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GENERAL TIME ELAPSED NEURON NETWORK MODEL:
WELL-POSEDNESS AND STRONG CONNECTIVITY REGIME

Q. WENG

ABSTRACT. For large fully connected neuron networks, we study the dynamics of ho-
mogenous assemblies of interacting neurons described by time elapsed models, indicating
how the time elapsed since the last discharge construct the probability density of neu-
rons. Through the spectral analysis theory for semigroups in Banach spaces developed
recently in [6, 9], on the one hand, we prove the existence and the uniqueness of the weak
solution in the whole connectivity regime as well as the parallel results on the long time
behavior of solutions obtained in [10] under general assumptions on the firing rate and
the delay distribution. On the other hand, we extend those similar results obtained in
[11, 12] in the case without delay to the case taking delay into account and both in the
weak and the strong connectivity regime with a particular step function firing rate.
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1. INTRODUCTION

The information transmission and processing mechanism in the nervous systems relies
on the quantity of electrical pulses as the reflect to incoming stimulations, during which
the neurons experience a period of recalcitrance called discharge time before reactive. In
this work, we shall focus on the model describing the neuronal dynamics in accordance
with this kind of discharge time which has been introduced and studied in [3, 11, 12]. In
order to show the response to the recovery of the neuronal membranes after each discharge,
the model consider an instantaneous firing rate depending on the time elapsed since last
discharge as well as the inputs of neurons. This sort of models are also regarded as a mean
field limit of finite number of neuron network models referred to [1, 2, 14, 13].

For a local time (or internal clock) x > 0 corresponding to the elapsed time since the

last discharge, we consider the dynamic of the neuronal network with the density number
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of neurons f = f(t,x) > 0 in state z > 0 at time ¢ > 0, given by the following nonlinear
time elapsed (or of age structured type) evolution equation

(1.1a) Of = =0, f —a(x,em(t))f = Lo [,
(1'1b) f(tv 0) = p(t), f(va) - fO(x)7

where a(z,ep) > 0 denotes the firing rate of a neuron in state  and in an environment
i > 0 formed by the global neuronal activity with a network connectivity parameter
£ > 0 corresponding to the strength of the interactions. The total density of neurons p(t)
undergoing a discharge at time t is defined through

p(t) == PLf(t);m(t)],
where

Plg, 1] = P-[g, u] := /OOO a(z,ep)g(z)de,

while the global neuronal activity m(¢) at time ¢ > 0 taking into account the interactions
among the neurons resulting from earlier discharges is given by

(1.2) m(t) = /0 " p(t — )b(dy),

where the delay distribution b is a probability measure considering the persistence of the
electric activity to those discharges in the network. In the sequel, we will consider the two
following situations respectively:

e The case without delay, when b = &y then m(t) = p(t).

e The case with delay, when b is smooth.

Observe that the solution f of the time elapsed equation (1.1) satisfies

%/OOO f(t,z)dz = f(t,0) — /OOO a(x,em(t))f(t,x)dx = 0,

in both the cases, which implies the conservation of the total density number of neurons
(also called mass in the sequel) permitting us to normalize it to be 1. Then we assume in
the sequel

(f(t,)=(fo) =1, Yt>0, (g):= /Ooog(x)dx.

We define a couple (F;, M.) as a corresponding steady state, which satisfy
(1.3a) 0=—-0,F. —a(x,e M. )F. = L.y Fr,
(1.3b) F.(0) =M., (F.)=1.

Noticing that the associated network activity and the discharge activity are equal constants
for a steady state as (b) = 1.

Our main purpose in this paper is to prove the existence and uniqueness of the solution
to the time elapsed evolution equation (1.1) no matter which e > 0. Furthermore, we
obtain the exponential asymptotic stability in strong connectivity regime, which is a range
of connectivity parameter € € [e1,00), with ;1 large enough, such that the equations (1.1)
and (1.3) do not possess intense nonlinearity. We are also able to extend the result in
[11, 12] in the case without delay for a step function firing rate a to the case with delay
rather than the indescribable stability. In order to conclude those results, it is necessary
to give the following mathematical assumptions on the firing rate a and on the delay
distribution b.
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We make the physically reasonable assumptions

(1.4) 0za>0, d =0d,a>0,

(1.5) 0 <ap:= lim a(z,0) < lim a(z,p) =:a; < oo,
T—00 T, p—00

one particular example of the firing rate is the "step function” one

(16) (Z(,I,/L) = 1m>o(,u), o' <0,

(1.7) 0(0) =04, o(o)=0_<oy <1,

associated with some continuity assumption

(1.8) a € Whe(R2),

or particularly

(1.9) o0t e Wh(R,),

In the strong connectivity regime, we consider the decay assumption on the two cases, for
a.e. x >0,

(1.10) esup Oya(z,ep) — 0, ase — oo,
x>0
(1.11) limsup sup el|o’(ep)| = 0.

€00 ME[1—0'+,1]

In the case with delay, we assume that the delay distribution b(dy) = b(y)dy has the
exponential bound and satisfies the smoothness condition

(1.12) 35 >0, /OOO e (b(y) + V' ()]) dy < oc.

The above assumptions permit the existence and uniqueness of the solution to the
nonlinear problem (1.1) thanks to the Banach fixed-point theorem.

Theorem 1.1. On the one hand, for a smooth firing rate, assuming (1.4)-(1.5)-(1.8)-
(1.10), then for any fo € L*(Ry) and any € > 0, there exists a unique nonnegative and
mass conserving weak solution f € C(Ry;LY(Ry)) to the evolution equation (1.1) for
some functions m, p € C([0, 00)). On the other hand, for a step function firing rate,
assuming (1.6)-(1.7)-(1.9)-(1.11), then for any fo € L* N L¥(Ry) and 0 < fo < 1, the
parallel conclusion holds with the unique solution (f,m) satisfying that

0< f(t,x) <1, Vt,x >0,
1l—0op <m(t) <1, Vt>0.

For any € > 0, there also exits a corresponding steady state, which is unique additionally
in the weak or strong connectivity regime.

Theorem 1.2. On the one hand, for a smooth firing rate, assuming (1.4)-(1.5)-(1.8)-
(1.10), then for any € > 0, there exists at least one pair of solutions (F.(x), M) €
WLe(Ry) x Ry to the stationary problem (1.3) such that

(1.13) 0< F.(z)<e2®, |Fl2) <e2®, 2>0.
On the other hand, for a step function firing rate, the existence of the steady state holds
under the assumptions (1.6)-(1.7)-(1.9)-(1.11), which satisfy
0<F.<1, 1l-0,<M.<I.
3



Moreover, there exists eg > 0 small enough or €1 > 0 large enough, such that the above
steady state is unique for any € € [0,e0) U (1, +00].

