Stability and Minimax Optimality of Tangential Delaunay
Complexes for Manifold Reconstruction

Eddie Aamari and Clément Levrard

Abstract

In this paper we consider the problem of optimality in manifold reconstruction. A random
sample X, = {X1,...,Xn} C RP composed of points lying on a d-dimensional submanifold
M, with or without outliers drawn in the ambient space, is observed. Based on the Tangential
Delaunay Complex [4], we construct an estimator M that is ambient isotopic and Hausdorff-
close to M with high probability. The estimator M is built from existing algorithms. In a
model without outliers, we show that this estimator is asymptotically minimax optimal for the
Hausdorff distance over a class of submanifolds defined with a reach constraint. Therefore, even
with no a priori information on the tangent spaces of M, our estimator based on Tangential
Delaunay Complexes is optimal. This shows that the optimal rate of convergence can be
achieved through existing algorithms. A similar result is also derived in a model with outliers.
A geometric interpolation result is derived, showing that the Tangential Delaunay Complex
is stable with respect to noise and perturbations of the tangent spaces. In the process, a
denoising procedure and a tangent space estimator both based on local principal component
analysis (PCA) are studied.

1 Introduction

Throughout many fields of applied science, data in R” can naturally be modeled as lying on a d-
dimensional submanifold M. As M may carry a lot of information about the studied phenomenon,
it is then natural to consider the problem of either approximating M geometrically, recovering it
topologically, or both from a point sample X,, = {X1,...,X,}. It is of particular interest in high
codimension (d < D) where it can be used as a preliminary processing of the data for reducing its
dimension, and then avoiding the curse of dimensionality. This problem is usually referred to as
manifold reconstruction in the computational geometry community, and rather called set/support
estimation or manifold learning in the statistics literature.

The computational geometry community has now been active on manifold reconstruction for
many years, mainly in deterministic frameworks. In dimension 3, [I6] provides a survey of the state
of the art. In higher dimension, the employed methods rely on variants of the ambient Delaunay
triangulation [12, 4]. The geometric and topological guarantees are derived under the assumption
that the point cloud — fixed and nonrandom — densely samples M at scale €, with ¢ small enough
or going to 0.

In the statistics literature, most of the attention has been paid to approximation guarantees,
rather than topological ones. The approximation bounds are given in terms of the sample size n,
that is assumed to be large enough or going to infinity. To derive these bounds, a broad variety
of assumptions on M have been considered. For instance, if M is a bounded convex set and X,
does not contain outliers, a natural idea is to consider the convex hull M = Conv(X,,) to be the



estimator. Conv(X,,) provides optimal rates of approximation for several loss functions [28 [19].
These rates depend crudely on the regularity of the boundary of the convex set M. In addition,
Conv(X,,) is clearly ambient isotopic to M so that it has both good geometric and topological
properties. Generalisations of the notion of convexity based on rolling ball-type assumptions such
as r-convexity and reach bounds [14] 23] yield rich classes of sets with good geometric properties.
In particular, the reach, as introduced by Federer [2I], appears to be a key regularity and scale
parameter |11} 23].

This paper mainly follows up the two articles [4, 23], both dealing with the case of a d-
dimensional manifold M C RP with a reach regularity condition and where the dimension d is
known.

On one hand, [4] focuses on a deterministic analysis and proposes a provably faithful reconstruction.
The authors introduce a weighted Delaunay triangulation restricted to tangent spaces, the so-called
Tangential Delaunay Complex. This paper gives a reconstruction up to ambient isotopy with ap-
proximation bounds for the Hausdorff distance along with computational complexity bounds. This
work provides a simplicial complex based on the input point cloud and tangent spaces. However, it
lacks stability up to now, in the sense that the assumptions used in the proofs of [4] do not resist
ambient perturbations. Indeed, it heavily relies on the knowledge of the tangent spaces at each
point and on the absence of noise.

On the other hand, [23] takes a statistical approach in a model possibly containing outlier points.
The authors derive an estimator that is proved to be minimax optimal for the Hausdorff distance
dg. Roughly speaking, minimax optimality of the proposed estimator means that it performs best
in the worst possible case up to numerical constants, when the sample size n is large enough.
Although theoretically optimal, the proposed estimator appears to be intractable in practice.

Our main contribution (Theorem [) makes a two-way link between the approaches of [4] and
[23]. It shows that with an additional tangent space estimation procedure that we propose, the
Tangential Delaunay Complex of [4] achieves the optimal rate of convergence in the model without
outliers of [23]. Conversely, Theorem [6] points out that the rate of [23] can be achieved with a
tractable estimator M that is a simplicial complex of which vertices are the data points and such
that M is ambient isotopic to M with high probability. In the presence of outliers, an iterative
denoising procedure is proposed, and similar reconstruction results (Theorem [7| and Theorem
are derived for a simplicial complex based on the denoised point cloud. Moreover, a stability result
for the Tangential Delaunay Complex (Theorem is proved.

Outline

This paper deals with the case where a sample X,, = {X1,...,X,,} C R? of size n is randomly
drawn on/around M. First, the statistical framework is described (Section . Two models are
studied, one where X,, C M and the other where X,, contains outliers. We build a simplicial
complex M (X,,) ambient isotopic to M and achieving a rate of approximation for the Hausdorff
distance dg (M, Mmc)7 with bounds holding uniformly over a class of submanifolds satisfying a reach
regularity condition. The derived rate of convergence is minimax optimal (Section [2)) in the model
without outliers. With outliers,similar estimators MTDC(; and MTDCJr are built. Mrpc, MTDC5 and
Mmc+ are based on the Tangential Delaunay Complex (Section 7 that is first proved to be stable
(Section [4)) via an interpolation result. For this purpose, a method to estimate tangent spaces and
to remove outliers based on local Principal Component Analysis (PCA) is proposed (Section [5)).
We conclude with general remarks and possible extensions (Section @ For ease of exposition, all



the proofs are placed in the appendix.

Notation

In what follows, we consider a smooth d-dimensional submanifold without boundary M C RP to
be reconstructed. For all p € M, T,,M designates the tangent space of M at p. Tangent spaces will
either be considered vectorial or affine depending on the context. The standard inner product in
RP is denoted by (-,-) and the Euclidean distance ||-||. We let B(p,r) denote the closed Euclidean
ball of radius r > 0 centered at p. As introduced in [21], the reach of M, denoted by reach(M)
is the maximal offset radius for which the projection 7, onto M is well defined. Denoting by
d(-, M) the distance to M, the medial aris of M med(M) = {x € RP|3a # b € M,|jz —a| =
le = b|| = d(x, M)} is the set of points which have at least two nearest neighbors on M. Then,
reach(M) = piélj& d(p, med(M)). We simply write 7 for 75 when there is no possibility of confusion.

For any smooth function ® : RP? — R” we let d,® and d2® denote the first and second order

differentials of ® at a € RP. For a linear map A, A! designates its transpose. Let | All,p = sup, ”H’ifl”

and [|Al| = /trace (At A) denote respectively the operator norm induced by the Euclidean norm
and the Frobenius norm. The distance between two linear subspaces U,V C RP of the same

/
dimension is measured by the principal angle Z(U,V) = max max v = |7 — mv||,, - The
uel vev[|ul v ’
Hausdorff distance in R” is denoted by di. We let = denote the ambient isotopy relation in R”.
Throughout this paper, C, will denote a generic constant depending on the parameter a. For

clarity’s sake, ¢, and K, may also be used when several constants are involved.

2 Minimax Risk and Optimality

2.1 Statistical Model

Let us describe the general statistical setting we will use to define optimality for manifold recon-
struction. A statistical model D is a set of probability distributions on R”. In any statistical
experiment, D is fixed and known. We observe an independent and identically distributed sample
of size n (or i.i.d. n-sample) X,, = {Xy,..., X, } drawn according to some unknown distribution
P € D. If no noise is allowed, the problem is to recover the support of P, that is, the smallest
closed set C' C RP such that P(C) = 1. Let us give two examples of such models D by describing
those of interest in this paper.

Let Mp,q4,, be the set of all the d-dimensional connected submanifolds M C RP without bound-
ary satisfying reach(M) > p. The reach assumption is crucial to avoid arbitrarily curved and pinched
shapes [I4]. From a reconstruction point of view, p gives a minimal feature size on M, and then
a minimal scale for geometric information. Every M € Mp 4, inherits a measure induced by the
d-dimensional Hausdorff measure on R” D M. We denote this induced measure v;;. Beyond the
geometric restrictions induced by the lower bound p on the reach, it also requires the natural mea-
sure vy; to behave like a d-dimensional measure, up to uniform constants. Namely, vy, satisfies the
(a,d)-standard property of [10], with a = ag4,. Denote by Uns(fimin, fmaz) the set of probability
distributions @ having a density f with respect to vy such that 0 < frim < f(2) < frnae < 00
for all z € M. Roughly speaking, when Q € Un;(fimin, fmaz), pPoints are drawn almost uniformly



on M . This is to ensure that the sample visits all the areas of M with high probability. The
model without outliers Gp 4,f,...., fiae,p CODSists of the set of all these almost uniform measures on
submanifolds of dimension d having reach greater than a fixed value p > 0.

Definition 1 (Model without outliers). Gp.a,f,.n.fuase = Unremp. o, Unt (fmin, fmac)-

We do not explicitly impose a bound on the diameter of M. Actually, a bound is implicitly
present in the model, as stated in the next lemma, the proof of which follows from a volume
argument.

Lemma 2. There exists Cq > 0 such that for all Q € Gp,d, fruin, fmes,p With associated M,

dlam(]\/[) < # =i Kd,fmimp'
P fmin

Eventually, we may include distributions contaminated with outliers uniformly drawn in a ball
By containing M, as illustrated in Figure[l] Up to translation, we can always assume that M > 0.
To avoid boundary effects, By will be taken to contain M amply, so that the outlier distribution
surrounds M everywhere. Since M has at most diameter Ky, . , from Lemma |2| we arbitrarily
fix By = B(0, Ky), where Ko = K4 §,..,..» + p- Notice that the larger the radius of By, the easier to
label the outlier points since they should be very far away from each other.

