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Abstract

In this article we are interested in the rigorous construction of geometric optics expansions
for weakly well-posed hyperbolic corner problems. More precisely we focus on the case where
selfinteracting phases occur and where one of them is exactly the phase where the uniform Kreiss-
Lopatinskii condition fails. We show that the associated WKB expansion suffers arbitrarily many
amplifications before a fixed finite time. As a consequence, we show that such a corner problem
can not be weakly well-posed even at the price of a huge loss of derivatives. The new result,
in that framework, is that the violent instability (or Hadamard instability) does not come from
the degeneracy of the weak Kreiss-Lopatinskii condition, but of the accumulation of arbitrarily
many weak instabilities.

AMS subject classification : 35104, 78A05
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1 Introduction

The main study in this article is the rigorous construction of geometric optics expansions for hy-
perbolic corner problem that is to say, problems reading :

L(a)u = Oyu + A101u + AyOhu = f, for z1,29 >0
B1u|x1:0 =g;, on x> 0,
Baujz,—0 = g2, on x2 >0,

(1)

up<o = 0,

where the matrices A; € My (R) and where B; € M, «n(R) (the values of p; and p, will be made

precise in Assumption [2.2)).
Such expansions, under the uniform Kreiss-Lopatinskii condition (that is to say the necessary

and sufficient condition for strong well-posedness of the hyperbolic boundary value problem in the



half space (see [Kre70] for more details) have already been studied in [SS75] and more recently
by the author in [Benl5] and [Ben]. More precisely in [SS75] the authors give precious intuitions
and some elements of proof about this construction which are used in [BenlI5|-[Ben| to construct
rigorously the expansions.

In particular a new phenomenon, proper to the corner problem, has been investigated, the self-
interaction phenomenon. In more details, this phenomenon induces that some phases in the WKB
expansion can generate themselves after a suitable number of reflections on the sides of the quarter
space (see [Benl5|-[Ben]). On one hand, in terms of the geometry of the characteristic variety, such
systems contain a rectangle whose corners are elements of the characteristic variety (whith suitable
group velocities) and whose side are parallel to the axis of the frequency space. On the other hand,
in terms of the resolution of the WKB cascade, a new amplitude equation, whose provenance is
intrinsically linked with the uniform Kreiss-Lopatinskii condition has to be solved to initialize the
resolution.

We are here interested in corner problems whose, one of the boundary condition, to fix the
ideas, let us say Bj, does not satisfy the uniform Kreiss-Lopatinskii condition (the other boundary
condition is assumed to be as "nice” as necessary, that is it satisfies the uniform Kreiss-Lopatinskii
condition or even it is strictly dissipative see [BGSQT7]). The litterature about the hyperbolic bound-
ary value problem in the half space tells us that there are four possible kinds of degeneracy of the
uniform Kreiss-Lopatinskii condition relying on the structure of the resolvent matrix at the fre-
quency where the uniform Kreiss-Lopatinskii condition breaks down (see Definition . Namely,
the degeneracies of the uniform Kreiss-Lopatinskii condition can occur in the so-called hyperbolic,
elliptic, mixed or glancing regions.

Concerning boundary value problems in the half space for which the uniform Kreiss-Lopatinskii
condition is violated, the construction of the associated geometric optics expansion has already
been made for three of the four possible cases. We refer to [CG10] for the construction when the
degeneracy takes place in the hyperbolic region and to [Benl4] and [Marl0] for the construction
associated to a degeneracy in the elliptic or in the mixed region.

We will here focus our attention on a degeneracy of the uniform Kreiss-Lopatinskii condition in
the hyperbolic region, that is to say to problems in the so-called W R class in the sense of [BGRSZ02].
Some conjectures about the behaviours of the geometric optics expansions when the degeneracy of
the uniform Kreiss-Lopatinskii condition occurs in the elliptic or in the mixed region can be found

in paragraph

In [CG10], the authors construct the geometric optics expansions for such W R problems in the
half space and show that if the source terms are in order one compared to the small parameter
€ which encodes the high oscillating behaviour, then the leading term in the geometric optics
expansion is of order zero compared to €. Then, they used this construction to show that the
energy estimate with losses of derivatives established by [Cou05] :

2 2 2 2
[ullZ2 () + 1tz =0l 72 (p) < O (”fHLgl(Hl(r‘?QLT)) + Hgl\zl:oH(Hl(aﬂl,T))) )
is sharp in term of losses of derivatives.

Concerning corner problems, the litterature is much more poor. Indeed, the full characterization
of strongly well-posed problems is, to our knowledge, not achieved yet. So, the full characterization



of weakly well-posed corner problems seems, in the author opinion, to be a long range problem. As
a consequence the fact that we construct the geometric optics expansions for these (expected to
be) weakly well-posed problems can be seen as a "Majda’s project” (see [Maj83b] and [Maj83a]).
That is to say, that the author belivies that the use of geometric optics expansions can give some in-
tuition about what can be the good number of losses of derivatives in the associated corner problems.

In this article, we will focus our attention on the particular case of corner problems in the W R
class whose section of the characteristic variety contains a loop. We will also assume that one of the
frequencies for which the uniform Kreiss-Lopatinskii condition breaks down is associated to such a
selfinteracting phases. Our purpose is thus to construct the geometric optics expansion for such a
corner problem. As we will see in section [5] for any arbitrarily big M € N, the fact that the phase
for which the uniform Kreiss-Lopatinskii condition breaks down is generated an arbitrarily number
of times will imply a leading term in the geometric optics expansion of order zero, compared with
the small parameter £, when one considers a source term on the boundary {z; = 0} of order M + 1
in terms of €.

Using this geometric optics expansion, we will show that such a corner problem can not be
(even weakly) well-posed on a finite interval of time because it losses an arbitrarily big number of
derivatives. In term of losses of derivatives, it is the worst case that we can imagine because we
have a violent or Hadamard instability.

The paper is organized as follows : in Section 2, we give some classical definitions and introduce
some notations. In Section [3] we give a formal study of our problem and we describe what are the
expected phases and the associated amplitudes in the WKB expansion. Then in Section [d] we give
a general framework in which the previous formal discussion becomes rigorous. This section uses
the same tools as these introduced in [Ben] to describe, with precision, the set of expected phases
in the WKB expansion. However, we believe that it is important to recall these tools for a sake of
completness.

Section [f]is devoted to the construction of the geometric optics expansion and is the main section
of the paper. The most difficult part of the construction is to find a way to initialize the resolution
of the WKB cascade of equations. Indeed in [Ben| the new amplitude equation whose resolution
permits to initialize the WKB expansion was, as already mentionned, intrinsically linked with the
uniform Kreiss-Lopatinskii condition. As a consequence to initialize the resolution of the WKB cas-
cade, we need a new amplitude equation when the Kreiss-Lopatinskii uniform condition fails. This
equation comes from an adaptation of the method described in [CG10]. The hardest point to handle
with is that in [CG10], due to the "nice” geometry of the half space, it was possible to determine
all the outgoing phases (which act as source terms in the equation determining the amplitude for
which the uniform Kreiss-Lopatinskii breaks down) before all the others. However, this is not true
anymore in the quarter space geometry. But we found a new equation for the initialization of the
WKB, it is given in paragraph The resolution of this equation is made in subparagraphs
and 5.1.6] The resolution is made after a ”necessary” reformulation of this equation, in view to
show that this equation can in fact be rewritten under the particular form (I — T)u = G, for some
operator T. This rewrite is made in paragraph

Section 6 contains the proof of our main result, that is that a corner problem in the W R class
for one side which admits a loop in the section of its characteristic variety and for which one of

Let us note that the particular structure (I — T)u = G was already the structure obtained in [Ben]. Moreover,
this structure will be very important in the following proof because it permits to write the solution v as the sum of
compositions of T)u and thus to express the solution w in term of the sum of wave packets.



the element of the loop violates the uniform Kreiss-Lopatinskii condition can not be (even) weakly
well-posed. It is not really a merry result because it tell us that, in such a framework, there is
no hope to solve the corner problem. However, the author believe that this result is interesting in
itself because it gives the first examples, in our knowledge, of ill-posed hyperbolic boundary value
problems for which the ill-posedness is due to the accumulation of weak instabilities and not to
the failure of the weak Kreiss-Lopatinskii condition. Moreover the instability phenomenon in this
framework is much more sneaky.

At last, Section 7 gives examples of such ill-posed corner problems and some (more optimistic)
conjectures about what should be the leading orders sizes (and so the number of losses of derivatives)
in the more favorable cases where the uniform Kreiss-Lopatinskii condition breaks down outside the
loop.

2 Notations and assumptions

2.1 About the operator L(0).
Let

Q= {(581,562) € RZ\xl > 0,29 > O}, 0 :=QN{x; =0}, and 99 := QN {x2 = 0},
be the quarter space and both of its edges. For T' > 0, we will denote :
Qp :=]—00,T] x Q, 0N 7 :=|—00,T] x 0, and 0 7 := |—00,T] x 0.

Hereof . will denote the symbol of the differential operator L(9). It is defined for 7 € R and
£ cR? by :

2
L(1,€) =11+ &A;.

j=1

The characteristic variety V' of L(0) is thus given by :
Vi={(r,§) e R xR*\ det Z(7,£) =0} .

In this article we choose to restrict our subject, in view to save some notations, to strictly
hyperbolic operators. The following constructions of the geometric optics expansions should also
operate in the framework of constantly hyperbolic operators. However this simplifying assumption
will make the analysis of Section 5 slightly easier. We will give in the core of the proof some
comments about the expected modifications about the proof for constantly hyperbolic operators.
We thus assume the following property on L(0) :

Assumption 2.1 There exist N real valued functions, denoted by \j, analytic on R2\ {0} such

that :
N

V¢ e St det.Z(r,€) = [[ (= + Ai(€),

j=1
where the eigenvalues \;(§) satisfy A (§) < ... < An ().

We also assume that the boundary of ) is non-characteristic, and that the matrices B; and B»
induce the good number of boundary conditions, that is to say :



Assumption 2.2 The matrices A1, Ag are invertible. Moreover py (resp. p2), the number of lines
of By (resp. Bz), equals the number of strictly positive eigenvalues of Ay (resp. As). At last By
and Bs are assumed to be of maximal rank.

Under Assumption we can define the resolvent matrices :
A (C) = —Ay" (0 +indz) and @h(C) == —Ay (o] +inAr),
where ¢ denotes an element of the frequency space :
E={C:=(0c=y+ir,n) € Cx R,y >0}\{(0,0)}.

For convenience, we also introduce =y the boundary of = :

[1]

0:=2Nn{y=0}.

and the notation :
fOI' j = 1727 Cj = (O—v §3—j)7

For j = 1,2, ¢; € (E\ Eo), we denote by E;((;) the stable subspace of @((;) and EY((;) its
unstable subspace. These spaces are well-defined according to [Her63]. For all (; € (2\ =), the
stable subspace E7((;) has dimension p;, while £¥(¢) has dimension N — p;. Let us recall the
following theorem due to Kreiss [Kre?()]ﬂ :

Theorem 2.1 Under Assumptions and for all € Z, there exists a neighborhood ¥ of ¢
in 2, integers Ly, Ly > 1, two partitions N =v11 + ...+ v, = Va1 + ... + Vo, with vy, ve; > 1,
and two invertible matrices 11,15, reqular on ¥ such that :

VeV, TiQ)T AQTC) = diag(F1(C), . #4,1,(C))
L) A (OT(C) = diag (,:1(C), - P,1,(C))

where the blocks <7;,(C) have size v;; and satisfy one of the following alternatives :
i) All the elements in the spectrum of () have positive real part.
i1) All the elements in the spectrum of <7;1(¢) have negative real part.
iti) vj; =1, () € iR, 9,4,(¢) € R\ {0}, and <7;;(¢) € iR for all ( € ¥ N Ey.
i) v > 1, Ik € iR such that

kig i 0
%,Z(Q - ’ 1 9
0 ki

the coefficient in the lower left corner of 0,47;;(C) is real and non-zero, and moreover <;;(¢) €
iM,,,(R) for all ¢ € ¥ NEy.

Thanks to this Theorem it is possible to describe the four kinds of frequencies, for each part of the
boundary 0 :

Definition 2.1 For j = 1,2, we denote by :
1) & the set of elliptic frequencies, that is to say the set of ¢ € Zg such that Theorem for
the matriz <7;(() is satisfied with one block of type i) and one block of type ii) only.

2For constantly (resp. geometrically regular) hyperbolic operators, this theorem remains true, see [Mé&t00] (resp.
[MZ05]).



2) H; the set of hyperbolic frequencies, that is to say the set of ¢ € Zqg such that Theorem
for the matriz <7;(() is satisfied with blocks of type iii) only.

3) &I ; the set of mized frequencies, that is to say the set of ¢ € g such that Theoremfor
the matriz <7;(C) is satisfied with one block of type i), one of type ii) and at least one of type 1ii),
but without block of type iv).

4) 9 the set of glancing frequencies, that is to say the set of ( € Zqg such that Theoremfor
the matriz <7;(() is satisfied with at least one block of type iv).

Thus, by Definition, Zg admits the following decomposition :
Bo=&UEA ;UM UY,.
The study made in [Kre70] shows that the subspaces E7((;) and F5((;) admit a continous extension
up to Zg. Moreover, for j = 1,2, for Qj € =0\ (41 U%) one can decompose :
CY = Ej(ir,&_) ® (it &_)), (2)

where the spaces E and EY can be decomposed as :

Ei(ir,&, )= Ey°(ir.&, ) © Bj"(ir,€, ). BY(in. &, ) = Ej“(ir.§,_) ® Bf"(ir.&;_ ).
Here E}°(it, §37‘j) (vesp. E“(it, §37j)) is the generalized eigenspace associated with eigenval-
ues of o7 (ir, §37j) with negative (resp. positive) real part, and where spaces Ej’h(iz, §37].) and
E;.L’h(iz, £ 3_j) are sums of eigenspaces of @7 (it, { 3_j) associated with some purely imaginary eigen-
values of <7 (it, §3_j).

Moreover since the matrices A; and Ay are invertible we can also write in the following way
s forj=1,2
CY = AjEj(ir,€, ) ® A;E}(iz, €, ), (3)
In fact, it is possible to give a more precise decomposition of the spaces Ejh(gj) and E;Lh(gj)
Indeed, let w,, ; be a purely imaginary eigenvalue of szf}(gj), that is :
det(T +nA1 + w,, 0 A2) = det(T + w,, 1 A1 +142) = 0.
Then, using Assumption there exists an index ky, j such that :

T+ Akm,2 (ﬂ? @m,2) =7+ )‘km,l (Qm,lﬂ ﬂ) =0,
where Ak, . is smooth in both variables. Let us then introduce the following classification :

Definition 2.2 The set of incoming (resp. outgoing) phases for the side 0, denoted by Ty
(resp. O1), is the set of indeces m such that the group velocity vy, = VA, (Wy,1,71) satisfies
01 A k1 (Wi 15m) > 0 (resp. 01k, (Wi, 1,m) < 0). Similarly, the set of incoming (resp. outgoing)
phases for the side 8y, denoted by Jo (res;). Do, is the set of indeces m such that the group velocity
Um = V)‘km,Z (ﬂ? gm,Z) Satisﬁes a2)\kzm,2 (ﬁv £m72) >0 (T’@Sp. 82)\167712 (ﬁv Qm,Q) < 0)

Thanks to this Definition, we can write the following decomposition of the stable and unstable
s,h w,h
components E;(¢) and E;"7(() :

Lemma 2.1 For all ¢ € ;U EHj, j = 1,2 there holds
Ef’h(g) = Omen, kerz(zv Qm,l’ﬂ)v E?’h(ﬁ) = Omeo, kerg(za Qm,lvﬂ)v (4)
E;h(é) = Omed, ker Z(, m Qm,Q)? E;hh(g) = Dmeo, ker Z(z, m, gm,2)7 (5)
We refer, for example, to [CG10] or [Wil96] for a proof of this lemma.



