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Abstract. We consider a two-component ideal Fermi gas in an isotropic harmonic
potential. Some eigenstates have a wavefunction that vanishes when two
distinguishable fermions are at the same location, and would be unaffected by s-wave
contact interactions between the two components. We determine the other, interaction-
sensitive eigenstates, using a Faddeev ansatz. This problem is non trivial, due to
degeneracies and to the existence of unphysical Faddeev solutions. We present some
applications to the fourth-order cluster or virial coefficient of the unitary Fermi gas.

PACS numbers: 03.75.Ss - Degenerate Fermi gases

1. Introduction and motivations

We consider a three-dimensional trapped two-component ideal Fermi gas. Each
component, noted as T or |, corresponds to two spin components of a single fermionic
atomic species, or to two different fully polarised fermionic atomic species. The single
particle masses m4 and m in each component may thus differ. There is no coherent
coupling between the two states 1 and | so the total particle numbers in each component
Ny and N| are fixed, not simply the total particle number NV = N; + N;. One can then
take as reference spin configurations the Ny 4+ N configurations 1 ... 1] ... |, where
the wavefunction ¢ (ry, ..., ry) is antisymmetric under the exchange of the positions of
the first IV} particles, and under the exchange of the positions of the last N, particles.
The particles are trapped in the isotropic harmonic potential U, (r) = myw?r?/2 that
depends on the component ¢ =1, | in such a way that the angular oscillation frequency
w is o-independent. In the experiments on cold atoms, where the interaction strength
can be tuned via a Feshbach resonance [1, 2|, our system is not a view of the mind.
Imagine now that one turns on arbitrarily weak binary contact interactions between
opposite spin particles. As the interaction has a zero range, it acts only among pairs of
particles that approach in the s-wave. If one treats the interaction as a Dirac delta to
first order in perturbation theory, some eigenstates of the ideal gas will experience an
energy shift, some others will not. By definition, the shifted energy levels correspond
to interaction-sensitive states, and the unshifted ones to interaction-insensitive states.
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This criterion can be implemented experimentally, by measuring the energy levels in the
trap [3]. Interestingly, the interaction-insensitive states have a vanishing wavefunction
when any pair of particles converge to the same location; they thus remain unaffected
by the interaction whatever its strength, provided that it remains zero range.

Even if this is an ideal gas problem, determining the interaction-sensitive states
is non trivial due to occurrence of large degeneracies of the unperturbed spectrum
in an isotropic harmonic trap, so one faces the diagonalisation of large matrices in
the degenerate perturbation theory. This is reminiscent of the Fractional Quantum
Hall Effect for contact interactions between cold atoms in an artificial magnetic field,
where the macroscopic degeneracy of the Lowest Landau Level makes it non trivial,
even to first order perturbation theory, to determine the gapped phases induced by
the interactions [4]. The famous Laughlin wavefunction, when transposed to spinless
bosons, is actually an interaction-insensitive state, which is thus automatically separated
in energy space from the other, interaction-sensitive states when a repulsive contact
interaction is turned on. This is why, in reference [5], the interaction-insensitive states
were termed laughlinian states.

Another physical motivation is the calculation of the cluster or virial coefficients
of the spatially homogeneous unitary gas. It is indeed now possible to measure the
equation of state of the unitary gas with cold atoms [6, 7, 8], from which one can
extract the cluster coefficients up to fourth order [6, 8. We recall that the cluster
coefficients by, y, are, up to a factor, the coefficients of the expansion of the pressure
of the thermal equilibrium gas of temperature T in powers of the vanishing fugacities
2y = exp(ty/kpT), that is in the low-density, non-degenerate limit where the chemical
potential p, of each spin component o tends to —oo [9]. For the unitary gas, it is
efficient to use the harmonic regulator technique of reference [10], that is to determine
the cluster coefficients By, n,(w) for the trapped system, in order to use its SO(2,1)
dynamical symmetry [11, 12, 13]; then one takes the w — 0 limit to obtain the by, , .
One is in this way elegantly reduced to few-body problems, since By, y, can be expressed
in terms of the energy spectrum of all the ns +n; systems, with n, < N,. For the third
cluster coefficient, this procedure was implemented numerically in reference [14], and
then analytically in reference [15] by a generalisation to fermions of the inverse residue
formula used for bosons in reference [16]. The predictions agree with the experimental
results. For the fourth virial coefficient, its numerical implementation could not be
pushed to low enough values of hw/kgT to allow for a successful comparison with
experiment [17], and its analytical implementation is still an open problem [18].

In all these calculations, what is actually computed is the difference ABy, y, (w)
between the cluster coefficients of the unitary gas and of the ideal gas, so as to get rid
of the contributions of the interaction-insensitive states, which are common to the two
systems and exactly cancel. So for the ideal gas, one must determine the energy levels
of the interaction-sensitive states. For the 2 4+ 1 fermionic systems (or equivalently for
3 bosons) this was done analytically in references [14, 16]. For the 3 + 1 and 2 + 2
fermionic systems, this was done numerically for the first few energy levels in reference
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[17]. In this work, we obtain an analytical answer for all values of N and N|.

The paper is organised as follows. In section 2, we introduce the basic theory
tools, allowing us to reduce the problem to a zero energy free space problem with a
wavefunction of the Faddeev form, each free space solution, characterised by a scaling
exponent s, giving rise in the trapped system to a semi-infinite ladder of interaction-
sensitive energy levels equispaced by 2Aw. In section 3, we give the corresponding scaling
exponents s for an arbitrary N4+ N| spin configuration. In section 4, we face a subtlety
of the problem: some of the predicted scaling exponents s are unphysical and must
be disregarded, since the corresponding Faddeev wavefunction is zero. In section 5 we
present some applications to the cluster expansion of the unitary gas. We conclude in
section 6.

2. The theoretical building blocks

In this section, we show that, due to scale invariance, the energy levels of the trapped
system can be deduced from the zero-energy free space solutions, more precisely from
their scaling exponents. We also show that the interaction-sensitive states of the ideal
gas can be singled out from the interaction-insensitive ones using a Faddeev ansatz for
the N-body wavefunction.

2.1. Scale invariance and the resulting SO(2,1) symmetry

In free space, the ideal gas Hamiltonian

N

h? h?
Hireo = ——A, ——A, 1
hee = 2 g Brt > 2, B (1)
=1 Z=NT+1
is scale invariant. Therefore, if ©geo(ry,...,ry) is an eigenstate of Hpe with the
eigenvalue zero,
Hfreewfree =0 (2)
80 i8S YR (T1, .., TN) = Ypee( ATy, ..., Ary), where all coordinates are multiplied by the

same arbitrary scaling factor A € R**. An elementary consequence is that one can
choose e to be scale invariant, which means that the wavefunctions @Z)f’}ee and Vg are
proportional. The corresponding scaling exponent s of ¥y, is then conveniently defined
as follows:

3

’(/)free()\rl, RN )\I‘N) =\ N2_5 ’(/)free(rl, o ,I‘N) YA >0 (3)

In other words, ¥p.eo(r1, ..., ry) is a positively homogeneous function of the coordinates
of degree s — (3N — 5)/2. Further using the free space translational invariance, one
imposes that the centre of mass of the system is at rest:

wfree<r1 +u,...,ry + u) = ’l/}free<r17 cee 7rN> Vu € R3 (4)
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A more elaborate consequence is that one can generate from g, a semi-infinite
ladder of exact eigenstates of the Hamiltonian H of the trapped system,

1 1
H = Hfree + Htrapa Htrap - Z émTWQTiQ + Z §m¢w2ri2 (5)
i=1 i=Np+1

Each rung of the ladder is indexed by a quantum number ¢ € N. The corresponding
unnormalised wavefunction is [13]

Go(rry. .y vy) = LO(R? fal, )™ Tmamert @y (e, 1) (6)
where m; is the mass of particle 7, R is the internal hyperradius of the N particles
" 1/2
R=|— i\r; — C 2 7
e ol = O M

involving the position of the centre of mass C = <Ef\;1 mm) / (Zf\il mi) of the system

and some arbitrary mass reference m,,, an, = [h/(m,w)]"/? is the corresponding harmonic
oscillator length and L,(f) (X) is the generalised Laguerre polynomial of degree ¢:
X—seX 4
(s) =
LX) = q!  dXua

In a harmonic potential, the centre of mass motion and the relative motion are separable.

