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On the definition and the properties of the principal eigenvalue of
some nonlocal operators

Henri Berestycki *, Jérome Coville T, Hoang-Hung Vo *

December 17, 2015

Abstract

In this article we study some spectral properties of the linear operator £, + a defined on the
space C(€2) by :

Lol +ap = X K(z,y)e(y) dy + a(x)p(x)
¢
where  C RY is a domain, possibly unbounded, a is a continuous bounded function and K
is a continuous, non negative kernel satisfying an integrability condition.
We focus our analysis on the properties of the generalised principal eigenvalue A, (L, + a)
defined by

Mp(Lg, +a) :=sup{\ € R|3p € C(Q), ¢ >0, such that L[] +ap+Ap <0 in Q}.

We establish some new properties of this generalised principal eigenvalue \,. Namely, we prove
the equivalence of different definitions of the principal eigenvalue. We also study the behaviour
of A\, (L, + a) with respect to some scaling of K.

For kernels K of the type, K(z,y) = J(z — y) with J a compactly supported probabilit

density, we also establish some asymptotic properties of A, (£, ., — == +a) where £ is
1 _
defined by L, ,[¢] := gy /Q J <z > y) ©(y) dy. In particular, we prove that
. 1 Dy (J)
;13%)\,, (50,279—;—1—@) =\ ( o\ A+al,

where Dy(J) := [on J(2)|2|*dz and Ay denotes the Dirichlet principal eigenvalue of the elliptic
operator. In addition, we obtain some convergence results for the corresponding eigenfunction
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1 Introduction

The principal eigenvalue of an operator is a fundamental notion in modern analysis. In particular, this
notion is widely used in PDE’s literature and is at the source of many profound results especially in the
study of elliptic semi linear problems. For example, the principal eigenvalue is used to characterise the
stability of equilibrium of a reaction-diffusion equation enabling the definition of persistence criteria
18] 19, 20} 5, B3] [44], 52]. It is also an important tool in the characterisation of maximum principle
properties satisfies by elliptic operators [12, [§] and to describe continuous semi-groups that preserve
an order [I], B2 [46]. It is further used in obtaining Liouville type results for elliptic semi-linear

equations [10 [6].

In this article we are interested in such notion for linear operators £, + a defined on the space of

continuous functions C(€2) by :

L[l +ap = /QK(% Y)e(y) dy + a(z)p ()

where Q € RY is a domain, possibly unbounded, a is a continuous bounded function and K is a non
negative kernel satisfying an integrability condition. The precise assumptions on 2, K and a will be
given later on.

To our knowledge, for most of positive operators, the principal eigenvalue is a notion related to
the existence of an eigen-pair, namely an eigenvalue associated with a positive eigen-element. For



the operator £, 4+ a, when the function a is not constant, for any real A\, neither £, + a + X nor its
inverse are compact operators. Moreover, as noticed in ﬂ?ﬂ (30 (411, IEQH, the operator £, + a may not
have any eigenvalues in the space LP(2) or C(2). For such operator, the existence of an eigenvalue
associated with a positive eigenvector is then not guaranteed. Studying quantities that can be used
as surrogates of a principal eigenvalue and establishing their most important properties are therefore
of great interest for such operators.

In this perspective, we are interested in the properties of the following quantity:

Mp(L, +a) :==sup{A € R|Tp € C(),¢ >0, such that L,[p]+a(x)p+Ap <0 in Q}, (1.1)
which can be expressed equivalently by the supinf formula:

(_ L, o)(z) + a(w)w(w)) _ (1.2)

M(Ly, +a) = sup inf

peC () €
©>0

This number was originally introduced in the Perron-Frobenius Theory to characterise the eigen-
values of an irreducible positive matrix [21I] [62]. Namely, for a positive irreducible matrix A, the
eigenvalue A\ (A) associated with a positive eigenvector can be characterised as follows:

Ap(A) := sup  inf (—%> =AM (A) = inf sup <—%> =: X, (4), (1.3)
zerN 1€{1 N} Zi 2eRN jef1,.,N} x;
>0 x>0,z#0
also known as the Collatz-Wieldandt characterisation.

Numerous generalisation of these types of characterisation exist in the literature. Generalisations
of the characterisation of the principal eigenvalue by variants of the Collatz-Wielandt characterisation
(i.e. ([I3)) were first obtained for positive compact operators in LP(Q) [42] 43 [56] and later for general
positive operators that posses an eigen-pair [35].

In parallel with the generalisation of the Perron-Frobenius Theory, several inf sup formulas have
been developed to characterise the spectral properties of elliptic operators satisfying a maximum
principle, see the fundamental works of Donsker and Varadhan [32], Berestycki, Nirenberg, Varadhan
[8] and Pinsky [50, 51]. In particular, for an elliptic operator defined in a bounded domain Q ¢ RY
and with bounded continuous coeflicients, £ := a;;(x)0;; + b;(x)0; + c(x), several notions of principal
eigenvalue have been introduced. On one hand, Donsker and Varadhan [32] have introduced a
quantity Ay (€), called principal eigenvalue of £, that satisfies

Av(E) = inf sup (_ﬂw](@)

wegt;f%(f) zeQ ‘P(x)

=inf{A e R|Jp € dom(E),p > 0 such that E[p](x) + Ap(z) >0 in Q},

where dom(€) C C(£2) denotes the domain of definition of £. On the other hand Berestycki, Nirenberg
and Varadhan [§] have introduced \;(£) defined by:

M(E) =sup{A e R|Tp € WHN(Q),p > 0 such that E[¢](z) + Ap(x) <0 in Q},
— sup  inf (_5[80] ($)>

PeW2N (o) TEQ p(z)
©>0




as another possible definition for the principal eigenvalue of £. When ) is a smooth bounded domain
and & has smooth coefficients, both notions coincide (i.e. Ay (£) = A1(€)). The equivalence of this two
notions has been recently extended for more general elliptic operators, in particular the equivalence
holds true in any bounded domains €2 and in any domains when & is an elliptic self-adjoint operator
with bounded coefficients [12].

Lately, the search of Liouville type results for semilinear elliptic equations in unbounded domains
[10L 55] and the characterisation of spreading speed [7}, 48] have stimulated the studies of the properties
of A1(€) and several other notions of principal eigenvalue have emerged. For instance, several new
notions of principal eigenvalue have been introduced for general elliptic operators defined on (limit
or almost) periodic media [0, 10l 49, 55]. For the interested reader, we refer to [12], for a review
and a comparison of the different notions of principal eigenvalue for an elliptic operator defined in a
unbounded domain.

For the operator £, + a, much less is known and only partial results have been obtained when (2

is bounded [25], 28, 32], 37, 40} 41] or in a periodic media [29, 30, 59, 58]. More precisely, A\,(L,, + a)

has been compared to one of the following definitions :
Ny(Lg+a) :=inf{A e R[Fp e C(Q)NLP(Q),p >£0, s. t. Lylel(z)+ (a(z)+ Ne(z) >0 in Q}

or when £, + a is a self-adjoint operator:

lota)e | _\Caldltang)
PEL2(Q),p#0 H(PHL2 )
o 3 [ovo K, y)e(@) — o)) dedy — [, [a(z) + [o K (z,y) dy] ©*(z) dx
PEL2(Q),p£0 ||Q0||%2(Q) ’

where (,) denotes the scalar product of L?(Q2). For © C RY a bounded domain and for particular
kernels K, an equality similar to Ay (£) = A1(€) has been obtained in [25], provided that K € C(QxQ)
satisfies some non-degeneracy conditions. The author shows that

Ap(Lg +a) = X, (L, + a). (1.4)

In a periodic media, an extension of this equality was obtained in [29, B0] for kernels K of the
form K(z,y) := J(z — y) with J a symmetric positive continuous density of probability. In such
case, they prove that

Mp(Loy +a) = )\;(ERN +a) =M(L, +a). (1.5)

In this paper, we pursue the works begun in [25] B0, 28] by one of the present authors and we
investigate more closely the properties of A\,(L,, + a). Namely, we first look whether \,(L, + a)
can be characterised by other notions of principal eigenvalue and under which conditions on 2, K
and a the equality (I4]) or (LX) holds true. In particular, we introduce a new notion of principal
eigenvalue, )\;(EQ + a), defined by :

ML, +a) :=inf{A € R|3p € Ce(Q),0 >2 0, such that L, [p](z) + (a(x) + N)p(z) >0 in Q}

and we compare this new quantity with A, )\;, and \,.



Another natural question is to obtain a clear picture on the dependence of A\, with respect to all
its parameter. If the behaviour of A\,(L,, + a) with respect to a or 2 can be exhibited directly from
the definition, the impact of scalings of the kernel is usually unknown and has been largely ignored
in the literature except in some specific situations involving particular nonlocal dispersal operators
defined in a bounded domain [2], 24, [4T], [57].

For a particular type of K and a, we establish the asymptotic properties of A\, with respect to
some scaling parameter. More precisely, let K(z,y) = J(z —y) and let us denote J,(z) := ULNJ (g)
When J is a non negative function of unit mass, we study the properties of the principal eigenvalue

1
of the operator L;m 0 — —— + a, where the operator Lo m,0 is defined by:
o

1
Eo,m,ﬂ I:SD] = O__m p JU('I - y)SD(y) dy
. . 1 . .
In this situation, the operator £,  , ——— refers to a nonlocal version of the standard diffusion

operator with a homogeneous Dirichlet boundary condition. Such type of operators has appeared
recently in the literature to model a population that have a constrained dispersal [4] [34], 39, [41], [57].
In this context, the pre-factor # is interpreted as a frequency at which the events of dispersal occur.

1
For m € [0,2] and a large class of J, we obtain the asymptotic limits of A, (ﬁo,m,g - —+ a) as
o

o — 0 and as 0 — +o00.

1.1 Motivations: nonlocal reaction diffusion equation

Our interest in studying the properties of A\,(L,, + a) stems from the recent studies of populations
having a long range dispersal strategy [25] 28] 4], [41], [59]. For such a population, a commonly used
model that integrates such long range dispersal is the following nonlocal reaction diffusion equation

(134, 138, [39, A7, [61]):
Opu(t,z) = /Q J(x —y)u(t,y)dy — u(t,x) /Q J(y—z)dy + f(x,ut,x)) in Rt xQ. (1.6)

In this context, u(t,x) is the density of the considered population, J is a dispersal kernel and f(x, s)
is a KPP type non-linearity describing the growth rate of the population. When €2 is a bounded
domain [3], 25] 28| [36], 41], 58], an optimal persistence criteria has been obtained using the sign of
Ap(M, + 0, f(x,0)), where M, stands for the operator:

Malg] = /Q J(x — y)ply)dy — j(x)pla),

where j(z) := [ J(y — x) dy.
In such model, a population will persists if and only if A\,(M, + 0, f(z,0)) < 0. We can easily check
that A\p,(M, + 0, f(2,0)) = A\p(L,, — j(x) + 0y f(x,0)).

When Q = RY and in periodic media, adapted versions of Ap have been recently used to define
an optimal persitence criteria [29] [30, 59, 57]. The extension of such type of persistence criteria for



more general environments is currently investigated by ourself [4] by means of our findings on the
properties of \,,.

The understanding of the effect of a dispersal process conditioned by a dispersal budget is another
important question. The idea introduced by Hutson, Martinez, Mischaikow and Vickers [39], is simple
and consists in introducing a cost function related to the amount of energy an individual has to use
to produce offspring, that jumps on a long range. When a long range of dispersal is privileged, the
energy consumed to disperse an individual is large and so very few offsprings are dispersed. On the
contrary, when the population chooses to disperse on a short range, few energy is used and a large
amount of the offsprings is dispersed. In RY, to understand the impact of a dispersal budget on the
range of dispersal, we are led to consider the family of dispersal operator :

Mo, @)() 1=~ (o % pla) — ()

where J,(z) := JLNJ (g) is the standard scaling of the probability density J. For such family, the
study of the dependence of A\,(M, ,, +a) with respect to o and m is a first step to analyse the impact
of the range of the dispersal o on the persistence of the population. In particular the asymptotic
limits ¢ — 400 and ¢ — 0 are of primary interest.