2.2 About the boundary conditions.

Let us introduce the initial boundary value problem in the half space {z1 > 0,22 € R} :

L(O)yu= f,on {z1 > 0,25 € R}
Biujz, =0 = 91, (6)
U|t§0 = 0.

We recall the following result due to Kreiss [Kre70] which states that the boundary value problem
@ is strongly well-posed if and only if it satisfies the following condition :

Definition 2.3 We say that the system @ satisfies the uniform Kreiss-Lopatinskii condition if it
satisfies :

V¢ € 2, ker B N E}(¢) = {0},

where E7(C) denotes still the continuation of the stable subspace of the resolvent matriz <71 (¢) up
to EQ.

Definition 2.4 We denote by Y the set of frequencies for which the ibvp @ does not satisfy the
uniform Kreiss-Lopatinskii condition i.e.

T:={¢G €=E:ker BiNEJ((1) #{0}}.
Let us recall the following definition due to [BGRSZ02] :

Definition 2.5 The ibvp @ 1s said to be in the W R class if it satisfies the following conditions :

i) The ibup @ satisfies the weak Kreiss-Lopatinskii condition i.e. T N (= \ Zo) = 0.

it) T#£0 and T C J4.

iii) For all ¢ € Y, there is a neighborhood ¥ of ¢ in =, a regular basis (EY 1, ..., Ef, )(C) of
E$(¢) on ¥, an invertible p1 x p1 matriz P(C), reqular on ¥ and a smooth real valued function ©
such that

VCEeY, BL[E},, ... Ef ] (¢) = P({)diag(y + iO(C), 1, ..., 1).

In particular, one can find a Lopatinskii’s determinant under the form :
Vee?, AQ) = (v +1i0(¢)) det P(C).

These definitions about hyperbolic boundary value problems in the half space motivate the
following definition for the corner problem :

Definition 2.6 We say that the corner problem is in the W R class for the side 0 if the
boundary value problem @ is in the W R class.

In all this paper, the boundary condition for the side 92y will not satisfy the uniform Kreiss-
Lopatinskii condition ( more precisely we will then work with corner problem in the W R class for
the side 0€2;) and then will lead to weak well-posedness. While, as mentionned in the introduc-
tion, the boundary condition for the side 022 will be choosen as "nice” as possible in terms of
well-posedness. However, we will see in Theorem [3.1] that even if the boundary condition on 9
is in the most favorable class of strictly dissipative boundary conditions (see [BGS07]), it can not
compensated the ”bad” boundary condition on 9€;.

To make things more precise, let us thus assume the following :



Assumption 2.3 The corner problem is in the W R class for the side 0€);.
The boundary condition on the side 0€Qq is striclty dissipative or satisfies (at least) the uniform
Kreiss-Lopatinskii condition. In the first case, that is to say that the following inequality holds :

Vv € ker By, (Agv,v) < 0.
While in the second case, it means thatV { € =, we have :
ker B, N E5(¢) = {0} .

In both cases (we refer to [BGSO7] for a proof that strict dissipativity implies the uniform Kreiss-
Lopatinskii condition) the restriction of By to E5(C) is invertible. We denote this inverse by ¢2(().

When one studies geometric optics expansion for weakly well-posed boundary value problems,

it is useful to define the following vectors (this definition comes from [CG10] and was also used later
in [Benl4]) :

Definition 2.7 Let be in the W R class for the side 0§21, then there exists
o a vector e € CN\ {0} such that ker By N E5(¢) = vect(e).

o A wvector b € CP \ {0} such that b- Bw =0, for all w € E{(().

3 Formal phase generation process and main result.

3.1 Phase generation process.

In this paragraph we give some elements about what are the expected phases in the WKB expan-
sion and the associated amplitudes for corner problem in the W R class for the side 9€)y. We will
not here give a precise description of the phase generation process in itself (we refer to [Ben| and
[SS75] for a complete discussion) but we will focus on the expected sizes of the amplitudes according
to the small parameter €. More especially we will also discuss after how many time of travel the
amplifications are expected.

Let us thus consider the hyperbolic corner problem :

L(O)u® =0, on Qp
B1u|€m1:0 :957 on 8(211,

Bgu‘lgxzzo = 0, on 8QQ7T, (7)
uIEtSO =0,

and we assume that satisfies Assumptions - and . We also suppose that this corner
problem admits four selfinteracting planar phases (see Assumption or [Ben| for more details)
namely

on; (t, ) =1t —l—{?jxl —l—{;jxg, j=1,..4,

and that the source term g¢° in is choosen in such a way that it "turns on” the phase o, .
Finally we assume that the phase ¢,, is associated to the only frequency for which the uniform
Kreiss-Lopatinskii condition is violated.

Let us choose ¢°, zero for negative times, with compact support away from the corner for all
positive times (or at least a function which is zero on a neighborhood of the corner for all positive
times). Then by finite speed of propagation arguments, the information carried by ¢ can not hit
the side 92y immediately. So, at least during a short time, we can forget the boundary condition on



{z2 = 0} and see the corner problem ([7)) as a problem in the W R class for the half space {1 > 0}.
It is thus natural to start by taking the ansatz for this problem lying in the half space, that is to
say to consider the phases ¢; 1 defined by

it x) =Tt + & Mo+ & aa, = 1,1,
where the (f{’l) are the roots in the & variable of the dispersion relation :
det Z(dy;) =0,

associated to incoming-outgoing or incoming-incoming group velocities (see [Ben] for more details).
Let us stress that, by assumption, the phase ¢, is contained in the ¢; .

However the analysis of [CG10] tells us that when the uniform Kreiss-Lopatinskii condition
breaks down, due to a transport phenomenon along the side 921, the leading order is one order
less than the order of the source term on the boundary {x; = 0}. More precisely, if the source
term is of order one, then the leading order in the WKB expansion is of order zero. It can also be
shown that this transport phenomenon along the side 0¢21, in the presence of a source term on the
boundary, is immediately turned on. We thus expect that this property which comes from the study
of the problem in the half space remains true for the corner problem , at least during a short time.

In all this paper, we will assume that the transport along the side 9€2; spreads the information
away from the corner. If it is not the case then the information will hit the corner in finite time.
Until now, we are not able to construct geometric optics expansions if such a situation occurs and we
thus have a maximal time of existence for the geometric optics expansions after the time of impact.
However let us remark that in the particular framework d = 2, then the velocity of the transport
along the side 09 is explicitly computable. More precisely it is given by —5%1 (see [CGI10]). So
in this particular seeting asking that the transport phenomenon along the si2de 0y spreads the
information away from the corner is equivalent to ask that 7 and £)* have opposite signs, which is
easily verifiable in practice.

Then we study the reflections of the phase ¢,, against the side 0€23. A precise description of
the reflections for the other amplitudes can be found in [Ben|, but it is not as important as the
generation of the phase ¢,, by the phase ¢,, for our current discussion.

The ray associated to the phase ¢, is incoming-outgoing so it hits the side 02y after a finite
time of travel. However, when it happens, the striking ray still have its support away from the
corner. Thus, once again, by finite speed of propagation arguments, at least during a small time, we
can see the corner problem as a problem in the half space {z2 > 0} from which the information
on the side 022 has been ”"turned on” by the incoming-outgoing phase ¢,,. We thus add in the
ansatz the amplitudes associated with the phases

@jo(t, ) =Tt + EMay + E)%xg, § =1,... Ny,
where the (52’2) are the roots in the & variable of the dispersion relation :

Let us here insist on the fact that there can be less than N roots for this dispersion relation
and that these roots can be complex valued. Indeed, the boundary value problem in the half space
{z2 > 0} is not assumed to be in the W R class. According to [Ben] we only consider the real roots

10



associated with outgoing-incoming or incoming-incoming group velocities and a class representative
of the complex valued roots with positive imaginary part (see Section 4| or [Ben| for more details).

As the boundary condition on the side 9€2s is assumed to satisfy the uniform Kreiss-Lopatinskii
condition, there is no transport phenomenon along the boundary and the leading order of the W K B
expansion remains of order zero (for a source term on the boundary 0€; of order one).

We can then repeat exactly the same arguments to show that the phases ¢,, and ¢,, are gen-
erated when we consider the reflections of the ray associated to ¢, on 8Q1E| and the reflection of
the ray associated to ¢y, on 0. It is then interesting to study the reflection of ¢,, against the
side 9€21. This reflection starts after a strictly positive time ¢ at a strictly positive distance of the
corner yo (the precise values of this parameters are given in Section |5 and will be fundamental in
our proof). By selfinteraction phenomenon, we know that during this reflection the phase ¢, is
generated again. However due to the degeneracy of uniform Kreiss-Lopatinskii condition for the
phase ¢,,, a new transport along the boundary is expected and shall induce a new amplification
phenomenon. All the amplitudes in the ansatz then should lose one power of €, that is to say that
the amplitude of order zero becomes of order —1, the amplitude of order one becomes of order zero
and so on.

As a consequence, if one starts with a source term of order two in € then before the time ¢, the
leading order of the geometric optics expansion is expected to be of order one, but after the time
to, the leading order in this expansion is expected to be of order zero. Moreover the traces of the
amplitudes associated to the phase ¢,, are now expected to be zero for x5 less than yg. We can
thus repeat exactly the same arguments. That is to say that after another complete circuit around
the loop, the amplitude associated to ¢y, hits again the side 0§2; and regenerates the phase .
A new amplification thus happens and all the amplitudes lose one order in terms of €. The leading
order in the geometric optics expansion is now expected to be of order zero for a source term on
the boundary of order three.

So if one wants to construct a geometric optics expansion with M + 1 amplifications before a
fixed time 7', it will be sufficient to choose the support of the source term g close enough of the
corner to ensure that the rays have made M complete circuits around the loop before the time T

Moreover, the fact that we choose to work with a fixed maximal time of resolution 1" and with
a source term ¢ having its support away from the corner permits us to assume that the number of
generated phases in the phase generation process is finite and avoid the technical difficulties pointed
in [Ben|. Indeed, in [Ben| it was shown that the phase generation process consists of considering
sequences of phases with incoming-outgoing and then outgoing-incoming group velocities and to
stop the sequence when we meet a phase with incoming-incoming group velocity. However, here
each transport phenomenon from one side to the other takes some strictly positive time (which is
explicitly computable) because the transported information has it support away from the corner.
So when we apply the phase generation process we can stop the sequence as soon as the sum of the
times needed to generate the considered phase is strictly more than the fixed maximal time 7.

3.2 Main result.

In this paragraph we describe the main result of this paper. Roughly speaking, this result states
that when one deals with a corner problem which do not satisfy the uniform Kreiss-Lopatinskii

3Let us stress that during this reflection on the side 91 there is no amplification because the considered phases
are ¢n, and ¢n, but not ¢, .
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condition on each boundary then he should be careful. Indeed, Theorem demonstrates that
such a problem can, in some situations depending on the geometry of the characteristic variety,
be ill-posed. The violent instability is, in this framework, caused by an accumulation of weak
instabilities and differs from the failure of the weak Kreiss-Lopatinskii condition which is, to our
knowledge, the only known example of violent instability for hyperbolic boundary value problem.
Before to state the main theorem, let us define more precisely the terms of the previous discussion :

Definition 3.1 The corner problem is said to be weakly well-posed (or to generate a weak
instability) if there exists (K, Ky, K2) € R3\ {0} such that for all source terms f € HX(Qr),
g1 € HE (O 1), g2 € HKQ(OQZT), the corner problem admits a unique solution u € L*(Qr)
with traces u|,,—q € L*(0 1), Ujgy—0 € L%(0Q.7) satisfying the energy estimate :

||UH%2(QT)+Hu|a;1:0||%2(agm) + ||U\x2:0||%2(aQQYT) <
2 2 2
Cr (I 1By + 1911 oy 1y + 192050 00, 1))

for some positive constant Crp.

The corner problem is said to be ill-posed (or to generate a violent instability) if such integers
do not exist.

The main theorem of this paper is the following :

Theorem 3.1 Let be a corner problem satisfying Assumptions and[4.9 then

can not be weakly well-posed. In other words, for all K € N*, one can find g1 € HK((?QLT), such
that the energy estimate

||u||iQ(QT)+Hu|$1:0‘|%2(8§21,T)+||u|12:0||%2(8927T) <Cr <||f||%2(QT) + ”.91”?—[1((8(21’1«) + H92”%2(392,T)) ;
is violated.

The proof of Theorem [3.1]is given in Section[6] This proof is based on the rigorous construction of
a geometric optics expansion for the corner problem with an arbitrary number of amplifications
compared to the source term on the side 9€2;. This construction, which is the technical part of the
proof, is made in Section
4 General framework.

In this section we recall some notations and definitions used in [Ben|] to describe rigorously the set
of phases obtained by reflection against the side of the quarter space.

4.1 Definition of the frequency set and first properties.

Let us start with the definition of what we mean by a frequency set :

Definition 4.1 Let .# be a subset of N and 7 € R, 7 # 0. A set indezed by .7,

F = {fl = (Iagivgé)vz € j}?
will be a set of frequencies for the corner problem if for all i € F, f; satisfies

det f(fl) = 0,
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and one of the following alternatives :
i) &, ER ' ‘
i7) i€ (C\R), & € R and Im & > 0.
iii) €& € (C\R), & € R and Im &, > 0.

In all what follows, if .% is a frequency set for the corner problem , we will define :

Fos = {fi € .F satisfying i)},
Fev1 = {fi € F satisfying ii)},
Fevz = {fi €. satistying iii)} .

It is clear that the sets %,s, Fep1 and Fepo give a partition of #. Moreover to each f; € %5, we

can associate a group velocity v; := (v; 1,v;2). Let us recall that the group velocity v; is defined in
Definition The set .#,, can thus be decomposed as follows :

Fii = {fi € Fos \vi1,vig >0}, Fip = {fi € Fos \ i1 > 0,v;20 <0},
Foi = {fi € Fos \vi1 < 0,052 >0}, Foo = {fi € Fos \vi1 <0,v,2 <0},
Fq = {fi € Fos\vig =0o0rv;s =0}.