(a) Circle with outliers: d = 1,D = 2. (b) Torus with outliers: d = 2,D = 3.

Figure 1: Point clouds X,, drawn from distributions of two instances of models Op 4 t,.in. fmes.p.8
with different parameters and g < 1.

Definition 3 (Model with outliers/Clutter noise model). For 0 < fiin < fraz < 00, 0 < 8 <1,
and p > 0, we define Op d f,im. fmas.p.8 10 be the set of mizture distributions

P =p5Q+ (1—-p5)Ug,,

where Q € GD.d, foin,fmas.p NS support M such that 0 € M, and Ug, is the uniform distribution on
By = B(0, Ko).

Alternatively, a random variable X with distribution P € Op 4. f,.....fme=,p,3 Call be represented
as X = VX' + (1 -V)X"” , where V € {0,1} is a Bernoulli random variable with parameter 3,
X' has distribution in Gp d,f,.;..fmae,p @d X" has a uniform distribution over By, and such that
V, X', X" are independent. In particular for 8 =1, Op.d. frin.fmasp.8=1 = GD.d, fomin: fras.p-



2.2 Minimax Risk

For a probability measure P € D, denote by Ep — or simply E — the expectation with respect to
the product measure P(™). The quantity we will be interested in is the minimaz risk associated to
the model D. For n > 0,
R,(D) = inf sup Ep {dH (M, M)] :
N PeD

where the infimum is taken over all the estimators M = M (X1,...,X,) computed over an n-sample.
R, (D) is the best risk that an estimator based on an n-sample can achieve uniformly over the class
D. Tt is clear from the definition that if D’ C D then R, (D’) < R, (D). It follows the intuition that
the broader the class of considered manifolds, the more difficult it is to estimate them uniformly
well. Studying R, (D) for a fixed n is a difficult task that can rarely be carried out. We will focus on
the semi-asymptotic behavior of this risk. As R, (D) cannot be surpassed, its rate of convergence
to 0 as n — oo may be seen as the best rate of approximation that an estimator can achieve. More
precisely, we will say that two sequences (a,), and (b,), are asymptotically comparable, denoted
by a, < by, if there exist ¢, C' > 0 such that for n large enough, cb,, < a,, < Cb,.

Definition 4. An estimator M is said to be (asymptotically) minimaz optimal over D if

sup Ep [dH (M, M)} = R,(D).

In other words, M is (asymptotically) minimax optimal if it achieves, up to constants, the best
possible rate of convergence in the worst case.

Studying a minimax rate of convergence is twofold. On one hand, deriving an upper bound on
R,, boils down to give an estimator and to study its quality uniformly on D. On the other hand,
lower bounding R, amounts to study the worst possible case in D. This part is usually achieved
with standard Bayesian techniques [26]. For the models considered in the present paper, the rates
were given in [23] 25].

1 2/d
Theorem 5 (Theorem 3 of [25]). Ry (GD.d, frin.fonac.e) = Bn (OD,d fruin,fonacp,8) = (%) -

Beyond this theoretical result, an interesting question is to know whether this minimax rate
can be achieved by a tractable algorithm. Indeed, that proposed in [23] especially relies on a
minimization problem over the class of submanifolds Mp 4 ,, which seems computationally costly.
In addition, the proposed estimator is itself a manifold, that raises storage problems. Moreover, no
guarantee is given on the topology of the estimator.

Throughout the present paper, we will build an estimator M that addresses these issues. M
is based on the Tangential Delaunay Complex (Section , with a tangent space estimation using a
local PCA (Section . The result, derived in the model without outliers Gp d.f,.,.. fmas.ps 15 Stated
as follows.

Theorem 6. MTDC = MTDC(Xn) 18 a simplicial complex of vertices X,, such that

- log(n — 1)\ */? .
hm ]P) dH (M, MTDC) S Cd,fm““fmam,p () a,nd M = MTDC = 1

n— 00 n—1

Moreover, Mrpc is minimaz optimal over Gp d f,....fmes.p- JOT 1 large enough,



log(n — 1))2/{

sup Eqdu(M, Moc) < Cifyi fonap ( 1

QEGD,d, frin fmaz,p

It is interesting to note that the constants appearing in Theorem [6]do not depend on the ambient
dimension D.

Furthermore, in the model with outliers Op 4 f,.....fmee.p,8, With the same procedure used to
derive Theorem [6] and an additional iterative preprocessing of the data based on local PCA to
remove outliers (Section , we can design an estimator of M that is as close as wanted to the
noise-free case estimator. Namely, for any positive § < 1/(d(d + 1)), we build Mrpe; that satisfies
the following similar statement.

Theorem 7. Mmes = Mumes (Xp) is a simplicial complex of vertices contained in X,, such that

. R log(n — 1) 2/d—25 .
nh_)Hgo]p dH(M7 MTDC(S) S Cd7fmin7fmar7p m and M = MTDCé = 1

Moreover, for n large enough,

log(n — 1) ) 2/d—25

sup ]EQdH(M, MTDC+) S Cégfmin,fmazgp < ﬂ(n — 1)

PeOD.dfrin . fmaz.p.B

Mrpcs converges at the rate at least (lof;l"

d—26
) , which is not the minimax optimal rate according

to Theorem |5l but can be set as close as desired to it. To our knowledge, MTDC(; is the first explicit
estimator to provably achieve such a rate in the presence of outliers. Again, it is worth noting that
the constants involved in Theorem [7] do not depend on the ambient dimension D.

In fact, Mrpes is based on a finite number of iterations of a denoising process. From a theoretical
point of view, there exists a (random) number of iterations from which an estimator MTDc+ can be
built to satisfy the following.

Theorem 8. MTDH = MTDc+(Xn) s a simplicial complex of vertices contained in X,, such that

. - log(n — 1) 2/d N
Jim P (dH(M Mroct) < C frin franip <5(n_1) and M = My | = 1.

Moreover, for n large enough,

log(n — 1))2/‘3

sup EQdH(Mv MTDC+) < Cél,fminyfmazvp ( B(n — 1)

PEOD.d, frin . fmaz 0.8

MTDc+ may be thought of as a limit of MTD@ when 0 goes to 0. As it will be proved in Section
this limit will be reached for ¢ close enough to 0. Unfortunately this convergence threshold is also
random, hence unknown.

The statistical analysis of the reconstruction problem is postponed to Section Beforehand,
let us describe the Tangential Delaunay Complex in a deterministic and idealized framework where
the tangent spaces are known and no outliers are present.



3 Tangential Delaunay Complex

Let P = {p1,...,pn} C M. In this section, we denote the point cloud P to emphasize the fact
that it is considered nonrandom. For €, > 0, P is said to be e-dense in M if dy(M,P) < ¢, and
d-sparse if d(p, P\ {p}) > d for allp € P. A (d,¢)-net (of M) is a d-sparse and e-dense point cloud.

3.1 Restricted Weighted Delaunay Triangulations

A weight assignment to P is a function w : P — [0,00). The weighted Voronoi diagram is defined
to be the Voronoi diagram associated to the weighted distance d(z, p*)2 = ||z — p||* — w(p)?. Every
p € P is associated to its weighted Voronoi cell Vor”(p). For 7 C P, let

Vor®(r) = m Vor® (p)

peET

be the common face of the weighted Voronoi cells of the points of 7. The weighted Delaunay
triangulation Del” (P) is the dual triangulation to the decomposition given by the weighted Voronoi
diagram. In other words, for 7 C P, the simplex with vertices 7, also denoted by T, satisfies

7 € Del”(P) < Vor“(r) # 0.

Note that for a constant weight assignment w(p) = wp, Del®(P) is the usual Delaunay triangulation
of P. Under genericity assumptions on P and bounds on w, Del”(P) is an embedded triangulation
with vertex set P [4]. The reconstruction method proposed in this paper is based on Del”(P) for
some weights w to be chosen later. As it is a triangulation of the whole convex hull of P and fails
to recover the geometric structure of M, we take restrictions of it in the following manner.

Given a family R = {Rp}peP of subsets R, C R” indexed by P, the weighted Delaunay complex
restricted to R is the sub-complex of Del”(P) defined by

7 € Del”(P, R) < Vor” () N <U Rp> # 0.

peT

In particular, we define the Tangential Delaunay Complez Del” (P, T) by taking R =T = {TpM}peP,
the family of tangent spaces taken at the points of P C M [4]. Del”(P,T) is a pruned version of
Del”(P) where only the simplices with directions close to the tangent spaces are kept. Indeed,
T,M being the best linear approximation of M at p, it is very unlikely for a reconstruction of M
to have components in directions normal to T, M — see Figure [2| As pointed out in [4], comput-
ing Del®” (P, T) only requires to compute Delaunay triangulations in the tangent spaces that have
dimension d. This reduces the computational complexity dependency on the ambient dimension
D > d. The weight assignment w gives degrees of freedom for the reconstruction. The extra degree
of freedom w permits to stabilize the triangulation and to remove the so-called inconsistencies, the
points remaining fixed. For further details, see [5] [].

3.2 Guarantees

The following result sums up the reconstruction properties of the Tangential Delaunay Complex
that we will use. For more details about it, the reader is referred to [4].



Figure 2: Construction of Del*(P,T) at p for w = 0.

Theorem 9 (Theorem 5.3 in [4]). There exists eg such that for all e < &9 and all M € Mp 4,
if P C M is an (e,2¢)-net, there exists a weight assignment w, = w.p r, depending on P and
T ={T,M},p such that

[ dH (M, Delw* (P7 T)) S Cd,p€27
e M and Del”(P,T) are ambient isotopic.

Computing Del“* (P, T') requires to determine the weight function w, = w.p 7. In [, a greedy
algorithm is designed for this purpose and has a time complexity O (Dn2 + DQO(dQ)n).