(XTHse=X) (8)

Since the wavefunction g and the internal variable R are translationally invariant,
the wavefunction v, corresponds to the centre of mass motion in its ground state with
an energy 3hw/2. The eigenenergy of ¢, is thus E, = %hw + E;el, where E;el is the
relative or internal eigenenergy, given by [13]

rel
B = (s+1+2¢)iw Vg€ N (9)

Physically, this ladder structure reflects the fact that scale invariant systems acquire in
a harmonic trap an exact breathing mode of angular frequency 2w [11, 12]. This mode,
when quantised, is a bosonic mode of Hamiltonian ZHwZ;Tl;, where the creation operator
b' and the annihilation operator Z;, obeying the usual commutation relation [13, BT] =1,
are raising and lowering operators in each semi-infinite ladder, exciting and deexciting
the breathing mode by one quantum [13]. Mathematically, this reflects the SO(2,1)
dynamical symmetry of the trapped system, H being part of a SO(2,1) Lie algebra.

One can show that the mapping (6) is complete, meaning that all eigenstates in
the trap with a ground state centre of mass are obtained if one uses all possible Vg
[13]. The trapped problem is thus reduced to a zero energy free space problem in the
rest frame and we only need in practice to determine the scaling exponents s of the
corresponding interaction-sensitive eigenstates gee.

2.2. The Faddeev ansatz in real space and in Fourier space

To filter out the interaction-sensitive states of the ideal gas, we use the technique
proposed in a footnote of reference [16]. We introduce a zero-range interaction between
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the opposite spin fermions, with a finite s-wave scattering length a, in the form of
Wigner-Bethe-Peierls contact conditions on the N-body wavefunction [19, 20]: for all
1) pairs, that is for all particle indices ¢ and j, with 1 <¢ < Ny and Ny +1 < j < N,
there exists a function A;;, called the regular part, such that

Voo, ) = <ri - %) Aij((re = Rij)izig) + O(ry;) (10)

ij

Here, the relative coordinates r;; = r; — r; of particles 7 and j tend to zero at a fixed
position R;; = (myr; + m;r;)/(m; + m;) of their centre of mass, different from the
positions ry, 1 < k < N and k # 4,7, of the other particles. Due to the assumed
translational invariance (4) of the wavefunction in free space, we have directly considered
here A;; as a function of the relative positions ry — R;;. The idea now is that the
interaction-insensitive states have identically zero regular parts, A;; = 0, for all 7 and j.
The interacting states, on the contrary, have nonzero regular parts, and they converge,
when a — 0, to the desired interaction-sensitive states of the ideal gas.

To solve Schrodinger’s equation in the presence of the contact conditions (10), one
formulates it in the framework of distributions [21, 22]. Due to the 1/r;; singularities,
to the identity A(1/r) = —47d(r) and to the rewriting

LNy N L N (11)
2m; 2m; 2My, 2y, Y
with My, = my + m the total mass and gy = mym /My the reduced mass of two

A

ij

opposite spin particles, equation (2) acquires three-dimensional Dirac delta terms in the
right-hand side:
Ny N

HpreeWVtree(T1, -+ -, TN) = Z Z —— A ((rr — Rij)rti )0 (xij) (12)

=1 j=N+1 M1
Multiplying formally equation (12) by the inverse of the operator Hy.., that is expressing
its solution in terms of the Green’s function of a 3N dimensional Laplacian, we obtain

NT N
Ugree as a sum over ¢ and j of Faddeev components, e = Z Z Fij, with

i=1 j=Ny+1
1 27h?

Hoee i) Aij((rr — Rij)rzij)o(riy) (13)

Let us review the symmetry properties of the Faddeev components. First, the

Fij =

(1,7) source term in equation (12) is translationally invariant, as well as Hiee, and so
is Fi;. Second, the (7,7) source term is invariant by rotation of r;; at fixed R;;, and
so is F;; because the i and j Laplacians in Hyee can be rewritten as in equation (11);
as a consequence, J;; depends on r;; only through its modulus r;;. Third, due to the
fermionic exchange symmetry, the regular parts A;; are not functionally independent and
coincide with Ajn, 41 up to a sign, which is the signature of the permutation that maps
(L,...,4,...,Ny, Ny +1,...,4,...,N) to (¢,1,...,i— 1,0+ 1,... Ny, j, Ny +1,...,5 —
Lj+1,...,N):

A () kzig) = (1) (=1 "D Ay (%) ki g) (14)
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Similarly, the Faddeev components can all be expressed in terms of the first Faddeev
component iy, 41, noted as F for concision. Fourth, at fixed (i, j) = (1, Ny + 1), the
fermionic exchange symmetry among the last Ny —1 spin 1 particles and among the last
N, —1 spin | particles imposes that F(7; (X)k21,n5, +1) is a fermionic function of its first
Ny —1 vectorial variables, and a fermionic function of its last N| —1 vectorial variables:

F (15 (Xo (k) J2<k<ny s (Xk) Ny v2<kan) = €(0)F (15 (Xk) k1,8, 41) (15)
F(r; (Xp)2<kany s (Xo(r)) Nyr2<k<n) = €(0) F (15 (X )kt N 41) (16)

where o, of signature €(o), is any permutation of Ny —1 or of N| —1 objects, respectively.
We finally take the non-interacting limit @ — 0 and we obtain the following Faddeev
ansatz for the wavefunction of the interaction-sensitive states of the ideal gas:

Ny N
Uree(r1, ) = Y > (1) T F g (r — Rig)iy) (17)
i=1 j=Ny+1
The key point is that, in the (7, j) component, particles i and j approach in a purely
s-wave relative motion, which is a necessary condition for them to be sensitive to s-wave
contact interactions.

It will be shown in section 4 that this is not always sufficient to make e
interaction-sensitive, because the Faddeev ansatz leads in some cases to ¥ge. = 0, that
is to unphysical solutions. To investigate this point, the momentum space version of
the Faddeev ansatz will be helpful. It was originally put forward for the interacting
gas [18, 22, 23, 24|, but it can also be used to find the unphysical solutions of the non-
interacting gas, as they are the same at all interaction strength. Introducing the Fourier
representation of the regular part:

2 h? Py -
o Arnp i ((Xiker) = /H kj)jer)e’ er (18)

where all indices run over the set I of integers from 2 to N different from Ny + 1,
I'={1,...,N}\ {1, N: + 1} (19)

we obtain the Fourier space representation of the Faddeev component

Fr: (xi)ier) = / GH“

where r is any vector of modulus r and, physmally, q is the relative wave vector of

(k))jer)e’ ZJGI Ky giarr

(3 h2k?
+ Qﬁli + E]el

QmJ

(20)

N

particles 1 and Ny + 1 and — ) ;er Ky their total wave vector. This corresponds to the
following ansatz for the Fourier transform of the N-body wavefunction:

, ST k) S (et y
wfree<k17 sty kN) N EQkQ Z Z D<<kn)n§é2,J)<21)

Zi:l le 1=1j=Ny+1

in agreement with reference [25]. Obviously, D((k;);er) is fermionic with respect to its
first Ny — 1 vectorial variables, and fermionic with respect to its last N| — 1 vectorial
variables, exactly as Ajn, ;1 and F. Also, its scaling exponent in the unitary limit can
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be related to the one s of the wavefunction with the usual power-counting argument in
the Fourier transform:

D(A(kp)ner) = A0

3N—-5
2

)D((Kp)ner) YA >0 (22)

3. Scaling exponents of the interaction-sensitive states of the ideal gas

3.1. The general result for arbitrary particle numbers

It is well known from the one-body case that all eigenstates of the trapped system
Hamiltonian H are products of polynomials in the 3N coordinates of the particles and
of the Gaussian factor appearing in equation (6), and so are the ¢,. Taking ¢ = 0 in
that equation, so that L((f) = 1, one sees that the free space eigenstate ¥gee(ry, ..., rN)
is necessarily such a polynomial, and so is the Faddeev component F. As F depends on
the modulus 7 (and not on the direction) of the relative coordinates of two 1] particles,
only even powers of r can contribute to its expansion:

