random variables in the interval [−α

√
`iD;α

√
`iD]. Using the Choquet capacity

of a Poisson point process [10], the `i ∈ [0;∞) follow the cumulative probability
function:

P {`i ≤ `} = 1− (1− f)
16α
3π (`/D)3/2 . (6)

The above yields, for the denominator in (5):

1

DN

N∑
i=1

`i ≈
∫
`≥0

`

D
P {` ≤ `i ≤ `+ d`} =

Γ
(
5
3

)
4

[
3π

−2α log(1− f)

]2/3
(7)

where Γ is the Gamma (or extended factorial) function. Its asymptotic behavior
in the dilute limit f → 0 reads:

1

DN

N∑
i=1

`i =

(
π

4α
√

6

)2/3 Γ
(
2
3

)
f2/3

+O(f1/3). (8)

The numerator in (5) is computed as:

1

N

N∑
i=1

max

{
0;
√
`2i +m2

i −D
}
≈
∫ ∞
`=0

∫ α
√
`D

m=0

max
{

0;
√
`2 +m2 −D

}
×P {` ≤ `i ≤ `+ d`} dm

α
√
`D

. (9)

The integration over m is carried out by separating the contribution from ` > D
and ` ≤ D. This leads to two integrals in x = `/D with no simple analytical
solution:

1

DN

N∑
i=1

max

{
0;
√
`2i +m2

i −D
}
≈
∫
x≥1

2dx

π
(1− f)

16αx3/2

3π log(1− f)

×
[
4α
√
x− 2αx

√
α2 + x− x2 log

(
1 +

2α

x

(
α+

√
α2 + x

))]
+

∫ 1

x=

√
1+α4

4 −
α2

2

−4dx

π
(1− f)

16αx3/2

3π log(1− f)

×

[
αx
√
α2 + x+

√
1− x2 − 2α

√
x+ x2 log

(
√
x
α+
√
α2 + x

1 +
√

1− x2

)]
.(10)

The second integral in the above equation scales as ∼ f when f → 0. The
asymptotic behavior of the first one is computed by a Taylor expansion x→∞.
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We find at lowest order in f :

1

DN

N∑
i=1

max

{
0;
√
`2i +m2

i −D
}

=

(
π

4α
√

6

)2/3 Γ
(
2
3

)
f2/3

+
α2

6
− 1 +O(f1/3).

(11)
Note that the term in Z in (5) becomes negligible when N is large. Indeed,
`i ∼ f−2/3 from (8) and so mi ∼

√
`i ∼ f−1/3 and Z scales as:

Z =

∣∣∣∣∣
N∑
i=1

mi

∣∣∣∣∣ ∼ √Nf−1/3 ∼ √L.
Accordingly:

Z∑
i `i
∼ 1√

L
→ 0, L→∞.

Eqs. (8) and (11) then yield, for the normalized geodesic:

ξ ≤ 1−
α2/3

(
6− α2

)
Γ
(
2
3

) (
2

3π

)2/3

f2/3 +O(f4/3). (12)

The sharpest bound is obtained for α =
√

3/2:

ξ ≤ 1− 3

Γ
(
2
3

) (3f

2π

)2/3

+O(f4/3) ≈ 1− 1.3534f2/3, (13)

a result identical to that derived in [7].
The upper-bound (5) is computed for the full range of porosity 0 ≤ f ≤ 1

using (7) and (10). The two integrals in the right-hand side of (10) are solved
numerically. Numerical experiments indicate that α =

√
3/2 is optimal, i.e.

produces the sharpest bounds, for all values of f . The bound is compared to
numerical estimates of ξ in Fig. (2b). Boolean sets with increasing disks surface
fractions f = 0.06, 0.11, ..., 0.71 are generated on images containing 40962 pixels.
We fix the disk radius to 10 pixels and generate 10 realizations of the model for
each value of f . We also generate 10 realizations of a model with 81922 pixels,
disks of radius 4 voxels and surface fraction 0.007. The geodesic distance is
computed in each pixel of all images using Matlab’s graydist function [11,12].
The distance between the mid-points on two opposite faces are used to estimate
geodesics.

Results are represented in Fig. (2), with error bars that indicate statistical
fluctuations. As expected, the upper-bound (5) is significantly higher than the
exact result when the surface fraction f of the disks is not small. For small
values of f , however, the bound becomes a good estimate of the geodesics. When
f = 0.007, the upper-bound provides ξ ≤ 0.9483 and the numerical estimate
ξ ≈ 0.9470. As expected, the upper-bound percolates at f = 1, a value larger
than the actual percolation threshold, which is about f = f2Dp ≈ 0.68 [13].
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Fig. 2. Upper-bound (5) (solid line) vs. numerical estimates of ξ (circles with error
bars) for increasing values of the disks surface fraction f . Dashed line: asymptotic
expansion (13). Vertical solid line: percolation threshold fc ≈ 0.68.