1.2 Assumptions and Main Results

Let us now state the precise assumptions we are making on the domain 2, the kernel K and the
function a. Here, throughout the paper,  C RV is a domain (open connected set of RN ) and for a
and K we assume the following:

a € C(Q)NL2(Q), (1.7)

and K is a non-negative Caratheodory function, that is K > 0 and,

Vo € Q K(x,-) is measurable, K(-,y) is uniformly continuous for almost every y € Q. (1.8)

For our analysis, we also require that K satisfies the following non-degeneracy condition:
There exist positive constants rg > 11 > 0,Co > cg > 0 such that K satisfies:

ol o () = K(2) > ol ) (4) for all z,y €9, (1.9)

where 14 denotes the characteristic function of the set A C RN and B,(x) is the ball centred at x

g(y)h(z)
and g positive and bounded in 2 and J € C (RN ),J > 0, a compactly supported function such that
J(0) > 0. Note that when Q is bounded, any kernel K € C(Q x Q) which is positive on the diagonal,
satisfies all theses assumptions. Under this assumptions, we can check that the operator £, + a is
continuous in C(£2),[45].
Let us now state our main results. We start by investigating the case of a bounded domain €.
In this situation, we prove that \,, A, and )\g represent the same quantity. Namely, we show the

Ps Np
following

of radius r. These conditions are satisfied for example for kernels like K (x,y) = J (&> with A



Theorem 1.1. Let Q C RY be a bounded domain and assume that K and a satisfy (LZ) — (L3).
Then, the following equality holds :

MLy 4 a) = N, (L, +a) = XN)(Lg, +a).
In addition, if K is symmeltric, then
(L, +a) =X (L, +a).

When Q is an unbounded domain, the equivalence of )\p,)\;, and )\g is not clear for general

kernels. Namely, let consider Q = R, K(z,y) = J(xz — y) with J a density of probability with a
compact support and such that fR J(z)zdz > 0. For the operator L., which corresponds to the
standard convolution by J, by using e and constants as test functions, we can easily check that

)\;,(ER) <-1<-— I§1>118 A J(2)e  dz < \y(£,). However some inequalities remain true in general

and the equivalence of the three notions holds for self-adjoint operators. More precisely, we prove
here the following

Theorem 1.2. Let Q C RY be an unbounded domain and assume that K and a satisfy (L7) - (L3).
Then the following inequalities hold

Ny(Lg 4 a) <X (Lg, +a) < Xp(Lg, +a).

When K is symmetric and such that p(x) := [, K(x,y)dy € L>(Q) then the following equality holds

MLy +a) = N, (Ly, +a) = N (L, +a) = N\p(Lg, + a).

Another striking property of )\, refers to the invariance of A\, under a particular scaling of the
kernel K. More precisely, we show

Proposition 1.3. Let Q2 C RN be a domain and assume that a and K satisfy (L) — (L9). For all
o >0, let Qy =09, as(z) :==a (%) and

1 Ty
= — - = d
Lon @) = o | K (2 0) ey
Then for all o > 0, one has
Mp(Lg +a) =Mp(L,, + o).

Observe that no condition on the domain is imposed. Therefore, the invariance of A, is still valid
for = RY. In this case, since RY is invariant under the scaling, we get

)‘p(ERN +a) = AP(EU’RN + ag).

Next, for particular type of kernel K, we investigate the behaviour of A, with respect of some
scaling parameter. More precisely, let K(z,y) = J(z — y) and let J,(z) := O_LNJ (i) We consider
the following operator

1

L, .olel = o ) Jo(x —y)e(y) dy.



For J is a non negative function of unit mass, we study the asymptotic properties of the principal

1
eigenvalue of the operator L, 0 — — +a when 0 — 0 and 0 — +o0.

To simplify the presentation of our results, let us introduce the following notation. We denote by
the following operator:

M

o,m,Q)

Mealél@) = 2 (e [ 7 (552 et dn - ota). (1.10)

For any domains €2, we obtain the limits of A,(M, , o +a) when o tends either to zero or to +o0.
Let us denote the second moment of J by

Do) = [ IGef d,

the following statement describes the limiting behaviour of \,(M +a):

Theorem 1.4. Let Q2 be a domain and assume that J and a satisfy (1) — (L9). Assume further
that J is even and of unit mass. Then, we have the following asymptotic behaviour:

o,m,Q

o When 0 <m <2, limy 100 Ap(M,, . o +a) = —supga

e When m = 0, limy s 400 Ap(M, o +a) =1 —supga.

In addition, when Q = RN and if a is symmetric (a(x)
t — a(tx) is non increasing for all z,t > 0 then \p(M
with respect to o.

a(—x) for all x) and the map

omN T a) is monotone non decreasing
o,U,

e When 0 <m < 2, lim,_y0 Ap(M +a) = —supq a

o,m,Q

e When m =2 and a € C**(Q) for some a > 0, then

. Dy (J)
lm Ap(M,, o +a) =M (WA + a>
and ) )
A (DQ(J)A+Q> _ o Dy(J) [o V¢l gx) dr  [yalz)e 2(35) dx'
2N peHE Q)20 2N lloll3 lloll3

Note that the results hold for any domains €2, so the results holds true in particular for Q = R,
Having established the asymptotic limits of the principal eigenvalue A\,(My20 + a), it is natural
to ask whether similar results hold for the corresponding eigenfunction ¢, , when it exists. In this
direction, we prove that for m = 2, such convergence does occur :

Theorem 1.5. Let Q be any domain and assume that J and a satisfy (L) — [L3). Assume further
that J is even and of unit mass. Then there exists oo such that for all o < og, there exists a positive
principal eigenfunction ¢, , associated to A\y(Myo2q + a). In addition, when ¢, , € L*(2) for all
o < oqg, we have

Ppo =1 in Li,(Q),

loc

where @1 € H&(Q) is a positive principle eigenfunction associated to A\p <D22—](VJ)A + a).

8



Remark 1. When € is bounded, then the condition ¢, , € L? is always satisfied. Moreover, in this
situation, the above limits ¢, , — 1 as 0 — 0 holds in L?(€) instead of L} (€2).

1.3 Comments and straightforward generalisation

First, we can notice that the quantity Ay defined by Donsker and Varadhan [32] for elliptic operators
can also be defined for the operator £, 4+ a and is equivalent to the quantity )\;. The equality (L)
can then be seen as the nonlocal version of the equality Ay = Ay where A1 is the notion introduced
by Berestycki-Nirenberg-Varadhan [g].

Next, we would like to emphasize, that unlike the classical elliptic operators, due to the lack of
a regularising effect of the operator L, + a, the quantity \,(L,, + a) may not be an eigenvalue, i.e.
the spectral problem

Ly [o](x) + a(z)e(x) + Ap(x) =0 in  Q,

may not have a solution in spaces of functions like LP(Q2), C(Q)[29, 27, B2 41]. As a consequence,
even in bounded domains, the relations between A, )\;,)\g and A\, are quite delicate to obtain.
Another difficulty inherent to the study of nonlocal operators in unbounded domains concerns the
lack of natural a priori estimates for the positive eigenfunction thus making standard approximation
schemes difficult to use in most case.

Lastly, we make some additional comments on the assumptions we have used on the dispersal
kernel K. The non-degeneracy assumption ([L9) we are using, is related to the existence of Local
Uniform Estimates [22], 23] (Harnack type estimates) for a positive solution of a nonlocal equation:

L,le] +b(x)p=0 1in Q. (1.11)

Such type of estimates is a key tool in our analysis, in particular in unbounded domains, where we
use it to obtain fundamental properties of the principal eigenvalue A, (L, + a), such as the limit:

Mp(Lg +a) = T}LH;O (Lo, +a),

where €2, is a sequence of set converging to 2. As observed in [26], some local uniform estimates can
also be obtained for some particular kernels K which does not satisfies the non-degeneracy condition

(T3). For example, for kernels of the form K (z,y) = gN;(y)J <%> with J satisfying (L8)) and (L9)

and g > 0 a bounded function such that {z|g(z) = 0} is a bounded set and with Lebesgue measure
zero, some local uniform estimates can be derived for positive solutions of (III]). As a consequence,
the Theorems [Tl and hold true for such kernels. We have also observed that the condition (L9)
can be slightly be relaxed and the Theorems [[.T] and hold true for kernels K such that, for some
positive integer p, the kernel K, defined recursively by :

Kl(xay) = K(.%',y),

Kpyi(x,y) ::/QKn(m,z)Kl(z,y)dz for n>1,

satisfies the non-degeneracy condition (L9)).



For a convolution operator, i.e. K(z,y) := J(x — y), this last condition is optimal. It is related
to a geometric property of the convex hull of {y € R¥|J(y) > 0}:

K, satisfies (LO) for some p € N if and only if the convezx hull of {y € RY|J(y) > 0} contains 0.

Note that if a relaxed assumption on the lower bound of the non-degeneracy condition satisfied
by K appears simple to find, the condition on the support of K seems quite tricky to relax. To tackle
this problem, it is tempting to investigate the spectrum of linear operators involving the Fractional
Laplacian, A%:

a e(y) — () - N
Ago.—CNﬂP.V.(/Q |x—y|N+2ady ) =0 in RY\Q

That is, to look for the properties of the principal eigenvalue of the spectral problem:
A% +(a+N)p=0 in Q. (1.12)

As for elliptic operators and L, 4+ a, analogues of A1, \] and g can be defined for A® + a and the
relations between all possible definitions can be investigated. When €2 is bounded or a is periodic, the
different definitions are equivalent [9]. However, in the situations considered in [9] the operator A%*+a
has a compact resolvent enabling the use of the Krein Rutmann Theory. Thus, the corresponding
Ap is associated with a positive eigenfunction, rendering the relations much more simpler to obtain.
Moreover, in this analysis, the regularity of the principal eigenfunction and a Harnack type inequality
[16L [17),60] for some non negative solution of (I.I2]) are again the key ingredients in the proofs yielding
to the inequality
M(AY 4 a,Q) < A (A% +a,Q)

for any smooth domain 2.

Such Harnack type inequalities are not known for operators £, 4+ a involving a continuous kernel
K with unbounded support. Furthermore, it seems that most of the tools used to establish these
Harnack estimates in the case of the Fractional Laplacian [16] [60] do not apply when we consider an
operator L, + a. Thus, obtaining the inequality

Ap(Lg +a) < Ap(Lg, +a)

with a more general kernel requires a deeper understanding of Harnack type estimates and/or the
development of new analytical tools for such type of nonlocal operators.

Nevertheless, in this direction and in dimension one, for some kernels with unbounded support,
we could obtain some inequalities between the different notions of principal eigenvalue. Namely,

Proposition 1.6. Assume N = 1 and let Q C R be a unbounded domain. Assume that K and a
satisfy (L) —(L8]). Assume further that K is symmetric and there exists C > 0 and o > % such that
K(z,y) <C(+ |x—y|)~* Then we have

MLy +a) < A(L,+a) < )\;(EQ +a) < )\Z(EQ +a).

10



Outline of the paper: The paper is organised as follows. In Section 2l we recall some known
results and properties of the principal eigenvalue A,(L, + a). The relations between the different
definitions of the principal eigenvalue, A, A}, A and A, (Theorems [L.T] and Proposition [LL0) are
proved in Section [3l Finally, in Section 4l we derive the asymptotic behaviour of X\, with respect to
the different scalings of K (Proposition and Theorems [[.4] and ).

1.4

Notations

To simplify the presentation of the proofs, we introduce some notations and various linear operator
that we will use throughout this paper:

Bpgr(xo) denotes the standard ball of radius R centred at the point xg

1 will always refer to the characteristic function of the ball Br(0).

