N
N

N

HAL

open science

On the monotonicity principle of optimal Skorokhod
embedding problem *

Gaoyue Guo, Xiaolu Tan, Nizar Touzi

» To cite this version:

Gaoyue Guo, Xiaolu Tan, Nizar Touzi. On the monotonicity principle of optimal Skorokhod embedding
problem *. STAM Journal on Control and Optimization, 2016. hal-01247003

HAL Id: hal-01247003
https://hal.science/hal-01247003
Submitted on 20 Dec 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01247003
https://hal.archives-ouvertes.fr

arXiv:1506.03413v1 [math.PR] 8 Jun 2015
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Gaoyue Guo! Xiaolu Tan? Nizar Touzi®

June 11, 2015

Abstract

This is a continuation of our accompanying paper [18]. We provide an alter-
native proof of the monotonicity principle for the optimal Skorokhod embedding
problem established in Beiglbock, Cox and Huesmann [2]. Our proof is based on
the adaptation of the Monge-Kantorovich duality in our context, a delicate appli-
cation of the optional cross-section theorem, and a clever conditioning argument
introduced in [2].

Key words. Optimal Skorokhod embedding, monotonicity principle.

1 Introduction

The Skorokhod embedding problem (SEP) consists in constructing a Brownian mo-
tion W and a stopping time 7 so that W, has some given distribution. Among the
numerous solutions of the SEP which appeared in the existing literature, some
embeddings enjoy an optimality property w.r.t. some criterion. For instance, the
Azéma-Yor solution [1] maximizes the expected running maximum, the Root so-
lution [27] was shown by Rost [28] to minimize the expectation of the embedding
stopping time.

Recently, Beiglbock, Cox & Huesmann [2] approached this problem by introduc-
ing the optimal SEP for some given general criterion. Their main result provides
a dual formulation in the spirit of optimal transport theory, and a monotonicity
principle characterizing optimal embedding stopping times. This remarkable re-
sult allows to recover all known embeddings which enjoy an optimality property,
and provides a concrete method to derive new embeddings with such optimality
property.

Our main interest in this note is to provide an alternative proof of the last
monotonicity principle, based on a duality result. Our argument follows the classical
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proof of the monotonicity principle for classical optimal transport problem, see
Villani [31, Chapter 5] and the corresponding adaptation by Zaev [32, Theorem
3.6] for the derivation of the martingale monotonicity principle of Beiglbock &
Juillet [5]. The present continuous-time setting raises however serious technical
problems which we overcome in this paper by a crucial use of the optional cross
section theorem.

In the recent literature, there is an important interest in the SEP and the corre-
sponding optimality properties. This revival is mainly motivated by its connection
to the model-free hedging problem in financial mathematics, as initiated by Hobson
[22], and continued by many authors [9, 10, 11, 13, 18, 24, 25, 26], etc.

Finally, we emphasize that the connection between the model-free hedging prob-
lem and the optimal transport theory was introduced simultaneously by Beiglbock,
Henry-Labordere & Penkner [4] in discrete-time, and Galichon, Henry-Labordeére
& Touzi [17] in continuous-time. We also refer to the subsequent literature on
martingale optimal transport by [6, 7, 8, 14, 15, 19, 20, 21, 23, 24], etc.

In the rest of the paper, we formulate the monotonicity principle in Section 2,
and then provide our proof in Section 3.

2 Monotonicity principle of optimal Skorokhod
embedding problem

2.1 Preliminaries

Let Q € C(R4,R) be the canonical space of all continuous functions w on Ry such
that wg = 0, B denote the canonical process and F = (F;);>0 the canonical filtration
generated by B. Notice that €2 is a Polish space under the compact convergence
topology, and its Borel o—field is given by F :=\/,5, F;. Denote by P(2) the space
of all (Borel) probability measures on 2 and by Py € P(£2) the Wiener measure on
), under which B is a Brownian motion.

