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An explicit formula for the intersection
of two polynomials of regular languages

Jean-Eric Pin'*

LIAFA, University Paris-Diderot and CNRS, France.

Abstract. Let £ be a set of regular languages of A*. An L-polynomial
is a finite union of products of the form Loai L1 - - - an L, where each a; is
a letter of A and each L; is a language of £. We give an explicit formula
for computing the intersection of two L-polynomials. Contrary to Arfi’s
formula (1991) for the same purpose, our formula does not use comple-
mentation and only requires union, intersection and quotients. Our result
also implies that if £ is closed under union, intersection and quotient,
then its polynomial closure, its unambiguous polynomial closure and its
left [right] deterministic polynomial closure are closed under the same
operations.

1 Introduction

Let £ be a set of regular languages of A*. An L-polynomial is a finite union of
products of the form Loai Ly - - - an Ly, where each a; is a letter of A and each L;
is a language of L. The polynomial closure of L, denoted by Pol(L), is the set of
all L-polynomials.

It was proved by Arfi [I] that if £ is closed under Boolean operations and
quotient, then Pol(L) is closed under intersection. This result was obtained by
giving an explicit formula for computing the intersection of two polynomials of
regular languages.

It follows from the main theorem of [6] that Arfi’s result can be extended to
the case where L is only closed under union, intersection and quotient. However,
this stronger statement is obtained as a consequence of a sophisticated result
involving profinite equations and it is natural to ask for a more elementary
proof.

The objective of this paper is to give a new explicit formula for computing
the intersection of two L-polynomials. Contrary to the formula given in [I], our
formula only requires using union, intersection and quotients of languages of L.
Our proof is mainly combinatorial, but relies heavily on the notion of syntactic
ordered monoid, a notion first introduced by Schiitzenberger [14] (see also [10]).
The main difficulty lies in finding appropriate notation to state the formula, but
then its proof is merely a verification.

Our result also leads to the following result, that appears to be new: if £ is
closed under union, intersection and quotient, then its unambiguous polynomial
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closure and its left [right] deterministic polynomial closure are closed under the
same operations.

Let us mention also that our algorithm can be readily extended to the setting
of infinite words by using syntactic ordered w-semigroups [g].

2 Background and notation

2.1 Syntactic order

The syntactic congruence of a language L of A* is the congruence on A* defined
by u ~p v if and only if, for every x,y € A*,

zuy € L <= zvy €L

The monoid M = A*/~, is the syntactic monoid of L and the natural morphism
n: A* — M is called the syntactic morphism of L. It is a well-known fact that
a language is regular if and only if its syntactic monoid is finite.

The syntactic preorde of a language L is the relation <p over A* defined
by v <p v if and only if, for every x,y € A*, zuy € L implies zvy € L.
The associated equivalence relation is the syntactic congruence ~y,. Further, <p,
induces a partial order on the syntactic monoid M of L. This partial order < is
compatible with the product and can also be defined directly on M as follows:
given s,t € M, one has s < t if and ouly if, for all z,y € M, xzsy € n(L) implies
xty € n(L). The ordered monoid (M, <) is called the syntactic ordered monoid
of L.

Let us remind an elementary but useful fact: if v € L and n(u) < n(v), then
u € L. This follows immediately form the definition of the syntactic order by
taking z =y = 1.

2.2 Quotients

Recall that if L is a language of A* and x is a word, the left quotient of L by x is
the language v 'L = {2z € A* | 2z € L}. The right quotient Ly~ is defined in a
symmetrical way. Right and left quotients commute, and thus z=*Ly~! denotes
either 71 (Ly~1) or (z71L)y~!. For each word v, let us set

(Lo = {u € A" | n(v) <n(u)}
[L]=y = {u € A" [ n(u) = n(v)}

! In earlier papers [6ITOIT3], I used the opposite preorder, but it seems preferable to
go back to Schiitzenberger’s original definition.



Proposition 2.1. The following formulas hold:

[Llto = N e Ly (1)
{(z,y)€A*x A*|vEx—T Ly~ 1}
Do =[Lw— |J [Lha (2)
n(v)<n(u)
L= |J [El=u (3)
n(v)<n(u)

Proof. A word u belongs to the right hand side of (@) if and only if the condition
v € 27 'Ly~ implies v € 7' Ly~!, which is equivalent to stating that v <, u,
or n(v) < n(u), or yet uw € [L]4+,. This proves (I). Formulas @) and @) are
obvious. O

Let us make precise a few critical points. First, v always belongs to [L]ty.
This is the case even if v cannot be completed into a word of L, that is, if v does
not belong to any quotient 'Ly ~'. In this case, the intersection on the right
hand side of ([0 is indexed by the empty set and is therefore equal to A*.