S(RY) denotes the Schwartz space, [15]

C(€2) denotes the space of continuous function in €2,

C.(2) denotes the space of continuous function with compact support in 2.

For a positive integrable function J € S(RY), the constant [;x J(2)|2|* dz will refer to

/RN J(2)|22 dz = /RN () (é Zg) "

For a bounded set w C R, |w| will denotes its Lebesgue measure
For two L? functions ¢, v, {©,1)) denotes the L? scalar product of ¢ and ¢
For J € LY(RY), J,(2) = ULNJ( )

z
o

We denote by L, , the continuous linear operator

L., CO) — CQ
o = Uim/ﬂJa(w—y)U(y)dy, (1.13)

where Q ¢ RV,

We denote by M, the operator M_ =L - —

o,m,Q

11



2 Preliminaries

In this section, we recall some standard results on the principal eigenvalue of the operator £, + a.
Since the early work [32] on the variational formulation of the principal eigenvalue, an intrinsic
difficulty related to the study of these quantities comes from the possible non-existence of a positive
continuous eigenfunction associated to the definition of A, )\;,, )\g or to A,. This means that there is
not always a positive continuous eigenfunction associated to A, )\;,, )\;’ or \,. A simple illustration
of this fact can be found in [25] 27]. Recently, some progress have been made in the understanding
of A,. In particular, some flexible criteria have been found to guarantee the existence of a positive

continuous eigenfunction [25], 41 [58]. More precisely,

Theorem 2.1 (Sufficient condition [25]). Let Q C RY be a domain, a € C() N L¥(Q) and K €
C(Q2 x Q) non negative, satisfying the condition ([LA). Let us denote v := supg a and assume further
that the function a satisfies rla ¢ LY(Qq) for some bounded domain Qg C Q. Then there exists a
principal eigen-pair (Ap, pp) solution of

Lylel(x) + (a(z) + Ngp(z) =0 in Q.
Moreover, ¢, € C(Q), wp > 0 and we have the following estimate

-V <A < v,

where V' := sup [a(m) + / K(x,y) dy} .
e Q

This criteria is almost optimal, in the sense that we can construct example of operator £, + a
with © bounded and a such that -~ € L1(©2) and where \,(L, + a) is not an eigenvalue in C(Q),

see [25] [41], 58].

When Q is bounded, sharper results have been recently derived in [27] where it is proved that
Ap(L,, + a) is always an eigenvalue in the Banach space of positive measure, that is, we can always
find a positive measure dp, that is solution in the sense of measure of

Lo [dpp)(z) + a(z)dp,(x) + Apdpy(x) = 0. (2.1)

In addition, we have the following characterisation of \,:

Theorem 2.2 ([30, 27]). \,(L,+a) is an eigenvalue in C(Q) if and only if \,(L, + a) < —supa(z).
e

We refer to [27] for a more complete description of the positive solution associated to A, when
the domain 2 is bounded.
Now, we recall some properties of A, that we constantly use throughout this paper:

Proposition 2.3. (i) Assume Q1 C Qa, then for the two operators L, taand L, +a
respectively defined on C(21) and C(S2), we have :

Ap(ﬁgl +a)> )‘p(ﬁg2 +a).

12



(ii) For a fized Q) and assume that ai(x) > ag(x), for all x € Q. Then

Ap(Lg, + az) > Ap(Lg, + ai).

(1it) A\p(L,, + a) is Lipschitz continuous with respect to a. More precisely,
[Ap(Lg +a) = Ap(Lg + )] < [la = bl|o

(iv) The following estimate always holds

—sup <a(m) + / K(z,y) dy) < Mp(L, +a) < —supa.
Q Q Q

We refer to [25, 28] for the proofs of (i) — (iv).
Lastly, we prove some limit behaviour of A,(L,, + a) with respect to the domain 2. Namely, we
show

Lemma 2.4. Let Q be a domain and assume that a and K satisfy (LZ)—L9). Let (Qp)nen be a
sequence of subset of Q0 so that lim, o Q, = Q, Q,, C Qpy1. Then we have

Tim (L, +a) = Ap(Lq +a)

Proof. By a straightforward application of the monotone properties of A\, with respect to the domain
((i) of Proposition [Z3]) we get the inequality

Mp(Ly +a) < ILm Ap(Lg, +a). (2.2)

To prove the equality, we argue by contradiction. So, let us assume

(L, +a) < ILm Mp(Lg, +a), (2.3)
and choose A € R such that
(L, +a) <A< 1111}010 Ap(Lg, +a). (2.4)

We claim

Claim 2.5. There exists ¢ > 0, ¢ € C(22) so that (A, ¢) is an adequate test function. That is, ¢
satisfies
L,lel(x) + (a(z) + Np(z) <0 in Q.

Assume for the moment that the above claim holds. By definition of A,(L, + a), we get a
straightforward contradiction
Mp(Ly +a) <A< N (L, + a).

Hence,
Tim A (Lq, +a) = Ap(L, +a)

13



Let us now prove Claim

Proof of Claim[Z3. By definition of v := supq, a, there exists a sequence of points (zj)ren such that
z), € Q and |a(zy) — v| < £. By continuity of a, for each k, there exists n;, > 0 such that

L

By, (zp) C Q, and sup |a—v| <
Bnk(mk)

lzx—2|

- > where ¢, > 0 is to be

Now, let xj be the following cut-off” functions : yx(z) := X(

chosen later on and y is a smooth function such that 0 < x < 1, x(2) = 0 for |z|] > 2 and
x(z) = 1 for |z| < 1. Finally, let us consider the continuous functions a(-), defined by ax(x) :=
sup{a, (v — infq a)xx(x) + infg a}. By taking a sequence (e )ren so that g, < %t g, — 0, we have

o) = a for x€Q\ By, (zk)
g v for ze€Qn B, (x)

and therefore
la —aglloc < sup |v—al -0 as k— oc.
Bmc(@c)

By construction, for £ large enough, say k > ko , we get for all k£ > kg

Ap(Ly, +a) = A [limy 00 Ap(Ly, +a) = A }

— < inf
o= oulo < inf { P20 T =2 -

Since €, — Q when n — oo, there exists ng := n(kg) so that

By, (xgy) C Qp for all n > ny.
On the othre hand, from the Lipschitz continuity of A\, (L, +a) with respect to a ((iii) Proposition
23), inequality (24]) yields
Ap(Lg +ar,) <A< nh—>Holo Ap(Lg, + ag,)- (2.5)

Now, by construction we see that for n > ng, supq_ag, = supgag, = v and since ay, = v in
By, (xg,), for all n > ng the function ,,,1 ¢ L (Q,). Therefore, by Theorem B} for all n > ng
2

gy loc

there exists o, € C(§2,), @n > 0 associated with A\, (L, + ag,).
Moreover, since xy, € [ Q,, for all n > ng, we can normalize ¢, by ¢, (zr,) = 1. Recall that
for all n > ng, p, satisfies

n>ngo

Lo, [onl(@) + (a, (x) + Ap(Lg, + ako(2)))n(z) =0 in Qp,
so from (2.5, it follows that (., \) satisfies

Lo, [pn](2) + (aky (2) + Npn () < Lo, [n](@) + (ary () + Ap(Lo,, + aky))pn(z) =0 in Q. (2.6)

14



Let us now define b, () := =\, (L, + ax, (7)) — ap, (), then for all n > ng, ¢, satisfies

ﬁ%[‘Pn](x):bn(x)‘Pn(x) in Q. (2.7)

By construction, for n > ng, we have b, (z) > —)\p(ﬁﬂno + ag,(z)) — v > 0. Therefore, since K
satisfies the condition (L), the Harnack inequality (Theorem 1.4 in [26]) applies to ¢,. Thus, for
n > ny fixed and for any compact set w CC €, there exists a constant C),(w) such that

on(z) < Cr(w)en(y) Yo,y € w.

Moreover, the constant Cj,(w) only depends on 0y < w, o, Upew, Bso(z) and infg, by,. Fur-

thermore, this constant is decreasing with respect to infg, b,. Notice that for all n > ng, the
function b, (z) being uniformly bounded from below by a constant independent of n, the constant
C), is bounded from above independently of n by a constant C(w). Thus, we have

on(z) < CW)en(y) ¥V 2,y €w.

From a standard argumentation, using the normalization ¢,(zg,) = 1, we deduce that the se-
quence (¢n)n>n, is uniformly bounded in Cj,.(£2) topology and is locally uniformly equicontinuous.
Therefore, from a standard diagonal extraction argument, there exists a subsequence, still denoted
(©n)n>ne such that (pp)n>n, converges locally uniformly to a continuous function ¢ which is non-
negative, non trivial function and satisfies ¢(zx,) = 1.

Since K satisfies the condition (L9]), we can pass to the limit in the Equation (2.0]) using the
Lebesgue monotone convergence theorem and we get

Lol + (a(@) + V(@) <0 i Q.

Hence, we have
Ly [pl(z) + (a(z) + A)p(r) <0 in  Q,

since a < ag,. O

3 Relation between )\, A\, \] and ),

In this section, we investigate the relations between the quantities A, )\;, )\Z and A\, and prove The-
orems [Tl and

First, remark that, as consequences of the definitions, the monotone and Lipschitz continuity
properties satisfied by A, ((i) — (iii) of Proposition ([Z3)) are still true for A}, and A,. We investigate
now the relation between )\1’0 and \p:

Lemma 3.1. Let Q C RY be a domain and assume that K and a satisfy (CT)-(C3). Then,
Ny (Lg 4 a) < Mp(Lg, + a).

Proof. Observe that to get inequality A} (L, +a) < A\y(Lg, + a), it is sufficient to show that for any
0> 0:
Ay (Lg 4 a) < Ap(L, +a) + 6.

For § > 0, let us consider the operator L, + bs where bs := a + A\, (L, + a) + 0. We claim that
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Claim 3.2. For all § > 0, there exists p5 € C.(2) such that ps > 0 and ¢4 satisfies
L, [ps](z) + bs(x)ps(x) =0 in €

By proving the claim, we prove the Lemma. Indeed, assume for the moment that the claim holds.
Then, by construction, (¢s, \p(L,, + a) + §) satisfies

L [s](z) + [a(z) + A\p(Ly +a) +6lps(z) >0 in Q.

Thus, by definition of \,(L,, + a), we have \,(L, + a) < A\p(L, 4+ a) + 6. The constant ¢ being
arbitrary, we get for all 6 > 0:
Ap(Lg 4 a) < Ap(L, +a) + 6.

O

Proof of the Claim. Let 6 > 0 be fixed. By construction \,(L,, + bs) < 0, so by Lemma [24] there
exists a bounded open set w such that A\,(L, + bs) < 0. For any € > 0 small enough, by taking w
larger if necessary, arguing as in the proof of Claim 5] we can find b, such that

166 — belloo,w = [1bs — belloo, < &,
Ap(Lo, +be(@)) +e <0,

and there is ¢, € C(w), ¢, > 0 associated to \,(L, + b-(x)). That is ¢, satisfies

L, [ppl() + be(@)pp(x) = =Ap(L, +b:(2))pp(2z) in  w. (3.1)

Without loss of generality, assume that ¢, < 1.
Let v denotes the maximum of b, in @, then by Proposition 23] there exists 7 > 0 such that

(L, +b(z) —e—v>7>0.

Moreover, since ¢, satisfies (B.I]), there exists dyp > 0 so that inf,, ¢, > dp.
Let us choose w’ CC w such that

doinf{r,—A,(L, + b:) — €}
w\ W' < - ;
2| Koo

where for a set A, |A| denotes the Lebesgue measure of A.