.F X@ zEI Zr2kpk Xz ZEI (23)

k>0

where the set [ is given by equation (19). Since e has a well defined scaling exponent
s, see equation (3), F is a homogeneous polynomial of degree

3N —5
d=s—

(24)

so that each polynomial Py is homogeneous of degree d — 2k as long as d — 2k > 0,
otherwise it is identically zero and the series (23) terminates. Last, ¥ has a zero
eigenenergy with respect to the free space Hamiltonian, see equation (2):

HieeF (rin,+15 (s — Rang11)ier) =0 (25)
From the explicit form (1) of Hpee, modified with equation (11) for the first T and |
particles, and the chain rule of differential calculus, this is turned into a differential
equation for F:

(A + D)F(r; (x;)ier) = 0 (26)
Here A,, the usual three-dimensional Laplacian, can be restricted to its radial part

r~'9?(r ) as far as the variable r is concerned, and the differential operator D, acting
only on the vectorial variables of the Faddeev Component is given by

D=(1- tQZA +1(2—1) Z A, +2t(1— tz Z Vi Vi, (27)

j= NT+2 1=2 j= NT+2

with the mass ratio
t=—"1  £o,1] (28)
my +my

When applied to the expansion (23), the equation (26) gives a recurrence relation on
the polynomials P,

Pria((%i)ier) = — 1 .

(2% + 2)(2k + 3)Dpk<<xi>iel) Vk >0 (29)
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that ultimately allows to express them in terms of repeated actions of D on the
polynomial F,, the generating polynomial.

In conclusion, to generate an arbitrary interaction-sensitive state 1g.q. of zero energy
in free space, one simply has to arbitrarily choose a polynomial FPy((x;);cr) which is
homogeneous of degree d € N and antisymmetric under the exchange of its first Ny — 1
vectorial variables and under the exchange of its last Ny — 1 ones. The corresponding
scaling exponent is given by (24), and the corresponding Faddeev component is given

by
T2k(—b)k

F(r; (Xi)ier) = Z m

k>0

Po((Xi)ier) (30)

Then, one reconstructs the wavefunction 1ge from equation (17), and one generates a
semi-infinite ladder of interaction-sensitive eigenstates of the trapped system using the
mapping (6).

A natural choice, inspired by the rotational invariance, is to take as a basis of the
polynomials of a single vectorial variable x the set of homogeneous monomials

X = 22y (X) (31)

where n € N, x = x/z is the direction of x, parametrised by a polar angle and
an azimuthal angle in spherical coordinates, and Y,;" is the corresponding spherical
harmonics of orbital quantum number ¢ € N and azimuthal quantum number m (in
roman style to avoid confusion with a mass). To construct P,, one then puts one 1
fermion in each (n;,¢;, m;) state for 2 < ¢ < N;, and one | fermion in each (n;,¢;, m;)
state for Ny +2 < ¢ < N, where the monomial states are chosen freely, except for
the constraint that, within each spin manifold, they must be different and sorted in
alphanumeric order to avoid multiple counting. This simple construction leads to a
total degree d =) ._,(2n; + ¢;) and to a scaling exponent

N5, > (@ni+4) (32)

2 :
el

S =

According to the equation (9) the corresponding semi-infinite ladder of internal energies
of interaction-sensitive states is

3 3
rel

iel

This writing lends itself to a simple physical interpretation. The first term is an energy
level of a harmonically trapped fictitious particle with zero angular momentum; this
fictitious particle corresponds to the relative motion of two opposite spin fermions in
the trap, and its restriction to the zero angular momentum sector ensures that it is
sensitive to s-wave interactions. The second contribution in equation (33) is any energy
level of an ideal gas of Ny — 1 spin 1 fermions and Ny — 1 spin | fermions in the trap.
As we shall see, the result (32) has to be refined for N > 2, as well as the transparent
form (33): some scaling exponents are unphysical and must be disregarded.
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3.2. Fxplicit results for 2+ 1, 3+ 1 and 2 + 2 fermions

For few-body systems, it is most convenient to take generating polynomials Py with
a well defined total angular momentum ¢. As the r variable in equation (30) carries
a zero total angular momentum, the Faddeev component F and the corresponding
wavefunction g have a total angular momentum ¢. This conclusion extends to the
trapped eigenstates 1), since the variable R and the Gaussian factor in equation (6)
are rotationally invariant (remember that the centre of mass of the gas is in its ground
state). Similarly, the eigenstates have the same parity as Fj.

For 241 fermions, the sum in equation (32) contains a single term. The generating
exponents of the interaction-sensitive states are thus

Sen=2n+0+2 VY(n,l) €N (34)

with a degeneracy 2¢ + 1 and a parity equal to the natural parity (—1)*. This agrees
with reference [14].

For 3 + 1 fermions, the sum in equation (32) runs over the set I = {2,3} so it
involves the principal n; and orbital ¢; quantum numbers of particles 2 and 3. As these
are identical fermions, it is more convenient to use the principal (neom, ) € N? and
orbital (Ceom; fre1) € N? quantum numbers of their centre of mass and relative motions,
rewriting (32) as

7

s = 5 + 2(ncom + nrel) + Ecom + Erel (35)
and restricting to odd values of /... From the composition of the two angular momenta
leom and g, an angular momentum ¢ can be obtained if and only if ({ye1, £com, £) can
be the lengths of the sides of a triangle, that is |[lre) — leom| < € < lrel + Leom, OF more

conveniently
|£re1 - €| S gcom S grel + € (36)
The resulting parity (—1)%om can now differ from the natural parity (—1)°. We write
it as o(—1)*, where o = 41. Equivalently, fo] + Lo = £ + (1 — )/2 (mod 2) so we set
@) _opypy =0 T
Spp = 20+ L+ 5 =+ 5
It remains to sum the natural degeneracy 2¢ + 1 over all values of (ncom, ) and

V(n,l) € N*, Vo € {~1,1} (37)

(Lcom, Lre1) to obtain the full degeneracy

Z‘f’zrel

d( 2€ + 1 Z Z Z 52(nre1+ncom)7p—4re1—fcom (38)

Lre1 €2N+1 leom= |£ zrel‘ (nrelanOm)EN2

g

where ¢ is the Kronecker symbol and p = ¢ + 2n + %. The sum over (Nyel, Neom) 1S
readily performed using the variables nio; = nel + Ncom € N and n,q ranging from 0 to
Niot, as the summand depends only on ni. This sum is nonzero only if leom < p — lral
and if p — £ — Leom 18 even, this second condition being taken care of by inclusion of a
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factor [1 + (—1)P~fe=feom] /2. Similarly, one introduces a factor [1 — (—1)%]/2 to take
care of the oddness of ¢, due to the fermionic antisymmetry. This leads to

min g+grelvp Zrel) _ _
1 _ <_1)€re1 1 -+ (_1)]) Lre1—Lcom
o) =(20+1) Y > { 5 } { 5

releN ecom |£ zrel‘

y (1 N %) (39)

The double sum is calculated by distinguishing the cases 0 < 7%= £ <land ¢ <2t ;t and
the subcases ¢ = +1. We finally obtain for 3 + 1 fermions:

e+ 1{ 20+ 14+0)(n+ 1) (n+2) [+ (-1)1) ”*”w“w

8
For 2 + 2 fermions, the particles indexed by the set I = {2,4} are now

g
dﬁ,n -

distinguishable. One reuses the last calculation, simply relaxing the parity condition on

1—(—1)Zrel
2

(11, that is removing the factor in equation (39). The scaling exponent of the

interaction-sensitive states, written as in equation (37), now has a degeneracy
- 1 1 2
4 = @20+1) (04 L0} D+ 2)
i 2 2
Both results (40) and (41) vanish at all n for (¢,0) = (0,—1) as they should, since
isotropic states of two particles (corresponding to the set 1) necessarily have the natural

(41)

parity +1. Both also include unphysical scaling exponents corresponding to a vanishing
Faddeev ansatz wavefunction (17); this will be corrected in section 4.

