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GEOMETRIC OPTICS EXPANSIONS FOR HYPERBOLIC CORNER PROBLEMS II :
FROM WEAK STABILITY TO VIOLENT INSTABILITY.

ANTOINE BENOIT*

Abstract. In this article we are interested in the rigorous construction of geometric optics expansions for weakly well-posed
hyperbolic corner problems. More precisely we focus on the case where selfinteracting phases occur and where one of them is
exactly the phase where the uniform Kreiss-Lopatinskii condition fails. We show that the associated WKB expansion suffers
arbitrarily many amplifications before a fixed finite time. As a consequence, we show that such a corner problem can not be
weakly well-posed even at the price of a huge loss of derivatives. The new result, in that framework, is that the violent instability
(or Hadamard instability) does not come from the degeneracy of the weak Kreiss-Lopatinskii condition, but of the accumulation
of arbitrarily many weak instabilities.

Key words. hyperbolic corner problems, geometric optics expansions, selfinteraction phases, violent instability

AMS subject classifications. 35L04, 78A05

1. Introduction. The main study in this article is the rigorous construction of geometric optics expan-
sions for hyperbolic corner problem that is to say, problems reading :

L(@)u = Oy + A101u + Ax0ou = f, for z1,29 >0

(1) Blu|x1=0 =g1, on x> 0;
BQU|x2:O = g2, on Tz > 0,
up<o =0,

where the matrices A; € My (R) and where B; € M, x v (R) (the values of p; and ps will be made precise in
Assumption 2).
Under the uniform Kreiss-Lopatinskii condition

ker By N E{(¢) = {0}, and ker B, N E5(¢) = {0},

where the F$(¢) and E5(() are stable subspaces depending of a set of frequency parameters ¢ (see Definition
7 for a more precise definition). It is known that the associated initial boundary value problem in the half
space is strongly well-posed (in the sense that we have existence and uniqueness of the solution and that this
solution is as regular (in the L2-norm) as the source terms in (1)) if and only if the uniform Kreiss-Lopatinskii
condition is satisfied.

The analogous result have not, in the author knowledge, been demonstrated yet for initial boundary value
problems in the quarter space. However the results of [17]-[18] indicate that an extra condition of invertibility
will be needed in the quarter space geometry and thus that imposing the uniform Kreiss-Lopatinskii condition
on each side of the boundary will not be sufficient to ensure strong well-posedness.

However even if the well-posedness is not establish for corner problems, the geometric optics expansions
have been studied in [19] and more recently by the author in [3] and [4]. More precisely in [19] the authors give
precious intuitions and some elements of proof about this construction which are used in [3]-[4] to construct
rigorously the expansions.

In particular a new phenomenon, proper to the corner problem, has been investigated, the selfinter-
action phenomenon. In more details, this phenomenon induces that some phases in the WKB expansion
can generate themselves after a suitable number of reflections on the sides of the quarter space (see [3]-[4]).
That is to say that some information lying on the side {z1 = 0,25 > 0} can be transported towards the side
{z1 > 0,29 = 0}, be reflected in the phase that send back the information towards {z; = 0,22 > 0} and the
same process is then repeated one more time. However it is possible that during the fourth rebound the
obtained phase is exactly the one that was initially considered. So this phase will be generated several times.
This was not the case for the half space geometry because a reflected phase automatically espaces to infinity.
On one hand, in terms of the geometry of the characteristic variety, such systems contain a rectangle whose
corners are elements of the characteristic variety (with suitable group velocities) and whose side are parallel
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2 A. BENOIT,

to the axis of the frequency space. On the other hand, in terms of the resolution of the WKB cascade, a new
amplitude equation, whose provenance is intrinsically linked with the uniform Kreiss-Lopatinskii condition
has to be solved to initialize the resolution of the cascade.

We are here interested in corner problems whose, one of the boundary condition, to fix the ideas, let
us say Bi, does not satisfy the uniform Kreiss-Lopatinskii condition that is that there exists at least one
frequency parameter ¢ such that:

ker By N Ef(¢) # {0} .

The other boundary condition is assumed to be as convenient as necessary, that is it satisfies the uniform
Kreiss-Lopatinskii condition or even it is strictly dissipative see [6]. The litterature about the hyperbolic
boundary value problem in the half space tells us that such problems can not be strongly well-posed because
of the failure of the uniform Kreiss-Lopatinskii condition. However they can be weakly well-posed in the
sense that we still have existence and uniqueness but that the solution of (1) is now less regular that the
sources terms in (1). We also say that the solution suffers losses of derivatives.

The number of losses depends on the particular structure of E$(() at the considered (. There are four
possible kinds of degeneracy of the uniform Kreiss-Lopatinskii condition relying on the structure of E;(C) at
the frequency where the uniform Kreiss-Lopatinskii condition breaks down (see Definition 4). Namely, the
degeneracies of the uniform Kreiss-Lopatinskii condition can occur in the so-called hyperbolic, elliptic, mixed
or glancing regions. In terms of geometric optics expansions hyperbolic modes are associated to transport
phenomenon whereas elliptic ones are associated to boundary layers.

Concerning boundary value problems in the half space for which the uniform Kreiss-Lopatinskii condition
is violated, the construction of the associated geometric optics expansions has already been made in all but
the glancing region. We refer to [8] for the construction when the degeneracy takes place in the hyperbolic
region and to [2] and [14] for the construction associated to a degeneracy in the elliptic or in the mixed region.
With this expansions it is then possible to saturate the energy estimates for the solution of (1) and to show
that the obtained losses in the litterature are sharp.

We will here focus our attention on a degeneracy of the uniform Kreiss-Lopatinskii condition in the
hyperbolic region, and thus for a frequency that induce a transport phenomenon. Such problems are refer as
the W R class in the sense of [5]. Some conjectures about the behaviours of the geometric optics expansions
when the degeneracy of the uniform Kreiss-Lopatinskii condition occurs in the elliptic or in the mixed region
can be found in Section 9.

In [8], the authors construct the geometric optics expansions for such W R problems in the half space and
show that if the source terms are of order one compared to the small parameter ¢ which encodes the high
oscillating behaviour, then the leading term in the geometric optics expansion is of order zero compared to
€. Then, they used this construction to show that the energy estimate with losses of derivatives established
by [7]:

||UH%2(QT) + ||u|m1:0”%2(ﬂq~) <Cr (Hf”%gl(Hl(BQLT)) + H91|x1:o||%H1(ml,T))) )

is sharp in terms of losses of derivatives.

Concerning corner problems, the litterature is much more poor. Indeed, as already mentionned the full
characterization of strongly well-posed problems is, to our knowledge, not achieved yet. So, the full charac-
terization of weakly well-posed corner problems seems, in the author opinion, to be a long range problem. As
a consequence the fact that we construct the geometric optics expansions for these (expected to be) weakly
well-posed problems can be seen as a ”Majda’s project” (see [1] and [13]). That is to say, that the author
believies that the use of geometric optics expansions can give some intuition about what can be the good
number of losses of derivatives in the associated corner problems.

In this article, we will focus our attention on the particular case of corner problems in the W R where the
frequency of degeneracy is one of the selfinteracting phases. Our purpose is thus to construct the geometric
optics expansion for such a corner problem. As we will see in Section 7, for any arbitrarily large M € N, the
fact that the phase for which the uniform Kreiss-Lopatinskii condition breaks down is generated an arbitrarily
number of times will imply a leading term in the geometric optics expansion of order zero, compared with
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the small parameter £, when one considers a source term on the boundary {z; = 0} of order M +1 in terms of e.

Using this geometric optics expansion, we will show that such a corner problem can not be weakly well-
posed on a finite interval of time because it loses an arbitrarily large number of derivatives before the time
T. In terms of losses of derivatives, it is the worst case that we can imagine because we have a violent or
Hadamard’s instability.

The paper is organized as follows : in Section 2, we precise the terms of the previous discussion on an
example. The analysis made in Section 2 is purely formal and aims to illustrate the amplification and the
self-interaction phenomenons. Then Section 3 gives some classical definitions and introduce some notations.
In Section 4 we give a formal study of our problem and we describe what are the expected phases and the
associated amplitudes in the WKB expansion. Then in Section 6, we give a general framework in which the
previous formal discussion becomes rigorous. This section uses the same tools as these introduced in [4] to
describe, with precision, the set of expected phases in the WKB expansion. However, we believe that it is
important to recall these tools for the sake of completness.

Section 7 is devoted to the construction of the geometric optics expansion and is the main section of
the paper. The most difficult part of the construction is to find a way to initialize the resolution of the
WKB cascade of equations. Indeed in [4] a new amplitude equation whose resolution permits to initialize
the WKB expansion was derived from the uniform Kreiss-Lopatinskii condition. However the obtention of
this new equation is intrinsically linked with the uniform Kreiss-Lopatinskii condition. As a consequence to
initialize the resolution of the WKB cascade when the uniform Kreiss-Lopatinskii condition degenerates, we
need a new amplitude equation. This equation comes from an adaptation of the method described in [8]. The
hardest point to handle with is that in [8], due to the ”nice” geometry of the half space, it was possible to
determine all the outgoing phases (which act as source terms in the equation determining the amplitude for
which the uniform Kreiss-Lopatinskii breaks down) before all the others. However, this is not true anymore
in the quarter space geometry. But we found a new equation for the initialization of the WKB, which one
is given in paragraph 7.1. The resolution of this equation is made in subparagraphs 7.1.4 and 7.1.6. The
resolution is made after a "necessary” reformulation of this equation, in view to show that this equation can
in fact be rewritten under the particular form (I — T)u = G, for some operator T. This rewriting is made in
paragraph 7.1.2."

Section 8 contains the proof of our main result, that is that a corner problem in the W R class for one
side which admits a loop in the section of its characteristic variety and for which one of the element of the
loop violates the uniform Kreiss-Lopatinskii condition can not be even weakly well-posed. It is not really a
positive result because it tells us that, in such a framework, there is no hope to solve the corner problem.
However, the author believes that this result is interesting in itself because it gives the first examples, in
our knowledge, of ill-posed hyperbolic boundary value problems for which the ill-posedness is due to the
accumulation of weak instabilities and not to the failure of the weak Kreiss-Lopatinskii condition. Moreover
the instability phenomenon in this framework is much more subtle.

At last, Section 9 gives examples of such ill-posed corner problems and some (more optimistic) conjectures
about what should be the leading order sizes (and so the number of losses of derivatives) in the more favorable
cases where the uniform Kreiss-Lopatinskii condition breaks down outside the loop.

2. Example and formal discussion. We start this an illustrative example. We consider the following
corner problem:

L(0)u® := Opuf + A101u® + Axdru® =0, for zq,29 > 0,

@) Bl“}gxl:o = eg°, for z1 =0,
Bgufxzzo =0, for zo =0,
uTtSO =0, for z1, x5 > 0,

'Let us note that the particular structure (I — T)u = G was already the structure obtained in [4]. Moreover, this structure
will be very important in the following proof because it permits to write the solution u as the sum of compositions of T and
thus to express the solution w in terms of the sum of wave packets.
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4 A. BENOIT,

where the coefficients in the interior are given by

0 V5 0 -1
A1 = \/g —4 0 s and A2 = 0
o o -2

o
o = O
= o O

And where the boundary matrices are given by:

1 0
Blzz[—\/g % 1],andBQ::[ T 1].

|
S-S

The source term ¢°(t, ) := eé(t_st)g(t, x2), where g is zero for negative times and is also zero for all
xggl.

Let . be the symbol of L(9) it is defined for all (7,&1, &) € R? by:
L(1,61,&2) =71 + &A1+ §A,.
It what follows it will be convenient to introduce the characteristic variety of L(0), that is:

V= {(7—551752) € R3|det$(’ra€17£2) - 0}’

and as the time frenquency in g° will be constant equals to one, we introduce V := VN {7 := 1} . The section
V is given by:

5
Vir=1y = {(51,52) e R?\ (1 - 751 +§2> (1 —4€ + 4618 —5E - €3) = 0} )
and is composed of an ellipse and a line (see Figure 1).

The aim of the following paragraph is to give a formal discussion based on the explicit example (2)
illustrating the phenomenon of repetition of the instabilities mentioned in the introduction. The remaining
of the article aims to give a rigorous justification of this formal discussion.

The corner problem (2) is hyperbolic so it has a finite speed of propagation. As a consequence the
information supported by ¢ can not hit immediately the boundary {x5 = 0}. So in a very formal way, we
will forget the quarter space geometry and work in the half space {1 > 0,22 € R}. The problem now reads:

Oyuf + A101uf + As0ou® =0, for xp € Ry, 20 € R,
(3) Blufa:lzo = g¢°, for 11 = 0,25 € R,
ulft<0 =0, for z1 > 0,22 € R,

and we are looking for an approximation solution of (3) via a WKB expansion.
We thus postulate exactly the same ansatz as in the half space:

(4) UE ~ E eiwl(t’w)é‘nulyn + E 65@040’70)5”“47” + E eiwo(t’w)&?nu&n,
n>0 n>0 n>0

where the phases functions , ¢g, ¢1 and @4 are given by: In particular, we remark that there is a loop
with phases 1, ...¢p4 defined by:

49 21
wolt,x) =t — Exl —8xo, pi(t,x):=1t— gxl — 8z, and @4(t,x) :=t — 321 — 82,
and we remark that the points (— 4?9, — ), (—25—1, —8) and (—3, —8) are the three points of intersection between

V and the line {& = 8}.
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Plugging the ansatz (4) in the boundary value problem in the half space (3) gives the cascade of equations
in the interior:
(5) Z(dpk)uor =0, for k € {0,1,4},

iZ(dpk)unt1k + L(Q)unp =0, VneN, ke {0,1,4},

the boundary conditions:

(6) B Z Un, k = 5n,1ga Vn € Na
ke{0,1,4} |21=0
and finally the initial conditions:

(7) Un ik, _, =0, ¥n €N, ke {0,1,4}.

The first equation of (5) implies that wg € ker Z(dyy), k € {0,1,4} (recall that by definition of ¢y, this
kernel is non-trivial). This is the so-called polarization condition.
We introduce P* the projector upon ker .Z(dyy) and Q¥ the projector on A; ker .Z(dyy) (we will not give
a precise definition of this projectors here, we refer to Definition 25). We have ker Q* = Ran .Z(dyy). Thus
multiplying the second equation of (5) written for n = 1 and using the polarization condition P’“uOJC = U,k
we obtain:
QkL((?)Pkuo,k =0.

We can then use Lax’s lemma [11] which establishs that the previous equation is in fact a transport equation,
that is:

(8) (at —+ v - Vw)uo,k =0,

where the velocity of the transport vy is the so-called group velocity. Note that the group velocity is by
definition (see Definition 5) olinear to the inner normal to V computed at (¢F,&5) (where (£F,€5) is the
spatial frequency of ¢y).

We have easily:

i [3] e [3 - [5]

The interesting point here is that the first component of v is strictly positive while the second component
of each vy and v, are strictly negative. As a consequence, for £k = 1 the transport in (12) goes from the
boundary to the interior and it is thus needed to know the value of ug; at the boundary. But for k£ = 0,4
the transport in (12) goes from the interior to the boundary and consequently no boundary condition have
to be imposed on the boundary.
From this observation we deduce that for k = 0,4, ug x solves the homogeneous transport equation:

(10) (O + vk - Vy)ugr =0, forzy > 0,22 € R,

U0k = 0, for 1 > 0,29 € R,

and we thus have: ug; = 0 for £ = 0,4 and it only remains to determine g ;. To do this we need to know
its trace on {z1 = 0}. To determine this trace we use the boundary condition (6) which reads:

(11) Bluo,lmﬂ) =0.

However there is an issue. Indeed, from the polarization condition we can write g 1.—,. where e is a generator
of ker Z(1, —%, —8). An easy computation gives:
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6 A. BENOIT,

and we remark that Bie = 0. As a conseuence ker (1, —2!, —8) Nker B; = vect {e}, the boundary condition
(11) is trivialy satisfied and does not give any information about uo,1,, _,- It is this situation that we refered
to the failure of the uniform Kreiss-Lopatinskii condition in the introduction, more precisely as this failure
happens for a phase with real values we say that we are in the W R class.

appears that is the

To obtain the value of ug,;, _, we study the only other equation in which g, _

0
boundary condition (6) written for n = 1:

0

B1U1,1|m1=0 =g— B g Ui,k s

ke{0,4} |21=0

in which we make the decomposition uj ; = Pfuy ) + (1 — P¥)us x to obtain:

BiPluia, _,=g—B1| > Prup+ Y (I—Pus —Bi(I - PYurs,,

ke{0,4} ke{0,4} |21=0

and recall that the left hand side is zero.
To make this equation more explicit we first determine the (I — P¥)uy 1, that is the unpolarized part.
To do this we introduce the pseudo-inverse characterized by:

R*Z(dgy) =1 — P*, and P*R* = R*Q* =0,
and we compose the second equation of the cascade (5) written for n = 0 by RF. It follows:
(I — P*)uy = iR*L(9)uo .
In particular for k¥ = 0,4 (recall that ug ; = 0) we obtain that (I — Pk)ul,k = 0. To determine Pkul,k we use

again Lax’s lemma to show that the polarized part satisfies the transport equation:

(12) {(& + vy - Vm)QkPkul,k = —QkL(B)(I - Pk)ulyk =0, forxz; >0,z €R,

Pkul,k‘t<0 =0, for x1 > 0,29 € R,

which implies that PkuLk =0 for £ = 0,4. So the boundary condition of order one in fact reads:
(BlRlL(a)U071)|$1:0 = —Zg

And with the notation ug 1( )=y (t,2)e We obtain:

(13) (Rleatv + RY'Ajedv + R1A2662V) = —ig,

|ZE1:0

which is a transport equation in v. However to solve (13) we have to make its coeflicients more explicit.
After some computations we obtain:

7 7 7
1 35 E\/Sg 0 1 75 _%\5/5 0 1 5% 1%5 > 0
P = |35 -5 0|, Q"= g\/g -2 0f|,and R'= |3V} 1 0
0 0 0 0 0 0 0o -1

And consequently:

16 5 25
BiR'e = ?6‘/5’ BiR'Age = 56 5 and BiR'Aje = 0.

The transport equation (13) in its final form reads:

<3t + %82)’/\11:0 = _ﬁiga for (t,z2) € R?,

(14)
Vie1=0/,o = 0, for 9 € R,
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and we can solve this equation by integration along the characteristics to obtain the value of v|,, o and then
integrate along the characteristics the transport equation for ug ;:

(6t + vy - Vx)uo,l =0, for (t,Jil,JIQ) cR x R+ X R,
(15) U0, o = V]a1=0€; for (t,z2) € R2,
0,1, <, for (z1,22) € R x Ry,

to obtain the value of ug ;.

An important remark is that from (14), the leading order term ug ; is not zero. But one have to recall
that in (3) the source term on the boundary {z; = 0} is of order one compared to . As a consequence,
the leading order of the WKB expansion is of order zero for a source term of order one. It is exactly the
amplification phenomenon that we introduced in the introduction. An other remark is that the coefficient in
front of the xo-derivative in (14) is nothing but é

Then we study the behaviour of the amplitude ug ; as v; as a negative second component, the transported
information hits the boundaray {zo = 0} after some times. When its happens we formaly consider (recall that
U0, has its support away from z; = 0) the boundary value problem in the half space {z1 € R, 25 > 0}
whose information on the boundary has been turned on by g 1:

Opu® + A101uf + AsOou® =0, forxzy € R, zg € R+,
(16) BZ,U,TIQZO = _B2u071\m2=0’ for 29 = 0,21 € R,
u|€t§0 =0, for 1 € R,z9 € Ry,

and we thus add in the ansatz (4) the amplitudes wu, 2 associated to the phase @2 defined by:
21
wa(t,x) =t — gasl — 4.