Since @ CC w and dw are two disjoint closed sets, by the Urysohn’s Lemma there exists a
continuous function n such that 0 <n <1,n=11in ', n =0 in dw. Consider now ¢,n and let us
compute L [ppn] + bsppn. Then, we have

L, lppn] + bsppn = =Ap(L, +b2)op — [|K|[|w \ w'| = beipp(1 = 1) = (be — bs)pm,
doinf{T, =\, (L, +b;) — ¢
> (L. +b) + 165 — bl — I p(2 s
_ dpinf{r, —)\p(2£w +be) —e} max{v, 0}y,
_ doinf{r, =\, (L, +bc) — ¢}

5 .

bE(x)SDp(l - 77)’

> _(Ap(ﬁw + b) + 5)%%

> _()‘p(ﬁw +be) +e+ max{u,O})app
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Since —Ap(L, +b:) —e > 0and —A,(L, +b:) —e —v > 7 > 0, from the above inequality, we infer
that

doinf{r,—A,(L, + b:) — ¢}

L, [epn] + bsppn = —(Ap(L,, +be) + & + max{v,0})do — 5

_ doinf{r, Xy (L, +b.) — &)
- 2
By construction, we have ¢,n € C(w) satisfying

> 0.

L lepnl +bsepn 20 in - w,
epn=0 on OJw.

By extending ¢,n by 0 outside w and denoting s this extension, we get

o5)(x) + bs(@)s(e) = L,lps)(@) + bs(@)p(@) >0 i w,
wsl(x) + bs(x)ps(x) = L, [ps](2) 20 in - 2\ w.
Hence, p5 > 0,9 € C.(€) is the desired test function. O

Lol
Lol

Remark 2. The assumption (L9) on K is only needed to reduce the problem on unbounded domains
to problem on bounded domains. In addition, the above construction shows that the inequality is
still valid if we replace A}, by AJ(L,, + a). Thus we have for any domain €,

MLy +a) < ALy +a).

3.1 The bounded case:

Assume for the moment that 2 is a bounded domain and let us show that the three definitions A, )\;,

and )\Z are equivalent and if in addition K is symmetric, A, is equivalent to \,. We start by the case
A = Ap. Namely, we show

Lemma 3.3. Let Q be a bounded domain of RN and assume that a and K satisfy (L) -(L9). Then,
(L +a) = X, (L, + a).

In addition, when L., + a is self adjoined, we have
(L, +a) = A(Lg, + a).

The proof of Theorem [[[1] is a straightforward consequence of the above Lemma. Indeed, by
Remark 2] and the definition of )\g we have

Ap(Lg +a) S ML, +a) < Np(Lg + a).
Thus, from the above Lemma we get

)‘p(‘CQ + a) = )‘;)(‘CQ + a) < )‘Z(EQ + a) < AP('CQ + a) = A;)(‘CQ + a)'

Let us now turn to the proof of Lemma
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Proof of Lemmal3.3 By Lemma Bl we already have
Ny(Lg +a) < A (L, + a).

So, it remains to prove the converse inequality. Let us assume by contradiction that
)\;(EQ +a) < A\p(L, +a).

Pick now A € (X,(Lq, 4 a), A\p(L,, + a)), then, by definition of A, and A\, there exists ¢ and 1) non
negative continuous functions such that

Lalol(@) + (ale) + Ng(a) <0 in - Q,
La[0](@) + (ale) + Ne(@) >0 i Q.

Moreover, ¢ > 0 in Q. By taking A smaller if necessary, we can assume that ¢ satisfies
L,[e](x) + (a(z) + Ne(z) <0 in Q.

A direct computation yields

Y(y)  Y(z)
/QK(:c,y)gp(y) <@ - <p(x)> dy > 0.

Since % e C(Q), the function £ achieves a maximum at some point zy € €2, evidencing thus the

©
0< /QK(fﬂo,y)so(y) (% - zgz;];) dy <0.

contradiction:

Thus,
Np(Lg +a) = A(Lg, + a).

In the self-adjoined case, it is enough to prove that
Ny (L 4 a) = A\(L, + a).

From the definitions of \;, and A,, we easily obtain that A, < Aj. Indeed, let A > X,(L,, + a), then
by definition of A} there exists ¢ > 0 such that ¢ € C(Q2) N L>°(Q) and

L,W)(x) + (a(x) + N)p(x) >0 in Q. (3.2)

Since 2 is bounded and ¥ € L>®(2), 1 € L?(Q). So, multiplying (.2 by —1 and integrating over
we get

~ [ [ K dedy - [ a@poe? e < [ @) i,

QJQ Q Q
1 X xXr) — 2 X — a\xr X X 2 X 2 X Xr
5 | [ K (@) = 00)* dady — | (ala) + k@)@ o <3 [ @) e
)\v(ﬁg—i-a)/QwQ(x) dng/Qz/P(x)dm.
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Therefore, \,(Lq, + a) < A, (Lq, + a).
Let us prove now the converse inequality. Again, we argue by contradiction and let us assume that

Mo(Lg +a) < X, (Lg, + a). (3.3)
Observe first that by density of C(Q) in L?(Q2), we easily check that
3 Jo Jo K (2,9)(p(x) — () dydz — [o(a() + k(2))p(2)* dz

(L, +a)=— inf )
Lata) == 38 o .
_ g oo K@ ye@@)ely) dyde — [, a)p(x)? dx
PELA(Q),520 el 720 ’
N 1 ~ap, #)
PEL2(),020 HSDHL2(Q)
- (Lo el + ap, )
S—_— _ .
peC(92),p£0 HSDHL2(Q)

By (iv) of Proposition 23] since \,(Lq, +a) = A\, (Lq +a), from B3] we infer that A, defined by

©eC(Q) Jaw
satisfies
Ay > =M (L, +a) > maxa. (3.5)
Q

Now, using the same arguments as in [29] 39], we infer that the supremum in (3.4)) is achieved.
Indeed, it is a standard fact [I5] that the spectrum of £, + a is at the left of A\, and that there
exists a sequence ¢, € C() such that [|on|12@0) =1 and [[(L, +a — AL)@nllr2(0) — 0 as n — +o0.
By compactness of L, : L*(Q) — C(), for a subsequence, lim,,_, 1 L, [ps] exists in C(Q). Then,
using ([3.3), we see that o, — ¢ in L?(Q) for some ¢ and (L, + a)p = Ay ¢. This equation implies
¢ € C(Q), and Ay is an eigenvalue for the operator £, + a. Moreover, ¢ > 0, since ¢ is also a
minimizer. Indeed, we have

_ JalLolel(®) + a(@)p(@)]p" () dz

>‘+ 2 )
e ae)
_ JolLole](@) + a(z)e” (2)]@" (x) da n Jo Jo K (@, y)e~ (x)¢™ (y) dydz
ng—i_H%Q(Q) ng—i_H%Q(Q) 7
JolLale™] + ag* (@)p* (z) dz _ A
N HSDJFH%%Q) N

Thus, there exists a non-negative continuous ¢ so that
Lolel(x) + (a(z) + Ap)p(z) =0 in Q.
Since A\, < Ay, we can argue as above and get the desired contradiction. Hence, A, = Ay = A\, = )\;.

O
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3.2 The unbounded case:

Now let © be an unbounded domain. From Lemma Bl and Remark 2], we already know that
Ny(Lg 4 a) < X (Lg, +a) < Xp(Lg, +a).
To complete the proof of Theorem [[.2, we are then left to prove that
)‘;)(’CQ +a)= )‘Z(EQ +a) =A(Lg +a) = A(Lg + a),

when L, +a is self-adjoined and the kernel K is such that p(z) := [, K(z,y) dy is a bounded function
in Q. To do so, we prove the following inequality :

Lemma 3.4. Let Q be an unbounded domain and assume that a and K satisfies (L1)—(L9). Assume
further that K is symmetric and p(z fQ (z,y)dy € L>®(Q2). Then, we have

(L, +a) < l,gfgf Ao(Lg, +a) < N, (L, + a),
where Qy, = (2N Bp)nen and By, is the ball of radius n centred at 0.

Assume that Lemma [34 holds and let us end the proof of Theorem

Proof of Theorem :
From Lemma Bl and B4l we get the inequalities:

ILm Ao(Lg, +a) S N(L,, +a) < XN(Ly +a) < Ap(Lg, +a),
(L, +a) < li_)m Ao(Lg, +a) < )\;(EQ +a) < )\Z(EQ +a),
with €, := QN B, (0). Therefore,
nl;rrgo MLy, +a) = X, (L, +a) = XN (L, +a) =N (L, +a) = N\p(L, + a).

It remains to prove that A\, (L, + a) = A\,(L,, + a).
By definition of \J(L,, + a), we check that

ALy +a) <N (Ly, +a) = Np(Lg, +a).

On the other hand, by definition of \,(£L,, + a), for any § > 0 there exists @5 € L?(£2) such that

5 [oso K (@, 9)(ps(z) — @5(y))? dydz — [o(a(z) + p(x))e3(z) dz < A(Lota)
sz
Define
7 - 3 Jawan K(@,9)(ps(x) = 05(y))* dydz — [ (a(z) + pr(z))pi(z) dz
R(%) = )

H(P5H%2(QR)
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with pr(x) = ‘[QR K (x,y)dy. Since img .o pr(x) = p(z) for all # € Q, a € L™ and s € L*(Q), by
Lebesgue’s monotone convergence Theorem we get for R large enough

- / (a(e) + pr())¢h(@) do < 55220y / (a(a) + p(2))¢3 (@) da.
Qp Q

Thus, we have for R large enough

5 [foxa K@, 9)(0s(x) — 0s5(y)? dydz — [ (a(z) + p(z))p;(z) da
lesll2 0y

Zr(ps)

IN

)

||Q0(5H%2(Q)
>~ 27()\1)(59 + a) + 5) + 57
H(P5HL2(QR)

< \o(L, + a) + C,

for some universal constant C' > 0.
By definition of Ay (L, . + a), we then get

Ao(Lg, +a) < Tr(ps) < Ao(L, +a) +C5  for R large enough.

Therefore,
Rli_r)réo Ao(Ly, +a) < A(Ly, +a) + CO6. (3.6)

Since (3.6) holds true for any 0, we get
lim A\, (L, +a) < \(L, + a).
R—oc0 R

As a consequence, we obtain

(L, +a) = Jim A, (Ly, +a) < A(Lg + a) <N (Lg +a) = \(L, + a),
which enforces
Mo(Ly, +a) =N (L, +a).
O

We can now turn to the proof of Lemma[3.4l But before proving this Lemma, we start by showing
some technical Lemma in the spirit of Lemma 2.6 in [9]. Namely, we prove

Lemma 3.5. Assume Q is unbounded and let g € L>(Q2) be a non negative function, then for any
Ry > 0, we have

\[Qm(BRO+R\BR) 9 —0

lim
R—0o0 fQﬁBR q
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Proof. Without loss of generality, by extending g by 0 outside  we can assume that Q = RY. For
any Ro, R > 0 fixed, let us denote the annulus Cg, r := Bry+r \ Br. Assume by contradiction that

lim LCRO Y

> 0.
R—o0 fBR q

Then there exists € > 0 and R. > 1 so that

jmeRg >e.
fBR 9

Consider the sequence (R, )nen defined by R, := R. + nRy and set a, := fCR w9 For all n, we
0:4'n

VYR > R.,

have Cry,r, = BR,., \ Br, and

n
BRn+1 = Bp. U (U CRO,Rk> :
k=0

From the last inequality, for n > 1 we deduce that

n—1
anze/ gZeZak.
Brp k=0

Arguing now as in [9],by a recursive argument, the last inequality yields
Vn>1, a,>cag(l+e)" L (3.7)

On the other hand, we have
_ N
= [ 9= lglelCron,| < don®
Rg,Rn

with dy a positive constant, contradicting thus (3.7).

We are now in a position to prove Lemma [3.41

Proof of Lemma [3.]] : The proof follows some ideas developed in [11] O 29, [31]. To simplify the
presentation, let us call A, = A\, (L,, +a) and X, = (L, + a).
First recall that for a bounded domain €2, we have

-

Let (Bp)nen be the increasing sequence of balls of radius n centred at 0 and let Q,, := QN B,,. By
monotonicity of A, with respect to the domain, we have

AP('CQ + a) < AP(‘CQ,L + a) = Av('cgn + a)
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Therefore
(L, +a) < lirginf Ao(Lg, +a).