The partition of .# induces the following partition of .# :
S = ngfooU%onoiU%iUJevlujeUZa

where we have denoted by ., (resp. g, oo ois iis evl, ev2) the set of indeces i € .# such that the
corresponding frequency f; € Fi, (Y€8D. ¢, oo, ois iis evl, ev2)-

From now on, the source term ¢g* on the boundary in reads :

G (t, m) = eg(zt+§2a:2)€M+19(t7 ), (8)

for some fixed integer M and where the amplitude g has its support in space away from the corner
and is zero for negative times.

The following definition gives a precise framework for the phase generation process described
in paragraph More precisely, this definition qualifies the frequency set that contains all (and
only) the frequencies linked with the expected non-zero amplitudes in the WKB expansion of the
solution to the corner problem .

Definition 4.2 The corner problem 1s said to be complete for reflections if there exists a set of
frequencies & satisfying the following properties :

i) F contains the real roots (in the variable &1 ) associated with incoming-outgoing or incoming-
mcoming group velocities and the complex roots with positive imaginary part, to the dispersion
equation

detg(zv £1a£2) =0.

it) Fg=10.

iii) If (1,1, €8) € Fi, then F contains all the roots (in the variable &), denoted by &5, to the
dispersion relation det £ (1,4, &2) = 0, that satisfy one of the following two alternatives :

iit') €5 € R and the frequency (T, fi,fg) is associated with an outgoing-incoming group velocity
or an incoming-incoming group velocity.

iii") Im &5 > 0.
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i) If (1,€%,€L) € Fui, then F contains all the roots (in the variable &), denoted by &, to the
dispersion relation det £ (1,&1,€5) = 0, that satisfy one of the following two alternatives :

iv') €7 € R and the frequency (1,&Y, €L) is associated with an incoming-outgoing or an incoming-
mcoming group velocity.

i) Im & > 0.

v) F is minimal (for the inclusion) for the four preceeding properties.

Remark Point 7) imposes that the frequency set .% contains all the incoming phases for 9€; that
are induced by the source term g°.

Point i77) (resp. iv)) explains the generation by reflection on the side 9y (resp. 9€21) of a wave
packet that emanates from the side 9 (resp. 0€2).

An immediate consequence of the minimality of .% is that .%,, is empty. Moreover let us stress that
according to the discussion made in paragraph because we are dealing with finite time and a
source term which has its support away from the corner, without loss of generality we can assume
that #.% < +o0.

Let us recall that if the corner problem is complete for reflections, one can define two applications,
defined on the index set .# and which give, in the output, the indeces ”in the direct vicinity” of the
input index :

P, W:ﬂ—)@N(gﬁ),

where Zn () denotes the power set of .# with at most N elements. More precisely, the definitions
of ® and ¥ are : for i € .7, fi = (1,&, &),

()= {je s\ =g} ad 9():= {jers\e=¢l}.
For convinience let us introduce the short notations :

O*(i) == @) \ {i} and U*(i) := V() \ {3}

We refer to [Ben| for more details about the sets ®(i) (resp. ¥(i)) in terms of wave packet reflection
and about the graph structure that they induce on the index set .#. The applications ® and ¥
have the following properties :

Proposition 4.1 If the corner problem is complete for reflections, then ® and V satisfy :
iyVie S, ie¥(i), i€ D).
i) Vi e S, V) € ¥(i), Yk € ®(i) we have ¥ (i) = ¥(j) and (i) = ®(k).

i) Vi € I, Pi) N Iy = 0 and V(i) N Iy = 0. And, Vi € Fep1,V] € Fepa, we have
V(i) C o1, P(i) C Fepo.

iv) Vi € jos; #((I)(Z) N rﬂevl N tﬁio N vgzz) <p1, and #(‘11(1) N rjev2 N joi N fﬂn) < pa2.

v) Vi € ., we have on one hand iy, iy € ®(i), i1 # ig :
Qi) NW(i1) = {i1} and V(i) N V(iz) =0,
and on the other hand, Vj1,j2 € U (i), j1 # j2 :
(i) N @) = {1} and @(j1) NP(j2) = 0.
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We refer to [Ben] for a proof.
Thanks to applications ® and WV it is easy to define the notion of two linked indeces in the graph
structure of .# :

Definition 4.3 Ifi € .%,, we say that the index j € FioU Iey1 (resp. j € Fpi U Iey2) is linked with
the index i, if there exists p € 2N+1 (resp. p € 2N) and a sequence of indeces £ = ({1, 0, ...,¢p) € FP
such that :

)l € U(i) N Iy, by € P(4y) € Fio, ..., J € P(Ly) (resp. j € U(Ly)).

We say that the index j € % is linked with the index i, if there is a sequence of indeces

= (l1,0y,....0,) € IP such that :
B) 01 € U(i) N Ty, b € B(L1) N Iio, { J € 2(ty), pis odd,

Jje¥(l,), piseven.

If i € S, we say that the index j € Fjp U Iey1 (resp. j € Foi U Jen2) is linked with the index
i, if there exists p € 2N (resp. p € 2N+ 1) and a sequence of indeces { = ({1,02,...,{,) € IP such
that :
") by € D(i) N Fip, ba € U(ly) € Fyiy ..., J € P(lp) (resp. j € V(Ly)).

We say that the index j € F; is linked with the index i, if there exists a sequence of indeces

L= (0, 0a,....0,) € IP such that :
B) 1 € B(i) N Fi, by € (1) N S, { J € VL), pis odd,

Jj € ®(), pis even.
Finally, if i € i U Foy1 U Feyo, there is no element of Z linked with 1.

Moreover, we will say that an index j € & is linked with the index i by a sequence of type H
(for “horizontal”) (resp. V' (for "vertical”)) and we will note i o J (resp. i >7 j) if the sequence

(i, 01,02, ..., Lp, j) satisfies &) or ") (resp. ') or B')).

Applications ® and ¥ also enable us to define a set of class of representative for the complex valued
frequencies (or evanescent frequencies) in view to treat these frequencies in a ”monoblock” way.
That is to say that for an index i € 1 (resp. i € Fey2), all the indeces j € Fopy N D(2) (resp.
J € o2 NV (7)) will contribute to a single vector valued amplitude. To write off the ansatz and to
describe with enough precision the boundary conditions, it is useful to introduce the two equivalence
relations 3 and > defined by :

i$j<:>je<1>(z'), andi$j<:>j6\11(i).

Let €; (resp. €3) be the set of equivalence classes for the relation " (resp. E)’ and Z#1 (resp.

H2), be a set of class representative for €; (resp. €2). So %) (resp. #2) is a set of indeces which
include all the possible values for £ (resp. &) of the differents frequencies. Let us define R; and
Ro by :

Ry = {Z € % \ (I)(Z) N Fep1 # @} , (9)
Ry 1= {Z € %o \ \I/(Z) N Fepo # (Z)} . (10)

M1 (resp. Rg) is a set of class representative of the values in & (resp. &) for which there is an
evanescent mode for the side 9 (resp. 0€22). At last, without loss of generality, we can always
assume that ny € %, in other words, we choose n; as a class representative of its equivalence class.
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To conclude, let us recall the following proposition which is an immediate consequence of Defi-
nitions 4.2 and 4.3.

Proposition 4.2 Let .F be a complete for reflections frequency set indexed by %. Let %y be the
set of indeces in ¥ generated by the source term ¢, that is to say :

Sy = {Z € Fio U I U o1 \ det,ﬁf(z,fi,@) = 0} :
Let P4 be the set of indeces in Z linked with one of the elements of %y. Then

Ip =S

4.2 Frequency sets with loop.

As in [Ben] we will assume that the considered corner problem admits a unique selfinteraction looﬂﬂ
Let us recall the definition of such a loop :

Definition 4.4 Letic 7, p e 2N+ 1 and { = ({4,...,4,) € IP.
o We say that the index ¢ € ./ admits a loop if there exists a sequence { satisfying :

b€ ®(i), by € U(ly),....0 € U(Lp).

e A loop for an index i is said to be simple if the sequence £ does not contain a periodically repeated
subsequence.

e An index i € F, (resp. i € Fy;) admits a selfinteraction loop if i admits a simple loop and if the
sequence (i,£,1) is of type V' (resp. H) according to Definition .

Let us assume that :

Assumption 4.1 Let be complete for reflections, we assume that the frequency set ¥ contains
a unique loop, of size 8 and that this loop is a selfinteraction loop. More precisely, we ask that the
following properties are satisfied :

vi) (n1,n3) € F2, (n2,n4) € L2 such that

ng € \I/(nl), ng € <I>(n2), ng € \IJ(TLg), ny € CI)(TL4).
vii) Let i € F an index with a loop £ = (¢1,...,£p). Then p =3 and {i, (1,02, 03} = {n1,n2,n3,n4}.

Let us define f™ the frequencies associated to the loop’s elements. For j =1, ...,4 we write :

f’fll = (Iaéng)v fn2 = (Ia§17§2)> fTLS = (Iaglaﬁz) anda fn4 = (IaglaEQ)' (11)

We also assume that the only index of . for which uniform Kreiss-Lopatinskii condition is violated
is n1. We summarize the previous requests on the set of indeces for the corner problem in the
following assumption (which specifies Assumption 2.3):

Assumption 4.2 The corner problem is in the class W R for the side 021 and satisfies the
uniform Kreiss-Lopatinskii condition on the side 00s. The set where the uniform Kreiss-Lopatinskii

condition for the side 0 breaks down T (see Deﬁnition is given by T = {f"l = (iT, él,EQ)}.
Moreover to make sure that the transport along the boundary spreads the information away from
the corner we will ask that T and &, has opposite signs.
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Figure 1: The coefficients of the loop’s elements.

To conclude let us recall that when the frequency set .%, indexed by .#, is complete for the reflections
and that when it admits a unique loop, then it follows from the definition of linked indeces [£.3] that
we have the following Propositions :

Proposition 4.3 Let i € .7 then there exists a unique type V sequence linking ny to i.

Moreover, one can write % \ {n1,na,n3,n4} as a partition :

(4 \ {n1,n2,n3,n4}) = (Uyeg, Aa) | Uz, Bon) | (Ugee,Ce) U (Urce, Do) . (12)

where A,, denotes the set of indeces i € & from which the type V sequence linking ny to i starts by
a;, By, denotes the set of indeces i € . from which the type V sequence linking ny to i starts by
(n2,b;), Ce, denotes the set of indeces i € & from which the type V sequence linking ny to i starts
by (ng2,ns3,cq) and Dy, is the set of indeces i € & such that the type V' sequence linking ny to i
starts by (ng,nz, n4,d,).

Proposition 4.4 Let .F be complete for the reflections, under Assumption[{.1. Let .7 be the index
set ; then ® and U satisfy, in addition to the properties of Proposition[{.1], the four extra properties

viii)
O(n1) \{n2} C Fio U I U It . V() \ {n1} C Foi U Iy U Lo,
O(ng) \ {na} C FioU I U I, V(ng) \ {n3} C Foi U I U I
iz) Let i € I3 U Fep1 and j € Iy U Foyo then

i€ d(m) = W) ={i} . jeWm) = B()={j},
i€ d(ng) = V(i) ={i} . jeU(ng) — B(j)={j}.

Let j € Ay \ {a}, we denote by { = ({1,...4p) the sequence of type H linking j to a. Then,
according to the parity of p, we have : -

x') If p € 2N, then j & S,;. Moreover, if j € S U Iy then U(j) = {l}

") If p € 2N+ 1, then j ¢ F,. Moreover, if j € Fepo U Iy then ®(j) = {l}

Propositions [4.3] and [£.4] then permit to show that the set of indeces .# has the "tree” structure
depicted in the figure 2. To conclude this section we define the following matrices which will be
useful during the construction of the geometric optics expansions.

4Compared to [Ben], for convenience, we have exchanged the indeces na and n4. It is due to the fact that here we
are more interested in a precise description in terms of wave packets reflection than in [Ben]|.
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Figure 2: ”Tree structure” of the frequency set .%.

Definition 4.5 For j = 1,2 and k € R;. Let f* = (1,&F,€5) be the associated frequency with the
index k. We define Pk, . (resp. QF, ;) the projector on EJ“(iz, &5 ;) (resp. A;E;°(iz, &5 ;)) with
respect to the decomposition (resp. (3))).

For j = 1,2 and k € %,5. Let f*¥ = (1, 5{“,5’2"’) be the associated frequency with the index
k. We define Pf (resp. Qf) the projector on ker £ (f*) (resp. Ajker Z(f¥)) with respect to the
decomposition (resp. (3)). We also define R;? the partial-inverse of £ (f*) uniquely determined

by :
k ky _ k kpk _ pknk _
R;Z(f")=1-P;, PfR] = RjQj =0. (13)

5 Geometric optics expansions for selfinteracting problems in the
W R class.

The corner problem that we are now interested in reads :

L(0)u® =0, on Qr

Blu\sxlzo :g]SV[, on 6917'], 14
BQuTxQ:O == 0, on 892”1"7 ( )
“Ttgo =0,
where the source term gj, is given by :
Gir(t,wa) = M eE TRy (1 ), (15)

with 7 > 0 fixed, & < 0 defined in and where M € N\ {0} is ﬁxe The function g is zero
for negative time and has its support in space away from the corner for all positive times. More

5The case M = 0 corresponds to the boundary value problem in the half space and will not discussed here.
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precisely, there exists Yy > 0 such that :
Vi€ Ry, Vo <y, g(t,z) =0.

The aim of this section is to construct the geometric optics expansion associated to the corner
problem up to a fixed time T' > 0. More precisely, we want to show that, up to choose the sup-
port of the function g close enough to the corner, the geometric optics expansion suffers a number
of amplifications that can be made arbitrarily large. Indeed, due to the presence of the loop, the
amplification arising for the amplitude associated to ni will be repeated at each cycle around the
loop. More precisely, if one fix M in and wants to show that the leading order in the WKB
expansion is of order zero then it will be sufficient to choose g such that its support is close enough
to the corner to ensure that we can make M complete circuits before the time T'.

Let us give more details about these times of travel. We fix a point (0,y%) € 9 satisfying
9(0,4°) # 0 and we draw the characteristic with group velocity v,, passing through (0,y°). This
characteristic intersects dQy in a point (z°,0) after a certain time of travel ¢;(y°). Then we draw
the characteristic with group velocity v, passing through (z°,0). It intersects 9 in a point (0, y*)
after a certain time o (yo). We repeat the same process for the characteristics with group velocities

Uny and vp,. Let (z',0), (0,3?) be the corresponding points of intersection and t3(y°), t4(y") be the
corresponding times of travel. An easy computation shows that :

4
P = By°, and, T (%) == 3 t5(4°) = oy’
j=1

where o and 3 are given by :

1 Unq,1 Uny,1VUnsy,2 Uny1,1Vny,2Ung,1
o= — 1 _ 1, + 1, 2,4 1, 2, 3 , (16)
Uny,2 Unz,1  Ung,1Ung,2  Uny,1Un3,2Uny,1

4 2 if s odd,
= i, with, g, := N 17
’ -1:‘[1537 P ZJ’Q,ifjiseven, (17)
Jj= nj,l
where the Up; 1= [vnj,l Unj,g] are the group velocities for the indeces of the loop.