Given an (g,2¢)-net P for ¢ small enough, Del”* (P, T) recovers M up to ambient isotopy and
approximates it at the scale €2. The order of magnitude £ with an input P of scale ¢ is remarkable.
Another instance of this phenomenon is present in [I3] in codimension 1. We will show that this
€2 provides the minimax rate of approximation when dealing with random samples. Therefore, it
can be thought of as optimal. Theorem [J] suffers two major imperfections. First, it requires the
knowledge of the tangent spaces at each sample point — since w, = w.p 7 — and no guarantee
remains if only approximate tangent spaces are known. Second, the points are assumed to lie exactly
on the manifold M, and no noise is allowed. The analysis of Del”* (P, T) is sophisticated [4]. Rather
than redo the whole study with milder assumptions, we tackle this question with an approximation
theory approach (Theorem [L0). Instead of studying if Del** (P’,T") is stable when P’ lies close to
M and T close to T, we examine what Del®* (P’ T") actually reconstructs, as detailed in Section

2]

3.3 On the Sparsity Assumption

In Theorem [0} P is assumed to be dense enough so that it covers all the areas of M. It is also
supposed to be sparse at the same scale as the density parameter €. Indeed, arbitrarily accumulated
points would generate non-uniformity and instability for Del”* (P, T) [5, d]. At this stage, we
emphasize that the construction of a (g,2¢)-net can be carried out with an e-dense sample with
the following procedure. Given an e-dense sample P, the farthest point sampling algorithm prunes



P and outputs an (g,2¢)-net Q@ C P of M as follows. Initialize at Q = {p;} C P, and while

max d(p, Q) > ¢, add to Q the farthest point to Q in P, i.e., Q@ + QU {argmax d(p, Q)}. The
p pEP

output Q is e-sparse and satisfies dg(P, Q) < ¢, so it is a (g, 2¢)-net of M. Therefore, up to the
multiplicative constant 2, sparsifying P at scale € will not deteriorate its density property. Then,
we can run the farthest point sampling algorithm to preprocess the data, so that the obtained point
cloud is a net.

4 Stability Result

4.1 Interpolation Theorem

As mentioned above, if the data do not lie exactly on M and if we do not have the exact knowledge
of the tangent spaces, Theorem [9] does not apply. To bypass this issue, we interpolate the data with
another manifold M’ satisfying good properties, as stated in the following result.

Theorem 10 (Interpolation). Let M € Mp q,. Let P = {p1,...,pq} C RP be a finite point cloud
and T = {Tl,...,j’q} be a family of d-dimensional linear subspaces of RP. For 6§ < m/64 and
18n < § < p, assume that

o P is d-sparse: min||p; — p;| > 9,
i#]
o the p;’s are n-close to M: max d(p;, M) <,
1<j<q

7Y < g,
° 11;1;2{(1 A(Tﬁ(pj)M, T;) <46

Then, there exist universal constants ¢; < 11,co < 252 and a smooth submanifold M' C RP such
that

1. Pc M, 3. Tp,M' =T; for all1 < j <gq,
2 4. du(M, M) < 60 +1,

’ p'(l_cl(g+0))
2. reach(M') 2 L+e (2+40)+e (S + %) p’ 5 M and M’ are ambient isotopic.

Theorem [10| fits a manifold M’ to noisy points and perturbed tangent spaces with no change of
topology and a controlled reach loss. We will use M’ as a proxy for M. Indeed, if T, ... ,Tq are
estimated tangent spaces at the noisy base points p1, . .., pq, M’ has the virtue of being reconstructed
by Del”* (P, T) from Theorem@ Since M’ is topologically and geometrically close to M, we conclude
that M is reconstructed as well by transitivity. In other words, Theorem [I0] allows one to consider
a noisy sample with estimated tangent spaces as an exact sample with exact tangent spaces. M’ is
built pushing and rotating M towards the p;’s locally along the vector (p; — m(p;)), as illustrated
in Figure |3l Since the construction is quite general and may be applied in various settings, let us
provide an outline of the construction.

Let ¢(z) = eXp(M)]l”xH2<1. ¢ is smooth and satisfies ¢(0) = 1, ||¢[|,, < 1 and dp¢ = 0.

2?1

For j = 1,...,q, it follows easily from the definition of /(T (,, )M, Tj) — e.g. by induction on
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Figure 3: An instance of the interpolating manifold M’. Dashed lines correspond to the image of
vertical lines by the ambient diffeomorphism ® defining M’ = ®(M).

the dimension — that there exists a rotation R; of RP mapping T, w(p;)M onto TJ that satisfies
|R; —Ipl,, < 6. For £> 0 to be chosen later, and all a € RP | let us define ® : RP — RP by

v(o) =+ Y0 () (s~ 1o)a = wlay) + 0~ 7(02).
= 45(a)

® is designed to map m(p;) onto p; with dr(p,)® = R;. Roughly speaking, in balls of radii £ around
each 7(p;), ® shifts the points in the direction p; —m(p;) and rotates it around m(p;). Off these balls,
® is the identity map. To guarantee smoothness, the shifting and the rotation are modulated by the
kernel ¢, as || — m(p;)|| increases. Notice that d,v; = (R; — Ip) and ||¢;(a)| < €6 + n whenever

1) (%W) # 0. Defining M’ = ®(M), the facts that M’ fits to P and T and is Hausdorff-close

to M follow by construction. Moreover, Theorem 4.19 of [2I] ( reproduced as Lemma [23] in this
paper) states that the reach is stable with respect to C2-diffeomorphisms of the ambient space. The
estimate on reach(M’) relies on the following lemma stating differentials estimates on ®.

Lemma 11. There exist universal constants C; < 7/2 and Cz < 28 such that if 6n < £ < 6/3 and
0 <7m/64, ®:RP — RP is a global C*°-diffeomorphism. In addition, ® satisfies for all a in RP,

n _ 1 n 0
Hda(I)Hop <14+C (Z +0) ) ||da¢’ lHop < m, Hdi(b”op < Oy ([2 + E) .

The ambient isotopy follows easily by considering the weighted version ®)(a) = a+t (®(a) — a)
for 0 <t < 1 and the same differential estimates. We then take the maximum possible value £ = 6/3
and M' = ®(M).

Remark 12. Changing slightly the construction of M', one can also build it such that the curvature
tensor at each p; corresponds to that of M at w(p;). For this purpose it suffices to take a localizing
function ¢ identically equal to 1 in a neighborhood of 0. This additional condition would impact the
universal constants appearing in Theorem @

10



4.2 Stability of the Tangential Delaunay Complex

Theorem [10] shows that even in the presence of outliers at distance n from M, and with the knowl-
edge of the tangent spaces up to some angle 6, it is still possible to apply Theorem [J] to some
virtual manifold M’. Denoting M = Del** (P, T), since dg(M, M) < dg(M, M’) + dg(M’, M) and
since the ambient isotopy relation is transitive, M = M’ M. We get the following result as a
straightforward combination of Theorem [9] and Theorem

Theorem 13 (Stability of the Tangential Delaunay Complex). There exists €4,p,r 7, > 0 such that
foralle <eqpri .7 and all M € Mp g4 ,, the following holds. Given any finite point cloud P C RP

and a family T = {Tp} P of d-dimensional linear subspaces of RP such that
pe

e maxd(p, M) < 12, e P is e-sparse,
peEP
d glea%Z(Trr(p)Mv Tp) < T2€, ° gg}ﬁ[( d(I,P) < 25,
then,

o dy (M, Del“~ (P,T)) < (Cd + 71 +7'2>52;

/
7/0;),71.72

e M and Del** (P, T) are ambient isotopic.

Indeed, applying the reconstruction algorithm of Theorem [J] even in the presence of noise and
uncertainty on the tangent spaces actually recovers the manifold M’ built in Theorem M’
is isotopic to M and the quality of the approximation of M is at most impacted by the term
du(M,M’) < (11 + 72)e2. The lower bound on reach(M’) is crucial, as constants appearing in
Theorem |§| are not bounded for arbitrarily small reach p’. It is worth noting that no extra analysis
of the Tangential Delaunay Complex was needed to derive its stability. The argument is global,
constructive, and may be applied to other reconstruction methods taking tangent spaces as input.

5 Tangent Space Estimation and Denoising Procedure

5.1 Noise-Free Case

We now focus on the estimation of tangent spaces in the model without outliers Gp 4 f,..n . fimaw.p-
The proposed method is similar to that of [2]. A point p € M being fixed, T, M is the best local
d-dimensional linear approximation of M at p. Performing a Local Principal Component Analysis
(PCA) in a neighborhood of p would recover the main directions spanned by M at p, and therefore
yield a good approximation of T, M. For j =1,...,n and h > 0 to be chosen later, define the local
covariance matrix at X; by

~ 1 _ _
S(h) = — ST - X)) (X - X)) L, (X),
i#£j

where N; = |B(X;,h) NX,| is the number of sample points contained in the ball B(X;,h), and
X, = N% >z Xilp(x; n)(X;) is their barycenter. Set Tj(h) to be the linear space spanned by the
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d eigenvectors associated with the d largest eigenvalues of flj (h). Computing a basis of Tj(h) can
be performed naively using a singular value decomposition of the full matrix f]j (h), although fast
PCA algorithms [30] may lessen the computational dependence on the ambient dimension. We also
denote by TSE(., h) the function which maps any vector of points to the vector of their estimated
tangent spaces, with R

Tj(h) = TSE(Xna h)j'

logn

1/d
Proposition 14. Set h = (Cd,fmm,fmaz nil) . Then, for all Q € GD.d frin.fmes,ps 010d 1 large

enough, we have
. h
) ) < ) —
max Z(Tx, M, T5(h) < Cafonir: e >
2

with probability larger than 1 — 6 (i> <

n—1

Furthermore, it is shown in Lemma based on the results of [10], that for ¢4 f,..,.. fmae. large

enough, X;, 1S €4, 1., fmaes P-dense in M with probability larger than 1 — (%)2/{1. Since X,, may not
be sparse at the scale cq f,..... fma. IV, and for the stability reasons described in Section [3| we sparsify
it with the farthest point sampling algorithm (Section with scale parameter € = cq,f,..... fmas -
Let Y,, denote the output of the algorithm.