Thanks to the last inequality, we obtain the inequality A,(L,, + a) < A,(L,, + a) by proving that

liminf X\, (L, +a) <N, (L, +a). (3.8)

n—oo

To prove ([B.8)), it is enough to show that for any § > 0
liniinf Ao(Lg, +a) <N (Lg, +a)+ 0. (3.9

Let us fix 0 > 0 and let us denote p := \,(L,, + a) + J. By definition of (L, + a) there exists a
function ¢ € C(Q2) N L>(§2), ¢ > 0 satisfying

Lolel(z) + a(z)e(@) + pe(z) 20 in Q. (3.10)

Without loss of generality, we can also assume that ||¢[| e ) = 1.
Let 1g, be the characteristic function of 2, = QN B, and let w, = ¢lg,. By definition of
Ao(Lg,, + a) and since wy, € L?(Q,), we have

M(La, + @wnla,) < [ (~La,lwnle) = a@)un (o)) un(a) da. (3.11)

n

Since L, [p|w, € LY(2,), from @BII) and by using E.I0) we get

M(Ea, + llnlfaay < [ (~Lo, lwnl(e) = a@wn(e) = o+ pon) wn (o) do

n

< ol + [ (~La, lunl(o) + Lol @) wa (o) d

n

< w20, +/Q </Q\Q K(z,y)e(y) dy) wn () da,

< /‘HwnH%?(Qn) + In,
where I,, denotes

I, ::/ ( K(w,y)w(y)dy> o(z) dz.
n A\

Observe that we achieve (3.9]) by proving

I
lim inf —="— =0. (3.12)
=00 H@‘p(gm

Recall that K satisfies (L9)), therefore there exists C' > 0 and Ry > 0 such that
K(z,y) < Clgy(Jx —yl|)). So, we get

I, S/ (/ K(z,y)e(y) dy) wp(z) dz. (3.13)
Q2 \JN(Bry1n\Bn)
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By Fubini’s Theorem, Jensen’s inequality and Cauchy-Schwarz’s inequality, it follows that

1/2

1/2 9
I, < (/ soQ(y)dy) </ ( K(w,y)so(cv)dw> dy) :
QN(BRry+n\Bn) QN(Bry+n\Bn) \JQ
1/2
< 2 K2(x,9)0 (x dm) dy ,
(. ( / B (f K

1/2
< llellz2@n(Brysn\Ba)) (/QOB </QOB . )KQ(m,y) dy> % (x) dx) .
n Rp+n n

Since K and p are bounded functions, we obtain
In < |KlsslIpllsc el L2 @n(B Ry \Ba) 1€l L2(0NB.) - (3.14)
Dividing (3I4]) by H(pH%Q(Qn), we then get

I, el z2@n(Bry 40 \Ba))

H(P“Lz(g N ||80||L2(QmBn)

Thanks to Lemma B.5] the right hand side of the above inequality tends to 0 as n — oco. Hence, we
get

liminf A\, (L, +a) < p+ liminf =\N(L, +a)+6. 3.15
Since the above arguments holds true for any arbitrary 5 > 0, the Lemma is proved. U

Remark 3. In the above proof, since w = ¢lq, € L*(Q) and L,[wy,] = L, [wy], the inequality
I is true with X\, (L, + a) instead of A\,(L,, + a). Thus, we get immediately

Mo(Lo +a) < XLy, +a).

When N = 1, the decay restriction imposed on the kernel can be weakened, see [31]. In particular,
we have

Lemma 3.6. Let Q be an unbounded domain and assume that a and K satisfy (L1)—(LS8]). Assume
further that K is symmetric and K satisfies 0 < K(z,y) < C(1+ |z —y|)~* for some a > 3. Then
one has

Ap(L, +a) < %ﬂﬂf oLy, +a) < N, (L, + a),

where Qp, := QN (—n,n).

Proof. By arguing as in the above proof, for any § > 0 there exists ¢ € C(22) N L>(2) such that
Lolel+ (a+ M (Ly, +a)+0)p(x) >0 in Q.

and
AL, + a)HwnH%?(Qn) < MHwnH%Q(Qn) + In,
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where p 1= A\p(Ly, +a) +9), wn == ¢1(_p, ) and I, denotes

I ::/ ( K(w,y)w(y)dy> o(x) dz. (3.16)
n N\,

As above, we end our proof by showing

1
lim inf ——"— = 0. (3.17)
=00 H@‘p(gm

Let us now treat two cases independently:

Case 1: ¢ € L*(Q)

In this situation, again by using Cauchy-Schwarz’s inequality, Jensen’s inequality and Fubini’s The-

orem, the inequality (BI6]) yields
1
2
/ ( K*(z,y) dl’) ¥*(y) dy] :
o, \Ja,

Recall that K satisfies K(z,y) < C(1+ |z —y|)~® for some C' > 0 and « > 3/2, therefore p(y) :=
fQ (z,y) dx is bounded and from the latter inequality we enforce

I <@l 2@,

I, < Cllellr2@vamllellizzn)

Thus,
el L2 @\0n)

1
liminf ——"— < liminf
S Ty — o el

=0.
Case 2: ¢ ¢ L*(Q)

Assume now that ¢ ¢ L2(f2), then we argue as follows. Again, applying Fubini’s Theorem and
Cauchy-Schwarz’s inequality in the inequality ([B.16]) yields

I < el [/m ((/ K ds) >so<y>dy+/m+ ((/ K ds) )wy)dy],

< llellzzn | I + 1] (3.18)

. . _ . 3
Recall that by assumption there exists C' > 0 such that K(z,y) < C(1+ |z —y[)™ with o > 5

So, we have
%
I, <C ((/ (1+ e —yl) > dw) ) ¢(y) dy,
(QNR=)\Dn Qn

1
- n 2
Ir<c ((/ (1+]z—y))> dsv) ) o(y) dy.
(QNRT)\Qy, _n
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To complete our proof, we have to show that — 0. The proof being similar in both cases,

Iy
||4P||L2(Qn)

7
so we only prove that —22—— — 0. We claim that
||80||L2(Qn)

Claim 3.7. There exists C' > 0 so that for all n € N,

/(QHR+)\Qn ((/n(l + o =y dm) %> p(y)dy < C.

Assume for the moment that the claim holds true, then from (B.I8]), we deduce that

1, C
2" < — 0 when n — oo.
HSDHLQ(QR) HSDHLQ(Qn)
Hence, in both situation, we get
1
liminf A\, (£, +a)<p+liminf ————=X.(L, +a)+ 6

Since § > 0 can be chosen arbitrary, the above inequality is true for any § > 0 and the Lemma is
proved.

]
Proof of the Claim. Since ¢ € L*°(Q2) and y > n then <y and we have
%
7t < el [ (( JRCETETRY ) d,
QNRH\Q,, "
+o0o n 9 %
<ol [ ([ asy-0=a) ) an
lelloo [T ol
< = 1 —n) "2
SrEA (1+y—mn) Y,
+oo
< C/ (1+ z)faJr% dz.
0
]

4 Asymptotic behaviour of the principal eigenvalue under scaling

In this section, we investigate further the properties of the principal eigenvalue \,(L,, + a) and in
particular its behaviour with respect to some scaling of the kernel K ((Proposition [[.3]) and Theorem
[L4)). For simplicity, we split this section into two subsections, one dedicated to the the proof of
Proposition and the other one dealing with the proof of Theorem [[L4l Let us start with the
scaling invariance of L, + a, (Proposition [[3))
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4.1 Scaling invariance

This invariance is a consequence of the following observation. By definition of A\,(L,, + a), we have
for all A < A\,(L,, + a),
Lole)(x) + (a(z) + MNe(z) <0 in

for some positive ¢ € C(Q). Let X = oz, Q, := 20 and ¢(X) := ¢(cX) then we can rewrite the
above inequality as follows

/QK <§,y> o(y)dy + (a (é) + N (é) <0 forany X €9,

/QK <§,y> o(y)dy + (as(X) + N)Y(X) <0  for any X €y,

/Q Ko (X, Y)Y )dY + (as(X) + Np(X) <0 forany X € Qy,

with Ko(z,y) = %NK(%, 2) and a(x) := a(Z). Thus 1 is a positive continuous function that
satisfies
L, W)+ (a:(z) + \(z) <0 in Q.

Therefore, A < \,(L, o, + a,) and as a consequence

MLy +a) SAp(L,q, + o)

,Q0

Interchanging the role of A\,(L, +a) and A\y(L, , + a,) in the above argument yields
ALy +a) 2 Ap(L, o, + aq).

Hence, we get

(Lo +a) = X(L,q, + o).

,Q0

O—m

4.2 Asymptotic limits of )\, <£(,7m79 _ L + a)

Let us focus on the behaviour of the principal eigenvalue of the spectral problem
M, olel+(@+N)e=0 in Q,

where

1

M, alél = o ([ el = oty = o))

with J,(2) := JLNJ (£). Assuming that 0 < m < 2, we obtain here the limits of Ap(Mo,, + a) when
o — 0 and o0 — oco. But before going to the study of these limits, we recall a known inequality.

27



Lemma 4.1. Let J € C(RY), J >0, J symmetric with unit mass, such that |z|*J(z) € L*(RY) .
Then for all ¢ € H} () we have

1
- [ ([ 3= netnds = o) plordo < 5 [ TGP Tl
o \Ja 2 Jry
Proof. Let ¢ € C2°, then by applying the standard Taylor expansion we have

1
olx+z) —p(x) = / zi0jp(x +tz) dt (4.1)

0

1 1
= z;0;p(x) + / t (/ 2205 (x + ts2) ds> dt (4.2)
0 0

where use the Einstein summation convention a;b; = Zf\il a;b;.
Let us denote

I(yp) = —/Q </Q J(x —y)p(y) dy — w(w)> o(x) dz.

Then, for any ¢ € C.(Q2), » € C.(RY) and we can easily see that

7o) =5[], 7@ = 0)(e(o) = () dady.

By plugging the Taylor expansion of ¢ ([AJ]) in the above equality we see that

%//RQN J(2)(p(z + 2) — @(x))? dzdx = %/]RN /RN J(2) </01 zi0ip(x + tz)dt>2 dzdx,
e (rzir J ool + o)fal ) dzda,

! - 2 -~ ! 4 2
3 //RN J(2) (2 ) [Z;/O [isp( + t2)| dt] dzda

where we use in the last inequality the standard inequality (3, a;b;)? < (o8, a?)(3°N | b2).

i=1% i=1"%
So, by Fubini’s Theorem and by rearranging the terms in the above inequality, it follows that

IN

IN

1
I(p) = 5 (/ J(2)|=[? dZ) IVl 2(0)-
RN

By density of C2°(Q) in H}(€2), the above inequality holds true for ¢ € H}(f2), since obviously the
functional Z(y) is continuous in L?(£2).
O
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Let us also introduce the following notation

z

@) = ot (2)0 )= [daemndn Da) = [ IR

g

 Jpedt@)da 1 o) ~ D) da
AR = Ty e g,
Lie) = 22 do Un To =)o) dy — o) o) dz)
ol
2 X X
() = Dy(J) Jo Vel (2)d _

2 el

With this notation, we see that

)\U -Mo'm - inf Zam )
(Moma +a) oo m(®)

and by Lemma ET], for any ¢ € H}(Q) we get

Lom(p) <0 T () — Algp). (4.3)

We are now in position to obtain the different limits of A,(Mgyma +a) as 0 — 0 and o0 — oo.
For simplicity, we analyse three distinct situations: m = 0,0 < m < 2 and m = 2. We will see that
m = 0 and m = 2 are ,indeed, two critical situations.

Let us first deal with the easiest case, that is, when 0 < m < 2.

