N
N

N

HAL

open science

Numerical approximation of some time optimal control
problems
Marius Tucsnak, Julie Valein, Chi-Ting Wu

» To cite this version:

Marius Tucsnak, Julie Valein, Chi-Ting Wu.
mal control problems. FEuropean Control Conference, Jul 2015, Linz, Austria.

10.1109/ECC.2015.7330724 . hal-01246356

HAL Id: hal-01246356
https://hal.science/hal-01246356
Submitted on 18 Dec 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Numerical approximation of some time opti-
pp-ThA3.4,


https://hal.science/hal-01246356
https://hal.archives-ouvertes.fr

Numerical approximation of some time optimal control
problems

Marius Tucsnak, Julie Valeirt and Chi-Ting Wi

Abstract

In this work we study the numerical approximation
of the solutions of a class of abstract parabolic time op-
timal control problems. Our main results assert that,
provided that the target is a closed ball centered at the
origin and of positive radius, the optimal time and the
optimal controls of the approximate time optimal prob-
lems converge to the optimal time and to the optimal
controls of the original problem. In order to prove our
main theorem, we provide a nhonsmooth data error esti-
mate for abstract parabolic systems.

Keywords. distributed parameter systems, optimal
control, numerical approximation

1. Introduction

Time optimal control of infinite dimensional sys-
tems is a subject of growing interest, motivated by
numerous applications in domains such as guidance
of complex systems or temperature regulation in large
buildings. In recent year, using new tools from infi-
nite dimensional systems theory, the literature devoted
to this topic grew in a considerable manner (see [1]-[11]
and references therein). The specific case of time opti-
mal control for systems governed by parabolic PDE’s
has numerous applications, from which we quote opti-
mization of building thermal storage (see, for instance
[7] and references therein).

The aim of this paper is to study the approximation
of the solutions of time optimal control problems for
a class of infinite dimensional linear systems by pro-
jecting the original problem on an appropriate family
of finite dimensional spaces. This is a delicate question

since, as shown in the above mentioned references, time
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optimal controls are usually highly oscillating functions
(due to the bang-bang property). As far as we know,
the only papers having already investigated this issue
are [15] and [16], which investigated finite elements ap-
proximation for systems governed by the heat equation.

To be more precise, leX andU be real Hilbert
spaces, and lety : 2(Ag) — X be a strictly positive
operator with compact resolvents. It is known tha
generates an exponentially stable analytic semigroup,
denoted byT. Fory > 0 we denote byX, the space
Q(Ag), endowed with the graph norm. Fer< 0, X,
stands for the dual of_, with respect to the pivot space
X. We also introduce an operatBre .Z (U, X_4) with
0<a< % called control operator In this paper we
consider time optimal control problems for the follow-
ing system,

2(t) + Aoz(t)
Z(0)

Bu(t)
P4

(t>0), 1)
(20 € X), )

whereu € L*(]0,[;U). Using the notation in [12], the
solution of (1)-(2) writes :

2(t) = Tizo + Py,

where .
dru :/ Ti_sBu(o)do.
0

Given £ > 0, denote byB(0,¢) the closed ball cen-
tered in zero and of radius in X. We consider the
time optimal control problem which consists in deter-
mining the smallestg > 0 such that there existswith
[[UllL=((0,71;u) < 1 and where the solutianof (1)-(2) sat-
isfiesz(t) € B(0, €). The corresponding optimal control
is denoted by,

Denote

Uag={u € L*([0,0[;U) | [[ullL=(0e[u) < 1}

We callu € %,qan admissible control if there exists
T > 0 such thafl';zy + ®;u € B(0, ¢). It is well-known
that the above optimal timg; and optimal controls



exist and that, under additional assumptions, they are
unique.

Let (Vh)h=0 be a family of finite dimensional sub-
spaces ofx% and letU, = B*W,. These spaces are
normed spaces endowed with the restriction of the norm
of X% (resp.U). We denotd?, (resp.Qy) the orthogonal
projector fromX onto V4, (resp.U ontoUy,). For each
h > 0, we consider the following system:

m(t)+An(t) = Bun(®)  (t20), (3

z,(0) Phzo, 4
where(Ap)nso is defined by

b W) = <AIOAW>  (5)

for every ¢, € V,,. Moreover,By, € £ (U,V,) is de-
fined by:

(Bnu, 9) (UB"¢)y ; (6)

for every ¢ € V,,, uc€ U. The above system is the
Galerkin approximation of (1)-(2).