2/d
. . . .7, 1
Corollary 15. With the above notation, for n large enough, with probability at least 1—7 (ﬁ) ,

i XT?%LZ(TXJM7 TJ(h)) S Cdaf?nin7f7nam%7 b 1:;%3;\3[{ d(x7Yn) S 26

o Y, is c-sparse,

In other words, the previous result shows that Y,, satisfies the assumptions of Theorem We
may then define Mrpe to be the Tangential Delaunay Complex computed on Y,, and the collection
of estimated tangent spaces TSE(X,, h)y, , that is elements of TSE(X,,, h) corresponding to elements
of Y,,, where h is the bandwidth defined in Proposition

Definition 16. With the above notation, define Mrpe = Del“ (Y, TSE(X,,, h)y,,)-
Combining Theorem [13[ and Corollary it is clear that M satisfies Theorem @

5.2 Clutter Noise Case

We now address the denoising problem, following ideas from [23]. To distinguish whether X; is
an outlier or belongs to M, we notice again that points drawn from M approximately lie on a
low dimensional structure. On the other hand, the neighborhood points of an outlier drawn far
away from M should typically be distributed in an isotropic way. Let ki,ko,h > 0, z € RP and
T C RP a d-dimensional linear subspace. The slab at = in the direction 7T is the set S(z,T,h) =
{2} @ Br (0,k1h) @ Br. (0, k2h?) C RP, where & denotes the Minkovski sum, and By, By are the
Euclidean balls in 7" and T respectively.

12



Figure 4: Local PCA at an outlier point X, € X,,.

Using the notation of Section for all P € Op d,f,nin.fmas 0.8, Figure f indicates that

P (8(z,Tr@yM,h)) < h* if d(z, M) < h?,
P (S(z, Tr(z), b)) < B?P=1 if  d(z, M) > h?,

as h goes to 0, for k; and ko small enough. Since h?P~¢ < h?, the measure of the slabs P (S(z, T, h))
clearly is discriminatory for denoising, provided that tangent spaces are known.

Based on this intuition, we define the elementary step of our denoising procedure as the following
map SDy(., ., h), that sends a vector P = (p1,...,p,) C RP and a corresponding vector of (estimated)
tangent spaces Tp = (11, ..., T,) onto a subvector of P according to the rule

p; € SDUP.Tp,h) < |S(p;, Ty, h) N P| > tlog(n — 1),

where t is a threshold to be fixed. This procedure relies on counting how many sample points lie
in the slabs of direction the estimated tangent spaces (see Figure [5)).

Since tangent spaces are unknown, the following Lemma gives some insight on the relation
between the accuracy of the tangent space estimation and the denoising performance that can be
reached.

Lemma 17. Let K > 0 be fized. There exists constants ki(K,d) and kao(d, D, p) such that, for
every h < hy A1 and x we have

d(z, M) > h/\/2 = S(x,T,h)NM =0,
d(x, M) >h?/p and Z(T,,(z)M,T)gKh/p = S(z,T,h)N M = 0.

Furthermore, if x and y are in M, then there exists a constant ks such that
Possible values for ki1 and ko are, respectively, m and m. Then ks may be chosen

as % A % AV pki A v/ pks.

13



TrxpM

Figure 5: The slab S; is centered at X; and has size kih in the d directions spanned by Tj, and
size koh? in the D — d directions normal to Tj.

The proof of Lemma mentioned in [23], follows from elementary geometry, combined with
the definition of the reach and Proposition [26]

Roughly, Lemma [T7] states that the denoising performance is of order the square of the tangent
space precision, hence will be closely related to the performance of the tangent space estimation
procedure TSE. Unfortunately, a direct application of TSE to the corrupted sample X,, leads to
slightly worse precision bounds, in terms of angle deviation. Typically, the angle deviation would be
of order n=1/(4+1)  However, this precision is enough to remove outliers points which are at distance
at least n~2/(¢*+1 from M. Then running our TSE on this refined sample SD, (X,,, TSE(X,, ), n~1/(d+1))
leads to better angle deviation rates, hence better denoising performance, and so on.

Let us now introduce the iterative denoising procedure in a more formal way. We choose the

-
initial bandwidth hy = (cd,fmmfm”’pM) O, with 7o = 1/(d+1), and define the first set X(-1) =

B(n—1)
Ye+1
X, as the whole sample. We then proceed recursively, setting hx41 = (cd, Fomims fmam-,p%) ,

with g1 satisfying yx+1 = (2% + 1)/(d 4 2), and defining
X*+D — gp, (X®) TSE(X®), hir1), P )

In other words, at step k 4+ 1 we use a smaller bandwidth hy4; in the tangent space estimation
procedure TSE. Then we use this better estimation of tangent spaces to run the elementary denoising
step SD. The performance of this procedure is guaranteed by the next Proposition. With a slight
abuse of notation, if Xj; is in X*), TSE(XU’“), h); will denote the corresponding tangent space of
TSE(X®) h).

Proposition 18. In the clutter noise model, fort, cq ¢, ;. f,... and n large enough, k1 and ko small
enough, the following properties hold with probability larger than 1 — 6 (ﬁ)z/d.
Initialization:
e For all X; € X7 such that d(X;, M) < ho/V/2,
Z(TSE(XY, ho)j, Tr(x) M) < Ca fruinsfunas P0/ -

14



o For every X; € MNXED, X; € X,
e For every X; € X7V if d(X;, M) > h/p, then X; ¢ X(©),

Iteration:

e For all X; € X®) such that d(X;, M) < hyy1/V2,

A(TSE(X(k)7 h’k‘"rl)J? TW(XJ)M) S CdyfminwaLQT, hk+1/p'

e For every X; € MnX®), X; e (k+1)
o For every X; € XV, if d(X;, M) > h2,, /p, then X; ¢ XD,

This result is threefold. Not only can we distinguish data and outliers within a decreasing
sequence of offsets of radii hZ/p around M, but we can also ensure that no points of M is removed
during the process, with high probability. Moreover, it also provides a convergence rate for the
estimated tangent spaces TSE(Xg, hg41)-

Now fix a precision level §. An elementary calculation shows that if & is larger than (log(1/6) —
log(d(d+1))/(log(d + 2) —log(2)), then 1/d > ~; > 1/d — 6. Let us then define ks as the smallest
integer satisfying v; > 1/d—4, and denote by Yo the output of the farthest point sampling algorithm
applied to X(*) with parameter ¢ = ¢4, ..., (for ca s, 1. large enough). Define also T
as the restriction of TSE(X(*s) ) to the elements of Y?.

According to Proposition [I8] the denoising procedure removes no data point on M with high
probability. In other words, X*s) N M = X, N M, and as a consequence, rréa}\:;[( d(x7X(k5)) <

x

logn

1/d
Cd, frmin ( i <& hy, with high probability, using the same result of [I0] as in the noise-free case
at Section |C]).

(see Lemma

Corollary 19. With the above notation, for n large enough, with probability larger than 1 —

] (ﬁ)z/d’

e max d(X;, M) <2, o Y is e-sparse,
XjEYfL

o max A(T?, Trx M) <Cqs . g, d
XjEYfL ( 7 W(XJ) ) — d7fm7,n7fma1:ap o géaia[( d(m7Yn) S 26

We are now able to define the estimator Mrpgs.

Definition 20. With the above notation, define Mmcg = Del“* (YfL,T‘S) .

Combining Theorem |13| and Corollary it is clear that Mpgs satisfies Theorem
. 1/d
Finally, we turn to the asymptotic estimator M. Set hoo = (Cd,fmm,fmaz,p%> , and
let k denote the smallest integer such that min{d(X;, M)|d(X;, M) > h2 /p} > hi/p Since X, is

a (random) finite set, we can always find such a random integer k that provides a sufficient number
of iterations to obtain the asymptotic denoising rate. For this random iteration k, we can state the
following result.
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Proposition 21. Under the Assumptions of PropOSition for every X; € X(i“*l), we have
LTSEKE oo T, M) < Citfri oo -

As before, taking Y, as the result of the farthest point sampling algorithm based on X(’;“),

and T the vector of tangent spaces TSE x(k D hso); such that X,(E Dey , we can construct
J J n
our last estimator.

Definition 22. With the above notation, define Mrpc, = Del** (Y T+).

no

In turn, Proposition implies that MTDH satisfies Theorem

6 Conclusion

In this work, we gave results on explicit manifold reconstruction with simplicial complexes. We
built estimators MTDC, MTW and ]\ZI'TDCJr in two statistical models. We proved minimax rates of
convergence for the Hausdorff distance and consistency results for ambient isotopic reconstruction.
Since Mrpe is minimax optimal and uses the Tangential Delaunay Complex of [4], the latter is
proved to be optimal. Moreover, rates of [23] are proved to be achievable with simplicial complexes
that are computable using existing algorithms. To prove the stability of the Tangential Delaunay
Complex, a generic interpolation result was derived. In the process, a tangent space estimation
procedure and a denoising method both based on local PCA were studied.

In the model with outliers, the proposed reconstruction method achieves a rate of convergence
that can be as close as desired to the minimax rate of convergence, depending on the number of
iterations of our denoising procedure. Though this procedure seems to be well adapted to our
reconstuction scheme which is based on tangent spaces estimation, we believe that it could be of
interest in the context of other applications. Also, further investigation may be carried out to
compare this denoising procedure to the existing ones (see, e.g., [9], [18]).