4.2.1 The case 0 < m < 2:
In this situation, we claim that

Claim 4.2. Let Q2 be any domain and let J € C(R") be positive, symmetric and such that |z|?J(z) €
LY(RY). Assume further that J satisfies (LZ)—(L9) and 0 < m < 2 then

lim A\,(Mgma+a) =—supa
o—0 Q
1 (Mo ) = ~spa

Proof. First, let us look at the limit of A\, when o — 0. Up to adding a large positive constant to the
function a, without any loss of generality, we can assume that the function a is positive somewhere
in Q.

Since Mg m 0 + a is a self-adjoined operator, by Theorem and (3, for any ¢ € H}(Q) we
have

Ap(Moma +a) = M(Mgma +a) < Lym(p) <o T (p) — Alp).

Define v := supg, a, and let (2,)nen be a sequence of point such that |v — a(z,)| < 1. Since a is
positive somewhere, we can also assume that for all n, z,, € I' := {x € Q| a(z) > 0}.
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By construction, for any n > 0, there exists p, such that B,(z,) C I' for any positive p < py.
Fix now n, for any 0 < p < p,, there exists ¢, € H}(Q) such that supp(p,) C B,(zy) and therefore,

2
oy aps(x) dz
limsup A\py(Mgma +a) < —A(p,) = —fBP( n) P < — min a

+
o—0 HSDpH%Q(Q) By(zn) (

By taking the limit p — 0 in the above inequality, we then get

limsup A\p,(Mgm.a +a) < —a(zy).

o—0

Thus,
1
limsup A\p(Mgma +a) < —v+ —.
o—0 n
By sending now n — oo in the above inequality, we obtain

limsup Ap(Mgmao +a) < —v.

c—0
On the other hand, by using the test function (¢, \) = (1, —v) we can easily check that for any
oc>0

Ap(Moma+a) > —v.

Hence,

—v < liminf A\,(Mgm.0 + a) < limsup \p(Mgma +a) < —v.
O—HO b b o-_>0 b b

Now, let us look at the limit of A\)(Mym.0 + @) when o — +oo. This limit is a straightforward
consequence of (iv) of the Proposition Indeed, as remarked above, for any ¢ by using the test
function (¢, A\) = (1, —v), we have

v < Ap(Moma+a)

whereas from (iv) of the Proposition [2.3] we have
1
Ap(Moma +a) < — Sup (—U—m + a> .
Therefore, since m > 0 we have

—v < lim A\p(Mgma +a) < —v.

o—400

O

Remark 4. . From the proof, we obtain also some of the limits in the cases m = 0 and m = 2.
Indeed, the analysis of the limit of A\),(Mg .m0 + a) when o — 0 holds true as soon as m < 2. Thus,

(Moo +a) = —supa  as o — 0.
Q
On the other hand, the analysis of the limit of A,(Mg 0 + a) when o — 400 holds true as soon as

m > 0. Therefore,

Ap(Mpoa+a) = —supa  as o — +o0.
Q
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4.2.2 The case m =0

In this situation, one of the above argument fails and one of the expected limits is not —r any more.
Indeed, we have

Lemma 4.3. Let Q be any domain and let J € C(RY) be positive, symmetric and such that |2|?J(z) €
LYRN). Assume further that J satisfies (L) -(L9) and m = 0 then

lim A\p(My 0.0 +a) = —supa
o—0 Q

Ugrfoo Ap( Moo +a)=1-— sgpa
Proof. As already noticed in Remark [ the limit of A,(M 00 + a) when o — 0 can be obtained by
following the arguments developed in the case 0 < m < 2.
Therefore, it remains only to establish the limit of \,(My 0.0 + a) when o — oco.
As above, up to adding a large positive constant to a, without any loss of generality, we can
assume that a is positive somewhere in 2 and we denote v := supga > 0. By using constant test
functions and (iv) of the Proposition 23] we observe that

—v < ANMyoa+a)<1l—-v, forall o>0.

So, we have
limsup Ap(Myo0+a) <1 —w.

T—00

On the other hand, for any ¢ € C.(2) we have for all o,

Loale) [ ) == [ ([ gnto = ey - o)) el - [ ag?e)
— [ gt = netaowisdy + [ Py~ [ ape)da

Q

> —lellz2 @) (/Q (/Q Jo(z = y)p() dw>2 dy) " +/ﬂ<p2(w) dw—sgpa/ﬂcpz(w) dr,
> VT llela + | @) de—v [ @a)da,

o}

©? () da.

S

>&¢W@+LW>
= aN/2

Thus, for all ¢ we have

J oo
Zoo(p) > <— UHN/HQ +1—u>.

By density of C.(2) in L?(Q2), the above inequality holds for any ¢ € L%(Q).
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Therefore, by Theorem for all o

VAIBAISS
(Mo +a) =N(Msoa+a) > —% +1—v,

and
liminf \y(My +a) > 1 —v.

o—400
Hence,

1 —v <liminf A\)(My 00 +a) < limsup \,(Msoa+a) <1—w.
o—+00 o—+00

O

To conclude this subsection, we analyse the monotonic behaviour of A\, (M, 00 + a) with respect
to o in the particular case Q = RYV. More precisely,

Proposition 4.4. Let Q@ = RN, a € C(RY) and J € C(RY) be positive, symmetric and such
that |z|2J(z) € LYRY). Assume further that J satisfies (LZ)-(L9), m = 0 and a is symmetric
(a(z) = a(—=x) for all x) and the map t — a(tx) is non increasing for all x,t > 0. Then the map
o — A\y(0) is monotone non decreasing.

Proof. When © = R, thanks to Proposition [3} we have
MM ory +a) = Ap(My g gy + ag(T)).

Since the function a,(z) is monotone non increasing with respect to o, by (i) of Proposition 23] for
all ¢ > o™ we have

Ap(Mge g riv + @) = Ap(My g g + @+ () < Ap(My gry + g (7)) = Ap(Mg o gy + a).

4.2.3 The case m = 2

Finally, let us study the case m = 2 and end the proof of Theorem [[.4l In this situation, we claim
that

Lemma 4.5. Let Q be a domain, a € C() and let J € C(RYN) be positive, symmetric and such that
|z|2J(2) € LY(RYN). Assume further that J satisfies (LT)~(L3) , a € C%%(Q) with a > 0 and m = 2
then

lim A\y,(My20+a)=—supa,
Q

o—+o0
lim A, (M0 +a) = <WA ta, Q> , (4.4)
where . .
Koy = 68| SN71(5.61)2 ds = v
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and

A1 (K2, nDo(J)A +a, Q) = inf Ko nT () — Alp).
PEHG (Q),970

Proof. In this situation, as already noticed in Remark @] by following the arguments used in the case

2 >m > 0, we can obtain the limit of \,(Mgy20 + a) as 0 — co. So, it remains to prove (4.4]).

Let us rewrite Z,2(y) in a more convenient way. Let p,(z) := mJg(z)|z|2, then for ¢ €

H(Q), we have

o1 e )o@) — () dedy) - Ro() —
Taall) = [ (352 [ el = )iote) ~ p)? dady) - Re(i) = Ao,

) — 2
L (2D ] e DI ) ) o)

B HSDH%2(Q) |z —

We are now is position to prove ([@4]). Let us first show that

Ko nDo(J
limsup A\,(Mg20 +a) <\ <%2()A + a, Q> .
o—0

This inequality follows from the two following observations.
First, for any w C 2 compact subset of 2, we have for ¢ small enough

po(x) = / Jo(x —y)dy=1 forall ze€w.
Q

Therefore, for ¢ € C°(Q2) and o small enough,
1

Roa() = 5115
e

/(po(sv) —1)p*(z)dx = 0.
Q

Secondly, by definition, p, is a continuous mollifier such that

po >0 in RV
fRN po(2)dz =1, Vo >0,
lim,_yq f|z|26 po(2)dz =0, V§>0,

which, from the characterisation of Sobolev spaces in [13| [I4] [54], enforces that

o0 |z —y|
Thus, for any ¢ € C°(92)
limsup Ay (Moo, +a) < im Tos(p) = Ko nT () = Al)-

o—0
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From the above inequality, by definition of A\; (MA + a, Q), it is then standard to obtain
Koy nDo(J
limsup Ap(Mgo.0 +a) < Ay KowDalJ) a,Q ).
o—0 7, 2

To complete our proof, it remains to establish the following inequality

<K2,ND2(J)
2

A1 A+ a, Q) <liminf A\,(Mgs2.0 + a).

o—0

Observe that to obtain the above inequality, it is sufficient to prove that

Ko nDo(J
A\ < %ﬂ) Ata, Q> < liminf Ay (Moo +a) +26 forall 6> 0. (4.10)
o—r

Let us fix § > 0. Now, to obtain (AI0)), we construct adequate smooth test functions ¢, and
estimate Ko nJ (¢o) — A(ps) in terms of A\p(My20 + a),d and some reminder R(o) that converges
to 0 as 0 — 0. Since our argument is rather long, we decompose it into three steps.

Step One: Construction of a good the test function
We first claim that, for all o > 0, there exists ¢, € CZ°(£2) such that
M, ol0ol(x) + (a(z) + Ap(Mooa +a) +20)ps(x) >0 forall z€Q.

Indeed, by Theorem [[L2] we have \)(Mq 2.0 + a) = A\j(My 2.0 + a), therefore for all o, there exists
Yy € Ce(€2) such that

./\/10’279[1/)0](3:) + (a(z) + Apy(Mooa+a) +90)Ys(x) >0 forall zel.
Since 1, € C.(€2), we can easily check that
N [o](x) + (a(z) + Ap(Mpaq +a) + )y (x) >0 forall zeRYN.

Now, let  be a smooth mollifier of unit mass and with support in the unit ball and consider 7, :=
TLNU (%) for 7 > 0.

By taking @y := 77 * 15 and observing that M_, .\ [fo](x) = nr x (M, [ts])(x) for any
z € RV, we deduce that

T % (MGMN (W] + (a(2) + Ap(Moo + a) + 5)%) >0 forall zeRY,
M072’RN [(Po](x) + (Ap( Moo+ a) +0)Po(x) + 17 % (atps)(x) >0 forall =z € RN,

By adding and subtracting a, we then have, for all z € RY,
M, 50)(0) + (@(0) + (Mg + @)+ 8)0 @) + [ el = ) (0)(aly) = ala)) dy > 0.
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For 7 small enough, say 7 < 79, the function ¢, € C2°(2) and for all z € 2 we have

M lonl(@) = 25 ([ nle = ey = 20(a).
= 5 ([ e = 000 = 0(0)) = Mo o]0,

Thus, from the above inequalities, for 7 < 7, we get for all x € 2,

M, »0|@o](@) + (a(z) + Ap(Mo20 +a) + )@y (2) + /RN e (2 = Yo (y)(aly) — a(x)) dy = 0.

Since a is Holder continuous, we can estimate the integral by

ay) — a(z)

’y—.%"a |$—y|ady,

[ el = wntiats) ~ ateD ds| < [ oo = n)vatn

< KT (),

where k is the Holder semi-norm of a. Thus, for 7 small, says 7 < inf{(%)l/a ,T0}, we have
M., olPo](®) + (a(z) + A\p( Moo +a) +26)@s () >0  forall z €. (4.11)

Let us consider now ¢, := y@,, where « is a positive constant to be chosen. From ({II]), we
obviously have

M, olesl(®) + (a(r) + \p(Mo20 +a) +20)ps(z) >0 forall =z € Q. (4.12)
By taking v := %, we get
fRN 7/%27(5'3) dx

[Ty 1. (4.13)

Step Two: A first estimate of \;

Now, by multiplying M, , ,[@s] by —¢, and integrating over 2, we then get

- [ Maaledeota / [ 329ela = 0)ons) = oalaeale)dyds, (119
~5m | /R o ol = 0)(2n 0) = o (0)? dody (1.15)
_ D) (0o 2+ 2) = o @)
== //RNxRN po(2) e dzdz. (4.16)
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By combining ([@I1]) and (£I6]) we therefore obtain

Do) At @) [
Dt //RNXM”’” R dzd /RN (2)% (2) d

< OvMazn+0)+20) [ @e)de. (@17)

On the other hand, inspired by the proof of Theorem 2 in [I4], since ¢, € C°(RY), by Taylor’s
expansion, for all z,z € RY, we have

|oo (T + 2) — po(z) — 2- Vo (x)] < Z |z /Olt </01 03P (x + ts2)| ds) dt.