We conclude the exponential long time stability in the strong connectivity regime com-
bined with those in the weak one in [10] as our main result.

Theorem 1.3. We assume that the firing rate a satisfies (1.4)-(1.5)-(1.8)-(1.10) or (1.6)-
(1.7)-(1.9)-(1.11). We also assume that the delay distribution b satisfies b = 6o or (1.12).
There exists g > 0 (1 > 0), small (large) enough, such that for any € € (0,g9) (e €
(e1,+00)) the steady state (Fe,M.) is unique. There also exist some constants a < 0,
C >1andn >0 (besides (- — 0 as ¢ — 00) such that for any connectivity parameter
e € (0,e0) (g € (e1,+00)) and for any unit mass initial datum 0 < fo € L' or in the case
of step function firing rate for any unit mass initial datum fo € LP, 1 < p < 0o, satisfying
0 < fo <1 additionally, such that || fo — Fe|lpr < n/e (< n/l), then the (unique, positive
and mass conserving) solution f to the evolution equation (1.1) satisfies

|f(t,.) — Fel|pr < Ce™, V> 0.

In order to study the asymptotic convergence to an equilibrium for the homogeneous
inelastic Boltzman equation, the strategy of “perturbation of semigroup spectral gap” is
first introduced in [7]. Inspired by its recent application to a neuron network equation
in [8], we linearize the equation around a stationary state (F., M., M.) on the variation
(g,’I’L,Q) = (f’map) - (FE’Msa ME)’ such that

(1.14a) 019 = —0,9 — a(x,e Mc)g — n(t) e(Oya)(x,e M, ) Fy,
(1'14b) g(tv 0) = Q(t)v 9(071') = 90(1')7

with

(1.15) q(t) = /0 a(x,e M:)gdx + n(t)s/o (Opa)(x,eM. ) F; dzx
and

(1.16) ()= [~ alt = )b

while for the step function firing rate (1.6) in [11, 12], it is impossible to linearize the model
because of the failure in meeting the condition (1.8). Insteadly, we introduce another more
concise linear equation around the steady state on the variation (g, n,p), which writes

(1.17&) Og = —0z9 — 9z>o.,
(1.17b) 9(t,0) = q(t), 9(0,z) = go(x),
where here and below we note o, := o(¢M,) for simplicity, with
o0
(1.13) alt) = Plg M. = [ glosnda
0

By regarding the boundary condition as a source term, we construct the linear generator
A. and the associated semigroup Sy, respectively from the above linear equations to apply
the spectral analysis. As in [16, 4, 9, 6], we split the operator A, into two parts, one of
which is a-hypodissipative, a < 0, denoted by B. while the other one is bounded and
B.- power regular, denoted as A.. Benefiting from this split, the semigroup Sy. admits a
finite dimensional dominant part, thanks to a particular version of the Spectral Mapping
Theorem in [9, 6] and the Weyl’s Theorem in [16, 4, 9, 6]. As ¢ — oo, the limited
semigroup Se, becomes positive because of the vanishment of the items with n(t) in (1.14)
4



and (1.15), which permits the Krein-Rutman Theorem established in [9, 6] to imply that
the steady state (Fuo, M) possesses the exponential stability. And so does the stationary
state (Fz, M) in the strong connectivity regime after a perturbative argument developed
in [7, 15, 6]. Then we extend the exponential stability to our main result Theorem 1.3 in
the case without delay by the analysis on the rest term of the linear equation (1.14) or
(1.14) compared to the original nonlinear equation. As for the delay case, we replace the
delay equation (1.2) by a simple age equation to form an autonomous system with the
linear equation (1.14) or (1.14) to generate a semigroup and follow the same strategy.

Actually, the previous works [11, 12] shows the asymptotic stability with simpler ex-
plicitly expression and appropriate norm benefiting from the choice of the step function
firing rate (1.6). Different from those approach, we take consideration of more realistic
and flexible firing rate with more abstract method, which allows us to obtain the dissi-
pativity of the corresponding linear operators without the explicitly exhibited norm. In
particular, we are able to establish the existence and uniqueness of weak solutions first
as the complement of the results in [10] in the weak connectivity regime and adapt our
approach to the strong connectivity regime as well as to the step function firing rate to
generalize the stability results obtained in [11, 12] in the case without delay to the case
considering of the delay term.

This article is organized by the following plan. In Section 2, we demonstrate the exis-
tence and uniqueness of the solution and the stationary state result. In the strong con-
nectivity regime, we introduce the strategy and establish Theorem 1.3 in the case without
delay in Section 3, meanwhile the case with delay in section 4. In section 5, we establish
Theorem 1.3 again both in the weak regime and the strong regime for the model with the
step function firing rate (1.6).

2. EXISTENCE AND THE STEADY STATE

2.1. Existence of the solution. To establish the existence of a solution to (1.1), we are
going to apply a fixed point argument with the benefit of the following lemma.

Lemma 2.1. Assuming the firing rate a satisfies (1.4)-(1.5)-(1.8)-(1.10) for any m €
L>([0, T]) and f € C(Ry; LY (Ry)) satisfying the equation (1.1), consider the application
7: L(0, T]) = ([0, T1),

t o0
)0 = [ ot =), with p(O)= [ ale.cm(O)f (e,
then there exist T > 0 and 0 < C' < 1 such that the estimate
(2.1) [T (m1) — T (ma)|l oo (o, 77) < Cllma —mallpee o, 1)
holds for all (my, ma) € L*>([0, T]) and for any € > 0.

Proof of Lemma 2.1. Thanks to the method of characteristics with respect to = or ¢, a
solution f(¢,z) to the equation (1.1) can be expressed as

(2.2) F(@,t) = fo(z — t)e™ Joalsta—tem(®)ds gy >y
or
(2.3) f(z,t) =p(t —x)e” Jo alsem(s+t=z))ds Vao <t.