3 Other 2D Boolean sets

In this section, we extend result (13) obtained for a Boolean set of discs to some
other random sets. The discs are replaced by aligned squares in Sec. (3.1). In
Sec. (3.2) we let the distance function be non-zero inside the inclusions. Finally,
we consider two-scales random media in Sec. (3.3).

3.1 Boolean set of aligned squares

In this section, we suppose that the inclusions are aligned squares of side D and
that points A and B are aligned with one of the direction of the squares. The
path (A;C1; ...;CN ;B) is defined by:

|Ci+1
1 − Ci1| = inf

{
|C1 − Ci1|; C a square center;

C1 > Ci1 +D, |C2 − Ci2| ≤ α
√
D|C1 − Ci1|

}
. (14)

Note that compared to Eq. (4), the Ci are now square centers and we have
added the condition C1 > Ci1 + D. Like in Sec. (2.2), we set `i = Ci1 − Ci−11 ,
mi = Ci2 − Ci−12 with `i ≥ D, |mi| ≤ α

√
`iD. Again, α is a constant to be

optimized on and we denote f � 1 the surface fraction of the squares. The
distance function dsq is defined as in (1) with χ replaced by the indicator function
of the Boolean set of squares. Note that:

dsq(Ci−1,Ci) ≤
√

(`i −D)2 + (mi −D)2,

which yields for the normalized geodesic distance:

ξsq =
dsq(A,B)

L
≤
Z +

∑N
i=1

√
(`i −D)2 + (mi −D)2∑N

i=1 `i
, (15)
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with Z = |CNB|, L = |AB|. For squares, Eq. (6) now takes the form:

P {`i ≤ `} = 1− (1− f)
4α
3 [(`/D)3/2−1],

and the average of the `i reads:

1

N

N∑
i=1

`i
D
≈ 1 +

2

3
(1− f)−

4α
3 E1/3

(
−4α log(1− f)

3

)
(16)

=
Γ
(
2
3

)
(
√

6αf)2/3
+O(f1/3), f → 0. (17)

The mean of the term
√

(`i −D)2 + (mi −D)2 occurring in (15) is expressed as
a double integral like in Sec. (2.2). We develop it for `i � D and integrate over
`i and mi:

1

DN

N∑
i=1

√
(`i −D)2 + (mi −D)2 =

Γ
(
2
3

)(√
6αf

)2/3 +

(
α2

6
− 1

)
+O(f1/3). (18)

We neglect Z and choose α =
√

3/2:

ξsq ≤ 1− 35/3

4Γ
(
2
3

)f2/3 + o(f2/3) ≈ 1− 1.1521f2/3. (19)

This correction is smaller than that derived for the disks model. We emphasize
that this model is anisotropic and that the geodesics are directed parallel to the
squares’s side. The correction is larger for geodesics oriented along the diagonal.

3.2 Boolean set of disks with non-zero distance function inside the
disks

In this section, we consider a Boolean model of disks with the following modified
distance function:

dp(A,B) = inf
p∈K

∫ 1

0

dt χp(p(t)) ||∂tp(t)|| , (20)

χp(M) =

{
p if M lies inside a disk,
1 otherwise,

where 0 ≤ p < 1 is the cost associated to the distance in the disks. The dis-
tance function d in (1) is recovered when p = 0. We consider a similar path
(A;C1; ...;CN ;B) as in Sec. (2.2), defined by:

|Ci+1
1 − Ci1| = inf

{
|C1 − Ci1|; C a disk center;

C1 > Ci1 +D, |C2 − Ci2| ≤ α
√
D|C1 − Ci1|

}
. (21)
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with the extra condition C1 > Ci1 +D. It provides a bound on dp(A,B):

ξp =
dp(A,B)

L
≤

∑N
i=1

[√
`2i +m2

i − (1− p)D
]

∑N
i=1 `i

, (22)

with Z = |CNB|, `i = Ci1 − Ci−11 , mi = Ci2 − Ci−12 , `i ≥ D, |mi| ≤ α
√
`iD and

α > 0. Note that the path (A;C1; ...;CN ;B) used to derive bound (22) consists
in a set of segments joining the disks centers. Most geodesics will not pass through
disk centers when p > 0. Nevertheless, in the dilute regime considered here we
expect |mi| � `i so that bound (22) should be a very good estimate of the length
of the path (A;C1; ...;CN ;B) . The asymptotic expansions for the means of the
`i and of the quantity

√
`2i +m2

i −D are the same as in (11) and (8). This yields:

ξp ≤ 1−
(

2α

3π

)2/3
6(1− p)− α2

Γ
(
2
3

) f2/3 + o(f2/3), (23)

= 1− 3(1− p)4/3

Γ
(
2
3

) (
3

2π

)2/3

f2/3 + o(f2/3) ≈ 1.3534(1− p)4/3f2/3, (24)

with α =
√

3(1− p)/2. The upper-bound above is sharper than the trivial bound
ξp ≤ 1− (1− p)f in the domain f � 1− p.

