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Abstract We consider the problem of optimality in manifold reconstruction. A random sample X, =
{X1,...,X,} C RP composed of points close to a d-dimensional submanifold M, with or without outliers
drawn in the ambient space, is observed. Based on the Tangential Delaunay Complex [4], we construct
an estimator M that is ambient isotopic and Hausdorff-close to M with high probability. The estimator
M is built from existing algorithms. In a model with additive noise of small amplitude, we show that
this estimator is asymptotically minimax optimal for the Hausdorff distance over a class of submanifolds
satisfying a reach constraint. Therefore, even with no a priori information on the tangent spaces of M,
our estimator based on Tangential Delaunay Complexes is optimal. This shows that the optimal rate of
convergence can be achieved through existing algorithms. A similar result is also derived in a model
with outliers. A geometric interpolation result is derived, showing that the Tangential Delaunay Complex
is stable with respect to noise and perturbations of the tangent spaces. In the process, a decluttering
procedure and a tangent space estimator both based on local principal component analysis (PCA) are
studied.

Keywords Manifold reconstruction, Minimax optimality, Tangential Delaunay Complexes, Decluttering,
Tangent space estimation

1 Introduction

Throughout many fields of applied science, data in R” can naturally be modeled as lying on a d-
dimensional submanifold M. As M may carry a lot of information about the studied phenomenon, it
is then natural to consider the problem of either approximating M geometrically, recovering it topolo-
gically, or both from a point sample X, = {Xj,...,X,}. It is of particular interest in high codimension
(d < D) where it can be used as a preliminary processing of the data for reducing its dimension, and then
avoiding the curse of dimensionality. This problem is usually referred to as manifold reconstruction in
the computational geometry community, and rather called set/support estimation or manifold learning in
the statistics literature.
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The computational geometry community has now been active on manifold reconstruction for many
years, mainly in deterministic frameworks. In dimension 3, [17]] provides a survey of the state of the art.
In higher dimension, the employed methods rely on variants of the ambient Delaunay triangulation [12}
4]. The geometric and topological guarantees are derived under the assumption that the point cloud —
fixed and nonrandom — densely samples M at scale €, with € small enough or going to 0.

In the statistics literature, most of the attention has been paid to approximation guarantees, rather than
topological ones. The approximation bounds are given in terms of the sample size n, that is assumed to
be large enough or going to infinity. To derive these bounds, a broad variety of assumptions on M have
been considered. For instance, if M is a bounded convex set and X, does not contain outliers, a natural
idea is to consider the convex hull M = Conv(X,,) to be the estimator. Conv(X,,) provides optimal rates
of approximation for several loss functions [29,20]. These rates depend crudely on the regularity of the
boundary of the convex set M. In addition, Conv(X,) is clearly ambient isotopic to M so that it has both
good geometric and topological properties. Generalisations of the notion of convexity based on rolling
ball-type assumptions such as r-convexity and reach bounds [14,24] yield rich classes of sets with good
geometric properties. In particular, the reach, as introduced by Federer [22], appears to be a key regularity
and scale parameter [10124,28]].

This paper mainly follows up the two articles [4.24], both dealing with the case of a d-dimensional
submanifold M C RP with a reach regularity condition and where the dimension d is known.

On one hand, [4] focuses on a deterministic analysis and proposes a provably faithful reconstruction.
The authors introduce a weighted Delaunay triangulation restricted to tangent spaces, the so-called Tan-
gential Delaunay Complex. This paper gives a reconstruction up to ambient isotopy with approximation
bounds for the Hausdorff distance along with computational complexity bounds. This work provides a
simplicial complex based on the input point cloud and tangent spaces. However, it lacks stability up to
now, in the sense that the assumptions used in the proofs of [4] do not resist ambient perturbations. Indeed,
it heavily relies on the knowledge of the tangent spaces at each point and on the absence of noise.

On the other hand, [24]] takes a statistical approach in a model possibly corrupted by additive noise,
or containing outlier points. The authors derive an estimator that is proved to be minimax optimal for
the Hausdorff distance dg. Roughly speaking, minimax optimality of the proposed estimator means that
it performs best in the worst possible case up to numerical constants, when the sample size n is large
enough. Although theoretically optimal, the proposed estimator appears to be intractable in practice. At
last, [28] proposes a manifold estimator based on local linear patches that is tractable but fails to achieve
the optimal rates.

Contribution

Our main contributions (Theorems [7] [§ and [0)) make a two-way link between the approaches of [4]] and
[24].

From a geometric perspective, Theorem [/| shows that the Tangential Delaunay Complex of [4] can
be combined with local PCA to provide a manifold estimator that is optimal in the sense of [24]. This
remains possible even if data is corrupted with additive noise of small amplitude. Also, Theorems [8|and 9]
show that, if outlier points are present (clutter noise), the Tangential Delaunay Complex of [4] still yields
the optimal rates of [24]], at the price of an additional decluttering procedure.

From a statistical point of view, our results show that the optimal rates described in [24] can be
achieved by a tractable estimator M that (1) is a simplicial complex of which vertices are the data points,
and (2) such that M is ambient isotopic to M with high probability.

In the process, a stability result for the Tangential Delaunay Complex (Theorem[I4) is proved. Let us
point out that this stability is derived using an interpolation result (Theorem [T T)) which is interesting in its
own right. Theorem [I 1] states that if a point cloud 27 lies close to a submanifold M, and that estimated
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tangent spaces at each sample point are given, then there is a submanifold M’ (ambient isotopic, and close
to M for the Hausdorff distance) that interpolates &2, with T,M' agreeing with the estimated tangent
spaces at each point p € &. Moreover, the construction can be done so that the reach of M’ is bounded in
terms of the reach of M, provided that &7 is sparse, points of & lie close to M, and error on the estimated
tangent spaces is small. Hence, Theorem [IT|essentially allows to consider a noisy sample with estimated
tangent spaces as an exact sample with exact tangent spaces on a proxy submanifold. This approach can
provide stability for any algorithm that takes point cloud and tangent spaces as input, such as the so-called
cocone complex [12].

Outline

This paper deals with the case where a sample X,, = {Xi,...,X,} C R? of size n is randomly drawn
on/around M. First, the statistical framework is described (Section[2.T)) together with minimax optimality
(Section[2.2)). Then, the main results are stated (Section 2.3)).

Two models are studied, one where X, is corrupted with additive noise, and one where X, con-
tains outliers. We build a simplicial complex Mrpc(X,,) ambient isotopic to M and we derive the rate of
approximation for the Hausdorff distance d (M, Mrpc), with bounds holding uniformly over a class of
submanifolds satisfying a reach regularity condition. The derived rate of convergence is minimax optimal
if the amplitude o of the additive noise is small. With outliers, similar estimators Mypcs and Mrpcy are
built. Mypc, Mrpes and Mrpc, are based on the Tangential Delaunay Complex (Section , that is first
proved to be stable (Section[d)) via an interpolation result. A method to estimate tangent spaces and to re-
move outliers based on local Principal Component Analysis (PCA) is proposed (Section[5). We conclude
with general remarks and possible extensions (Section[6). For ease of exposition, all the proofs are placed
in the appendix.

Notation

In what follows, we consider a compact d-dimensional submanifold without boundary M C R” to be
reconstructed. For all p € M, T,M designates the tangent space of M at p. Tangent spaces will either
be considered vectorial or affine depending on the context. The standard inner product in R” is deno-
ted by (-,-) and the Euclidean distance ||-||. We let Z(p,r) denote the closed Euclidean ball of radius
r > 0 centered at p. We let A and V denote respectively the minimum and the maximum of real num-
bers. As introduced in [22]], the reach of M, denoted by reach(M) is the maximal offset radius for which
the projection 7y, onto M is well defined. Denoting by d(-,M) the distance to M, the medial axis of M
med(M) = {x e RP|Ja # b € M,||x—al| = ||x—b|| = d(x,M)} is the set of points which have at le-
ast two nearest neighbors on M. Then, reach(M) = plg{/l d(p,med(M)). We simply write 7 for my when

there is no possibility of confusion. For any smooth function @ : R? — RP, we let d,® and d>® de-
note the first and second order differentials of @ at a € RP. For a linear map A, A’ designates its trans-

pose. Let [|Al|,, = sup, H”Ax )ICIH and ||A|| z = /trace (A’A) denote respectively the operator norm induced

by the Euclidean norm and the Frobenius norm. The distance between two linear subspaces U,V C R”
/
of the same dimension is measured by the sine Z(U,V) = max max V) = ||y — v ||, of their
uel vy [lul IV *®

largest principal angle. The Hausdorff distance between two compact subsets K, K’ of R” is denoted by
dy(K,K') = sup,cpo |d(x,K) —d(x,K")|. Finally, we let 2 denote the ambient isotopy relation in R?.
Throughout this paper, C, will denote a generic constant depending on the parameter ¢. For clarity’s
sake, ¢y and Ky may also be used when several constants are involved.
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2 Minimax Risk and Main Results
2.1 Statistical Model

Let us describe the general statistical setting we will use to define optimality for manifold reconstruction.
A statistical model 9 is a set of probability distributions on R”. In any statistical experiment, Z is fixed
and known. We observe an independent and identically distributed sample of size n (or i.i.d. n-sample)
X, = {Xi,...,X,} drawn according to some unknown distribution P € 2. If no noise is allowed, the
problem is to recover the support of P, that is, the smallest closed set C C R” such that P(C) = 1. Let us
give two examples of such models 2 by describing those of interest in this paper.

Let .#p.q p be the set of all compact d-dimensional connected submanifolds M C R? without boun-
dary satisfying reach(M) > p. The reach assumption is crucial to avoid arbitrarily curved and pinched
shapes [[14]. From a reconstruction point of view, p gives a minimal feature size on M, and then a mini-
mal scale for geometric information. Every M € .#p 4 p inherits a measure induced by the d-dimensional
Hausdorff measure on R © M. We denote this induced measure by vy;. Beyond the geometric restricti-
ons induced by the lower bound p on the reach, it also requires the natural measure vy, to behave like a
d-dimensional measure, up to uniform constants. Denote by % (finin, finax) the set of probability distri-
butions Q having a density f with respect to vy such that 0 < fiin < f(x) < finax < oo for all x € M. In
particular, notice that such distributions Q € %y ( finin, fimax) all have support M. Roughly speaking, when
O € Uy (fimin, fmax), points are drawn almost uniformly on M. This is to ensure that the sample visits all
the areas of M with high probability. The noise-free model ¥p g 7, . f....0 cOnsists of the set of all these
almost uniform measures on submanifolds of dimension d having reach greater than a fixed value p > 0.

Definition 1 (Noise-free model) ¥%p 4 7. 1.0 =Uyc Mpap Uni (fmins fmax)-

Notice that we do not explicitly impose a bound on the diameter of M. Actually, a bound is implicitly
present in the model, as stated in the next lemma, the proof of which follows from a volume argument.

Lemma 2 There exists Cq > 0 such that for all Q € 9p q ... frae.p With associated M,

Cy
diam(M) < ———— =: Ky 7. o-
(M) pd 1 fn Jmin:p
Observed random variables with distribution belonging to the noise-free model ¥p 4 1. 7. p lie €x-
actly on the submanifold of interest M. A more realistic model should allow some measurement error, as
illustrated by Figure|lal We formalize this idea with the following additive noise model.

Definition 3 (Additive noise model) For ¢ < p, welet9p 4 y,. ... 0.c denote the set of distributions of
random variables X =Y +Z, where Y has distribution Q € 9p 4.f,.. frwp» a1d || Z|| < & almost surely.

Let us emphasize that we do not require ¥ and Z to be independent, nor Z to be orthogonal to 7y M,
as done for the “perpendicular” noise model of [30L24]. This model is also slightly more general than the
one considered in [28]]. Notice that the noise-free model can be thought of as a particular instance of the
additive noise model, since 9p g 1. #.000 = ID.d, finsfonarsp,G—=0-

Eventually, we may include distributions contaminated with outliers uniformly drawn in a ball %,
containing M, as illustrated in Figure[Tb] Up to translation, we can always assume that M > 0. To avoid
boundary effects, %y will be taken to contain M amply, so that the outlier distribution surrounds M
everywhere. Since M has at most diameter Ky s, . » from Lemma [2| we arbitrarily fix % = %(0,Ko),
where Ky = Ky 7. » -+ p. Notice that the larger the radius of %, the easier to label the outlier points
since they should be very far away from each other.
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(a) Circle with noise:d =1,D =2, 6 > 0. (b) Torus with outliers: d =2,D =3, < 1.