Secondly, the intersection occurring on the right hand side of (Il) and the
union occurring on the right hand side of (2] are potentially infinite, but they
are finite if L is a regular language, since a regular language has only finitely
many quotients.

3 Infiltration product and infiltration maps

The definition below is a special case of a more general definition given in [7].
A word ¢; - - ¢, belongs to the infiltration product of two words a; - --a, and
v = by - - - by, if there are two order preserving maps o : {1,...,p} = {1,...,r}
and 8:{1,...,q} = {1,...,r} such that

(1) for each i € {1,...,p}, ai = ca(i)s

(2) for each i € {1,...,q}, b; = ca(),

(3) the union of the ranges of o and 8 is {1,...,r}.

For instance, the set {ab, aab, abb, aabb, abab} is the infiltration product of ab
and ab and the set {aba, bab, abab, abba, baab, baba} is the infiltration product of
ab and ba.

A pair of maps («, 3) satisfying Conditions (1)—(3) is called a pair of infil-
tration maps. Note that these conditions imply that p 4+ g < r.

In the example pictured in Figure[l one has p = 4, ¢ = 2 and r = 5. The
infiltration maps « and g are given by «(1) = 1, a(2) = 2, «(3) = 3, a(4) = 4
and 8(1) = 3, B(2) = 5.
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Fig. 1. A pair of infiltration maps.

In order to state our main theorem in a precise way, we need to handle the
intervals of the form {a(i)+1,. .., a(i+1)—1}, but also the two extremal intervals
{1,...,a(1)=1} and {a(p) +1,...,r}. As a means to get a uniform notation, it
is convenient to extend « and 8 to mappings « : {0,...,p+ 1} = {0,...,r+ 1}
and 8 :{0,...,q+1} — {0,...,r+1} by setting (0) = $(0) = 0 and a(p+1) =
B(g+1) = r+1. The two extremal intervals are now of the standard form {«(7)+
1,...,a(i+1)—1}, with ¢ = 0 and 7 = p, respectively. Further, we introduce the

two maps @ : {0,...,7} = {0,...,p} and B:{0,...,r} = {0,...

,q} defined by

a(i) = max{k | a(k) <i} and B(i) = max{k | B(k) <i}.

For instance, one gets for our example:

1 a2 =2
0 BE2)=0 BB

a(0) a(l)
5(0) (1)

These two functions are conveniently represented in Figure

a(3)=3 a() =4
3 1
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Fig. 2. Graphs of @ and 3 : for instance, a(3) = 3 and 3(3) = 1.



The next lemmas summarize the connections between « and &. Of course, similar
properties hold for 8 and .

Lemma 3.1. The following properties hold:
(1) a(a(k)) =k, for 0 <k < p.
(2) a(s+1)<a(s)+1, for0<s<r—1.
(3) k< a(s) if and only if a(k) < s, for0<k<pand 0 < s < r.
(4) k= a(s) if and only if a(k+1) = s+1, for0< k< p—1and 0 < s <r—1.

Proof. These properties follow immediately from the definition of @. O

Lemma 3.2. For 0 < s < r — 1, the conditions a(s + 1) = a(s) + 1 and
a(a(s+1)) = s+ 1 are equivalent.

Proof. Put k = &(s) and suppose that @(s+1) =k + 1. Since k+1 < a(s+ 1),
Lemma [3] (3) shows that a(k 4+ 1) < s + 1. Further, since k > a(s), Lemma
B (4) shows that a(k + 1) > s+ 1. Therefore a(k + 1) = s + 1 and finally
ala(s+1)) =s+ 1.

Conversely, suppose that a(a(s + 1)) = s + 1. Putting a(s + 1) = k + 1,
one gets a(k + 1) = s + 1 and Lemma B.1] (4) shows that k& > a(s). By Lemma
B (2), one gets a(s 4+ 1) < @(s) + 1 and hence k < a(s). Thus a(s) = k and
a(s+1l)=a(s)+1. o

Let us denote by P,(s) the property a(s+ 1) = a(s) + 1.
Lemma 3.3. For 0 < s <7 —1, one of P,(s) or Ps(s) holds.