5



We denote f;, i = 1, 2, two solutions to the equation
A fi(z,t) + Oufi(w,t) + alz,em;(t)) fi(z, ) =0,
o

(24) fi(0,t) = pi(t) = /0 a(z,em;(t)) fi(z, t)dz,

with the same initial data fo. We rewrite p;(¢) corresponding to two expressions (2.2) and
(2.3) as two global activity functions

pi(t) = /0 t a(z,em;(t))pi(t — x)e Jo dlsemilsti=a)dsq,,
+ /:o a(z,em;(t))fo(x —t)e” Jo als+a—temi(s))ds g,
We split p1(t) — p2(t) into two items I (¢) and I(t) with
Lt) = /Ot <p1 (t — 2)a(z, emy(t))e Jo alsemilstia))ds

—po(t — z)a(z, ma(t))e Jo ase mQ(s“’x))ds) dz

and I5(t) as the remainder. In order to control the first item, we divide it into three parts

as I(t) = 111(t) + I 2(t) + 11 3(t), where
I /Ot V(b = 2)a(@, e m (£))e— Jo alsem(sti-a)ds g,
I o /Ot po(t —z)(a(z,emq(t)) — a(m,smg(t)))e* i als,e mi(s+t=2))ds g
Lt /tp2 £~ 2)a(w, ma()) (e I alssemi(s+t=a)ds _ = [§ als.ema(s+i-a)ds) gy
0

Clearly, we have the estimates

111,11 oo jo,77) < @1T'|lp1 — p2l| oo (j0,17)
and
11,21 o< jo.77) < €an|Opall g T'llma — mal| Lo o,
Since there exists a constant C' such that

fo a(s,emi(s+t—z))d fo a(s,ema(s+t—z))ds

< € [Mla(s.cmals-tt - 5) —als, mafa + £ )l
0

which leads to the estimate

T2
111,31l o ([0,77) < €a%||3ua||Lg°7||m1 — ma|| e (o,77-

From the assumption (1.10), there exists ¢; large enough such that e[[a/|[z < 1, for any
e € [e1,400). Denoting n := max{ey, 1}, we deduce that

(2.5) 1110l oo o,ry) < arTllpr — p2ll oo o)) + n(C1T? + CoT)|lmy — ma|| pec (0,77
6



for any € > 0. On the other hand, we have the item I5(t) as

L(t) = /too fo(z —1t) (a(m, emi(t))e” St a(s+a—t,emi(s))ds
—a(x,ema(t))e” [t a(sta—te mg(s))ds) do
= /O " fola) (a(m + 1, ey (£))e Jo alstmem(9)ds
—a(z +t,ema(t))e o a<s+x,gm2(s>)ds>dx

Clearly, we have

d t
a(x +t,em(t)) = a/ a(s + x,em(s))ds,
0
which implies

‘a(x +temy (t))e* fg a(stz,emi(s))ds _ a(x +t,ema (t))e* fg a(s+z,ema(s))ds
t
< O [ lals 4w em(s) ~ als+ 2,2 mas) s
0

for some constant C' > 0. Similarly to estimating I1, we deduce that
(2.6) 12| o< (jo,7) < C3nT'[|m1 — ma||peo(jo,1))-
From the above estimates (2.5) and (2.6), it turns out that

11 = p2ll Lo o.17) < a1 T llp1 = p2ll oo (o,r)) + NT(CLT + C3)[lma — mal| oo (o,17),
which implies
(2.7) Ip1 = p2ll oo qo,17) < NCT[|m1 — mal| Loe (j0,17)
when a7 less than 1. Hence, in the case without delay, we have

|7 (m1) — T (m2)|| Lo 0,77) = IP1 — P2l Loe 0,77y < NCT[[my — ma|| oo o,17),

while taking the delay into account with the fact that

JW&@—JWM®=A@rmMFWW®%
we obviously deduce

17 (m1) = T (m2)|| o7y < nCT?|Imy — ma|| o qo.1)

from (2.7). By taking T small enough such that nCT? < nCT < 1, we finally attain our

estimate (2.1).

Proof of Theorem 1.1. From Lemma 2.1, for any € > 0, there is a T' > 0 which does not
depend upon the initial data such that the application J admits a unique fixed point m(t)
on [0, 7] then the corresponding f(t,z) on [0,T] x R which is the unique solution to the
equation (1.1), according to the Banach-Picard fixed point theorem. Iterating on T', we

deduce the global existence and uniqueness of the solution (f,m) to equation (1.1).
7



2.2. The stationary problem. Now we present the proof of the steady state in the
strong connectivity regime.

Proof of Theorem 1.2. Step 1. Existence. From the assumption (1.5), we deduce that for
any x > 0, u > 0, there exists xg € [0, 00) such that a(z, ) > 4. Denoting

Az, p) :=/0 a(y, p)dy, V,z,m >0,

we naturally estimate that

(2.8) %(m —x0)y < Az, p) <agz, Vx>0, p>0.

For any m > 0, the equation (1.3a) can be solved by

Fom(2) := Tpe~Amem)
whose mass conservation gives

o0
T,;l — / e—A(z,am)dx.
0
Then the existence of the solution is equivalent to find m = M. satistying m = F_ ,,,(0) =
T,,. Considering
o0
U(e,m) =mT,," = m/ e~ A@em) gy,
0

it is merely necessary to find M. > 0 such that
(2.9) U(e, M) = 1.

From the Lebesgue dominated convergence theorem, the function ¥(e, .) is continuous. In
addition to the fact that ¥(0) = 0 and ¥(o0) = oo, the intermediate value theorem implies
the existence immediately. The inequality (2.8) shows the estimates (1.13) clearly.

Step 2. Uniqueness in the strong connectivity regime. Obviously,
o0
My = (/ e~ A@2)dg) 7 e (0, 00)
0

is the unique solution to ¥(oo, M) = 1. It is clear that
0

v — > —A(z,em) _ ‘
amllf(e,m) /0 e (1 m/o 68ﬂa(y,6m)dy)dx,

is continuous with respect to the two variables because of (1.8), which implies that ¥ € C.
Coupled with that

8 > - x,00
a—m\Il(E,m)lgzoo :/ e~ A@®)dz > 0,

0
we conclude from the implicit function theorem that there exists €1 > 0, large enough,
such that the equation (2.9) has a unique solution for any € € (g1, +00]. O

3. CASE WITHOUT DELAY

In this section, we conclude our main result Theorem 1.3 gradually in the case without
delay.
8



3.1. Linearized equation and structure of the spectrum. We introduce the lin-
earized equation on the variation (g,n) around the steady state (F:, M) given by

8259 + 8:1:9 +a.g + aéFen(t) = Oa
9(t,0) = n(t) = / (a:9 + d.Eon(t)) de,  g(0,2) = go(a),
0

with notes a. := a(x,eM.) and a := € (0,a)(x,eM.) for simplification. According to the
assumption (1.10), there exists €1 > 0, large enough, such that

[e.e]
Ve € (e1,00) K= / alF.dz < 1,
0
permitting to define

[oe]
(3.1) n(t) = Mgl == (1 — /-{)1/ acgdx.
0
We consider the operator L. to the above linearized euqation given by
Leg:= 0.9 —a.g — a;FeME[Q]
in domain
D(L:) := {g € WH(R4), g(0) = M. [g]}
generating the semigroup Syz_ on space X := L'(R,). Then for any initial datum gy € X,

the weak solution of the linearized equation is given by g(t) = Sr_.(t)go. By regarding the
boundary condition as a source term, we rewrite the linearized equation as

(3'2) 8159 = Aeg = _61‘9 — Qgg — aéFeMe[g] + 535:0-/\/15[9]7
with the associated semigroup Sy_, acting on the space of bounded Radon measures
X = M'(Ry) = {g € (Co(R)); suppg C Ry},

endowed with the weak * topology o(M*, Cy), where Cj represents the space of continuous
functions converging to 0 at infinity. From the duality of Sj:, we deduce Sx,|x = Sr..
The spectral analysis theory referred to [5, 6] indicates the structure of the spectrum
denoting by X(A.) and the associated semigroup Sy, .