4. Refining the theory: exclusion of the unphysical solutions

For N > 2, some of the scaling exponents predicted in section 3 are unphysical, as they
do not correspond to any interaction-sensitive state of the ideal gas: the corresponding
Faddeev ansatz wavefunction (17) vanishes, due to the destructive interference of its
individually nonzero Faddeev components. This problem was already solved for N = 3:
there is a single unphysical solution [5], corresponding to (n, ¢) = (0,0) in equation (34),
that is to a generating polynomial F, = 1 and a Faddeev component F = 1 obviously
giving ¥gpe = 0 in equation (17). To our knowledge, it is still open for N > 3. We
investigate it explicitly for N = 4. An infinite number of unphysical solutions is easily
predicted by a formal reasoning in Fourier space with divergent integrals, in section 4.1.
Then we perform a real space calculation on a case by case basis in section 4.2: for a
specific unphysical solution, taken as an example, we confirm the value of the generating
polynomial P predicted by the general Fourier space reasoning, giving a meaning to
the divergent integrals by analytic continuation; we also show that some unphysical
solutions are missed by the Fourier space reasoning.

1 In the first case, feom runs from £ — lrg to £+ fre for 0 < lre < pTJ, from £ — ) to p — lye for
p=t lre) < £, and from lro) — £ to p — lre) for £ < £y < p_<2|>l. In the second case, lcom runs from £ — e
to £+ Lo for 0 < lrep < £, from lro) — £ to £+ Lo for £ < lrq < pre, and from flpq) — £ to p — {1 for

pre < lral < p_~2|>l. In both cases, the sum over f.op, is empty for £,o > p_<2|>l.
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4.1. Reasoning in Fourier space for N =4

We start with the Faddeev ansatz (21) for the Fourier transform @free(kl, k)
of the wavefunction. It may happen that 'l;free is identically zero, although the
individual contributions D((k,,)nzi ;) are not. The corresponding scaling exponent is
then unphysical and must be disregarded.

For 3+ 1 fermions, this happens if the function D is a non identically zero solution

of
D(ks,k3) — D(k;, ks) + D(k;. ko) = 0 Vk;, ko, ks (42)
From equation (22), it is expected that D(k;, k3) has a finite limit when k3 — +o00:
pJm Dk, ks) = f(ki) (43)

Taking this limit in equation (42) leads to the correctly antisymmetrised form

D(kl, kz) = f(kl) - f(kQ) (44)

More generally, differentiating (42) with respect to k; and ks, one sees that D(ky, ko)
has a vanishing crossed differential, which leads to the same ansatz (44). The value of
the function f(k) is actually imposed, up to constant factor, by the rotational symmetry
and the scaling invariance. For a total angular momentum ¢ and a scaling exponent s,
we get

flk) = k~CHDy (k) (45)

where Y is a spherical harmonics and k = k/k is the direction of k. Clearly f(k),
D(ky, ko) and the final wavefunction have the natural parity (—1)‘. Furthermore, as
we have seen, the Faddeev component F must be a homogeneous polynomial of degree
d. From the usual power-counting argument in the Fourier transform, we find that
s = d+ 7/2, in agreement with equation (24) specialised to N = 4. Finally, we take
as a particular case x3 = r = 0 and we isolate in equation (20) the contribution of
the piece f(ks) in D(ky, k3). We then perform the change of variables k3 = kok’ and
q = koq' and formally integrate over k3 and q the inverse of the energy denominator,
which simply pulls out a factor k3. We are left with an integral of the form

/ Py () (46)

This must be a homogeneous polynomial in x5 of angular momentum ¢, of the form (31)
with n any natural integer. Again using a power-counting argument or the change
of variable ko = x5k}, we arrive at the unphysical value of the scaling exponent
s=2n+ 0+ %, corresponding to the form (37) with 0 = 1 and a degeneracy 2¢ + 1.
There is however a little subtlety. In the particular case (n,¢) = (0,0), that is for
a total degree d = 0 and s = 7/2, there cannot exist a nonzero fermionic polynomial
Py(x3,x3) of degree zero; the expression (46) is a constant, as the change of variable
ko = x9k), shows, and so are the contributions to F(0; Xz, x3) of the pieces f(ks) and
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f(ks) of D(ks,ks), which thus exactly cancel. This was already taken into account in
the reasoning above equation (32) and there is no unphysical solution to disregard.

As a consequence, we obtain a correction to the degeneracy of the scaling exponents
of the 3 + 1 interaction-sensitive states,

“ 1+o
) (1= 0n0000) (47)

n,l = <2£ + 1)

to be subtracted from the degeneracy dﬁfg in equation (40).
For 2 + 2 fermions, @Z)free(kl, ..., ky) is identically zero if

D(ks, ky) — D(ko, k3) — D(ky, ky) + D(ky, ks) =0 Vky, ko, kg, kg (48)
It is now expected that

lim D(ky,ks) = f(ky) and lim D(ky, k3) = g(ks) (49)

k3—+o0 k1—+o0
As D is not subjected to any exchange symmetry, the functions f(k) and g(k) are in
general independent, but they both tend to zero at large k. Taking the limit k; — 400
and k3 — +o0 in equation (48), we obtain the ansatz

D(ka, ky) = f(ka) + g(ky) (50)

The more direct argument of cross-differentiation of equation (48) with respect to ks
and k4, which kills all terms but the first one, also leads to the ansatz (50). The previous
3+ 1 reasoning is readily adapted to this case. Due to the rotational symmetry and the
scale invariance,

f(k) = ak~ DY (k) and g(k) = BTV (k) (51)

where « and [ are arbitrary constants. As the Faddeev components F(0;xs,0) and
F(0;0,x4) must be of the form (31), with n any natural integer, we conclude that the
unphysical scaling exponents are of the form (37) with a a parity o = 1 relative to the
natural parity, and a degeneracy 2(2¢ + 1), the extra factor two reflecting the linear
independence of o and £.

There is here again a little subtlety. In the particular case (n,¢) = (0,0), the total
degree is d = 0 and the contributions to F(0;x2,x4) of the pieces f(ky) and g(ky) in
D(ksy, ky) are constants proportional to « and 3, so they are not linearly independent.
No extra factor two is required.

As a consequence, we obtain a correction to the degeneracy of the scaling exponents
of the 2 + 2 interaction-sensitive states,
1+o

2

m = (2= 6n0000) (20 + 1) (52)

to be subtracted from the degeneracy dﬁfg in equation (41).

The predictions (40), (41), (47), (52) can be tested against the results of reference
[17], where the scaling exponents of the interaction-sensitive states of four trapped spin
1/2 non-interacting fermions were calculated numerically, exhaustively up to some cut-
off s < 19/2. As the table 1 shows, there is agreement for 3 + 1 fermions and for the
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unnatural parity states of 2 + 2 fermions, but there is disagreement for the natural
parity states of 2 + 2 fermions. This means that some unphysical states are missed by
the above Fourier space reasoning. This is confirmed in section 4.2, where it is also
exemplified that, surprisingly, the obviously sufficient conditions (42) and (48) to have
an unphysical solution are not always necessary.

Still we can give to the unphysical state degeneracies (47) and (52) a simple physical
picture. Everything happens as if the particles absent from the set I, that is the spin 1
particle ¢ = 1 and the spin | particle j = Ny 41, were in fact still there and prepared in
the mode (n, ¢, m) = (0,0,0). This adds an extra constraint to the modes (n;, £;, m;);es
that can be populated by fermions, a constraint not included in the reasoning above
equation (32). This immediately leads to the occurrence of three types of unphysical
solutions:

e unphysical solutions of type 1: one puts one of the spin 1 fermions of the set
I, 2 < i < Ni, in the mode (0,0,0). All the spin | fermions of the set I,
Ny +2 < ¢ < N, are put in modes (n;, ¢;, m;) # (0,0,0).

e unphysical solutions of type |: one puts one of the spin | fermions of the set I,
Ny +2 <i <N, in the mode (0,0,0). All the spin 1 of the set I, 2 < ¢ < N, are
put in modes (n;, ¢;, m;) # (0,0,0).

e unphysical solutions of type 1: one puts one of the spin 1 fermions and one of the
spin | fermions of the set / in the mode (0,0, 0).