Proof. Since the union of the ranges of a and 8 is {1,...,r}, there is an integer
k > 0 such that either a(k+1) =s+1or 8(k+1) = s+ 1. In the first case, one
gets a(s+ 1) = ala(k+1)) = k + 1 and Lemma B (3) shows that a(s) < k.
Since a(s 4+ 1) < @(s) + 1 by Lemma Bl (2), one also has k < a(s) and finally
a(s) = k, which proves P,(s). In the latter case, one gets Ps(s) by a similar
argument. O

4 Main result

Let a1,...,ap,b1,...,b; be letters of A and let Ko,...,Kp, Lo,...,Lq be lan-
guages of A*. Let K = Koa1 Ky ---apKp and L = Lobyi Ly - - by L.

A word of KN L can be factorized as upaius - - - apup, with ug € Ko, ..., up €
K, and as vgbivy - - - bgvg, with vg € Lo, ..., v4 € L. These two factorizations
can be refined into a single factorization of the form zgc121 - - - ¢z, where ¢y - - - ¢,
belongs to the infiltration product of a; - - - a, and by - - - by.

For instance, for p = 4 and ¢ = 2, one could have » = 5, with the relations
c1 = a1, c3 = ag, cg3 = az = by, ¢4 = a4 and c5 = by, leading to the factorization
20C121C222C323C424C525, as pictured in Figure



uo ai Ui a2 U2 as us aq Ugq

20 C1 21 C2 Z2 Cc3 Z3 Cq Z4 Cs

Z5

Vo b1 V1 b

V2

Fig. 3. A word of K N L and its factorizations.

The associated pair of infiltration maps («, 8) is given by
a(l)y=1 a(2) =2 a(3) =3 a(d) =4
pA)=3  B2)=5

Two series of constraints will be imposed on the words z;:

20 € Ko, 21 € K1, 29 € K3, 23 € K3 and z4c525 € Ky,

20C121C222 € Lo, 23C424 € L1 and z5 € Lo.

We are now ready to state our main result. Let us denote by I(p, ¢) the set of pairs
of infiltration maps («, 8) with domain {1,...,p} and {1,...,q}, respectively.

Since r < p + ¢, the set I(p, ¢) is finite.

Theorem 4.1. Let K = Kga1 K1 ---apK, and L = Lobi Ly - - - by Ly be two prod-

ucts of languages. Then their intersection is given by the formulas

KnL= |J U@p
(a,8)€1(p,q)
where
U, B) = U UpcrUy -+ ¢ U,
(20,0-12) EC (@, )
and, for 0 <i < r,
Ui = [Ka@ltz N [Laeylte:
and C(a, B) is the set of (r + 1)-tuples (2o, ..., zr) of words such that
(C1) for 0 <k <P, Za(k)Calk)+12alk)+1 " Calk+1)—1Za(k+1)—1 € Kk,
(C2) for 0 <k < q, 28(0)Cak)+12B8(k)+1 " " * CB(k+1)—128(k+1)—1 € Lk

(4)

For instance, if («, 8) is the pair of infiltration maps of our example, one would

have

U(OZ,B) = U ([KO]TZO n [LO]TZD)al([Kl]Tzl n [LO]Tzl)CLQ
(z0,...,25)€C (a,B)

)
([K2)t2; N [Lolt2)b1 ([K3]12s N [L1lt2s)aa([Kaltzy N [La]12y)b2([Kaltzs N [L2]t2s)



and the conditions (Cp) and (Cz) would be
(Cl) 20 € Ko, zZ1 € Kl, Z9 € Kz, z3 € Kg, Z4C525 € K4,
(Cg) zpC121C222 € Lo, 23C424 € L1 and z5 € Lo.

Before proving the theorem, it is important to note that if the languages Ky,
..., Kp, Lo, ..., Ly are regular, the union indexed by C(«, 8) is actually a finite
union. Indeed, Proposition [Z] shows that, if R is a regular language, there are
only finitely many languages of the form [R],.