And the amplitude u,, 5 associated to the phase ¢5 defined by:

(ha) =t 21 44

5(t,z) =t — —x1 — —xa.

14 5 U1 e

This new phases correspond to the intersection of V with the line {51 = —%} Note that the group velocity
for the phase ¢ is given by:

while the group velocity vs has both its components positive. From Lax’s lemma we have to solve the
transport equation:

(0 +v2 - Vi) Q*P?ug 9 = 0, for x5 > 0,21 € R,
(17) Bs [uo2 +uos|,,—g = —Bauo,,, _,, forazz =021 €R,
quog‘mJ =0, for x9 > 0,2, € R,
to determine ugo. However, this time we have ker £(1,—2!, —4) = vect {e2} and ker.Z (1,-2, - %) =

vect {e5} with
0 5
es:= |0], and e5 :=
1

O wIN

and we remark that the matrix By restricted to vect{es,e5} is invertible. This is the uniform Kreiss-
Lopatinskii condition mentioned in the introduction. More precisely this inverse is given by:

N
1 0f,
0 1

0 =
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8 A. BENOIT,

So we can apply ¢? in the boundary condition and project upon ker Z(1, —25—17 —4) to obtain the value of the
trace of Uo2,, - This permits to solve (17) by integration along the characteristics to determine ug 2. The
determination of ug s is similar and will not be describe here.

We now repeat the same process, the group velocity vs has both its components positive, so when one
solves the associated transport equation, the transported information spreads to infinity. It will never hits the
boundary {z; = 0}, will never be reflected and consequently it will never creates a new phase by reflection.
However the information carried by ug o will hits the boundary {z; = 0} and it will be reflected in a new
amplitude. To determine this new amplitude we consider again the boundary value problem in the half space
{z1 > 0,22 € R} and we add in the ansatz (4) the amplitudes u,_ 3 associated to the phase 3 defined by:

p3(t, ) ==t — 31 — 4x,

with group velocity:

(18) pa(t,z) ==t — 3z — 8xa, Vo 1= {_52] .
To determine ug 3 we have to solve the transport equation:

(0 +v3-Vi)Q3P3ugo =0, forz; > 0,72 €R,
(19) Blu0’3|x1:o = _31“072@1:0» for x1 = 0,22 € R,
P3u072|t§0 =0, for 1 > 0,29 € R,

and we remark that compared to (12), this time Bjes, where eg is a generator of ker £ (1, —3, —4) is not zero.
As a consequence from the uniform Kreiss-Lopatinskii condition we can invert B; in the boundary condition
of (19) to obtain the value of U0,3,,, and solve (19). An important remark is that this time the amplitude
up,3 is not amplified and remains of order O(1) compared with e.

The information transported by (19) will hit the boundary {zs = 0} so it leads us to study the boundary
value problem in the half space {1 € R, x2 > 0} whose source term on the boundary has been turned on by
the amplitude up 3. So we add in the ansatz the amplitudes for the phases associated to the intersections
between V and the line {§; = —3} that is:

22
we(t,x) =t — 3wy — %2,
and 4. It is interesting to remark that even if the amplitude ug 4 has been initially removed of the ansatz
(because it was initially zero) nothing prevent that this amplitude has to be considered after several rebounds.
To dedtermine ug 4 we have to solve a transport equation and to do this we need the value of U0 4, - Once

again we remark that ker £(1, -3, —8) = vect {e4} and ker £(1, -3, —2) = vect {eg}, with

5 0
eqs:=| 3|, andeg:= (0],
0 1

and consequently by the uniform Kreiss-Lopatinskii condition, the matrix Bs restricted to vect 4,eg} is
invertible. The inverse is given by:
3v5

0
ot = 1 0],
0 1

which permits to determine the traces uo4,,, _, and to solve the associated transport equation. The trans-
ported information will hit the side {z1 = 0,22 € R} and we have to determine its rebounds. To do this we

add in the ansatz (4) the phases associated to the intersection point between V and the line {&&; = —8}.
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It is there interesting to remark that one of these points gives exactly the phase ¢1. As a consequence, the
associated amplitude is generated a second time. This phenomenon is refered to selfinteraction phenomenon
because it means that some phases can regenerated themselves after a suitable number of rebounds. We thus
consider the boundary value problem in the half space {1 > 0, z2 € R} whose source term on the boundary
as been turned on by the amplitude up 4 and we add in the ansatz (4) a new contribution for the phase ¢;.

The ansatz now reads:
6 . .
us ~ E § :eggak(t,;c)gnun}k + E egcpl(t,x)gnan,l.
n>0k=1 n>—1

To determine the new amplitude u_;,; we again apply Lax’s lemma which leads us to solve the transport
equation:
(20) (815 + vy - Vm)ao’l = 0, for T, > 0,1[,’2 c R,

anl\tgo =0, for 1 > 0,z € R.

Once again to solve this equation it is needed to determine first the value of the trace a—lvlmlzo' To do
this we reiterate the computations made for ug,;. That is we consider the equation for @, _,We thus
obtain that 17,1’1“”:0 solves the transport equation (14) but with a source term depending on Uo 4, _, and
consequently the amplitude w_; ; is not zero. So we obtain that the leading order in the WKB expansion is
now of order O(e~!) while the source term on the boundary ¢¢ is of order O(e). There are consequently two
amplifications in the WKB expansion.

Then we can reiterate exactly the same computations to determine the new amplitudes 4_1 %, k = 2, ..., 4.
They do not suffer any amplification due to the Kreiss-Lopatinskii condition, but when one study the rebound
of u_1,4. The phase ¢; is generated again, this induce a new amplification and one has to add in the ansatz
a term of order O(¢72) and so on. This process can be repeating an arbitratily number of times to obtain a
WKB expansion with M amplifications where M is arbitrarily large.

Of course the previous discussion is totally formal. Indeed, at each step of the computations we restrict
ourselves to boundary value problems in the half space and we are not considering boundary value problems
in the quarter space as we should. However this discussion has the advantage of simplicity and illustrates the
expected phenomenons. The aim of what follows is to give a rigorous justification of this formal analysis.

F1G. 1. The characteristic variety for the corner problem (2).

3. Notations and assumptions.
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3.1. About the operator L(J). Let
Q= {(ml,xg) ER?*\x; >0,z > 0}, 00 := QN {z; =0}, and 09y := QN {ze = 0},
be the quarter space and both of its edges. For T' > 0, we will denote:
Qp :=1-00,T] x Q, 0 1 :=]—00,T] x 4, and O 1 :=]—00,T] x .

Hereof . will be the symbol of the differential operator L(9). It is defined for 7 € R and £ € R? by:
2
L(r.€) =TI+ &A;.
j=1

The characteristic variety V' of L(0) is thus given by:
V= {(1.6) e Rx R?\ det L(1,£) =0} .

In this article we choose to restrict our subject, in view to save some notations, to strictly hyperbolic op-
erators. The following constructions of the geometric optics expansions should also operate in the framework
of constantly hyperbolic operators. However this simplifying assumption will make the analysis of Section 5
slightly easier. We will give in the core of the proof some comments about the expected modifications about
the proof for constantly hyperbolic operators. We thus assume the following property on L(9):

Hypothesis 1. There exist N real valued functions, denoted by );, analytic on R? \ {0} such that:

N

Ve €St det Z(r,€) = [[ (7 + X,(9)),

j=1

where the eigenvalues A;(§) satisfy A1 (§) < ... < An(§).
We also assume that the boundary of €2 is non-characteristic, and that the matrices B; and By induce the
good number of boundary conditions, that is to say :

Hypothesis 2. The matrices Ay, Ag are invertible. Moreover p; (resp. p2), the number of lines of B;
(resp. Bs), equals the number of strictly positive eigenvalues of A; (resp. As). At last B; and By are
assumed to be of maximal rank.

One can easily convince himself that they are effectively the good number of conditions by considering the
case d = 1 in which (1) is equivalent to solve N scalar transport equations.

Under Hypothesis 2, we can define the resolvent matrices with are obtained by taking the Laplace
transform of the evolution equation of (1) and Fourier transform in one of the space variable:

1 (C) == —A7! (oI +inAs) and @4(C) := —Ay" (o] +inA;),
where ¢ denotes an element of the frequency space :
E={C=(0c=7+ir,n) € CxR,y =0} \{(0,0)}.

For convenience, we also introduce Zy the boundary of = :

[11

0:=2n{y=0}.

and the notation :
fOI’j = 1727 Cj = (U’ 537j>7
For j = 1,2, ¢; € (E\ Zo), we denote by E7((;) the stable subspace of </;((;) and E}((;) its unstable
subspace. These spaces are well-defined according to [9]. For all {; € (£\ o), the stable subspace E?((;)

has dimension p;, while the space E (¢) has dimension N — p;. Let us recall the following theorem due to
Kreiss [10]? :

2For constantly (resp. geometrically regular) hyperbolic operators, this Theorem still holds, see [15] (resp. [16]).
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THEOREM 3. Under Hypothesis 1 and 2, for all ¢ € =, there exist a neighborhood V" of ¢ in Z, integers
Ly,Ly > 1, two partitions N = vi 1+ ... +vi,1, = V21 + ... + Va1, with v1,v2; > 1, and two invertible
matrices T1,Ts, reqular on ¥ such that:

V¢e?, Ti(¢) A (O)Ti(C) = diag (4 1(C), .., 9,1, (),
T (¢) e (Q)To(C) = diag (2,1 (C), ... ,1,(C)) ,

where the blocks <7;(() have size v;; and satisfy one of the following alternatives:
i) All the elements in the spectrum of <7;;(() have positive real part.

ii) All the elements in the spectrum of o7;;(C) have negative real part.
iit) vig =1, ;,(C) € iR, 0447;1(C) € R\ {0}, and <;,;(¢) € iR for all ( € ¥ N Ey.

i) v > 1, 3k;; € iR such that

kj,l (3 0
"Q{j,l(g) = c. 1 )
0 kj

the coefficient in the lower left corner of 0,47 ,(C) is real and non-zero, and moreover <;;(¢) € iM,,,
forall( € ' NEy.
Thanks to Theorem 3 it is possible to describe the four kinds of frequencies, for each part of the boundary
o1 :

DEFINITION 4. For j = 1,2, we denote by:

1) &; the set of elliptic frequencies, that is to say the set of ( € Zg such that Theorem 3 for the matriz
27;(C) is satisfied with one block of type i) and one block of type ii) only.

2) ¢ the set of hyperbolic frequencies, that is to say the set of ( € By such that Theorem 3 for the
matriz </;(C) is satisfied with blocks of type iii) only. B

3) éaif; the set of mized frequencies, that is to say the set of ¢ € Z¢ such that Theorem 3 for the matriz
;(C) is satisfied with one block of type i), one of type ii) and at least one of type iii), but without block of
type iv).

4) Y; the set of glancing frequencies, that is to say the set of ( € Eg such that Theorem 3 for the matriz
;) is satisfied with at least one block of type iv). a
Thus, by definition, ¢ admits the following decomposition:

(R)

S0 =& UEA; U UY,.

The study made in [10] shows that the subspaces Ej((;) and E3((;) admit a continuous extension up to the
boundary of the frequency set Zg. Moreover, for j = 1,2, for gj € 5o\ (%4 U%) one can decompose:

N _ s/, u( s
(27) C _Ej(zz7§3_j)@Ej (7’17§3_j)7
where the spaces E7 and EY can also be decomposed in the following way:

. s,eq - s,hy- . U,e /- uh -
Bz, & ) = By, &) ® EfU(ir, &), and B (ir,§,_ ) = E°(iz, &, ) & B (iT, &, _)-
Here E°(i1, 3_j) (resp. E}"°(iz, € B—j)) is the generalized eigenspace associated with eigenvalues of the ma-
u,h -
3_],) and E; (zz,§3_j)

are sums of eigenspaces of .o7; (i, { 37].) associated with some purely imaginary eigenvalues of o7 (it, § 37].).

trix o7 (i, §3_j) with negative (resp. positive) real part, and where spaces E;vh(iz,é

Moreover since the matrices A; and Ay are invertible we can also write (27) in the following way :for
j=12

(28) CN = A;E;(it, £, ) © AGEF(iT, &5 ),
In fact, it is possible to give a more precise decomposition of the spaces E]Sh(gj) and E;Lh(gj) Indeed,

let w,, ; be a purely imaginary eigenvalue of ;af](gj), that is satisfying:

det(r + 1Ay + ngAQ) = det(r + W1 A1+ nAs) = 0.
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12 A. BENOIT,
Then, using Hypothesis 1, we deduce that there exists an index k,, ; satisfying:

I+/\km,2(n’ ’m2) - T+Akml(—7n 1>7 ) - 0

where Ag, . is smooth in both variables. Let us then introduce the following classification :
DEFINITION 5. @ The set of incoming (resp. outgoing) phases for the side 9, denoted by J, (resp.
1), is the set of indices m such that the group velocity vy, = Vg, , (W,, 1,1) satisfies O1 Ak, , (W,,.1,1) >0
(resp. Ov Ak, , (W 1,m) <0).

o The set of incoming (resp. outgoing) phases for the side 9Qs, denoted by Jo (resp. Do, is the
set of indices m such that the group velocity vy, = VA, ,(1,w,, 2) satisfies OoA,, ,(10, W, 0) > 0 (resp.
aQ)‘km,z (ﬂ? QH’L,Q) < 0)

e The set of incoming-incoming (resp. outgoing-outgoing) phases %;; (resp. F,,) is defined by I;; :=
J1NTg (resp. oo := D1 NO3).

e The set of incoming-outgoing (resp. outgoing-incoming) phases Z;, (resp. o) is defined by I, :=
31 N Dg (resp. joi = 531 N 32)

Note that we do not considered the phases whose one of the component of the group velocity vanishs. This
phases correspond to glancing modes and the construction of the geometric optics expansions is much more
technical when we consider these phases [20].

Thanks to Definition 5, we can write the following decomposition of the stable and unstable components
E;"(¢) and E}"(0):
LEMMA 6 For all { € ;U8 5, j = 1,2 we have

(30) EyMQ) = ®mey, ket Z(1,w1,m) EP"(C) = ®meo, ket L(1,w,, 1, 1),
(31) E3™M(Q) = ®men, ket L(1,1, W, 0)s By () = Bmeo, ker L(1,1, W, 5)-

We refer, for example, to [8] or [20] for a proof of this lemma.

3.2. About the boundary conditions. Let us introduce the initial boundary value problem in the
half space {z1 > 0,22 € R} :

L(O)u= f,on {1 > 0,29 € R}
(32) Bz, —0 = g1,
U’\tSO =0.

We recall the following result due to Kreiss [10] which establishs that the boundary value problem (32) is
strongly well-posed if and only if it satisfies the following condition:

DEFINITION 7 (Uniform Kreiss-Lopatinskii condition). We say that the system (32) satisfies the uniform
Kreiss-Lopatinskii condition if we have:

V¢ € E, ker By N ES(C) = {0},

where E3(C) still denotes the continuation of the stable subspace of the resolvent matriz < (¢) up to Zp.
DEFINITION 8. We denote by T the set of frequencies for which the ibup (32) does not satisfy the uniform
Kreiss-Lopatinskii condition i.e.

Y= {¢1 € Z :ker By N ES(¢1) # {0}}.

If TN (E\Zp) # 0 then we say that this problem does not satisfy the Kreiss-Lopatinskii condition and it
is a well-known fact, we refer for example to [10] or [6], that such problem can not be strongly or weakly
well-posed. As a consequence, the only possible frequencies where the uniform Kreiss-Lopatinskii can fail
without causing ill-posedness of the problem are located on Zj.

The kind of degeneracy that we will consider in this article are thus on Z( and correspond to hyperbolic
frequencies that is that o (¢) is diagonalizable with only imaginary eigenvalues. We recall that these fre-
quencies induce a transport of the information. More precisely we will use the following definition due to [5):
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DEFINITION 9. The ibup (32) is in the W R class if it satisfies the following conditions:

i) The ibvp (32) satisfies the weak Kreiss-Lopatinskii condition i.e. TN (2 \ Zg) = 0.

i) Y #0 and T C 4.

iii) For all € T, there is a neighborhood ¥ of ¢ in =, a regular basis (Ef 1, ..., ES , )(¢) of E$(C) on ¥/,
an invertible p1 x p1 matriz P(C), regular on ¥ and a smooth real valued function © such that

VCEY, By By, .., Bi ] (Q) = P(¢)diag(y +i©(C), 1,..., 1).

In particular, one can find a Lopatinskii’s determinant under the form.:

VCe?, A(Q) = (v +1i0(¢)) det P(Q).

These definitions about hyperbolic boundary value problems in the half space motivate the following
definition for the corner problem:

DEFINITION 10. We say that the corner problem (1) is in the W R class for the side 9y if the boundary
value problem (32) is in the WR class.

In all this paper, the boundary condition for the side 9€2; will not satisfy the uniform Kreiss-Lopatinskii
condition (precisely we will then work with corner problem in the WR class for the side 9€;) and so weak
well-posedness is expected. While, as mentioned in the introduction, the boundary condition for the side
0y will be chosen as convenient as possible in terms of well-posedness. However, we will see in Theorem
14 that even if the boundary condition on 9€2; is in the most favorable class of strictly dissipative boundary
conditions (see [6]), it can not compensate the "bad” boundary condition on 9.

To make things more precise, let us thus assume the following :

Hypothesis 11. The corner problem (1) is in the W R class for the side 99; and the boundary condition
on the side 9 is strictly dissipative or satisfies (at least) the uniform Kreiss-Lopatinskii condition. In the
first case, that is to say that the following inequality holds:

Vo € ker Ba, (Asv,v) < 0.
While in the second case, it means that V { € =, we have:
ker Bo N E5(¢) = {0} .

In both cases (we refer to [6] for a proof that strict dissipativity implies the uniform Kreiss-Lopatinskii
condition) the restriction of By to E3({) is invertible. We denote this inverse by ¢2(().

When one studies geometric optics expansion for weakly well-posed boundary value problems, it is useful
to define the following vectors (this definition comes from [8] and was also used later in [2]) :

DEFINITION 12. Let (1) be in the WR class for the side 0§21, then there exist:

o a vector e € CV \ {0} such that ker By N E$(¢) = vect(e).

o A wector b € CP* \ {0} such that b- Bw =0, for all w € E5(().

4. Formal phase generation process. In this paragraph we briefly discuss the expected phases in
the WKB expansion and the associated amplitudes for corner problem in the W R class for the side 9. We
will not here give a precise description of the phase generation process in itself (we refer to [4] and [19] for a
complete discussion) but we will focus on the expected sizes of the amplitudes according to the small param-
eter e. More especially we will also discuss after how many time of travel the amplifications are expected.

Let us consider the hyperbolic corner problem:

L(0)u* =0, on Qp
Biuf, _o=9% on 9,

(35) Bayuf,, o =0, on 001,

1> J—
Ujyco = 0,

and we assume that (35) satisfies Assumptions 1-2 and 11. We also suppose that this corner problem admits
four selfinteracting planar phases (see Assumption 21 or [4] for more details) namely

on, (tx) =Tt + &7 01 + &m0, j=1,..4.
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14 A. BENOIT,

To be considered as selfinteracting these phases have firstly to satisfy
{Ll — 5?2, ;742 — 5;743’ ?'3 — ;7447 and 55714 — ;741’

in other words it is possible to draw a rectangle whose vertices are on the characteristic variety. We will also
impose that the phase ¢,, and ¢,, are incoming-outgoing whereas ¢,, and ¢,, are outgoing-incoming in
view to have the good velocities for a selfinteraction.