A natural expectation, that we shall not try to prove here, is that this physical picture
applies to all V.

4.2. An investigation in real space for N = 4

The previous reasoning in Fourier space, though elegant, is formal. It involves integrals
with arbitrarily severe infrared divergences, see for example (46), since s can be
arbitrarily large and positive. To believe in this reasoning, it is essential to extract
a well defined prediction for the generating polynomial Py((xy)kes) of the unphysical
solutions, and to check explicitly, by manipulating polynomials in real space, that the
corresponding Faddeev ansatz vanishes.

We shall use two main recipes to obtain finite generating polynomials P, from the
diverging Fourier space integrals. First, we can pull out infinite constants, since F,
is defined up to a global factor. Second, we can use analytic continuation. Here, we
exemplify the procedure for 3 + 1 fermions in the manifold ¢ = 1, n = 2 and ¢ = +1.
According to the Fourier space reasoning, there should be a single unphysical solution
of azimuthal quantum number m = 0. The corresponding polynomial FPy(x2,x3) =
F(0;x9,%3), of degree d = 2n + ¢ =5, is given by

Py(x2,x3) = [—iVx,0(x2,X3) — (X2 <> X3)] - €, (53)



The interaction-sensitive states of a trapped two-component ideal Fermi gas 14

(o) 7(o) (o) 7(o)
(6m,0) | sy | g | gy | e | g | g | e
0,0,+) | £ 0 0 0 1 1 0
(0,1,+) | & | 1 1 0 3 2 1
0,2,+4) | 2 || 2 1 1 6 [2—=3| 3
0,3,+) | 2 4 1 3 10 |2—=4| 5
(1,0,+) | $ 1 1 0 2 2 0
(1,1,+) | £ 3 1 2 6 |2—3| 3
(1,2,+) | ¥ 6 1 5 12 |2—4 ] 8
(1,0,—) | 4 1 0 1 1 0 1
(L1,=) | & | 2 0 2 3 0 3
(1,2,—) | 2 4 0 4 6 0 6
(2,0,+) | Y 1 1 0 3 2 1
(2,1,4)| 2 || 4 1 3 9 |2-=3| 6
(2,2,+) | ¥ 8 1 7 18 [ 23| 15
(2,0,—) | £ 1 0 1 2 0 2
(2,1,—-) | ¥ 3 0 3 6 0 6

Table 1. For 3 + 1 fermions (left) and 2 + 2 fermions (right), values and degeneracies
of the scaling exponents of the interaction-sensitive states up to s = 19/2. The column
dxz corresponds to the bare degeneracies (40) and (41). When subtractively corrected

o)
l,n>?
the numerical results of reference [17] reported in the column dpjume except for 2 + 2

by the degeneracies of the unphysical solutions given in the column d, ’, it agrees with
fermions in the channel (¢,n,c) = (0,3, +). The values of di;g are given by the Fourier
space predictions (47) and (52), corrected if necessary (and as indicated by an arrow)

L

by the real space predictions of section 4.2. The parity is 0(—1)", 0 = + being relative

to the natural parity (—1)°.

where e, is the unit vector along the quantization axis z and where the function ¢ is

dBad3kod3ks i(ka-x2+k3-x3)
B(x2,%3) :/Mk (d+8) e

(m)2 7 k4 R+ bk + ka)? o+ 5]

(54)

as it results from equation (20) and a differentiation with respect to x5 under the integral
sign. First, we transform (54) only using scaling laws and scale invariances. At fixed
ko, we perform the change of variable k = kj — l%rtkg to make the energy denominator
rotationally invariant. Second we set ko = (1+t)k, and k = (1+2t)"/?k¥ so that k} and
k3 have identical coeflicients in the energy denominator. This leads to the introduction

of modified coordinates:
X = (1+1t)xy —tx3 and Y = (1 + 2t)"*x, (55)

We integrate over q using a scaling law, [ % x @ for ) > 0, as the change of variable
q = Qq’ shows; this amounts to extracting a diverging constant factor. Integrating over
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the directions of ki, and k% and dropping the primes for simplicity, we are left with

400 ]{33(1{3§+k§)1/2
¢(X2,X3) O(/O dedkfgW

We move to polar coordinates, (ks, k2) = (pcos @, psin ) to again take advantage of scale

[cos(ka X —k3Y ) —cos(ka X +k3Y)]|(56)

invariance: in the integral over p involving the first /second cosine term, we perform the
change of variable p = p'/| X sin@ FY cos 6| and we pull out a common infinite constant
factor fR+ p,dd—’i; cosp'. As d+ 3 is even, we can remove the absolute values and we are
left with

™2 cosB[(X sinf—Y cos )3 — (X sin 0+Y cos )43
do
9(x2,Xs) OC/O XY sin™7 60

When expanded, the expression in between square brackets only involves odd powers

(57)

of sin# and of cosf. Eliminating the cosine with cos?@ = 1 — sin?6, we are left with
integrals over 6 of the form f(—n), n € N* and

w/2
f(z)= /0 df sin***1 o (58)

1/2 T 1
TOLERD B e
2 F(Z —+ 5)
usual analytic continuation of Euler’s Gamma function, one can extend f(z) to C\ R,

For Rz > —1 this integral is convergent and given by f(z) =

where it can also be written as
/2 T(-z-1)
f(z) = -
2tan(mz) T'(—=2)
thanks to Euler’s reflection formula I'(2)I'(1 — 2z) = 7/ sin(7z). Unfortunately, this still

(59)

has poles at the negative integers. As we are allowed to pull out from equation (57) a
constant diverging factor, we divide it by f(—1), and then we regularise the integrals
by introducing a tiny imaginary part —2ie in the argument of f. We now face

A, = lim L2010 (60)
e—0 (—1 + ZE)
As the tangent function is periodic of period 7, the troublesome first denominator in

equation (59) is canceled out, the poles disappear and we obtain the recipe

w/2 P, PP | 1

Jo77 df sin 0 I'(n—3) i}
: /2 1. An = 1/2T 2 WneN (61)
fo dfsin™ 0 m (n)

For d = 5 this leads to the finite prediction
B(x2,X3) o [AgY + AsYH(TX?—4Y )+ A Y (TX =21 X2Y 2 +-6Y4)
A3 (X0~ 14X Y2421 X2V —4Y %)+ Ay (V2 - X?)(X*—6X2Y2+Y4)] (62)

Turning to the original variables x, and x3 and calculating the gradient in equation (53),
we obtain an explicit expression for Py(xs,x3), and then from (30) an explicit expression
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for F(r;xq,x3). We can then evaluate the four-body wavefunction when particles 1 and
4 are at the same location, say at the origin of coordinates, from (17):

Yree (0, X2, X3,0) = F(0; X2, X3) — F (22; —tXo, X3 — X3) (63)
+ F(as; —lx3, X2 — tx3) (64)

After lengthy calculations, we find that it is zero at all x5 and x3. While we have taken
r; = ry, = 0 for simplicity in the above argument, we can also show, after lengthy
calculations, that ¥g.ee(r1, re, r3, ry) is identically zero for all r;; 1 < ¢ < 4. Thus, our P,
obtained from the Fourier space reasoning indeed generates an unphysical solution.

Is this solution the only one, or is there some unphysical solution missed in section
4.17 To answer this question, still in the manifold £ =1, n = 2 and o = +1, we write
Py in the most general form

5
Po(x2,%3) = %3 - €. [Z Ckpk(xz,xzs)] — (x2 ¢ x3) (65)
k=0

where the pi(x,y) is a basis of rotationally invariant homogeneous polynomials of degree
4, for example po(x,y) = v*, pi(x,y) = 2, pa(x,y) = 2°0% p3(x,y) = ¥*(x - y),
pi(x,y) = 23(x-y), ps(x,y) = (x-y)? and the coefficients ¢; are unknown.
Then, we calculate the Faddeev component and we expand the resulting polynomial
Viee(0,X2,X3,0) in the same basis, as in equation (65), with coefficients (¢},)o<k<s
linearly related to the (cx)o<k<s via a six-by-six matrix A (too long to be given here).
Then g0 (0, X2, X3, 0) is identically zero if and only if all the ¢} are zero, that is

A¢ =0, (66)

where the vector ¢ collects the six unknowns (c;)o<k<s. For a mass ratio 0 <t < 1 we
find that the null space of A is indeed of dimension one§, and is spanned by the Fourier
space prediction discussed above.