Proof. Let U be the right hand side of ). We first prove that K N L is a subset
of U. Let z be a word of KN L. Then z can be factorized as upaius - - - apu,, with
ug € Ko, ..., up € Kp and as vgbyvy - - - bgvg, with vo € Lo, ..., vy € Ly. The
common refinement of these two factorizations leads to a factorization of the form
zgC121 - - Cr2r, Where each letter ci is either equal to some a; or to some b; or
both. This naturally defines a pair of infiltration maps « : {1,...,p} = {1,...,r}
and 8 : {1,...,q} — {1,...,7}. Conditions (C;) and (Cz) just say that the
factorization zgcyzy - - - ¢z, is a refinement of the two other ones. Now, since, for
0 < i < 7, the word 2; belongs to [Ka(iyltz; N [Lj(;)lts, the word z belongs to
U.Thus KNLCU.

We now prove the opposite inclusion. Let 7 < p 4+ ¢ be an integer, let « :
{1,...,p} = {1,...,r}and 8: {1,...,q} = {1,...,7} be two infiltration maps
and let (29,...,2) € C(a, B) and ¢, ..., ¢, satisfying (C1) and (Cs). It suffices
to prove that Uyc1U; - - - ¢,.U, is a subset of K N L. We need a stronger version
of (Cl) and (CQ)

Lemma 4.2. The following relations hold:
(C3) for0
(Cyq) for0

<k <p, UsiiyCak)y+1Uar)+1 " Cakr1)-1Ua(e+1)-1 € Kk,
<k <q, Usyesiy+1Upy+1 - k1) —1Up+1)-1 C Lie-
Coming back once again to our main example, these conditions would be
(C3) Up € Ko, Uy € K1, Uy C Ko, U3 C K3, UscaUs C Ky,
(C4) UpcrUzcaUsz C Lo, UscaUy C Ly, Us C Ls.

Proof. Let ni be the syntactic morphism of K. To simplify notation, let us set
i=ak)+land j=alk+1)—1.Sincea(k)=i—1<i<---<j<alk+1),
one gets a(i — 1) = a(i) = ... = a(j) = k. Let uj—1 € Ui—1, uy € U, ...,
u; € Uj. Then w;—1 € [Ugltz,_,, wi € [Uklpz,, - -5 uj € [Ukltz,; and by definition,
Me(zim1) < Me(wiz1), Me(2i) < Me(wi), - ., Me(25) < Me(u;). Therefore we get

Mk (zim1cizi - ¢j25) = M (Zi—1) e (ca)me (22) - - - i (ej)nk (25)
< e (i) (ea)ne (wi) - - - i (e (ug) = M (wi—rciv - - - cjuy)

Now, since z;—1¢;2;---¢jz; € Ki by (C1), we also get u;—1ciu;-- - cju; € Ky,
which proves (C3). The proof of (Cy4) is similar. O

Now, since & and 3 are surjective, Lemma shows that Upc Uy --- ¢, U, is a
subset of K N L, which concludes the proof of the theorem. O



Example 4.3. Let K = b*aA*ba* and L = a*bA*ab*. The algorithm described
in Theorem [T gives for K N L the expression aa*bA*ba*a U bb*aA*ba*a U
aa*bA*ab*b U bb*aA*ab*b U aa*ba*a U bb*ab*b.

Corollary 4.4. Let L be a lattice of reqular languages closed under quotient.
Then its polynomial closure is also a lattice closed under quotient.

5 Some variants of the product

We consider in this section two variants of the product introduced by Schiitzenberger
in [I5]: unambiguous and deterministic products. These products were also stud-
ied in [2I3450ITTIT2IT3].

5.1 Unambiguous product

The marked product L = Loaj Ly - - - an Ly of n nonempty languages Lo, L, ...,
L, of A* is unambiguous if every word u of L admits a unique factorization
of the form ugaiuy - - - apu, with ug € Lo, u1 € Ly, ..., uy, € L,. We require
the languages L; to be nonempty to make sure that subfactorizations remain
unambiguous:

Proposition 5.1. Let LoaiLq---ay,L, be an unambiguous product and let i1,
.., i be a sequence of integers satisfying 0 < i1 < ... < i < n. Finally,
let Ry = LoaiLy---as 1L —1, R = Ljas,41L1---a,—1Liy—1, ..., Ry =

L, ai,+1Li, 11 - anLy. Then the product Roa;, Ry - - - ai, Ry, is unambiguous.

Proof. Trivial.