The effective construction of Mrpes can be performed using existing algorithms. Namely,
Tangential Delaunay Complex, farthest point sampling, local PCA and point-to-linear subspace
distance computation for slab counting. A crude upper bound on the time complexity of a naive
step-by-step implementation is

0 (nD [20) +10g(1/8)D(D +n)] ) .

since the precision ¢ necessitates no more than log(1/d) iterations of the denoising procedure.
It is likely that better complexity bounds may be obtained using more refined algorithms, such
as fast PCA (see, e.g., [30]). An interesting development would be to investigate this suggested
precision/complexity tradeoff, as done in [3] for community detection in graphs for instance.

Even though Theorem is applied to manifold estimation, the authors believe it may be
applied in various settings. Beyond its statement, the way that it is used is quite general. When
intermediate objects (here, tangent spaces) are used in a procedure, this kind of proxy method can
provide extensions of existing results to the case where these objects are only approximated.

As local PCA is performed throughout the paper, the knowledge of the bandwidth h is needed
for actual implementation. In practice its choice is a difficult question and adaptive selection of h
remains to be considered.

In the process, we derived rates of convergence for tangent space estimation. The optimality of
the method will be the object of a future paper.
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A Interpolation Theorem

This section is devoted to prove the interpolation results of Section For sake of completeness,
let us state a stability result for the reach with respect to C? diffeomorphisms.

Lemma 23 (Theorem 4.19 in [21]). Let A C RP with reach(A) > p > 0 and ® : RP — RP is
a Ct-diffeomorphism such that ®,®~', and d® are Lipschitz with Lipschitz constants K,N and R

respectively, then
1

(Kp~' 4+ R)N?
Writing ¢, (-) = ¢(-/¢), we recall that ;(a) = (R; — Ip)(a — w(p;)) + (p; — 7(p;)) and

reach(®(A)) >

q
O(a) =a+ Y _ ¢ (a—7(p;)) v;(a). (1)
j=1
Let us denote by = sup, ||dz¢||, b2 = sup, Hdiqﬁ”op, and write C; = 1 4 by, Cy = by + 2b;.
Straightforward computation yields Cy < 7/2 and Cy < 28.

Proof of Lemma[I1] First notice that the sum appearing in (1)) consists of at most one term. Indeed,
since ¢ = 0 outside B(0,1), if ¢; (a — w(p;)) # 0 for some j € {1,...,q}, then [ja —=(p;)|| < <.
Consequently, for all i # j,

lla —m(p)ll = llp; — pill = [Ip; = w(pi) | = 7w (p;) — all = [l7(ps) — pill
26—n—L—n
>5—20>14,
where we used that 6n < ¢ < §/3. Therefore, ¢y (a — m(p;)) = 0 for all i # j. In other words, if a

p; actually appears in ®(a) then the others do not.
Global diffeomorphism: As the sum in is at most composed of one term, chain rule yields

[da® —1d],, = max [da [¢¢ (@ = 7(p;)) ¥;(a)lll,y

1<j<q
_ dyp¢p
B 1%1?%{(1 i(@) N b= 21 +¢e(a—m(p;)) (B — Ip)
op

< (b1+1)9+b1% <1,

where the last line follows from b; <5/2, 6n < ¢ and 6 < 7/64.
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Therefore, d,® is invertible for all @ € RP, and (d,®)"" = 3%, (Ip — d,®)". @ is a local
diffeomorphism according to the local inverse function theorem. Moreover, ||®(a)|| — oo as |ja|| —
00, so that @ is a global C*°-diffeomorphism by Hadamard-Cacciopoli theorem [I5].

Differentials estimates: (i) First order: From the estimates above,

1da®]lo, < 1pl,, + [da® = Ipll,, < 14 (b +1)0+ bl%

(ii) Inverse: Write for all a € RP,

4o @@l = [[(da®) ], = |3 (Ip — da®)’
1=0 op
1
< <
STl —d®f,, " 1= (b +1)0— by
where the first inequality holds since ||d, <I> Id[|,, <1, and |||, is sub-multiplicative.

(i4i) Second order: Again, since the sum 1ncludes at most one term,

|dz®]l,, = max [|dg 6 (a—w(p]))wg( i

1<j<q °p
d2
|d <z5||0p || ¢H0p
gfgm{ I5(a)l + 1B = Ipll,,
0
<b2€2 (b2+2b1)z

Proof of Theorem[I0 Set ¢ =§/3 and M' = ®(M).
e Interpolation: For all j, p; = ®(n(p;)) € M’ by construction since ¢,(0) = 1.
e Tangent spaces: Since dg¢y|,_, =0, for all j € {17 e ,q}, da<b|a:ﬂ(pj) = R;. Thus,
Ty, M = Ton(p;)) 2(M)
=d (b‘a 7(pj) (Tr(pg)M)
= R; (TrpM) =Ty,
by definition of R;.

e Proximity to M : It follows from the correspondence
1®(a) —af| < sup max ¢ (a —m(p;)) [|v;(a)ll
acRP1<J<
<0+ n <00+
e Isotopy: Consider the continuous family of maps

buy(a) =a+t| D dela—m(p));a) |,

Jj=1
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for 0 <t < 1. Since &) —Id = t(q) — Id)7 the arguments above show that @, is a
global diffeomorphism of R for all ¢ € [0,1]. Moreover @) = Id, and ®(;) = ®. Thus,
M = &y (M) and M’ = ®(1)(M) are ambient isotopic.

e Reach lower bound: The differentials estimates of order 1 and 2 of ® translate into estimates
on Lipschitz constants of ®,®~! and d®. Applying Lemma leads to

reach (M) >
(M) 2 1+C (2+90)

P

(1-C (2+0))° (1-C (2+0))°

:p. ﬂ o Q .
raapryy TAlTOralitD,

The desired lower bound follows by replacing ¢ by its value 6/3, and setting ¢; = 3C; <

21/2 < 11 and ¢y = 32Cy < 252.

O

B Some Geometric Properties under Reach Regularity Con-
dition
In this section we state intermediate results that connect Euclidean an geodesic quantities under

reach regularity condition. We begin with a result connecting reach and principal curvatures.

Proposition 24 (Proposition 2.1 in [I7]). For all x € M, writing I1, for the second fundamental
form of M at x, for all unitary w € T, M, we have |1, (w,w)|| <1/p.

For all z € M and v € T, M, let us denote by exp,(v) the exponential map at = of direction v.
According to the following Proposition, this exponential map turns out to be a diffeomorphism on
balls of radius at most mwp.

Proposition 25 (Corollary 1.4 in [I]). The injectivity radius of M is at least mp.

Denoting by das(-,-) the geodesic distance on M, we are in position to connect geodesic and

Euclidean distance. In what follows, we fix the constant o = 1 + ﬁ.

Proposition 26. For all x,y € M such that ||z — y|| < p/4,
[ —yll < dum(z,y) <alz—yl.
Moreover, writing y = exp,(rv) for v € Ty M with ||v|| =1 and r < p/4,
y=x+rv+ R(r,v)
with ||R(r,v|| < %. As a consequence,
2

o |lz — |

o=yl < due(9) < llr =yl + ——
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Proof of Proposition[26 The first statement is a direct consequence of Proposition 6.3 in [29]. Let
us define u(t) = exp,(tv) — exp,(0) — tv and w( ) = eXp (tv) for all 0 < ¢t < r. It is clear that
u(0) = 0 and «/(0) = 0. Moreover, ||u”(t ||II t) w'(t), ’(t))” < 1/p. Therefore, a Taylor
expansion at order two gives ||R(r,v)|| = u( ) < 72/(2p). Applying the first statement of the
proposition gives r < a ||z — yl||. Therefore,

a2z — vyl
o=l < dule) <7 < llo = ol + R0, o)) < o — ]+ L2
O

The next proposition gives bounds on the volume form expressed in polar coordinates in a
neighborhood of points of M.

Proposition 27. Let x € M be fized. Denote by J(r,v) the Jacobian of the volume form expressed

in polar coordinates around x, for v < § and v a unit vector in Tp M. In other words, if y =

exp,(rv), dV, = J(r,v)drdv. Then
car?™t < J(r,v) < Cgri1,
where ¢g = 27% and Cyq = 2¢.

Proof of Proposition [27 Denoting Ay = dpyexp,, the Area Formula (see, e.g., Section 3.2.5 in
[22]) asserts that J(r,v) = r4 det (AL ,Ar,). Note that from Proposition 2.1 in [I7], the

sectional curvatures in M are bounded by |k| < 2/p?. Therefore, the Rauch theorem (see, e.g.,
Lemma 5 of [20]) states that

7,2 7ﬁ2
1= o | w| < [[Arpwl| < {1+ — ] [lw],
3p? p

for all w € T, M. As a consequence,

—d 7’2 d ¢ 7'2 d d
274 < (1 - 32> < \Jdet (4t,A,,) < <1+ p2> <2,

O

We will also need the following result giving an estimate of the size of projections of Euclidean
balls onto M, when the center is close to M.

Proposition 28. Let x € R be such that d(z, M) = A < h < £, and let y denote w(x). Then,
B(y,r;,) "M C B(z,h)N M C B(y,r;}) N M,

where ri + A2 =h2, r; = (1 _ apA> rn, and Th _ (1 La A) -
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Proof of Proposition[28 Let z be in M N B(z,h), and denote by & the quantity ||z — y||. Since
§ < 2h, according to proposition 26, we may write

8 =z =zl —lly—z|* - 2(z —y,y — x)
Aa?

<rp+ 52,
hence ¢ < (1 + %) Th.
On the other hand, the same inequality ensures that, for any z € B(y, p/4) " M,

@52.

Iz —a]* < 6% + A% +
Hence 6 < (1 — "‘ZTA> rp, ensures that ||z — z|| < h.
O

At last, the following consequence of Proposition will be of particular use in the denoising
procedure.

Proposition 29. Let h and hy be bandwidths satisfying h2 /p < h < hy, < p/(12a). Let x be such
that d(z, M) < h/\/2 and 7p(x) = 0, and let 2 be such that d(z,z) < h and d(z, M) < h%/p. Then

where z, denotes the projection of z onto TyM=.