After m € N* circuits around the loop the initial point (0, yo) comes back on 9§ in (0, y*™)

after a total time of travel T',,. It is easy to show that : -

m—1
sz — 5my07 and, T, = Im(g()) — CVQD Z Bk
k=0

We point the fact that if 3 < 1, that is to say when the rays get closer and closer of the corner,
the limit of the sum defining T',, when m goes to infinity is finite. In other words, the rays reach
the corner in a finite time Tpqq := agg Yoo B%. In this particular situation we will thus assume
that T < Thaz-

It is clear that one can always choose QO in such a way that :

Ty <T <Tpyy

As already mentionned in paragraph ift e [Ik,min(lk. i, T )[ one expects that all the
amplitudes of order less than M — k + 1 are zero. Moreover one also expects that the traces on
091 of the amplitudes associated to the index n; which are not identically zero vanish for z < y%.
Indeed, for time ¢ € [I pomin(Ty 1, T) [, the information has only made k complete circuits around
the loop, so it can not have been amplified more than k£ times and can not have been transported
under the threshold g% . This observation motivates the following definition :
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Definition 5.1 Let us write, for n € N,
Upny (8, 2) = Uppn, (8, 2)e + 0 (L, x),

where the vector e in defined in Deﬁmtion (this decomposition will be explain in pamgmph
and where Up, € @jcx(n,) ker L(f7). Let M € N we distinguish the two following subcases :

if B <1, we say that the sequence of amplitudes (Up n, )neN 5 in P< if for all n € N, Vnmnije, o
is in @é‘i . Where the space gzé\i " is the set of functions p € €°°(|—o0, T[, Z(R4)) satisfying :

i) If M —n > 0, then for —oco < t < Trrens w(t,x) =0 Ve € Ry, and for all k such that
M-n<k<M,ifT, <t<min(T,Tj,), p(t,z) =0 Vz < y**.

i) If M —n < 0, then p is zero for negative times, and for all k such that 0 < k < M, if
Ty, <t <min(T,Th), p(t,z) =0 Vz < y?*.

iii) If n < —1 then 2M~" = {0}.

If B > 1, we say that the sequence of amplitudes (un n, )nen is in P if for alln € N, Vnni g —o
s in (@Iy;". Where the space (@é\y/[;” is the set of functions p € €°(|—o0, T], Z(Ry))satisfying :

i) If M —n > 0, then for —oo < t < Ty, w(t,z) = 0 Vo € Ry, and for all k such that
M-n<k<M, ifT) <t<min(T,T),,), p(t,z) =0 Ve <y,.

i) If n < —1 then 9;\4_” ={0}.

The fact that we distinguish the profile space for § < 1 and for 8 > 1 is due to technical reasons

which will be explained in paragraph Notice that by definition we have 95”{" = 938 < for
alln > M. - B

We are now able to describe the expected space of profiles :

Definition 5.2 When 8 <1, a sequence (U k)neN ke.s,, s said to be in the space of profiles Pos <
if (Unn,) € P< and if for all k € I\ {n1}, for alln € N, uy y, lies in H>®(Qr).

When 8 > 1, a sequence (Un i )neN ke.z,, 1S said to be in the space of profiles Pos < if (Unn,) € P<
and if for all k € F,5 \ {n1}, for alln € N, uy, . lies in H*(Qr).

For i = 1,2, the set Pey; of evanescent profiles for the side 0 is the set of U(t,z,X;) €
H>®(Q7 x Ry) for which there exists a positive § such that *XiU(t,x, X;) € H®(Qr x Ry).

As already mentionned, we will have to consider three kinds of phases, the oscillating ones, the
evanescent ones for the side 92; and the evanescent ones for the side 9. These will be denoted
by :

(pk(t,$) = <(t,$),fk>, fk E<g\057
wk,l(taxQ) = <(t707x2)7fk> fk S ﬁevl U r92.057
vk € ‘]057 wm(t,ﬂfl) = <(t7 X1, 0)7 fk> fk S ev2 U J‘os

Once the expected phases are defined, we postulate the ansatz :

wita) ~ S eneret Dy, (1 x) (18)

n>0 ke Iy
T i Z2
+ Z Z e 65% 1 tﬂ?2)U ( ,?) + Z Z 5“651”’“2“7“)%,1@2 (t,x, ?> ,
n>0 kER; n>0 keNRa
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where (up k)nenkes,, € Pos< (resp. Pos <) for f < 1 (resp. f > 1), and for all n € N,V k €
Ri(resp. Ra), Up i1 (resp. Upg2) is in Pey 1 (resp. Pey2).

Plugging the ansatz into the evolution equation of lead us to the cascade of equations

g(dgok)UQk = 0, Vk € jom
ig(dgpk)unﬁ-l,k + L(a)un,k =0, Vn € N,Vk € <ﬂow
Lk(axl)U(]’k’l = 0, Vk € %1, (19)
Lk<8X1)Un+1,k,1 + L(@)Umk,l =0, VnéeN,Vk e Ry,
Ly(0x,)Uo k2 = 0, Vk € R,
Li(0x,)Uns1,k,2 + L(O)Up k2 =0, neN,VE € Ry,
where the operators of derivation in the fast variables L;(0x,) and Ly(0x,) are defined by :
Li(0x,) = Ai(dx, — F(1,85)) for k € Ry, (20)
Lk(ax2) = A2(8X2 — %(I, ff)) for k € Rs. (21)
Then, plugging the ansatz in the boundary conditions on 9€2; and on 0€)s, give :
By _ZjG‘P(m) Un,j] 2120 = On,M+19, Vn €N
Bl Zjéq)(k)mfos un7j + Un7k71\X1:0:| ‘ 0 = 0’ ne N7Vk € (%1 \ {nl}) N “'Rl?
- 1=
By [ e tni] e =0 n€NVEE (@ \{m})N%R,  (22)
B2 [ Y jcuimysn, tni + Un,k,g‘XQ:OL =0 meNVkeR,
L xro=
B2 Z]G\I/(k) unyj:|| 0:07 nEN,VkG%Q\mQ,
\ - T2=

where 9y, , denotes the Kronecker symbol.
Finally, plugging the ansatz into the initial condition of , give :

un,k|t:0 =0, Vk € jos,
Vn e N, Un,k,l\tzo =0, VkeNR, (23)
Un,k,2‘t:0 =0, Vk € Rs.

Thanks to the cascade of equations — and we are now able to state our made result
about the construction of the geometric optics expansions :

Theorem 5.1 Let T > 0 and assume that the corner problem satisfies Assumptions 2.2
and[f.2. Then :

e If 3 > 1, then for all M € N the corner problem admits a WKB expansion under the form
. More precisely there exists sequences of functions (U k)neNke.s,, € Pos,> (Unk1) € Pevt, and
(Unk2) € Peva satisfying the cascades of equations — and . Moreover one can always
choose g in such a way that the leading order in s not identically zero.

o If B <1, assume that T < Ty if B < 1, then for all M € N the corner problem

admits a WKB expansion under the form . More precisely there exists sequences of functions
(Unk)neN ket € Pos< » (Unii) € Pevt, and (Upi2) € Peva satisfying the cascades of equations

21



— and . Moreover one can always choose g in such a way that the leading order in

s not identically zero.

The question is now to solve the cascades of equations — and . More precisely, to solve
the cascades, we are looking for an order of resolution of the different equations and an equation
which can be solved before all the other in view to initialize the resolution.

In [Ben] it is shown that to construct any amplitude in one of the ”trees” (that is the sets com-
posing the partition of .# despicted in Figure 2) it is in fact sufficient, thanks to the uniqueness
of the type V sequence linking any index of the "tree” to its root (see Proposition and the
uniform Kreiss-Lopatinskii condition ,to know the amplitude associated to the root. Then it is
shown that to know the amplitudes associated to the roots it is sufficient to know the amplitudes
associated to the loop indeces. Thus the determination of the loop’s amplitudes was in [Ben| the
construction needed to initialize the resolution of the cascade of equations.

The first equation of the cascade implies that we have the well-known polarization condition
for the oscillating amplitudes ug y, in particular for k = ni, we have ug,, € ker.Z(dyy,,), in other

words we can write :
n
Pt ugpn, = uom, - (24)

But, thanks to Assumption ker .Z(dpy, ) is one dimensional. Assumption then permits
to write :

o, (8, ) = von, (X, z)e, (25)

for some unknown scalar function v, and where e is the vector defined in [2.7/°| For other indeces
k € Z,s we can always write :
Uo ke = V0,kCk (26)

where 1 1, is a scalar function and where ey, is a generator of ker £ (dyy,).
More generally for any n let us intoduce the following decomposition :
P g, (8, 2) = vy (8, 2)e, (27)

where e is defined in Definition .7

Next let us study the second equation of the cascade written for n = 0 and k = n;. If
we compose this equation by Q7' and use the fact that ker Q)" = Ran.?(dy,,) thanks to the
polarization condition (24) we obtain that wug,, satisfies the equation :

Q1 L(0)P{" ug 5, = 0.
From Lax’s lemma [Lax57], we have :

Q’flL(ﬁ)Pf‘luom = (8t + vy, - vm)l/()ml =0, (28)

SLet us remark that is not true anymore if the operator L(9) is hyperbolic with constant multiplicity. In that
framework, has to be remplaced by a decomposition reading :

U0,nq (ta x) = Vo,ny (t7 x)e + {)(ta fl?),

where ¥ lies in some subspace of Ef (iT,£,) where we can apply Kreiss-Lopatinskii condition. However, it seems that
in that case, one can always determine ¥ by reiterating the arguments of [Ben] which lead to ask for the invertibility
of an operator reading under the form (I —T).
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where we used the fact that Q7" induces an isomorphism from RanP;"* to RanQY". Using the fact
that the group velocity vy, is incoming-outgoing, to solve equation we only need to determine
the trace of vy, on {x; = 0}.

However, the degeneracy of the uniform Kreiss-Lopatinskii condition prevents to determine this
trace by the easy classical way. Indeed, the only equation where the trace of vy,, on {z; =0}
seems to appear is the boundary condition written for n = 0 that is :

By Z U, ; =0.

JEP(n1) |z1=0

From and the fact that, by definition e € ker By, the boundary condition reads :

By Z Uo,j =0,

jeP*(n1) |21 =0

where we recall that ®*(n;) stands for ®(nq) \ {n1}. As a consequence this equation does not give
any information about vo ., _,. So it seems that we shall find another way to determine vgn, , -
To do that, we will start by using the method of [CGI0] which has been introduced to construct
the geometric optics expansion for the initial boundary value problem in the half space and we will
see how to adapt this method.

Before to recall the main ideas of the method of determination of 1o, _, by [CGI0], let us
remark the following fact. If one assumes that V0.1, is known and write, once again in view to
simplify the notations :

0

VO,TL”II:O(t;xQ) = MO(tan)J (29)

then is it easy to determine the other amplitudes ugy, for k = ng,...,n4. Indeed, the transport
equation determining vg ,,, reads :

(8t + Uny * Vx)VO,nl = 07 on QT)
Z/O,n1|$1:0 = Mo, 01 OQI,Ta

V07”1|t§0 =0.

Integrating along the characteristics we obtain that :

Vo,n, (t, 21, 22) = 1o <t - 1, T2 — 5{1-701) . (30)

ni,l

In particular, the trace of ug,, on {xg = 0} is given by
uo,nl‘m2=0 — VO,nl (ta X1, 0)67

s0, using the uniform Kreiss-Lopatinskii condition in the boundary condition written for n = 0
and k = ngp permit us to determine the trace on {xg = 0} of 1y p,. Integrating along the character-
istics we obtain :

V07n2 (t, I, .732) = — U0 (tQ(t, I, xg), X2(:IZ1, 1:2)) 5’@6, (31)

where

1 1 . N _
to(t, 1, 29) =1 — T] — { _ 5 ] T, Xo(71,29) 1= —By (w1 — By '),  (32)
Unq,1 Ungy,2 Uny,1
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and
Sy = Py?¢" By. (33)

We can thus repeat exactly the same reasoning, applied to the amplitude ug,, and then for the
amplitude ug y,, to obtain their values in terms of the unknown trace 9. More precisely it follows
that :

Vo.ns (b, @1, 22) = po (t3(t, 21, 22), X3(71, T2)) Snge, (34)
Vo.ny(t, 21, 02) = —po (b4(t, 21, 22),X4(21, 22)) Snss (35)

where we set for vgp, :
g = Pln3¢n3Bl,7n2, (36)

18!

Uny,2  Ung,l

t3(t, 1, m0) :=t — Axy — [ } x2, and, x3(x1, T2) Hﬁ (22 — B3 1w1), (37)

with A a non meaningfull parameter introduced to simplify the notations. It is precisely given by :

A= g (1—@1)- (38)

Ungs,1 Uny,2 Unq,1

And for vg , :

Sy = Pyro" By S (39)
1 _
t4(t,a:1,:1;2) =t — Az — |:U ; — ﬁ4 1A:| T9, and, X4 a:l,mg H ﬁ ﬂ4 1x2). (40)
na,
An important observation for what follows is to remark that the trace v R , depends of the

particular values, t4(¢,0,22) and x4(0,z2). An easy computation shows that the constant in front
of xo in t4(t,0,22) can in fact be expressed in terms of the parameters o and [, introduced in
and and which encode the time needed to make one complete circuit around the loop. More
precisely, we have :

t(t, z2) :=t4(t,0,20) =t — af iy, and, x(z2) = x%4(0,22) = B s, (41)

Let us also notice, because it will be important in paragraph that the knowledge of gy,
allow us to express all the amplitudes in ®*(n;) in terms of y9. Indeed, Proposition implies that
these amplitudes (except ng) are in &; U Z,. So, let i € ®*(ny) \ {n4} to determine v ; for i € F,
(resp. i € .#;;) we have to solve the transport equation :

(8t +v; - Vx)uO&' =0,
By [Zje@(nﬂ\{ml} U(]}j:| 0 = _Bluo’n“\wl:O’ (42)

|z1=
Uiy, o = 0,

(O +vi - Vg )uog =0,
By [Zje@(nl)\{rm} uO:j:| 2120 = _BIUO,TM\II:O?

(= (43)

B [Zie‘l’(m) uo’j} w2=0 0

resp.

Ui, o = 0,

However, by assumption, the index 4 is associated with a frequency for which the uniform Kreiss-
Lopatinskii condition holds, so the boundary condition(s) of (resp.([42)-([43)) can be written
under the form :

2 .0
o my = —P;¢; Biug
. _ _ plgt Lz =0 171 M|z =0"
Ui, _o = P1¢1BIU0,n4‘w1:m resp. e 0 1
u0’£|$2=0 = U

24



Using the expression of U0y, and integrating along the characteristics we obtain that :

=0

— 1, X — 01’2331) (/™e) Pi¢y Brea. (44)

4,1 Vi1

uo,i(t, ) = Ho <t —

5.1 Initialization of the resolution, determination of the loop’s indeces.

As already mentionned in the previous paragraph to determine po we will adapt the method of
[CG10].
Let us study the boundary condition for the amplitude uy 5, that is written for n =1 :

Bl Z Pljul,j = 61’Mg - BluLm - Bl Z (I - Plj)ul,j . (45)
J€®(n1)\{na} |21 =0 J€®(n1)\{na} |21 =0

Thanks to Proposition we know that ®(nq) \ {n4} is included in %, U .#;, so the left hand side
term is in By E7 (i1, &5). By definition of b (see Definition composing by b in the left makes this
term vanish. We thus have :

b- Bl Z (I - Plj)ul,j = 51,M§ —b- BluLm, (46)
je®(ni)\{na} |z1=0

where g :=b-g.