Theorem 3.1. Assume (1.4)-(1.5)-(1.8)-(1.10) and define o :== —ay/2 < 0. The operator
A; is the generator of a weakly * continuous semigroup Sy. acting on X. Moreover, there
exists a finite rank projector 1Ia, o which commutes with Sx_, an integer j > 0 and some
complex numbers

£1,.08 € Ay :i={2€C, Rez > a},
such that on Ey := 15, oX the restricted operator satisfies

E(Aa|E1) N AOé = {51’ ---753’}

(with the convention X(A.p,) N Ay = 0 when j = 0) and for any a > «a there exists a
constant C, such that the remainder semigroup satisfies

18a. (I = A a)ll(xy < Cae™, Vit =0
In order to apply the Spectral Mapping Theorem of [9, 6] and the Weyl’s Theorem of
[16, 4, 9, 6], we split the operator A, as A. = A. + B. defined on X by

(3.3) Acg = peMelgl,  pe =0 — alnga

(3.4) B.g := —0.9 — a:g.
9
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As in the weak connectivity regime in [10], the properties of the two auxiliary operators
still hold in the strong one, which implies Theorem 3.1.

Lemma 3.2. Assume that a satisfies (1.4)-(1.5)-(1.10), then the operators A. and B
satisfy the following properties.

() A € BWIA(R,),X).
(ii) Sg. is a-hypodissipative both in X and X.
(iii) The family of operators Sp. * A:Sp. satisfies

H(SBg * AESBE)(t)”X—)Y < Caeat, Va > a.

for some positive constant C,, where Y := BV (Ry) N L}(R.) with BV(R})
representing the space of bounded variation measures while Li(Ry) denoting the
Lebesgue space weighted by (z) == (1 + |z|?)V/2.

Proof. (i) Under the assumption (1.8) and (1.10), there exists some constant K > 0 such
that |e0,a| < K, for any ¢ > 0, and we naturally have M.[] € Z(W 11 (R4 ),R), which
implies that u. € (R, X). Then, we conclude as A, = pM.[].

(ii) Here and below, we mark A(x,eM,) as A(z) without obscurity. The explicit formula
gives

Sp.(t)g(x) = D=4 g0 — 1)1,

From the assumption (1.5), there exists z1 € [0, 00) such that A(z) > 2ag(z — 21)+, which
implies

(3.5) Az —t) — A(x) < Ce¥Pt, 0<t<u,
where C' = ¢39021/4 and § = —ag/4 < 0. Next, we conclude
155 (t)gllx < Ce*glx. t=0,

with From (weakly *) density argument, we also have the same estimate in X. Then, Sp_
is a— hypodissipative both in X and X, as a > 30.

(iii) We denote
N(t) := M.[SB.(t)g] = (1 — k)~ /OOO aeeAT=A@ g t)1,—>odx.
From the assumption (1.8), N € C}(Ry), we compute
N'(@t) = Q1-r)! /000 Oy <a567A(m)>eA(mft)g(x —t)1;_4>odx
= (1-r)"! /Ooo(aé — a2)eAE =A@ g (1 — 1)1, sod.

The inequality (3.5) together with the assumption (1.8) and (1.10) permit us to have the
following estimates

(3.6) IN(t)] < (1-k)"'Cay / g(x)dz S g,
0
(3.7) IN'(t)] < (1= k)"IC(K + a?)/o ?g(z)dz S € g]x-

10
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We continue to analyse the operator,
t
(S5, * AS5)(09(@) = [ (Ss.(s)pe) )Nt - 9)ds
0

B /ot e AL (@ — )N (t = 8) 14520
= e @ (y « Ny)(2),
where v, = ey, and Ny(-) = N(t —-). And its partial derivative with respect to  is
02(Sp. * ASp.)(t)g = —ace M (v Ny) () — e~ A (1 % NY) ()
—e @y (2 — )N (0) 150 + e 2@ (2)N(t).
Using the inequality (3.5),

le @ e N) @)y < 11 (@) lle™ A (v % Ny)e | =
t
S | [ e lueta - 9N - e as]
0
< (el ) * (IN]e=26), 1
< el Ne 2 v,

since ||e*(z)||;1 < oo. Then from the assumption (1.10) as well as the estimates (1.13)
and (3.6), we get

(38) 1S5 * AS5) (Dl S e (L + K| Fee P |l) €’ llgllc S e llgll-

Similarly, from (3.7), we have

t [e'e)
le 4@, 5 N)(@)lx < / / 5 ez — 8)||N'(¢ — s)|ds
0 0

N

t
e 11cllx /0 &%|\gllvds

< gl
which implies

102(S5. * A=SB.)(0)glx S arlle™ (ve x Ny)lla + [le™ (e + N

+¥ e el lglla + el Avel x gl
< elllx.
We finally conclude (iii) from the above estimate together with (3.8). O

3.2. Strong connectivity regime - exponential stability of the linearized equa-
tion. Under the assumption (1.10), when the network connectivity parameter € goes to
infinity, the linearized time elapsed operator is simplified as

(3-9) Aoog = —0zg — a(x, oo)g + 5m=0Moo[g]a

o0

where My[g] = / a(x,00)g(x)dz. Similarly to the vanishing limited case € = 0 in [10],
0
we also obtain the following properties.

Lemma 3.3. In the limited case € = 0o, the operator Ao and the associated semigroup
Sh., satisfy
11
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(i) Sa., is positive, i.e.
Sa,(t)ge Xy, Vge Xy, Vt>0.

(ii) —Aoo possesses the strong maximum principle, i.e. for any given p € R and any
nontrivial g € D(A) N Xy, there holds

(—Aso + 1)g > 0 implies g > 0.
(iil) Ao satisfies the complex Kato’s inequality, i.e.
Re(sgn g)Asog < Aoclgl, Vg € D(AZ).
Then we conclude the following exponential asymptotic stability.

Theorem 3.4. There exist some constants o < 0 and C > 0 such that ¥(As) NA, = {0}
and for any go € X, (go) = 0, there holds

(3.10) [Sa (B)gollx < Ce™|lgollx, Vit =>0.

Proof. Theorem 1.2 shows that there exists at least one nontrivial Fiy, > 0 as the eigen-
vector to 0 and the associated dual eigenvector is ¢ = 1. From Lemma 3.3-(ii)&(iii), we
deduce that the eigenvalue 0 is simple and the associated eigenspace is Vect(F,). While
Lemma 3.3-(1)&(ii) imply that 0 is the only eigenvalue with nonnegative real part. We
then conclude from Theorem 3.1. O

We extend the exponential stability property in the limited case to the strong connec-
tivity regime through a perturbation argument.