Fig. 1: Point clouds X, drawn from distributions in 9p 4 1,.... fuac.p.c (€f) and Op 47 . ., g (right).

Definition 4 (Model with outliers/Clutter noise model) For 0 < fin < finax <0, 0< B <1, and p >0,
we define Op 4 ¢ . ¢ o g t0 be the set of mixture distributions

P=B0+(1-B)Ug,,

where Q € gD,d,fm,‘n,
P(0,Ko).

p has support M such that O € M, and U g, is the uniform distribution on %y =

fmllX1

Alternatively, a random variable X with distribution P € Op g4 . » g can be represented as X =
VX'+(1-V)X",where V € {0,1} is a Bernoulli random variable with parameter 3, X’ has distribution
N DD d fins frar,p @0d X" has a uniform distribution over %, and such that V,X’, X" are independent. In

particular for ﬁ = 1’ ﬁDsdfmimfmwcapﬁzl = gD-,dJmimfmwmp'

2.2 Minimax Risk

For a probability measure P € &, denote by Ep — or simply E — the expectation with respect to the
product measure P, The quantity we will be interested in is the minimax risk associated to the model
2.Forn >0,

R.(2) =inf sup Ep [dy (M, M)]
M Pe2

where the infimum is taken over all the estimators M = M (Xj ..., X,) computed over an n-sample. R,,(2)
is the best risk that an estimator based on an n-sample can achieve uniformly over the class . It is clear
from the definition that if 2’ C & then R, (2') < R,(2). It follows the intuition that the broader the class
of considered manifolds, the more difficult it is to estimate them uniformly well. Studying R,(2) for a
fixed n is a difficult task that can rarely be carried out. We will focus on the semi-asymptotic behavior
of this risk. As R,(2) cannot be surpassed, its rate of convergence to 0 as n — c may be seen as the
best rate of approximation that an estimator can achieve. We will say that two sequences (ay,), and (b,),
are asymptotically comparable, denoted by a, < b,, if there exist ¢,C > 0 such that for n large enough,
cb, <a, <Cb,.
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Definition 5 An estimator M is said to be (asymptotically) minimax optimal over 9 if

sup Ep [dy (M,M)] < R,(2).
reg

In other words, M is (asymptotically) minimax optimal if it achieves, up to constants, the best possible
rate of convergence in the worst case.

Studying a minimax rate of convergence is twofold. On one hand, deriving an upper bound on R,
boils down to provide an estimator and to study its quality uniformly on &. On the other hand, bounding
R, from below amounts to study the worst possible case in 2. This part is usually achieved with standard
Bayesian techniques [27]]. For the models considered in the present paper, the rates were given in [24,26]].

Theorem 6 (Theorem 3 of [26]) We have,

logn 2/d .
) (Noise-free)

R, (gD,dJmin-,fmux-,P) = < n

and for 0 < B <1 fixed,

1 2/d
ogn ) . (Clutter noise)

Ri’l (ﬁD7d7fmiVL7fW“x7p7ﬁ) = ([;n

Since the additive noise model ¥p 4 f,.. f.....p,c Das not yet been considered in the literature, the behavior
of the associated minimax risk is not known. Beyond this theoretical result, an interesting question is to
know whether these minimax rates can be achieved by a tractable algorithm. Indeed, that proposed in
[24] especially rely on a minimization problem over the class of submanifolds .#p 4, which is compu-
tationally costly. In addition, the proposed estimators are themselves submanifolds, which raises storage
problems. Moreover, no guarantee is given on the topology of the estimators. Throughout the present
paper, we will build estimators that address these issues.

2.3 Main Results

Let us start with the additive noise model ¥p g f,... fuax.p,o» that includes in particular the noise-free case
o = 0. The estimator Mpc is based on the Tangential Delaunay Complex (Section , with a tangent
space estimation using a local PCA (Section [5).

Theorem 7 Mrpc = Mpc (X,) is a simplicial complex with vertices included in X, such that the following

1/d
holds. There exists Aq 5, > 0 such that if 6 < A (]0%) With A < Ag g0 e then

‘,fmlL’C

N logn\ /¢ .
lim P (dH(M,MTDC) < Cufor frap { ( O’fn) VAZ Y and M = M | = 1.

n—yeo

Moreover, for n large enough,

R 1 2/d
sup Eodu (M, Mmc) < Céﬂﬁnimﬁm,l) { (ogn) VA,

n
QegD-,dqum Jfmax,p,0
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It is interesting to note that the constants appearing in Theorem|[7]do not depend on the ambient dimension
D. Since Ry (9.4, fins fraip5) = R (9D, frin. frap ) » WE Obtain immediately from Theorem [7| that Mrpc
achieves the minimax optimal rate (logn/ n)z/ ¢ over ID.d, frnins fraop0 When ¢ <cq g o (logn/ n)z/ a
Note that the estimator of [28] achieves the rate (logn/n)*“*? when o < Cd, fim: fnax (l0Z 1/ n)? (@+2)
so does the estimator of [25] for o < p if the noise is centered and perpendicular to the szu/l()driil)ﬁf(ﬂt
) , wit

the additional feature of exact topology recovery. Still, for o > (logn/ n)l/ a4 Mrpe may perform poorly
compared to [25]. This might be due to the fact that the vertices of Mipc are sample points themselves,
while for higher noise levels, a pre-process of the data based on local averaging could be more relevant.

In the model with outliers Op 4 ¢ .« ., g, with the same procedure used to derive Theorem [7| and
an additional iterative preprocessing of the data based on local PCA to remove outliers (Section [3)), we
design an estimator of M that achieves a rate as close as wanted to the noise-free rate. Namely, for any
positive § < 1/(d(d + 1)), we build Mypcs that satisfies the following similar statement.

As a consequence, Mipc outperforms these two existing procedures whenever o < (logn/n

Theorem 8 Mqpes = Mrpcs (X,) is a simplicial complex with vertices included in X,, such that

' R logn 2/d—28 R
< ) —_— &~ =1.
nlgrc}op (dH (M’ MTDCS) — Cdvf)mmfmaxvp < ﬁ”l ) and M MTDC6 1

Moreover, for n large enough,

logn ) 2/d—268

sup  Epdy(M.Mrpos) < Ci g fruwp (ﬁ n

PeﬁDad‘fml‘n Jmaxp,B

Mypes converges at the rate at least (logn/n)z/ d—28’ which is not the minimax optimal rate according

to Theorem@ but that can be set as close as desired to it. To our knowledge, Mrpcs is the first explicit
estimator to provably achieve such a rate in the presence of outliers. Again, it is worth noting that the
constants involved in Theorem [§] do not depend on the ambient dimension D. The construction and
computation of My is the same as Mrpc, with an extra pre-processing of the point cloud allowing to
remove outliers. This decluttering procedure leads to compute, at each sample point, at most log(1/8)
local PCA’s, instead of a single one for Mrpe.

From a theoretical point of view, there exists a (random) number of iterations of this decluttering
process, from which an estimator MTDc+ can be built to satisfy the following.

Theorem 9 MTD0+ = MTD(H(X,[) is a simplicial complex of vertices contained in X,, such that

. logn '\ 2/ .
lim [P (dH (M’MTDC+) S Cdvfminaf;'na.xap (Ogn) and M = MTDC+ =1

Nn—soc0 ﬂn

Moreover, for n large enough,

A logn 2/d
Sup ]EPdH (M7 MTDC+) S C‘/lhf;ﬂi)l‘ufma)ﬁp ( ﬁg’/l ) :

pe ﬁD-’l-fmin JSmax.p.B

Mrpc4 may be thought of as a limit of Mypes when 8 goes to 0. As it will be proved in Section 5} this
limit will be reached for § close enough to 0. Unfortunately this convergence threshold is also random,
hence unknown.

The statistical analysis of the reconstruction problem is postponed to Section [5] Beforehand, let us
describe the Tangential Delaunay Complex in a deterministic and idealized framework where the tangent
spaces are known and no outliers are present.
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3 Tangential Delaunay Complex

Let 2 be a finite subset of R”. In this section, we denote the point cloud .22 to emphasize the fact that it
is considered nonrandom. For €, 6 > 0, & is said to be €-dense in M if sup,,, d(x, ) < €, and §-sparse
ifd(p, Z\{p}) > forall pe . A (J,¢€)-net (of M) is a d-sparse and e-dense point cloud.

3.1 Restricted Weighted Delaunay Triangulations

We now assume that & C M. A weight assignment to & is a function @ : & — [0, ). The weighted
Voronoi diagram is defined to be the Voronoi diagram associated to the weighted distance d(x, p®)* =
|x—p||* = @(p)2. Every p € 2 is associated to its weighted Voronoi cell Vor®(p). For T C 2, let

Vor®(t) = ) Vor®(p)

PET

be the common face of the weighted Voronoi cells of the points of 7. The weighted Delaunay triangulation
Del® () is the dual triangulation to the decomposition given by the weighted Voronoi diagram. In other
words, for T C &2, the simplex with vertices 7, also denoted by 7, satisfies

7 € Del®(Z) < Vor®(7) # 0.

Note that for a constant weight assignment @(p) = @y, Del®(4?) is the usual Delaunay triangulation
of £. Under genericity assumptions on & and bounds on @, Del®(£?) is an embedded triangulation
with vertex set &2 [4]]. The reconstruction method proposed in this paper is based on Del®(.£?) for some
weights @ to be chosen later. As it is a triangulation of the whole convex hull of & and fails to recover
the geometric structure of M, we take restrictions of it in the following manner.

Given a family R = {Rp}p < Of subsets R, C R indexed by 2, the weighted Delaunay complex

restricted to R is the sub-complex of Del®(#?) defined by

7 € Del?(2,R) < Vor® (1) N (U Rp> £ 0.

pET

In particular, we define the Tangential Delaunay Complex Del® (22, T) by taking R=T = {T,,M }p cp>
the family of tangent spaces taken at the points of &2 C M [4]. Del®(£,T) is a pruned version of
Del® (%) where only the simplices with directions close to the tangent spaces are kept. Indeed, 7,M
being the best linear approximation of M at p, it is very unlikely for a reconstruction of M to have com-
ponents in directions normal to T,M (see Figure . As pointed out in [4], computing Del® (22, T) only
requires to compute Delaunay triangulations in the tangent spaces that have dimension d. This reduces
the computational complexity dependency on the ambient dimension D > d. The weight assignment @
gives degrees of freedom for the reconstruction. The extra degree of freedom @ permits to stabilize the
triangulation and to remove the so-called inconsistencies, the points remaining fixed. For further details,
see [5,4].

3.2 Guarantees

The following result sums up the reconstruction properties of the Tangential Delaunay Complex that we
will use. For more details about it, the reader is referred to [4].
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Fig. 2: Construction of Del®(Z2,T) at p for @ = 0: p has three incident edges in the ambient Delaunay
triangulation, but only two (bold) have dual Voronoi face intersecting 7,M.

Theorem 10 (Theorem 5.3 in [4]) There exists €; > 0 such that for all € < e;p and all M € Mp 4,
if & C M is an (€,2¢€)-net, there exists a weight assignment @, = O, 7 depending on &P and T =
{TPM}peﬁﬂ such that

— dy (M,Del®™ (2,T)) < Cs€%/p,
— M and Del® (22, T) are ambient isotopic.

Computing Del® (£, T) requires to determine the weight function @, = @, 7. In [4], a greedy algo-
rithm is designed for this purpose and has a time complexity O (Dn2 + DZO(dz)n) .

Given an (g,2¢)-net & for € small enough, Del® (2, T) recovers M up to ambient isotopy and
approximates it at the scale £2. The order of magnitude €2 with an input & of scale € is remarkable.
Another instance of this phenomenon is present in [13] in codimension 1. We will show that this &>
provides the minimax rate of approximation when dealing with random samples. Therefore, it can be
thought of as optimal.

Theorem [I0]suffers two major imperfections. First, it requires the knowledge of the tangent spaces at
each sample point — since @, = @, 7 — and it is no longer usable if tangent spaces are only known
up to some error. Second, the points are assumed to lie exactly on the submanifold M, and no noise is
allowed. The analysis of Del® (42, T) is sophisticated [4]. Rather than redo the whole study with mil-
der assumptions, we tackle this question with an approximation theory approach (Theorem [TT). Instead
of studying if Del® (27’ T') is stable when 2’ lies close to M and T’ close to T, we examine what
Del® (', T') actually reconstructs, as detailed in Section [4]

3.3 On the Sparsity Assumption

In Theorem & is assumed to be dense enough so that it covers all the areas of M. It is also sup-

posed to be sparse at the same scale as the density parameter €. Indeed, arbitrarily accumulated points

would generate non-uniformity and instability for Del® (£, T) [54]. At this stage, we emphasize that

the construction of a (€,2€)-net can be carried out given an e-dense sample. Given an e-dense sample

P, the farthest point sampling algorithm prunes &2 and outputs an (€,2¢€)-net 2 C £ of M as follows.