To make this equation more explicit in term of g, we use the cascade of equation written
for n = 0. Composing by the partial inverse R'f defined in Definition lead us to the relation :

Vi€ ®(ni)\ {na}, (I — P))ur; = iR L(d)uo; = iR, L(D)Plug ,

where we used the polarization condition for ug ;. We thus can write under the form :

b-B| Y RIL)Pluo, =i (<G +b- B, ) (47)
J€®(n1)\{na} |21=0

Let us recall the following Proposition due to [CG10] :

Proposition 5.1 ([CG10|, Proposition 2) Let Plj, Q{ and R{ be defined in Deﬁm’tion then
we have R{Ale =0.

Let the vector b be defined in Definition [2.7. Then there exists a nonzero real number k such
that the following equation holds :

b-Bi Y RILO)P] =k (0(i1,&)0; + 05,0(iz, £5)ds) ,
JE€P(n1)\{na}

where © is defined in Definition . Moreover, 8;0(it,&,) = 1 and 0¢,O(i1da, &) = —= = ¢ and
k:=b- Be.
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Proof : We refer to [CG10] for a complete proof. We will here just show that we have the equal-
ity Og,0(i1, &) = —é. This equality was already showed in [[CG10], Lemma 7], but since it is
important for our purpose, let us give a proof for a sake of completeness.

Necessarily £, # 0 otherwise the Kreiss-Lopatinskii condition will break down for v > 0 because
it would say that the boundary condition on 9€; does not satisfy the weak Kreiss-Lopatinskii
condition. We then use the fact that d = 2 and the relation R{Ale = 0. First we have :

Vj € ®(mi) \ {na}, L(dp;) P = TP + & A1P] + E,A2P] =0,

we compose by R?, the term R? A1 P! desappears. Then we sum over j € ®(n;) \ {n4} and multiply
by b- By to obtain :

b-B Y R{Ang:—gb-Bl S RiP.

je®(n1)\{na} 2 je®@(n1)\{na}
g
As a consequence of this Proposition, can be expressed under the form :
T { ~
<8HLO — 62”0) = ; (—9(517]\4 + b - BlP2n4u1,n4‘11=0 + b- Bl(I - P2n4)u1,n4‘m1:0) . (48)

Thus to determine the unknown trace pg, we want to solve the same transport equation as in
[CG10]. But, in the analysis of Coulombel and Gues the amplitude u; 5, which acts like a source
term in could be determinated independantly of ug. Indeed, for the geometry of the half space
u1n, is an outgoing amplitude so it satisfies a transport equation which does not require boundary
condition for its resolution (see [CG10] for more details).

For the quarter space geometry it is not true anymore because u1,,, depends on uq p,, which
depends on uj ,, and so on. However, equation meets with the intuiton that we gave in
paragraph [3| because this equation says that the amplification of order zero is ”turned on” by the
outgoing (for the side 9€) mode u1,,. Moreover, we mentionned at the end of the previous
paragraph that amplitudes ug ; for j = n1,...n4 can be expressed in term of the unknown trace pyo.

So our purpose is now to express the ”source term” uq ,, in terms of the unknow trace po. In
view to do this, we will show in a first time that its unpolarized part (I — Py )uy 5, can be expressed
in term of y9. In a second time we will show that its polarized part Py*u; ,, can be expressed in
terms of pp and a new unknown trace p; (which will be the unknown part of the polarized part of
the trace of u ,, on the side 9€;). The determination of the dependency of (I — Py*)uj 5, in term
of o is made in the following paragraph.

5.1.1 Unpolarized part of the terms of order one.

In a classical way, after composition of the second equation of 19| (written for n = 0 and k = n;;,
j =1,..4) by the pseudo-inverse R’ introduced in Definition we obtain that :

(I = Py, = iRy’ L(O)uom,, if j is odd,(I — Py? Juin, = iRy’ L(O)uo,, if j is even,  (49)
where we used the fact that by definition R”.%(dpp,) =1— P,

Let us recall the following lemma, already used in [CG10] :

Lemma 5.1 We have the following equalities :

RMAPM = RPPA P =0, and, R AaP? = RI Ay PRt = 0.
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Thanks to this lemma we can compute precisely the values of the unpolarized part of the amplitudes
of order one. Indeed for (I — P{")u; ,, we thus have :

(I — Plnl)’LLLn1 = —R?l [Gt + A101 + AQ@Q] 1o (t — X1,T2 — ,811$1> €,

ni,l

— [(Ou0) R e + (Bopuo) R s (t— H—ﬁ> (50)

ni,l
where we used the fact that P/""e = e and lemma
But as e € ker Z(dipy, ), we have (7 + £ A1 + §;A2)e = 0. We compose by R, and we use
Lemma [5.1] to show that : .
R'Ase = —=R7"e. (51)
€2
This relation permits to reformulate under the form :

T _
(L — P urn, = — [atﬂo - 32,“0] <t - 1, %2 — By 15”1) Ry, e. (52)
3 ny,1
For simplicity let us introduce the notation :
-
T = 8,5 — ;62. (53)

)

Remark The fact that one restricts to a corner problem with only two dimensional variables
is used in a non trivial way to establish relation which allows us to reformulate (50) under the
form . We will see in a moment why this reformulation is so important in the proof.

We do not know if the restriction d = 2 is really necessary, however it has the advantage to
make all the following computations much more simpler.

The same computation can be repeated to determine the unpolarized part of the amplitudes
u1n,, for j = 2,...,4. Unfortunatly, since our aim is to determine the exact value of the trace
ULy, —gr W also need the exact values of the unpolarized part of the amplitudes uy,,, for j =
2,...,4. After some computations, we find :

(I = Pp)urp, = (1 + Ilf ) Ogpio + g({)zuo] (t2,%x2) RpySnse, (54)

1,157 >1
T Un, T 4
(I — Pn3)u1’n3 = — [(1 — " ;5 <1 — 1}2’1>> O o + ?52 151 182,LL0 (tg,Xg)RnSyme(E)E))
na, >9 ni, >9

T T 3

(- Pm)ul,m = <1 + fA) Ogpio + E: H ﬁj_lazﬂo (t47 X4)Rn4yn4€7 (56)
1 1j=1

At this step of the proof, the term depending on (I — P;*)uy ,, which appears in the right hand side
of has been express in terms of the function z19. So we just have to express the term P p,.
In paragraph we will see how the knowledge of the unpolarized part of the amplitudes of
order one enable us to determine the polarized part of the amplitudes of order one. However,
before to do this determination, it is useful (and it will a lot simplify the computations) to express
the unpolarized part of the amplitude of order one in terms of the transport operator along the
boundary. Moreover, as we will see in paragraph this reformulation will also be essential for
the resolution of the initialization equation .
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5.1.2 Reformulation of equations - and .

The following lemma which is just an algebraic property based on a simple computation is however
fundamental for our analysis. Indeed it will permit to reformulate equation in a much more
pleasant form. The fact that we are able to reformulate in a particular form (more precisely
under the form (I — T)(7 o) see for more details) is not anodyne at all when one wants to
solve in view to determine g, because it will permit to express 7 g as a sum of iterations of
T corresponding to the number of complete circuits that have been made.

Lemma 5.2 If d =2, we have the following equalities :

T - _é —1
1 + §1vn1,1 - é 1 > (57)
T Uns,1 . 572 1 5—1
(1 — Un2,2§2 <1 — Um,1>> = §2 B By, (58)
1+ ;A = —2&‘%516?7 (59)

where we recall that the parameter A appearing in is defined in .

Proof : We will only demonstrate , the proof of the two other equalities are simpler and follow
exactly the same kind of computations.
First let us develop :

1 |- n n
1224 = [§1+ T (1_1)3,2 (1_1)2,1))]7 (60)
&1 &1 Uns,1 Ung,2 Unq,1

1 _
= = [Un37lvn2,2vn1,1§1 + Un272vn1,11 - Ung,QUnl,ll + Ung,Q”ng,lI] .
U?’L3,lv’n2,2vn1,1£1

Let us recall that for all (7,&1,&2) € V, we have
7+ A(&1,62) =0,
using the fact that A is homogenous of degree one, Euler formula implies that :
T+ (§1,62) - VeA(61, &) = 0. (61)

In particular, applying (61) to f™ = (I>§1’g2)’ fm = (1,§1,§2) and 73 = (1,gl,§2) we obtain
respectively :

T+ Un1,1§1 + UTLLQEQ = 07 (62)
T+ /Un2,1§1 + Un272§2 = O, (63)
T+ vns,lgl + Un3’2§2 = 0. (64)
From we deduce that :
Ung,lvnz,Z'Unl,lgl = —Uny,2Un,,1T — Ung,QUnl,lvn3,2§2~ (65)

Using the second term in the right hand side of this equation can be written under the
form :

Un272vn1,1vn3,2§2 = Uny,1Un3,2T + Un2,1Un1,1Un3,2§1- (66)
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Once again thanks to the second term in the right hand side of , it becomes :

Ung,1Un;,1Vng 26 = ~Uny 1Ung 2T — Uny 2Ung 1Ung 2€0- (67)
Combining equations (65)), and @ we obtain :
Un3,1Un2,2'Un1,1€1 = —Uny,2Un; 1T + Un3,2Un1,1T — Ung,2Uny 1T — Un1,2vn2,1vn3,2£2'

Equality follows from (/60)).
O

Thanks to Lemma formulas — and , which give the unpolarized part of the amplitudes
Ut n,, for i = 2,...,4, can be written under the more pleasant form :

&

(I - Pnz)uLnQ = 5 /81 (‘7”0) (t27x2) Rn2yn267 (68)

(I - P’ng,)ul,ng = H B y:uo t37 X3) Rn3yn3€7 (69)
2] 1

(I - Pn4)u1,n4 = H B yuo t4> X4) Rn4yn4ea (70)

where the transport operator .7 is defined in .
We thus remark that the unpolarized part of the amplitudes uy,;, j = 1,...,4 depend of the
same transport operator which is precisely the transport operator applied to pg in equation .

Let us conclude this paragraph by the determination of the unpolarized part of the amplitudes
uy; for i € ®(n1)* \ {n4}. The knowledge of these amplitudes will be useful in paragraph
From and the relation ([49)), one easily obtains, that after the reformulation of (I — Py, )u1n,,
we have :

(I = Phug, _, =i [(™e)RiL(O)no (b1, %0) Pig} Bres| (71)

|z1=0
from which we deduce that up to some derivatives and multiplications, (I — P%)u1,i|x1=o depend on
/‘1’0 (Ea X)

5.1.3 Polarized part of the terms of order one.

The knowledge of the unpolarized part of the amplitudes of order one enable us to determine the
polarized part of the amplitudes of order one, and will conclude the determination of the right hand

side in equation .
Indeed, let us consider equation written for n = 1 and k£ = n;,j = 1,...4. This equation
reads :
iZ(dpn,)uzm, + LO)P urn, = —L(O)(I — P1)™uyy,, for j odd,
i (dpn; Juon,; + L(0) Py uy n; = —LO)I — )" uyy,, for j even.
Then composing by Q7*, Q7 in the first equation, and by Q5%, Q5* in the second one, makes the

term depending of ug p; disappears and from Lax lemma we obtaln that the polarized parts of order
one satisfy the transport equations :

(O + vn; -vm)Q’ijfjul,nj =-QVL(9)(I — P1)%uyp,, if j =1,3, (72)
(O + v, - V.)Qy' Py? Ui, = —Qy L(O)(I — Py)iuy gy, if j = 2,4, (73)
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with initial and boundary conditions given by —. A preliminary to obtain the exact values
of the solutions of - is thus to determine the source terms. This can be done thanks to
the reformulation made in paragraph Let us start by the term Q7' L(9)(I — P1)™ u1 p,, from
equation , an explicit computation gives :

QL) — P sy = — [Q?lR’fle (aftuo - gafwo) QU AR (afzuo - gazwoﬂ (74)
2 2

1 _
(t — T1,T2 — ﬁl 1:61) .
Un171
Where we used the fact that Q7' A1 R{"e = 0 (see paragraph for more details).

To make this equation more explicit in terms of ug, as it has been done for the determination of
the unpolarized parts of order one, we are looking for a relation linking Q7' Ri"e and Q7' A3 R} e.
Let us recall that ker Q7' = Ran.Z(dyy,) so for all X € CV we have Q1'% (dpn,)X = 0. In
particular, for X = Rj"e and we obtain :

QY Rie + @ AR} e + BQI AR =0 = QF bRI'e = —ZQIRYe (T5)
2
Using this relation in ((74) thus gives :

QU'LO)I — P1)"urn, =
2

1
1
<7f x1, w2 — B 11|,
Unlzl

— Qe (-

2
QM RMe <8Ztuo 2= : = 92110 + ( : > 8%zuo>] (76)
2

—1
x1, T2 — B $1> ;

ni,l

where we recall that the transport operator .7 is defined in .
Let us remark that, exactly as for the unpolarized part of amplitude of order one, the source
term in expresses in terms of the transport operator 7.

We then repeat the same kind of computations for the terms Q52 L(0)(I—P2)™u1 n,, Q7 L(0)(I—
P1)"uy , and Q54 L(0)(I — P2)™ugp,. Using analogous relations as (75]), more precisely :

Q2 AR e = —;QSZRQZy”Qe, (77)
QU8 Ay RY8. ™5 = —ng?SR’f?’,V”%, (78)
Qy ARy e = —;Q?RS“Y"%, (79)
and Lemma in equations — and , s;me tedious (but explicit) computations give :
N2
QL) — Py )urm, = Bi° (2) [Q5*R52.2 e T o] (t2, %), (80)
N2
QULOY ~ P urmy = —B7°657 (?) Q1 R e T2 o] (t3, ), (81)
22
3
QLN =Py = 1157 (52) Q3 Ry 7™ e T o) (b ) (52)
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More details about those computations can be find in Appendix

Now that the source term in equation is express in term of .72, we can solve this equa-
tion in terms of 72puy. Using the fact that, from the strict hyperbolicity assumption, ker By =
E;(iT,&9) = vect {e}, we write as in the beggining of paragraph :

Pln1 Ul,ny (t> l’) =Vim (t’ x)e'

Let us also define,
Vl,m\wl:o(t’m?) = uq(t, x2). (83)

The transport equation becomes :

(815 + Un, - vm)yl,nl = _Q?lQ?lL(a)(I - Plnj)ul,n17

Vl,nuzlzo =M (t7 $2) (84)

Vini<o = 0,
where Q7" denotes the inverse of the restriction of Q7' to RanP;"* and where the trace function
f41,n, is a unknown. Then integrating along the characteristics give the exact value of v ,,, (and thus
P"uy ) in terms of the unknown traces g, p1. More precisely, we have to study two separates
cases :

oi— - 113:1 < 0. Then the transported information is above the characteristic, the transported
ny,

condition is the initial condition. Moreover, as the function pg is assumed to satisfy [10};<(> ODE can
checks on that the transport associated to the source term in the interior is zero. Thus the
associated solution is zero.

ol — Unl%l = > 0. Then the transported information is below the characteristic, the transported
condition is the boundary condition and this time the transport associated to the source term in

the interior does not necessary vanish. Integrate along the characteristics gives the explicit value :

1 _
Vipn, = M <t - 1$1;$2 - 1$1>
ni,
e s S -1 -1
+ c T o | t— - (k1 —s), 22— By s—pP (z1—s) ] ds
0 Uni, 1 Ungl

1
= <75— T1;x2 — 511901) + cx1.7 o (t —

ni,l

Ty, To — 511561) ; (85)
ni,l
indeed, from the explicit value of the source term given in , one can easily checks that the source
term lies along the characteristics, so the integral term is just a multiplication by the length of the
characteristic.