Proof of Proposition[29 Let y denote mas(z). A triangle inequality yields ||y|| < ||y — z|| + ||z —
z| + ||zl < h3/p+ (1+1/V/2)h < p/4. Propositionensures that |ly. || < a?||ly||?/(2p), hence the
result, noting that ||z || < ||yL|| + h2/p. O

C Some Technical Properties of the Statistical Model
Lemma 30. Let P € Uni(fimin, fmaz). Then for allp € M and r < p/4,
P(B(par)) Z adfminrd~

As a consequence, for n large enough and for all Q € Op g 1,0, fres,p,8> With probability larger that
2/d
1-()

n 7

logn 1/d
pn .
Since the function 2 — log x/x is a decreasing function on [3, 00), the bound dp (M, X, N M) <

1/d
Cd, frnin (1%%?__11))) also holds with probability at least 1 — (1)*/*.

dg(M, X, " M) < Ca . (
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Proof of Lemma[30 The first statement is a direct corollary of Proposition Denoting a =
aq fmin, it corresponds to the (a,d)-standardness condition of [I0] for small radii . For all k =
0,...,n, conditionally on the event {|X,, " M| = k}, X,,N M has the distribution of a k-sample of P.
But from the previous point, P fulfils the (a,d)-standard assumption of [I0] for » < p/4. Looking
carefully at the proof of Theorem 3.3 in [I0] shows that its conclusion still holds for measures
satisfying the (a, d)-standard assumption for small radii only. Therefore, for r < p/8,
41 a 4
P (dut(M, X, 1 M) > 7/[X, 1 M| = k) € — exp (fk@r ) .

Hence,

P (A (M, X, N M) > 1) =3 P(da(M, X, N M) > 1| X, 0 M| = k)P(X,, 0 M| = k)

)
poer [ Jé] exp il
4d
< a0 [ (1 - e (= 507) )|
44 a 4
S Wexp |:—Tl,82d+17" :| )
1/d
whenever 7 < p/8 and ar? < 24. Taking r = Cy ... 5 (loi") with Cg,fmm,ﬁ ngl > 1+4+2/d
yields the result. O

We are now able to prove Lemma [2]

Proof of Lemma[d For e < p/4, let cvpr(e) be the geodesic covering number of M. cvp(e) is the
minimal number k of geodesic balls By (z1,€) ..., By (zk, €) of radius € needed to cover M. Notice
that according to Lemma [30] and Proposition [26]

. d
P (B (z1,€)) > Fmins®
cd

Therefore, a packing argument (see Section B.1 of [I0]) yields

2dCd
cvrle) < .
( ) fwnned

Now, take p,q € M such that ||p — ¢|| = diam(M). Let v be a minimal geodesic joining p and gq.
Since «y is minimal, it intersects each Bys(x, €) at most once. Reorder the centers of the balls of the
covering that intersect v successively: x(1),...,z(y). Taking ¢ = p/4 and using triangle inequality,
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we may write

diam(M) = [|p — ¢|

N-1
< o=zl + D lew — el + 2 — 4l
k=1
< 2eN < 2ecvp(e)
28 24¢, o Cy

4fim (8) T Fninp®™t

D Matrix Decomposition and Principal Angles

This section states results on the connections between matrix decomposition and principal angles
between linear spans of eigenvectors. For symmetric matrices, we let A;(-) denote their i-th largest
eigenvalue and A, (+) the smallest one.

Proposition 31. Let O € RP*P B € R¥*? be symmetric matrices such that

o~ (28

Amin(B) > 1 — ey and |E| < ez. Let Ty (resp. T) be the vector space spanned by the first d
vectors of the canonical basis, (resp. by the first d eigenvectors of O). If e1 + ey < 1/2, then
Z (To,T) § 2d€2.

The proof of Proposition [31] relies on the application of Wielandt-Hoffmann Theorem, which is
recalled below.

Theorem 32 (Wielandt-Hoffmann, Theorem 8.1.4 in [24]). Let A, E € RP*P be symmetric ma-
trices. Then,

Mi(A+E) = Xi(4)* < | 3.

Mc

z:l

Proof of Proposition[31 Denoting \; = \;(O) and b; = \;(B), Theorem [32] yields

Let uq,...,uq denote the first d eigenvectors of O (that span T'). Moreover, denote by 71 the
orthogonal projection onto Tj and by 75 the orthogonal projection onto its orthogonal complement
TOL. Then O takes the form 7; + F, where 7; has the same range as m1. Let k be in {1,...,d},
then, by definition

(7~T1 + E) U = ApUL-
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Therefore
7r2Euk = Amrguk.

According to Theorem Ak — bi| < e, hence A, > 1 —e; — e5. We deduce that

€2

[lroug|l < < 2e5.

1—61—62

As a consequence, for all u € T, ||mau|| < 2des ||u|. Hence,

!/
Z(Tp, T) = max max Hu, v
wel very [[ul[[v']

S 2d€2.

E Local PCA for Tangent Space Estimation

This section is dedicated to the proofs of Section The models with and without outliers are
considered jointly as often as possible. A and V denote respectively the minimum and the maximum
of real numbers. We first state elementary results which will be combined to prove our main results.

E.1 Preliminary results

We will restrict our attention to points X, that are close enough to M so that B(X,;,h) N M
has enough probability mass. To this aim, we adopt the following notation. For a fixed point
x, let p(z, h) denote P(B(xz,h)). We decompose it as p(z,h) = Bq(x,h) + (1 — )¢’ (x, h), where
q(z, h) = Q(B(x,h)), and ¢'(z,h) = (h/Ko)".

Lemma 33. There exists hy(p, B, fmins fmaz,d) such that, if h < hy, for every x such that
d(z, M) < h, we have

e B(z,h) N M C B(mp(z),2h) N M,
o 4(z,h) < Cafmasht.

Moreover, if d(z, M) < h/v/2, we have
o Blras(x), h/(2v3) N M € B, ),
o cafminh? < q(z,h),
o p(z,h) < 2Bq(x,h).

At last, we may choose hy < p/\/3d.

26



Proof of Lemma[33 Set hi(p) = p/(12a), and let x be such that d(xz, M) < h, and h < hy.
According to Proposition and Proposition B(z,h) N M C B(mum(z),r) N M, with r} =
(14 4a%A/p)ry, < 2rp,. According to Proposition [27, we also have q(z,h) < Cyfmazh®.

Now if d(z, M) < h/v2, B(mm(z),7,) N M C M according to Proposition with r,” =
(1 —a?A/p)ry, > /2 > h/(2v/2). According to Proposition |27, we may write cqfminh? < q(x, h).

Applying Propositionagain , there exists ha(fmin,d, D, 3, p) such that if h < hy Ahsg, then for
any x such that d(z, M) < h/v/2 we have (1 —8)¢'(z,h) < BCa.y,... ph%, along with p(x) < 28q(x).
Taking hy = h1 Aha A p/\/3>d leads to the result. O

Without loss of generality, the local PCA analysis will be conducted for X; € X®*), for some
fixed k > —1, the results on the whole sample then follow from a standard union bound. For
convenience, we assume that my(X;) = 0 and that ToM is spanned by the d first vectors of the
canonical basis of R”. In what follows, denote by ¢ the map from R” to {0, 1} such that #(X;) = 1
if and only if X; is in X(*),

Let U(X;,h),i=2,...,n, denote 1z(x, »)(X;), and let V3., denote the vector such that V; =1
if X; is drawn from the noise distribution. It is immediate that the (U;(h),V;)’s are independent
and identically distributed, with common law (U(h), V).

With a slight abuse of notation, we will denote by P and E conditional probability and expec-
tation with respect to X;. The following expectations will be of particular interest.

m(h) = E(XU(X,h)V)/E(VU(X,h)),
(h) = E(X —m(h)r(X —m(h)5U(X,h)V,

where for any = in RP 2+ and z, denote respectively the projection of 2 onto Ty M and Ty M.
The following Lemma gives useful results on both m(h) and 3(h), provided that X; is close
enough to M.

Lemma 34. If d(X,,M) < h/\/2, for h < h,, then

S(h) = (Agh) 0 ) ,

with
)\mln(A(h)) Z ﬁcd7fnnn7.fnLa1‘hd+2'
Furthermore,
[mr(h)[| < 2h,
2h2
fm. ()] < =

Proof of Lemma[34 According to Proposition combined with Proposition and Proposition
we may write, for h < hy and y in B(X1,h) N M,

y =rv+ R(r,v),

in local polar coordinates. According to Lemma [33} we have B(my (X1),7, ) N M C B(Xq,h) N M.
Let u be a unit vector in TyM. Then (u,rv 4+ R(r,v) — m+(h))> > (u,rv — m7(h))* /2 — 3R(r, v)2.
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Hence we may write

(Au,u) = p (u, 70 + R(r,v) —mT(h))> J(r,v) f(r, v)drdv
B(X1,h)NM

> B fminca / O [<u, rv —mr(h)?r?7 /2 — 30 /(4p?) | drdv

(’r )d+2 3(7"_)d+4
> B fmincCa <2d(hd+2) 4p2(hd+4)>

d+2
> B, f, "2,

according to Lemma Since B(X1,h) N M C B(ma(X1),2h) N M, Proposition [26] combined with
Jensen’s inequality gives the upper bounds on ||m_ (h)|| and ||[mT(h)]|. O

We adopt the following notation for the local covariance matrix based on X(*).

SW(h) = A3, (X - XW)(X; - XW)U (X5, )i(X,),
Xk = Nmamxwxmﬂ)
N® = > im0 U(Xi, W)H(X;).

Note that the tangent space estimator TSE(X(’“), h)1 is the space spanned by the first d eigenvectors
of X%, At last we define Ny(h) and Ny (h) as the number of points drawn from respectively noise
and signal in B(X7,h) N M, namely

h) =Y U(X; h)V;,
i>2

h)=> U(Xi,h)(1-Vi).

i>2

To quantify the deviations of empirical means and covariances from their expectations, we need the
following Lemma.