Initialize at 2 = {p;} C &, and while néa; d(p,2) > €, add to 2 the farthest point to 2 in &2, that is,
PE
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2 + QU {argmax d(p,2)}. The output 2 is e-sparse and satisfies dy (¥, 2) < g, so it is a (€,2€)-net
peP

of M. Therefore, up to the multiplicative constant 2, sparsifying &2 at scale € will not deteriorate its den-

sity property. Then, we can run the farthest point sampling algorithm to preprocess the data, so that the

obtained point cloud is a net.

4 Stability Result
4.1 Interpolation Theorem

As mentioned above, if the data do not lie exactly on M and if we do not have the exact knowledge of
the tangent spaces, Theorem [I0]does not apply. To bypass this issue, we interpolate the data with another
submanifold M’ satisfying good properties, as stated in the following result.

Theorem 11 (Interpolation) Let M € #p 4p. Let & = {p1,...,pq} C RP be a finite point cloud and
T= {Tl yeens Tq} be a family of d-dimensional linear subspaces of RP. For < /64 and 18n < 8 < p,
assume that

— P is b-sparse: n;inHPf _PiH > 9,
i#]
— the pj’s are n-close to M: max d(p;,M) <n,
1<j<q ’

- 1I2]E'lgq4(TnM(p-/)M’ T/) < sin 6.

Then, there exist a universal constant ¢y < 285 and a smooth submanifold M' C RP such that
1. ZCcM, 3. T,,].M':ijoralllgqu,

2. reach(M/) > (l—co(%—l—e) %)p, 4. dy(M,M') <86 +n,
5. M and M' are ambient isotopic.

T,, M’
pj

Trpy) M ™(2;)

Fig. 3: An instance of the interpolating submanifold M’. Dashed lines correspond to the image of vertical
lines by the ambient diffeomorphism @ defining M’ = & (M).

Theorem fits a submanifold M’ to noisy points and perturbed tangent spaces with no change of topo-
logy and a controlled reach loss. We will use M’ as a proxy for M. Indeed, if 7,..., T, are estimated tan-
gent spaces at the noisy base points py,..., p,, M’ has the virtue of being reconstructed by Del® (22, T)
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from Theorem Since M’ is topologically and geometrically close to M, we conclude that M is re-
constructed as well by transitivity. In other words, Theorem [IT] allows to consider a noisy sample with
estimated tangent spaces as an exact sample with exact tangent spaces. M’ is built pushing and rotating M
towards the p;’s locally along the vector (p; — (p;)), as illustrated in Figure[3] Since the construction is
quite general and may be applied in various settings, let us provide an outline of the construction.

2 . . .
Let ¢ (x) = exp( H,ll\)\cszl)]lHXI|2<l‘ ¢ is smooth and satisfies ¢(0) = 1, ||¢||.. < 1 and dp¢ = 0. For j =

1,...,q, it follows easily from the definition of Z(Tﬂ(pj)M ,Tj) — e.g. by induction on the dimension —
that there exists a rotation R of RP mapping T (p;)M onto T; that satisfies HRJ' —Ip Hap <2sin(6/2) < 6.

For ¢ > 0 to be chosen later, and all a € R?, let us define & : RP? — RP by

I SN . ()
(a)=a+) ¢ — [(Rj—1Ip)(a—n(p;))+(pj—=(p)))].

=1

! vj(a)
& is designed to map 7(p;) onto p; with d,r(,,j>f15 = R;. Roughly speaking, in balls of radii £ around each
7(p;), P shifts the points in the direction p; — 7(p;) and rotates it around 7(p;). Off these balls, & is
the identity map. To guarantee smoothness, the shifting and the rotation are modulated by the kernel ¢, as

Ha - ﬂ(pj)H increases. Notice that d,y; = (R; — Ip) and Hy/j(a)H < (6 + 1 whenever ¢ (%@/)) £0.
Defining M’ = @ (M), the facts that M’ fits to & and T and is Hausdorff-close to M follow by construction.
Moreover, Theorem 4.19 of [22] (reproduced as Lemma[24]in this paper) states that the reach is stable with

respect to ¢2-diffeomorphisms of the ambient space. The estimate on reach(M’) relies on the following
lemma stating differentials estimates on .

Lemma 12 There exist universal constants C; <7/2 and C, < 28 such that if 6n < { < /3 and 6 <
7/64, @ : RP — RP is a global € -diffeomorphism. In addition, for all a in RP,

n - 1 n 6
||da¢’||0p <1+C (Z +9> ) Hdacb 1H0p < ma ||d§(17“0p <G (€2+€> .

The ambient isotopy follows easily by considering the weighted version @ (a) = a +1(®(a) —a) for
0 <t <1 and the same differential estimates. We then take the maximum possible value ¢ = §/3 and
M' = ®(M).

Remark 13 Changing slightly the construction of M', one can also build it such that the curvature tensor
at each pj corresponds to that of M at ©t(p;). For this purpose it suffices to take a localizing function
¢ identically equal to 1 in a neighborhood of 0. This additional condition would impact the universal
constant ¢y appearing in Theorem|I1]

4.2 Stability of the Tangential Delaunay Complex

Theorem |1 1| shows that even in the presence of noisy sample points at distance 1 from M, and with the
knowledge of the tangent spaces up to some angle 8, it is still possible to apply Theorem|[I0]to some virtual
submanifold M’. Denoting M = Del® (£, T), since dy(M,M) < dy(M,M') +dy(M’,M) and since the
ambient isotopy relation is transitive, M =2 M’ = M. We get the following result as a straightforward
combination of Theorem [0l and Theorem [IT]

Theorem 14 (Stability of the Tangential Delaunay Complex) There exists €; > 0 such that for all € <
gp and all M € Mp g p, the following holds. Let & C RP finite point cloud and T = {TP}PE&J be a

family of d-dimensional linear subspaces of RP such that
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- ma}gd(p,M) <n, - P is e-sparse,
pes . - d(x, P?) < 2e.
- mag/gé(T”M(p)M, T,) <sin#, en (e 2) <
peE

If0 <¢e/(1140p) and n < €% /(1140p), then,

- dy (M, Del®™ (2,T)) < C42/p,
— M and Del® (P, T) are ambient isotopic.

Indeed, applying the reconstruction algorithm of Theorem[I0]even in the presence of noise and uncer-
tainty on the tangent spaces actually recovers the submanifold M’ built in Theorem [11} M’ is isotopic to
M and the quality of the approximation of M is at most impacted by the term dy (M, M’) < €6 + 1. The
lower bound on reach(M’) is crucial, as constants appearing in Theorem are not bounded for arbitrarily
small reach.

It is worth noting that no extra analysis of the Tangential Delaunay Complex was needed to derive its
stability. The argument is global, constructive, and may be applied to other reconstruction methods taking
tangent spaces as input. For instance, a stability result similar to Theorem[T4]could be derived readily for
the so-called cocone complex [12]] using the interpolating submanifold of Theorem|[T1]

5 Tangent Space Estimation and Decluttering Procedure
5.1 Additive Noise Case

We now focus on the estimation of tangent spaces in the model with additive noise ¥p 4 1. fur.p.0-
The proposed method is similar to that of [2,28]]. A point p € M being fixed, T,M is the best local d-
dimensional linear approximation of M at p. Performing a Local Principal Component Analysis (PCA)
in a neighborhood of p is likely to recover the main directions spanned by M at p, and therefore yield
a good approximation of T,M. For j=1,...,n and h > 0 to be chosen later, define the local covariance
matrix at X; by

Si() = —— ¥ (= %) (X — X)) L, 1y ().

where X; = Ni/ Yizj XiLl(x; n) (X;) is the barycenter of sample points contained in the ball #(X;,h), and
Nj = |B(X;,h) N X,|. Let us emphasize the fact that the normalization 1/(n — 1) in the definition of
b)) ; stands for technical convenience. In fact, any other normalization would yield the same guarantees
on tangent spaces since only the principal directions of £ ; play a role. Set f"j(h) to be the linear space
spanned by the d eigenvectors associated with the d largest eigenvalues of £ i(h). Computing a basis of
Tj(h) can be performed naively using a singular value decomposition of the full matrix £;(h), although
fast PCA algorithms [31] may lessen the computational dependence on the ambient dimension. We also
denote by TSE(.,) the function that maps any vector of points to the vector of their estimated tangent
spaces, with
Tj(h) = TSE(X,, 1),

1/d
Proposition 15 Set h = (cd-,fmimfmwc I:%T) for ca g, fou large enough. Assume that 6 /h < 1/4. Then

for n large enough, for all Q € gp’dvfmin_fmmpﬁg,

A h ©
ll'éljaé(nl (TﬂM(X/)M’ Tl(h)) S Cd~fminvfmax (p + h) ’

EVINY

with probability larger than 1 — 4 (%)
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An important feature given by Proposition [T3]is that the statistical error of our tangent space estima-
tion procedure does not depend on the ambient dimension D. The intuition behind Proposition [T5]is the
following: if we assume that the true tangent space Tx;M is spanned by the first d vectors of the canonical

basis, we can decompose b3 j as
s o (Ai(W]0Y | 5

where R comes from the curvature of the submanifold along with the additive noise, and is of order
N;(h)(P?/(p(n—1)) +ho) < hi2(h/p + o /h), provided that A is roughly smaller than (log(n)/(n —
1))/, On the other hand, for a bandwidth /2 of order (log(r)/(n— 1))'/¢, A;(h) can be proved (Lemma
[36) to be close to its deterministic counterpart

Aj(h)=E ((ﬂTXjM(X) - EﬂijM(X)> (”ijM(X) - EﬂTXjM(X))t Logx; ) (X)> ;

where 77, ) denotes orthogonal projection onto Tx;M and expectation is taken conditionally on X;. The
j .

bandwidth (log(n)/(n—1))"/¢ may be thought of as the smallest radius that allows enough sample points
in balls to provide an accurate estimation of the covariance matrices. Then, since f;, > 0, Lemma
shows that the minimum eigenvalue of A(h) is of order h%*2. At last, an eigenvalue perturbation result
(Proposition shows that 7;(/) must be close to Tx;M up to (W3 /p + it o) ) (hH?) ~ h/p + o /h.
The complete derivation is provided in Section[E.1]

Then, it is shown in Lemma based on the results of [L1]], that letting € = ¢4 f,.. o (hV PO /h) for

Cd, fyim e 18TgE €NOUEh, entails X, is £-dense in M with probability larger than 1 — ( %)2/ ¢ Since X, may
not be sparse at the scale €, and for the stability reasons described in Section [3| we sparsify it with the
farthest point sampling algorithm (Section [3.3) with scale parameter €. Let Y, denote the output of the
algorithm. If 6 < h/4,and ¢4 1, fna 15 large enough, we have the following.

)2/d

1
n

Corollary 16 With the above notation, for n large enough, with probability at least 1 — 5 (

- Y, is €-sparse,
- maxd(x,Y,) < 2e.
xeM

2

- max d(X;,M) < +&
eT, (X, M) < 113
_ ;?g{,.(ﬂé(TEM(XjJM’Tj

D’

0
(1) < 2.

In other words, the previous result shows that Y, satisfies the assumptions of Theorem [14] with high
probability. We may then define Mrpc to be the Tangential Delaunay Complex computed on Y, and the
collection of estimated tangent spaces TSE(X,,h)y,, that is elements of TSE(X,, /) corresponding to
elements of Y,, where A is the bandwidth defined in Proposition

Definition 17 With the above notation, define Mrpc = Del® (Y, TSE(X,, h)y,).

Combining Theorem |14{and Corollary it is clear that Mypc satisfies Theorem

5.2 Clutter Noise Case

Let us now focus on the model with outliers Op 4 ¢ . 5. We address problem of decluttering the
sample X,,, that is, to remove outliers. We follow ideas from [24]. To distinguish whether X; is an outlier or
belongs to M, we notice again that points drawn from M approximately lie on a low dimensional structure.
On the other hand, the neighborhood points of an outlier drawn far away from M should typically be
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distributed in an isotropic way. Let ki,k2,h > 0, x € RP and T C RP a d-dimensional linear subspace.
The slab at x in the direction T is the set S(x,T,h) = {x} ® Br (0,k1h) ® By (0,koh*) C RP, where &
denotes the Minkovski sum, and %, %, are the Euclidean balls in T and T respectively.