We next introduce an enlarged canonical space Q := Q x R, equipped with
canonical element B := (B, T) defined by

B(@):=w and T(®):=0, forall &= (w,0) €,
and the canonical filtration F = (F¢);>0 defined by
Fi = o(By,u<t)Vo({T <ulbu<t),

so that the canonical variable T is a F—stopping time. In particular, we have
the o—field F7 on Q. Define also . = o(By,t > 0) as o—field on Q. Under
the product topology, € is still a Polish space, and its Borel o—field is given by
F = V>0 F:. Similarly, we denote by P(Q) the set of all (Borel) probability
measures on (2.

Next, for every @ = (w,f) € Q and t € R, we define the stopped path by
Wip. 1= (wtm)u>0 and @in. == (win.,t A ). For every @ = (w,0),0" = (W',0") € Q,

we define the concatenation @ ® @’ € Q by

R0 = (Wyw,0+6),



where
(woow'), = wilipg(t) + (wo+wig)lp1o0)(t), forallt e Ry.

Let £ : © — R be a random variable, and P € P(€2), we defined the expectation
E[] := E[¢T] — E[¢7], by the convention co — 0o = —o0.

2.2 The optimal Skorokhod embedding problem

We now introduce an optimal Skorokhod embedding problem and its dual problem.
Let © be a centered probability measure on R, i.e. admitting first order moment

and with zero mean, we then introduce the set of all embeddings by
=0 = =0 P
P(n) = {PeP :Br~Ful,
with

P = {PeP(Q) : BisF — Brownian motion and

Br,. is uniformly integrable under @}. (2.1)

Let £ : © — R be some (Borel) measurable map, we then define the optimal
Skorokhod embedding problem (with respect to u and £) by

P(p) = sup EF €] (2.2)
PP’ ()
We next introduce a dual formulation of the above Skorokhod embedding prob-

lem (2.2). Let A denote the space of all continuous functions A : R — R of linear
growth, and define for every A € A,

P = [ M@ule)
Define further
D = {(A\S)eAXS : AMwy) + Si(w) > &(w,t), forallt >0, Pp— a.s.},

where S denotes the collection of all F—strong cadlag supermartingales S : Ry x
Q — Ron (Q, F,Py) such that Sy = 0 and for some L > 0,

|Se(w)| < L1+ |w), forallweQ,teRy. (2.3)
Then the dual problem is given by

D(p) = (A,I%ED 1(A)- (24)
Remark 2.1. By the Doob-Meyer decomposition together with the martingale rep-
resentation w.r.t. the Brownian filtration, there is some F—predictable process
H : Ry x Q — R and non-increasing F—predictable process A (Ay = 0) such
that Sy = (H - B)y — Ay for allt > 0, Py—a.s., where (H - B) denotes the stochas-
tic integral of H w.r.t B under Py. We then have another dual formulation, by
replacing D with

D = {(\MH) :Mw) 4+ (H-B)(w) > &(w,t), forallt >0, Py — a.s.}.

Here, we use the formulation in terms of the set D for ease of presentation.



2.3 The monotonicity principle

We now introduce the monotonicity principle formulated and proved in Beiglbock,
Cox and Huesmann [2], which provides a geometric characterization of the optimal
embedding of problem (2.2) in terms of its support.

Let T’ C Q be a subset, we define = by

I = {0 =(w,0) €Q :@=wj,. for some &' €T with §' > 6}.

Definition 2.2. A pair (©,&") € Q x Q is said to be a stop-go pair if wp = wy, and
(@) +E@ @) > Eod")+E@) foral &€,
where O 1= {(IJ = (w,0)€Q:0> 0}. Denote by SG the set of all stop-go pairs.
The following monotonicity principle was introduced and proved in [2].

Theorem 2.3. Let pu be a centered probability measure on R. Suppose that the
optimal Skorokhod embedding problem (2.2) admits an optimizer P G_fo(@, and
the duality P(;1) = D(p) holds true. Then there exists a Borel subset T C Q such
that

P'T]=1 and SG N (T™xT) =0 (2.5)

Remark 2.4. Suppose that ¢ is bounded from above, and for all w € §2, the map
t — &(w,t) is upper semicontinuous and right-continuous, then the conditions in
Theorem 2.3 are satisfied (see e.g. Theorem 2.4 and Proposition 4.11 of [18], and
also [2, 3] for a slightly different formulation).