We have systematically searched for unphysical solutions missed by the Fourier
space reasoning for 2 + 2 fermions in natural parity states, for all the values of
(¢,n) appearing in the table 1. The strong motivation to do so is to recover the
degeneracies obtained numerically in reference [17], which by construction are exempt
from unphysical solutions. We use the previous procedure, expanding Py(x,y) over
a basis of the homogeneous polynomials pi(x,y) of angular momentum ¢ and degree
2n + £. We restrict to a zero angular momentum along e,, multiplying the obtained
degeneracy by 2¢ + 1. As we have seen, for ¢ = 0, we take as a basis the set of
monomials 22" y?"2(x - y)™, with n; + ny + n3 = n. For £ = 1, we take the set
(x - e)r?y?2(x - y)™ and (y - e,)z*y*2(x - y)", with ny + ny + ng = n. For
(=2, we take [3(x - e,)? — z?]a?"y*™(x - y)", [3(y - €.)? — y*]a*y*™2(x - y)"* and
B(x-e.)(y-e.) —x-ylz?y?2(x - y)", with ny + ny + nz = n. From the generating
polynomial with arbitrary coefficients ¢, in the basis, we calculate the polynomial

§ Interestingly, the null space of A is of dimension 2 for the infinite mass impurity ¢ = 0 and of
dimension 4 for the zero mass impurity ¢ = 1, leading to spurious unphysical solutions.
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Viee(0,%,0,y) and expand it with coefficients ¢} in the same basis. This gives the
coefficients of the matrix A relating the ¢}, to the ¢x, ¢’ = A¢. The number of unphysical
solutions is equal to the dimension of the null space of A. As indicated by an arrow in
the second d column of the table, this corrects the Fourier space prediction in six cases.
We then obtain agreement with the numerical results of reference [17], except for the
(¢,n,0) = (0,3,+) channel, unexplainably.

In all cases, we have found that the unphysical solutions predicted by the
Fourier space reasoning (amenable to an explicit prediction for Py(x,y) by analytical
continuation as explained in this section) are in the null space of the matrix A. As we
now show on a simple example, some elements of the null space are missed due to the
fact that the conditions (42) and (48) are sufficient but not necessary. Let us consider
the case of 2 + 1 fermions and take D(k) = k=2 = k= which corresponds to the
already known s = 2 unphysical solution. This does not satisfy the condition equivalent
to (42) for 2 4 1 fermions, that is D(ky) — D(k;) = 0. Still the generating polynomial
Py is a constant, as a power-counting shows:

ika-x iko-x
Py(x) o / d3qd3k2q211<1<{i>i i / Bl x 2° (67)

So is the Faddeev component and, due to the fermionic antisymmetry, the whole Faddeev

ansatz Vgee 18 zero||.

5. Implications for the cluster or virial expansion for the unitary gas

The cluster expansion is an expansion of the pressure of a thermal equilibrium system
in powers of the fugacity, that is at a low density or a high temperature relative to the
quantum degeneracy threshold. It is a powerful tool, because it applies even for strongly
interacting systems. Recently, the cluster coefficients were accessed experimentally in
the unitary spin 1/2 Fermi gas up to fourth order [6, 8]. To calculate the cluster
coefficients with the harmonic regulator technique [10, 14, 16], one must determine the
interaction-sensitive energy levels of the unitary gas and of the ideal gas in a harmonic
trap. This makes the connection with the present study. In section 5.1 we show that the
interaction-sensitive energy levels of the ideal gas are related to poles v,, of a generalised
Efimov transcendental function A(s), while the interaction-sensitive energy levels of the

|| There is a s <+ —s duality due to the evenness of Efimov’s transcendental function, see section 5.1.
As D(k) o< k=42 the dual of D(k) = k~* is D(k) = 1. It corresponds to a negative value s = —2,
it can not be mapped to a polynomial Faddeev component in real space and it is not acceptable here.
However, it does solve the sufficient condition D(ks) — D(k;) = 0 for a zero Faddeev ansatz. For
three identical bosons, the unphysical solution in the sector £ = 1,0 = 1 is s = 3 [5], corresponding
to D(k) o &1:5’2, so its dual D(k) x k - e, obeys the sufficient condition D(k;) + D(ks) + D(k3) = 0
restricted to the subspace k; + ko + ks = 0; the unphysical solution in the sector £ = 0 is s = 4
[5], corresponding to D(k) o< k7, so its dual D(k) o k? by no means obeys the sufficient condition
D(k1) + D(ka) + D(k3) = 0, but one can argue that D (k1) + D(ka) + D(ks) o k% + k3 + k3 simplifies
with the energy denominator in the bosonic equivalent of equation (21), leading to ¥ee(r1,r2,r3) =0
except on a set of zero measure, if the Fourier transform is taken in the framework of distributions.
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unitary gas are related to roots wu,, of A(s). In section 5.2 we obtain optimised writings
of the third and fourth cluster coefficients in terms of sums ) (e~““» — e~*""), which
allows us to extend the applicability of the numerical calculations of the fourth cluster
coefficient of the reference [17] to lower values of w = hw/(kgT). We show the explicit
results in section 5.3.

5.1. The ideal and unitary gas scaling exponents vs the poles and roots of Efimov’s
transcendental function

We consider now a zero energy £ = 0~ solution of Schrodinger’s equation for two-
component interacting fermions in free space, with 1] contact interactions described
by the Wigner-Bethe-Peierls contact conditions of equation (10). The regular part
A((Xx)rer) = Ain,41((te — Rin,+1)r£1,n,41) then solves an integral equation [24, 25]

M[A =a A (68)

where the linear operator M does not depend on the scattering length a and the set 1
is given by the equation (19). In the unitary limit ¢! = 0 and in the ideal gas limit
a~! = 0o, the gas is scale invariant and the function A has some scaling exponent s 4,

conveniently defined by a shift of 4+1 in the exponent of equation (3):

3N—-5

AN ker) = X277 A((xe)ker) VA >0 (69)
N—
Inserting in the equation (68) the ansatz A((Xp)rer) = RZAH_%(I)(QA) where R4

is the hyperradius and {24 are hyperangles parametrising the (xj)res, one obtains an
implicit equation for sy4,

Aéa)(sA) =0 or Aéa)(sA) T 0o (70)

where we could restrict to a subspace of fixed angular momentum ¢ € N and parity
o(—1)*, 0 = &1, due to the rotational invariance and the parity invariance. Formally
®(Q4) is the eigenvector of some linear s 4-dependent operator Méa)(s A) with a zero or
an infinite eigenvalue, the function AEU)(S A) is the determinant of that linear operator,

AP (s5.4) = det M7 (s 4) (71)

and is obviously independent of a. We call it Efimov’s transcendental function, because it
was calculated analytically by Efimov for N = 3 [26], see also references [5, 27, 28, 29, 30].
For N = 4, it was evaluated numerically, for imaginary values of s4 only [18, 23].
Importantly, it is an even function of s4. In what follows, we assume that there is no
N-body Efimov effect, which leads to known constraints on the mass ratio ms/m, for
N =3 [26, 30, 31] and for N = 4 [18, 23]. As a consequence, all the roots of Ago)(sA)

are real. Considering (70) we call (ué‘;z)neN the set of positive roots of Aéa) and (véf’n))neN

the set of positive poles of AEU), counted with a degeneracy 2¢ + 1, the negative roots

and poles being their opposites:
A (uﬂ >0)=0 and A (W) >0)=00, VneN (72)