Fig. 4: Local PCA at an outlier point X; € X,.

Following notation of Section for P€ Op g 5. fnaep, o 1€t Us Write P = BO+ (1 — )Uz,. For h
small enough, by definition of the slabs, Uz, (S(x, Ty M, h)) =< (kih)? (kyh?)P~4 < p?P—4 Furthermore,
Figureindicates that for k; and k> small enough, Q (S(x, T,,(X)M,h)) = Vol (S(x, TrM,h) NM) < h?
if d(x,M) < h?, and Q (S(x, TyyyM,h)) = 0 if d(x,M) > h*. Coming back to P = BQ+ (1 — B)Uz,, we
roughly get

Bht +(1=B)rP~"<p? i d(x,M) <12,
0 +(1—=B)rP~d <P~ if d(x,M) > I,

as h goes to 0, for k; and k, small enough. Since h*P~¢ < h?, the measure P (S(x,T,k)) of the slabs
clearly is discriminatory for decluttering, provided that tangent spaces are known.

Based on this intuition, we define the elementary step of our decluttering procedure as the map
SD(., ., h), that sends a vector P = (py,...,p,) C R and a corresponding vector of (estimated) tangent
spaces T = (T,...,T,) onto a subvector of & according to the rule

pj €SD(P, To,h) < |S(p;,Tj,h)N 2| >t(n—1)h,

where ¢ is a threshold to be fixed. This procedure relies on counting how many sample points lie in the
slabs of direction the estimated tangent spaces (see Figure[5).

Since tangent spaces are unknown, the following result gives some insight on the relation between the
accuracy of the tangent space estimation and the decluttering performance that can be reached.

Lemma 18 Let K > 0 be fixed. There exist constants ki (K) and ky(p,K) such that for every h < 1 and x
inRP, S(x,T,h) C B(x,h/2). Moreover, for every h < h A\ 1 we have

h/V2>d(x,M)>h[p and Z(Tg,M,T)<Kh/p = S(x,T,h) CS(x,Ty,xM.h),
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Tox )M

Fig. 5: The slab S(X;, f"j,h) is centered at X; and has size k4 in the d directions spanned by f"j, and size
koh? in the D — d directions normal to T]

where S'(x, Ty, (M, ) is a larger slab with parameters k\ (p, K) and k5 (p, K), and satisfies S’ (x, Ty, M, h) N
M = 0. In addition, there exists k3(p,K) such that for all x and y are in M,

Z(LM,T) <Kh/p and |x—y|<ksh = yeS(xT,h).

Possible values for ki and ky are, respectively, 16(1l\/1) and 16(pv11<v1)’ and k3 can be taken as ki \ %.

The proof of Lemma [I8] mentioned in [24]], follows from elementary geometry, combined with the defi-
nition of the reach and Proposition [25]

Roughly, Lemma|[I8]states that the decluttering performance is of order the square of the tangent space
precision, hence will be closely related to the performance of the tangent space estimation procedure TSE.
Unfortunately, a direct application of TSE to the corrupted sample X, leads to slightly worse precision
bounds, in terms of angle deviation. Typically, the angle deviation would be of order n~1/@+1) However,
this precision is enough to remove outliers points which are at distance at least n~%/(*1) from M. Then
running our TSE on this refined sample SD; (X,,, TSE(X,,),n~"/(@+1)) Jeads to better angle deviation rates,
hence better decluttering performance, and so on.

Let us introduce an iterative decluttering procedure in a more formal way. We choose the initial

. _ logn % . _ (=1) —
bandwidth hg = (cd7 Fonimfonas 71) , with Yo = 1/(d + 1), and define the first set X'~ = X, as the

(n—1)
. . Yerr e
whole sample. We then proceed recursively, setting /| = <cd, Fonins fnaesP %) , with ¥4 satisfying
Yer1 = (2% +1)/(d 4+ 2). This recursion formula is driven by the optimization of a trade-off between
imprecision terms in tangent space estimation, as may be seen from (3. An elementary calculation shows

that
_to 1 (2
"= T dary \d+2) -
With this updated bandwidth we define
XE = gp, (XK TSE(X®) hyi1), s 1).

In other words, at step k+ 1 we use a smaller bandwidth /A1 in the tangent space estimation procedure
TSE. Then we use this better estimation of tangent spaces to run the elementary decluttering step SD. The
performance of this procedure is guaranteed by the following proposition. With a slight abuse of notation,
if X; is in X®), TSE(X®), ) ; will denote the corresponding tangent space of TSE(X®), h).
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Proposition 19 In the clutter noise model, fort, cq f,.. fuu.p A0d 1 large enough, ki and ky small enough,
the following properties hold with probability larger than 1 — ( )z/d forall k > 0.
Initialization:
— Forall X; € XUV such that d(X;,M) < ho/V/2, Z(TSE(X"Y o) j, Tr(x,)M) < Cat i funaxh0/ P-
— Forevery X; € MﬂX(’ ), X; e X,
— Forevery X; € X(= 1fd(Xj,M)>h /p, then X; ¢ X(©)

Iterations:

- For allXj S xX*) such that d(Xj,M) < hk+1/ﬁ, Z(TSE( x*) hk+1)/,T (X;) ) <Cy fmlmf,mth/p

- ForeveryX; € MﬂX( ), X; € Xk,

— Forevery X; € XV, ifd(X;,M) > hi,,/p. then X; ¢ X(k+1),
This result is threefold. Not only can we distinguish data and outliers within a decreasing sequence of
offsets of radii h,% /p around M, but we can also ensure that no point of M is removed during the process
with high probability. Moreover, it also provides a convergence rate for the estimated tangent spaces
TSE(Xk, Miq1).

Now fix a precision level 8. If k is larger than (log(1/8) —log(d(d +1))/(log(d +2) —log(2)), then
1/d >y > 1/d — §. Let us define kg as the smallest integer satisfying ¥ > 1/d — &, and denote by Y?
the output of the farthest point sampling algorithm applied to X(*s) with parameter £ = Cd. frnin fonax g » TOT
Cd fon foee 12rg€ enough. Define also 7 as the restriction of TSE(X%s), h) to the elements of Y8.

According to Proposition[T9] the decluttering procedure removes no data point on M with high proba-

1/d
bility. In other words, X 8) "M = X,, N M, and as a consequence, max d(x,X*s)) < ¢4 (%‘%f) <
xe
hy; with high probability (see Lemma . As a consequence, we obtain the followmg.

Corollary 20 With the above notation, for n large enough, with probability larger than 1 — 8 (%)Z/d,

— max d(X M) < Zp, - Ya is €- sparse,
X;ev$ - ma}lgl(d(x Y9 %) <2e.
7 xe
- Xmea&‘( ()M, T 1) < 72505

We are now able to define the estimator Mypcs.
Definition 21 With the above notation, define Mypeg = Del® (Yf, T‘S) .
Combining Theorem and Corollary it is clear that Mqpc; satisfies Theoreml
Finally, we turn to the asymptotic estimator Mrpc ;. Set /o = (Cd Finsfonaes ﬁl&g : ) 1/d ,and let k denote

the smallest integer such that min{d(X;,M)|d(X;,M) > h%/p} > h]% /p. Since X, is a (random) finite set,

we can always find such a random integer k that provides a sufficient number of iterations to obtain the
asymptotic decluttering rate. For this random iteration k, we can state the following result.

Proposition 22 Under the assumptions of Corollary forevery X; € X (’A‘H), we have

Z(TSEXED ) j, T )M) < Cat o s oo/ -

As before, taking Y, as the result of the farthest point sampling algorithm based on X(’A‘“), and T7 the

vector of tangent spaces TSE(X(’A‘H) ,he) j such that X§k+l)

Definition 23 With the above notation, define Mrpc, = Del® (Y7, T).
In turn, Proposition [22|implies that Mmc+ satisfies Theorem@

IS Y,J{, we can construct our last estimator.
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6 Conclusion

In this work, we gave results on explicit manifold reconstruction with simplicial complexes. We built esti-
mators Mrpc, Mypcs and Mrpc.y in two statistical models. We proved minimax rates of convergence for the
Hausdorff distance and consistency results for ambient isotopic reconstruction. Since Mrpc is minimax
optimal in the additive noise model for o small, and uses the Tangential Delaunay Complex of [4], the
latter is proved to be optimal. Moreover, rates of [24] are proved to be achievable with simplicial com-
plexes that are computable using existing algorithms. To prove the stability of the Tangential Delaunay
Complex, a generic interpolation result was derived. In the process, a tangent space estimation procedure
and a decluttering method both based on local PCA were studied.

In the model with outliers, the proposed reconstruction method achieves a rate of convergence that
can be as close as desired to the minimax rate of convergence, depending on the number of iterations of
the decluttering procedure. Though this procedure seems to be well adapted to our reconstuction scheme
— which is based on tangent spaces estimation — we believe that it could be of interest in the context of
other applications. Also, further investigation may be carried out to compare this decluttering procedure
to existing ones [9/19].

As briefly mentioned below Theorem [7] our approach is likely to be suboptimal in cases where noise
level o is large. In such cases, with additional structure on the noise such as centered and independent
from the source, other statistical procedures such as deconvolution [24] could be adapted to provide ver-
tices to the Tangential Delaunay Complex. Tangential properties of deconvolution are still to be studied.

The effective construction of My pc5 can be performed using existing algorithms. Namely, Tangential
Delaunay Complex, farthest point sampling, local PCA and point-to-linear subspace distance computation
for slab counting. A crude upper bound on the time complexity of a naive step-by-step implementation is

0 (nD {20“2) +10g(1/6)D(D+n)D :

since the precision 8 requires no more than log (1/8) iterations of the decluttering procedure. It is likely
that better complexity bounds may be obtained using more refined algorithms, such as fast PCA [31], that
lessens the dependence on the ambient dimension D. An interesting development would be to investigate
a possible precision/complexity tradeoff, as done in [3] for community detection in graphs for instance.

Even though Theorem|[TT]is applied to submanifold estimation, we believe it may be applied in various
settings. Beyond its statement, the way that it is used is quite general. When intermediate objects (here,
tangent spaces) are used in a procedure, this kind of proxy method can provide extensions of existing
results to the case where these objects are only approximated.

As local PCA is performed throughout the paper, the knowledge of the bandwidth 4 is needed for
actual implementation. In practice its choice is a difficult question and adaptive selection of /4 remains to
be considered.

In the process, we derived rates of convergence for tangent space estimation. The optimality of the
method will be the object of a future paper.
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A Interpolation Theorem

This section is devoted to prove the interpolation results of Secuon@ For sake of completeness, let us state a stability result for
the reach with respect to %2-diffeomorphisms.

Lemma 24 (Theorem 4.19 in [22]) Let A C RP with reach(A) > p >0 and P : RP — RPisa (zfl-diﬂeomorphism such that
&, 0 and dd are Lipschitz with Lipschitz constants K,N and R respectively, then

reach(®(A)) > (KPJW

Writing ¢¢(-) = ¢(-/£), we recall that y;(a) = (R; —Ip)(a—=(p;)) + (p; — n(p;)) and
q
P(a)=a+ ) 9 (a—n(p))) wj(a). M
j=1

Let us denote by = sup, ||dx@||, b2 = sup, ||df¢”0p, and write C; = 1+ by, C; = by + 2b;. Straightforward computation yields
€, <7/2and G, < 28.

Proof (of Lemma First notice that the sum appearing in (1) consists of at most one term. Indeed, since ¢ = 0 outside %(0,1),
if ¢y (a — ﬂ(p.,')) # 0 for some j € {1,...,q}, then Ha— 7(pj) | < {. Consequently, for all i # j,

la—(p)ll > ||p; = pil| — |pj — 7(p))|| = |7 (pj) — al| — | m(p:) — pill
>8-n—-L-n
>85-20>1,

where we used that 6n < ¢ < §/3. Therefore, ¢y (a — m(p;)) = 0 for all i # j. In other words, if a p; actually appears in ¢(a) then
the others do not.
Global diffeomorphism: As the sum in (m) is at most composed of one term, chain rule yields

lda® = Ipllop = max [lda [9¢ (a = 7(p,)) wi(@)] o,

max
1<j<q

| F9c(a—n(p))) (R —Ip)

vi(

dbd"
a

op
n

— <1

€<

IN

(b1 +1)6+b

where the last line follows from by < 5/2, 6n < £ and 6 < 7/64. Therefore, d, ¥ is invertible for all a € R, and (d,®)"' =
Y2 o (Ip — d,@)". @ is alocal diffeomorphism according to the local inverse function theorem. Moreover, || ®(a)|| — oo as [|a]| — oo,
so that @ is a global ¥*-diffeomorphism by Hadamard-Cacciopoli theorem [16].