We also choose the source term ¢° in (35) in such a way that it ”turns on” the phase ¢,,. Finally
we assume that the phase ¢, is associated to the only frequency for which the uniform Kreiss-Lopatinskii
condition is violated.

Let us choose ¢°, zero for negative times, with compact support away from the corner for all positive
times (or at least a function which is zero on a neighborhood of the corner for all positive times). Then by
finite speed of propagation arguments, the information carried by ¢g° can not hit the side 022 immediately.
So, at least during a short time, we can forget the boundary condition on {2 > 0,25 = 0} and see the corner
problem (35) as a problem in the W R class for the half space {z1 > 0,22 € R}. It is thus natural to start by
taking the ansatz for this problem lying in the half space. This ansatz involves the phases ¢; defined by:

pj(t,@) o= Tt + oy + & s, j= 1,1,
where the (f{ ) are the roots in the &; variable of the dispersion relation:
detg(zvglaggl) = 07

associated to incoming-outgoing or incoming-incoming group velocities (see [4] for more details). Let us stress
that, by assumption, the phase ¢, is contained in the {gpj}j and that since the corner problem (35) is in
the WR class, in particular (it,&5") € J4, then there is exactly N roots in the & variable of the dispersion
relation det .Z(7,&1,£5) = 0.

However the analysis of [8] tells us that when the uniform Kreiss-Lopatinskii condition breaks down,
due to a transport phenomenon along the side 021, the leading order is one order less than the order of the
source term on the boundary {x; = 0,22 > 0}. More precisely, if the source term is of order one, then the
leading order in the WKB expansion is of order zero. This transport phenomenon along the side 9§21, in the
presence of a source term on the boundary, is immediately turned on. We thus expect that this property
which comes from the study of the problem in the half space remains true for the corner problem (35), at
least during a short time.

In all this paper, we will assume that the transport along the side 92; spreads the information away
from the corner. If it is not the case then the information will hit the corner in finite time. Until now, we
are not able to construct geometric optics expansions if such a situation occurs and we thus have a maximal
time of existence for the geometric optics expansions corresponding to the time of impact. However as first
noticed in [8], in the particular framework d = 2, then the velocity of the transport along the side 9 is
explicitly computable. More precisely it is given by —5% (see [8]). So in this particular setting ask that the

2
transport phenomenon along the side 9€2; spreads the information away from the corner is equivalent to ask

that 7 and €;* have opposite signs, which is easily verifiable in practice.

The rays associated to the phase ¢; are incoming-outgoing or incoming-incoming. As a consequence if
the phase ¢; the information that it carried will hit the boundary 9 after some time of travel and we will
have to determine its reflections or if it is incoming-incoming then it escapes to infinity and it will never
be reflected. Let us now study the reflections of the incoming-outgoing ones. More precisely we will only
describe the reflections ¢, which are the capital ones for our current discussion. We refer to [4] for a precise
description of the reflections for the other rays.

The ray associated to the phase ¢, is incoming-outgoing so it hits the side 0 after a finite time of
travel. However, when it happens, the striking ray still have its support away from the corner. Thus, once
again, by finite speed of propagation arguments, at least during a small time, we can see the corner problem
(35) as a problem in the half space {1 € R,z > 0} for which the information on the side 9y has been
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“turned on” by the incoming-outgoing phase ¢,,. We thus add in the ansatz the amplitudes associated with
the phases _
oj(t,x) =1t + 21 + Eao, j=1,... N,

where the (fé) are the roots in the & variable of the dispersion relation :
det $(17 g]T_Ll ) 52) =0.

Note that ¢y, is included in this set.

Let us here insist on the fact that there can be less than N roots for this dispersion relation and that
these roots can be complex valued. Indeed, the boundary value problem in the half space {z; € R,z > 0}
is not assumed to be in the WR class. According to [4] we only consider the real roots associated with
outgoing-incoming or incoming-incoming group velocities and a class representative of the complex valued
roots with positive imaginary part (see Section 6 or [4] for more details).

As the boundary condition on the side 92 is assumed to satisfy the uniform Kreiss-Lopatinskii condi-
tion, this time there is no transport phenomenon along the boundary and the leading order of the WK B
expansion remains of order zero (for a source term on the boundary 0€; of order one).

We can then repeat exactly the same arguments to show that the phases ¢,, and ¢,, are generated
when we consider the reflections of the ray associated to o, on 9§2;° and the reflection of the ray associated
t0 ¢p, on 0.

It is then interesting to study the reflection of the ray associated to ¢,, against the side 0€;. This
reflection starts after a strictly positive time ¢y at a strictly positive distance of the corner yo (the precise
values of this parameters are given in Section 7 and will be fundamental in our proof). By selfinteraction
phenomenon, we know that during this reflection the phase ¢,,, is regenerated. However due to the degen-
eracy of the uniform Kreiss-Lopatinskii condition for the phase ¢,,, a new transport along the boundary is
expected and shall induce a new amplification phenomenon. All the amplitudes in the ansatz then should
lose one power of €, that is to say that the amplitude of order zero becomes of order —1, the amplitude of
order one becomes of order zero and so on.

As a consequence, if one starts with a source term of order two in € then before the time ¢y, the leading
order of the geometric optics expansion is expected to be of order one, but after the time tq, the leading order
in this expansion is expected to be of order zero. Moreover the traces of the amplitudes associated to the
phase ¢, are now expected to be zero for xs less than yo. We can then repeat exactly the same arguments.
That is to say that after another complete circuit around the loop, the amplitude associated to ¢y, hits again
the side 0€; and regenerates the phase ¢,,. A new amplification thus happens and all the amplitudes lose
one order in terms of €. The leading order in the geometric optics expansion is now expected to be of order
zero for a source term on the boundary of order three.

So if one wants to construct a geometric optics expansion with M 4+ 1 amplifications before a fixed time
T, it will be sufficient to choose the support of the source term g close enough of the corner to ensure that
the rays have made M complete circuits around the loop before the time 7.

Moreover, the fact that we choose to work with a fixed maximal time of resolution 7" and with a source
term g having its support away from the corner permits us to assume that the number of generated phases in
the phase generation process is finite and avoid the technical difficulties pointed in [4]. Indeed, in [4] it was
shown that the phase generation process consists of considering sequences of phases with incoming-outgoing
and then outgoing-incoming group velocities and to stop the sequence when we meet a phase with incoming-
incoming group velocity. However, here each transport phenomenon from one side to the other takes some
(explicitly computable) time) because the transported information has its support away from the corner. So
when we apply the phase generation process we can stop the sequence as soon as the sum of the time needed
to generate the considered phase exceeds the fixed maximal time 7.

5. Main result. In this paragraph we describe the main result of this paper. Roughly speaking, this
result states that when one deals with a corner problem that does not satisfy the uniform Kreiss-Lopatinskii

3Let us stress that during this reflection on the side 0€2; there is no amplification because the considered phases are ¢n,
and ¢n, but not @n, .
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16 A. BENOIT,

condition on each boundary then he should be careful. Indeed, Theorem 14 demonstrates that such a problem
can, in some situations depending on the geometry of the characteristic variety, be ill-posed. The violent
instability is, in this framework, caused by an accumulation of weak instabilities and differs from the failure
of the weak Kreiss-Lopatinskii condition which is, to our knowledge, the only known example of violent
instability for hyperbolic boundary value problem. Before to state the main theorem, let us define more
precisely the terms of the previous discussion:

DEFINITION 13. The corner problem (1) is said to be weakly well-posed (or to generate a weak instability)
if there exists (K, K1, K2) € R3 \ {0} such that for all source terms f € H¥(Qr), g1 € HX (0 1), g2 €
H®2(8Qy,1), the corner problem (1) admits a unique solution u € L*(Qr) with traces u),,—o € L*(0 1),
Ujgy—0 € L2(009.7) satisfying the energy estimate:

Hu||2L2(QT) + ||U|x1:0||%2(anw) + ||U|x2:0\|%2(69”) <
Cr (113 + 191315 (9 1y + 1922 9020 )

for some positive constant Cr.

The corner problem (1) is said to be ill-posed (or to generate a violent instability) if it is not strongly
well-posed and if such integers do not exist.

The main theorem of this paper is the following :

THEOREM 14. Let (1) be a corner problem satisfying Hypothesis 1-2-21 and 22 then (1) can not be weakly
well-posed. In other words, for all K, Ky € N, f € HE(Qr), g2 € HE2(Qr) and for all K1 € N* one can find
g1 € HX1(0Q4 1), such that the energy estimate

HUH%Q(QT) + ||U|x1=0\|%2(a§zm) + ||U|x2=0|\%2(anm) <Cr <||f|\12L1K(QT) + g1l (0Q.7) T ||92||?{K2(3927T)> )

1s violated.

The proof of Theorem 14 is given in Section 8. This proof is based on the rigorous construction of
geometric optics expansions for the corner problem (1) with an arbitrary number of amplifications compared
to the source term on the side 9€;. This construction, which is the technical part of the proof, is made in
Section 7.

6. General framework. In this section we recall some notations and definitions used in [4] to describe
rigorously the set of phases obtained by reflection against the side of the quarter space.

6.1. Definition of the frequency set and first properties. Let us start with the definition of what
we mean by a frequency set:
DEFINITION 15. Let . be a subset of N and T € R, 7 # 0. A set indezed by &,

F = {fl = (I?&Lﬁ%%l € j}u
will be a frequency set for the corner problem (1) if for all i € &, f; satisfies
det Z(f") =0,

and one of the following alternatives:
eGeR |
1) & € (C\R), & € R and Im & > 0.
iii) & € (C\R), & € R and Im & > 0.
In all what follows, if .% is a frequency set for the corner problem (1), we will define:

Fos = {[' € F satistying i)},
Fov1 1= {fl € 7 satisfying i)},
Feva = {fi € Z satisfying m)} .

It is clear that the sets .Z,q, Fep1 and oo give a partition of #. Moreover to each f! € .%,,, we can
associate a group velocity v; := (v;1,v;,2). Let us recall that the group velocity v; has beeen introduced in
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515 Definition 5. The set .%#,, can thus be decomposed as follows:

516 Fii = {fz € Fos \vi,l,vm > 0}, Fio 1= {fz € Fos \ Vi1 > O,Ui72 < O},
517 Foi 1= {fl € Fos \1)1'71 < 0,vi2 > 0}, Froo 1= {]M € Fos \Ui,l,o,”l)i,g < 0}
518 Fg = {fieyos\vm:Oor vi,2:0}.

519 The partition of .%# induces the following partition of .#:
520 j:jqujooufﬂioufﬂoiuﬁiutﬁevlUfﬂev%

521 where we have denoted by Zi, (reSP. 4, 00 0is iis evls ev2) the set of indices ¢ € & such that the corresponding
522 frequency fl € Fio (reSP- g» 00y 015 iiy evls ev2)-

523
524 From now on, the source term gf on the 9Q; boundary in (1) reads :
525 (36) G5 (t, zg) 1= = T MLy g,
526 for some fixed integer M and where the amplitude g has its support in space away from the corner and is
527 zero for negative times.
528 The following definition gives a precise framework for the phase generation process described in paragraph
529 4. More precisely, this definition qualifies the frequency set that contains all (and only) the frequencies linked
530  with the expected non-zero amplitudes in the WKB expansion:
531 DEFINITION 16. The corner problem (1) is said to be complete for reflections if there exists a set of
532 frequencies F satisfying the following properties:

i) F contains the real roots (in the variable &1 ) associated with incoming-outgoing or incoming-incoming

group velocities and the complex roots with positive imaginary part, to the dispersion relation
det Z (7, 51,§2) =0.

533 it) Fg=10.
534
535 iii) If (1,£1,€Y) € Fio, then F contains all the roots (in the &x-variable), denoted by &5, to the dispersion
536 relation det £ (1, &%, &) = 0, that satisfy one of the following two alternatives:
537 iii’) €5 € R and the frequency (1,£%,€5) is associated with an outgoing-incoming group velocity or an
538 imcoming-incoming group velocity.
539 iii") Im &5 > 0.
540
541 i) If (1,&4,€L) € F,i, then F contains all the roots (in the & -variable), denoted by £, to the dispersion

542 relation det £ (1, &1,€L) = 0, that satisfy one of the following two alternatives:
543 iv') & € R and the frequency (T, &7, €5) is associated with an incoming-outgoing or an incoming-incoming
544 group velocity.
545 ") Im & > 0.
546
547 v) F is minimal (for the inclusion) for the four preceding properties.
548 Point i) imposes that the frequency set . contains all (and only all) the incoming phases for 9, that are
induced by the source term ¢j.

Point 4i%) (resp. iv)) explains the generation by reflection on the side 9€Qs (resp. 9€2;) of a wave packet
that emanates from the side 9€y (resp. 0€)s).

An immediate consequence of the minimality of .# is that .%#,, is empty. Moreover let us stress that
according to the discussion made in paragraph 4, because we are dealing with finite time and a source term
which has its support away from the corner, without loss of generality we can assume that #.% < +oo.

ot
. =
N = O ©

SR D

(=2}

Let us recall that if the corner problem is complete for reflections, one can define two applications, defined
on the index set .# and which give, in the output, the indices ”in the direct vicinity” of the input index:

ot ot ot ot Ot Ut Ut Ut
ot Ot Ot Ot Ot Ot ot Ut

Ut
(o))
0]

D, T:ﬂ—)yN(f),
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where &N (.#) denotes the power set of .# with at most N elements. More precisely, the definitions of ®
and W are: for i € .7, fi = (1, &),

o) = {jes\gd=g} amd (@) ={jer\g=¢}.
For convenience let us introduce the short-hand notations:

&% (i) == (i) \ {i} and U*(i) := U(i) \ {i}.

Thanks to these functions, the index set .# can be seen as a graph. This graph structure will be more abstract
than the desciption of .# based on the wave packet reflections, but it will be easier to handle with when we
will construct the WKB expansion. This graph structure is defined by the following relation : two points
i,7 € & are linked by an edge if and only if i € ®(j) or i € U(y).

In terms of wave packet reflection, the set ®(i) (resp. W(7)) is the set of all indices of the phases that are
considered in the reflection of the wave packet with phase f% on 9. Let us stress that the index 7 is not
necessarily the index of an incident ray but can be the index of one of the reflected rays.

Applications ® and V¥ satisfy the following properties:
PROPOSITION 17. If the corner problem (1) is complete for reflections, then ® and ¥ satisfy:

) Vie S, ie (i), ie D).
i) Vie S, Vj e V(i), Vk € ®(i) we have U(i) = ¥(j) and O(i) = (k).

1) Vi € I, ®(i) N Fopo = 0 and V(i) N Iy = 0. And, Vi € Foy1,V] € Fewo, we have V(i) C Iy,
(I)(Z) C jeug.

i) Vi € Fos, #(P(1) N Fev1 N Fio N Iii) < p1 5 and #(¥ (1) N Fevz N I N Iii) < pa.
v) Vi € .7, we have on the one hand iy, is € ®(i), i1 # ia:
B() N W(iy) = {ir} and U(ir) N (i) = 0,
and on the other hand, ¥j1,j2 € U(i), j1 # Jja2 :
(i) N @(j1) = {1} and 2(j1) NP (j2) = 0.

We refer to [4] for a proof of this proposition.

Thanks to applications ® and ¥ it is easy to define the notion of two linked indices in the graph structure
of .Z:

DEFINITION 18. Ifi € %, we say that the index j € Iy U Fey1 (resp. J € FoiU Feya) is linked with the
index i, if there exist p € 2N+ 1 (resp. p € 2N) and a sequence of indices £ = ({1,4s,...,¢,) € IP such that:
o) b € V(i) N Fpi, by € D(ly) € Fso, ..., j € P(Uy) (resp. j € U(Ly)).

We say that the index j € %, is linked with the index i, if there is a sequence of indices € = ({1, (2, ...,¢,) €
P such that: _ .
F) 6 € W(i) N Foi, £ € B(£1) N f{ J € BLy), pis odd,

Jj €Yy, pis even.

If i € F,;, we say that the index j € FioU Jop1 (Tesp. j € Fpi U Feya) is linked with the index i, if there
exist p € 2N (resp. p € 2N+ 1) and a sequence of indices £ = ({1,4s,...,¢,) € IP such that:
") by € D) N I, by € U(ly) € Iy ..., § € DB(L,) (Tesp. j € U(Ly)).

We say that the index j € i is linked with the index i, if there exists a sequence of indices £ =
(41,4, ...,Lp) € P such that:

B") 01 € B(i) N Frg, la € T(£1) N Ty, { J€Y(Ly), pis odd,

je®,), pis even.
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Finally, if i € F;; U ey1 U Feyo, we say that there is no element of 7 linked with i.

Moreover, we will say that an index j € & is linked with the index i by a sequence of type H (for
“horizontal”) (resp. V' (for "vertical”)) and we will note i ?j (resp. i v J) if the sequence (i,¢1,402,...,¢p, )
satisfies o’') or B") (resp. &) or B')).

Applications ® and ¥ also enable us to define a set of class of representative for the complex valued
frequencies (or evanescent frequencies) in view to treat these frequencies in a "monoblock” way as it is done
in [12]. That is to say that for an index i € F,1 (resp. i € Fep2), all the elements j € Sy N P(4) (resp.
J € Sz NU(3)) will contribute to a single vector valued amplitude. To write off the ansatz and to describe
with enough precision the boundary conditions, it is useful to introduce the two equivalence relations ¥ and

> defined by:
i;jc»je@(i), andi$j<:>j€\lf(i).

Let €; (resp. €3) be the set of equivalence classes for the relation ¥ (resp. 3)7 and % (resp. %-), be

a set of class representative for €; (resp. €2). So %1 (resp. %2) is a set of indices which includes all the
possible values for & (resp. &) of the different frequencies. We also define 23; and Rs by:

(41) Ry = {Z € % \ (I)(’L) N Fov1 # @} R
(42) Ry 1= {i € By \ V(i) N Iuss £ 0} .

MRy (resp. NRa) is a set of class representative of the values in & (resp. &) for which there is an evanescent
mode for the side 9€; (resp. 9€22). At last, without loss of generality, we can always assume that n; € %o,
in other words, we choose ny as a class representative of its own equivalence class.

To conclude, let us recall the following proposition which is an immediate consequence of Definitions 4.2
and 4.3.

PROPOSITION 19. Let % be a complete for reflections frequency set indexed by &. Let %y be the set of
indices in I generated by the source term g5, that is to say:

]0 = {Z S fﬂio Uffii Ujevl \detf(z7fi,é;2) = 0} .
Let S be the set of indices in & linked with one of the elements of #y. Then
Iz =7.

6.2. Frequency sets with loop. As in [4] we will assume that the considered corner problem admits a
unique selfinteraction loop?. Let us now give the definition of the loop that has been mentionned in Section
4:

DEFINITION 20. Leti € #, pe 2N+ 1 and { = (¢4, ...,¢,) € FP.

o We say that the index i € & admits a loop if there exists a sequence € satisfying :

b€ ®(i), by € U(ly),....,1 € U(Lp).

e A loop for an index i is said to be simple if the sequence £ does not contain a periodically repeated subse-
quence.

e An index i € F;, (resp. i € S,;) admits a selfinteraction loop if i admits a simple loop and if the sequence
(i,£,4) is of type V' (resp. H) according to Definition 18.

Let us assume that :

Hypothesis 21. Let (1) be complete for reflections, we assume that the frequency set & contains a unique
loop, of size 3 and that this loop is a selfinteraction loop. More precisely, we ask that the following properties
are satisfied:

vi) I(n1,ng) € F2

107

(na,n4) € £2 such that
ng € U(ny), ng € ®(na), ng € ¥(nz), ny € P(ny).

vii) Let i € .# an index with a loop £ = (¢1,...,£,). Then p =3 and {4, ¢1,¢2,l3} = {n1,n2,n3,n4}.