Denote byB, (0, €) the closed ball centered in zero
in Vi, with radiuse. For eacth > 0, we consider the time
optimal control problem for the above system (3)-(4)
which is to determine the smallegt> 0 such that there
existsun With [[un||Lx(jo,7);u,) < 1 @ndzn(7) € Bn(0,€).
Moreover, we aim to determine the corresponding opti-
mal controlsu;,.

The goal of this work is to study the convergence
of 1 to 15 and of U to uy whenh — 0. To this
aim, we need appropriate assumptions on the approx-
imation properties of the spacéé,)n~o and (Up)n>o-
More precisely, we assume that there efist 0, h; >
0,C>0,0< B < a, such that for everpr € (0,h;) and
0<y<1, we have:

(C1) x—PhX||x < Ch?|x||, for everyx € X,.
(C2) 1(1 = Ph)B|l #u,x) < ChP1-A).

(C3) IPBI| 2w, <Ch 6.

(C4) limp_0||Qnhu—ullu = 0 for everyu e U.

Note that assumption&1) — (C4) are very natu-
ral when applying our results to systems governed by
parabolic partial differential equations. They are sat-
isfied, in particular, by all the usual approximations
schemes based on finite elements or finite differences.
To be more precise, with assumptiofSl) — (C4),
we can prove the following approximation results with

rough initial data: vzo € X,3h > 0,C > 0,st. Yh e
(0,R), ¥t >0,

|12(t, 20, u) — Zn(t, Phzo, u) | < ChPt~ 1|20 |x

7
LCRB) Inh| Ul oy

We refer to [9] and [2] for more details about the above
approximation.

We are now in position to state the main results of
this paper:

Theorem 1.With the above notation and assumptions,
assume thatge X, ||%|| > € and that(C1) — (C4) hold.
Thenlimp_o 1, = 13-

Theorem 2. With the above notation and assumptions,
assume that if z X is such that the measure of the set of
those t> 0 such that BTyz = 0 is strictly positive then
z=0. Then we have

uf, — ug strongly in 12([0, T*];U).

2. Sketch of the proof.

2.1. Proof of Theorem 1

The proof of our main results requires several steps,
which will be briefly described in this section.
Lemma 1. With the above notation and assumptions,
let A1 (resp.A1 ) be the smallest eigenvalue of gesp.
of A,). Denote g = Bzp. Then

(i) 1§(z0) < MIE (7€ x).
L |
(i) Ta(zon) < S (zp € ).

(III) A1 < )\Lh'

Proof. We prove at firsti). It suffices to notice that:
Izt 20,0)|| < & |1z0].

Then, by taking = %, we havel|z(t,zy,0)|| < €.
This provesi).

A similar argument shows théii ) also holds.

We end by provindiii). In fact, this inequality is
easily deduced by the min-max formula:

1
[1AgZ)1?
A1 = min
Ty 72
2
and .
) 22 2
ALp = min 1AG 2l

’ zeVh ||ZH2 '



We also need the following result

Lemma 2. With the notation and assumptions in Lemma

1, for every g € X, ||zo|| > €, there exist ¢C > 0,h > 0
such that for any ke (0,h), we have

c< 17 (Phao) <C,

where C= w_
1
Proof. We begin by proving thatt;(Pz) is

bounded from below. Suppose by contradiction that

limh—0 75 (Phzo) = 0. By the continuity oft — z(t),
we have:

lim ||Zh(Tﬁ<a HWZO7 u;) - Zh(oa anO7 U;)”
h—0

— §im [12n(T;., Puzo, Uiy) — Phzof| = O.
h—0

Using the fact thalizy (T, Phzo, Ufy)|| < €, itis clear that
limy_o||Ph2o|| < €. However, with(C1) it is clear that:

lim —2|=0
im [|Phzo — Zo]| = O,

which leads to the contradiction with the fact that

|20l > .
We prove now thatr;(P\zp) is bounded from
above. This is obvious by using Lemma 1, since

In(l|Phzoll/€) _ 2In([|zoll/€)

T < <
h (Ph2o) Min i

< +o00.