Theorem 3.5. There exist some constants €1 > 0, o < 0 and C > 0 such that for any
€ € [e1,00] there hold ¥(A:) N A, = {0} and

(3.11) [Sa. () gollx < Ce[lgollx, Vt>0,

for any go € X, (go) = 0.

The proof uses the stability theory for semigroups developed in Kato’s book [5] and
revisited in [7, 15, 6]. Now, we present several results needed in the proof of Theorem 3.5.

Proof. Step 1. Continuity of the operator. Directly from the definitions (3.1), (3.3) and
(3.4) of M., A and B., we have

(B: = Boo)g = (a(x, 00) — a(z,eM:))g
and
(Ae = Aso)g = (Melg] — Moolg]) b0 — e(Opa)(z, eMe) Fr Mcg].

From the decay assumption (1.10), there exists positive (¢ — 0, as ¢ — 400, such that
leOua(x,eM,)| < (., for € large enough. Together with the smoothness assumption (1.8),
we deduce that

(3.12) 1B — Boollz(x) + | Ae — Asollz(x) < C s

in the strong connectivity regime.

Step 2. Perturbation argument. Similarly to [10], we present the sketch as the argument
in the proof of [15, Theorem 2.15] (see also [5, 7, 6]). Define

K.(2) = (Rge(z).Ag)zRAof 2(z)(A5 —Ay) € B(X,X).
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From Lemma 3.2-(1)&(ii) as well as (3.12), there exist 1 > 0 large enough and C > 0,
such that for any z € A,\B(0,7), for some 0 < 7 < |a| and any € € [e1, 00], the operator
K. (z) satisfies

(3.13) HK€(Z)||-%’(X) <COC <0 <1,

which permits us to well define (1 — K.(z))~! in #(X). From the Duhamel formula and
the inverse Laplace transform, we have

RAE = RBs - RBEAERBE + (RBsAf)QRAE'
From the definition of K., we directly get
(I — K.)Rx. = Rp. — Rp. A-Rp. + (RBEA5)2RAOO-

From (3.13) and since for any € € [e1, 00], all the terms in the RHS of the above expression
are clearly uniformly bounded in Z(X, X) on A,\B(0,7), we deduce that

S(A) N Ag € B(0, 7).

Thanks to the unique continuity principle for holomorphic functions, we deduce that
Ra_(b)|x = Rpr_(b) for b € R large enough, which implies that Ra_(z)|x = Rr_(z) for any
A,\B(0,7n). By mean of Dunford integral (see [5, Section II1.6.4] or [4, 6]), we express the
eigenprojector Il as

7

. = — Rp_(z)dz
27 Jyel=
= | (I-K)Ry dz+ — K.Ry. dz
27 Jjzl=n ™ Jiel=n
= | (Re.A)?Ra.dz+— K.Ry. dz,
27 Jjzl=n ™ Jiel=n

where the contribution of holomorphic functions vanish. In a similar way, we have

i i
(2)de = o~ (Rp.. Axo)?Ra, dz.

|z[=n

oo

Next, we compute that

(Rp.A:)? — (Rp.Ax)? = Rp.ARp. {(A: — As) + (Boo — B-)R5._ Aso}
+Rp.{(Ac — Aso) + Ao (Boo — B-)Rp__ YR, Ass.

From the above identity together with the estimates (3.12) and (3.13), we deduce that

(e = Tloo)gllx = [[(Ie — Too)gllx

1
< 3 [((RB. Ac)* — (RB. As)?)Ra.glla dz
T Jlzl=n
1
b [ eRyglea:
T J)zl=n
< C¢llgllx,

for any g € X. Therefore, the eigenprojector 11, satisfies that

HH6 — Hoo”%(X) <1, Vee [51,00].
13
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Step 3. Spectral gap. From the classical result [5, Section 1.4.6] (or more explicitly [15,
Lemma 2.18]), we deduce that there exists a unique simple eigenvalue . € A, such that

E(A) N A = {1

for any e € [e1,4+00]. From the fact of mass conservation, we have 1 € X’ and Af1 = 0,
which implies the conclusion since &, = 0. U

3.3. Strong connectivity regime - nonlinear exponential stability. Now, we come
back to the nonlinear problem (1.1) in the case without delay as

m(®)=p(t) = [ alo.m(®)f(e) do

In order to show that m(t) is well defined, we recall the optimal transportation Monge-
Kantorovich-Wasserstein distance on the probability measures set P(R.) associated to
the distance d(x,y) = |z — y| A 1, denoting as W; and given by

VfgePRy), Wi(f.g):=  sup / (f=9¢
@:llelly1,00 <1 /0
In addition, we define ® : L'(R,) x R — R as

Bloun)i= [ alaeulgla) do -

Lemma 3.6. Under the assumption (1.5)-(1.8)-(1.10), there exists €1 > 0 large enough
such that for any € € (g1, +00), the equation ®(g, ) = 0 towards p has a unique nonnega-
tive solution p = pc[g], where ¢ : P(R) — R is Lipschitz continuous for the weak topology
of probability measures.

Proof. Step 1. Existence. For any g € P(R), we obviously have ®(g,0) > 0 while for any
g € P(R) and p > a;, we have

P(g, p) < a1 —p <O0.

Thanks to the intermediate value theorem, for any fixed g € P(Ry) and any ¢ > 0, there
exists at least one solution p € (0,a1] to the equation ®(g, ) = 0 from the continuity
property of ®.

Step 2. Uniqueness and Lipschitz continuity. For any f,g € P(R}), from Step 1, we are
able to consider p, v € Ry such that

®(f,p) = 2(g,v) =0,

which implies that

v—p= /0 T (e g - )+ /0 " (alz,ev) — alz,ep))f.

From the definition of W; and the assumption (1.10), we have
[ etwena=n] < late)llus Wita. ).
[ el = atmcn)s] < llate) = at el < vl

where (. — 0 as € — co. We then take e; large enough, such that
1-¢ €(0,1), Veé€ e, o0,
14
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which permitting us to obtain

(3.14) = vl (1= C) < lla(ev)llwree Wilg, f)-

On the one hand, when f = g, we immediately deduce that y = v, the uniqueness of the
definition of the mapping ¢:[g] := p. On the other hand, we get the Lipschitz continuity
of the function ¢, directly from the inequation (3.14). O

We present the proof of our main result Theorem 1.3 in the case without delay.