4Compared to [4], for convenience, we have exchanged the indices ng and n4. It is due to the fact that here we are more
interested in a precise description in terms of wave packets reflection than in [4].
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(§1 9 22)

ni

UP)

(€,:€,)

nq

n3

(51722)

(Elvﬁz)

Fic. 2. The coefficients of the loop’s elements.

We now fix the notations for the f™, the frequencies associated to the loop’s elements. For j = 1,...,4 we

write :

(44) fnl = (Ivﬁlng)a an = (Ia§17§2)7 fns = (17517§2) and, fn4 = (1751752)'

We also assume that the only index of .# for which uniform Kreiss-Lopatinskii condition is violated is n;. We
summarize the previous requests on the set of indices for the corner problem (1) in the following Hypothesis

(which specifies Hypothesis 2.3):

Hypothesis 22. The corner problem (1) is in the class WR for the side 9€; and satisfies the uniform
Kreiss-Lopatinskii condition on the side 9€5. The set where the uniform Kreiss-Lopatinskii condition for the
side 9Q; breaks down T (see Definition 8) is given by T = {f”l = (iT, g,@}.

Moreover to make sure that the transport along the boundary spreads the information away from the
corner we will ask that 7 and £, have opposite signs.

To conclude let us remark that when the frequency set .#, indexed by ., is complete for the reflections
and that when it admits a unique loop, then it follows from the definition of linked indices 18 that we have

the following propositions: Firstly

PROPOSITION 23. Let i € & then there exists a unique type V' sequence linking ny to i.

Moreover, one can write Z \ {n1,nq2,n3,n4} as a partition:

(45) (j \ {nl’ n2,n3, n4}) = (UZSE1AQZ) U (Umﬁcszm) U (Uq§83ccq) U (UT§C4Ddr) ’

where A, denotes the set of indices i € & from which the type V sequence linking ny to i starts by a;, By,,
denotes the set of indices i € I from which the type V' sequence linking ny to i starts by (na,by), C., denotes
the set of indices i € & from which the type V sequence linking ni to i starts by (ne,ns,cq) and Dg, is the
set of indices i € F such that the type V sequence linking ny to i starts by (n2,n3,n4,d,).

Secondly

PROPOSITION 24. Let & be complete for the reflections, under Assumption 21. Let & be the index set ;
then ® and V satisfy, in addition to the properties of Proposition 17, the four extra properties:

viii)

®(n1) \ {n2} C Fio U Fii U Iep1, ¥(n1) \{n1} C o U I U Fepa,
P(na) \ {na} C Fio U I U Iep1, ¥(ng) \{n3} C o U I U Lo

ix) Let i € S U Fey1 and j € Fi; U Feya then

i€ ®(m) = V() ={i}, je¥(im) = () =1{j},
i€ ®(ny) = V(i) ={i}, je¥(ing) = () ={j}.

Let j € Aq \ {a}, we denote by £ = ({1,...0,) the sequence of type H linking j to a. Then, according to

the parity of p, we have:

x') If p € 2N, then j ¢ F,;. Moreover, if j € Fop1 U S then V(j) = {l}
") If p € 2N+ 1, then j ¢ Si,. Moreover, if j € Jepa U Iy then ®(j) = {l}
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F1G. 3. ”Tree structure” of the frequency set .7 .

Propositions 23 and 24 then permit to show that the set of indices .# has the "tree” structure depicted
in the figure 2.

To conclude this section we define the following matrices which will be useful during the construction of
the geometric optics expansions.

DEFINITION 25. For j =1,2 and k € R;. Let f* = (1,£&F,€5) be the associated frequency with the index
k. We define Pekv,j (resp. ngv)j) the projector on E}“(it, fétj) (resp. A;E]°(iT, gétj)) with respect to the
decomposition (27) (resp. (28)).

Forj =1,2 and k € Z,,. Let f¥ = (7,68 €5) be the associated frequency with the index k. We define
P]k (resp. Qﬁ) the projector on ker Z(f*) (resp. A;ker L(f*)) with respect to the decomposition (27) (resp.

(28)). We also define Rf the partial-inverse of £ (f*) uniquely determined by:
k ky _ k pkpk _ pkok _
(46) R;Z(f")=1-P;, P/R] = R;Q} =0.

7. Geometric optics expansions for selfinteracting problems in the WR class. The corner
problem that we are now interested in reads:

L(a)ug =0, on QTa

) Bty o= g5 on 9,
B2“|€z2:0 = 0, on 8QQ,T,
uTtSO =0, on

where the source term g5, is given by:

(48) gJE\/I (tv x2) = EM+16£(It+E2I2)g(t7 x2)7

with 7 > 0 fixed, £, < 0 defined in (44) and where M € N\ {0} is fixed®. The function g is zero for negative
times and has its support in space away from the corner for all positive times. More precisely, there exists
Yy >0 such that:

Vt € Ry, Vo <y, g(t,z2) = 0.

5The case M = 0 corresponds to the boundary value problem in the half space and will not be discussed here. We refer to
[8] for a study in such a configuration.
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The aim of this section is to construct the geometric optics expansion associated to the corner problem
(47) up to a fixed time T' > 0. More precisely, we want to show that, up to choose the support of the function
g close enough to the corner, the geometric optics expansion suffers a number of amplifications that can be ar-
bitrarily large. Indeed, due to the presence of the loop, the amplification arising for the amplitude associated
to ny will be repeated at each cycle around the loop. More precisely, if one sets M in (48) and wants to show
that the leading order in the WKB expansion is of order zero then it will be sufficient to choose g such that
its support is close enough to the corner to ensure that M complete circuits has been made before the time 7.

Let us give more details about these times of travel. We fix a point (O,QO) € 99 such that g(O,yO) #0
and we draw the characteristic with group velocity v,, passing through (0, go). This characteristic intersects
98 in a point (2°,0) after a certain time of travel #1(y°). In a second time we draw the characteristic
with group velocity v,, passing through (z°,0). It intersects 9§2; in a point (0,y Y 1) after a time ta(y! 9). We
repeat the same process for the characteristics with group velocities v,, and v,,. Let (z',0), (0,3?) be
the corresponding points of intersection and t3(y ), ta(y ) be the corresponding times of travel. An easy
computation shows that:

2= By’ and, Ti(y°) == > t;(y°) = ay’,
where the scalars « and 8 are given by:

(49) = — 1 (1 _ Unl,l + Unl,lvnz,Q _ /U’I’Ll,lv’ﬂg,z,ungJ) ,
Unq,2 Uny,1 Uny,1Ung,2 Uny,1Unsz,2Uny,1

4 A —,if j is odd,
50 = ., with, 85 :=1{ o
(50) s jl:[lﬁﬂ Bi Z L= if j is even,
= L
and where the v, := [vn 1 Un j72] are the group velocities for the indices of the loop.

After m € N* circuits around the loop the initial point (0,3°) comes back on 9y in (0,3?™) after a total
time of travel T',,. It is easy to show that :

™= p"y°, and, T, =T,,(1°) = ay’ ZB’“

We point the fact that if 8 < 1, that is to say when the rays get closer and closer to the corner, the limit
of the sum defining T',, when m goes to infinity is finite. In other words, the rays reach the corner in a finite
time Trpae := ago Z,;“;O B%. In this particular situation we will thus assume that T' < Tpaa.

It is clear that one can always choose 1° in such a way that:

Ty <T <Tpqa-

As already mentioned, if ¢ € [Ik, min(7;,,,,T) [ one expects all the amplitudes of order less than M —k+1
to be zero. Moreover it is also expected that the traces on 921 of the amplitudes associated to the index n4
vanish for xzo < g% . Indeed, for t € [Z pomin(Ty o, T) [, the information has only make k complete circuits
around the loop, so it can not have been amplified more than k£ times and can not have been transported
under the threshold y2*. This observation motivates the following definition:

DEFINITION 26. Let us write, for n € N,

Un,n, (ta {E) = Vnony (ta x)e + T)n(t’ f)v

where the vector e has been introduced in Definition 12 (this decomposition will be explained in paragraph
7.1) and where O, € ©jca=(n,) ker Z(f7). For M € N we distinguish the two following subcases:

o if B <1, we say that the sequence of amplitudes (Un n, )nen 15 in P< if for alln € N, Vn,ni |y, —o s in
@é\ﬂ ™. Where the space f@b < " is the set of functions p € €>°(|—00,T[, Z(R4)) satisfying:

1) If M—n > 0, then for —co <t < Tp;_,., M(t x9) = 0Vay € Ry, and for all k such that M—n < k < M,
if T, <t< mm(T,Ik_H), pu(t, x2) =0 Vg < y**
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it) If M —n < 0, then u is zero for negative times, and for all k such that 0 < k < M, if T, <t <
min(T, Ty,4), p(t,z) =0 Voo <y~
iii) If n < —1 then M~ = {0}.

o If B> 1, we say that the sequence of amplitudes (Wy pn, )nen s in P if for alln € N, Vnonijy,— U8 10
g@lf\j[;”. Where the space 325‘7/[;" is the set of functions p € €°(]—o00, T[, Z(Ry)) satisfying:

1) If M—n > 0, then for —oo <t <Tj;_,., u(t,z2) = 0Vx € Ry, and for all k such that M—n <k < M,
if Tj <t <min(T, Ty yq), p(t, z2) =0 Vo < y,.

ii) If n < —1 then M~ = {0}.
The fact that we distinguish the profile space for g < 1 and for g > 1 is due to technical reasons which will
be explained in paragraph 7.1.4. Notice that by definition we have @é‘fi" = @g< for all n > M.

We are now able to describe the expected space of profiles:

DEFINITION 27. When 8 < 1, a sequence (Un k)nen,ke.s,, 15 said to be in the space of profiles Pos < if
(Unn,) € P< and if for all k € S5 \ {n1}, for alln € N, w,, i lies in H>®(Qr).

When 8 > 1, a sequence (Un k)neN ke.s,, 1S said to be in the space of profiles Pos < if (Unn,) € P< and
if for all k € o5\ {na1}, for alln € N, uy i lies in H*(Qp).

Fori=1,2, the set P.,; of evanescent profiles for the side 0%; is the set of U(t,z, X;) € H®(Qr x Ry)
for which there exists a positive § such that e*XiU(t,z, X;) € H*®(Qr x R,).

As already mentioned, we will have to consider three kinds of phases, the oscillating ones, the evanescent
ones for the side 9€2; and the evanescent ones for the side 9€25. According to their kind the phases be denoted
by:

ka(tax): <(t,£€),fk>, fkejo&
wk,l(ta:EQ) = <(t,0,l‘2),fk>, fk S ye’ul U'g.osz
1/)k,2(t,$1) = <(t,.’£1,0),fk>, fk Gﬁeiﬁug\os-

Once the expected phases are defined, we postulate the ansatz:

(51) ut(t,x) ~ Z Z aneé‘/”“(t’w)un’k(ux)

n>0 ke Ios
i T i T2
+ E g gnesvealtady | (t,x,?> + E E ghestr2bry, 4y (75,35, ?),
n>0 kR, n>0 kN2

where (Un k)neN kes,, € Pos,< (resp. Pos <) for <1 (resp. > 1), and for all n € N,V k € 5, (resp. Ra),
Uni1 (resp. Uy k2) is in Pey 1 (resp. Pey o).

Plugging the ansatz (51) into the evolution equation of (47) leads us to the following cascade of equations
in the interior :

Z(dpr)uor =0, Vk € L,

1L (dpr ) unt1,k + L(O)tn =0, vn €N, Vk € 7,
(52) L(0x,)Uox1 =0, Yk € Ry,

Li(0x,)Uns1,61 + L(O)Up k1 =0, ¥neN, Vk e Ry,

L (0x,)U0k,2 =0, Vk € Ry,

Lk(ax2)Un+1,k,2 + L(a)Uka =0, VnéeN, VkeR,,

where the operators of differentiation in the fast variables L (Jx,) and Ly (0x,) are defined by:

(53) Ly (0x,) = A1(9x, — (1, £5)) for k € Ry,
(54) Ly,(0x,) i= A2(dx, — (1, £7)) for k € R,



759

760
761

762

763
764
765
766
767
768
769
770
771
772
773
774
775
776
T
778
779
780
781
782
783
784
785
786
787
788
789
790
791

792

793

794

24 A. BENOIT,

Then, plugging the ansatz (51) in the boundary conditions on 9€; and on 9, gives:

B, :Zjetb(nl) um} om0 On,M+195 Vn € N

Br |Sieomns s+ Uniigoo] | =00 Ve N, ke (41 fm}) N9,
(55) By [ o tns] =0 Wn e N,Vk ¢ (% \ {m}) N %Ry,

By :Zje\p(k)ﬂ]os Up,j + Un,k:,Q‘X2:0:| - =0, VneN,Vke Ry,

By [Zje\ll(k) Umg} om0 0, Vn € N,Vk € %5 \ Ra,

where ), , denotes the Kronecker symbol.
Finally, plugging the ansatz (51) into the initial condition of (47), gives:

Unkj—o = 0, Vk € S,
(56) VneN, §Unpi,, =0, VkeR,
Un,k,2‘t:0 = 0, Vk € mg.

Thanks to the cascades of equations (52)-(55) and (56) we are now able to state our main result about
the construction of the geometric optics expansions:

THEOREM 28. Let T > 0 and assume that the corner problem (47) satisfies Assumptions 1-2-21 and 22.

o If B > 1, then for all M € N the corner problem (47) admits a WKB expansion under the form (51).
More precisely there exist sequences of functions (Un k)neN ke.z,, € Pos,>s (Unk1) € Pep1, and (Up g,2) € Peyo
satisfying the cascades of equations (52)-(55) and (56). Moreover one can always choose g in such a way
that the leading order in (51) is not identically zero.

o If B <1, assume that T < Ty if B < 1, then for all M € N the corner problem (47) admits a WKB
expansion under the form (51). More precisely there exist sequences of functions (Un k)neN kes,, € Pos,< ;
(Un k1) € Peyr, and (Up k2) € Peya satisfying the cascades of equations (52)-(55) and (56). Moreover one
can always choose g in such a way that the leading order in (51) is not identically zero.

The question is now to solve the cascades of equations (52)-(55) and (56). More precisely, to solve the
cascades, we are looking for an order of resolution of the different equations and an equation which can be
solved before all the others in view to initialize the resolution.

In [4] it is shown that to construct any amplitude in one of the "trees” (that is the sets composing the
partition (45) of .# depicted in Figure 2) it is in fact sufficient, thanks to the uniqueness of the type V
sequence linking any index of the ”tree” to its root (see Proposition 23) and the uniform Kreiss-Lopatinskii
condition, to know the amplitude associated to the root. This is also the case here because this determination
only uses the uniform Kreiss-Lopatinskii condition which holds outside of the loop. Then it is shown that to
know the amplitudes associated to the roots it is sufficient to know the amplitudes associated to the loop’s
indices. Thus the order of resolution will be exactly the same as in [4]. And also has in [4] the first amplitudes
that should be determined are the loop’s amplitudes. So we need an new aplitude equation to determine the
loop’s amplitudes and to initialize the resolution of the cascades of equations.

The first equation of the cascade (52) implies that we have the well-known polarization condition for the
oscillating amplitudes ug , in particular for k = ny, we have ug n, € ker Z(dy,,), in other words we can
write:

(57) Pl ug py = g p, -
But, thanks to Assumption 1, ker .Z(dy,,, ) is one dimensional. Assumption 22 then permits to write:
(58) Uon, (, T) = Vo, (£, T)e,

for some unknown scalar function vy ,, and where e is the vector defined in 12.° For other indices k € .75

6Let us remark that (58) is not true anymore if the operator L(9) is hyperbolic with constant multiplicity. In that framework,
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we can always write:
(59) U0,k = V0,k€k,

where v i, is a scalar function and where ey, is a generator of ker .Z(dyy).

More generally for any n let us intoduce the notation:
(60) Py o, (,x) = vy (8, 2)e,
where e is defined in Definition 12.

Next let us study the second equation of the cascade (52) written for n = 0 and k& = n;. If we compose
this equation by Q7' and use the fact that ker Q7' = Ran.Z(dy,,,) thanks to the polarization condition (57)
we obtain that ug ,, satisfies the equation :

YYL(O)P" ugm, = 0.
From Lax’s lemma [11], we have:
(61) QT L(O)P™ug ny, = (01 + Vny - V)om, =0,

where we used the fact that Q7" induces an isomorphism from RanP"* to RanQ}*. Using the fact that the
group velocity v, is incoming-outgoing, to solve equation (61) we only need to determine the trace of vg ,,
on {z; = 0}.

However, the degeneracy of the uniform Kreiss-Lopatinskii condition prevents to determine this trace by
the easy classical way. Indeed because without the uniform Kreiss-Lopatinskii condition we can not invert
the matrix B; upon the stable subspace ker £ (dp;) to recover the value of this trace. The only equation
where the trace of vy ,, on 9 seems to appear is the boundary condition (55) written for n = 0 that is:

By Z uo,j =0.

7€2(n1) |z1=0

From (58) and the fact that, by definition e € ker By, the boundary condition reads:

By Z Ug,j =0,

JjEP*(n1) |z1=0

where we recall that ®*(n) stands for ®(ny)\ {n1}. As a consequence this equation does not give any infor-
mation about Y0,m1 |y, —o" So it seems that we shall find another way to determine Yon1),,—o- 1O do that, we

will start by using the method of [8] which has been introduced to construct the geometric optics expansion
for the initial boundary value problem belonging to the W R class in the half space and we will see how to
adapt this method.

Before to recall the main ideas of the method of determination of von, , _, by [8], let us remark the
following fact. If one assumes that vg p, - is known and write, once again in view to simplify the notations:

(64) VO,mml:o(twa) = /J‘O(t7x2)7

(58) has to be remplaced by a decomposition reading :
uo,n, (6, ) = vo,n, (t,z)e + (¢, z),

where ¥ lies in some subspace of Ef (it, 22) We can still apply Kreiss-Lopatinskii condition on this subspace. However, it seems
that in that case, one can always determine ¥ by reiterating the arguments of [4] which lead to ask for the invertibility of an
operator reading under the form (I — T).
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828 then it is easy to determine the others amplitudes ug x, for k = ng,...,n4. Indeed, the transport equation
829 determining vy ,, reads:

(6t + Up, - V:c)VO,nl =0, onQr,
830 V0,01 ,,—0 — HOs on 0Q 1,

Vom0 = 0, on €.