The unambiguous polynomial closure of a class of languages £ of A* is the
set of languages that are finite unions of unambiguous products of the form
Loai Ly - a,L,, where the a;’s are letters and the L;’s are elements of £. The
term closure actually requires a short justification.

Proposition 5.2. Any unambiguous product of unambiguous products is unam-
biguous.

Proof. Let

Lo = Lopai,0L1,0 - ak,0Lk,0

Ly =Loar L1 ag 1L, 1

(7)

Ln - LO,nal,nLl,n e a’kn;nLknv"

be unambiguous products and let L = Lgbi Ly - - - b, L, be an unambiguous prod-
uct. We claim that the product

Lopai,0L1,0 - ary,0Lk,0b1L0,101,1 01,1 - bpnLonainlin -0k, nLli, n



is unambiguous. Let u be a word of L with two factorizations

20,001,021,0 * * * Gk, 0Lko,00120,101,121,1 * - bnT0,n @1 nT1,n "+ * Okyp ,nThin

and
Y0,001,0Y1,0 * * * Qko,0¥ko,001%0,101,171,1 * * - bnY0,n@1,nY1,n * * * Qkyp ,nYkn,n
with ©0,0,%0,0 € L0,0s -+ Thy,ns Yk ,n € Lk, - Setting
Zo = 20,001,071,0 * * * Akg,0Lko,0 Yo = Y0,001,0Y1,0 - * * Ak,0Yko,0
T1 = 20,101,1%1,1 * " * Ay, 1Tk ,1 Y1 = Y0,101,1Y1,1 * " - Aky 1Yk ,1
(8)
Tp = Xo,nA1,nTln Ak, nLk,n Yn = YonA1,nY1,n " Ak, nYk, ,n

we get two factorizations of u: xgbizy - bz, and yobiyy - - - bpy,. Since the
product Lobyi Ly - - - an Ly, is unambiguous, we have xg = yo, ..., £n = yYn. Each
of these words has now two factorizations given by () and since the products of
(@) are unambiguous, these factorizations are equal. This proves the claim and
the proposition. 0O

We now consider the intersection of two unambiguous products.

Theorem 5.3. If the products K = Koa1 K1 ---apKy, and L = Lobi Ly ---byL,
are unambiguous, the products occurring in Formula (@) are all unambiguous.

Proof. Let (o, 8) be a pair of infiltration maps, and let U; = [Ka) |12, N L)tz
for 0 < @ < r. We claim that the product U = Uyc,U; - - - ¢, U, is unambiguous.
Let

U = UGCIUT * + * Cplly = UGCLUY -+ * C 9)
be two factorizations of a word u of U such that, for 0 < ¢ < r, u;, u; e U;. We
prove by induction on s that u, = u’.

Case s = 0. By the properties of a and 3, we may assume without loss of general-
ity that «(1) = 1, which implies that ¢; = a;. It follows from (C3) that Uy C K.
Now the product Koaq(Kia2Ks---apK,) is unambiguous by Proposition [.1]
and by (Cs), UrcaUs - - - ¢, U, is contained in Kya1 K> - - - apK,. Therefore, u ad-
mits the two factorizations wgpai(uicous - - - cruy) and ujaq (wjcouh - - coul) in
this product. Thus ug = uy.

Induction step. Let s > 0 and suppose by induction that u, = u) for 0 <7 < s—1.
If s = r, then necessarily u, = u}. If s < r, we may assume without loss of
generality that s is in the range of a. Thus a(k) = s for some k and ¢s = a.
We now consider two cases separately.

If a(k+1) =s+1 (and ¢s41 = agy1), it follows from (C3) that u has two
factorizations

(uoclul te Csflusfl)akusakJrl(us+1cs+1us+2 ce Crur) and

! ! i i
(ugeyuy - 'Cs—lus—l)akusak-i-l(us+lcs+1us+2 XAy



over the product (Koa1 K1 - - - as—1Ks—1)asKsapt1(Ksp1ap12Ks42 - - apKp). Since
this product is unambiguous by Proposition 5.1l we get u, = ul.