Proof of Theorem 1.3 in the case without delay. We split the proof into three steps.
Step 1. New formulation. Benefiting from Lemma 3.6, in the strong connectivity regime
e € [e1,00), where €1 is the same as that in Lemma 3.6, we introduce a new formulation
of the solution f € C([0,00); X) to the evolution equation (1.1) and the solution F; to the
stationary problem (1.3) satisfying
0. F +a(eM)F =0, F(0) = M = ¢[F],

for a given unit mass initial datum 0 < fy € X, where here and below the ¢ and x
dependency is often removed without any confusion.

Next, we consider the variation function g := f — I satisfying

(3.15) Ohg = —0pg — a(eM)g — ed (eM)F M[g] — Qlg],
where

Qlyl = alep[f)f — alep[F))F — a(ep[F])g — ed (e[ F])F M]g],
with M = M. defined in (3.1), complemented with the boundary condition given by

9(t,0) = @[f(t,)] — o[F

=/0 a(eplf f/ a(ep[F
= Mlg| + Qlg],

where Q[g] := (Q[g]). Regarding the boundary condition as a source term again, we
deduce that the variation function g satisfies the equation

(3.16) g = Aeg + Zg],

with the nonlinear term Z[g| := —Qlg] + 60 Q]g].

Step 2. The nonlinear term. With the fact that f is mass conserved, ||F||x = 1 and the
assumption (1.10), we estimate that

1Q[glllx la(eplf]) f — a(ep[F])f — ea’(ep[F])F Mg]||x
< elld'llzge | fllx|elf] = [F1] + ella’| e | F | x Mg]
S Mlgl+1Qldlllx) + Mgl
where (. — 0 as € — +00. Considering that
Mg} < ar(1 = r) gl X < llglx,
from the above inequality, we deduce that

1QUlll < Mgl < ¢llgllx
with € large enough. We then obtain

1Z21g]llx < 2\\6{[59]!& S Cllgllx
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Step 3. Decay estimate. Thanks to the Duhamel formula, the solution g to the evolution
equation (3.16) satisfies

o(t) = Sa. (1) (g0) + /0 Sa.(t - $)Z[g(s)) ds.

Benefiting from Theorem 3.5 and the second step, we deduce

t
lg@®llx < Ce ||gollx+/0 C ™)1 Z[g(s)]l|x ds

t
< e gollx + G /0 =) lg(s)llx ds,

for any ¢ > 0 and for some constant o < 0, independent of ¢ € [e1,+00). Thanks to the
Gronwall’s lemma (for linear integral inequality), we have

t t
ol 5 e laollx -+ Claollx [ e exp{ [ e aryas

S e llgollx + Cte™llgollx
S ellgollx,

for some constant o < o/ < 0. O

4. CASE WITH DELAY

In this section, we conclude our main result Theorem 1.3, in the case with delay by
following the same strategy as section 3 but with appropriate adaptation towards the
boundary term. Recalling from Theorem 1.2, we already know that their exists a uinque
stationary state (F:, M) in the strong connectivity regime, therefore, we start from the
linearization of the evolution equation (1.1).

4.1. Linearized equation and structure of the spectrum. We still consider the vari-
ation functions (g,n,q) = (f,m,p) — (Fz, M., M.) around the steady state. However,
because of the failure to express n(t) explicitly, we introduce the following intermediate
evolution equation on a function v = v(t,y)

(4.1) v + ay’U =0, v(t,0) =q(t), v(0,y) =0,

where y > 0 represent the local time for the network activity. Clearly, the above equation
can be solved by the characteristics method as

v(t,y) = q(t — y)lo<y<t,

which simplifies the expression of the variation n(t) of network activity in the equation
(1.16), given by

n(®) = D). Dl = [ ow)b(a),
while the variation ¢(t) of discharging neurons in the equation (1.15) is simplified as
q(t) = Oclg(t), v(t)] == Ne[g(t)] + ke D[v ()],

where

N:g] ::/0 as(M:)gdz, ke ::/0 aL(M.)F. dx.
16
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Therefore, we may rewrite the linearized system (1.14)-(1.15)-(1.16) together with the
evolution equation (4.1) as an autonomous system

(4.2) 9, (g) _ 2 (g) _ (—amg - acg y—va;FED[v]> |

with the associated semigroup S (t) acting on
X=X, x Xo:=L'(Ry) x L' R, p),

where the measure u(z) = e with the same § > 0 in the condition (1.12). The domain
of the operator .Z. is given by

D(Z:) = {(g,v) € WH(R4) x WH{(Ry, ) 9(0) = v(0) = Oc[g, v]}.

We also consider the boundary condition as a source term and rewrite the autonomous
Systemwe as

9(9,v) = Ae(g,v),
where the generator A. = (AL, A2) is given by
A;(g,v) = —0;9 — acg — a FD[v] + 8,200: g, v],
A2(g,v) = =9y + dy—0Oc[g,v].
and the associated semigroup S,_(t) acting on
X=X x Xy = MY(R,) x MY Ry, p).

Similarly, we have Sy |x = Sgz. Next, we are going to show that S,_ also possesses
a suitable decomposition of a finite dimensional principal part as well as an exponential
decaying remainder.

Theorem 4.1. Under the assumptions (1.4)-(1.5)-(1.8)-(1.10) as well as the condition
(1.12) and taking delay into account, the conclusions of Theorem 3.1 still holds true with
a :=max{—ag/2,—d} < 0.

The result also comes from the spectral analysis approach. In order to apply the Spectral
Mapping theorem and the Weyl’s Theorem established in [9, 6], we split the operator
appropriately as A, = A, + B, with

w0 = (g3(0)) = ()

g = () = (TP besolaod),

which hold the following parallel properties as those in Lemma 3.2.
Lemma 4.2. (i) A. € BIWLLR,) x WHH R, p), &).
(ii) Sp.(t) is a-hypodissipative in both X and X;
(iii) the family of operators Sp. * A:Sp. satisfies
1(SB. * ASB.) ()|l zx,v) < C.e™, Ya>a, Vt>0,

for some constant C, > 0 and with Y := Y] x Yo, where Y1 = BV(R;) N L}(R})
and Yo = BV (R, u) N LY (Ry, p).

and

We skip the proof and refer to the proof of Lemma 3.2 in [10] for more details.
17
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4.2. Strong connectivity regime - exponential stability of the linearized equa-
tion. In the limited case, i.e. as the network connectivity parameter ¢ passes to the
infinity, . vanishes from the assumption (1.10), which simplifies the linearized operator
as

g\ _ _83&9 - a(x, OO)g + 59::0000 [g, U]
(4.3) Aoo (v) o ( —0yv + 8y=00s0[g, V] ’

where Ou[g,v] = Nxolg] = / a(x,00)g(x)dz. We have already proven the exponential
0
stability of the first component Al , then the Duhamel formula

t
v(t) = Sgz_(t)vo +/ Spz_(t — s) A2 <g(s),v(s)) ds
0
implies the similar exponential asymptotic estimate for the second component A% . To-

gether with Theorem 3.4, we have

Theorem 4.3. There exist some constants a < 0 and C > 0 such that £(As) NA, = {0}
and for any (go, vo) € X, (go) = 0, there holds

(4.4) 1S40 (£)(90, vo) ¥ < Ce™ [[(g0, vo)llx, V= 0.