Proof of Theorem 1. It suffices to prove the following
two inequalities:

liminf 1} > 13, (8)
h—0

limsupt;, < 15. (9)
h—0

We begin by proving (8). We first notice that, for
everyT > 0 andu € %Zg:

To(20) < T +719(2(T,20,1)). (10)
By (7), we have
||Z(T|‘Ta 2, u;‘k]) - Zh(Tﬁv Pnan Ur]) H

< Ch1; 2o x +CHAP)|Inh| ullLe(jo,10)-

This leads to:
12(ty, 20, Ui || < &+ ChP 15|20 |
+CHP AP Inh| [lullis (010

<e+Chlri 4+ ChO@P)|inh.

Denotezy = z(1}:, 70, u};). According to (10) withT =
7, we have:
To(20) < Th +To(20)-

In fact, u € L*([0,+[;Uy) C L*([0,4[;U) and
llug(t)]] < 1 which means that; is an admissible con-
trol for the original system.

Then, according to Lemma 1, we have:

In((e+ChP1i 1 +-Che(X-B)|Inhy|)/¢)

*< *
g & Tp + )\1
ch? .1 hO@=B)|Inh
<T+——1¢ S L 11
Th+)\l£Th +C e (11)

Thus, (8) can be deduced by takingo zero and by the
fact that lim,_,o 7, > ¢ > 0 (Lemma 2).
We now prove the second inequality (9). We have:

120(75, Phzo, QnU") — 2(Tg, 20, ") |
< |20(T8, Phzo, Qnu™) — 2n(T5, Przo, u) |
+[|20(15, Phzo, U*) — 2(1§, 20, U")
< |20 (15, Phzo, QnU™) — zn(Tg, Phzo, u™) |
+Chfrgt 4+ Ch?P)[Inh.

Setf(h) = ||zn(1g, Fhzo, QnU*) — zn(15, Phzo, u*) |-
We notice that lim_,o f(h) = 0. Indeed,

J]@0||Zh(rga Phzo, Qnu™) — Zn(Tq, Phzo, u”) ||

= lim [ @z n(u” — Qnu)l].
Sinced)rsﬁh € Z(L%(0, 15;U), X) (by the admissibility
assumption upoB), this leads to:
fim £ (h) < K Jim [[Qau" — 'l 2(0 50 — ©.
using(C4). Thus, we have:
120(15, Phzo, Qnup)[| < €+ f(h)

+Chfr 4+ ch®@R)Inh).
By the similar argument as in (11), we have:

*

7 < T

+|n((s+ f(h)+ChPts 1 +-Ch®(-B)|Inh|)/¢)
Arh
f(h)+ChP15~1 +-Ch?-F)|Inh|
ME '
This leads to inequality (9) by lettirfytend to zero.

<Tp+




2.2. Proof of Theorem 2

Before giving the proof, we recall a standard en-
ergy estimate.
Lemma 3. Assume thatgze X%,a- Then, there exists

¢ > O such that

2013 o+ [ (12S)2a + 2SR o) ds

T
<c( [ Ieus|odst a3 ., ).
0 2

Proof of Theorem 2.

DenoteT = 2%. It is clear thatr} < T for
allh> 0 andrg < T. We extend uj,)» and(ug) to time
T by zero.

Since||uj[|L=(o,;1u) < 1, there exist a contral €
L*(0,T;U) and a subsequen¢h,), — 0, such that :

up, — U weaklyx in L%(0,T;U).
Now we prove thati = ug.

The main step here is to prove the following con-

vergence property :

120 (Thy» Un,» Phzo) — 2(Tg, U, 20) | = O. 12)

Indeed, sinc&(0, €) is complete (notice thdn (0, &) C
B(0,¢)), (12) leads ta(ty,u,70) € B(0,€). Then, by the
uniqueness of the time optimal control, we deduce that
u=ug.