If a(k4+1) #s+1, then s+1 = S(t+1) for some ¢t and ¢s41 = by1. Setting
i = B(t), we get ¢; = by and it follows from (Cy4) that u has two factorizations

(uocruy - - - ci1ui—1)be (UiCip1Uit1 - - - Csls)bry1 (Usq1Cs42Ust2 - - - Crtty) and
(ugequyg -+ Ci71uz‘71)bt(“;ci+1uli+1 T 'Csuls)bt+1(uls+1cs+2uls+2 e 'Crulr)
over the product (Lob1 L1 - - - by—1L;—1)b Libyy1(Lit1be41Le42 - - - by Ly). This prod-
uct is unambiguous by Proposition 5.1l and thus

— ! /
WiCip1Witl " CsUhsg = UCypqUjyq - -~ Csllg

Now the induction hypothesis gives u; = u}, ..., u,_; = u},_; and one finally
gets u, = ul. O

We state separately another interesting property.

Theorem 5.4. Let K = Koa1K1---ap,K, and L = Lob1 Ly ---byLg be two un-
ambiguous products and let (o, 8) and (/, ") be two pairs of infiltration maps
of 1(p,q). If the sets U(a, B) and U(c/, ') meet, then « = o' and = f'.

Proof. Suppose that a word u belongs to U(«, 3) and to U(a/, 5’). Then u has
two decompositions of the form

! / /
U= UYCIUT - * Cpllyp = UCiU] *** Cprly

Condition (Ci) [(C2)] and the unambiguity of the product Koa1 Ky ---apK,
[Lob1Ly - - - byL,] show that, for 0 < i < p and for 0 < j < g,

Ua (i) Ca(i)+1Ua(i)+1 ~ " Ca(i+1)—1Ua(i+1)—1 =
1 / 1 ) ) K, (10)
U (1) Car () 1% (1) +1 ** Car (i+1)—1Ua/ (i41)—1 € 1%
UB(H)CBGHIUB(G)+1 ™" CB(+1)—1UBG+1)—1 = (11)
() Cor ()41 W ()1 GG 1)1 € L
We prove by induction on s that, for 1 < s < min(r,r’), the following properties
hold:

Ei(s): us—1 =u,_, and Cs = ch,
Ea(s) : a(s) = a@'(s) and S(s) = 5'(s), )
Es(s) : for i < a(s), a(i) = /(i) and for j < B(s), B(5) = B'(4).

Case s = 1. We know that either a(1) =1 or §(1) = 1 and that either o/(1) =1
or /(1) = 1. Suppose that a(1) = 1. We claim that /(1) = 1. Otherwise, one
has /(1) = 1. Now, Formula (0] applied to ¢ = 0 gives

g !/
Uy = uoclul e ca/(l)_lua/(l)_l

10



and Formula () applied to j = 0 gives

UOCIUL **+ CH(1)—1U(1)—1 = U

Therefore uy = uf, and /(1) = 1, which proves the claim. It follows also that
a1 = Ca(1) = Cor(1) and thus ¢; = ¢}. We also have in this case a(1) = &/(1) = 1.
A similar argument shows that if o/(1) = 1, then «(1) = 1. Therefore, the
conditions (1) = 1 and &/(1) = 1 are equivalent and it follows that a(1) = &’'(1).
A dual argument would prove that the conditions 8(1) = 1 and §'(1) = 1 are
equivalent and that 5(1) = 8’(1).

Induction step. Let s be such that 1 < s+1 < min(r, ') and suppose by induction
that the properties E; (), Ea(7), E3(¢) hold for 1 < i < s.

Lemma 5.5. Suppose that P,(s) holds and let k = a(s). Then

s<a(k+1)—1 (12)

and

AN ’ ’
Us = UgCyqUgyy - Ca’(k-i-l)—lua’(k-l-l)—l (13)

Proof. Applying ([I0) with i = k, we get

U (k) Ca(k)+1Ua(k)+1 """ CsUs =

Uy (1) Cor (k) +1 Y (K)+1 * * Car (k1) —1 Uy (1) -1 (14)
Since @(s) = a'(s) by Ea(s), one has &@'(s) = k and o/(k+1) > s+ 1 by
Lemma [B1] which gives ([[2). Further, since k = a(s), it follows from E3(s) that
a(k) = o'(k). Now, for i < s, E1(i) implies that u;—1 = u}_; and ¢; = ¢,. Tt
follows that the word wq(k)Ca(k)+1%a(k)+1 - - Cs is a prefix of both sides of (I4).
Therefore, this prefix can be deleted from both sides of (Id), which gives (I3). ©

We now establish E; (s + 1).