1/(d+1)
Lemma 35. Recall that hg = (,il%g(gl":ll)))

If ho < hy and d(X1, M) < hy/\/2, then, with probability larger than 1 — 6 (ﬁ
following inequalities hold, for all h < hy and every possible slab St.

and heo = héd+1)/d, for K to be fized later.

)2/d+1, the

No(r) 2(1 — B)q'(h) + 2022/ logtn—1)
28q(h) + w
2PSy + (10Dv0+5(1+1/d))10g(n b

PSy — (QDvc-‘rl-‘;?/;l) log(n— 1)

n—1
Ni(h)
n—1

[STN{Xa,...,Xn}/(n—1)
[StN{Xa,..., X, }|/(n—1)

IV IAIA A

where Dy¢ is the Vapnik-Chervonenkis dimension of slabs in RP, and is therefore a fixed constant
depending on D.
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Moreover, for all (heo V V2d(X1, M)) < h < hg, and n large enough,

n 1 1 ;Uﬁ —m(h))7(X; — m(h)5U(X;, h)V; — B(h) ) < Cdfi:l“%ﬁq(h)h?,
[ Ut < G g,

F

Proof of Lemma[35 The first two inequalities follows from Theorem 5.1 in [6]. The third and
fourth inequalities proceed from the same result, as done in Lemma 7 of [23]. The two last results
are derived from Talagrand-Bousquet’s inequality (see, e.g., Theorem 2.3 in [8]) combined with the
so-called peeling device.

Define h_ = (he V v/2d(X1, M)), where we recall that in this analysis X, is fixed, and let fr.5,
denote the function

fra(@,v) = (T, (@ = m(h)) 7 (z — m(h))7U(z, h)v),

for h_ < h < hg, T a d x d matrix such that ||T|| = 1,  in R” and v in {0,1}. Now we define
the weighted empirical process

_ Jrn (X, Vi) = Efrn(X,V)
Z=sw D () ’

i>2
with r(h) = Bq(h)h?, along with the constrained empirical processes

Z(u) = sup ZfT,h(Xia Vi) = Efrn(X,V),

Thsu i35

for ho < u < hg. Since ||fr.nlleo < 4h% et Var(frn(X,V)) < 168q(h)h*, a direct application of

€T

Theorem 2.3 in [§] yields, with probability larger than 1 — e™?,

328q(u)utx 20u’x
n—1 3(n—1)

Z(u) < 3EZ(u) +

To get a bound on EZ(u), we introduce some independent Rademacher random variables o9, . .., oy,
ie. P(o; =1) = P(o; = —1) = 1/2, so that, according to the symmetrization principle (see, e.g.,
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[27]), we have

(n = 1EZ(u) < 2Ex v),.,Es hS<leTZ <T, o ViU(X;, h) ((X; — m(h)T(X; — m(h))%))

< 2E(xv),, B sup Y oi (ViU (Xi, h)X; X[, T)

su, i>2

+ 2E(x, )., Bo sup D 0 (ViU (Xs, ) Xem(h)', T)

h<u,T i>2

+ 2E(x v),.. Eo sup. > o (ViU (Xi, hym(h) X!, T)
Sl i>9

+2E(x,v),.,Es sup Z o <‘/iU(Xi, h)m(h)m(h)t, T>

<w.T3>5
= 2E(X,V)2m (El + Ey + E3 + E4).

where Ey denotes expectations with respect to the random variable Y. For a fixed (X, V)a.,, we
may write

By < Egsup | | Y oiViU(Xi, )XiXE| —BEo ||> osViU (X3, h) X, X]

hsu \ |li>2 i>2

F F

+sup By ||y o ViU (X, h) X X!
hsu i>2 >

= E11 + E12.

Jensen’s inequality ensures that

2

Ey; <sup |E, ZUiViU(Xu h)X; X!
hsu i>2

S 4u2\/N1(u),

F

hence
Ex,., F12 < 442 B(n —1)q(u).

For the remaining term FEj;, note that, when (X, V)., is fixed,

su giVs i i — Lo giVi i i
p || oViU(Xi, h)Xi X} Eo ||y oViU(Xi, h)X; X}

hsu \ |I5>2 i>2

F F

is in fact a supremum of at most Nj(u) processes, each of them being subGaussian with variance
bounded by 16h*N; (u), according to a bounded difference inequality (see, e.g., Theorem 6.2 of [7]
along with Section 2.3 of [7]). Hence a maximal inequality for subGaussian random variables (see
Section 2.5 of [7]) ensures that
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Ey1 < 4h%\/2N; (u)log(Ny(u)) < 4h%\/2N, (u)log(n — 1).

Hence E(x v),. E11 < 4h?\/2B(n — 1)q(u) log(n — 1).
F5 may also be decomposed as

Ey =By sup ||| Y oiViU (X, )X, | m(h)'
h<u i>2 >

< 2uE, sup ||y o3 ViU (X;, h) X;

hsu 5>

<2u | Bosup | [ oiViU(Xi, ) Xi|| = Bo | oiViU(Xi, )X || | + sup By || Y 03ViU (X5, h) X;

hsu \ |li>2 i>2 h<u i>2

= 2’LL(E21 + Ezg).

Jensen’s inequality yields that Eos < 2u+/Nj(u), and the same argument as for Fq; (expectation
of a supremum of n — 1 subGaussian processes with variance bounded by 4u?Nj(u)) gives Eay <
2u+/2N7 (u) log(n — 1). Hence

Ex, vy, E2 < 4u2\/ﬁ(n —1)q(u) (\/2 log(n — 1) + 1) .

Similarly, we may write

E(x.v),., Bs < 4u2\/B(n — 1)q(u) <\/2 log(n — 1) + 1) .

At last, we may decompose F, as

Ey < Eodu?sup |y ViU(X;, h)

hsu 1>

<4u® |Egsup | > ViU(Xi,h)| = BEe |>_ ViU(Xi,h)| | +supEo | ViU(X;, h)

hsu \ 1i>2 i>2 h=u i>2

< 4u2/N; () (\/2 log(n — 1) + 1) ,

using the same argument. Combining all these terms leads to

EZ(u) < ?)Q\ﬁlﬁ_ﬂf) (v2logn—1)+1).
hence we get

p (Zu > 192v/2u?+/Bq(u) log(n — 1) (1 N 1 x > N 20u2x> <o

vn—1 48\ log(n — 1) n—1
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To derive a bound on the weighted process Z, we make use of the so-called peeling device (see,
e.g., Section 5.3 of [31]). Set p = [log(ho/hoo)] < 1+ 10g(ho/hso), so that e Phg < h_. According
to Lemma if I; denotes the slice [e™7 ho, e=U=Dho] N [h_, ho), then, for every h in I;, we have

() > by e T
f’”Lan
where ¢4 depends only on the dimension, provided that hg < hy. Now we may write
plz> 192 frmaz V2 14 L jrtlos®) ) | 20fmas(@ + log(p))
fmincar/Ba(h_)(n — 1) 48V n-1 (n —1)Bcafming(h-)

- Dima frn(Xi, Vi) —Efra(X,V) 19200 V2 1 [z +log(p)
<2.P (ﬁ% r(h) = Fontan/Ba(h )1 - T) ll 8V -1

20 fmaz (7 + log(p))
(Tl - 1)fmzncd6q(h—)

- 4 192v/2r(hj_1) 1 [z+log(p)\ | 20r(hj_1)(x + log(p))
g%@(z(h]_l)z =T <1+48 — >+ (n— D)Balh ) )

Since g(hj—1) > q(h_), we deduce that

192 a0 V2 1 [z +]log(p) 20 frmaz (2 + log(p)) (oton(n)
’ (Z " Fruncay/Balh )~ 1) (1 TRV ) Tn- 1)Cdfmm/3Q(h_)> e

<e "
Now, according to Lemma Bq(h_) > cqrlog(n — 1)/(n — 1). On the other hand, p < 1+

log(ho/heo) < log(B(n — 1)/k)/d < log(n — 1)/d, for K > 1. Now, for n large enough, taking
x = (14 2/d)log(n — 1) in the previous inequality, we get

f 1 1+2/d
> maw < .

The last concentration inequality of Lemma [35] may be derived the same way, considering the
functions

gTJL(xa v)) = ((z —m(h))U(z, h)v,T),
where T is an element of R? satisfying ||T|| < 1. O

E.2 Rates of convergence for tangent space estimation

From now on we suppose that all the inequalities of Lemma [3F] are satisfied, defining then a global

1/d+1
event of probability larger than 1 — 6 (#) .

n—1
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We recall that we consider h_(X;) < h < hg, k > —1 (with h_; = hg), and X; in X*) such
that d(X1, M) < h/v/2. We may then decompose the local covariance matrix as follows.