Differentials estimates: (i) First order: From the estimates above,

da®lap < 1Ly + 1da® ~ Toll,, < 1+ (b1 +1)0 -+ b1 1.
(ii) Inverse: Write for all a € RP,
i@ @™ gy = 1(da®) ™" [lop = || X U ~ du®)’
i=0 op

< < !

T I-|llp—da®llgy T 1= (b1+1)0—b1 }’
where the first inequality holds since [|[da @ —Ip ||, < 1, and [|-|,, is sub-multiplicative.
(iii) Second order: Again, since the sum@) mc]udes at most one term

i @llop = max [z [oc (a=m(p) wi@)]||,,
49| ld ¢H
= 1rgj<q{gop| i@ +2—"[R; *IDH
n 0
szﬁ (b2+2b1) Z
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Proof (of Theorem[IT) Set £ = §/3 and M' = & (M).

— Interpolation: For all j, pj = ®(n(p;)) € M’ by construction since ¢;(0) = 1.
- Tangent spaces: Since dyfy|,_o =0, forall j € {1,...,q}, da®| 4z (p;) = Rj- Thus,

TpM' = Top((p,) P(M)
= da(pla:n(pj) (Tn(pj)M)
=R, (Tn<p,)M> =T

by definition of R;.
— Proximity to M: The bound on dy;(M,M') = dy; (M, ®(M)) follows from the correspondence

[®(a)—al < 2;512%1% (a—=(p)) |||
<00+m<3560+n.

— Isotopy: Consider the continuous family of maps

J

Dy(a)=a+t ( :@f (a=m(p))) ij(a)> ;

for 0 <t < 1. Since D) —Ip = 1(47 710), the arguments above show that @, is a global diffeomorphism of RP for all
1 € [0,1]. Moreover @) = Ip, and (1) = P. Thus, M = Py (M) and M’ = P(;)(M) are ambient isotopic.

— Reach lower bound: The differentials estimates of order 1 and 2 of @ translate into estimates on Lipschitz constants of o,p!
and d®. Applying Lemma[24]leads to

(1-Ci(}+06))’ (1-Gi (}+0))°

reach (M) > a =p- .
M+C2<%+%) 1+C1 (2+6)+Co (B +2)p

Now, replace ¢ by its value 8 /3, and write ¢; =3C; <21/2<1landc¢; = 32C, < 252. We derive
. 1 _ n _o (T (e
redch(M)z(l 201(6+9))<1 01(6+9) cz(62+5>p)p
(Mig) (N8
2(1—36|<5+9> cz<52+6)p>p
0
> (1 ~ (31 +¢2) (%+5> p)p,

where for the last line we used that § /p < 1. The desired lower bound follows taking co = 3¢ + ¢2 < 285.

B Some Geometric Properties under Reach Regularity Condition

B.1 Reach and Projection on the Submanifold

In this section we state intermediate results that connect the reach condition to orthogonal projections onto the tangent spaces. They
are based on the following fundamental result.

Proposition 25 (Theorem 4.18 in [22]) For all x and y in M,

lly —x[*
?

o0l < P

where (y —x) | denotes the projection of y — x onto T,M*.

From Proposition@we may deduce the following property about trace of Euclidean balls on M.



Stability and Minimax Optimality of Tangential Delaunay Complexes for Manifold Reconstruction 21

Proposition 26 Ler x € RP be such that dx,M)=A<h< %, and let y denote (x). Then,
%(yﬁ,?) NM C B(x,h)NM C %(yﬂ’;) nM,
where rﬁ +A%2 =12 (rh_)2 = (1 — %) r,%, and (’;)2 = (1 + %) rﬁ.
Proof (ofProposition@ Let z be in M N A(x,h), and denote by d the quantity ||z — y||. We may write
llz=x|* = 8+ A% +2(z—y,y—x), 2

hence 82 < h* — A2 —2(z—y,y — x). Denote, for u in RP, by u, its projection onto T,M~. Since (z—y,y—x) = ((z—y) 1,y —x),
Proposition 23] ensures that
A
82 (1 — 7> < r,zl.
p

Since A < h < p/8, it comes §2 < (1 +2%)r§. On the other hand, ) and Proposition[25|also yield
A
lz—x|? < 82 <1 + ;) + A2

Hence, if §2 < <l — %) r,zl, we have
lz—x|> <r2+A% =1
Also, the following consequence of Proposition@will be of particular use in the decluttering procedure.

Proposition 27 Let h and hy, be bandwidths satisfying hZ /p < h < hy. Let x be such that d(x,M) < h//2 and my (x) = 0, and let z
be such that ||z —x|| < h and d(z,M) < h} /p. Then

6h?
2o < =X,

where z,denotes the projection of z onto TyM™.

Proof (ofProposition@ Let y denote 7y (z). A triangle inequality yields ||y|| < [ly —z|| + [lz—x|| + ||| < B /p + (1 +1/V2)h <
3hy. Propositionensures that [|y || < |lyl|*/(2p) < (913)/(2p). Since ||zL || < [[yL ||+ 43 /p, we have ||z, || < 6h%/p .

At last, let us prove Lemma@ that gives properties of intersections of ambient slabs with M.

Proof (of LemmalI8) Set ki = 1y k2 = tarapvry> and ks = ki A 8¢ A 1. Forall h > 0,and z € S(x, T, ), triangle inequality

yields ||z—x|| < ||7r (z —x)|| + |7y (z—x)|| < (ki +koh)h. Since h < 1 and ky +kp < 1/2, we get z € B(x,h/2).
Now, suppose that /1/v/2 > d(x,M) > h?/p and / (TryM,T) < Kh/p. For short we write Ty = Ty(yM. Let z € S(x, T, h),
since i < 1, it comes

77, (== x)I| < llz = xl| < (ki +ka)h = kih,
with k| = k; + k. On the other hand
71 (2=l < 7071 27 (2= )|+ 071 771 (2= 2)[| < (Kh/p) (k) +kah® = kohe?,
with k5 = k1K /p +ky. Hence S(x, T, h) C S'(x,Tp, h), for the constants k] and k, defined above. It remains to prove that S’ (x, 7y, h) N

M = 0. To see this, let z € §'(x, Ty, k), and y = 7(x). Since k; + Kk < 1/4, we have ||y —z|| < ||y —x|| + |x —z|| < h(1/V2+1/4).
For the normal part, we may write

7071 @ =) = 77 (v =) = [l (x =2 = W(1/p —Ky).

Since &, < 1/(8p), we have H”Toi (z—y)|l > Iy —zl*/(2p), hence Proposition[25|ensures that z ¢ M.
At last, suppose that x € M and y € ZB(x,k3h) "M. Since k3 < ki, we have || (y — x)|| < kh. Next, we may write

7071 v =) < {7072 707, (v = )| + |72 7070 (3 = X)]-

Since y € M, Proposition|25|entails ||z (y—x)|| < [[y—x 2 2p) < kK2h? 2p). It comes
T, 3

h? k2
I =) < (km 73) < k.

Hence y € S(x,T,h).
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B.2 Reach and Exponential Map

In this section we state results that connect Euclidean and geodesic quantities under reach regularity condition. We start with a result
linking reach and principal curvatures.

Proposition 28 (Propeosition 6.1 in [30]) For all x € M, writing 11, for the second fundamental form of M at x, for all unitary
w € TuM, we have ||IL;(w,w)| < 1/p.

For all x € M and v € T, M, let us denote by exp, (v) the exponential map at x of direction v. According to the following proposition,
this exponential map turns out to be a diffeomorphism on balls of radius at most p.

Proposition 29 (Corollary 1.4 in [1]) The injectivity radius of M is at least 7p.

Denoting by dy(-,-) the geodesic distance on M, we are in position to connect geodesic and Euclidean distance. In what follows,
we fix the constant o = 1+ ﬁ.

Proposition 30 For all x,y € M such that ||x—y|| < p/4,
llx =yl < du(x,y) < eflx—yl|.
Moreover, writing y = exp,(rv) for v € T,M with ||v|| = 1 and r < p /4,
y=x+rv+R(r)
X 2
with | R(r,v)|| < 55
Proof (of Proposition The first statement is a direct consequence of Proposition 6.3 in [30]. Let us define u(t) = exp,(tv) —
exp,(0) —rvand w(t) =exp,(1v) forall 0 <7 < r. Itis clear that u(0) = 0 and &’ (0) = 0. Moreover, ||u” (t)|| = HIIW(,) W)W (@) <
1/p. Therefore, a Taylor expansion at order two gives ||[R(r,v)|| = u(r) < r?/(2p). Applying the first statement of the proposition
gives r < ot|jx —y||.

The next proposition gives bounds on the volume form expressed in polar coordinates in a neighborhood of points of M.

Proposition 31 Let x € M be fixed. Denote by J(r,v) the Jacobian of the volume form expressed in polar coordinates around x, for
r < & and v a unit vector in TM. In other words, if y = exp,(rv), dyV = J(r,v)drdv. Then

car™l < U(ry) < Crt!,
where cq; =274 and C; = 2%. As a consequence, if Br(x,r) denotes the geodesic ball of radius r centered at x, then, if r < %,
c;,rd <Vol(Bu(x,r)) < C{/jrd,
with Cél =c4Vy and Cg = C4Vy, where V; denotes the volume of the unit d-dimensional Euclidean ball.
Proof (of Proposition Denoting Ay, = d exp,., the Area Formula [23| Section 3.2.5] asserts that J(r,v) = =1, /det (Aﬁ." VA V).

Note that from Proposition 6.1 in [30] together with the Gauss equation [18| p. 130], the sectional curvatures in M are bounded by
x| <2/ p?. Therefore, the Rauch theorem [21, Lemma 5] states that

r2 r2
(1- 52 ) 1wl < WAl = (142 ) ol

for all w € T,M. As a consequence,
2

2 d d
27 < (1 - 3%) < Jdet (AL A,,) < <1+%> <2,

Since Vol(Bu (x,1)) = [ Jye., , I(s,v)dsdv, where .7;_ denotes the unit d — 1-dimensional sphere, the bounds on the volume
easily follows.
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C Some Technical Properties of the Statistical Model

C.1 Covering and Mass

Lemma 32 Let Qo € %y (fmin, fmax)- Then for all p e M and r < p /4,
Qo(.@(p,r)) > adfminrdv

where aq > 0. As a consequence, for n large enough and for all Q € 9p 4 1, frax.p.o» With probability larger that 1 — (%)z/d,

logn 1/d
dH(M7Xn)§Cd,fm,-,l< . ) +o.

B

)Z/d

1
n

Similarly, for n large enough and for all P € Op 4 ;.. 1. o - With probability larger that 1 — (

logn ld
Bn ‘

Proof (of Lemma The first statement is a direct corollary of Proposition since for all r < p /4,

du(M,X, M) < Cqy,. <

Qo(ﬂ(pﬂ’)) = /ﬂ(p r)fdjfd > fminVOI(f@(pJ)mM) > adfminrdv

where a4 can be taken to be equal to ¢/; of Proposition Let us now prove the second statement. By definition, sample X; € X,,, that
has distribution Q € 9p g 7. £....p.c Can be written as X; = ¥; 4 Z;, with ¥; having distribution Qo € 9p 4. 1,11 fnar,p» a0 || Zi]| < 0.
From the previous point, letting @ = a4 fuin, Qo fulfils the so-called (a,d)-standard assumption of [11] for » < p /4. Looking carefully
at the proof of Lemma 10 in [T1]] shows that its conclusion still holds for measures satisfying the (a,d)-standard assumption for
small radii only. Therefore, writing Y,, = {¥},....Y,}, for r < p/8 we obtain

P (d(MY)>)<4dx( “d)
0o (du(M,Y, r _mdep nzdr .
lfﬂ]/

d
The statement then follows using that dy (X,,,Y,) < 0, and setting r = Cy 7, .. ( o with CZI{. foin zd% >1+2/d.

To prove the last point, notice that for all k = 0,...,n, conditionally on the event {|X, N\M| = k}, X,, "M has the distribution
of a k-sample of Q. Therefore,

Pp (di (M, X, \M) > r| [X, (M| = k) = Po, (dps (M, X NM) > r)

< %exp (7k2%rd> .