,n
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The last step is to relate the scaling exponent s4 in equation (69) of the regular
part A to the scaling exponent s (3) of the wavefunction ¥gee(r1,...,ry). For the
unitary gas, denoted by a diacritical sign, the term é vanishes in the Wigner-Bethe-
Peierls contact condition, 0 1ge ~ 7 1A and, thanks to the shift of +1 of the exponent
in the definition (69) one simply has

L a"1=0
34 =

= Sy (73)

For the ideal gas, the term % diverges in the Wigner-Bethe-Peierls contact condition, so

wfree ~ a_lA and
a =00

s = sa+1 (74)
Combining the equations (70) and (72), the general considerations from the SO(2,1)
symmetry of the Hamiltonian in section 2.1, and the fact that only positive values of
s are physical in the absence of N-body resonances [13, 32, 33], we obtain the general
expressions for the SO(2,1) ladders of internal energy levels of the unitary gas and of the
ideal gas in terms of the positive roots and the positive poles of Efimov’s transcendental
function, each energy level being counted with a degeneracy 2¢ + 1:

B9 () 41420k and BT = (07 424 2g)w Vg € N(T5)

This remarkable property was noticed and used in reference [16] for three bosons, but it
was not physically interpreted. We have presented here a general physical derivation of
this fact, independently of the particle number. Note that (75) includes the unphysical
solutions as defined in section 4 because it involves an integral equation (68) ultimately
relying on the Faddeev ansatz; these unphysical solutions are common to the ideal gas

and the unitary gas, because the Faddeev ansatz, being zero, satisfies the Wigner-Bethe-
(o)

Peierls contact conditions for all values of the scattering length a [16]. Whereas the u,,

can probably not be determined analytically beyond N = 3, the vé‘;) can be explicitly

obtained from our results of section 3.

5.2. Optimized writing of the fourth-order cluster coefficients

In the harmonic regulator method [10], one performs the cluster or virial expansion
for the thermal equilibrium harmonically trapped system. The grand potential of the
trapped two-component Fermi gas is by definition

400  Hoo

Q=—kpgTln (| Y > Znwz 2, (76)

Ny=0 N, =0
where Zy, n, is the canonical partition function of Ny + N| fermions at temperature
T in isotropic harmonic traps with a common angular frequency w for the 1 and |
components, and the fugacities z, of the components are related to their chemical
potentials p, by z, = €’ with 3 = (kgT)~'. In the low density, non-degenerate
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limit p, — —oc at fixed temperature, that is z, — 0, one performs the so-called cluster
expansion of the grand potential [9]:

+oo  +oo
Q=—ksTZ Y Y B,z 2" (77)

Ny=1N,=1
where Z) = Z1y = Zy,, the single fermion partition function in the trap, is given by

1
Z = —[2 IO with @ = fhw (78)
It is convenient to restrict to the differences AZNT,NL and ABN%NL between the
interacting gas and the ideal gas values of Zy, y, and By, n,: the ideal gas values
are elementary to calculate, and in the differences, the contribution of the interaction-
insensitive states exactly cancel. Also, one can use the separability of the centre of
mass and the relative motion of the particles to restrict to the partition functions of the

internal energy levels,
AZn, N, = Z1AZY, v, (79)

These internal or relative energies are what is ultimately calculated, see the equations
(9), (33) and (75) and the references [14, 17]. Expanding the equation (76) in powers of
the fugacities and equating the coefficients of zf T zivi to those of the equation (77), one
obtains up to fourth order:

AB,, = AZY (80)

AByy = AZy| — Z1ABy (81)

ABsy = AZy| — Z1 Zy3AB g — Z1ABsy, (82)
1

ABZQ = AZ;% — Z%ABI,I - Zl <§AB%1 + ABQJ + ABL2) (83)

At any given order, we have recursively used the relations obtained at a lower order
to eliminate partition functions AZ™ in terms of cluster coefficients AB. The cluster
coefficients with Ny < IN| are obtained by exchanging the roles of 1 and | in the above
expressions. Note that ABy, o = ABy y, = 0. Also the ideal gas values B}IVT?NL are zero
except if Ny = 0 or N = 0. Last, from a use of the centre of mass and relative quantum
numbers of two 1 fermions as explained around equation (35), one has

+o0
Zii= 3 Y (Dt 05

101 €2NF1 12161 =0

6—3&)/2(1 + 3626))
(2sinhw)?

(84)

From now on, the interacting two-component Fermi gas is taken in the unitary
limit a=! = 0. For 1+ 1 fermions the scaling exponents in equations (3) and (9) are

respectively § = —1/2 and s = 1/2 in the unitary and non-interacting limits so, from
equation (80),
~ ~ 1
AB _ —(2¢+1/2)0 _ _—(2q+3/2)@ - - 85
b Z e ‘ ) 2 cosh(w/2) (85)

qeN
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For higher order cluster coefficients, the goal is to obtain optimized writings in terms of
the following sums,
(o) -

SnyN, = Z(% +1) [e—u£f2w — e Ven® (86)

nl,o

where the roots uéag and poles v,?if of Efimov’s transcendental function (71) for Ny + N

fermions are defined in section 5.1, and since this sum only involves interaction-sensitive
states, the relative parity o is +1 for N = 3 and £1 for N = 4. The motivation is
that these sums evoke the sums of residues resulting from the application of Cauchy’s
theorem to a contour integration of the functions s4 — e*sAa’%Aéa)(sA) [16], which
suggests that they can be expressed in terms of an integral of these functions on the
imaginary axis where they can be calculated even for N = 4 [18, 23]. Importantly, these
sums SNm N, include the unphysical solutions discussed in section 4. This is in marked
contrast with AZ5%, AZ5 and AZ5% where one can indifferently include or exclude the
unphysical solutions for N = 3 and N = 4, since they are common to the ideal gas and
the unitary gas and cancel out in AZ3%, AZ5 and AZ5%.
To express the AB in terms of the sums S, we start from

(o) — (o) _
AZ = D QU+ 1) [Tt _ e (87)

n7£7q70-

then we use a plus-minus trick, writing exp[—(vé;) +2+42q)w] = exp[—(véffn) +1+2q)w] —

(expw — 1) exp[—(véffn) + 2 4 2¢)@] to obtain

Azrel _ SNT7NJ, (e@ . 1)Zrel,int.sens.vvithunphys.sol. (88)
NeNCT 26inh w Ny Ny
1,int.sens.with unphys.sol. 1 . :
where Zy 'y SRS = S o exp[—(véf;) + 2 + 2¢)w] is the partition function

of the interaction-sensitive states of the relative motion of trapped 2 + 1 fermions, 3 + 1
fermions or 2 + 2 fermions including the unphysical solutions. This partition function
is known from the equation (33): it is equal to Z/= times the partition function of
respectively one trapped particle Z;, two trapped 171 fermions Z, or two trapped 1|
non-interacting particles Z{7% = Z{. Here Z{=" = ¢ “/?/[2sinh@] is the single particle
partition function restricted to the £ = 0 states and accounts for the term (2¢ 4 3)hw
in the equation (33). Since

(e —1)Z7" — AB;; =0 (89)
this leads to the reduced formsq
Sa1
ABy; = ———— 90
L7 9¢inh @ (90)
Sz
AB31 = ——— — 7;AB 1
31T S he 18521 (91)

9§ In evaluating >, , , , exp[— (an) +2+42¢)@] we include unphysical solutions. Thus, the corresponding

sum Sy, ny, must also include unphysical solutions. An alternative choice would be to exclude the
unphysical solutions in both sums; this would be inconvenient because we do not know all unphysical
solutions for 2 + 2 fermions.
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S22

2sinh w

1
ABQ72 = — Z1 (5AB%1 + ABQ,l + ABLQ) (92)

To obtain the cluster coefficients of the spatially homogeneous gas, one must calculate
the (finite) limit of the AB when w — 0. These forms are then optimised in the sense
that one has got rid in the AB of the term oc Z; diverging as 1/w?® for N = 3, and of
the terms oc Z? diverging as 1/&5 for N = 4.