From this formula, and the formula giving the unpolarized part of u;,,, we can thus give the
following value for wuj 5, :

mn n
Un, = Py 1u17n1 + (I - P l)ul,nl

= [m + cx1 T poe — 9M0Rn1€] (t — 1, T2 — 511$1) )

Unq,1

in terms of o and pq :

from which, we deduce the value of ULy |y g

1

Uny,1

ulvnl\IQ:O = |:/J’1 + C$1g2,u’06 - 9/’LORTZ16] <t - 1, —/8]__1.’E1> . (86)
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where ¢ stands for an explicitly computable constant.

This trace then enable us to determine the amplitude wj,,, then the amplitude uq,, and
finally the amplitude u; 5, and more precisely its trace on {z1 = 0} which appears in equation (48).
Indeed, to fully determine ujp;, j = 2,...,4 we just have to determine their polarized parts, thanks

to paragraph Let
P;jul,nj (t,x) = vip,(t,x)ej, for j = 2,4, Plnjul,nj (t,z) = vim,(t,w)e; for j =3,

then, thanks to the uniform Kreiss-Lopatinskii condition and the fact that ng € 7, 1, satisfy
the transport equation :

(8t + Ung * vx)yl,’ru = _Q;qumL(a)(I - PQ)”Q’U,an,
1/17,12'302:0 = —Y”Qul,m‘wzo — yng (I — P;Q)Ul,n2|x2:0, (87)

V17n2|t§0 = 07

where the sources terms are given by , and . We integrate along the characteristics,
once again there are two cases to separate :

ot— 12@ < 0 ; The condition transported is the initial condition, and noticing that the source
ng,

term in the interior is evaluated in t,(t,z) < t — —L— (we recall that t, is defined in (32)) we

Ung,272
deduce that the transport of the source term in the interior is also zero.

ot — ﬁ > 0 ; The condition transported is boundary condition. Integrate along the char-
ng,

acteristics gives :

Vin, = =™ [ + cx1. 7% poe — T poRase] (t2,%2) + coma T po(tg, X,),

202 ~
where ¢y := B;2 (%2) Q20Q5* Ry e.
S
So at this step, we obtain the polarized part of the amplitude uy, 1, from which we deduce the
value of its trace on {x; = 0}. More precisely we have :

Unyy = — [ [+ cx1 T poe — T poRn, €] (ta2,%2) + c232.7 % po (b2, X2)

&
&

&
&

Bfl(yﬂo) (t2,X2) Ry, nye| €2

Bfl(yMO) (tQ’ XZ) anynze' (88)

We then use this trace in the transport equation determining v ,,. Integrating along the charac-
teristics we obtain the trace of P"*uy, ;. The important fact is that (as in the resolution of the
resolution of and ), the source term in the interior already lies along the characteristics so
its contribution to the transport is just a multiplication by z1 of itself. Moreover equations ,
and tell us that the source terms in the transport equation determining vy ,, depends on
p1, o and T 2pp, all evaluated in (t,x2). As a consequence Pj"*uj ,, depends on 1, 7 g and
T2, all evaluated in (t3,x3), then from equation 50 do uq p;-

To conclude, we compute the trace of uj,, on the set {xo =0} and we use it as a source
term in the transport equation determining vy ,,. Repeating exactly the same arguments we show
that the Py*uy ,, depends on i, 7 g and 7 2110, all evaluated in (t4,%4). This fact implies that
P2”4u17n4‘g31: and from ([70)) P2"4u17n4‘11:0 depend on p1, Ty and T2y, all evaluated in (t,x).

0
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As a consequence the right hand side of has been expressed in terms of 1, 7 o and .72 g,
all evaluated in (t,x), more precisely reads:

(T 10)(t23) — (Thio)(1,22) = = (= Forr + 7™ ep(£,)),

where T is up to multiplications by some (possibly complicated functions) the sum of 7y and
T2 followed by the evalutation in (t,x). This reformulation is the keystone of our construction
because its permits to factorize the transport phenomenon along the boundary in the left hand side
to rewrite (48) under the form :

(L = T)T o) (t,z2) = 61,m9 + pa1(t, x),

where we set 1 := %5” "euy and then drop the tilda and where we did the same operation (up to
the sign) for ﬂ

In the following paragraph, we explain how this particular structure for equation permit us
to determine the unknown pyg.

5.1.4 Resolution of equation , preliminary study.

The resolution of equation is based upon the study of the influence of the change of variables
(t,x) on the profile spaces. But these spaces are not defined in the same way depending on the value
of the dilatation parameter 5. That is why the resolution of equation needs to be discussed in
two distinct frameworks.

The case § < 1, the information get closer of the corner or admits a periodic pattern.
Before to solve equation we give a useful property of the spaces of profiles e@éw{" :

Proposition 5.2 If u € 3”5”{” then u(t,x) € c@é‘/‘;—nH~

Proof : We assume that M —n+1 > 0 and M —n > 0, the other cases are similar and will not
be demonstrate here.

In a first time we show that u(t,x) is zero for t € |—o00, Ty, [ If t < Ty ,then so do
t < T),_, and it is automatic. So let us asume that Th—, <t < T, g and t < Th, 1.
By definition of @If\/[_", p(t, ) is zero if z < BM_”QO. Thus we restrict our attention to the case

T > ,BM_”QO. We thus obtain that :

t < Tpropin —aB™ "y, = Tas,

from which it follows that p(t,-) is zero.

Now, let k be such that M —n+1 <k < M and fix t in [T, min(T} 1, T)[, we will distinguish
three cases depending of the value of t :

i) If t <T'_; then it follows that :

Ty, <t<af'z+Ty, (89)

from which we deduce that = > ,Bkgo. Consequently it is, in fact, not useful to study this case to
show that p(t,x) is zero for x < Bkyo.

"Let us stress that the operator T of this paper has nothing in common with the operator T of [Ben|]. Indeed, the
operator T of [Ben| is of order zero and necessitates to be well-defined the uniform Kreiss-Lopatinskii condition.
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ii) If T),_y < t < T, then by definition of 22).", u(t,x) is zero for z < pF 1y, and as a
consequence p(t,x) is zero for x < Bkgo.
ii1) If T}, < t then we can repeat the argument applied in equation to show that, this time,

necessarily we have goﬂk“ > x for which we deduce that u(t,x) is zero.

O

We also give a useful proposition concerning the influence of the change of variables (t,x) on the
source term g. This proposition shows that even if g is not in some L@f the change of variable (t, x)
has good properties on the support of g. More precisely :

Proposition 5.3 Let g be a smooth function which is zero for negative times and satisfying
VE>0, g(t,z) =0 if x <y,
Then for all | € N*, g(t!,x!) € Bzéé.

Proof : The proof pick up some ideas about the proof of Proposition [5.2l However, we give it for
a sake of completness.
First let us show that g(t!,x!) € 2] _ is zero for t < T,. If t! < 0 is it trivial so let us assume

that t! > 0 and that x! > Yo then for ¢ < T'; we have the following bound :

-1 !
b <ay, | X F =8 87 <0,
j=0 =1

which is a contradiction.

Now let fix k such that { < k < M and a time ¢t € [Ik,, min(7, Ik+1) [ Once again let us assume
that t' > 0, so g(ﬂ,gl) is zero if x! < Yo from the support property of ¢g. In other word g(ﬂ,gl) is
zero for x < Blyy. But using the fact that 8 < 1 and that [ < k it follows that in particular g(t!,x!)
is zero for x < BFyq

g

Now it is time to study equation . At the end of the previous paragraph we explained why
could be rewritten under the form :

(I = T) (T po)] (£, x2) = gorra + pa(t, x), (90)

where the operator T readsﬁ :
(Tu)(t, 22) == cru(t(t, 22),x(22)) + co(t, 22) (T u) (b(t, 22), X(22)).

The idea of the resolution is to remark that the operator T is expressed in the variables (t, x)
and thus ”"cost” in terms of time of travel the time needed to make one complete circuit around
the loop. Thus as we arrange the things in such a way that we can only make M turns around
the loop, one can always invert I — T by taking the Neumann serie expansion. Indeed, the terms
associated with T7 with j big ”cost too much time” to appear and consequently are zero. Then
one shows that we can repeat exactly the same reasoning to show that we can express pg in terms

8Notice that the precise values of the constant ¢; and of the function ¢ can be exactly express from equations (70)
and explicit computations in the resolution of the transport equations mentionned in paragraph However, it is
useless for our purpose .
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of py (the scalar component of the unknown trace ug,,) and so on to express o in terms of some
i (the scalar component of the unknown trace uy ) for k as big as we want and in terms of the
source term g. However, the trace ug in fact does not depend on uy for £ big, because this should
say that we have made k complete circuits around the loop. We thus determine pg in terms of g only.

Formally, we can always invert the operator (I — T) appearing in equation by taking the
Neumann serie expansion. This gives the formal value of 7 g :

(‘?:U'O)(t’ J}) - (5M,1 ZTjg(tv 33) + Z Tj/“ (L X)' (91)

J=0 j=0

Let us remark that the second sum in the right hand side of reads :

D (E () (. %), (92)

Jj=1

where the operators Fjj(u1) are some explicitly computable operators and where t/ and x/ denote
that we made the change of variables (¢,z) — (t(¢,z),t(z)) j times that is :

J
tV=tI(t,x) =t — aZB_jx and x/ = x7(z) == g7z,
1=0

Now remember that by definition of the profiles spaces see Definition [5.2] we are looking for
11 to be in g@é\/lgl, so using the fact that the operators F; are sums of derivatives (up to some

multiplication by known functions), it follows that the Fj(u1) are in a@éwgl. Proposition shows

that Fj(u1)(t/,x7) isin py € :@g]glﬂ. In the same way Proposition |5.3| applied to the first sum in

the right hand side of shows that this sum contains at most M terms.
As a consequence, equation in fact reads :

1

(T po)(t,x) = ya Y TG, x7) + m(t, x), (93)
j=0

which gives a (rigorous, because the Neumann expansion for (I — T) is finite) value of (Z o) in
terms of the (still) unknown function py € ,@lygl. In terms of wave packets propagation tell
us that pg, compared to the others terms in the WKB expansion, only depends on p; which has
made a complete circuit around the loop. This fact agrees whith the intuition given in paragraph
that the amplitude ug,, does not depend of the amplitudes u, ,, for n large enough because
these amplitudes do not have achieve enough complete circuits around the loop. Let us also stress
that the term depending of ¢ in the right hand side of starts to be evaluated in (¢, ) while the
term depending of yy is evaluated in (t,x). This will be a crucial point in the following.

Assume that pq is a known function in 3”15\/[{1, then is it easy to compute pg : indeed by
definition of the transport operator .7, pg satisfies the transport equation :

O pto — éaﬂlo = 0Mm1 EJI:O TIg(t/, x7) + pi(t, x),
MO‘QQ:O =0, (94)
)LLO‘tSO = 07

which can be integrated along the characteristics to obtain the value of pg. Let us denote by &
the application that to a given source term in the interior for the transport equation associate
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the solution of the transport equation . We can thus write :

M

po = |61 > TG, %) + (b %) | - (95)
=0

Let us remark that as we assumed that —gé > 0 (see Assumption 4.3), the transport operator

2
7 "pushes” the information away from the corner. As a consequence, integrating along the
characteristics show that applying the operator .2 does not destroy the property to be zero on the
strip {t € R,0 < z < Y}, for Y > 0. This remark shows the following proposition :

Proposition 5.4 Let # be defined previously. If u € ,@fg, for some k € N, then & 1 € (@fg

We thus have
1

po = | Sn1 > TGt %) + m(tx) |, (96)
=0

so to know ug we have to determine the value of the right hand side of in term of the amplitude
of the source term of the corner problem g and not in term of the unknown amplitude
evaluated in (t,x).

Let us also remark that equation meets with the intuition, described in paragraph that
Uo,n, i "turned on” by the amplitude wu; ,, which has made one complete circuit around the loop.
Moreover, formally, if p; is in g@é\?{l then Proposition implies that p;(t,x) is in (@éﬂ and
using the fact that spaces ?{: - are invariants sets for the operator . (see Proposition H for more
details) then equation should give, as expected, a trace pg in f@é\é.

In the following paragraph, we show that the unknown trace p; can be expressed in terms of
the unknown scalar part of the trace pus and pg. But before that let us give some elements about
the resolution of equation in the case 8 > 1.

The case $ > 1, the information does not approach the corner. As for the case § <1 we
start by a study of the influence of the change of variables (t,x) on the set of profiles Wé\/[;”.

Proposition 5.5 If u € Qé\/[;”, then u(t,x) € ,@lf‘/[;”ﬂ. In particular, p(t?,x7) is zero for
larger than n + 1.

The proof of this proposition is based on the same ideas than the proof of Proposition [5.2] However

as this proof is simpler than the proof of Proposition [5.2] will not write this proof here.

Let us also note that thanks to the conditions imposed on the source term g, Proposition |5.3|is
trivial in the framework g > 1.

With Proposition[5.5in hand it is then easy to show that the Neumann serie expansion associated
with equation contains a finite number of nonzero terms. One can thus reiterate the arguments
described in the framework 5 < 1, to show that holds even for g > 1.