831 Integrating along the characteristics we obtain the explicit formula:

832 (66) Yo,n, (t,l‘l, IQ) = Uo (t — T1,To — 51_1131> .

nl,l
In particular, the trace of ug n, on {x2 = 0} is given by
uoanl\wzo = Yo,n, (ta T, 0)67

so, thanks to the uniform Kreiss-Lopatinskii condition for the boundary condition (55) written for n = 0 and
k = no we are able to determine the trace on {z2 = 0} of vy ,,,. More precisely, from viii) Proposition 24),
the boundary condition for ug ,, reads:

By Z uo,j + Uona,2ix, -0 = —Bauon, 2,=0, if ny € Ry,
FE(T(n2)NIos)\{n1} |w2=0
and
BQ Z U ; — 7B2u07n1‘x2:0, if No € %2 \9‘{2,
F€(¥(n2)NFos)\{n1} |z2=0

Note that in both case the vector in the left hand side is an element of E3(iT,{ 1) so we can apply the uniform
Kreiss-Lopatinskii condition. Recall that the inverse of By on Ej(it,§ 1) is denoted by ¢52, we apply this
inverse and obtain:

Z 0,5+ Uo,ns,2 x, -0 = —9¢2" Batio.ny =0, i g €0,
FE(T(n2)NIos)\{n1} |x2=0
and
Z "o,y _ _¢;LzBQuO7n1‘x2=07 if ng € %5 \ Ro.
JE(¥(n2)NIos)\{n1} |zo=0

We then apply Py? and recall the value of Uo,ny z2=0 1O obtain that in both case:
U0 ,, o = VOna,, _o€2 = —1/07n1‘12:0P2"2¢72’2326.
We then write the vector in the right hand side of the previous equation as:
P2 ¢5? Boe = S ey,
solve the transport

533 to obtain the value of vy, _,. Apply again Lax’s Lemma we deduce that von,  _

0" 0
834 equation (recall that ns is outgoing-incoming so only the boundary condition on Qs is needed):

(at + Un, - Vat)l/O,nz = 07 on QT7
835 V0$n2|12:0 = —Y”z,uo, on 892”1",

Vo1 <o = 0, on €.
836 By integration along the characteristics we obtain:

837 (68) VO,’rLz (tamlaxQ) = — Mo (tQ(t7x1) xQ),XQ(xl,JjQ)) y’nz?
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where

—1
(69) t2(t,$1,$2) =t — 1 T, — |: L — 52 :| T2, Xg(il,ﬁcg) = 7ﬁ1_1($1 — 62_1172).

U’rl171 U’I’Lz,Q U’I'Ll,l

We can repeat exactly the same reasoning, applied to the amplitude wg ,, and then to the amplitude
Ug,n,- We thus obtain their values in terms of the unknown trace po. More precisely we have:

(70) Vo,ns (1, T2) = o (b3(t, 21, 22), X3(21, 22)) Fngs

(71) Vo,ng(t, 1, T2) = —po (ta(t, z1, 22), X4 (21, 22)) Sy,

where we set for vy, :

(72) SN =8N M2

1 Bt 2
73 t3(t, 1, 20) =t — Axy — —Q}z,andx T1,T (z9 — B3 'xy),
(73) 3(t,z1,72) 1 an,z - 2 3(z1,22) U 2 — P35 1)

with A a non-meaningful parameter introduced to simplify the notations. It is precisely given by:

(74) A= (2 —52_1)-

Ungs,1 Uny,2 Unq,1

And for vy p,:

(75) S = SIS,

3

—64_1 ]xg, and, x4(x1,22) : H xl By xg)

(76) t4(t,1‘1, .732) =t — A1‘1 — |:

U’I’L4,2

And finally where the scalars S”® and S™ appearing in (72) and (75) are defined by the relations:
Plnsqb?SBleg = S”Seg, and P2n4(l5g432€3 = Sn464.

An important observation for what follows is to remark that the trace v s, , depends on the particular
values, t4(¢,0,22) and x4(0,x2). An easy computation shows that the constant in front of x5 in t4(¢,0,x2)
can in fact be expressed in terms of the parameters a and S, introduced in (49) and (50) and which encode
the time needed to make one complete circuit around the loop. More precisely, we have:

(77) t(t,x0) :=t4(t,0,20) =t — af "z, and, x(z2) = x4(0,z2) = B s,

Let us also notice, because it will be important in paragraph 7.1.5, that the knowledge of ug ., allows us
to express all the amplitudes in ®*(n;) in terms of pg. Indeed, Proposition 17 implies that these amplitudes
(except n4) are in & U F,. So, let i € ®*(nq) \ {na} to determine ug; for i € Z, (resp. i € ;) we have
to solve the transport equation:

(O +vi - Vy)ug; =0, on Qr,
(78) Bl {Zjecp(?’n)\{m;} UQJ‘] |21 =0 = _Blu07n4\w1:o7 on 891,1“,
U, o =0, on €,
(Or +vi - Vg )ug,; =0, on Qr,
By [Zjeé(nl)\{m;} UO,]} 0 = _BluO,n4|xlzoa on 801,T7
(79) resp. |w1=
B [Ejelll(nz) uoﬂ} (220 =0, on 0 1

on .

oy, ., =0,
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However, by assumption, the index 7 is associated with a frequency for which the uniform Kreiss-Lopatinskii
condition holds, so the boundary condition(s) of (78) (resp.(78)-(79)) can be written under the form:

s
_ _ _PigB Ui, _, = —Pré1Biuom,, o
U0y5,, o — —L1P1P1UO My, > | TOSP- _

UO,l“zz:O = 0

Using the expression of ug Aoy and integrating along the characteristics we obtain the explicit expression:

0

1 Vi2 i
2 n 2 12
r1,Xx — ——x1 | S Pi¢Brea.
V4,1 V4,1

(80) uo i (t, ) = po <t -

7.1. Initialization of the resolution, determination of the loop’s indices . As already mentioned
in the previous paragraph to determine po we will adapt the method of [8] from the half space to the quarter
space geometry.

We study the boundary condition for the amplitude us ,, that is (55) written for n = 1. This is a
natural choice because it is the only equation involoving U0y, This boundary condition reads (recall
that M > 1):

0°

(81) B, > Pluy = —Biuin, — B > (TP,

je®(n1)\{ns} 2120 je®(n1)\{na} |1 =0

Thanks to Proposition 17, we know that ®(ny) \ {n4} is included in %, U .%;, so the left hand side term is
in B1E$(it,&,). By definition of b (see Definition 12) multiply by b in the left makes this term vanish. We
thus have:

(82) b- B > I=Pu, = —b- Byuin,.

jEB(n)\{na} (120

To make this equation more explicit in terms of 1, we use the cascade of equation (52) written for n = 0.
Composing by the partial inverse R} defined in Definition 25, leads us to the relation:

Vi€ ®(n)\ {na}, (I — PYur; = iR L(d)ug ; = iR L(D) Pl uo.,

where we used the polarization condition for ug ; in the right hand side. We thus can write (82) under the
form :

(83) b- B, > RIL(©O)Plug; = ib- Byt n,,, _,-

jE®(n1)\{ns) 2120

Let us recall the following proposition due to [8] : o ,

PROPOSITION 29 ([8], Proposition 2). For all j € ®(nq) \ {n4}, and for all k = 1,2 let P}, Q). and R},
be defined in Definition 25 then we have RiAkPg =0.

Moreover let b be the vector introduced in Definition 12. Then there exists a nonzero real number k such
that the following equality holds:

b-Br > RIL(O)P] =k (O(i1,8,)0; + 9¢,0(i7,85)0,) ,
JE®(n1)\{n4}

where © is defined in Definition 9. Moreover, 9;0(iT,&,) = 1 and 9¢,0(i12,&,) = 72; =c.
2

Proof. We refer to [8] for a complete proof. We will here just show that we have the equality 9¢, O(iT, &) =
. This equality was already shown in [[8], Lemma 7], but since it is important for our purpose, let us

I

2
e a proof for the sake of completeness.

< ml

gi
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Necessarily £, # 0 otherwise the Kreiss-Lopatinskii condition will break down for v > 0 and it would say
that the boundary condition on 0€; does not satisfy the weak Kreiss-Lopatinskii condition. We then use the
fact that d = 2 and the relation R AP} = 0. First we have :

Vi€ ®(m)\ {na}, L(dp;) P = 7P} + & A1P] + &, A, P =0,

we compose by R, the term RJ A, P} desappears. Then we sum over j € ®(n)\ {ns} and multiply by b- B;
to obtain : ' _ o
b-B, > RiAPl=-Zb-B Y RIP.
JE€®(n1)\{ns} 2 JE€P(n1)\{na}
A consequence of this proposition is to recover the transport phenomenon along the boundary already
observed in [8]. Moreover thanks to Proposition 29, the equation (83) can be expressed under the form:

T 1
(85) <8tﬂo - gMo) = (b : Blpzmulm‘zl:o +0-Bi(l - P§L4)U1,n4\z1=o) :
2

Thus to determine the unknown trace po, we want to solve the same transport equation as in [8]. But,
in the analysis of Coulombel and Gués the amplitude g ,, which acts like a source term in (82) could be
determinated regardless yg. Indeed, for the geometry of the half space u; ,, is an outgoing amplitude so it
satisfies a transport equation which does not require any boundary condition for its resolution (see [8] for
more details). As a consequence it can be determined just by integration along the characteristics of the
source term in the interior and the initial data (and is even zero if these terms vanish).

For the quarter space geometry it is not true anymore because u; ,, depends on uy ,,, which depends
on ui,, and so on. However, equation (82) meets with the intuiton that we gave in paragraph 4 because
this equation says that the amplification of order zero is ”turned on” by the outgoing for the side 9; (but
incoming for the side 9€2) mode u4 ,,. Moreover, we mentioned at the end of the previous paragraph that
amplitudes g ; for j = n1,...n4 can be expressed in terms of the unknown trace .

So our purpose is now to express the amplitude u; ,, (which acts like a source term in (85)) in terms of
the unknow trace po. In view to do this, we will show in a first time that the unpolarized part (I — Py*)us ,
can be expressed in terms of p9. In a second time we will show that the polarized part P;*u;,, can be
expressed in terms of 1o and a new unknown trace py (which is just the unknown part of the polarized part
of the trace of uy,, on the side ;). The determination of the dependency on (I — Py'*)uy p, in terms of
o is made in the following paragraph.

7.1.1. Unpolarized part of the terms of order one. In a classical way, after composition of the
second equation of (52) (written for n =0 and k = n;, j = 1,...,4) by the pseudo-inverse R'"’ introduced in
Definition 25, we obtain that :

(86) (I = P )uin, = iR)"L(Q)ugn,, if j is odd,(I — Py )uy n, = iRy’ L(d)ug,y,, if j is even,
where we used the fact that by definition R}’ £ (dpy,) =1 —P,7, for k=1,...,2.

We then use the first equality in Proposition 29. Thanks to this lemma we can compute precisely the
values of the unpolarized part of the amplitudes of order one. Indeed for (I — P{"*)us,,, we thus have:

(I — P{")uyp, = —RY" [0 + A101 + A202] o (t - T1, T2 — 511961) e,

ni,l

(87)

— [(Oepo) Ry e + (Ozp00) RY* Aze] (t - T1, T2 — 511$1> ,

IUnl,l

where we used the fact that P}"'e = e. a
But as e € ker .Z(dpy, ), we have (7 + £ A1 +§;A2)e = 0. We compose by R, and we use Proposition
29 to show that:

(88) R Ase = f%R?le.
2

This relation permits to reformulate (87) under the form :

(89) (= P )urn, = — [@Mo - gawo} (t -

—1 n
r1,T2 — B xl) Ri"e.
2

n1,1
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The fact that one restricts the study to corner problems (1) in only two space dimensions is used in a non
trivial way to establish relation (88) which allows us to reformulate (87) under the form (89). We will see in
a moment why this reformulation is so important in the proof.

We do not know if the restriction d = 2 is really necessary, however it has the advantage to make all the
following computations much more simpler.

The same computations can be repeated to determine the unpolarized part of the amplitudes u; p;, for
J =2,...,4. Unfortunatly, since our aim is to determine the exact value of the trace u; , i1ey =00 W€ also need
the exact values of the unpolarized part of the amplitudes wuy ., for j = 2,...,4. After some computations,
we find:

(90) (I — Py )uqp, =™

T T
(1 + Un1,1§1> O + glazlto] (t2,%2) Ry ea,

T 1}n27 T . _ _ ns
91) (I —P™)uy,, =" [(1 — (1 - 1)) Oupuo + B3 ' By 'Ozp0 | (bs,%s) Ri®es,

Un2,2§2 Unl,l §2

3
@) 0B = 7 | (14 24) oo & TL07 0 () e
1 1 j=1

At this step of the proof, the term depending on (I — P;**)u ,, appearing in the right hand side of (85)
is expressed in terms of the function py. So we just have to do the same for the term Pj“u, ,,. In paragraph
7.1.3 we will see how the knowledge of the unpolarized part of the amplitudes of order one enables us to
determine the polarized part of the amplitudes of order one. However, before to do this determination, it
is useful (because it will simplify a lot the computations) to express the unpolarized part of the amplitudes
of order one in terms of the transport operator along the boundary. Moreover, as we will see in paragraph
7.1.4, this reformulation will also be essential for the resolution of the initializating equation (85).

7.1.2. Reformulation of equations (90)-(91) and (92). The following lemma which is just an al-
gebraic property based on a simple computation is however fundamental for our analysis. Indeed it will
permit to reformulate equation (85) in a much more pleasant and simple form. The fact that we are able to
reformulate (85) in a particular form (more precisely under the form (I —T') (7 o) see (131) for more details)
is not anodyne at all when one wants to solve (85) in view to determine pg. Indeed it will permit to express
T 1o as a sum of iterations of the transport operator along the boundary corresponding to the number of
complete circuits that have been made.

LEMMA 30. If d = 2, we have the following equalities:

T gz

T _ S2,5-1
(93) 1+§1’l}n1,1 - éﬂl )
T ’Un271 _572 —1p-1
(94) (1 B Un2,2§2 (1 - UmJ)) - 5261 a
o 1+ Za=-Sepgripiipt
&1 3

where we recall that the parameter A appearing in (95) is defined in (74).

Proof. We will only demonstrate (95), the proofs of the two other equalities are simpler and follow exactly
the same kind of computations.

First let us develop :

1 e q
(96) 1—|—TA:[£1_|_ z (1_””372 <1_Un2,1>)]’
51 51 Ung,1 Uny,2 Unq,1

1 _
= I:’Un37111n2,2vn171§1 + Uns,2Uny 1T — Ungz,2Unq 1T + Un372v712711} .
vng,lvnQ,Qvnl,lgl

We recall that for all (1,&1,&) € V, we have

T+ /\(51,52) =0.
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Using the fact that A is homogeneous of degree one, Euler’s formula implies that:

(97) T+ (51,52) . VEA(£17£2) =0.

In particular, applying (97) to f™ = (z,§1,g2), = (g, §1,§2) and "2 = (z,él,§2) we obtain respec-
tively:

(98) T+ Un1,1§1 + ’Unl,QEQ = 07
(99) T+ 'Ung,lél + vn2,2§2 = Oa
(100) T+ Ung 1&1 4 Ung 26, = 0.

From (100) we deduce that:

(101) Ung 1Uny,20n; 18§ = —Uny 2Un, 1T — Uny,20n,,10n5,28,-

Using (99) the second term in the right hand side of (101) this equation can be reformulate under the form:
(102) Vny,2Uny 1Ung,2€) = Uny,1Ung 2T + Uny 1Un;,10n,2§ -

We then use (98) in the second term in the right hand side of (102). We obtain:

(103) Uny 1Vny 10ng 26, = —Uny 10n; 2T = Un, 2Un, 10ng 2.

Combining equations (101), (102) and (103) it follows that:

(104) Ung,1Vn3,2Vn1,1€1 = ~VUng,2Uny 1T + Ung 2Un; 1T = Ung 20ng 1T = Upy 2Uns 1Ung 2E0-

Equality (95) follows from (96) combined with (104).
O d
For simplicity we introduce the notation:

(105) T =0, — =0,
o
which is the same transport operator along the boundary as in [g].

Thanks to Lemma 30 formulas (90)-(91) and (92), which give the unpolarized part of the amplitudes
U1 n,, for i = 2,...,4, can be written under the following more pleasant form:

(106) (I — P;Q)ul,nz = _yTLQ%ﬁl—l(yMO) (tQ,Xg) R;”eg,
21
- 2
(107) (I = PPYuy = —W% T1 55 (Tho) (83, x5) Ries,
22 j=1
- 3
(108) (I — Py Yuy p, = —ym? H B (T o) (ta,x4) Ry *es.
1j=1

We thus remark that the unpolarized part of the amplitudes u; ,,;, j = 1,...,4 depend of the same trans-
port operator which is precisely the transport operator applied to ug in equation (85).

Let us conclude this paragraph by the determination of the unpolarized part of the amplitudes u, ; for
i € ®(n1)* \ {nsa}. The knowledge of these amplitudes will be useful in paragraph 7.1.5. From (80) and the
relation (86), one easily obtains, that after the reformulation of (I — P,,,)u1 y,, we have:

(109) (I - Phuy;, _ =i [yMR%L(a)uO (t4,%4) Piot Brey ,

from which we deduce that up to some derivatives and scalar multiplications, (I — Pli)uli\ml:o depends on
:U’O (Lv X)
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7.1.3. Polarized part of the terms of order one. The knowledge of the unpolarized part of the
amplitudes of order one enables us to determine the polarized part of the amplitudes of order one, and will
conclude the determination of the right hand side in equation (85).

Indeed, let us consider equation (52) written for n =1 and k = n;,j = 1,...4. This equation reads:

il (dpn, )uzm; + L(O) Py utn;, = —L(0)(I — Py )uy,y,, for j odd,

i (dn, uz,n, + L(O) Py uy 5, = —L(0)(I — Py?)uy,y,, for j even.
We compose by Q7", Q7? in the first equation, by @52, Q5* in the second one. This makes the term depending
of uy ,,,; disappears and from Lax’s lemma we obtain that the polarized parts of order one satisfy the transport
equations:
(110) (O + vn, ~Vx)Q71”P1"ju1,nj =-QV L) - Pf’)uan if j=1,3,
(111) (O + n, - Vo) Q5 Py ur i, = —Q5 L(O)(I — Py )y, if j = 2,4,
with initial and boundary conditions given by (55)-(56). A preliminary to obtain the exact values of the
solutions of (110)-(111) is thus to determine the source terms. This can be done thanks to the reformulation

made in paragraph 7.1.2. Let us start with the term Q7*L(9)(I — P{"*)uq n,, from equation (89), an explicit
computation gives:

n1 ni ni pni T ni ni T
(112) L) - Py )ul,nl = [ 1 Rite (atQtHO - ? ?2#0) + QM A2RY'e <5t22M0 - 5832,“0)]
2 2

1 _
<t— ZL’1,$2—51 11’1) .
Unq,1
Where we used the fact that Q7' A1 R7"e = 0 (see Proposition 29 for more details).

To make this equation more explicit in terms of pg, as it has been done for the determination of the
unpolarized parts of order one, we are looking for a relation linking Q7' R'e and Q7' A2R}"e in view to
factorize (112).

We recall that ker Q7' = Ran.?(dip,,, ) so for all X € CV we have Q7'.Z(dp,,)X = 0. In particular, for
X = R7"e we obtain:

(113) TQP R e + € QP ALR e + £,Q7 AsR e =0 = Q1 AyR}e = —%Q?lR?le.
2

Using this relation in (112) gives:

(114) 1 LO)I = P )urn, = —
2 2

1
-1
<t— T, 19— By T ),
Unq,1

=— [QV'RMeT o] <t -

2
ni pni T T
1 Ryte <at2t,u0 - Q?atZQUO + (£> 8%2#0)]

-1
x1,T2 — 51 $1> »

’I’Ll,].

where we recall that the transport operator .7 is defined in (105).

Let us remark that, exactly as for the unpolarized part of the amplitudes of order one, the source term
in (110) expresses in terms of the transport operator .7. However this time (114) involves some power of the
operator ..

We then repeat the same kind of computations for the terms Q52L(9)(I — Py?)u1 n,, Q1*L(0)(I —
P"™)uq p, and Q5*L(0)(I — Py*)ug,y,. Using analogous relations as (113), more precisely:

(115) QU AR e =~ QU RY
21

(116) Q;‘3A2R?35ﬁ”36 — _%Q?sR?synge,
22

(117) A RD S e = — QU RIS e,

&
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and Lemma 30 in equations (106)-(107) and (108), some tedious (but explicit) computations give:

— 2
(118) Qy*L(O)I — Py )urn, = 5267 (?) (72 10) (t2,%2)3* Ry ea,
21
— 2
(119) QY L(O)I — P )urny = =" By By (?) (772 10) (t3,%3) Q" R es,
22
3 = 2
(120) Q3 LI — Py )urn, =" [ 5,7 <§2) (72 10) (t4,%4) Q5" Ry ea.
1

j=1

More details about those computations can be find in Appendix 9.2.