Lemma 5.6. One has us = ul, and co11 = ¢, ;. Further, P,(s) and Py (s) are

equivalent and Pg(s) and Pg/(s) are equivalent.

Proof. Let us prove that v} is a prefix of us. By Lemma [B3] either P,(s) or
Ps(s) holds. Suppose that P,(s) holds. Then by Lemmal5.5] u/ is a prefix of u.
If Ps(s) holds, we arrive to the same conclusion by using (II]) in place of (I0)
in the proof of Lemma

Now, a symmetrical argument using the pair (&, ") would show that u, is a
prefix of u/,. Therefore, us = . Coming back to (I3)), we obtain o/ (k+1) = s+1
and since by Ea(s), k = a(s) = a/(s), one gets o/(a'(s) + 1) = s + 1, which,
by Lemma B2 is equivalent to P,/ (s). Thus P,(s) implies P,/ (s) and a dual
argument would prove the opposite implication.

We also have ¢, 11 = Co(py1) = Qry1 = c;,(kﬂ) = ¢, and thus co11 = ¢ 1.
Finally, a similar argument works for . O
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We now come to the proof of Eo(s+1) and Eg(s+1). Since P, (s) and P,/ (s)
are equivalent, the next two lemma cover all cases.

Lemma 5.7. If neither P,(s) nor Py (s) hold, then a(s + 1) = @'(s+ 1) and
Jori < a(s+1), a(i) = o'(i). Similarly, if neither Pg(s) nor Pg/(s) hold, then
B(s+1)=p'(s+1) and fori < B(s+ 1), B(i) = /(7).

Proof. We just prove the “a part” of the lemma. If neither P, (s) nor P,/ (s)
hold, then a(s+ 1) = @(s) and &' (s + 1) = & (s). Since a(s) = @'(s) by Ea(s),
one gets @&(s+1) = @ (s+ 1). The second property is an immediate consequence
of Eg(S). O

Lemma 5.8. If both P,(s) and P,/ (s) hold, then a(s +1) = &'(s+ 1) and
fori < a(s+1), ali) = o(i). Similarly, if both Ps(s) and Pg/(s) hold, then

B(s+1) = B(s+ 1) and for i < (s + 1), B(i) = 8/(7).

Proof. Again, we just prove the “« part” of the lemma. If both P, (s) and P, (s)
hold, then a(s+ 1) = a(s) +1 and @'(s+ 1) = @’(s) + 1. Since @(s) = a'(s) by
Es(s), one gets a(s + 1) = &'(s + 1). Property Es(s) shows that for ¢ < a(s),
a(i) = d/(i). Since @(s+ 1) = a(s) + 1, it just remains to prove that

a(@(s+1))=d(a(s+1)) (15)

But Lemma B2l shows that a(a(s+1)) = s+ 1 and o/(@'(s+1)) = s+ 1, which
proves () since a(s+1) =a'(s+1). O

This concludes the induction step and the proof of Theorem 54l O

Corollary 5.9. Let L be a lattice of reqular languages closed under quotient.
Then its unambiguous polynomial closure is also a lattice closed under quotient.

If £ is a Boolean algebra, then one can be more precise.

Corollary 5.10. Let L be a Boolean algebra of reqular languages closed under
quotient. Then its unambiguous polynomial closure is also a Boolean algebra
closed under quotient.

Let us conclude with an example which shows that, under the assumptions of
Theorem [5.4], the sets U(«, 8) cannot be further decomposed as a disjoint union
of unambiguous products.

Let K = KoaKl and L = LOaL1 with KO = Ll = 1+b+C+C2 and LO = Kl =
a+ ab + ba + ac + ca + ac® + bab + cac + cac?®. Then

K N L= aa+ aab+ aba + aac + aca + aac® + abab + acac + acac® +
baa + baab + baba + baac + baac® + babab + caa +

caab + caac + caca + caac? + cacac + cacac?

One can write for instance K N L as (1 + b+ c)aa(l+b+c+c?) + (1+b)a(l +
b)a(1+b)+ (14 c)a(l+c)a(l+c+c?) but the three components of this language

12



are not disjoint, since they all contain aa. Note that the words acab, abac, baca
and caba are not in K N L.

The syntactic ordered monoid of Ky and L; has 4 elements {1,a,b,c} and
is presented by the relations a = ba = b?> = bc = ca = c¢b = 0 and ¢? = b. Its
syntactic order is defined by a < b < ¢ < 1.