3.3 Multiscale Boolean set of disks

Consider first two Boolean sets of disks with constant diameter, denoted M1

and M2. The disks of set M1 have constant diameter D1 and that of set M2

have diameter D2 � D1. The centers of the disks in the Boolean sets M1 and
M2 follow a homogeneous Poisson point process. We denote by f1 and f2 the
surface fractions of sets M1 and M2 respectively and assume f1 � 1, f2 � 1.
Hereafter we consider the intersection of the two sets M =M1 ∩M2 which is
a two-scales random set with surface fraction f = f1f2. The model is assumed
“symmetric” so that f1 = f2 =

√
f and the distance function defined as in (1).

Accordingly to (13), the distance d(A′,B′) between two points A′ and B′

that lie in a disk contained in M1 admits the following upper bound:

d(A′,B′)

L′
≤ 1− 3

Γ
(
2
3

) ( 3

2π

)2/3

f
2/3
2 + o(f

2/3
2 ),

when L′ = |A′B′| � D2. In the limit D2 � D1 the distance function in M is

well approximated by that considered in Sec. (3.2) with p = 1− 3

Γ( 2
3 )

(
3f2
2π

)2/3
.

Eq. (24) then provides the following bound, for two points A and B sufficiently
far away from each other:

ξms =
d(A,B)

L
≤ 1− 81

(2π)14/9Γ
(
2
3

)7/3 f7/9 + o(f7/9) ≈ 1− 2.2892f7/9. (25)



9

This correction is smaller than that derived in the one-scale model (13) and
indicates that clustering tend to “constraint” the shortest paths and increase
their lengths. Similarly, the 2D periodic model, which has a very homogeneous
spatial distribution of voids, has an exponent 1/2 and its geodesics are shorter
than in the one-scale Boolean set of disks.

4 3D Boolean sets

4.1 Boolean set of spheres

In this section, we study a Boolean set of spheres of volume fraction f . The
distance function d3D is defined in 3D as in (1):

d3D(A,B) = inf
p∈K

∫ 1

0

dt χ3D(p(t)) ||∂tp(t)|| , (26)

with 1−χ3D is the indicator of the Boolean set of spheres and K is given by (2).
We define the path (C0 = A;C1; ...;CN ;CN+1 = B) by:

|Ci+1
1 − Ci1| = inf

{
|C1 − Ci1|; C a sphere center;

C1 > Ci1 +D, |C −C ′| ≤ α
√
D|C1 − Ci1|

}
, (27)

where C ′ is the orthogonal projection of C onto the line (Ci;Ci + e1) and α
is a constant to be optimized on. As in Sec. (2), the axis e1 is aligned with the

line passing by A and B. We set `i = Ci1 − Ci−11 and mi = |CiCi′| so that
|Ci−1Ci|2 = `2i +m2

i . The path (27) leads to the bound:

ξ3D =
d3D(A,B)

L
≤

∑N
i=1

(√
`2i +m2

i −D
)

+ Z∑N
i=1 `i

, (28)

with Z = |CNB|. Using the Choquet capacity [10], the variables `i ∈ [D;∞)
follow the cumulative probability function according t:

P {`i ≤ `} = 1− (1− f)3α
2[(`/D)2−1]. (29)

and so, for the mean of the `i:

1

DN

N∑
i=1

`i ≈ 1 +
(1− f)−3α

2

2α

√
π

−3 log(1− f)
erfc

(
α
√
−3 log(1− f)

)
=

1

2α

√
π

3f
+O(

√
f), f → 0, (30)
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where erfc(z) = 2/
√
π
∫∞
z

dt e−t
2

is the complementary error function. The mean

of the quantity
√
`2i +m2

i reads:

1

N

N∑
i=1

√
`2i +m2

i

D
≈
∫ ∞
`=D

∫ α
√
`D

m=0

√
`2 +m2 P {` ≤ `i ≤ `+ d`} 2mdm

α2`D2

= −
∫ ∞
x=1

dx 4x3/2 log(1− f)(1− f)3α
2(x2−1)

[
(x+ α2)3/2 − x3/2

]
=

1

2α

√
π

3f
+
α2

4
+O(

√
f), (31)

where the expression behind the integral has been expanded for x → ∞. With
α = 2/

√
3 and Z � 1:

ξ3D ≤ 1− 8

3
√
π

√
f + o(

√
f) ≈ 1− 1.5045

√
f, f → 0. (32)

The number of “possible choices” for picking Ci+1 knowing Ci is greater in 3D
than in 2D and results in a lower exponent in 3D.