Now that the source term in equation (110) is express in terms of J 2,u0L we can solve this equation in
terms of F 2. From the strict dissipativity of (1), we have ker B; = E§ (i1, £,) = vect {e}. So we write as
in the beginning of paragraph 7.1:

(121) Pl ug p, (8, x2) == v10, (8, 22)e = pu1(t, z2)e.

The transport equation (110) becomes :

(at + Unl : vz)yl,nl = - ?1Q?1L(a)(‘[ - P{M)u17nl7
(122) Vi, - = H1(t,22)

ULnl\tSO = 07

where 6’2;171 denotes the inverse of the restriction of Q7' to RanP]"* and where the trace function py is an
unknown. Then integrating along the characteristics gives the exact value of 11 ,,, (and thus also of P/ uq ,,,)
in terms of the unknown traces pg, p1. More precisely, we have to study two separates cases:

ot— ﬁ < 0. Then the transported information is above the characteristic, the transported condition
1

is the initial one. Moreover, as the function po is assumed to satisfy uo,,,, one can check on (114) that the
transport associated to the source term in the interior is zero. Consequently the associated solution is zero.

ot— Un:wl > 0. Then the transported information is below the characteristic, the transported condition
is the boundary condition and this time the transport associated to the source term in the interior does not

necessarily vanish. We Integrate along the characteristics to obtain the explicit value:

Vip, = H1 (t - 13717902 - 51_1301>
ni,
R S S -1 -1
+c T2 |t — - (x1—8),ma— Py s—P; (x1—35) ) ds
0 Uny,1 Uny,1

(123) = (t - T1, T2 — 5115€1> + cx1 T o (t - Z1, T2 — 5115€1> ;

Unq,1 Unq,1

for some explicit constant c.

To obtain (123), one has to use the explicit value of the source term given in (114), and check that the
source term lies along the characteristics. So the integral term in (123) is just a multiplication by the length
of the characteristic.

From this formula, and the formula giving the unpolarized part of u; ,,, we finally obtain the following
value for uy p,:

n n
Ul,ny = Pl lul,nl + (I - Pl 1)“’17“1

= [ule + cx1. T pge — yuoR?le] <t — T1,To — Bl_lxl) ,

vnl,l

from which, we deduce the value of Uiy, in terms of J g and pug:

0

(124) Uiy, o = [,ule + cx1. T pge — 9/A0R§”e} (t — 1, —511x1> )

Uny,1
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34 A. BENOIT,
where ¢ stands for an explicitly computable constant.

The knowledge of this trace enable us to determine the amplitude wuq ,, (recall that Uiy, _, acts as
a boundary source term in the transport equation determining wuj ,,). Thus we can evaluate Uy, and
then determine the amplitude u; ,,,. Finally the knowledge of Ul g, perits to determine the amplitude
U1 n, and more precisely its trace on {x; = 0} which appears in equation (85). Indeed, thanks to paragraph
7.1.1, to fully determine the u; ., j = 2,...,4 it only remains to determine their polarized parts. Let us

define:
Puy g, (t,2) = v1 0, (t,2)ej, for j = 2,4 and Py uy n, (, @) = 10, (L, 7)e3,

then, thanks to the uniform Kreiss-Lopatinskii condition and the fact that ny, € %, 11, satisfies the
transport equation:

(8t + Un, vl’)ylﬂm = - ZZQELQL(a)(I - P2n2)u1,n27
(125) V1ng o — _ynzul,nl‘w:o — g ([ — f)2nr‘))’11,17712“»2:07

1/17n2\t§0 = 07

where as for v1 ,,, 653/2 denotes the inverse of the restriction of Q5> to RanP;?. The source terms in (125)
are given by (118), (124) and (106). We integrate along the characteristics, once again there are two cases

to separate:
ot— ﬁ < 0. The transported information comes from the initial condition. Noticing that the source

2.2

term in the interior is evaluated in to(f,2) <t — 1222 (we recall that to is defined in (69)) we deduce that
ng,

the transport of the source term in the interior is also zero.

oi— - 1212 > 0. The transported information comes from the boundary condition. We integrate along
2,

the characteristics. This gives:

(126) Vi, = =™ [ + cx1. 72 e — T uoR 1 e] (t2,%2) + o2 T2 1o (ta, X2),

SN2 —
where ¢y := f; 2 (E—?) 52Q52 Ry .#"2e, however this value is not really important in the end of the proof.
Once again the multiplication by the factor xs in the last term of the right hand side of (126) comes from
the fact that the source term in the interior of (125) lies on the characteristics.

So we now have an explicit formula for the polarized part of the amplitude w,, 1, from which we deduce
the value of its trace on 9€2;. We then solve the transport equation and determine the trace of u,, 1 on 9<s.
Then we use this trace in the transport equation determining vy ,,. Integrating along the characteristics
we obtain the trace of P;"*u,, 1. The important fact is that (as in the resolution of the resolution of (122)
and (125)), the source term in the interior already lies along the characteristics so its contribution to the
transport phenomenon is just a multiplication by z of itself. Moreover equations (107) and (119) tell us that
the source terms in the transport equation determining v ,,, depends on 1, 7 o and 72 pg, all evaluated
in (t2,x2). As a consequence P{"u; ,, depends on 1, 7 o and T2y, all evaluated in (t3,x3), then from
equation (107) so do uq .

To conclude, we compute the trace of u;,, on 9 and we use it as a source term in the transport
equation determining vy ,,,. Repeating exactly the same arguments we show that the Py*us ,,, depends on
w1, 7 po and T2y, all evaluated in (t4,%4). This implies that P2”4u17n4‘m1:0 depends on jt1, 7 o and T2 o,
all evaluated in (t4,x4).

Consequently the right hand side of (85) (because it only involves Py"u1 n, , _, and (I — Py*uin, , )

has been expressed in terms of u1, 7 g and 72, all evaluated in (t,x) (recall the notation (t,x) = (t4,%4)),
more precisely (85) reads:

(127) (T o)t 22) = (Tyo)(t,22) = +Fepun (8 %),

where T is up to multiplications by some (possibly complicated functions) the sum of .7 g and .72y followed
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by the evalutation in (t,x) more precisely it reads: where the operator T reads’:
(128) (Tu)(t, z2) := cru(t(t, x2), x(x2)) + ca(t, x2) (T u) (t(t, x2), x(x2)).

This reformulation is the keystone of our construction because its permits to factorize the transport phe-
nomenon along the boundary in the left hand side to rewrite (85) under the form :

(I = T)(F o)) (¢, 22) = pa (&, %),

where we set fi1 := i&” "¢y and then drop the tilde and where we did the same operation (up to the sign)
for g&.

In the following paragraph, we explain how this particular structure for equation (85) permits us to
determine the unknown py.

7.1.4. Resolution of equation (85), preliminary study. The resolution of equation (85) is based
upon the study of the influence of the change of variables (t,x) on the profile spaces. We recall that these
spaces are not defined in the same way depending on the value of the dilatation parameter 5. That is why
the resolution of equation (85) needs to be discussed in two distinct frameworks.

The case < 1, the information gets closer of the corner or admits a periodic pattern. Before to solve
equation (85) we give a useful property of the behaviour spaces of profiles ,@lf\)/[{" compared with the change
of variables (t,x). More precisely this property states that if a function p is one of the gzé‘ff{"’ which
essentially means that it starts to be non-zero only after a certain time (corresponding to n complete circuits
around the loop), then u(t,x) will be non-zero only after the time corresponding to n + 1 complete circuits.
If we use formally this result in (127) this means that the one order unknown trace can only affect the one
order unknown trace after one complete circuit. This formally meets the intuition given in Section 4 which
claims that the zero order amplitude in the WKB expansion has been turned on by the one order amplitude
after it has made one complete circuit around the loop.

PROPOSITION 31. If p € 2" then p(t,x) € 2L

Proof. We assume that M —n > 0, the other possible values of M —n > 0 are treated similarly and will
not be demonstrated here.

In a first time we show that u(t,x) is zero for ¢ € | =00, Ty, 41 |-

Firstly if t < T';;_,, then so do t < T';,_,, and the result is automatic. So we assume that Th;_, <t <
Trronsr and t < Ty, .0y By definition of 2" u(t,z) is zero if x5 < BM’”%. Thus we restrict our
attention to the case x5 > BM_"QO. We thus have that:

t < IM—n—i—l - aﬂMinyo = IM—n?

from which it follows that u(t,-) is zero.

Now, let k be such that M —n+1 <k < M and fix t € [T}, min(T;,,,T)[, we will distinguish three
cases depending on the value of t:

1) If t <T),_, then it follows that:

(130) T, <t<af tze+T4 1,

from which we deduce that zo > ﬁk%. Consequently it is, in fact, not useful to study this case to show that
p(t, x) is zero for x4 < Bkyo.

1) If T, <t < T} then by definition of g@é\f{", u(t, x) is zero for zo < 5’“_1% and as a consequence
p(t, x) is zero for x4 < Bkyo.

iti) If T), < t then we can repeat the argument applied in equation (130) to show that, this time,

necessarily we have QOB’““ > x9 for which we deduce that u(t,x) is zero.
g O

"Notice that the precise values of the constant ¢; and of the function ¢z can be exactly expressed from equations (108) and
explicit computations in the resolution of the transport equations mentioned in paragraph 7.1.3. However, it is useless for our
purpose.

8Let us stress that the operator T of this paper has nothing in common with the operator T of [4]. Indeed, the operator T
of [4] is of order zero and necessitates to be well-defined the uniform Kreiss-Lopatinskii condition.
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We also give a useful proposition concerning the influence of the change of variables (t,x) on the source
term g. This proposition shows that even if g is not in some 2} the change of variable (t,x) has good
properties on the support of g. More precisely this proposition states that the change of variable (t,x) has
essentially the same influence on g that if was a function in some 2}.

PROPOSITION 32. Let g be a smooth function which is zero for negative times and satisfying

YVt >0, g(t,z) =0 ifx<y0.

Then for all | € N*, g(t', x') € 2} _.

Proof. The proof picks up some ideas from the proof of Proposition 31. However, we give it for the sake
of completness.

First let us show that g(t!,x!) € @ll;,< is zero for t < T,. If t! < 0, it is trivial so we assume that t' > 0

and that x! > Y, then for t < T; we have the following bound :

-1 l
th<ay, [ X -8 87| <0,
j=0 j=1

which is a contradiction.
Now let fix k£ such that [ < k < M and a time ¢ € [Ik, min(7, T, ) [ Once again let us assume that
t! > 0, so g(t!, x!) is zero if x! < Yo from the support property of g. In other words g(t',x!) is zero for
x < Blyo. But using the fact that 8 < 1 and that [ < k it follows, in particular, that g(t!,x) is zero for
T < ﬁkyo.
O |
With Propositions 31 and 32 in hand we now turn to the study of equation (85). At the end of the
previous paragraph we explained why (85) could be rewritten as:

(131) (I = T)(T po)l (¢, 22) = pa(t, %),

where we recall that T is an operator reading under the form (128).

The idea of the resolution is to remark that the operator T is expressed in the variables (t,x) and thus
the composition by T ”costs” in terms of time of travel the time needed to make one complete circuit around
the loop. Thus as we arrange the things in such a way that we can only make M turns around the loop,
one can always invert I — T by taking the Neumann serie expansion. Indeed, the terms associated with TJ
with j large enough ”cost too much time” to appear and consequently are zero. Then we show that we can
repeat exactly the same reasoning to show that we can express o in terms of po (the scalar component of
the unknown trace us ,,, ) and so on to express yo in terms of some py, (the scalar component of the unknown
trace ug,n,) for k arbitrarily large and in terms of the source term g. However, the trace po in fact does
not depend on puy for k arbitrarily large, because this should say that we have made an arbitrary number of
complete circuits around the loop. We thus determine pg in terms of g only.

Formally, we can always invert the operator (I — T) appearing in equation (131) by taking its Neumann
serie expansion. This gives the following formal value of .7 pg:

(132) (T po)(tsw2) =Y T pa (£, %)

Jj=0

Let us remark that the second sum in the right hand side of (132) reads :

(133) Y (F (), %),

Jj=1

where the operators F;(u1) are some explicitly computable operators and where t/ and x7 denote that we
made the change of variables (t,x2) — (t(¢,22),x(22)) 7 times that is:

J
t/ = gj(t,xg) =t aZﬁfjx and x/ = gj(x) = Bz,
1=0
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Now remember that by definition of the profiles spaces (see Definition 27) we are looking for u; to be

in 9”5"/[{1, so using the fact that the operators F; are sums of derivatives (up to some multiplication by

known functions), it follows that the F;(uq1) are in 95‘2‘1.

M—1+j
Hn1 € 5;%’§ +,
As a consequence, equation (132) in fact reads:

(134) (T po)(t, x) = pa(t, x),

Proposition 31 shows that Fj(u1)(t?,x7) is in

which gives a rigorous, because the Neumann expansion for (I — T) is finite, value of (J ) in terms of the
(still) unknown function p; € @é‘:’gl. In terms of wave packets propagation (134) tells us that pg, compared
to the others terms in the WKB expansion, only depends on p; which has made a complete circuit around
the loop. This fact agrees whith the intuition given in paragraph 4 that the amplitude ug ,, does not depend
on the amplitudes uy ,, for n > 2. Indeed these amplitudes do not have achieved enough complete circuits
around the loop to suffer enough amplifications and consequently they remain of higher order in terms of e.
Let us also stress that the term depending on g in the right hand side of (134) starts to be evaluated in (¢, z)
while the term depending on p; is evaluated in (t,x). This will be a crucial point in the following.

If we assume that p; is a known function in L@éw{l, then is it easy to compute pg: indeed by definition
of the transport operator .7, ug satisfies the transport equation:

(T p)(t,x2) = (at,uo - é%m) (t,z2) = pi(t,x), for (t,22) € |—00, T] x Ry,
(135) H0|5,—0 = 0, ont€]-o0,T7],
Hoj<o = 0, on xg € Ry,

which can be integrated along the characteristics to obtain the value of pg. Let us denote by 2~ the application
that to a given source term in the interior for the transport equation (135) associates the solution of the
transport equation (135). We can thus write:

(136) po(t, x2) = A (p1(t, x)).

We recall that we made the hypothesis that 5;
2

"pushes” the information away from the set {zs =0}. As a consequence, integrating (135) along the
characteristics show that applying the operator £ does not destroy the property to be zero on the strip
{t €]—00,T],0 < x5 <Y}, for some Y > 0. This remark justify the following proposition:

PROPOSITION 33. Let 2 be the inverse of the transport operator 7 defined previously. Then the profile
spaces are invariant sets under the action of . More precisely if u € 9{,&, for some k € N, then
() e 2§ .

Consequently if u; € 93;‘7/[{1 then equation (136) gives, as expected, a trace pg in @é‘@.

< 0 (see Hypothesis 4.3), the transport operator

However (136) is not sufficient to determine po because the trace pp is not a known function. That is
why in the following paragraph, we will study the unknown trace p;. We will show that it can be expressed
in terms of the unknown trace pus and .

But before that let us give some comments about the resolution of equation (85) in the case 8 > 1.

The case 8 > 1, the information does not approach the corner.. As for the case § < 1 we start by a
study of the influence of the change of variables (t,x) on the profile sets :@é\é_”. The following proposition
is equivalent to Proposition 31 in the framework g < 1.

PRrROPOSITION 34. If u € gZé‘f;”} then u(t,x) € 3215\,/[;”“' In particular, p(t?,x7) is zero for 1 > n + 1.

The proof of this proposition is based on the same ideas than the proof of Proposition 31 but is simpler.
That is why we will not give a proof here.

Let us also note that thanks to the conditions imposed on the source term g, Proposition 32 is trivial in
the framework g > 1.

With Proposition 34 in hand it is then easy to show that the Neumann serie expansion associated with
equation (131) contains a finite number of non-zero terms. One can thus reiterate the arguments described
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in the framework 8 < 1, to show that (136) also holds for 8 > 1. Indeed in the framework 8 < 1 to establish
(136) we only use Proposition 31 and 32 but we do not use explicitly the fact that 5 < 1. Also remark that
Proposition 33 only uses the fact that % < 0 so this Proposition still holds for g > 1.

2

7.1.5. The equation on pu,, n > 0. In this paragraph we give an equation determining the unknown
scalar part of the trace Un,ni |, —o for all n > 0. As the reader may notice, this equation looks like equation
(85) determining the unknown trace of order zero po. However for n > 0, the equation involves some extra
terms. The appearance of these terms is due to the fact that, as already noticed in paragraph 7.1.1, the
amplitudes u,, ,, are not polarized for n > 0.

As it as been done at the beginning of Paragraph 7.1 for g, to obtain this new equation we study the
boundary condition (55) written for j = ny:

B Z Un,j = On,M+19-

je®(n1) |1 =0

And we decompose the amplitudes € ®(n;)\ {n4} and isolate the only outgoing-incoming phase n4 to obtain:

(138) Bl Z Pljun,j + Bl Z (I — Plj)un,j = 6n,M+1g — Blu”7”4\11:0'

je®(ni)\{na} |21=0 jed(ni)\{na} |21=0

According to Proposition 17, the first term in the left hand side of (138) is in By Fj5(it,&,). So take the
inner product of (138) by the vector b introduced in Definition 12 makes this term vanish. This gives:

(139) b'Bl Z (I—Pf)umj = 5n,M+1b'9_b'Blun,m‘ml:o-
je®(n1)\{na} |1 =0

But let us recall that from the cascade of equations (52) we know that the unpolarized part of the amplitudes
of order n are given by the polarized parts of the amplitudes of order n — 1. More precisely for all j € .Z,
we have:

(I = P{)un; = iR{L@)un 15 = iR{L©) (Plun—1;+ (I = P )un-1;5),

and using this relation in equation (139) leads us to:

ib'Bl Z R{L(@)Pfun_17j =b- 5n,M+lg — b'Blunﬂ“‘Il:O
J€®(n1)\{na} |x1=0
(140) —ib-Bi| Y. RILO)I = Puy 1,
JjEP(n1)\{na} |21=0

We thus apply Proposition 29 to rewrite the left hand side in terms of the transport operator along the
boundary:

(141) T 1 = Onprp1b-g—b- Bitinp,, _, —ib- B > RILO)I - P)up-1, :
je@(n1)\{na} |21 =0

which tells us that the scalar unknown part of the amplitude u,_1,,, namely p,_1, satisfies the same

transport equation as po up to the extra term —ib - By {Zjeq,(nl)\{m} RIL(9)(I — Pf)un_m}

z1:0.
However, we can reiterate the computations made in Paragraphs 7.1.1 and 7.1.3 to make the terms

b- Blun,Mm: explicit in terms of u,_1 and p,. This shows that b - Blumm}m: involves ., evaluated in

0 0
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(t,x) and also T(J py,—1). We thus have:

(142) (1 =TT pn-1)] (£, 22) = On,m41b - g(t, 2) + pn(E, %)
—ib- By > RILO)I = Pl)un 1, (t,22),
je®(n1)\{na} |21=0

and we recover (85) up to the extra term —ib- B; [Zj€¢(nl)\{n4} RIL(O)(I — Plj)un,l,j} | which involves

the up,—1 ; for j € ®(n1)\ {n4} (and consequently p,,—1) that is why we have to make this term more explicit
in terms of ;1.