3 Proof of Theorem 2.3

Throughout this section, we fix an optimizer P of problem (2.2) in the context of
Theorem 2.3.

3.1 An enlarged stop-go set

Notice that by Definition 2.2, the set SG is a universally measurable set (co-analytic
set more precisely), but not a Borel set a priori. To overcome some measurability
difficulty, we will consider another Borel set SG* C Q x  such that SG* D SG, as
in [2].

Recall that P is a fixed optimizer of the problem (2.2), then it admits a family of
regular probability probability distribution ( r.c.p.d. see e.g. Stroock and Varadhan
[29]) @;)weﬁ wat. Fo o= o(Bg,t > 0) on . Notice that for @ = (w,#), the
measure P, is independent of #, we will denote this family by (P.),eq. In particular,

one has P [B. = w] = 1 for all w € Q. Next, for every @ € Q, define a probability
Q; on (0, F) by

@;[Z] = /@* (A) Po(dw'), forall AcF. (3.6)
Q

w®gw’



Intuitively, @1- is the conditional probability w.r.t the event {B.ng = w.ng}. We

w

next define, for every @ € €2, a probability @f—, by

=2

Q] = QAT > 01 + PO ® 69y [A] (3.7)

(@ [7>0)>0) L@t ir>0=0y°

for all A € F, where IP’B’“’ is the shifted Wiener measure on (2, F) defined by
P§e[A] = Polw® B € A], forall A€ F.
We finally introduce a shifted probability @Z by
Q[ = Qw®Bed], forall AcF,
and then define a new set SG* D SG by
SG* = {(@,@) 1 wp = wp, @) +EBE(@ @ )] > EB[E(@ @ )] +£@)}. (3.8)

Lemma 3.1. (i) The set SG* C Q x Q defined by (3.8) is Fr @ Fr—measurable.
(ii) Let 7 < T be a F—stopping time, then the family (@D)weﬁ defined by

~

— =2 7(@),w
Po = 1@<t} Qur@) T lir@=0Po — ® e

is a family of conditional probability measures of B* w.r.t. Fr, ie. @ s Py is
?_T—measumble, and for all bounded F—measurable random variable ¢, one has
EP [C’?T](@) - P@[C] fOT’ @*—a.e. w € ﬁ

Proof. (i)Let us denote [w]; := wyn., [0]; := Hl{ggi} +001{g>yy and (@] := ([w]¢, [0]¢)-
Then by Lemma A.2 of [18], a process Y : Ry x Q@ — R is F—optional if and only if
it is B(Ry ) ® F—measurable, and Y;(@) = Y;([0];). Further, using Theorem IV-64
of Dellacherie and Meyer [12, Page 122], it follows that a random variable X is
Fr—measurable if and only if it is F—measurable and X (@) = X ([w]y,6) for all
w € Q.

Next, by the definition of @;, @; and @;, it is easy to see that w +— (@i-), @;, @;)
are all F—measurable and satisfies Q = @Fw} b, forall @ € Q. Then it fol-
lows that @ — Q, is Fr—measurable, and hence by its definition in (3.8), SG*
is Fr ® Fr—measurable.

(ii) Let 7 < T be a F—stopping time, we claim that F—stopping time 7y on (Q, F)
such that

there is some F — stopping time 79 on (2, F), s.t. 7(w) = 7o(w) A0.  (3.9)
Moreover, again by Theorem IV-64 of [12], we have
Fr = 0(Beat, t20) V o(Tliopy, {7 <T}). (3.10)

In the next of the proof, we will consider two sets {7 =T} and {r < T'} separately.
Let (]P’g)weﬁ be a family of regular conditional probability distribution (r.c.p.d.
see e.g. Stroock and Varadhan [29]) of P* w.r.t. F,, which implies that

@g [Brp. = wr@yn] =1 forall@ € Q; and @g[T =0l=1forallwe{r="T}.