5.3. Application to Blume’s numerical data and test of a conjecture

For 2+ 1 unitary fermions, an application of Cauchy’s theorem to the reduced form (90)
as in reference [16] gives the exact result:

ABy =3 (E + 1) /Rgsm(m)i o A(iS)] (93)

2 2r sinhw dS
¢eN

For 3+1 or 2+2 unitary fermions, it is not understood yet how the divergent terms o< 7
in equations (91) and (92) can be compensated by poles of the logarithmic derivative of
the corresponding Efimov’s transcendental function. Simply the following conjectured
values were proposed in reference [18], by a straightforward generalisation of equation
(93), and were shown to be finite:

~ 1 dS sin(wS) d ().
conyj _ - - _
ABYIN, = D (“ 2) /R 21 sinh@ dS [lnAf (i5 )} (94)

(eN,o==1

where Aéa) is given by the equation (71) and the corresponding linear operators /\/léa) (1.S)
are given in reference [23] for 3 + 1 fermions and in reference [18] for 2 + 2 fermions.
The resulting value of the fourth cluster coefficient Ab, of the spatially homogeneous
system for m4 = m, is however in complete contradiction with the experimental results
6, 8], even for its sign.

We make here a more detailed test of the conjecture. From the scaling exponents
s,f,"n’ and séarz of the interaction-sensitive states of the unitary and ideal four-particle
systems calculated numerically up to the cut-off § = 19/2 in reference [17], one can
accurately calculate AB;3; and AB,4 for not too small w. To evaluate ABs;, which
appears in the expressions of ABs3; and ABj 9, we do not use a numerically calculated
three-body spectrum, but rather the exact expression (93).

Various results for AB3; and for ABs 5, corresponding to various expressions given
in the present paper, are plotted as functions of w = fhw in figure 1. The green dash-
dotted lines correspond to the original formulas (82) and (83). They start diverging
at w < 1.3, due to the finite cut-off. The red dashed lines correspond to an incorrect
application of the optimised formulas (91) and (92), that is including in S5, and Sy
only the physical solutions obtained by the reference [17]; the unphysical solutions are
missing, and the red dashed curves start diverging at larger values of w, w ~ 2.2. The
black solid lines correspond to the correct use of the optimised formulas (91) and (92):
one includes in S5 1 and S35 both the physical and the unphysical solutions up to the cut-
off, where the degeneracies of the unphysical solutions are obtained as the difference of
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the bare degeneracies d@ag given by the equations (40) and (41) with the degeneracies of
the physical solutions obtained numerically in reference [17]. As expected, the black solid
lines start diverging at smaller values of w, w ~ 1. The black dashed line for AB3; is an
improvement over the black solid line: one sums over all unphysical solutions, without
cut-off, assuming that their degeneracy dy’;z is given by the Fourier space reasoning (47)
of section 4.1; the divergence then starts at an even smaller value of w, @ < 0.9. Such
improvement can not be performed for AB; 5, because the degeneracy Jg’z predicted by
the equation (52) is an underestimate, see the table 1 and the section 4.2.

The conjectured values (94) are plotted as blue dotted lines. For 341 fermions, they
essentially agree with the black solid line up to the point of its cut-off induced divergence.
This leaves the possibility that the conjecture is correct for AB3 ;. Incidentally, its o — 0
limit AB?f?fj(()*) = 0.02297(4) [18] is close to the prediction 0.025 of the approximate
diagrammatic method of reference [34] (this value was communicated to us privately by
Jesper Levinsen). For 2 4 2 fermions, the conjectured values clearly disagree with the
black solid lines even in the cut-off unaffected region w > 1 and with the approximate
value ABs5(0%) = —0.036 of reference [34], by a factor unexplainably close to 2 as the
plotting of AB,%' 1 /2 shows (upper blue dotted curve). The conjecture is thus invalidated
for ABs 5.

0.025
0.020f
0.015F
0.010
0.005
0.000
~0.005}
0.0

A B;; (w)
A By) (w)

Figure 1. Fourth-order cluster coefficients ABs; (left panel) and AByo (right
panel) of a harmonically trapped two-component unitary Fermi gas with equal masses
m4 = my, as functions of Shw, where w is the trap angular frequency, 8 = 1/(kgT)
and T is the temperature. Green dash-doted lines: from the original formulas (82) and
(83) and the numerical four-body spectrum of reference [17]. Red dashed lines: from
an incorrect use of the optimised formulas (91) and (92), only the physical solutions
being including. Black solid lines: from a correct use of (91) and (92), both the physical
and the unphysical solutions being included and subjected to a cut-off. Black dashed
line (left panel only): idem, except that all unphysical solutions are included, with a
degeneracy (47). All these lines diverge at low @, because the four-body spectrum in
reference [17] is calculated up to some cut-off [in our calculations, any three-body cut-
off is avoided thanks to the exact expression (93)]. Blue dotted lines: the conjectured
values (94); the upper blue dotted line in the right panel, marked with the label x1/2,
is half the conjectured value.
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6. Conclusion

We have determined the interaction-sensitive states of a harmonically trapped two-
component ideal Fermi gas, using a Faddeev ansatz for the N-body wavefunction.

We have found a simple rule to obtain the interaction-sensitive relative or internal
energy levels as follows. One removes one spin T fermion and one spin | fermion to
build a pair of particles with a zero relative orbital momentum, which renders the state
interaction-sensitive. One freely distributes the remaining N;—1 spin 1 fermions and the
remaining N| —1 spin | fermions among the single-particle energy levels of the harmonic
oscillator, in a way compatible with Fermi statistics. One adds to the resulting energy
levels the energy (2¢ + %)hw, where %hw may be interpreted as the internal energy of
the subtracted 1| pair and 2¢qhw, with ¢ running over all natural integers, corresponds
to the quantised excitation spectrum of the collective breathing mode of our SO(2,1)-
symmetric system.

This simple rule must be refined because some of its energy levels actually
correspond to a zero Faddeev ansatz for the wavefunction, by destructive interference of
individually nonzero Faddeev components, and are unphysical solutions. This problem
was known for 2 + 1 fermions, where there is a single unphysical solution. We studied
it for 3+ 1 and 2 4 2 fermions and we found a countable infinite number of unphysical
solutions. A Fourier space reasoning leads to a class of unphysical solutions that lends
itself to a simple picture: everything happens as if each particle of the subtracted 1 pair
was prepared in the harmonic oscillator ground state |0, 0, 0); the unphysical solutions in
question then formally correspond to putting one of the Ny —1 remaining spin 1 particles
or one of the V| — 1 remaining spin | particles in the state |0, 0, 0), thus “violating” the
Pauli exclusion principle. In the case of 2 4+ 2 fermions, however, this is not the end of
the story: there exist additional unphysical solutions, as a comparison to a numerically
calculated four-body spectrum shows. We could find them on a case by case basis by a
real space calculation, with linear algebra within a set of homogeneous polynomials of
fixed total angular momentum, degree and parity.

We have applied the above results to the cluster or virial expansion of a two-
component unitary Fermi gas. To evaluate the cluster coefficients with the harmonic
regulator technique, one needs to calculate the differences of the interaction-sensitive
energy levels of the unitary gas and of the ideal gas, which makes the link with our
problem. For an arbitrary particle number, we have defined a generalised transcendental
Efimov function A(s) such that the interaction-sensitive energy levels for the unitary
gas can be expressed in terms of the positive roots u, of A(s). We then showed that
the interaction-sensitive energy levels of the ideal gas can be expressed in terms of the
positive poles v, of A(s). We reached an optimised writing of the third and fourth cluster
coefficients in terms of the sums ) (e “%" — e "), with w = hw/(kgT), which evoke
the residues of Cauchy’s theorem applied to a contour integration of s +— 6*3@%/\(3).
This optimised writing allowed us to extend the applicability domain of the numerical
calculations of the cluster coefficients AB;3; and ABss of the reference [17] to lower



The interaction-sensitive states of a trapped two-component ideal Fermi gas 25

values of w, before they diverge due to the energy cut-off in the numerics. Over this
range of values of @, 1 < @, it shows that the conjecture given in the reference [18] for
ABj3; is accurate, while the one for AB; 5 disagrees by a factor ~ 2.
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