Then we extend the geometry structure of the spectrum of the linearized time elapsed
equation in the limited case to the strong connectivity regime taking delay into account.

Theorem 4.4. There exist some constants €1 > 0, C' > 1 and o« < 0 such that for any
£ € [e1,+00] there holds X(A:) N Ay = {0} and

(4.5) 154, (t) (g0, vo)llx < Ce™|(g0, vo)|l.x,
for any (go,v0) € X such that (go) = 0.

Proof. We proceed in two steps.
Step 1. Continuity of the operator A.. For all (g,v) € X, we have

g\ —029 — acg — aéFeps [U] + 02=00; [ga U]
ae e (g)= (TR ),
g\ _a:vg - a(x’ oo)g + 022000 [g, U]
o e (O) - (Pl ra0luel)

Compute the difference between (4.6a) and (4.6b), we have
(A — A) <g> _ ((a(x,OO) — a2)g — aLF.D.[v] + 6,=0(O:[g,v] — Ooo[g,v])> _
c > v 5y=0 (OE [g’ ”U] - OOO [ga ’U])
From the assumption (1.5) and (1.10), we deduce that

1(Ae = A0)(g,v)llx = [l(a(-;00) = ac)glla, + [[alFeDe[v][| 2, +2[Oclg,v] — Ocolg, ]|
< 3|l(ace — ac)gllay + 2[|alF-De[v]||,
< 3Cellgllan + 2016 (1 = Gl Fel|a [[v]] 2
S CGlitg, vl

where (. — 0 as € — 0o, which implies the continuity of the operator/A. to ¢ in the strong

connectivity regime.
18
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Step 2. Extension to the strong connectivity regime. Similar to the proof of Theorem 3.5,
we deduce that their exists ey > 0 large enough, such that for any ¢ € [g1,00], the
eigenprojector Il satisfies

[T — ool (x) <1,
which permits us to conclude that there exists & satisfying |£.| < O((.), such that

E(As) NAy = {56}
and & is algebraically simple (see in [5, Section 1.4.6] and [15]). Since the dual operator
A% is given by
Oz — azp + a=(¢(0) +1(0))
€ <1/)> | 9,0 + Kb (0) + Kb (0) — b/a'EF5 pdz |’

for any (¢,1) € X', observe that A%(1,0) = 0. Thus, 0 € X(A%), which implies & = 0.
Together with the fact that (go) = ((g0,v0), (1,0))x x» = 0, the exponential asymptotic
estimate (4.5) holds. O

4.3. Strong connectivity regime - nonlinear exponential stability. Finally, we
focus on the nonlinear problem taking delay into account and present the proof of the first
part of our main result in the case with delay, neglecting the connectivity parameter e
most of time without any misleading.

Proof of Theorem 1.3 in case with delay. Inspired by the intermediate evolution equation
(4.1), we rewrite the nonlinear problem as a system of (f,u), given by

Ohf = —0uf —ac(Dlu])f + 6oP[f, Dlu]]
du = —dyu+5P[f,Dlul],

where
Plf.l = [atm)s. Dhl= [u
Denoting U := M1,>, the steady state (F,U) satisfies
0 = —0F —ac(M)F + 5M
0 = —9,U+8M, M =DU]=P[FD[U.

Introducing the variation functions g := f — F and v = u — U again, we obtain the system
of (g,v) as

Org = —0rg—a:(Dlu))f + a:(M)F + 6o(P[f, Dlu]] — P[F, D[U]))
~0rg — ac(M)g — a_FD] — Q[g,v] + 80O[g, v] + 8 Qlg, v]
Al(g,v) + Z'[g,0],

—9yv + 0 (P[f, D[u]] — P[F, D[U]))

—0yv + 600[g,v] + 50 Q|g, V]

= AZ(g,v) + 2°[g,0],

&gv

where
Qlg,v] = a(Du))f —ac(M)F —a-(M)g — a.FD[v]

Qlg,v] = (Qlg,v]),
19
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and the remainders are given by

Zl[gav] = —Q[g,v]+50Q[g,v],
Z%g,v] = 89lg,v).

From the mass conservation of f and the assumption (1.10), we deduce that
IQlg; vlllx, = ac(Dlul)f — as(M)f — aZF D[]

Cllfllx: |Plu] = DU = ([ Dlv]

S Cellvllx,

where (. is the same as in Theorem 4.4. Denoting Z[g,v] := (Z1[g,v], Z%[g,v]), we clearly
have the estimate

IN

12]g,v]lx < Cll(g,v)lx
The associated Duhamel formula writes

(9(6), v(t)) = S (£) g0, v0) + /0 St — )Z[g(s), v(s)] ds.

Using the above estimate for the nonlinear term and the Gronwall’s lemma, we conclude
as in the proof of Theorem 1.3. U

5. STEP FUNCTION FIRING RATE

In this section, we focus on the nonlinear time elapsed model in [11, 12] with a particular
step function firing rate given by

a(xnu') = ]‘LL‘>O'(€M)

satisfying (1.6)-(1.7)-(1.9)-(1.11). We consider the dynamic of the neuron network (1.1)
completed with an initial probability density fy satisfying

(5.1) 0< fo<1, /OO fo(x)dz = 1.
0

Obviously, the solution f of the time elapsed equation (1.1) corresponding to the firing
rate (1.6) is still mass conserved, and we naturally renormalize that mass. The previous
work [11] shows that the model (1.1) with the step function firing rate (1.6) admits a
steady state as well as a unique solution, that is to say the second part of Theorem 1.1
and Theorem 1.2. By applying the adapted above spectral analysis method, we conclude
the results in Theorem 1.3 for a particular step function firing rate, which accurate the
stability results in [11] in the case with delay. Failing to construct the linearized equations
(1.14) and (1.15), we replace them with another more concise linear equation for the
variation functions (g,n,q) = (f, m,p) — (F:, M., M), which writes

atg + amg + g]-m>og = 0,
o0
g(t,0) = q(t) == / 9leso.dz,  g(0,2) = go(x),
0

where here and below we note o := o(eM;) for simplicity. We introduce the intermediate
evolution equation (4.1) again to write the linear equation (1.17)-(1.18)- (1.16) as a time
autonomous system

(52) 815(97@) = %(977})7
20
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where the operator .2, = (£}, £2) is defined by
"E/ﬂel (ga U) = —0zg — gll‘>0’g + 5$:0R8 [97 U]7
362(97/0) = _ayv + 5y:0R5[g,U],

with the boundary term

Rlo(®).0(0)] = Plo. M. = [ gl do
in the space
X =Xy x Xy :=LH(Ry) x LP(Ry, )

with LE(Ry) = {h € LP(Ry); (h) =0}, 1 < p < oo, and pu(z) = %%, § > 0 is the same
as in the condition (1.12). We extend the exponential stability from the single equation
of g to the above autonomous system.