It follows that for P'—a.e. @ € {r =T}, one has @g =P = Pg(w)’w ® Oy} -

Next, recall that P, is a family of r.c.p.d of P w.r.t. o(B;,t > 0) and @é are
defined by (3.6). Then (@;) scq 1s a family of conditional probability measures of
P* wor.t. o(B ro(@)nt > 0). Further, by the representation of 7. in (3.10), it
follows that for P —a.c. @ € {r < T}, one has P = @?J

We now prove the claim (3.9). For every w € Q and t € Ry, we denote A, ; :=
{0 € Q : wjr = wn, 0 >t} Then it is clearly that A, ; is an atom in
Fy, i.e. for any set C € F;, one has either ng e C or Zw,t NC = 0. Let
@ € Q such that 7(@) < 6, and 0’ > 0, so that @ € A, and (w,0') € A,
for every t < 0. Let tg := 7(@), then @ € Agy, and @ € {7 = o} € Fy,
which implies that (w,0) € A,s, C {7 = to} since Ay, is an atom in Fy,.
It follows that 7(w,0) = 7(w) for all @ > 6 and @ € Q such that 7(©) < 6.
Notice that for each t € Ry, {@ € Q : 7(®) < t} is Fy—measurable, then by
Doob’s functional representation Theorem, there is some Borel measurable function
[ Qx (Ry U{oo}) — R such that 1)<y = f([we, [0]:). Tt follows that for
0p € Ry, {w € Q :7(w,bp) <t} is Fr—measurable, and hence w +— 7(w, ) is a
F—stopping time on (€2, F). Then the random variable 75 : Q@ — Ry defined by
To(w) := sup,en 7(w, n) is the required F—stopping time of claim (3.9).

Finally, we notice that by its definition, one has w P, is F— measurable and
satisfies ]P’w = ]P’M , forall @ € Q. Moreover, we have proved that ]P’Q = ]P’ for
P —ae. @ e Q, where (]P’O )ocn is a family of r.c.p.d. of P" w.r.t. Fr. Therefore,
(]/15@) scq 18 a family of conditional probability measures of P" wrt. Fr. O

Notice that SG* D SG, then it is enough to show (2.5) for SG* to prove Theorem
2.3.

3.2 Technical results

We first define a projection operator IIg : Q x Q — Q by
IIg[A] = {@ : there exists some &' € Q such that (©,&") € A}.

Proposition 3.2. Let the conditions in Theorem 2.3 holds true and P be the fized
optzmzzer of the optimal SEP (2.2). Then there is some Borel set fg C Q) such that
P'[Ty] = 1 and for all F—stopping time 7 < T, one has

P'[r < T, Bya €5(SG* N (2 xTp))] = 0. (3.11)

Proof. (i) Let us start with the duality result P(u) = D(u) and the dual problem
(2.4). By definition, we may find a minimizing sequence {(\", S")},>1 C D, so that
w(An) — D(u) = P(p) as n —» oo. Then, there is some I'y C Q s.t. Py(Tp) =1
and

N (@) := A" (wy) + SPH(w) —&(@) > 0, forallwe Ty xRy, (3.12)

Notice that (S7)i>0 are all strong supermartingales on (§2, 7, Py) satisfying (2.3).
It is then also a strong supermartingale on (€2, F, ]P’*) w.r.t. F. It follows that

0 < EF "] = EP (NY(Br) + St —&] < u(A\") — P(n) — 0as n —» 00.(3.13)



Therefore, we can find some I'y C Q such that @*(fo) = 1, and after possibly
passing to a subsequence,

n"(@) — 0asn — oo, forall @eT,.

Moreover, since S™ can be viewed as a F—strong supermartingale on (Q, F, F*),
then there is some Borel set Ty C € such that P [[1] = 1, and for all @ € Ty,
Polw ®9 B € T'g] = 1, and (S, ,(w ®g -))i>0 is a Po—strong supermartingale. Set
fg =T, NTy, and we next show that fg is the required Borel set.

(ii) Let us consider a fixed pair
(@,&) € SG n (@xTy),
and define
@) = @) +HE@ ") - E@ed"”) +£@), for all @” € Q.