4.2 Non-zero distance function in spheres

The reasoning above extends to a distance function d3Dp which is non-zero in the

spheres. Define the distance d3Dp as in (26) with χ3D replaced by:

χ3D
p (M) =

{
p if M lies inside a sphere,
1 otherwise,

(33)

where 0 ≤ p < 1 is a parameter. The following upper-bound on the normalized
shortest paths is derived:

ξ3Dp =
d3Dp (A,B)

|AB|
≤ 1− 8(1− p)3/2

3
√
π

√
f + o(

√
f), f → 0. (34)

Again, this bound is non-trivial when f � 1− p.

4.3 Multiscale Boolean set of spheres

The two-scales “symmetric” Boolean set of spheres is constructed similarly as in
Sec. (3.3). The latter is the intersection of two Boolean models of spheres with
scale separation. The indicator function χ3D

ms of the two-scales Boolean model
is used to define the distance d3Dms as in (26). The normalized shortest path is
expanded in the dilute limit as:

ξ3Dms =
d3Dms(A,B)

|AB|
≤ 1−

(
8

3
√
π

)5/2

f5/8 + o(f5/8) ≈ 1− 2.7764f5/8, f → 0.

(35)
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Our conclusions are the same as that given in 2D. At fixed volume fraction
of pores, geodesics are higher in the two-scales symmetric model than in the
one-scale Boolean model. The shortest geodesics are found for the 3D periodic
model, in which the spatial distribution of voids is very homogeneous and the
voids well-separated.

5 Boolean model of hyperspheres

In this section we consider a Boolean model of hyperspheres in dimension d ≥ 2.
The geodesic distance ddD and path (A;C1; ...;CN ;B) are defined as in (26)
and (27) with spheres replaced by hyperspheres. A bound for the geodesic is given

by the path from A to B. With `i = Ci1−Ci−11 , mi = |CiCi′|, Z = |CNB| and
C ′ the orthogonal projection of C onto the line (Ci;Ci + e1), we have:

ξdD =
ddD(A,B)

L
≤

∑N
i=1

(√
`2i +m2

i −D
)

+ Z∑N
i=1 `i

≈ 1−
−Z +

∑N
i=1

(
D − m2

i

2`i

)
∑N
i=1 `i

.

(36)
Denote by πd(D) the volume of the hyperdimensional ball of diameter D and V`
that of the domain:{

C; D ≤ C1 ≤ `, 0 ≤ |C ′| ≤ α
√
`D
}
.

The probability law for the `i ∈ [D,∞( depends on V` by:

P {`i ≤ `} = 1− (1− f)
V`

πd(D) = 1− (1− f)

2d+1αd−1Γ
(
1 + d

2

)
(d+ 1)

√
πΓ
(
1+d
2

) [( `

D

) d+1
2

− 1

]
,

(37)
which provides the sum:

1

DN

N∑
i=1

m2
i

`i
≈
∫

`≥D,
m≤α

√
`D

P {` ≤ `i ≤ `+ d`} (d− 1)mddm

αd−1(D`)
d+1
2

= α2 d− 1

d+ 1
. (38)

The mean of the `i, approximated by
∫
`≥D `P {` ≤ `i ≤ `+ d`}, is determined

using the symbolic solver Mathematica [14]. The expression involves the function
Γ as well as incomplete Γ functions (not shown). Carrying out a Taylor expansion
of the latter and optimizing on α yield α =

√
(1 + d)/d. Finally:

ξdD ≤ 1− (d+ 1)
1+3d
1+d

Γ
(

2
1+d

) [
Γ
(
1 + d

2

)
2
√
πddΓ

(
3+d
2

)] 2
1+d

f
2

1+d + o(f
2

1+d ), f → 0. (39)

The above generalizes (13) and (32). Taking successively the limits f → 0 and
d→∞:

ξdD ≤ 1− 2

(
1− log(2dπ)− 2(1 + γ)

d

)
f

2
1+d ∼ 1−

(
f√
fp

)2/d

(40)
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where γ ≈ 0.5772 is Euler’s constant and fp ∼ 2−d is the asymptotic percolation
threshold in dimension d� 1 [15].

6 Conclusion

Powerlaws with fractional exponents 2/3 and 1/2 have been derived for the
lowest-order corrections to the lengths of geodesics in 2D and 3D Boolean models
of discs and spheres, respectively. The method is general and provides an upper-

bound with lowest-order correction ∼ f
2
d−1 in dimension d ≥ 2.

The bounds obtained for multiscale models, which scale as ∼ f7/9 in 2D
and ∼ f5/8 indicate lower variations of the geodesics near the point f = 0.
These results underline that the the singularities for the geodesics are small for
highly-heterogeneous dispersion of particles, and high when the dispersion is
homogeneous.
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