1,7
Therefore,
1 1
2 Veo@) < 3 Jas] /O t( /0 \aijmxﬂsz)rds) 0t + 190 + 2) — pol@)],
1,

and for every 6 > 0 we have

2
1 1

|2 Vo (2)]* < Cy leizy'l/ t</ Iaz'j%(ertSZ)ldS) dt] + (140)|ps(x + 2) — o (2)]%,

i 0 0

1,7

< Oy Z |zizj|2 // t2|6ijg00(x + tsz)|2 dsdt + (14 0)|¢s(z + 2) — gpa(x)|2.
[0,1]2

Thus, by integrating in z and z over RY x RV, we get

pelz) : z)|? dzdx z |Zizj|2 2105500 (x + tsz)|* ds zdx

// 22 |2 - Vg (2)]” dzd SCG//PU(| |)ZZ]: EE (//[071}22? 10550 (x + tsz)|" d dt) dzd
T+ z)— z)|?

1) [[ eIt el

|22

For o small, supp(p,) C B1(0), and we have for all x € R,

o\ |2
/RN - \312’) 12 - Vo (2)|? dz = Ko n|Vio ()%

whence,

0|2
KQ,N/ Vo (z)|>de < Cy //pg(\z])z \zlzé\ // t20;p0 (x + tsz) > dsdt | dzdx
RN i || [0,1]2
_ 2
T1+0) //p0(|z|)\4pg(aﬂ+z) #o(2)] dzdzx.

|22

(4.18)
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Dividing (£I8)) by HQDJH%Q(Q) and then subtracting A(y,) on both side, we get

KanT(#0) = Alps) < R(o) + (1 +0)Ls2(¢0), (4.19)
where R(0) is defined by

|2iz; ] 2 2
R(o) = // (Iz]) // t°10ij 00 (x + tsz)|” dsdt | dzdx.
umm 2T \ o1

By combining now ([@I9) with (ZI7), by definition of A\ <K2’NfD2U)A +a, Q), we obtain

A (I(&NfD?(‘])A +a, Q> < R(0) + (14 0)[\p(Myaq +a) +26). (4.20)

Step Three: Estimates of R(c) and conclusion

Let us now estimate R(c) and finish our argument.
By construction, we have 0;;¢0, = 0;j1: * 5. So, by Fubini’s Theorem and standard convolution
estimates, we get for o small

< Z/ // po(| |Zsz2| 2 </ |8ij777—*¢o($ +tsz)|2 d$> dtdsdz,
7 <1 o2 || RN

2%
/ . /Olpo\ (1) Z‘ 2tz | 19201 s a1 Py

21920 s ey o 2 vy / poll2D)]2 dz.

|z[<1

IN

| /\

Combining this inequality with (£.20]), we get

Ko nD
" <MA+CL, Q> < (1 +0)[Mp(Mo2,0 + a) + 29]

2
2
L 2Co [¥ol72 @y
2Ny [ palle)la P
I 0'HL2(Q |z|<1
Since ¢, € C°(Q), HQDJH%Q HSDUHL?(RN and thanks to (£I3]), the above inequality reduces to

\ (KZNDQ(J)
! 2

A+ a, Q) < (1 +0)[Ap( Moo+ a) + 26]

QC
STl [ pollslzd= (421

|z[<
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Now, since f\z\<1 po(|2])|2]2dz < 02, letting o — 0 in (@2]) yields

<K2,ND2(J)
2

A A +a, Q) < (14 6)[28 + lim inf A (Moo + a)l. (4.22)
o—r

Since ([4.22]) holds for every 6, we obtain

\ (KQ,NDQ(J)
| (BanDat)

A+ a, Q> <liminf A,(Mgy 2.0 + a) + 26.
2 o—0 =

5 Asymptotics of ¢,

In this last section, we investigate the existence of a positive continuous eigenfunction ¢, , associated
to the principal eigenvalue \p(Mey 20 + a).

The existence of such a ¢, , is a straightforward consequence of the existence criteria in bounded
domain (Theorem [22) and the asymptotic behaviour of the principal eigenvalue (Theorem [[.4]).

Indeed, assume first that 2 is bounded, then since a € L*°(2), there exists oy such that for all

USUOa

1 Ko nD

— —supa > 1+ |\ (MA—FG,Q)‘.
Q

o2 2

Now, thanks to A\,(Mg20 +a) = A\ <K2’NfD2(J)A + a, Q), for o small enough, says o < o1, we

get
KonDs(J
MM +a) <1+ [N (MA +a, Q) ‘ .

2

Thus, for o < inf{oy,00},
1
Ap(Mo2a+a) < — —supa,
o Q
which, thanks to Theorem 2.2] enforces the existence of a principal positive continuous eigenfunction
©po associated with A\p(My 20 + a).
From the above argument, we can easily obtain the existence of eigenfunction when €2 is un-

bounded. Indeed, let 2y be a bounded sub-domain of © and let v := sup{|A1 ()] ;|1 (2)]}. Since

a is bounded in €2, there exists oy such that for all o < oy,

1
— —supa >2+7.
a Q

As above, since A\p(Mg 2.0, +a) = A1 (€), there exists o1 such that for all o < o1 we have
Ap(Meoo0, +a) <1+7.

For any bounded domain €' such that Qy C ' C Q, by monotonicity of A\,(My 2o + a) with
respect to €, for all o < o1 we have

Mp(Mooar+a) <147.
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Therefore, for all o < oy := inf{og, 01}, we have

1
MpMooar +a)+1< — —supa,
g Q/

and thus, thanks to Theorem 2.2 for all 0 < o9 there exists ¢, , associated to Ap(My 2.0/ + a).

To construct a positive eigenfunction ¢, , associated to A\p(My 2,0+ a), we then argue as follows.

Let (£2,,)nen be an increasing sequence of bounded sub-domain of €2 that converges to Q. Then, for
all 0 < o9, for each n there exists a continuous positive function ¢, , associated to A\,(My2.0, + a).
Without any loss of generality, we can assume that ¢, is normalised by ¢, (xg) = 1 for some fixed
xo € . Since for all n,\,(My2q, +a)+1< (%2 — supgq, a, the Harnack inequality applies to ¢y,
and thus the sequence (¢, )nen is locally uniformly bounded in C° topology. By a standard diagonal
argument, there exists a subsequence, still denoted (¢)nen, that converges point-wise to some non-
negative function ¢. Thanks to the Harnack inequality, ¢ is positive. Passing to the limit in the
equation satisfied by ¢, thanks to the Lebesgue dominated convergence Theorem, ¢ satisfies

M, ,olel(x) + (a(x) + Apo(Mo2a +a))p(x) =0 forall z e

Since a is continuous and ((a(x) + Ap,o(Mo2,0 4+ a)) — ) < 0, we deduce that ¢ is also continuous.
Hence, ¢ is a positive continuous eigenfunction associated with A, o(Ms2.0 + a).

Remark 5. We observe that such arguments hold also for the operators My, o + a with 0 <
m < 2, since in such cases, A\,(0) < +oo for all o and —supQ(—U—l2 + a) — 4oo. Thus, when

0 < m < 2, for o(m) small enough, there exists always a positive function ¢, , € C(2) associated
with A\p,(Mgm.a + a).

Finally, let us complete the proof of Theorem by obtaining the asymptotic behaviour of ¢, »
when o — 0 assuming that ¢, , € L*(2). We first recall the following useful identity :

Proposition 5.1. Let p € C.(RY) be a radial function, then for all u € L*(RN),p € C(RN) we
have

//RNX]RN p()[u(z + 2) — u(x)]p(z) dzdr = %// p(2)u(z) A ¢ (z) dzdz,

RN xRN
where
Azlpl(z) = p(z + 2) — 2¢0(x) + p(z — 2).

Proof. Set
I:= //RNX]RN p(2)u(x + z) — u(z)]e(x) dzdz.
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By standard change of variable, thanks to the symmetry of p, we get

-5/ /R o PN+ 2) —u@)ela) + 5 / /R oy Pl = 2) —u(@)e(e),

=5 [ PG+ @l 5 [ pElate) e+ et + ),
1
=5 [, reluta +2) — u@llete +2) = pla)],

! / / o Ppl) — ol = 2)) + / / o PR+ 2) = (),

B % //RNXRN p(2)u(@)[p(z + 2) — 2¢(x) + (x — 2)].

O

Consider now o < 02(€2) and let ¢, , be a positive eigenfunction associated with A, ,. That is

p,o satisfies
M, 5 olopol(@) + (a(z) + Apo)ppo(z) =0  forall €.

Let us normalize ¢y o by [|¢pollr2) = 1.
Multiplying (&.1]) by ¢ » and integrating over €, we get

Da(J) 00 () = epola)]? ;
2 //Mp”(x ) iz — g2 dxdy < /Q(a(w) + Apo)ppo (@) de < C.

(5.1)

Since a and ), , are bounded independently of o < 02(12), the constant C stands for all o < 2(12).

Therefore for any bounded sub-domain Q' C ,

/ / ool — ) (Ppo(¥) = epo®)? ay < C.
[915°394

|z —yl?

Therefore by the characterisation of Sobolev space in [54] 53], for any bounded sub-domain
Q' C Q, along a sequence, ¢, , — ¢ in L?(Q'). Moreover, by extending ¢, , by 0 outside ©, we have

©po € LA(RY) and for any 1 € C2(Q) by Proposition E.11 it follows that

e h //QXRN 'O"(é) Ppo(T)A:[Y)(7) drdz = — / (a(2) +Apo = 14 po(2))dpp,o dr.

2 |2 Q
Recall that ¢ € C2(RY), so there exists C(1)) and R(¢)) such that for all z € RY
Az [¥](x) = 2(V(2))2] < C(@)|2P Lpg, (2).

Therefore, since ¢, , is bounded uniformly in L?(9),

=5 //QN 2r) o @A) (2) — (V2 (x))] dadz < CC w [

— 0.
2 ‘Z’ RN pn(Z)|Z|
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On the other hand, 1 € C?(f2) enforces that for o small enough supp(1 — p,(z)) N supp(yp) = 0.
Thus passing to the limit along a sequence in (5.2]),thanks to (B3]), we get

Dy(J)Ko N /
Q

) p@)A0(a) o+ [ pla)i@)ale) + M) do =0, (5.4)

Q

(B4]) being true for any 1), it follows that ¢ is the smooth positive eigenfunction associated to A\q
normalised by [|¢||r2(q) = 1 = limy 0 ||¢p.o |l 12(0). The normalised first eigenfunction being uniquely
defined, we get ¢ = @1 and ¢, — @1 in L7 (Q) when o — 0.

U

Acknowledgements

The research leading to these results has received funding from the European Research Council under
the European Union’s Seventh Framework Programme (FP/2007-2013) / ERC Grant Agreement
n321186 : ”Reaction-Diffusion Equations, Propagation and Modelling” held by Henri Berestycki. J.
Coville acknowledges support from the ANR JCJC project MODEVOL: ANR-13-JS01-0009 and the
ANR "DEFT” project NONLOCAL: ANR-14-CE25-0013.

References

[1] Marianne Akian, Stéphane Gaubert, and Roger Nussbaum, A collatz-wielandt characteriza-
tion of the spectral radius of order-preserving homogeneous maps on cones, arXiv preprint
arXiv:1112.5968 (2014).

[2] F. Andreu, J.M. Mazén, J.D. Rossi, and J. Toledo, A nonlocal p-laplacian evolution equation
with neumann boundary conditions, Journal de Mathématiques Pures et Appliquées 90 (2008),
no. 2, 201 — 227.