By the definition of SG* (3.8), one has wy = wj,. Then using the definition of n"
n (3.12), it follows that for all &” € Q,

0(@") = N'(wp) + Sg(w) —n"(@) — (A"(we/) + Sy (w')

+ A (wyr + win) + Sprygn (W' @ W) — ™M@ @ &)
— (A" (wo + win) + Sgygn(w @p ") — (0 @ @
Sp (w) — "(w) + Sprion (W @ ") =" (@ @@
— (S5 (W) = 0"(@) + Sphgn(w @p ") =" (@ @ &"))

IN

(“w@w >+n< ) — @ e
(S0 @9 ") — SP)) — (Shan(w @) — S5 ().

(iii) Let 7 < T be an F—stopping time, then (]/15@) defined by

e’

A~ _2 T 7)

o (@),w
P == Qur@) Hr@<oy + Po ® 010} Lir(@)=0}

provides a family of conditional probability measures of P wrt. F- (see Lemma
3.1). Recall that P}, := @LT(@) for all o € {r < T} is the shifted probability
measures.
By (3.13), there is some set F such that P* [F | =1and
P ("] — 0, asn — oo, forall @ € Ti. (3.14)

Further, (3.13) implies that 0 > EF’ [S7] — 0 as n — oco. Then it follows from the
strong supermartingale property of S™ that

St —EF [5p|F,] >0, B —as and EF [S7 —EF [S3[F,]] < —EF [S7] — 0,
Hence there is some set fi C Q such that P’ [fi] =1 and for all w € fi,
0 < S™M@)—EP[SA] — 0, asn — oo, (3.15)

after possibly taking some subsequence. Moreover, by the definition of 73 in (2.1),
B is a F—Brownian motion and Br,; is uniformy integrable under ]P’ and the

7



property holds still under the conditional probability measures. Then there is some
measurable set fi C Q such that P* [fi] = 1 and for every w € f‘:’ N{r < T}, one

has
PL[T>0] >0, Bilw,op®BeT,] =1 and PLeP’.  (3.16)
Set f? = fi N fi N fi, in the rest of this proof, we show that
(MVn{r<THxQ)NSG* N(@QxTy) = 0, (3.17)

which justifies (3.11).
(iv) We finally prove (3.17) by contradiction. Let (w,&’) € (f? x Q)NSG*N(QxTy).
Notice that @ = (', ') € Ty C Ty and for some constant L,

|Sg17(w' ®9 B)| < Ly|l 4wy + Br

)

it follows by the supermartingale property, together with the Fatou lemma, that
EPS [Sp.r(w ®¢ B)] < Sp(w).

Moreover, one has EPS [ (&' @ B)] > 0. Further, using (3.16) then (3.13), (3.14)
and (3.15), we obtain that
0 < BR8] SBR[ @@ B)| +n"(@) — B[S0y 11w @r() B)] = Sty (@) >0,

T w

as n — 0o, which is a contradiction, and we hence conclude the proof. O

Suppose that IIg (SG* N (Q x fg)) is Borel measurable on €2, then by Lemma
A2 of [18], the set

{(t,@,&") e Ry xTyx Ty 1t <0, and (w,t,&) € SG*}.

is an F—optional set. Using Proposition 3.2 together with the classical optional
cross-section theorem (see e.g. Theorem IV.86 of Dellacherie and Meyer [12]), it
follows immediately that there is some measurable set f; C Q such that P* (fj{) =1
and g (SG*N (Q x i) NT;~ = 0. However, when the set SG* N (Q x Ty) is a Borel
set in Q x Q, the projection set I1s(SG* N (Q x TS)) is a priori a B(Q)—analytic set
(Definition IIL.7 of [12]) in Q. Therefore, we need to adapt the arguments of the
optional cross-section theorem to our context.

Denote by O the optional o—field w.r.t. the filtration F on Ry x Q. Let E be
some auxiliary space, A C Ry x Q x E, we denote

II5(A) = {@ :there is some (t,e) € Ry x E such that (t,w,e) € A},
and
IM12(A) = {(t,w) :there is some e € E such that (t,w,e) € A}.

Proposition 3.3. Let P be an arbitrary probability measure on (Q, F), (E,&) be a
Lusin measurable space *. Suppose that A C Ry x Q x E is a O x E—measurable
set. Then for every ¢ > 0, there is some F—stopping time T such that Plr <
] > P[ly(A)] — e and (1(©),o) € M12(A) whenever @ € Q satisfies T(0) < 0o.