5.1.5 The equation on u,, n > 0.

In this paragraph we give an equation determining the unknown scalar part of the trace Un,ny,, g
for all n € N*. As the reader may notice, this equation will look like equation determining po,
up to some extra terms due to the fact that the amplitudes u, ,, are not polarized for n € N*.
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As for the unknown pg, to obtain this new equation we study the boundary condition
written for j =ny :

By Z Un,j = Op,M+19-

| JED(n1) |21 =0

And we write this equation under the form :

B > Pluny + B > (I Pun, = Opar119 — Bitnp,, . (97)
jE€®(n1)\{na} l21=0 |7€®(n1)\{na} |£1=0

According to Proposition the first term in the left hand side of is in B1E{(iT,&,). So
taking the inner product of by the vector b defined in Definition gives :

b- By > (= Puny = n0i1be g — b Bittnny, (98)
je®(n1)\{na} |£1=0

where we used the cascade of equations . But now, let us recall that from the cascade of
equations we know that :

(I = P{)un,j = iR L(d)un—1,; = iR]L(0) (Pfun—l,j +( - Pf)un—l,j) )
and using this relation in equation lead us to the following relation :

ib- By > R{LO)Plup-1; = b-onmi19 — b Bing,,
JE€@(n1)\{n4} |z1=0

ib- By > RILOI - Pun-1;|  (99)

jed(n\{na} 10
We thus apply Proposition to obtain that :
T tin—1 = ppss1b-g—b- Bittnn,, _, —ib- B > R{LOUI - P))up-1, , (100)
Jje®(n1)\{na} |z1=0

which tells us that the scalar unknown part of the amplitude u,,—1 ,,, namely p,—1, satisfies the
same transport equation as pg up to the extra ”source term” g, in the particular setting n = M +1,

and up to the extra term —ib- By [Zjeé(m)\{m} R{L(@)(I = Pf)un_l,j} . We can reiterate the

|z1=0
computations made in paragraphs and to make the terms b- Biuy, 5 Aoy =0 explicit in terms
of pun—1 and p,. We thus obtain :

(I =T)T pn—1] (t,x2) = Opprs1b- g(t, x2) + pin(t, x) (101)
— ib-By > RILOUT - P)upy, (t,x2).
je@(ni)\{na} |z1=0

Then we reiterate the computations of paragraph to treat the last term in the right hand
side of (101)). First of all let us remark that the terms (I — P})u,_1; for j # ny,n4 are given by
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equation for n = 2 but which is totally similar for n > 2. So after having applied the operator
R{L(0) and taking the trace on {1 = 0} one can show that the sum on j € ®*(ny) \ n4 appearing
in the right hand side of (101)) depends on p,—2(t,x) (and possibly of the source term g¢). That is
why we write

Z R{L(a)(l - Plj)unfl,j = (Alﬂn72)(§a K)a
j€®*(n1)\{na} |£1=0
where A is some explicitly computable operator which is a sum of derivatives up to some multipli-
cations. However its exact expression is not interesting for our purpouse.
The same argument for (I — P;")u,—1,, (which is given by in the case n = 2, but which
is totally analogous when n > 2) then show that we can write :

[RY' L(O)(I — Pl )un—1m]|4, o = (Aopin—2)(t, 7),

where Ag is an operator like A;.
We can thus write (101)) under its final form that is :

(I = T) T pna] (£ 2) = On pr419(t, w2) + pin (b, X) + (Apin—2) (¢, 22), (102)

where we set Au := (Agu)(t,x) + (A1u)(t, x). The only point to keep in mind about A is that it is a
sum (up to some multiplications) of derivatives. As a consequence, the spaces 325< and 3”5> are
invariant sets for the operator A.

5.1.6 End of the resolution of equation .

In this paragraph we describe the end of the resolution of equation in the case § < 1. Indeed
as we will see this resolution does not take into account the precise value of 5 but only need Propo-
sition But Proposition has its analogous in the case § > 1 (that is to say Proposition .
That is why we feel free to denote the profile space ,@é\/‘[ ~™ in place of @é‘f?”, in view to shorten
the notations.

Let us recall that at the end of paragraph we write equation under the form :

pwo =KX (,Lbl(L K)) )

from which we deduced that if uq € e@éw L then po € M. Because of the definition of the profile
spaces (see Definition i we assume that the forall 1 <n < M +1, u, € @é‘/f . Our aim is then
to show that equation (96| defines a unique g € gzé\/l and to express this solution pg as a function
of the source term.

Using the analysis described in the previous paragraph we are now able to give more informations
about the unknown g;. Indeed, (102) written for n = 2 reads :

(I = T)T 1] (t, z2) = Snr,29(t, x2) + pa(t, x) + (Apo)(t, x2). (103)

Using the fact that po is in 27 and the fact that A keep 2M we obtain that the term (Auo)(t, z)
appearing in ([103]) is in @é\/l . As in paragraph [5.1.4] we write the Neumann serie expansion
associated to (103)). Proposition shows that this expansion contains only two terms, and reads :

(T 1)t w2) = 0as1 (G(t, 2) + TG(t,x)) + (p2(t, x) + Tua (%, x2)) + Apo(t, z2). (104)
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Up to the source term in the interior, ug and p; solve the same transport equation and we can
write :

pa(t, ) = 2 (Oara (9(t, m2) + Tg(t, x)) + (ua(t, x) + Tpa(t?, x%)) + Apo(t, z2)) - (105)

where we recall that JZ is the operator that to a source term f associates the solution of the
transport equation Zu = f. Then when one evaluates (105)) in (t, x) he obtains, using Propositions

and that :
1t x) = (Oa19(t, x) + pa(t,x%)) . (106)

Let us stress that written in this form is not true. Indeed in this formulation, we used the fact
that 2 and the evaluation (t,x) commute which is is clearly false. However we are in this purpose
only interested in the profile spaces in which the terms in the right hand side of lies and
we are not really interested in their precise values. As from Proposition K& keeps the spaces
(@é\/[ ™ invariant, our abuse of notations is not so important and we will do it until the end of the
proof in view to simplify as much as possible the formulas. But the reader has to keep in mind that
if he really wants to compute the WKB expansion it is necessary to apply -# and then make the
evaluation (t,x).

From and ([106)) we deduce that
po(t, @) = A pa(t,x) = % (Sar19(t, %) + pa(t?,x%)) (107)

equation which tell us that pg can be express in terms of po evaluated in a time corresponding to
two complete circuits around the loop.

More generally, we can apply the same arguments as those used for n = 1 in (102)) to obtain the
formal formula : for all n > 0 :

M min(n+1,M) min(n—1,M)
pn(t,ma) = | unr D THGEN X+ Y T et x5+ Y TFAp, 1 (tF, %)
k=0 k=1 k=0

(108)
Ifforal0 <n < M+1, p, € e@éw " these formulas make sense for 0 < n < M (because once
again, in this framework, we can ensure that the Neumann serie expansion contains a finite number
of terms). We deduce from ([108]) that for all [ < M :

M min(n+1,M) min(n—1,M)
pn(th,x) = | Sur ZT"‘E(L’“,X’“) + Z TF L1 (87, x%) + Z T A g1 (£, x*)
k=l k=l+1 k=l

(109)
from which it follows that for all n < M, each p,(t",x") is equal to p,+1(t"+, x"*1), and that for
n =M, pu,(t",x") is equal to g(t",xM). A simple recurrence in (107)) then shows that :

po(t, x2) = Mg, xM), (110)

equation determining in a unique way pg € t@é\/l in terms of the known source term g. This conclude
the resolution of equation .

Let us notice that (110) meet with the intuition described in that po depends of the infor-
mation that was present at time zero which has made M complete circuits around the loop.
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5.2 Determination of the others amplitudes in the WKB expansion.

Once the amplitudes of the loop indeces are constructed it is easy to construct the amplitudes for the
other indeces in the WKB expansion. The construction and, in particular, the order of resolution
is exactly the same as the order used in [Ben] so we will not give all the details here. We refer to
[Ben| for a complete proof.

5.2.1 Determination of the oscillating amplitudes.

Let us recall that thanks to Proposition we know that the set of indeces 7, \ {n;} can be
expressed as a partition (see for more details). We will here describe the determination of an
arbitrary oscillating amplitude associated to an index i in one of the trees Ay,. The determination
of the amplitudes in the other sets composing is similar and will not be discussed here.

Let us denote by ¢; := ({1,42,...,£,) the type V sequence linking n; to i (see Definition .
Then before to determine the amplitude associated to i we will determine all the amplitudes in
the sequence ¢. First thanks to Proposition {1 € #, and we know from Lax Lemma that the
amplitude ug ¢, satisfies the transport equation :

4
(O + vy, - Vx)P21u07gl =0,
141 _ ph
Bluogy, =P Bauon,,

with a known source term on the boundary since ug,, and consequently U0,ny,,—o AS already been
determinated. So we can integrate this transport equation along the characteristics to determine
ug,¢, - Notice that the amplification of order M + 1 then spreads after a time strictly more than 1"y,
to uge, -

Then we construct uge,. Applying Proposition ly € J;, and in view to determine ug g, we
have to solve the transport equation :

Y4
(O + vy, - Vm)Pﬁuo,gz =0,
153 _ pl2
Py oy, o = Py Blu07€1\11=07

uO7£2\t<o =0,

which is easy because the source term have already been constructed.

Then we can repeat this process until we reach . Notice that in the particular case i € .%; we
need to solve the transport equation :

(O + v Vo) Plug; = 0, (O +v; - Vo) Pyug,; = 0,
i _ i _
PluO&‘Zl:O = SlBIUO,KW o PQUQ&‘MZO = 0,
Plugy, =0 P Plugy, = —SiB
1“071\12:0 - Q’U’O&\EQ:Q - 2 2u07£p|I2:07
uoylﬁgo = O’ u071‘tS0 = 07

if p is odd (resp. even) and we use the fact that the trace of ugg, on {x1 =0} (resp. {zg = 0}) is
zero near the corner (see [Ben] for more details) to ensure that ug; is regular enough.
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5.2.2 Determination of the evanescent amplitudes.

In this paragraph we conclude the construction of the leading order of the geometric optics expansion
by giving elements of proof to construct an arbitrary evanescent amplitude lying in one of the trees
Ayp,. Without loss of generality let us assume that this amplitude is associated to an index i € R;.
Proposition then implies that the type V sequence ¢; := ({1, /0, ...,¢,) linking n; to i has an
odd number of terms. Moreover, we can assume that the amplitude associated to the index ¢; have
already been constructed. We then recall the following lemma due to [Les07] which states that the
evanescent equations in the cascade can be solved in the profile space Pe, 1 :

Lemma 5.3 For j =1,2, and k € R;, let

k ol (T8 )k
PE UX;) = 9505 P (), (111)
X, +oo
k ’ A (T Yk - _s)oi (1,65 Y ok -
ng7]F(X]) = /; e(XJ )%(7’53_])P;]AJ 1F(S)d$ o /); e(XJ )yij(fagd_])Puf’JAZ 1F(5)Cl.i.12)
J

Then, for all F' € P, ; the equation :
LE(GXJ.)U =F,
admits a solution in Pe, ;. Moreover, this solution reads :

k k

U= ]P)gv,iU + @gv,iF'

This lemma tell us that to construct any evanescent amplitude f or the side 9€2; it is in fact

sufficient to know the value of the trace the solution on {X; = 0}. As already mentionned in [Les07],

to determine this trace we study the boundary condition written for £ = ¢ and n = 0 from

which we deduce the value of the "double” trace on {X; =z = 0}. Indeed, from the uniform
Kreiss-Lopatinskii condition we obtain :

Uiy, = —S;, 1 Biug,

=z1=0 ev,1 Plzy=0’

where we recall that the right hand side is supposed to be known.
Then we are free to straighten the ”double” trace into a single one by setting (for example) :

Voikix,—o = —X(m)S(l;v,lBluo,e,,lwl:O,
where y is some function in Z(]—1, +o0) satisfying x(0) = 1.

It is interesting to remark that the evanescent amplitudes suffer the same amplification as the
oscillating ones and this even if the degeneray of the uniform Kreiss-Lopatinskii condition is in the
hyperbolic region. Such a behaviour was not observable for the hyperbolic boundary value problem
in the half space. As for the oscillating amplitudes, one can show that evanescent amplitudes of
order zero are zero for t less than T';,.

5.3 Construction of the higher order terms and summary.

As for the construction of the leading order of the WKB expansion, we have to distinguish the case
B < 1 and the case § > 1. But as, once again, we only need (resp. to conclude if 8 <1
(resp. 8 > 1) we will only describe the construction of higher order terms for § < 1. We will thus
continue to note L@é\/l ™ for ,@é\’/[g”.
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5.3.1 The term of order one.

Once the amplitudes of order zero, and more precisely the keystone g, are determinated we can
repeat our method of construction to determine the amplitudes of order one. As for the leading
order, we start by the determination of the indeces of the loop, that is the n; for j = 1,...,4. Let
us remark that from equations —— and , we know the unpolarized parts of the uj p;,
j=1,....,4 in terms of ug (which at this step of the proof is a known function). Similarly we also
know the values of the polarized parts in terms of u;.

So we just have to determine the unknown trace p; to construct the amplitudes of order one
for the loop elements. Then noticing that we know the unpolarized part of the indexes outside of
the loop (because they only depend of the associated amplitude of order zero) and reiterating the
same computations as in paragraph permit to determine their polarized part in term of u;. As
a consequence we just have to determine p; to construct all the amplitudes of order one.

To do this, let us recall that, from paragraph w1 satisfies equation (105]) , that is

(7 pa)(t, 22) = dar (9(t, w2) + TG(t, x) + T°G(t%, x%)) + (n2(t, x) + Tuz(t?,x)) + Apo(t, x2).
(113)
where p9, appearing in the right hand side, is assumed to be @éw =2 and where we used the same
notations of paragraph From (113)), after integration along the characteristics, we deduce
that :

min(M,2)

pa(t, = <5MIZT G(t*, xF) + Apo(t, 37)) + 0o Z TF (b, x%) | . (114)
k=1

In this equation the first term in the right hand side is a known function which only depends on g.
So to express p1 in terms of § we just have to express us2(t,x) (and possibly p2(t2, x?)) in terms of
g. Reiterating the same arguments, we use equation (102 written for n = 3 to obtain :

Inin(M,S)

pa(t, ) = 6M22T’f + >0 TR s (6h,xM) |+ (A (t, )+ TAp (£, %)), (115)
k=1

and we see to appear a new difficulty in compared to . Indeed in there are two
terms which depends on pp each of them lying in ,@é\/f and in L@é\/l ~1 50 a priori they are not
zero. However in we are not interested in puo but we are interested in uo(t,x) and possibly of
po(t?,x2). A simple change of variables in shows that these quantities are given by :

2 min(M,3)
po(t,x) = A | may T 'g(th x Z T" 23 (6", x") | + 2 A (t,x), (116)
M2(§2,§2) = % (5M,2:qv(§2a§2) + 6MZ3/J'3(§ , X )) )

where for I C R, §; is the characteristic function of I. Now let us make the change of variables

(t,x) in (114]), it follows that :
p1(t, %) = a1 (G, X)) + Onr=0 pa(t?, 7).
that is to say :

HNKG(,x), if M =1,

Kb (bx) = { HAKH? (5212582, 5%) + Srrsapa(69, %)), i M > 1, ()
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and we are free to reinject (117)) in (116)) and then to reinject (116|) in (114)) to obtain that :

H(g(t,z) + Tg(t, x) + Apo(t, ) + AL G(t,x), if M =1,
’%/AIU’O(tv JE)
i) = 4 (ara S0, TG ) + S Ty o)) M > 1. (118)
+ 2N (Spr29 (82, x%) + Onr=3ps(t?, x7))
+ A TH (6n,29(t%, x2) + dnr=3ps(t?, x%)) |

Equation ends the discussion in the particular case M = 1. To treat the case M > 1, let use
remark that in the unknown part of the right hand side of equation depends on u3(t?,x2) and
possibly on u3(t3, x3). So we are exactly in the same situation as in equation with ps(t?,x2),
ps(t®,x3) in place of pa(t,x), po(t?, x?) and we can thus repeat the same computations to express
1 in terms of gy (t3, x3) and u4(t*, x*) and so on.