The syntactic ordered monoid of Ly and K7 has 13 elements:

2 2
,ac”, bab, cac}

{1,a,b,c,a? ab,ac,ba, ca,c
and is defined by the relations cac? = bab and

b2 = be = ¢b = a® = aba = aca = bac = cab = a = = 0.

The syntactic order is:

There is only one pair of infiltration maps («, ) of I(1, 1) that defines a nonempty
set U(a, B). This pair is defined as follows: a(1) = 1 and 5(1) = 2. The triples
(20, 21, 22) of C(a, B) are exactly the triples of words such that zpaziaze € KNL.
In particular, zg € {1,b,c}, 21 € {1,b,¢} and 2, € {1,b,¢, c*}. Now, one has

(Kol =1 [Kolp=1+b+c+c* [Kojte=1+c

[Kilpi=1 [Kiljp =140 [Kilte=1+c [Kiltez =1+c+c?
[Lolt1 =1 [Loltp =1+ [Lolte =1+c

Lilpn=1 [Lilp=1+b+c+c*® [Lilje=14c [Liltee=14b+c+c?



which gives the following possibilities for the triples (Uy, Uy, Uz), for the following
triples z = (20, 21, 22):

2=(1,1,1) Up=1 Uy =1 Us=1

2= (b,b,b) Up=1+b Ui=1+b Us=1+b
z=(ccc) Uy=1+c U =1+c Uy=1+c¢c

z = (b,c,c?) Up=1+b Up=1+c¢ Upy=1+c+c?
2= (c,c,c?) Uy=14+¢c Ui=1+c¢ Us=1+4+c+c?

5.2 Deterministic product

The marked product L = LgaiL;---anL, of n nonempty languages L, L1,
vy Ly, of A* is left deterministic [right deterministic] if, for 1 < ¢ < n, the set
LoaiLy -+ Li—ya; [a;L; - - - an Ly] is a prefix [suffix] code. This means that every
word of L has a unique prefix [suffix] in LoaiL; - L;—1a; [a;L; -+ - anLy]. Tt is
observed in [3], p. 495] that the marked product Loai L1 - - - ap Ly, is deterministic
if and only if, for 1 < ¢ < n, the language L;_1a; is a prefix code. Since the
product of two prefix codes is a prefix code, we get the following proposition.

Proposition 5.11. Any left [right] deterministic product of left [right] deter-
ministic products is left [right] deterministic.

Proof. This follows immediately from the fact that the product of two prefix
codes is a prefix code. O

Factorizing a deterministic product also gives a deterministic product. More
precisely, one has the following result.

Proposition 5.12. Let Loai Ly - - anL, be a left [right] deterministic product
and let i1, ..., i be a sequence of integers satisfying 0 < i1 < ... < i < n.
Fmally, let RO = L0a1L1 tee ailflLilfl, ey Rk = Likaik+1Lik+1 ce LnflanLn.
Then the product Roai, Ry - - a;, Ry is left [right] deterministic.

Proof. Trivial. O

The left [right] deterministic polynomial closure of a class of languages £
of A* is the set of languages that are finite unions of left [right] deterministic
products of the form LoaiLq - - - a, Ly, where the a;’s are letters and the L;’s are
elements of L.

We can now state the counterpart of Theorem [5.3] for deterministic products.

Theorem 5.13. If the products K = Koa1 K1 ---a, K, and L = Lobi Ly - - - by L,
are deterministic, the products occurring in Formula [ ) are all deterministic.

Proof. Let i € {0,...,r}. By construction, there exists k > 0 such that i + 1 =
alk+1)ori+1=p(k+1). By Lemma L2 there exists j < ¢ such that either
Ujcj+1Ujp1-- Ui © Ky and cqrq1) = agt1 or Ujcj11Ujpa - U © Ly and
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Ca(k+1) = br+1. Suppose we are in the first case and that Ujc;11 is not a prefix
code. Then Ujcjy1Ujt1 - - Usciq is not a prefix code and thus Kjpagy1 is not
a prefix code. This yields a contradiction since the product Koa1 K - --apk, is
deterministic. O

Corollary 5.14. Let L be a lattice of regular languages closed under quotient.
Then its deterministic polynomial closure is also closed under quotient.
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