Hence,

n
Pp (du (M, X, (M) > r) = Y Pp (dp (M, X, N M) > r| [X, N\M| = k) Pp(|X, N\M| = k)
k=0

<% e () (1)t prt
- i[-p(—ew (5]

d a
< graewe [0 (1-ew (- 55))

d

< Hoolyter],

1/d
whenever r < p/8 and ar? < 29, Taking r = o i (l‘;ggn") with Cé,‘{fmm 25% > 142/d yields the result.

We now focus on proving Lemma For its proof, we need the following piece of notation. For all bounded subset K C R” and
€ >0, we let cvg (€) denote the Euclidean covering number of K. That is, cvg (€) is the minimal number k of Euclidean open balls
of radii € and centered at elements of K that are needed to cover K.
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Lemma 33 Let K C RP be a bounded subset. If K is path connected, then for all € > 0, diam(K) < 2ecvk (€).

Proof (ofLemma Let p,g € K and : [0,1] — K be a continuous path joining y(0) = p and y(1) = g. Writing N = cvg(€),
let x1,...,xy € RP be the centers of a covering of K by open balls of radii €. We let U; denote {t,||¥(t) —x;|| < €} C [0,1]. By
construction of the covering, there exists x(;) € {x1,...,xn} such that ||p—x(1) H < é&.Then Upyy > ¥(0) = p is a non-empty open
subset of [0, 1], so that (1) = supU(yy is positive. If ;) = 1, then lla— x| < €. and in particular ||g — p|| < 2e.If 11y < 1, since
U1y is an open subset of [0, 1], we see that ¥(¢(;)) ¢ Uy). But UY,U; is an open cover of [0, 1], which yields the existence Up)
such that ¥(#(1)) € U(y), and for all # < (), ¥(t) ¢ U(2). Then consider ;) = supU(z), and so on. Doing so, we build by induction
a sequence of numbers 0 <7y <... <f) <1 and distinct centers x(j),...,Xx) € {x1,...,xn} (k < N) such that Hp—x(l)H <Eg,
Hq—x(k)H <&, with ||y(t(,~)) —x(i)H <eforl <i<kand HY(’(;‘)) —x(iH)H < gfor 1 <i<k—1.In particular,
forall 1 <i<k—1.To conclude, write

() — x| < 26

1P =all < | =2xc1) [+ [Py = g0 |+ lla =0 ||
k=1
<et ) [P —xen [ +e
i=1
< 2ke <2ecvk(€).
Since this bound holds for all p,q € K, we get the announced bound on the diameter of K.

We are now in position to prove Lemma[2]
Proof (ofLemma Lete <p/4,and xy,... sXcvy (e) be a minimal covering of M. According to Lemma for all k,

Q(%M(lee)) > adﬁninsd

for some a; > 0. A straightforward packing argument [11} Section B.1] yields that the covering number of the support M of Q
satisfies cq

f min ed
for all € < p /4, where cq = 2¢/a,. Applying this bound with € = p /4, together with Lemmayields

cvy(e) <

- ﬁninpd71 ’
where Cy = 2371 /a,.

Now we allow for some outliers. We consider a random variable X with distribution P, that can be written as X =V (Y +Z) +
(1-V)X", with ||Z|| < sh, s <1/4, such that P(V = 1) = B and V is independent from (Y,Z,X"), ¥ has law Q in ¥p.g £, freep>
and X" has uniform distribution on %(0,Kj) (recall that Kj is defined below Lemma . Note that s = 0 corresponds to the clutter
noise case, whereas f§ = 1 corresponds to the additive noise case.

For a fixed point x, let p (x, ) denote P (A (x,h)). We have P (VY € % (x,(1 —s)h)) <P (VX € B (x,h)) <P(VY € B (x,2h)).
Hence we may write

Bq (x,3/4h)+ (1= B) g’ (x,h) < p(x,h) < Bq(x,2h) + (1~ B) g (x,h),

where g (x,h) = Q (% (x,h)), and ¢’ (x,h) = (h/Ko)D. Bounds on the quantities above are to be found in the following lemma.
Lemma 34 There exists he (P, B, fmin, finax,d) < p/V'12d such that, if h < h-, for every x such that d (x,M) < h, we have

- B(x,2h)NM C ,@SEM (x),4h)NM,

- 4(X>2h) < Cd.fmaxh .
Moreover, if d (x,M) < h/ﬁ, we have

- B(my (x),h/8)NM C B(x,3h/4),

- Cdfminhd < Q(X>3h/4),

- p(x,h) <2Bq(x,2h).
Proof (of Lemmal|34)) Seth, (p) =p/(16a), and let x be such that d (x, M) < h, and h < h;. According to Proposition A (x,2h)N
M C B (7y (x),15,) "M, with 5, = \/(14+2A/p)ray < 2ry, < 4h. According to Proposition ify € A (my (x),4h) "M, then
dy (my (x),y) <4dah <p/4. Propositionthen yields ¢ (x,2h) < Cy finaxh®.

Now if d (x,M) <h/\/2, B (nM (x) 7’3}/4) NM C % (x,3h/4) M according to Proposition with 37:/4 =V (1=A/p)r3s>
3/4/2 > h/8. Since By (my (x),h/8) C LB (7y (x),h/8) MM, a direct application of Proposition|31|entails cafminh?® < q(x, 3h/4).

Applying Propositionagain, there exists A2 (fiin,d, D, B, p) such thatif A < hy Ahy, then for any x such that d (x, M) < h/\/i
we have (1—B)q (x,h) < Bcqa,, h’, along with g (x,2h) > q(x,3h/4) > cq 1., h9. We deduce that p (x,h) < 2B¢ (x,2h). Taking
hy =hy Ahy A p/+/12d leads to the result.
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C.2 Local Covariance Matrices

In this section we describe the shape of the local covariance matrices involved in tangent space estimation. Without loss of generality,
the analysis will be conducted for £; (at sample point X, ), abbreviated as £. We further assume that d (X1,M) <h/v2, my(X1) =0,
and that ToM is spanned by the d first vectors of the canonical basis of RP.

The two models (additive noise and clutter noise) will be treated jointly, by considering a random variable X of the form

X=V{¥Y+2)+(1-V)X",

where P(V = 1) = B and V is independent from (Y,Z,X"), Y has distribution in ¥p 4 ¢ . 7. 0 s, [|Z|| < 0, and X" has uniform
law on #(0,Kp) (recall that Kj is defined above Definition E} For short we denote by s the quantity ¢ /h, and recall that we take
s < 1/4, along with & < hy (defined in Lemma.

LetU(X;,h),i=2,...,n, denote 1 g(x, 5)(X;), letY; € M and Z; such that X; =Y; +Z;, with [|Z;|| < sh, and let V2,...V, denote
random variables such that V; = 1 if X; is drawn from the signal distribution (see page. It is immediate that the (U (X;,h),Vi)’s are
independent and identically distributed, with distribution (U(X,h),V).

With a slight abuse of notation, we will denote by P and E conditional probability and expectation with respect to X;. The
following expectations will be of particular interest.

m(h) =  E(XU(X,h)V)/E(VU(X,h)),
Z(h) = E(X —m(h))7(X —m(h)7U (X, h)V,

where for any x in R? x1 and x, denote respectively the projection of x onto ToM and TyM~*.
The following lemma gives useful results on both m(k) and X (h), provided that X; is close enough to M.

Lemma 35 Ifd(X;,M) < h/\/2, for h < hy, then

with
Himin(ACh)) 2 BCd, fin frar [
Furthermore,

[[mer (B)] < 2h,
2h*
[lm . (h)|| < = +sh.
p
Proof (of Lemma[33) Let x = y+z be in B(Xy, ), with y € M and |z|| < sh. Since s < 1/4, ||y|| < 2/. According to Proposition[26]
combined with Proposition we may write, for 7 < hy and y in #(X1,2h) "M,

in local polar coordinates. Moreover, if y € 2(X;,(1 — s)h), then x € %(X;,h). Then, according to Proposition [26] we have
B(mu(X1),73,/) "M C B(Xi,(1—5)h) N M. Let u be a unit vector in ToM. Then (u,x —mr ())* = (u,rv+R(r,v) +z—m (h))®

> (u,rv—m7(h))? /2 = 3(R(r,v) +2)2 > (u,rv—m(h))? /2 — 6r*/(4p?) — 652k according to Proposition Hence we may
write

(Au,u) =B /%(X o (u,rv+R(r,v) —mt (h))zJ(r, v)f(r,v)drdv
> B foinca | o’ [ =) 123/ (2p%) = 65207 dra,
r= Yd-1

according to Proposition(bound onJ(r,v)) and Proposition(the geodesic ball By (my (X1), 73, y 4) is included in the Euclidean
ball ZB(my (X ),r;h/4) C #(X1,(1—s)h) NM). Then

"3 M v — 2 T -1 2 " Ga1(r3,)" 2
31/4/ (u,rv—m(h)) drdy > 3h/4/ (u,rv) drdy — %=1 /31/4 A g B4’
r=0 a1 2 r=0 Ta_1 2 2d r=0 Zd(d + 2)

where 0,1 denotes the surface of the d — 1-dimensional unit sphere. On the other hand,

3(’;;,/4)2 6s°h?
2(d +4)p? d

Tawa 3

rt 272 d—1 — \d+2
o Loy 202 +652h%r¢ drdv:cd,l(r3h/4)
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Since r;h/4 <h<hy <p/V12d, we conclude that
<Au7u> 2 Bcdﬁ71i)1(r;]1/4)d+2 > BcdfminhdJrz:

since, for d(X;,M) < h/ﬁ and h < hy, r;h/4 > r3h/4/2 > h/8, according to Proposition

Now, since for any x = y+z € B(X1,h), y € MNPB(0,2h) and ||z|| < sh, we have ||y_ || < 2h?/p, according to Proposition
Jensen’s inequality yields that ||m(h), || < 2h%/p +sh and ||m(h)~|| < ||m(h)|| < 2h.

The following Lemma@is devoted to quantify the deviations of empirical quantities such as local covariance matrices, means
and number of points within balls from their deterministic counterparts. To this aim we define No(h) and N, (k) as the number of
points drawn from respectively noise and signal in %(X,,h) N M, namely

No(h) = Y U(X;,h)(1-Vy),
i>2
Ni(h) =Y U(X;,h)Vi.

i>2

. 1/(d+1)
Lemma 36 Recall that hy = (K ﬁl((:inl)> (as defined page , and he = h(()dﬂ) /) for K to be fixed later:

If ho < hy and d(Xy,M) < hy //2, then, with probability larger than 1 —4 (%)2/(”1, the following inequalities hold, for all
h < hy.

No(h)

o) < 2(1- B)g () + 22 Dloen
<

n—1
10(2+2/4d) 1
2Bg(2h) + 102t 2/d)lozn,

Ny (h)
n—1

Moreover, for all (ho V \/Ed(Xl ,M)) < h < ho, and n large enough,

L E 06— m(0) 00U V=20 <Co e pane,
1 fmax
p— é(xf—m(hDTU(xf,h)w N <Gy Ba2h)h

Proof (of Lemma@) The first two inequalities are straightforward applications of Theorem 5.1 in [6]. The proofs of the two last
results are detailed below. They are based on Talagrand-Bousquet’s inequality (see, e.g., Theorem 2.3 in [8]) combined with the
so-called peeling device.

Define i = (he V v/2d(X; ,M)), where we recall that in this analysis X is fixed, and let fr, denote the function

Sra(x,v) = <T7 (x—m(h))T(x—m(h);U(x, h)v> ,

for h_ < h < hy, T ad x d matrix such that ||T|| # = 1, xin R?, vin {0, 1}, and (T, B) = trace(T"A), for any square matrices T and
A. Now we define the weighted empirical process

Sra(Xi, Vi) —Efrp(X,V)
T.h >2 r(h) 7

with (k) = Bq(2h)h?, along with the constrained empirical processes

Z(u)= sup Y fra(X:,Vi) —Efra(X,V),
T.h<u i>2

for h < u < hy. Since || fr||l < suprem|lx —m(h)||>U(x,h) < 4h%, and
Var(fru(X,V)) <E(||X —m(h)|*U(X,h)V) < 16BR*P(VX € B(X),h) < 16BR*P(VY € B(X,,2h),

X

for s < 1/4, a direct application of Theorem 2.3 in [8] yields, with probability larger than 1 —e ™,

32Bq(2u)utx  20u’x
n—1 3(n—1)°

Z(u) < 3EZ(u) +
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To get a bound on EZ(u), we introduce some independent Rademacher random variables 03, ...,0,,i.e. P(6; =1) =P(0; = —1) =
1/2. With a slight abuse of notation, expectations with respect to the (X;,V;)’s and o;’s, i = 2,...,n, will be denoted by E(xy) and
Es in what follows. According to the symmetrization principle (see, e.g., Lemma 11.4 in [7]), we have
(n—1)EZ(u) < 2By y)Eq; sup Y (T, 0ViU(Xi,1)((X; — m(h)) 1 (X; —m(R))7))
<uTi>2
<2Ex v Es sup Y 6, (ViU(Xi,)XiX{,T) +2Ex v\Eo sup Y 6; (ViU (X;,h)Xim(h)',T)
h<u,T j>2 h<u,T >3
+2E(x v\ Es sup Y 6 (ViU(X;,h)m(h)X{,T ) +2Ex y\Es sup Y o; (ViU (X, hym(h)ym(h)',T)
h<u,T j>2 h<u,T >3

= Z]E(va) (El +E, +E3 +E4).