To do this we reiterate the computations of paragraph 7.1.1 to treat the last term in the right hand side
of (142). First we remark that the terms (I — Py )u,_1,; for j # nq,n4 are given by equation (109) when
n = 2. However the result is totally similar when n > 2. So after having applied the operator R{L(@) and
taking the trace on {1 = 0} one can show that the sum on j € ®*(nq) \ ny4 appearing in the right hand side
of (142) depends on p,_2(t,x) (and possibly of the source term g). That is why we write:

> RILO)I — P)un_1, = (A1ptn—2)(t, %),
Jj€®*(n1)\{na} |£1=0

where A is some explicitly computable operator which is a sum of derivatives and multiplications by scalar
functions. The exact expression of A is not relevant for our discussion.

The same argument holds for (I —P;™ )uy—1,p, - It is given by (89) in the case n = 2, but the computations
are totally analogous when n > 2. We thus can write:

[Ry* LAY = Py Jun—1.n] 5,0 = (Aopn—2)(t, 2),
where Ay is an operator which acts like Aq.
So (142) in its final form reads:
(143) (1 = T)T pn—1] (t,22) = 6n,m+19(t, 22) + pin (b, X) + (Apn—2)(t, 22),

where we set g :=b-¢g and Au := (Aou)(¢,z) + (A1u)(t,x). The only point to keep in mind about A is that
the profile sets @b < and ﬂb - are invariant sets for the operator A because this operator is a sum (up to
some multlphcatlonb) of derivatives and thus does not modify supports properties.

7.1.6. End of the resolution of equation (85). In this paragraph we describe the end of the resolution
of equation (85) when 8 < 1. As we will see this resolution does not take into account the precise value of g8
but only needs Proposition 31. Proposition 31 has its equivalent when § > 1 (that is to say Proposition 34).
So the proof given here will extend to the case 8 > 1.

To save some notations, as 3 is not relevant in this discussion, we will denote yé\/f ~" in place of @é\fg”.

The end of paragraph 7.1.4 shows that (85) in fact reads:

(144) po = K (1 (t,x))

from which we deduced that if y; € gzéw ! then pg € 2M . Because of the definition of the profile spaces
(see Definition 27) we assume that for all 1 < n < M + 1, g, € 2", Our aim is here to show that
equation (144) defines a unique pg € gzlf‘/[ and to express this solution pg as a function of the source term g.

Using the analysis described in the previous paragraph we are now able to give more informations about
the unknown pq. Indeed, (143) written for n = 2 reads:

(145) (I =T)T ] (t,22) = 6m,19(¢, w2) + pa(t, x) + (Apo)(t, 22).
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Using the fact that pop € 2} and the fact that A keeps ZM invariant we obtain that the term (Apo)(t, )
appearing in (145) is in 9;‘/1 . As in paragraph 7.1.4, we write the Neumann serie expansion associated to
(145):

(Tm)(twe) = 0ara Yy T (Gt w2)) + ) T (p2(t, %) + Y T/ (Apo(t, 2)).

5>0 §>0 5>0

Recall that each iteration of T induces the evaluation in (t,x). So from Proposition 31, TV (uz(t,x)) is zero
for all j > 2 and TY(Auo(t, x2)) as soon as j > 1 (beacause iz € 2M 2 and Apg € 2M). From Proposition
32, T9(g(t, x2)) is zero for all j > 2. So the Neumann serie expansion only contains a finite number of terms
and reads:

(146) (T ) (t, w2) := 6ar1 (G(t, 22) + TG(t, X)) + pa(t, x) + Tua (%, x%) + (Auo) (t, z2).

Up to the source term in the interior, po and p; solve the same transport equation so we can write:
(147) pa(t, x2) = =1/<5M,1 (9(t, w2) + Tg(t, X)) + p2(t, x) + Tua(t*, x*) + Auo(t, $2))-

where we recall that £ is the operator that to a source term f associates the solution of the transport
equation Ju = f. When we evaluate (147) in (t,x) we obtain, using Propositions 31 and 32, that:

(148) pa (b, x) = A (0ar,19(t, X) + pa(t?, x%)) .

Let us stress that (148) written in this form is not true. Indeed in this formulation, we used the fact
that £ and the evaluation (t,x) commute which is is clearly false. However we are in this purpose only
interested in the profile spaces in which the terms in the right hand side of (148) lie and we are not really
interested in their precise values. As from Proposition 33, ¢ keeps the spaces (@5\4 ™ invariant, our abuse
of notations is not so important (as far as the spaces c@é\/[ ™ are concerned). But the reader has to keep in
mind that if he really wants to compute the WKB expansion it is necessary to apply -# and then make the
evaluation (t, x).

From equations (144) and (148) we deduce that
(149) po(t,z) = A p(t.x) = 2 (Oar19(t. %) + pa(t?, x7)) -

As a consequence p can be expressed in terms of g (and po only) evaluated in a time corresponding to two
complete circuits around the loop. Once again this observation meets the intuition given in Section 4.

More generally, we can repeat exactly the same arguments for all n > 1 to obtain that: for all n > 0 :

M min(n+1,M) min(n—1,M)
(150) pin(t,22) = A | Spr D TG, x)+ > Tl (®,x7)+ Y TAp, 1 (¢,%7)
3=0 j=1 7=0

Ifforall0 < n < M+1, g, € Z)7", these formulas make sense for 0 < n < M (because we can ensure that
the Neumann serie expansion contains a finite number of terms). We deduce from (150) that for all [ < M:

M min(n+1,M) min(n—1,M)
(151) po(th,x") = | 0o Y TG, )+ D> T @, x)+ > TIAp, (%)
j=l j=l+1 =l

from which it follows that for all n < M, each p,(t",x") is equal to p,41(t" !, x"*1), and that for n = M,
pn (87, x™) is equal to g(tM,xM). A simple iteration in (149) shows that:

(152) po(t, m2) = A Mg(e™,xM),

equation determining in a unique way pg € f@éw in terms of the known source term g. This concludes the
resolution of equation (85).
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Let us point that (152) meets with the intuition described in Section 4 that 1o depends on the initial
information which has made M complete circuits around the loop.

Now that the value of the trace pg is determine it end up the determination of the zero order amplitudes
of the loop indices. Indeed these four amplitudes are given by (66)-(68)-(70) and (71). The initialization of
the resolution of the cascades (52)-(55) and (56) is finished and we now have to determine all the others zero
order amplitudes in (51).

7.2. Determination of the others amplitudes in the WKB expansion. Now that at least one
amplitude is determined to determine all the others it is sufficient to find an order of resolution. The main
feature in the quarter space geometry is that compared to the half space we do not have any natural order
of resolution. In fact we just have a partial order. However this partial order is sufficient to determine all
the others amplitudes in the WKB expansion.

The construction and, in particular, the partial order of resolution used are exactly the same as in [4] so
we will not give all the details of this construction here. We refer to [4] for a complete proof.

7.2.1. Determination of the oscillating amplitudes. Thanks to Proposition 23 the set of indices
Fos \ {n;} can be expressed as a partition (see (45) and 3 for more details). We will here describe the
determination of an arbitrary oscillating amplitude associated to an index i in one of the sets (or trees) let
us say Aq,. The determination of the amplitudes in the others sets composing (45) is similar and will not be
discussed here.

Let us denote by ¢; := ({1, ls, ..., ;) the type V sequence linking n to i (see Definition 18 and Proposition
23). By definition of the tree A,, (see again Definition 18), ¢; = a; and as a consequence {; is associated to
an outgoing-incoming group velocity, ¢2 to an incoming-outgoing group velocity and so one (note that ¢, is
associated to an incoming-outgoing group velocity (resp. outgoing-incoming) if p is even (resp. odd)).

Before to determine the amplitude associated to i we will have to determine all the amplitudes in the
sequence ¢;. As it has been done to the loop’s amplitudes (see Paragraph 7.1), thanks to the fact that ug g,
is polarized, we apply Lax’s Lemma so ug e, satisfies the transport equation:

(153) (O +ve, - Va)uoe, = 0.

with homogeneous initial condition. As ¢; € .#,; this transport equation needs a boundary condition on 92,
to be solved. This boundary condition is given by cascade (55) written for n = 0 and k = n;:

B Z Uo,j + UO,TMQ\XQZO = _Bzuo’nllwzzo’ it ny € Rz,
JE(T(n1)NFos)\{n1} |z2=0
or
By Z U — _B2u0,n1|m2:o’ if ny € %o \ Ro.
FEW(n1)NFos)\{n1} |zo=0

We reiterate the computations made for g, (see the beginning of Section 7). We use the uniform Kreiss-
Lopatinskii condition and then we multiply by Pfl to obtain in both cases:

_ £y n1
U0,y 40 — —Py' ¢, BQUOJM\IZ:O'

So we have to solve the transport equation:

(O +vg, - Va)uo,e, =0, in Qr,

{1 n
oy, = —Py' 93 Bauon, |, on 0o,
U001, oo = 0, on €2,

this equation can be integrate along the characteristics (because ug,,, and its trace on 9§22 1) are known) to
determine ug ¢, . It is interesting to remark that if ¢ < T'), then ug 5, is zero and so do ug ¢, . As a consequence
the amplification of order M + 1 only spreads to the amplitudes away from the loop for ¢ > T',, (that is after
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M complete circuits). Also note that as U0y,

vanishes in a neighborhood of 1 = 0 so do U0t |,y and
by resolution of of the transport equation uo, , _

o is zero near x9 = 0.

Then we construct ug ¢,. In view of the definition of the tree A, o € F, so ug, is solution of:

(Or + ve, - Va)uge, =0, in Qr,
Oy €
0,02 P _P12¢11 B]_U/()),el —0? on an,Ta
|x1=0 |z1=0
U0,b2, o = 0, on §.

This equation uniquely determines ug ¢, because U0y, —o is known and we have (O 0 for x; small
enough. We then proceed recursively to determine all the ug ¢, , 3 <k < p.

We now turn to the construction of ug ;. We have to distinguish two cases according to the parity of p.
Let us assume that p is even. Then by definition of A,, we have i € Z,; U Z;. If i € F,; the amplitude g ;
solves:

(615 +v; - Vm)uo’i =0, in Qp,

_ Lo Lo
o, _, = —F0y" Bauog, ., on 0,
o, ., =0, on 2,

if i € Z,; and we proceed as for ug g, .

If i € F;, then wp; solves the same transport equation but this time it needs boundary conditions
on both sides of the boundary. The boundary condition on 9y is unchanged. Concerning the boundary
condition on 9§ it reads (recall that incoming-incoming phases do not create new phases):

Bluo»im:o =0.

Asie 7, Uog, _, € E$(it, f%), where f% is the ordinate of f, so thanks to the uniform Kreiss-Lopatinskii
we obtain ug; = 0. Consequently u ; solves :

(O +vi - Vg)uo; =0, in Qp,
UO71‘EIZO = O, on 89177“,
U0y, o = —Py? ¢§pB2U0,é,,|$2=O, on My,
Uo,_, = 0, on €.

This equation can be solved with a highly regular solution (which is needed to compute the higher order

amplitudes u, ; as they involve derivatives of ug ;) because ug ¢ is zero at 1 = 0. If ugy is not

Plzg=0 Plzy=0

zero at z1 = 0 then we only recover ug; € L?(£2) (see [4] for more details).

7.2.2. Determination of the evanescent amplitudes. In this paragraph we conclude the construc-
tion of the leading order of the geometric optics expansion by giving elements of proof to construct an
arbitrary evanescent amplitude associated to the index ¢ lying in the tree A,,. Without loss of generality we
assume that this amplitude is evanescent for the side 9);. Proposition 24 implies that the type V sequence
l; := ({1,4q,...,0p) linking n; to ¢ has an odd number of terms. Moreover, from the previous paragraph all the
¢; has already been constructed. We then recall the following lemma due to [12] which states that evanescent
equations in the cascade (52) can be solved in the profile space P, 1:

LEMMA 35. For j =1,2, and k € *R;, let

(158) PE U(X;):= ¥ @& PE 17(0),
X +o00
(159) Q% F(X;) = /O X5 (e ) PE A= p(s)ds — /X | X5 () PE A1 ().

Then, for all F' € P, ; the equation:

Li(0x,)U = F,
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admits a solution in Pe, ;. Moreover, this solution reads:

U=P% U+QE F

ev,i

This lemma tells us that to construct any evanescent amplitude for the side 0€); it is in fact sufficient to
know the value of the trace the solution on {X; = 0}. Following [12], to determine this trace we study the
boundary condition (55) written for k =4 and n = 0 from which we deduce the value of the ”double” trace
on {X; = ;1 = 0}. Indeed thanks to the uniform Kreiss-Lopatinskii condition we obtain:

3 i
Uik xy —ay 0 = _Pev,lqﬁlBl“O’@mm:o’

where we recall that the right hand side has already been determined.
Then as in [12], we are free to straighten the ”double” trace into a ”single” one by setting (for example):

i

UO,Lk‘Xlzo = _X(xl)sev,lBlan[p‘ml:Q7

where x is some function in 2(]—1, +o0]) satisfying x(0) = 1.

It is interesting to remark that evanescent amplitudes suffer the same amplification as the oscillating ones
and this even if the degeneracy of the uniform Kreiss-Lopatinskii condition is in the hyperbolic region and
thus not related to complex phases. Such a behaviour is not observable for the hyperbolic boundary value
problem in the half space because the possible evanescent modes are ”turned on” by the source term and can
not be ”"turned on” by oscillating modes. As for the oscillating amplitudes, one can show that evanescent
amplitudes of order zero are zero for t < T;,.

7.3. Construction of the higher order terms and summary. As for the construction of the leading
order of the WKB expansion, we have to distinguish the case § < 1 and the case 8 > 1. But once again we
only need Proposition 31 (resp. Proposition 34) to conclude if 8 < 1 (resp. 8 > 1) so the proof is the same

—n

in both cases. We will assume that 3 < 1 and we continue to note 22~ for 2

7.3.1. The term of order one. Once the amplitudes of order zero, and more precisely the keystone
Lo, are determined we can repeat our method of construction to determine the amplitudes of order one. As
for the leading order, we start by the determination of the indices of the loop, that is the n; for j =1, ..., 4.
We remark that equations (89)-(106)-(107) and (108) give the unpolarized part of the u;,;, j = 1,...,4 in
terms of po (which at this step of the proof is a known function). Similarly the values of the polarized parts
are determined in terms of the unknown trace p.

So it remains to determine the unknown trace 1 to construct the amplitudes of order one for the loop’s
elements. Noticing that the unpolarized part of the amplitudes for the indices outside of the loop are deter-
mined (because from (86) they only depend on the associated amplitude of order zero) and reiterating the
same computations as in paragraph 7.2 determines their polarized part in terms of p1. As a consequence we
just have to determine p; to construct all the oscillating amplitudes of order one.

To do this from paragraph 7.1.4, p; satisfies equation (147), that is:
(162)  (Fp)(t,22) := a1 (9(t, 22) + Tg(t, x) + T?G(t%, x%)) + (p2(t, %) + Tuz(t?, x%)) + Apo(t, 22).

where us, appearing in the right hand side, is assumed to be yé\/f ~2 and where we used the notations of
paragraph 7.1.4. From (162), after integration along the characteristics, we deduce that:

min(M,2)

1
(163)  pu(t,z) = <5M,1 > THG(E", x") +Auo(t,x>> Fouzed [ > T pa(th, x¥)
k=0 k=1

In this equation the first term in the right hand side is a known function which only depends on g. So
to express p; in terms of § we just have to express po(t, x) and po(t?,x2) in terms of . In view to do so, we
use equation (143) written for n = 3 to obtain:

min(M,3)

2
(164)  pa(t,x) = | a2y TFGEN xM) + Y TFpus(th, x%) | + o (Apa (t, 2) + TAu (£, %)),
k=0 k=1
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and a new difficulty appears in (164) compared to (136). Indeed in (164) two terms, while there is only one in
(136) (in terms of g, depend on u; each of them lying respectively in 2 and in @é‘/[_l. So a priori they
are not zero. However in (163) we are not interested in o but we are interested in pa(t,x) and us(t?, x2).
A simple change of variables in (164) shows that these quantities are given by:

2 min(M,3)
(165) pa(tx) = A (632 TG ) S T2t ) |+ A (8),
k=1 k=2

p2(t?, x7) = A (Oar29(6%,x%) + Sar>3ps(t®, x7))

where for I C R, §; is the characteristic function of I. Now let us make the change of variables (t,x) in
(163), it follows that :

1 (6, X) = Sar1# (G(t, X)) + Sarse pa(t?, x2).
that is to say :

HAXG(t,x), if M =1,

(167) H A (&%) = { HAA? (01,2967, X°) + Onrzsps (€2, %)), 3 M > 1,

and we are free to reinject (167) in (165) and then to reinject (165) in (163) to obtain that :

H(G(t,x) + Tg(t, x) + Apo(t, z)) + A 2AXG(t,x), if M =1,
L%/A/’LO(ta 'T)
(168) pt,z) =4 +2° (JM,Q 2 TRk, xk) 4 Smin3) Tk*?ug(gk,g)) WM >1.
+ I 2NH? (001,29 (8, x2) + Sar>3ps(t?, x3))
+%/T%/ (5M,2§(§2332) + 6M23,LL3(§3,§3)) )

Equation (168) ends the discussion in the particular case M = 1. To treat the case M > 1, let us remark
that in (168) the unknown part of the right hand side of equation depends on pu3(t%,x2?) and possibly on
ps(t®,x3). So we are exactly in the same situation as in equation (163) with uz(t?, x2), u3(t3,x3) in place of
pa(t, x), u2(t?,x%) and we can thus repeat the same computations to express p; in terms of 4 (t%,x) and
pa(tt, x*) and so on.

A tedious (but not difficult) reiterative process shows that for all M > 1, uy is given by :

gty we) = A Apo(t, w2) + 2 (™ =1 x™ 1) + Ty (e, xM))

M-1 M-—1
(169) + Z {%/M+17kAJ£/k+1§(£M7§M) + Z %kT%Mfkg(tM’KM%
k=0 k=1

equation which determines in a unique way w1 in terms of g and the known operators A, T. This completes
the construction of p; and more generally of the amplitudes of order one in the WK B expansion.

Moreover, all the terms composing (169) are in ZM | except g(t™ !, x™~1) which is in 335\/[_1. Thus
w1 defined by (169) is an element of @é‘/f ~1 so0 it is in the good profile space. To conclude this discussion let
us remark that before the time T',, y; (and consequently the u; ;) only depends on the information that
was initially present and which has made M — 1 complete circuits around the loop.

Once the amplitudes for indices associated to the loop are known, the construction of the amplitudes
which do not lie on the loop follows the same kind of arguments as those given in paragraph 7.2. A precise
construction will not be given here and we refer to [4] for more details.

7.3.2. Summary : the construction of higher order terms. In this paragraph we sketch some
elements about the construction of the amplitudes of higher order in view to give a summary of the previous
construction. Let us assume that the amplitudes of order less that n — 1 have already been determinated,
our aim is to construct the amplitude of order n.

i) First of all, from the cascade of equations (52), we know that the unpolarized part of the oscillating
amplitudes of order n is known. So we only have to determine the polarized part of the oscillating amplitudes.
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Moreover, from Lemma 35 and the definition of the operator Q.1 (resp. Qey2), see (159), concerning the
evanescent amplitudes, we will only have to determine P.,; (resp. Pey2).

i) To determine the polarized part of the oscillating amplitudes of order n, we start, as it has been done
in paragraphs 7.1 and 7.3.1 by the determination of the loop’s indices. We thus reiterate the computations
of paragraph 7.1 to show that to construct these polarized parts it is necessary and sufficient to construct
the scalar component of the trace on 0€2; of the amplitude w,, ,,, that is to say, f.