N 1 . N&E) _
Bk = X; — X; — LU(X;, h)E(X;) — X® — X® ¢
g S ) (Km0 U O I = S (F) = m() (X~ ()
- D (Xi = m(h) (X — m(h)'U (X, R)E(X)Vi(X,)
n— 1 p K3 3 (3 K3 K3 1
1 .
N (X - X, — (1 — V)E(X,
+ n—1 g( i —m(h))(Xi —m(h))"Ui( Vi)t(X5)
N&E _
~ S (X () (KO — m(n))",
SIS )
Now assume that V; = 1 implies #(X;) = 1. This is true for £ = —1, since in this case # is always

equal to 1. For k& > 0 this is part of the induction hypothesis. Then the first term may be written
as

SO = ) (X — () U (X Vi = — 37 (X5 = m() 7 (X = () U (X Vi + By
i>2 i>2
— 5(h) + Ry + Ra,
where

_ (A(n) 0
sy = (00 ).
According to Lemma, Amin(A(R)) > cafminBhI2, and || Ry |7 < 31:%(@?)3 according to Propo-
sition [26] Moreover, we can write
_(Ry O
R2 - ( 0 O) )

with ||Re|l 7z < C’dﬁﬁq(h)hz according to Lemma

Noise-Free Case In this section X(*) = X,, and h;, = ho. Moreover, we can set f =1, { = 1,
and V; =1 for all 7 in equation to get Egk) = 0. The third term ng) may also be written as

5 = (%6 8) + Rs,

with
N® o ¢ ()
1Rsll7 < 7 IX™ = m(R)) 7 [[[I(XT = m(h))]
2h

< R )

< ;(X, m)TU(Xi, h)
2CdQ(h)h2fma:v

S —7
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according to Lemma A similar bound on Rs; may be derived,
N (k)
—|

2h
n—1

[ Rl < (X® —m(h)) L|(X® —m(n)]

<

> (Xi—m) U(X;,h)

i>2
16N, (h)h?
(n—"1)p "~

It -1
j Jog(n—1)
n—1

1/d
according to Proposition If we choose h = ( ) , for k large enough (depending on d,

fmin and fraz), we have

[’z + Rell 7
T2 7 2607 gy,

Amin (A(h))
Now, provided that £ > 1, according to Lemma [35] we may write

|R1 + Rs|| 7
Amin(A(h»

which, for n large enough, leads to

S Kfm,am7fmin7dh/p7

Z(TO]\47 TXI M) < Kf‘rrLa:E’f'nLi'rLydh/p?

according to Theorem [32]
Clutter noise, Initialization step Now we set k = —1, X(¥) = X,,, { = 1, h = hg and
d(X1, M) < ho/v2. Term S in inequality (2) may be bounded by

~ (k 16h%Ny(h
5405 < 1)
n—1

)

In turn, term f)gk may be decomposed as

(k) _ _
S (K = m(n) = (0 0) 4 R
with
N® ¢ (k)
Roll < S KW — ()7 (X® —~ m())]
h
< 2 IS0 = m) UK Vil 4+ 132 (X = m(h) rU (X, h)(1 - V)]

i>2 i>2

QOdEQ(h)hmeax 4h2N0(h)
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according to Proposition We may also write

(k) _ _
IRl < 2 (0 — () IES — m(a)]
< 2 S0 - m) UVl D () LU () (1~ )]

i>2 i>2
_ Ni(h)h®  10No(h)h?
T (n=1p (n-1)

according to Proposition As in the noise-free case, provided that k is large enough (depending
on d fmin and dpez), we have

[’z + Re|l 7
< 1/4
Amin (A(h))
Since (n — 1)hd = %, if we ask k > p, then for n large enough we eventually get
|26 + Ri + Rl ho

< Ka . ey
A (A(R)) e

according to Proposition Then, for n large enough such that Kg ¢, ;.. fmal,,/g% < 1/4, Theorem

can be applied.
Clutter noise, Iteration step Now we assume that k > 0, and that d(X;, M) > hZ/p implies

f(X;) = 0, with hy = (M;g(;"_]l)))%, i being between 1/(d + 1) and 1/d. Let hoo < h < hy, and

suppose that d(X1, M) < h/v/2. We can decompose II as

1
n—1

> (Xi = m(m)(Xi = m(h) U (X, h) (1 = Vi)H(X:)
= LS - )T (X — m(R)5U (X, h)(1— V(Xs) + Ry

n—1+4
i>2

(R4 O
= ( 0 0) + Rs,
40Ny (h)hh}

(n—1)p
that h3/p < heo. Term iék) may also be written as

with ||Ry|l 7 < % and || R3] < , according to Proposition [29} for n large enough so

N (k)
n—1

X =)D~ miy = (0 0)+ s
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with

N&E
1Rsllr < —— (X® —m(r)TIIXD —m(R))]|
2h N
< DX = m(W) U (Xi Vil + Y (X = m(h) U (X, h) (1 = Va)E(X)|
i>2 i>2
< 2CdBQ(h)h2fmaw 4h2N0(h)
B fmm\/E (n - 1) ’
according to Proposition [35] and Proposition 29 We may also write
NO ¢
1Bsll 7 < ——7 I(XT = m(R)) LIII(X™ —m(R))]
2h -
< 20 S0 ) XVl (K — () U () (1~ V)|

i>2 i>2
< Ni(h)h®  20No(h)hh3
“(m=1p  pn-1)

according to Proposition |26| and As done before, we may choose k large enough (depending on
d, fmin and foaz, but not on k) such that

| Ro + R4 + Rl 7
)‘min(A(h))

10g(n71) ) (Q’Yk' +1)/(d+2)
B(n—1)

< 1/4.

Now choose h = hiy1 = (/{ , with kK > 1, then we get, according to Proposition

B3}

|R1 + Rs + Rs|| 7 fmazhis1
< +
A7rn'n (A)(hk+1) ¢ pfmzn ﬁpfmzn

h
K(fmazv fmina da B) bt

Czli <H10g(n _ 1))"/k+1+2"/k(2"{k+1)+1
B(n —1)

where K(fmaz, fmin,d,8) does not depend on k either. At last, since K(fmazs frnin,ds B) LSNP

K(fmaz, frin, d, 5) ho < 1/4, for n large enough (not depending on k), we may apply Theorem l

Clutter Noise, random iteration k A

In this case, we have d(X;, M) < hZ /p, for every X; in X®). The proof of Proposition
follows from the same calculation as above, replacing h? / p by its upper bound h2_/p and taking
hii1 = heo

E.3 Denoising rates

We recall that the slab S(z, T, h) is the set of points y such that ||7r(y — 2)|| < k1h and |77 (y —
7)|| < ka2h?, k1 and ks defined in Lemma and where w1 denotes the orthogonal projection onto
T. The proof of the denoising performance of one iteration is derived from the following Lemma.
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Lemma 36. For x and n large enough, there exists a threshold t such that, for all hoo < h < hg,
and under the assumptions of Lemma[35, we have

XieM and Z(T,Tx,M)<Kh/p = |S(X1,T,h)N{Xa,..., X} > tlog(n —1),
d(X1,M)>h?/p and Z(T,Tyx,))M<Kh/p = |S(X1,T,h)N{Xs,...,X,}| <tlog(n—1)
d(Xy, M) > h/V2 = |S(X1,T,h)N{Xs,...,X,}| < tlog(n—1)

Proof. If d(X1, M) > h/V/2 or d(X1,M) > h*/p and £ (Trx,)M,T) < Kh/p, then, according to
Lemma [17]

1-— 1— B)kiky ¢
PS(Xl’T7 h) _ ( DB) (klh)dké)fdhﬂDfd)) _ ( B) 5 2 h2D7d'
KO KO

According to Lemma since h < hg, we may write
2(1 — Bkl ~dk(d+2)/d <10g(n -1 > 1H1/(d+)

|S(X1, T, h) N { Xy, ..., Xp}|/(n—1) < MD B(n—1)

(20Dy e +10(1 4+ 1/d)) log(n — 1)
+ n—1

On the other hand, if X; € M, we have PS(X;,T,h) > q(ksh), according to Lemma Using
concentration bounds again yields that
log(n — 1)
n—1
The result follows easily. O

1S(X1, T, h) N { Xz, ..., Xn}|/(n = 1) > (cafmint — (4Dye +2(1 +1/d))

Now if we choose K = K(fmaz, fmin,d, 8) and the sequence of bandwidths hj, mentioned in the
last section to construct the slabs, Proposition 1§ follows straightforwardly, with a union bound on
the sample {X7,..., X, }.

F  Proof of the Main Reconstruction Results

We now prove main results Theorem [6]in the noise-free model, and Theorems [7]and [§]in the clutter
noise model.

F.1 Noise-Free Case

1/d
Proof of Corollary[13 Let Q € Gp.d fouin. frmaw,p- WIt€ € = Ca i oo (%) . Consider the
event A defined by
A= {)gna% Z(Tx; M, T;) < Cd,fmm,fmmg} N{du(M,Y,) <2} N{Y, is e-sparse} .
i€Yn ' P

The construction of Y,, from the farthest point sampling algorithm and a straightforward combi-
nation of Proposition [[4) and Lemma [30] yields, for n large enough,

Lo\
) < .
PQ(A)—7<n—1>
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Proof of Theorem[6l Following the above notation, we observe that on the event A, Theorem
holds with parameters 7 = 0 and 7o = Cy ., fma. /05 5O that the first part of Theorem@ is proved.
Furthermore, for n large enough,

Eq {dH (M, MTDC)] <Eq {dH (Ma MTDC) ILA} +Eq [dH (M7 MTDC) ]lAC}
< (Capy, . +72)e? + diam(M)Pg(A°)
< Clctin e

where for the last line we used the diameter bound of Proposition O

F.2 Clutter Noise Case
Proof of Corollary[I9 Let P € Op a,f,in.foes.p,3- For n large enough, Denote by e the quantity

5
Cd, fminsfmazp (l%iszn:ll))) *. Consider the event
6 _ il . 2
A% = {Xrilea);{{i Z(7-‘7"‘()(‘7)1\4’ T]) S Cd)f'm'in;fnzamxpg} N {XI?gé%L d(X]7M) S € }
N {du(M, Y9) < 2¢} N {Yfl is e-sparse} .

From Lemma Proposition and the construction of Y} with the farthest point sampling
algorithm, it is clear that for n large enough,

Pp((4%)7) <6 <ni 1>2/d+ (;)M <7 <ni 1)2/d.

Proof of Theorem[7 Following the above notation, we observe that on the event A+, Theorem
holds with parameters 71 = 1 and 72 = Cg f,.;.. fnas.ps 5O that the first part of Theorem |Z| is proved.
Furthermore, for n large enough,

O

Ep [dH (M, Mmc(sﬂ <Ep [dH (M7 Mmcé) ]1,46} +Ep [dH (M, Mmc&) ]l(A5)C:|

< (Cy + 71+ 1) + 2KPp ((Ag)c)

/
Pp,ry,7

/ 2
S Odvfm,inafm,aw 7PvB€ ’

where for the second line we used Theorem and the fact that M U Mpes C By, a ball of radius
K. O

Theorem [8] is obtained similarly, using Proposition
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