[3] P. W. Bates and G. Zhao, Existence, uniqueness and stability of the stationary solution to a
nonlocal evolution equation arising in population dispersal, J. Math. Anal. Appl. 332 (2007),
no. 1, 428-440. MR MR2319673 (2008h:35019)

[4] H. Berestycki, J. Coville, and H.-H. Vo, Persistence criteria for populations with non-local dis-
persion, ArXiv e-prints (2014).

[5] H. Berestycki, F. Hamel, and L. Roques, Analysis of the periodically fragmented environment
model. 1. Species persistence, J. Math. Biol. 51 (2005), no. 1, 75-113. MR MR2214420

[6] H. Berestycki, F. Hamel, and L. Rossi, Liouville-type results for semilinear elliptic equations in
unbounded domains, Ann. Mat. Pura Appl. (4) 186 (2007), no. 3, 469-507. MR MR2317650
(2008¢:35058)

41



[7]

8]

[17]

[18]

[20]

[21]

H. Berestycki and G. Nadin, Spreading speeds for one-dimensional monostable reaction-diffusion
equations, J. Math. Phys. 53 (2012), 115619.

H. Berestycki, L. Nirenberg, and S. R. S. Varadhan, The principal eigenvalue and maximum
principle for second-order elliptic operators in general domains, Comm. Pure Appl. Math. 47
(1994), no. 1, 47-92. MR MR1258192 (95h:35053)

H Berestycki, J M Roquejoffre, and L. Rossi, The periodic patch model for population dynamics
with fractional diffusion, Discrete Contin. Dyn. Syst. S 4 (2011), no. 1, 1-13.

H. Berestycki and L. Rossi, On the principal eigenvalue of elliptic operators in RN and applica-
tions, J. Eur. Math. Soc. (JEMS) 8 (2006), no. 2, 195-215. MR MR2239272 (2007d:35076)

, Reaction-diffusion equations for population dynamics with forced speed. 1. The case of
the whole space, Discrete Contin. Dyn. Syst. 21 (2008), no. 1, 41-67. MR 2379456 (2009£:35173)

Henri Berestycki and Luca Rossi, Generalizations and properties of the principal eigenvalue of
elliptic operators in unbounded domains, Communications on Pure and Applied Mathematics
68 (2015), no. 6, 1014-1065.

J. Bourgain, H. Brezis, and P. Mironescu, Another look at sobolev spaces, in Optimal Control
and Partial Differential Equations, Citeseer, 2001.

H. Brezis, How to recognize constant functions. connections with sobolev spaces, Russian Math-
ematical Surveys 57 (2002), no. 4, 693.

, Functional analysis, sobolev spaces and partial differential equations, Universitext Series,
Springer, 2010.

Xavier Cabré and Yannick Sire, Nonlinear equations for fractional laplacians, i: Regularity,
mazimum principles, and hamiltonian estimates, Annales de 'Institut Henri Poincare (C) Non
Linear Analysis 31 (2014), no. 1, 23 — 53.

L. Caffarelli and L. Silvestre, Reqularity theory for fully nonlinear integro-differential equations,
Comm. Pure Appl. Math. 62 (2009), no. 5, 597-638. MR 2494809 (2010d:35376)

R. S. Cantrell and C. Cosner, Diffusive logistic equations with indefinite weights: population
models in disrupted environments, Proc. Roy. Soc. Edinburgh, Section: A Mathematics 112
(1989), 293-318.

R. S. Cantrell and C. Cosner, The effects of spatial heterogeneity in population dynamics, J.
Math. Biol. 29 (1991), no. 4, 315-338. MR MR1105497 (92b:92049)

, On the effects of spatial heterogeneity on the persistence of interacting species, J. Math.
Biol. 37 (1998), no. 2, 103-145. MR MR1649516 (99m:92025)

Lothar Collatz, Finschlieffungssatz fiir die charakteristischen zahlen von matrizen, Mathematis-
che Zeitschrift 48 (1942), no. 1, 221-226.

42



22]

[23]

[24]

[25]

[26]

[27]

[30]

[31]

[32]

[35]

[36]

A. Cornea, Finiteness principle and Harnack principle, ICPT 91 (Amersfoort, 1991), Kluwer
Acad. Publ., Dordrecht, 1994, pp. 203-216. MR 1293764 (95m:31006)

A. Cornea and J. Vesely, Martin compactification for discrete potential theory and the mean
value property, Potential Analysis 4 (1995), 547-569, 10.1007/BF01048068.

C. Cortazar, M. Elgueta, J. D. Rossi, and N. Wolanski, How to approrimate the heat equa-
tion with neumann boundary conditions by nonlocal diffusion problems, Archive for Rational
Mechanics and Analysis 187 (2008), no. 1, 137-156 (English).

J. Coville, On a simple criterion for the existence of a principal eigenfunction of some nonlocal
operators, J. Differential Equations 249 (2010), no. 11, 2921 — 2953.

, Harnack type inequality for positive solution of some integral equation, Annali di Matem-
atica Pura ed Applicata 191 (2012), no. 3, 503-528 (English).

, Singular measure as principal eigenfunction of some nonlocal operators, Applied Math-
ematics Letters (2013), no. 26, 831-835.

, Nonlocal refuge model with o partial control, Discrete and Continuous Dynamical Sys-
tems 35 (2015), no. 4, 1421-1446.

J. Coville, J. Davila, and S. Martinez, FExistence and uniqueness of solutions to a nonlocal
equation with monostable nonlinearity, SIAM Journal on Mathematical Analysis 39 (2008),
no. 5, 1693-1709.

J. Coville, J. Davila, and S. Martinez, Pulsating fronts for nonlocal dispersion and kpp nonlin-
earity, Ann. I. H. Poincare — AN (2013), no. 30, 179-223.

J. Coville and L. Rossi, Relations between A1 and N} for nonlocal operators in 1d, private com-
munication.

M. D. Donsker and S. R. S. Varadhan, On a variational formula for the principal eigenvalue
for operators with mazimum principle, Proc. Nat. Acad. Sci. U.S.A. 72 (1975), 780-783. MR
MRO0361998 (50 #14440)

Janos Engldnder and Andreas E Kyprianou, Local extinction versus local exponential growth for
spatial branching processes, Annals of probability (2004), 78-99.

P. C. Fife, An integrodifferential analog of semilinear parabolic PDFEs, Partial differential equa-
tions and applications, Lecture Notes in Pure and Appl. Math., vol. 177, Dekker, New York,
1996, pp. 137-145. MR MR1371585 (97¢:35092)

Shmuel Friedland, Characterizations of the spectral radius of positive operators, Linear Algebra
and its Applications 134 (1990), 93 — 105.

J. Garcia-Melian and J. D. Rossi, A logistic equation with refuge and nonlocal diffusion, Commun.
Pure Appl. Anal. 8 (2009), no. 6, 2037-2053. MR 2552163 (2010k:45002)

43



[37]

[41]

[42]
[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

, On the principal eigenvalue of some nonlocal diffusion problems, Journal of Differential
Equations 246 (2009), no. 1, 21 — 38.

M. Grinfeld, G. Hines, V. Hutson, K. Mischaikow, and G. T. Vickers, Non-local dispersal, Dif-
ferential Integral Equations 18 (2005), no. 11, 1299-1320. MR MR2174822 (2006m:35033)

V. Hutson, S. Martinez, K. Mischaikow, and G. T. Vickers, The evolution of dispersal, J. Math.
Biol. 47 (2003), no. 6, 483-517. MR MR2028048 (2004j:92074)

L. I. Ignat, J. D. Rossi, and A. San Antolin, Lower and upper bounds for the first eigenvalue
of monlocal diffusion problems in the whole space, Journal of Differential Equations 252 (2012),
no. 12, 6429 — 6447.

C-Y. Kao, Y. Lou, and W. Shen, Random dispersal vs. nonlocal dispersal, Discrete and Contin-
uous Dynamical Systems 26 (2010), no. 2, 551-596.

Samuel Karlin, Positive operators, Journal of Mathematics and Mechanics 8 (1959), no. 6.

, The existence of eigenvalues for integral operators, Transactions of the American Math-
ematical Society 113 (1964), no. 1, pp. 1-17 (English).

K. Kawasaki and N. Shigesada, Biological invasions: Theory and practice, Oxford University
Press, 1997.

1920 Krasnoselskii, M. A. (Mark Aleksandrovich), Integral operators in spaces of summable
functions, Leyden : Noordhoff International Publishing, 1976, 1976.

Bas Lemmens and Roger Nussbaum, Nonlinear perron-frobenius theory, no. 189, Cambridge
University Press, 2012.

F. Lutscher, E. Pachepsky, and M. A. Lewis, The effect of dispersal patterns on stream popula-
tions, STAM Rev. 47 (2005), no. 4, 749-772 (electronic). MR MR2212398 (2006k:92082)

G. Nadin, FEzxistence and uniqueness of the solution of a spacetime periodic reactiondiffusion
equation, Journal of Differential Equations 249 (2010), no. 6, 1288 — 1304.

Gregoire Nadin, The principal eigenvalue of a space—time periodic parabolic operator, Annali di
Matematica Pura ed Applicata 188 (2009), no. 2, 269-295.

R. Pinsky, Second order elliptic operator with periodic coefficients: criticality theory, perturba-
tions, and positive harmonic functions, Journal of Functional Analysis 129 (1995), 80-107.

Ross G Pinsky, Positive harmonic functions and diffusion, vol. 45, Cambridge university press,
1995.

Ross G. Pinsky, Transience, recurrence and local extinction properties of the support for super-
critical finite measure-valued diffusions, Ann. Probab. 24 (1996), no. 1, 237-267.

A. C Ponce, An estimate in the spirit of poincarés inequality, J. Eur. Math. Soc.(JEMS) 6
(2004), no. 1, 1-15.

44



[54]

[55]

[56]

[57]

, A new approach to sobolev spaces and connections to I'-convergence, Calculus of Vari-
ations and Partial Differential Equations 19 (2004), no. 3, 229-255.

Luca Rossi, Liouville type results for periodic and almost periodic linear operators, 26 (2009),
no. 6, 2481-2502.

HH Schaefer, A minimazx theorem for irreducible compact operators inl p-spaces, Israel Journal
of Mathematics 48 (1984), no. 2-3, 196-204.

W. Shen and X. Xie, On principal spectrum points/principal eigenvalues of nonlocal dispersal
operators and applications, Discrete and Continuous Dynamical Systems 35 (2015), no. 4, 1665—
1696.

W. Shen and A. Zhang, Stationary solutions and spreading speeds of nonlocal monostable equa-
tions in space periodic habitats., Proc. Am. Math. Soc. 140 (2012), no. 5, 1681-1696 (English).

Wenxian Shen and Aijun Zhang, Spreading speeds for monostable equations with nonlocal dis-
persal in space periodic habitats, Journal of Differential Equations 249 (2010), no. 4, 747 —
795.

Jinggang Tan and Jingang Xiong, A harnack inequality for fractional laplace equations with
lower order terms, Discrete and Continuous Dynamical Systems A 31 (2011), no. 3, 975-983.

P. Turchin, Quantitative analysis of movement: Measuring and modeling population redistribu-
tion in animals and plants, Sinauer Associates, 1998.

Helmut Wielandt, Unzerlegbare, nicht negative matrizen, Mathematische Zeitschrift 52 (1950),
no. 1, 642-648.

45



	Introduction
	Motivations: nonlocal reaction diffusion equation
	Assumptions and Main Results
	Comments and straightforward generalisation
	Notations

	Preliminaries
	Relation between p,p', p'' and v
	The bounded case: 
	The unbounded case:

	Asymptotic behaviour of the principal eigenvalue under scaling
	Scaling invariance
	Asymptotic limits of p(L,m,-1m+a)
	The case 0<m<2:
	The case m=0
	The case m=2


	Asymptotics of p,