1i1) The analysis of paragraphs 7.1.5 and 7.1.6 tells us that this trace has to satisfy equation (150). In
other words, p, depends on the unknown i, 1 and the known functions p,—1 (and possibly of g). More
precisely p,, depends on the Mn+1(§k,§k), for k =1,...,min(n + 1, M). Then applying again equation (150)
but for ji,,1 we obtain that p,y; depends on g, and p,1o. With more details, the s, (t*,x"), for
k=1,...,min(n + 1, M) admits the following dependencies :

fin (£F, xF) [in+2(t", x*)

i1 (£, %) k=1,..,min | k=2,...,min

(170) 1 (t%,x2) k=2,...min | k=3,.. min
P (£, x™I0) kel kehork=M

where we denoted min := min(n, M), min := min(n + 1, M) and min = min(n + 2, M). Let us study the
dependency on p,,. The worst term is u,(t,x), indeed the other terms will be eliminate before u,(t,x) (by
the same arguments) and are harmless. Using equation (151), we obtain that u,(t,x) in fact depends on
st (t*,xF), for k = 2, ..., min. But the tabular (170) tells us that these traces depend, in fact, on p, (t*,x")
for k = 2,...,min. As a consequence, ji,;1(t,X) can be expressed in terms of the s, (t*,x*) for k = 2, ..., min.
Repeating the same argument we obtain that p,1(t,x) can be expressed in terms of the un(§k7§k) for
k = 3,...,min. Then if we repeat min times this argument, we obtain that the s, (t*,x*) for k = 1,..., min

(and consequently p,) can be expressed in terms of pi, 2 (g’f ,x*) for k > 2 only.

We thus repeat exactly the same reasoning for ji,,42(t¥, x*) to show that it can be expressed in terms of
the unJrg(ﬂ“,gk) for k > 3 and so on to determine p, in terms of g and p,—1 (up to some compositions by
the operators T and A) only, as it has already been made in paragraphs 7.1.6 and 7.3.1. This concludes the
construction of the trace u, and as a consequence, the construction of the amplitudes linked to the loop’s
indices of order n.

1w) The construction of the other polarized part of the oscillating (or equivalently of the P.,1U (resp.
P.,2U) for the evanescent amplitudes for the side 99 (resp. 9€2)) is then easy. Indeed these amplitudes
are linked to frequencies for which the uniform Kreiss-Lopatinskii condition holds and we can use the ”tree”
structure of the frequency set to conclude (see [4] for a precise construction).

8. Proof of the main result. With Theorem 28 in hand, it is now easy to show Theorem 14. We
argue by contradiction. We thus assume that the corner problem (1) is weakly (or strongly) well-posed in the
sense that there exists a positives integers K,K; and K such that the corner problem (1) admits a solution
satisfying the energy estimate:

(171)

HUH%z(QT) + ||u|m1:0‘|%2(6QLT) + ||“|x2:0”%2(392_¢) <Cr (”inIK(QT) + ||91||§1K1 @)t ||92||§1K2(392,T)) )
for T >0if 8>1and 0 < T < Tppa if B < 1. According to Theorem 28, for any M € N one can always

construct a truncated geometric optics expansions for the corner problem (47). Here we only keep the K + 2
first terms in the truncated expansion. It is given by:

K+1 _
(172) Ugpp = Z Z erez Rty (t, 1)
n=0 k€.F,s
K+1 K+1

i Ty i To
+ 303 ettty (t,%?) + 303 erettrattany, (t’x’ ?).

n=0 kR, n=0 k€N,
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Moreover one can always choose g in such a way that the leading order of ug,, is not identically zero.
Let u® be the solution of (47). The error u® — ug,,, satisfies the corner problem :
L(0)(u® —ug,,) = f%, in Qp,
Bi(u® —ugpp)je;=0 =0, on Qs 1,
Ba(u® —ug,,)|es—0 =0, on Qa1
(UE - ’U,pr)ﬁgo = 07 on Q,
where :
o= gftt Z ei%L(a)uKJrl,k
LISE
Y1 V.2
+ Y T LUk k) xmz + > € (LO)Uki1h2) x,-22
kER kER2
From the energy estimate (171) we have:
(174) [u® = ugppllL2r) < 15 lmx (@p)-
It is then easy to see from its expression that £ is O(¢) in H¥ (1) (the worst term to handle with is the

. YL Y
one for which all the derivatives fall on the terms eﬂTk, e or e ). Consequently the error u® — u

is O(g) in L?(Qr). Using the fact that u® is a solution of (47) we obtain that:

€
app

(175) e 2@y < 97151 @0

from which we deduce that u¢ is O(e™~%1) in L?(Qr). We choose M > K1, by the triangle inequality and
inequalities (174) and (175), it follows that ug,, is at least O(e) which is a contradiction with the fact that
Ug,n, 1S nONZero.

9. Examples, conclusion and conjectures.

9.1. Examples. Of course Theorem 14 to the corner problem (2) even if it may seem a bit abusive.
Indeed, Theorem 14 needs strict hyperbolicity while the corner problem (2) is clearly not strictly hyperbolic.
However, in the proof of Theorem 14, the only points where we used the hyperbolicity hypothesis were to
establish the block structure and to use Lax Lemma. It can be shown that these points are still true for geo-
metrically regular hyperbolic systems (see [16] for a precise definition) as soon as we are away from crossing
points, which is the case for (2) under this choice of the source term.

A strictly hyperbolic example for which Theorem 14 applies is due to [19, paragraph 7]. In this example,
the authors construct a system whose characteristic variety is composed of two intersecting ellipses choosen
in such a configuration that a loop exists. The construction is the following a first ellipse is fixed and three
points A, B, D are chossen on this ellipse in such a way that:

e DAB isa right angle

e The group velocity in A is incoming-outgoing while the group velocities in B and D are outgoing-

incoming

This determines a unique C' such that ABCD is a rectangle. Then we choose a second ellipse passing through
C such that the group velocity in this point is incoming-outgoing. Without loss of generality the loop can
be constructed in the half space {2 < 0}, to make sure that the velocity along the boundary has the good
sign. Then one chooses a boundary condition to make sure that the associated corner problem is in the WR
class. This point can be easily done because at this stage of the construction the system is composed of two
decoupled subsystems.

To obtain a strictly hyperbolic system, it is sufficient to make the perturbation described in [19, paragraph
9]. The associated perturbed operator is strictly hyperbolic and remains in W R class, because this class is
stable by small perturbations (see [5]).
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9.2. Conclusion and conjectures. In this article, we constructed the rigorous geometric optics expan-
sion for a corner problem for which the uniform Kreiss-Lopatinskii condition breaks down on a selfinteraction
frequency. We have shown that it was always possible to choose the source term with support close enough of
the corner problem to makes sure that the associated geometric optics expansion suffers M + 1 amplifications,
before a fixed time T, compared to the source term. M can be arbitrarily big, so this leads to the fact that such
a corner problem can not be weakly well-posed because it suffers an arbitrarily big number of losses of deriva-
tives and thus present an Hadamard’s instability. In terms of well-posedness it is the worst possible situation.

As a consequence we shown that for hyperbolic corner problem a weak instability can be repeated an
arbitrarily number of times to cause a violent instability which differs from the degeneracy of the Kreiss-
Lopatinskii condition.

Nevertheless in the author opinion systems admitting a loop are not so widespread at least for small
values of N. Indeed, loops can not appear if N = 2 (see [19]) and at the present time the examples in this
article are, in the author knowledge, the only methods to construct a system with a loop (in particular we do
not know any physical example). But it also seems reasonable to think that for large values of N loops are
much more frequent. Indeed when N becomes large the geometry of the characteristic variety of the system
becomes really complicated and we can imagine that more the geometry is more there are possibilities to
have loops.

However obtain a more rigorous answer about the occurence of loops (or a full characterization of systems
with loops) is a important question in the study of hyperbolic initial boundary value problems in the quarter
space which is left for future studies.

In this article we treated a very particular kind of degeneracy of the uniform Kreiss-Lopatinskii condition
and many others are possible. In these cases, one should be more optimistic. Let us formulate the following
reasonable conjectures.

First of all let us stress that when the failure of the uniform Kreiss-Lopatinskii condition happens away
from the loop then the weak instability can not be repeated an arbitrarily number of times and thus the
system should be weakly well-posed. More precisely:

o If the uniform Kreiss-Lopatinskii condition breaks down in the elliptic area, using the fact that evanes-
cent modes for the side 0€); are not reflected on the side 9§29, the amplification observed in the high frequency
expansion for the boundary value problem in the half space should not be improved. So we believe that the
leading order in the WKB expansion should be of order £° with a source term in the interior of order & and
a source term on the side 9€; of order €°. The associated corner problem should be weakly well-posed with
an energy estimate reading:

el 2 2y + g =0l 20620 ) + 1220132000 2y < Cr (11 20) + 1911320021 2 + 920320620 )

¢ When the uniform Kreiss-Lopatinskii condition is violated in the mixed area in such a way that
ker By N Ef(¢) = ker By N E7°({) = span{e}, where E;°(¢) denotes the ”elliptic” component of E}(()
(see [2] and [12]), then the same argument should apply. The conjecture is then that we have the same

amplifications as for the boundary value problem in the half space. The expected energy estimate is:
HZ(Qr

ullZ2 ) + ltiz=olZ2 00, ») + [tza=olZ290, ) < Cr (Ifll2 ban T o1l o0 ) + ||92||%2(aa2,T)> ,

or
el 2 2y + g =0l 20620 ) + 1220132000 2y < Cr (11 20) + 191132001 2 + 920320020 )

depending of a technical assumption already discussed in [2].

¢ Finally when the uniform Kreiss-Lopatinskii condition fails in the hyperbolic region (but away from
the loop) the conjecture is that the leading order in the geometric optics expansion is of order ¥ for source
terms of order ™, where M denotes the number of time that a ray has been amplified. More precisely M is
defined by:
M := max #(Y N L;),

1€ I0s
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where L; is the set containing the values of the type V sequence linking i to the first generated index in the
phase generation process. Indeed, an amplified ray should be amplified again if it contains in its reflections a
phase associated to a frequency of degeneracy of the uniform Kreiss-Lopatinskii condition. The conjectured
energy estimate is thus given by:

(176)  ull72 0y + tz=0ll 7200, r) + Wza=0ll 72505 )

<Cr (||f‘|%§l(HM(6QLT)) + ||91||i[1v1(aQLT) + H92||%2(392,T)) :

As a consequence the W R class should remains a class where weak stability is observed as soon as there is
no loop or that the frequency of degenerecy is away from the loop. However in the W R class the loss of
derivatives should be more marked for the corner geometry than for the half space geometry.

All the previous conjectures are made under the assumption that the transport along the boundary
spreads the information away from the corner. The energy estimates and the amplifications in the geometric
optics expansions when the transport along the boundary sends the information to the corner are left for
future studies.

Appendix.
Details of the computations to establish equations (118)-(119) and (120). Let us develop :

12 L) = Py )un,ng

€3 a1 4—1 | Ans s om T
7572/81 1ﬁ2 ! PRy M 8t2mu0 - 5332110
& &2

1 B85t
QAR e | | ——— + 2
Ungy,2 Uny,1

1 - 1
<<— + by > damo + By B 16%2110))} (t3,%3),
Ungy,2 Unq,1

where we used the fact that Ql“A RT® = 0. We then use the relation between Q7®R]®.7"3¢ and Q7% A2 R]®.9"3¢ given in
(116) to express Q3 L(d)(I — P{"®)u1,n, in terms of QT3 R}®.9™3¢ only :

+

) o + By By M0 po

IR

Unsy,2 Unq,1

-1
(177) QIPL(A)I — P/ )uy ny = — 5—26;113;1@?31%?35””% [a?tuo <1 + 55 (1 - 52))
292 22

2
— C307 0 + 032081 52 = :| (ts,x3),

5252
T T 1 52_1 T —1,5—1

C: ::— 1 =

: l: +§2 (vnz, vn1,1> +§261 P2

From Lemma 30, we know that the first term in Cg is 2—261_ ,82_ . We thus obtain that C3 = 2§lﬁflﬂ2_1, and we can factorize
22 22
(177) to obtain (119).

where

Using the fact that Q54 A2 R34 = 0 we develop Q;‘* ( V(I — Py'*)uy n, to obtain :

QLN — Yt yun, =2 [ B!

171

QR e (aftuo - gafwo)
2

+

3
Q3' A1 Ryt S e <_Aat2tN0 - H 5;16?2M0
j=1

3
<—A8t22u0 -11 ﬂj15§2uo> >} (ta,x4),
j=1

where we recall that A is defined in (74). We then use (117) to express this equation in terms of Q54 R3*.%™4e only :

U

2 3
QEAL@B)(I — PP Yur pmy = H B lQy Ry e [aﬁuo (1 + Ag ) + Cad%po + ;—E IT leagzﬂ0:| (4, %4),

51 j=1 162 j=1
where Cjy is defined by :

3
Cy = 1+AZ |+ Z -1,
! @( fl> & HB

Once again thanks to Lemma 30, we obtain that C4 in fact reads C4 = Z; szl B;l. As a consequence we obtain (120).
1



1616
1617
1618
1619
1620
1621

1622

1623
1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638
1639
1640
1641
1642
1643
1644
1645
1646
1647
1648
1649
1650
1651
1652
1653
1654
1655
1656
1657
1658
1659
1660

49

Acknowledgments. The author acknowledges financial support from the European Research Coun-

cil under the European Community’s Seventh Framework Programme (FP7/2014-2019 Grant Agreement
QUANTHOM 335410).

The author also wishes to thank all the members, academic as well as administrative, of the ” Laboratoire

de Mathématiques Jean Leray” of Nantes, and more specifically Jean-Frangois Coulombel. Because the main
part of this research has been made in this department.

[1]
2]

3]
(4]
[5]
[6]
[7]
(8]
[9]
[10]
[11]
[12]
(13]

[14]
(15]

[16]

(17]
(18]
(19]

20]

REFERENCES

M. ARTOLA, A. MAJDA, Nonlinear development of instabilities in supersonic vortex sheets. I. The basic kink modes, Phys.
D, 28 (1987), pp. 253-281.

A. BENOIT, Geometric optics expansions for linear hyperbolic boundary value problems and optimality of energy esti-
mates for surface waves, Differential Integral Equations, 27 (2014), pp. 531-562, http://projecteuclid.org/euclid.die/
1396558096.

A. BENOIT, Problémes aux limites, optique géométrique et singularités, PhD thesis, Université de Nantes, 2015. https:
//hal.archives-ouvertes.fr/tel-01180449v1.

A. BENOIT, Geometric optics expansions for hyperbolic corner problems, I: Self-interaction phenomenon, Anal. PDE, 9
(2016), pp. 1359-1418, doi:10.2140/apde.2016.9.1359, http://dx.doi.org/10.2140/apde.2016.9.1359.

S. BENZONI-GAVAGE, F. ROUSSET, D. SERRE, AND K. ZUMBRUN, Generic types and transitions in hyperbolic initial-
boundary-value problems, Proc. Roy. Soc. Edinburgh Sect. A, 132 (2002), pp. 1073-1104.

S. BENZONI-GAVAGE, D. SERRE, Multidimensional hyperbolic partial differential equations, Oxford Mathematical Mono-
graphs, Oxford University Press, 2007.

J.-F. CoULOMBEL, Well-posedness of hyperbolic initial boundary value problems, J. Math. Pures Appl. (9), 84 (2005),
pp. 786-818.

J.-F. CoULOMBEL AND O. GUES, Geometric optics expansions with amplification for hyperbolic boundary value problems:
linear problems, Ann. Inst. Fourier (Grenoble), 60 (2010), pp. 21832233, http://aif.cedram.org/item?id=AIF_2010__
60-6-2183_0.

R. HERSH, Mized problems in several variables, J. Math. Mech., 12 (1963), pp. 317-334.

H.-O. KREiss, Initial boundary value problems for hyperbolic systems, Comm. Pure Appl. Math., 23 (1970), pp. 277—-298.

P. D. LaX, Asymptotic solutions of oscillatory initial value problems, Duke Math. J., 24 (1957), pp. 627-646.

V. LESCARRET, Wave transmission in dispersive media, Math. Models Methods Appl. Sci., 17 (2007), pp. 485-535.

A. MAJDA, R. ROSALES, A theory for spontaneous Mach stem formation in reacting shock fronts. I. The basic perturbation
analysis, SIAM J. Appl. Math., 43 (1983), pp. 1310-1334.

A. MARcOU, Rigorous weakly nonlinear geometric optics for surface waves, Asymptot. Anal., 69 (2010), pp. 125-174.

G. METIVIER, The block structure condition for symmetric hyperbolic systems, Bull. London Math. Soc., 32 (2000), pp. 689—
702.

G. METIVIER AND K. ZUMBRUN, Hyperbolic boundary value problems for symmetric systems with variable multiplicities,
J. Differential Equations, 211 (2005), pp. 61-134, doi:10.1016/j.jde.2004.06.002, http://dx.doi.org/10.1016/j.jde.2004.
06.002.

S. OSHER, Initial-boundary value problems for hyperbolic systems in regions with corners. I, Trans. Amer. Math. Soc., 176
(1973), pp. 141-164.

S. OSHER, Initial-boundary value problems for hyperbolic systems in regions with corners. II, Trans. Amer. Math. Soc.,
198 (1974), pp. 155-175.

L. SARASON AND J. A. SMOLLER, Geometrical optics and the corner problem, Arch. Rational Mech. Anal., 56 (1974/75),
pp- 34-69.

M. WiLLIAMS, Nonlinear geometric optics for hyperbolic boundary problems, Comm. Partial Differential Equations, 21
(1996), pp. 1829-1895.


http://projecteuclid.org/euclid.die/1396558096
http://projecteuclid.org/euclid.die/1396558096
http://projecteuclid.org/euclid.die/1396558096
https://hal.archives-ouvertes.fr/tel-01180449v1
https://hal.archives-ouvertes.fr/tel-01180449v1
https://hal.archives-ouvertes.fr/tel-01180449v1
http://dx.doi.org/10.2140/apde.2016.9.1359
http://dx.doi.org/10.2140/apde.2016.9.1359
http://aif.cedram.org/item?id=AIF_2010__60_6_2183_0
http://aif.cedram.org/item?id=AIF_2010__60_6_2183_0
http://aif.cedram.org/item?id=AIF_2010__60_6_2183_0
http://dx.doi.org/10.1016/j.jde.2004.06.002
http://dx.doi.org/10.1016/j.jde.2004.06.002
http://dx.doi.org/10.1016/j.jde.2004.06.002
http://dx.doi.org/10.1016/j.jde.2004.06.002

	Introduction
	Example and formal discussion
	Notations and assumptions
	About the operator L()
	About the boundary conditions

	Formal phase generation process
	Main result
	General framework
	Definition of the frequency set and first properties
	Frequency sets with loop

	Geometric optics expansions for selfinteracting problems in the WR class
	Initialization of the resolution, determination of the loop's indices 
	Unpolarized part of the terms of order one
	Reformulation of equations (90)-(91) and (92)
	Polarized part of the terms of order one
	Resolution of equation (85), preliminary study
	The equation on n, n>0
	End of the resolution of equation (85)

	Determination of the others amplitudes in the WKB expansion
	Determination of the oscillating amplitudes
	Determination of the evanescent amplitudes

	Construction of the higher order terms and summary
	The term of order one
	Summary : the construction of higher order terms


	Proof of the main result
	Examples, conclusion and conjectures
	Examples
	Conclusion and conjectures

	References