Theorem 5.1. Assume (1.6)-(1.7)-(1.9) and (1.12) (with (1.11)). There exist some con-
stants g > 0 (1 > 0), C > 1 and o < 0 such that for any € € [0,e0] € € [e1,00] there
holds (%) N A, = {0} and

(5.3) 152 () (g0, vo) | x < Ce™||(g0,v0)lx
for any (go,v0) € X, s.t. ((go,v0),(1,0))x x = 0.

The extension follows from the Spectral Mapping theorem and the Weyl’s Theorem by
introducing a convenient splitting of the operator .Z. as .Z. = A. + B. with

B.(g,v) = (%ZD = <_8$g—_6ygv1 >>
atno)= (00 = (e,

Since the step function firing rate is no longer continuous, we have to consider the resolvent
of the operator B;.

and

Lemma 5.2. Assume (1.6)-(1.7)-(1.9) and (1.12) (with (1.11)). Then the two operators
satisfy

(i) A. € B(X,Y), where Y = Cdy x Cdy C X with compact embedding;
(ii) Sp.(t) is a-hypodissipative in X ;
(iii) (Rp.(2)A:)?(z) € B(X), with bound in O((z)71), Vz € A_y.

Proof. In order to simplify the notation, we note

pz) = /0 lyso.dy = (z — o)+

(i) It is an immediate consequence of the fact that D € Z#(X5;R) (because of (1.12)) and
(ii) We write Sp1 and Spz respectively with the explicit formula

Spi(t)g(xz) = ep(gc_t)_p(x)g(x—f)lm—tzo,

Spz(t)o(y) = v(y —1)1y—t>0.
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We estimate that

1581 (Dgllx, = |”@ P g(a) |y, = [|e =@+t g()| x,
< Ce'llg(@)lx
152 (ollx, = Nle @ o()llze = el x.,

for any g € X; and v € X9 and any t > 0, which implies
198 (1) |x—x < Ce™, t>0,

by choosing C' := max{2e%¢,1} and « := max{—1,—0}.
(iii) We have

Sp1 (t)Aclg,v](x) = o= Reg, v]e?t "0 =P®),
and we denote
kt(x) = -AeSB; (t)AE [g,v](x) = mO/ 5m:tep($—t)—p(x) 1$>Ugdm
0

e—P(t)

= 5120 ]-t><7E Re [ga ’U].

Finally, we obtain
t
(SpA) ) ()]g.v](2) = / Fis(w — 8)e?T7P 01, ods
0
— o pt=a)+p(0)—p(x) 1iseli wse.Relg, ]

e*ﬂ(t*x)*p(m) 1i_z>0. Re [97 U] :

Denoting iy (z) := e~ Pt—2)—p(z) 1, .>,., we compute its Laplace transform

U(z) = / e Ptm)=p@)y, o e Pt
0

_ )z / = o) =zt gy

_ @) —2(ator) / T~y
0

_ L s,

1+ 2

with the estimate
~ 1 0 R
H’l/}(Z)HXI S m/o e_($_0's)+_ 62(1‘+0’6)dx
605(1—%6 z)

1+ z](1+Rez)

All together, we get
- C
[(Rp1 (2)A2)*(2)(9, )| x, < [9(2) x| Reg, ]| < <7>||(9,v)||xa

for any z € A_; and some constant C' > 0 and similar estimate for the second part

(B2 (2)A)*(2) (g, 0) |l xz < %H(g,v)\lx-
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Proof of Theorem 5.1. From the factorization formula with the properties of the two aux-
iliarty operators in the above Lemma 5.2 and benefiting from the perturbation argument
in [7, 15, 6], we deduce that for any (go) = 0, there holds

lg(®)llx, = S22 (Dgollx, < Ce™ llgollx, -

The Duhamel formula associated to the equation v = £2(g,v) writes

v(t) = Spz(t)vo + /0 Spz(t — 5)AZ(g(s),v(s)) ds.

Using the already known estimate on g(t), we deduce

t
1Sz2(B)vollx, = [v(®)llx, < [ISm2(t)vollx, +/0 1552 (t — 5)00Nz[g(s)]l|x, ds

t
< e Mullx, + / e E9C ¢ gollx, ds
0

< Ce™|l(g0, vo)llx
for some 0 > o > max{—1, -4}, which yields our conclusion. (]

Now, we complete the rest part of the proof of Theorem 1.3 to describe the stability in
the case with delay more precisely compared to that in [11].

Proof of Theorem 1.3 for the step function firing rate in the case with delay. We write the
System as

of = —0:f = fliso(enpu)) + 0oPf,eD[u]]

O —0yu+ 0oP[f,eD[u]]

with
P(f.ml = [a(m)f, Dl = [ bu

We recall that the steady state (F,U), where U := M1,>¢, satisfies

0 = —0.F—F1, e +60M
0 = —0,U+06M, M =D[U]=P[F,eD[U].
We introduce the variation g := f — F and v = u — U. The equation on g is
%9 = —009— Flosoeopu)) + Flosoiear) + 00(P[f,eDlu]] - P[F,eD[U])

= Zg,v) - Qlg,v] + 6o(Qlg, v])
= ZLg.v) + Z'g.0],
with
Z'g.0] = —Qlg,v] +do(Qlg, ),
Qlg,v] = sgn(D[])(g+ Fo)1lspp),
where the interval
F(n) = (c(eM +eny),o(eM +en_)).
The equation on v is
Oww = —0yv+ d(P[f,eDlu]] — P[F,eD[U]])
—0yv + 600[g, v] + 60(LQlg; v])
= L(g.v) + 2%[g,0],
23
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with

22[9,1}] = 5O<Q[g’v]>'

‘We observe that

Isgn(D[])gL s ippy e < |7 D)7
(7(eM — <Dlo]-) —o(eM +<Dlol))""*
C(ello” loo|DII[) "

Ce(C)lv]xs

1Qlg, v]l| e

IA A

which implies immediately that

124g.0llx, < (&) Clilg, v)llx
12219, vlllx. < (&) Cli(g, v)llx-

We write the Duhamel formula

(9(t), v(8) = S (t) (g0, v0) + /0 Sg.(t - 5)Z[g(s),v(s)] ds.

and thanks to the Gronwall’s Lemma, we conclude the exponential asymptotic stability

of Theorem 1.3 for the step function firing rate in the case with delay. O
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