LA measurable space (E,€) is said to be Lusin if it is isomorphic to a Borel subset of a compact
metrizable space (Definition I11.16 of [12]).



Proof. We follow the lines of Theorem IV.84 of [12].

(i) Notice that every Lusin space is isomorphic to a Borel subset of [0,1] (see
e.g. Theorem II1.20 of [12]), we can then suppose without loss of generality that
(E,&) = ([0,1],B([0,1])). Then the projection set II12(A) is clearly O—analytic in
sense of Definition II1.7 of [12].

(ii) Using the measurable section theorem (Theorem I11.44 of [12]), there is F —random
variable R :  — R U {oo} such that P[R < oo] = P[II3(4)] and R(@) < oo =
(R(w),w) € I12(A). The variable R is in fact a stopping time w.r.t. the completed

filtration T (see e.g. Proposition 2.13 of [16]), but not a F—stopping time a priori.
We then need to modify R following the measure v defined on B(R,) ® F by

V(@) = / 16(R(@),8)Lipeoe) @)F(dD), ¥G € BRy) ®F.

(iii) We continue by following the lines of item (b) in the proof of Theorem IV.84
of [12]. Denote by ¢y the set of all intervals [[o, T[], with o < 7 and o, 7 are both
F—stoping times. Denote also by ¢ the closure of (y under finite union operation,
then ¢ is a Boolean algebra which generates the optional o—filed O. Moreover,
the debut of a set C' € (s (the smallest collection containing ¢ and stable under
countable intersection) is a.s. equal to an F—stopping time. Further, the projection
set TI12(A) is O—analytic and hence O—universally measurable. Therefore, there
exists a set C' € (5 contained in IIj2(A) such that v(C) > v(Il12(A)) —e. Let 7
be the F—stopping time, which equals to the debut of C, P—a.s., then define 7 :=
T01{(ro(@)@)eB}» Which is a new F—stopping time since {& : (10(@0),w) € C} € Fyy
by Theorem IV.64 of [12]. We then conclude the proof by the fact that 7 is the
required stopping time. O

3.3 Proof of Theorem 2.3

Let us define
A={(t,0,&') eRy xTy xT :t <0, and (w,t,&') € SG*}. (3.18)

Since SG* is a Fr ® Fr—measurable set in  x Q, it follows (see Lemma A.2. of
[18]) that the set A defined by (3.18) satisfies the conditions in Proposition 3.3 with
E=Q.

We next prove that ITo(A) is P —null set. Indeed, if P*[IIy(A)] > 0, by Propo-
sition 3.3, there is some F—stopping time 7 such that (7(@),@) € I12(A) for all
© e {r < oo} ={r <T},and P'[r < o] = P'[r = T] > 0. Notice that
(1(w),w) € I12(A) implies that (w,7(w)) € IIg(SG*). We then have

0<Pr<1] < P [T <T, Brp €lg(SG* N (Q x f;))]
This is a contradictioE to Proposition 3.2. _ B
Since IIy(A) is a P —null set, we may find a Borel set T'; C (Q \ IIy(A4)) such
that P'[T;] = 1 and IIg(SG*) N ff — (). Therefore, T := Ty NT is the required
Borel subset of Q. O

Remark 3.4. (i) Proposition 3.2 can be compared to Proposition 6.6 of [2], while
the proofs are different. Our proof of Proposition 3.2 is in the same spirit of the



classical proof for the monotonicity principle of optimal transport problem (see e.g.
Villani [31, Chapter 5]), or martingale optimal transport problem (see e.g. Zaev
[32, Theorem 3.6]), based on the existence of optimal transport plan and the duality
result.

(ii) Proposition 3.3 should be compared to the so-called filtered Kellerer Lemma
(Proposition 6.7 of [2]), where a key argument in their proof is Choquet’s capacity
theory. Our proof of Proposition 3.3 uses crucially an optional section theorem,
which is based on a measurable section theorem, and the latter is also proved in [12]
using Choquet’s capacity theory (see also the review in [16]).
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