Now we prove (12). We have :

|z, (Thy, » Uy, » PhZo) — 2(T5, U, 20) |

< thn(Tﬁn,U;n,Hqu) —Z(Tﬁn,uﬁn,Zo)” (13)
+||Z(Tﬁn’ur1n720) _Z(T&u;nvzo)” (14)
+||Z(T6’u;n’20) _Z(T57LIZO)H' (15)

Now we prove that these three parts converge to zero in
order to deduce (12).

Itis clear that (13) converges to zero using the error
estimate (7).

Moreover, since — z(t,u,z) is continuous and
T, — 15, (14) converges to zero.

It remains to prove that (15) converges to zero. For
that, denotep(t) = z(t,u,z0) andyn(t) = z(t, uj, , o).

Then by Lemma 3, we know thatyn), is a
bounded sequence in :

W= C(O,T;X%_ )NL2(0,T; X1 q)

a

AWL2(0,T; X _q).

Using a generalized Aubin-Lions Theorem (see
[13, Cor. 4, p.85])) we deduce that :

3¢ € C([0,T];X) st.,
Yn — @ strongly inC(0, T; X)
and
Yn — P weakly inW.

Now we prove thail = . We know that(yn)n
satisfies :

L»Dn AlIJn + Bqﬁn’
Un(0) 0.

We prove then thaty, — w weakly in
L2(0,T; X q), A — A weakly in L?(0,T;X_q),
Bu;, — BUweakly inL%([0,T];X) and{i(0) = z.

The first two convergences are clear singe—
(I weakly inW.

Moreover, uy, X Oweakly = in L°([0, T];U) im-

plies that u; — Uweakly inL?([0,T];U).  Thus,
Bu;, — BUin L%([0, T]; X).
It remains to prove that@/(0) = z. In-

deed, we knowzy = yn(0) — {(0), since Y, —
{ strongly inC(0, T; X).

Consequentlylp satisfies :

1] A + B,
P(0) 2o,

which implies that]) = .

This leads to the fact that (15) converges to zero.

Thus, we have :

up — up weakly « in L*(0,T;U). (16)

We deduce immediately that :
uj, — uj weakly inL?(0,T;U).

At last, since bothy), andug are bang-bang controls, we
have limh-o [[Uyll 2.0y = IUpllLz0 ). This leads
to the strong convergence If(0,T;U) and ends the
proof.

3. Example.

We consider here 1-D heat equation oj@&d] with
internal control over[%,%] , more precisely, for every
t>0,

+X[%7%](x)u(t7x) (xe[0,1,t >0), (17)
z(t,0)=2(,1)=0, (t>0), (18)
z(0,x) = 2sin(rx), (x € [0,1]), (19)



wherex[% 2 is the characteristic function of the in-

terval [3, Z]. Obviously, (17)-(19) has the form (1)-(2)
by takingAg = — a2, with Dirichlet boundary conditions
of domainD(Ag) = H3(0,1)NH?(0,1) onX = L?(0,1).

The control operatoB € .£ (U, X) (herea = 0) is

defined by:

:X[ ]¢7

12
33

whereU = L2(3, %) and whereg is the extension op
outside[2, 2].

373
Now we consider the space semi-discrete approx-

imation of (17)-(19) derived by the finite difference
method. More precisely, fod € N* given anch = N%l
let z(t) an approximation of(t,ih). We consider the
following scheme:

3(1) 41+1_2hZ£+41—1

+ Bhy; (t)7
2(t) = zn41(t) =0,

z(0) = 2sin(mih),

whereByu = u; if ih € [3, 2] and 0 otherwise. If we
denote the unknowrz,(t) = (Zi(t))Iging the above
scheme can be rewritten in the vector form as (3)-(4).

It is well known that tha{C1) — (C4) are satisfied

with B = 0 and@ = 1 (see for example in [14])
According to Theorem 1, for every € X, ||2||x >

€, we have lim_,o 7;; = 15. We test this scheme in Mat-
lab and have the following result:

[

N] 5 10 20 30 40 50 |

l

T, | 0.0344 | 0.0336 | 0.033L | 0.0332 | 0.0331 | 0.0330 |
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