For a fixed sequence (X;,V;), i =2,...,n, we may write
Ei <Egsup| ||} aViUX, WXX!|| —Eo| ) oViU(X;,h)XX! +supEs || Y oViU (X;, h)X.X]
h<u \ ||i>2 z i>2 7z h<u i>2 z
=FEn+Ep.
Jensen’s inequality ensures that
2
Epp <supy|Eq ||Y ViU (X, )X X!
h<u i>2 7z

< 4u* /Ny (u),

hence
ExyyEi2 < 4u? B(n—1)q(2u).

For the term Eyy, note that, when (X;, Vi)i—2.....» is fixed, sup,.<, (|| Li»2 6:;ViU (X, h) X;X! H? —Eo ||Liz2 o:ViU (Xi, 1) X: X! H¢) is in
fact a supremum of at most Ny (u) processes. According to the bounded difference inequality (see, e.g., Theorem 6.2 of [7]), each
of these processes is subGaussian with variance bounded by 16h*N; (u) (see Theorem 2.1 of [[7]). Hence a maximal inequality for
subGaussian random variables (see Section 2.5, p.31, of [7]) ensures that

Eyy < 4h%\/2N; (1) 1og(N; (1)) < 4h*/2N) (u)log(n—1).
Hence E(x y)E11 < 4h*\/2B(n— 1)q(2u)log(n — 1). E> may also be decomposed as

E; =Egsup (Z GiViU(Xi:h)Xi> m(h)'
h<u i>2 F
< 2uE sup Z o;V;U (X, h)X;
h<u||i>2
<2u|Egsup | ||} ViU (X h)Xi| —Eo ||} aiViU (Xi, h)Xi|| | +supEo ||} 6iViU (Xi, h)X;
e\ & 5 h<u  ||iz2

= 2u(E21 + Ezz).

Jensen’s inequality yields that Exp < 2u+/Nj (u), and the same argument as for £y (expectation of a supremum of n — 1 subGaussian
processes with variance bounded by 4u?N (1)) gives E»y < 2u+/2Nj (u)log(n — 1). Hence

EyyyE2 < 442 \/ﬁ(n —1)g(2u) <\/210g(n -1+ 1) .

Similarly, we may write

Exv)Es < 4 y/B(n—1)g(u) (\/ZIOg(n "+ 1) .

At last, we may decompose Ej4 as

Ey <Eg4u’sup |y ViU (X;,h)
h<u |;>2
<4u* |Egsup | | Y ViU(Xi,h)| —Eq | Y. ViU(X;,h)| | +supEq | Y. ViU (X;., )
h<u \ |i>2 i>2 h<u i>2

<4 V) (V2ogn 1 +1),



28 Eddie Aamari, Clément Levrard

using the same argument. Combining all these terms leads to

EZ(u) < %fo(lz”) <\/210g(n— )+ 1) ,

hence we get

192+/2u? 2u)log(n— 1 1 20u?
p (20 > 19222 Bgulogln 1) (| 1 [ 0ex\ _
Vn—1 48\/ log(n—1) n—1
To derive a bound on the weighted process Z, we make use of the so-called peeling device (see, e.g., Section 13.7, p.387, of [7]).
Set p = [log(ho/he)] < 1+10g(ho/he), so that e Phy < h_. According to Lemma if 1; denotes the slice [e=/hg,e~ U~ o] N
[h—, ko], then, for every h in I}, we have

y f;nin
f max ’

where c; depends only on the dimension, provided that iy < . Now we may write

r(h) > r(hj—1)c

o(z> 192 frnax V2 1 L Jxtlog(p) ) | 20fmar(x+log(p))
 fmin€ar/Bq(2h-)(n—1) BV n—1 (n—1)Bcafminq(2h-)

48 n—1

IN
™=

Thel r(h) = hmcar/Ba2h ) i=1) 1= 1) fumcaPa(2h_)

192v2r(hj—1) P L fxtloe(p) +20r(h,-,1)(erlog(p))
Bq(2h-)(n—1) (n=1)Bq(2h-) |

P( Eioa fraXiVi) “Bfra(X.V) | 192y (1 1 x+log(p>) 20l log(p) )

1

J

IN
M~

i1)>
P<Z(h-’ 1z Y a-1

1

Since g(2hj_1) > g(2h_), we deduce that

48 n—1

]ngmaxﬂ 1 X-I-]Og(p) zofmux(x+]0g(p)) —(x-+log(p))
P(Z 1+ — Ep.
< = Fminca/BqRh_)(n—1) ( M >+ (”l)cdfminB‘I(Zh)> =pe

=e .

Now, according to Lemma[34] B¢(2h_) > cyxlogn/(n—1). On the other hand, p < 1+log(lo /he) <log(B(n—1)/x)/d <logn/d,
for k¥ > 1. For n large enough, taking x = (1+2/d)logn in the previous inequality, we get

Fonax 1 1+2/d
(o)< (1)

The last concentration inequality of Lemma@may be derived the same way, considering the functions

g v) = ((c=m(W)U(x,h)v,T),

where T is an element of RY satisfying ||T|| < 1.

C.3 Decluttering Rate

In this section we prove that, if the angle between tangent spaces is of order £, then we can distinguish between outliers and signal
at order h?. We recall that the slab S(x, T, /) is the set of points y such that |7 (y —x)|| < kik and |7, (v — x)|| < k2h?, ki and ky
defined in Lemma@ and where 77 denotes the orthogonal projection onto T'.

Lemma 37 Recall that hy = (K ﬁl(‘:lgj) , and he = hédﬂ)/ 4 Let K be fixed, and ki, ky defined accordingly from Lemma

@ If hy < h, for K large enough (depending on d, p and fin) and n large enough, there exists a threshold t such that, for all
2/d+1

)1/(d+1)

he < h < hg, we have, with probability larger than 1 —3 (%)

Xi €M and /(T,Tx,M) <Kh/p = |S(X1,T,h) N {Xa, ..., Xn}| > t(n—1)h?,
dXi,M)>k[p and L(T,Tyx) M) <Kh/p = |S(X1,T,h) " {Xa,..., X, }| <t(n—1)h¢,
d(X;,M) > h/V2 = [S(X1, T,h) N {Xa,....Xn}| < t(n—1)he.
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Proof (ofLemma@ Suppose that d(X;,M) > h/+/2. Then, according to Lemma S(X,,T,h) C B(Xy,h/2), with B(X(,h/2)N

M =0, hence P,(S(X1,T,h)) < P,(%(Xi,h/2)). Theorem 5.1 in [€] yields that, for all e < h < hg, with probability larger than
2/d+1

=G

PA#(X1.1/2)) < 2P(# (X, h2)) + LT DB
Since log(n)/(n — 1) < Bh?/x, we may write
B(S(X0.T.1)) < 20/ (B(x1,hy2)) + HLATVIEEN) oy gy 17 4(2/d+ 1)log(Sm)
n—1 (2Kp)P n—1
< (1 B)Capp o, T + w < <(1 —B)Capp foh+ %) ,

for n large enough so that 7 < 1.

Ifh/v2>d(X,,M)>h*/p and £ (Tyx, M, T) < Kh/p, then Lemmaprovides abig slab §'(x, Ty (M, h) so that S(x, T, h) C
S'(x, Tr(x)M, 1) and ' (x, Ty ()M, h) "M = 0. Thus, B, (S(x, T, h)) < Py(S'(x, Tr(xyM,h)). An other application of Theorem 5.1 in [6]
yields that, for all 4., < h < hg, with probability larger than 1 — (%)2/ aH

B

Po(S' (x, TyyM, b)) < 2P(S'(x, Ty(yM, b)) + M,

hence, denoting by @, the volume of the r-dimensional unit ball, we get

RS04, 7. 1) <20/ (x1 /) 4 F L Dloe®n) 201 ‘Ifggj) 90 4y gyt L1 Dlog(En)
0
(2/d+1)log(8n)

4 C,
< (1= B)Cuppy p kT + <t (0 -panpgut <P,

n—1 K
when 7 is large enough.
Now, if X; € M and £ (Tyx,)M,T) < Kh/p, Lemmal_l_SIentails that #(Xy,ksh) "M C S(X1,T,h), hence P,(S(X1,T,h)) >

P,(#(X1,ksh) "M). A last application of Theorem 5.1 in [6] yields that, for all he < h < hg, with probability larger than 1 —
1 )2/d+1’
B0, ksh) M) > 2P0 ksh) — W.
Thus we deduce that
2(2/d +1)log(8n) Bnd

Sl es)

P.(S(X1,T,h)) > = Q(A(X1,ksh)) — > gq(lgh) _CdT

n—1
>ht <ﬁcd,f,,,,-,,,p *Q%) ,

according to Lemma@(since k3 < 1). Choosing x large enough (depending on d, p and f,,;») and then n large enough leads to the
result.

D Matrix Decomposition and Principal Angles

In this section we expose a standard matrix perturbation result, adapted to our framework. For real symmetric matrices, we let ;(-)
denote their i-th largest eigenvalue and Ly, (+) the smallest one.

Theorem 38 (Sin 6 theorem [15], this version from Lemma 19 in [2]) Let O € RP*P, B ¢ R4*4 pe positive semi-definite sym-
metric matrices such that

B|0
o= (20 e
Let Ty (resp. T) be the vector space spanned by the first d vectors of the canonical basis (resp. by the first d eigenvectors of O).
Then
2||E
£(Ty,T) < M

= Wmin(B)
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E Local PCA for Tangent Space Estimation and Decluttering

This section is dedicated to the proofs of SectionE] We begin with the case of additive noise (and no outliers), that is Proposition

E.1 Proof of Proposition T3]

Without loss of generality, the local PCA analysis will be conducted at base point X, the results on the whole sample then follow

from a standard union bound. For convenience, we assume that my(X;) = 0 and that TpM is spanned by the d first vectors of the

canonical basis of R”. We recall that X; = Y; +Z;, with ¥; € M and || Z|| < sh, for s < 1/4. In particular, | X;|| < ||Z;]| < sh < h/4.
‘We adopt the following notation for the local covariance matrix based on the whole sample X,.

Ei(h) = A Lo (X =X () (X; — X (1)U (X, h),
X(h) = ﬁ):izzin(Xi,h),
N(h) = Y2 U(Xi,h).

Note that the tangent space estimator TSE(X,, h); is the space spanned by the first d eigenvectors of fl(h) From now on we suppose

that all the inequalities of Lemma [36|are satisfied, defining then a global event of probability larger than 1 —4 (%)2/ o

We consider i = hy < h, so that Lemma@and@hold. We may then decompose the local covariance matrix as follows.

00 = 5 06— m00) 5= )06 )— R0 = () (K 8) =)
=5+5. 3)

The first term may be written as

1
n—1

5=

Y (X; = m(h)) (X —m(h))'U(X;, h) =

i>2

LY m() (06— m(R)) UK, ) R

n—1i>
=Z(h)+Ri+Ry,
where

T(h) = (Ag’) g)

According to Lemma(with B = 1), tin(A(R)) > cq fninh®2. On the other hand, using Propositionand Lemmawe may
write

(n=DRill7/N(h) <2 sup  |(y+z—m(m)r||y+z—mR) ]+ sup [(y+z—m(h). [

y+z€8B(X; .h) y+zeAB(X) ,h)
<2 sup [[+z—m)|([(—m()Lll+sh)+  sup  ([|(y—m(h))L|+sh)?
y+zE€B(X) k) yeB(0.2h)M
an? 4n? 2
< 8h <i +23h> + <L +2sh>
p p
3 3
< —th +20sh?,

since h < hy and s < 1/4. In addition, we can write
(R 0
R2 = <0 0) )
with |[Ry|| 7 < Cy4 %(](Zh)h2 according to Lemma(with B=1.

In turn, the term £, may be decomposed as

A R4 O
5= (0“ O) +Rs,
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with
[Rall > < %H(ff(ﬁ) —m(h))T[[[[(X (h) —m(h))|
< || T
- 2qu(2i:)h2fmax
- fmin\/E ’

according to Lemma@ A similar bound on R3 may be derived,

IR3ll» < @

&) = m(R)) L[[(X (B) = m()|

ZY—i—Z m(h)), U (X;,h)

_ 8AN(h) (2 B2 /p + sh)
n—1

N 2
W (160 )
n—1 p

1/d
according to Propositionand Lemma If we choose h = (Kk’f;’ ) , for x large enough (depending on d, fiin and fiax), We

n

have

|R2 + R4ll#
W RINF 4.
”min(A(h)) o /

Now, provided that k¥ > 1, according to Lemma@ we may write

R +Rs|.#
" <K fuimd (B/PFS),
:u'min(A(h)) Jmaof

which, for n large enough, leads to
L(ToM, Ty M) < V2K fi0a (/P +5).

according to Proposition 38]

E.2 Proof of Proposition [I9]

The proof of Proposition [T9] follows the same path as the derivation of Proposition[T3] with some technical difficulties due to the
outliers (f < 1). We emphasize that in this framework, there is no additive noise (¢ = 0). As in the previous section, the analysis
will be conducted for X; € X®), for some fixed k > —1, k = —1 referring to the initialization step. Results on the whole sample
then follow from a standard union bound. As before, we assume that my(X;) = 0 and that ToM is spanned by the d first vectors of
the canonical basis of RP. In what follows, denote by 7 the map from R” to {0, 1} such that 7(X;) = 1 if and only if X; is in X*),

We adopt the following notation for the local covariance matrix based on X® (after k + 1 iterations of the outlier filtering
procedure).

£ () = 7y Eyea (X~ X)) (G~ X)) U 1%,
X<k)(h) = N(">(h Zl>2XU(X h)f(X)
N(k) (h) = ZzZZU(XHh) (X)

Also recall that we define No(h) and N; (%) as the number of points drawn from respectively clutter and signal in Z(X;,h) "M
(based on the whole sample X,). At last, we suppose that all the inequalities of Lemma@ and Lemmamare satisfied, defining

then a global event of probability larger than 1 —7 (%)Z/d+1 .
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We recall that we consider e < h < hy, k > —1 (with h_; = hg), and X; in X®) such that d(X,,M) < h/ﬁ We may then
decompose the local covariance matrix as

A ® )
000 = 5 0= m() 06— m0) U8 ) L )~ ()™ )
= ni 1 g(Xi *M(h))(Xi — m(h))’U(Xi,h)f(X,')Vi(Xi) + 1 Z;(X, _ m(h))(xl. _ I’I’I(/’l))tU(Xi,h)(l _ V[)f(x)
= N () — o) R~ mY,
=EW 1 £0 420, @

The proof of Proposition@will follow by induction.
Initialization step (k = —1):

In this case X*®) =X, h = ho, d(X,,M) < ho/ﬁ, and 7 is always equal to 1. Then the first term ZAl(k) of (@) may be written as

1
n—1

Y (X; = m(R)) (X —m(R))'U(X;, h)V; =

i>2

Y (X —m(h)) 7 (X; — m(h)) U (Xi,h)V; + Ry

nfli22

=X(h)+R; +Rs,
where
T(h) = (Ag’) 8)

3
According to Lemma Wnin(A(h)) > cq fininBhH?, and |Ry || 7 < 34 1;]‘(@}1') according to Proposition Moreover, we can write

with [|Ra || 7 < Cd%ﬁq@h)hz according to Lemma
Term fék) in inequality (@) may be bounded by

In turn, term 2§k) may be decomposed as

® ) - ]
1\;7(11) KB —m(m)) X B)E —m(h)) = (1;6 8) .
with
(k)
IRsll.7 < Nn(li)l (X (R)® — m(h))+ ||| (X (B)® —m(h))|

< (mx,»m<h>>TU<x,-,h>vi|+|):<xim(th(x,«,h)(lvm)

n—1\"%5 i>2

< 4Cdﬁq(2h)h2fmax + 16h2N0(h)
N fmin\/E n—1 ’

according to Lemma[36] We may also write

(k)
IRslz < ML) © —m0) IR —m(h)|
<= (u X () U VG| 5 Xm0 3 v,->|>

16N (R)R> 16Ny (h)R?
(n—1)p (n—=1) "~
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according to Proposition@ and Lemma @ As in the additive noise case (see proof of Proposition @, provided that x is large
enough (depending on d, finin, and fiax), we have
Ry +R¢l|#
1Rt Rolz
Himin (A (h))

Since (n— l)hg = Kll;’f" , if we ask k¥ > p, then for n large enough we eventually get

o (k
£ 4R+ Rsllr e o
,Umin(A(h)) = B4, finin: fmax.B p >

according to Lemma[36] Then, Proposition[38]can be applied to obtain
Z(TSE(XY o)1, Tyx M) < \[de T pho/P-

According to Lemma v we may choose « large enough (with respect to K = v/2K ©), d, finin and p) and then a threshold 7 so that,
if X; € M, then X; € X©), and if d(X;,M) > i} /p, then X; ¢ X(0).

%
Iteration step Now we assume that k > 0, and that d(X;, M) > h? /p implies £(X;) = 0, with hy = ( %) k, % being between
1/(d+1) and 1/d. Let hoo < h < Iy, and suppose that d(X;,M) < ;. /+/2. As in the initialization step, El(k) may be written as

A(h) O
< E))O)-I-RH-RL

With fnin (A(R)) = a fruinBH2, R | 5 < 345H00 L and R 5 < Cq e Bg(2m)h.

We can decompose %, as

L3 (X6 — () (X — m() YU (X6, ) (1= Vi)i(Xe) = —— Y (X — m(R)) (X — m(R)-U (Xi, ) (1 = Vi)i(Xe) + Rs

i>2

n—1

with |Rs]| 7 < % and ||R3|| < % according to Proposition for n large enough so that i3 /p < he. Term f3(k) may
also be written as
k) _
M ) ® —m) & )y = (76 0) 45,
n—1 00
with
NmW® _
IRl < njl (X ()Y = m(m) 7 |[[(X () = m()|
< nfl <|Z (Xi —m(R)TU (Xe. Vi + [ Y (X = m h)hU(X,»,h)(lmf(Xi)l)
i>2 i>2
 4CaBg(2h)h* finax N 161Ny (h)
n fmin\/E (n_l) '
according to Lemma@ We may also write
< ( ) h X (h (k) _ h
IRs||.7 < = =~ 1(X (h YO —m(m) LR () —m(n)|
<< < Y (Xi—m(h) L UXi, Vi + | Y (X; —m h))LU(Xhh)(lVi)f(Xi)l)
i>2 i>2

16Ny (R)h® 32N (h)hh?
(n—1)p p(n—1)

according to Proposition@ Propositionmand Lemma@ As done before, we may choose k large enough (depending on d, fiin
and finqy, but not on k) such that
[R2+ R4 + Re|| # <14
,u'min (A (h) )
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logn \ @n+D/(d+2) . L - .
) , with k¥ > 1. This choice is made to optimize residual terms of the form h/p +

Now choose h = hyy) = <Kﬁ(n71)
h2No(h)/h coming from ||Ry + R3 + Rs|| & / lmin(A(lir1)). Then we get, according to Lemma

/ Yer1+2%— 2%+ 1)+1
|\R1+R3+R5H.¢<Cfmaxhk+1 G ( logn ) )

,u'min(A(thrl)) = pﬁnin ﬁpjmm Kﬁ(nfl)
P

p
where again, K 7 .« =g does not depend on k. At last, we may apply Proposition@to get

S Kd-fmin +Jmax:B

2(1SEEE i )1 T M) < V2K 10651 /P < V2 (K eV K o) i1 /P
= Ca B, o fin Mt 1/ P-

Then, according to Lemma@ we may choose Kk large enough (not depending on k) and ¢ (not depending on k either) so that
if X; € M, then X; € X*D andif d (X1,M) > h% /p, then X; ¢ X&), Propositionthen follows from a straightforward union
bound on the sample {Xi,...,X,}.

E.3 Proof of Proposition [22]

In this case, we have d(X;,M) < h2/p, for every X jin X®). The proof of Propositionfollows from the same calculation as in
the proof of Proposition replacing h% /p by its upper bound 42 /p and taking h | = h. in the iteration step.

F Proof of the Main Reconstruction Results

We now prove main results Theoremﬂ(additive noise model), and Theorems |§|and|§| (clutter noise model).

F.1 Additive Noise Model

Proof (of Corollary Let Q € Dp a frinsfoarpo- Write € =cq 5. ¢ (hV po/h) for ¢y . . large enough, an consider the
event A defined by

A h o© logn 1/d
A= LTy (M. Tj (1)) < Cu —+ =) pN{supd(x,X,) <o pn d(Xj.M) < Cy g | —— :
{Xf?glgn (Toyy (2yM 1)) < C fri o (p+h>} {fﬁ}} (0, Xn) < } {nggn (X;,M) d,fm,n( n )

Then from Proposition|15|and Lemma Po(A)>1-5 (%)2/ d, and from the definition of € and the construction of Y,,, for n large
enough,

2

o € €
A ax Z(T, AM,T;(h)) < n d(x,X,) < N dXiM) < ——
“ {xr,l-la’s‘n (T ) M. T (1)) < ZZSOP} {fé’ﬁ & ")*8} {xflgi,, (.M = 1140p}

2
A € . €
- {Xr?eaﬁ){(n A(THMXJ_)M,Tj(h)) < 3380p } n {f:[gd(x,Yn) < 28} N{Y, is e-sparse} N {Xflexgnd(xj,M) < 11400 140p } ,

which yields the result.

Proof (of Theorem E) Following the above notation, we observe that on the event A, Theorem [14] holds for € = cg 7. fu(BV
po/h), 6 = &/(1140p) (where we used that & < 2sin6) and 1 = £2/(1140p) with high probability, so that the first part of
Theorem[7)is proved. Furthermore, for n large enough,

Eg [dy (M7MTDC)} =Eg [dy (M7M-mc) 1a] +Eg [du (M-,MTDC) Lac]
2
< Cd% +(1=Py(A)) (diam(M) + o)
< C‘livfmin-fnmx-sz7

where for the last line we used the diameter bound of Lemma[2]



Stability and Minimax Optimality of Tangential Delaunay Complexes for Manifold Reconstruction 35

F.2 Clutter Noise Model

Proof (of Corollary 20) Let P € Op g f,... fou.p.p- FOT 1 large enough, Write € = 4,5, s ks T Cd.fyy finae 1arge enough, and
consider the event

3 78 I, k h logn\ /¢
A° = max Z(TEM(X,')MvTj ) < Cdvf}nimﬁnaxis n supd(x,X( 5)) < 8 n sup d(XJ,M) < C‘Lfmin < >
xjexks) P xeM p xjexts) n

From Proposition [19] and Lemma Pp (A‘s) >1-8 (%)2/ dand from the definition of € and the construction of Yf, for n large
enough,

2
ASC{ max /(T )M T7) < 3¢ }m{supd(X7X<"5))<8}m sup d(X,-,M)SnZOp

x;extks) ~ 2280p xeM xjexts)
C ¢ max (T, M, T9) < ¢ ﬂ{su d(x,Y?) < 28} N{Y, is e-sparse} N ¢ sup d(X;,M) < e
AWM T?) < x,Y,) < - M) <
Kext v (X;) Jj 2280p xeltl/)l n n P X,-e§,§ J 1140p

which yields the result.

Proof (of Theorem|8)) Following the above notation, we observe that on the event A‘s, Theorem holds for € = ¢y, fon inﬁna’chkﬂ’
6 =¢/(1140p) and = €2/(1140p), so that the first part of Theoremis proved. As a consequence, for n large enough,

Ep [d]-] (MvMTDCS)] =Ep [d[.] (M,MTch) ﬂA‘S} +Ep [dH (MvMTDcﬁ) ]l(A(;)r]
82 s
<c ;+<17PP(A )) % 2K,

< C‘/jﬂfmin Jmax,p 82’
where for the second line we used the fact that M UIVITch; C Py, a ball of radius Ko = Ko(d, fumin, P)-

Finally, Theorem[J]is obtained similarly using Proposition[22}
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