A tedious (but not difficult) reiterative process shows that for all M > 1, p; is given by :

M-1
pit,mg) = Apo(t,xa) + M (g™ kM) + TgM, xM)) + Y MR ARG M)
k=0
M-—1
+ AT MM, xM), (119)
k=1

equation which determines in a unique way 1 in terms of § and the known operators A, T. This
complete the construction of p; and more generally of the amplitudes of order one in the WK B
expansion.

Moreover, all the terms composing are in M except g(tM~!,x™~1 which is in ,@éw -1
Thus w1 defined by is an element of (@5\4 ~1 5o it is in the good profile space. To conclude
this discussion let us remark that before the time T'5,, p1 (and consequently the uLnj) only depend
on the information that was initially present and which has made M — 1 complete circuits around
the loop.

Once the amplitudes for indeces associated to the loop are known, the construction of the
amplitudes which do not lie on the loop follows the same kind of arguments as those given in
paragraph A precise construction will not be given here and we refer to [Ben| for more details.

5.3.2 Summary : the construction of higher order terms.

In this paragraph we sketch some elements about the construction of the amplitudes of higher order
in view to give a summary of the previous construction. Let us assume that the amplitudes of or-
der less that n—1 have already been determinated, our aim is to construct the amplitude of order n.

i) First of all, from the cascade of equations , we know that the unpolarized part of the
oscillating amplitudes of order n is known. So we only have to determine the polarized part of the
oscillating amplitudes. Moreover, from Lemma and the definition of the operator Qg1 (resp.
Qev2), see , concerning the evanescent amplitudes, we will only have to determine Pe,; (resp.
Per)-

i1) To determine the polarized part of the oscillating amplitudes of order n, we start, as it has
beeen done in paragraphs[5.1] and [5.3.1] by the determination of the loop’s indeces. We thus reiterate
the computations of paragraph to show that to construct these polarized parts it is necessary
and sufficient to construct the scalar component of the trace on 9€2; of the amplitude u, ,,,, that is

43



to say, fin.

1i1) The analysis of paragraphs [5.1.5] and [5.1.6| tells us that this trace has to satisfy equation
(108). In other words, p, depends on the unknown p,4; and the known functions p,—; (and
possibly of §). More precisely u,, depends on the ju,,1(t*,x*), for k = 1,...,min(n + 1, M). Then
applying again equation but for p,11 we obtain that p,4+; depends on p, and ppya. With
more details, the p,11(t%, x¥), for k = 1,..., min(n + 1, M) admit the following dependencies :

Hn (tka Xk) Hn+2 (tka Kﬁ
Pt (t, X) k=1,...,min | k=2, .., min
Hn+1(§27§2) k = 27 7@ k — 37 7ﬁ (120)
P (£ xI0) kel kebork=M

where we denoted min := min(n, M), min := min(n+1, M) and min = min(n+2, M). Let us study
the dependency on p,. The worst term is u,(t,x), indeed the other terms will be eliminate before
fin(t,x) (by the same arguments) and are warmless. Using equation (109), we obtain that s, (t, x)
in fact depends on g, 41 (t¥, x*), for k = 2,..., min. But the tabular @ tells us that these traces
depends,in fact, on p,(t*,x*) for £ = 2,...,min. As a consequence, fi,,+1(t,Xx) can be express in
terms of the u, (t*,x") for k = 2, ..., min. Repeating the same argument we obtain that p,1(t, x)
can be express in terms of the s, (t*,x*) for k = 3,...,min. Then if one repeats min times this
argument, he obtains that the y,1(t*, x*) for & = 1,..., min (and consequently p,,) can be express
in terms of p,4o(t*, x*) for k& > 2 only.

We thus repeat exactly the same reasoning for pu,4o(t*, x*) to show that it can be express in
terms of the pi,,43(t", x¥) for k > 3 and so one to determine y,, in terms of § and y,,_1 (up to some
compositions by the operators T and A) only, as it has already been made in paragraphs and
This conclude the construction of the trace p, and as a consequence, the construction of the
amplitudes linked to the loop’s indeces of order n.

iv) The construction of the other polarized part of the oscillating (or equivalently of the Pe,1U
(resp. Pey2U) for the evanescent amplitudes for the side 9 (resp. 0€22)) is then easy. Indeed these
amplitudes are linked to frequencies for which the uniform Kreiss-Lopatinskii condition holds and we
can use the "tree” structure of the frequency set to conclude (see [Ben| for a precise construction).

6 Proof of the main result.

With Theorem [5.1] in hand, it is now easy to show Theorem We argue by contradiction. We
thus assume that the corner problem is weakly (or strongly) well-posed in the sense that there
exists a positive integer K, such that the corner problem admits a solution satisfying the energy
estimate :

||u||%2(QT)+Hu|cc1:0H%Q(aQLT)—i_||u|x2:0||%2(8QQ’T) <Cr (Hf”%?(QT) + ”gl”%K(aQLT) + H92Hi2(aQQYT)> ;

(121)
for T >0if 8>1and 0 < T < Ty if B < 1. According to Theorem for any M € N one can
always construct a truncated geometric optics expansions for the corner problem . It is given
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1
Ugpp = Z Z 6”eé¢’“(t’m)un7k(t,x) (122)

n=0 k’ejos
e (10,2 £ 3 3 0 1 2)
n=0 keNR n=0keNRy

Moreover one can always choose g in such a way that the leading order of uf, is not identically
Z€ero.

Let u® be a solution of . The error u® —

pp

Ug,,, satisfies the corner problem :

L(0)(u® — ug,,) = f¢, in Qr,

By (u® — ugyp)jpy=0 =0, on O 1,
B (UE app)\xg =0 — =0 , oOn GQQ,T
(u® — ugy,) <o = 0, on €,

where :

g Yk Yk, 2
S L@t Y O O s + Y O

kEIos keR, kER2

It follows from the energy estimate (121]) that :

£

u® = ugppll 207 < I1f 12 r)- (123)

It is then easy to see from its expression that f¢ is O(g) in L?(Q27). Using the fact that u® is a
solution of we obtain that

vl 2 ) < 97 5 Q1) (124)

from which we deduce that uf is O(eM=K) in L?(Q7). Let us choose M > K, by the triangle in-
equality and inequalities (123)) and ({ -, it follows that g, is at least O(¢) which is a contradiction
with the fact that wug ., is nonzero.

7 Examples, conclusion and conjectures.

7.1 Examples.

We consider the following corner problem :

Owu + A101u + AsOhu = 0, for z1,22 >0
Biujg,—o = g%, for z2 >0,

Boujz,—9 =0, for z1 >0, (125)

up<o = 0,
with
0 V5 0 -1 0 0
A1 = \/5 —4 0 ,and A2 = 0 1 0
0 0 -2 0 0 1

One can see that this example is just a modification of the example in [Benl5| to make sure that
the transport velocity along the boundary has the good sign.
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The section of the characteristic variety V' with {7 = 1} is given by :

Vig=1} = {(fl,gz) eR?\ (1 - 2& + fz> (1—4& + 4616 — 567 — &3) = 0} :

and is depicted in Figure 3 as well as a part of the phase generation process associated to the source

term :

(t78x2)

G (t, x9) = e® g(t, x2),

In particular, let us remark that we have a loop with phases 1, ...¢04 defined by :

21 3

Wl(tw’ﬂ) = t— gfl — 8:62, V] = |:2:| ,
5

21 _5

— N

po(t,x) = t 5 21 — 4w, Vo : [ ) ] ,

5

903(1;31/‘) = t — 3x1 - 4.T2’ V3 = _2 ,
5

where the v; denote the group velocities. Thus one can see that the group velocities vy, v3 are
incoming-outgoing while the group velocities vo, v4 are outgoing-incoming. One can also shows that
the stable subspace Ej (i, —8) := vect (e) where the generator vector e is given by :

7
3

e:= V5
0

Then if one chooses for boundary condition on the side 9€2; : for fixed § € R
B1 = [—\/5 % (5] 5

he can also easily see that Bie; = 0, and thus the uniform Kreiss-Lopatinskii condition is not sat-
isfied for the side 0€);. Some extra computations allow to show that such a B; gives a problem in
the W R class for the side 0€21. Then one choose B such that the associated boundary condition is
for example strictly dissipative. The velocity of the transport along the side 9€); is then given by
% and we can apply Theorem to show that the corner problem ((125) is ill-posed.

Let us remark that apply Theoremto the corner problem may seem to be a bit abusive.
Indeed, Theorem needs strict hyperbolicity while the corner problem is clearly not strictly
hyperbolic. However, in the proof of Theorem the only points were we used the hyperbolicity
assumption were to establish the block structure and to use Lax Lemma. It can be show that these
points are still true for geometrically regular hyperbolic systems (see [MZ05] for a precise definition)
as soon as we are away from the crossing points, which is the case for under this choice of the
source term.

As a consequence if one wants to give an example for which Theorem [3.1]apply, that is to say that
a strictly hyperbolic operator is needed, the simplest way to do that is probably to use the example
of [SST5, paragraph 7]. In this example, the authors construct a system whose characteristic variety
is composed of two intersecting ellipses choosen in such a configuration that a loop exists. Without
loss of generality, we can assume that the loop is include in the half space {€2 < 0}, to make sure
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Figure 3: The characteristic variety for the corner problem ((125]).

that the velocity along the boundary has the good sign. Then one chooses a boundary condition
to make sure that the associated corner problem is in the W R class. This point can be easily done
because at this stage of the construction the system is composed of two decoupled parts.

To obtain a strictly hyperbolic system, it is sufficient to make the perturbation described in
[SST5, paragraph 9]. One can conclude that the associated perturbed operator is strictly hyperbolic
and that it is still in W R class, because this class is stable by small perturbations (see [BGRSZ02]).

7.2 Conclusion and conjectures.

In this article, we built the rigorous geometric optics expansion for a corner problem for which the
uniform Kreiss-Lopatinskii condition breaks down on a selfinteraction frequency. We have shown
that it was always possible to choose the source term of the corner problem in such a way that the
associated geometric optics expansion suffers M + 1 amplifications, before a fixed time 7', compared
to the source term, where M can be arbitrarily big. This leads us to the fact that such a corner
problem can not be weakly well-posed because it suffers an arbitrarily big number of loss of deriva-
tive on the side 9€); and thus present an Hadamard instability.

As a consequence we show that for hyperbolic corner problem a weak instability can be repeated
an arbitrary number of times to cause a violent instability which differs from the degeneracy of the

weak Kreiss-Lopatinskii condition. In terms of well-posedness it is the worst case possible.

However there are other kinds of degeneracy of the uniform Kreiss-Lopatinskii condition. And in
these cases, one should be more optimistic. Let us formulate the following reasonnable conjectures.

If the uniform Kreiss-Lopatinskii condition breaks down in the elliptic area, using the fact that
evanescent modes for the side 9€; are not reflected on the side 0o, the amplification observed
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in the high frequency expansion for the boundary value problem in the half space should not be
improved. So we believe that the leading order in the WKB expansion should be of order € with a
source term in the interior of order € and a source term on the side 99y of order £°. The associated
corner problem should be weakly well-posed with an energy estimate reading :

HUHQL?(QT)+Hu|m1:0‘|%2(891,7~)+||u|r2:0||%2(89277~) <Cr <||f||2L2(QT) + ”91”?{1(391,T) + HgQH%Q(BQQ,T)) ‘

When the uniform Kreiss-Lopatinskii condition is violated in the mixed area in such a way that
ker B; N E5(¢) = ker By N Ey°({) = span{e}, where E7°(¢) denotes the ”elliptic” component of
E7(¢) (see [Benld| and [Les07]), then the same argument should apply. The conjecture is then that

we have the same amplifications as for the boundary value problem in the half space. The expected
energy estimate is :

el 2+ 012202, gyl ttemo ez oy ) < O (|f||;% g T 191000, )+ ng|ri2<mm)) ,

or

||U||2L2(QT)+Hu|a:1:0”%2(891j)+||U|z2:0||%2(392j) <Cr <||f||2L2(QT) + ”91||?{1(3Q1,T) + Hg2”%2(agm)) ;

depending of a technical assumption already discussed in [BenI4].

Finally when the uniform Kreiss-Lopatinskii condition fails in the hyperbolic region but for
non-selfinteracting frequencies (or equivalently in the mixed region with ker By N E7(() = ker B1 N

E¥M(¢) = span{e}, where ES"(¢) denotes the "hyperbolic” component of E5(¢)) the conjecture is
that the leading order in the geometric optics expansion is of order £° for source terms of order ¢,
where M denotes the number of time that a ray has been amplified. More precisely M is defined
by :
M = max #(Y N L;),
1€ Ios

where L; is the set containing the values of the type V' sequence linking ¢ to the first generated index
in the phase generation process. Indeed, an amplified ray should be amplified again if it contains
in its reflections a phase associated to a frequency of degeneracy of the uniform Kreiss-Lopatinskii
condition. The conjectured energy estimate is thus given by :

HUH%Q(QT) + ”u\m:OH%?(BQl,T) + ”u‘moniz(agzﬂ < Cr (Hf”%%l(HM(an,T)) (126)
+ HngJQLIM((gQLT) + HQQH%Q(GQQ,T)) ’

All the previous conjectures are made under the assumption that the transport along the bound-
ary spreads the information away from the corner. The energy estimates and the amplifications in
the geometric optics expansions when the transport along the boundary send the information to
the corner is left for future studies.
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Appendix
Details of the computations to establish equations - and .

Let us develop :

n n 3 — — n n n I
leL(a)(I - P 3)U1,n3 = _%ﬂ1 152 ! |:Q13R135” e (8?1&#0 - ?a?Mio)
So 2
+ QUTPARPYS 33((_74' by )atztll0+51 162 18?2,”0
Ungy,2 Uny,1

T 1 /32_1 2 —1,5-1492
- — + Ozapro + By~ Bz ~Oap0 (t3,%3),

& Ung,2  Ung,l

where we used the fact that Q7% A1 RT® = 0. We then use the relation between Q7% R7%."%e and Q7% A, R]*.9™3e
given in to express Q13 L(9)(I — P["*)u1,n, in terms of Q73 R3.7"3e only :

QUL = P utng = — §5f1551Q?3R?35’"36 [aftuo (1 += ( Lo 5_)> (127)
§2 §2 Ung,2 Unq,1
— C30hm0 + 3222/10/3115215:;} (t3, x3),
where )
o= Z |1+ L (v; - ffl) Eas

From Lemma|5.2) we know that the first term in Cs5 is 2—25;1551. We thus obtain that Cs = 251/31_162_1, and we can
22 22

factorize (127) to obtain .

Using the fact that Q5* A2 Ry* = 0 we develop Q5% L(9)(I — Py*)u1,n, to obtain :

= 3
QLI — PP*ur —% 15" [QZ‘*RW% (aftuo _ Zéafzuo)

1 j5=1 2

3
+ QAR S Me (—Aa?tuo — 185" 0%m0
j=1

3
_ % <—A3t22u0 - Hﬁj_lagzuo))] (ta,Xa),

2 j=1
where we recall that A is defined in . We then use (79) to express this equation in terms of Q5* Ry*.9™4e only :

= 3 2 3
QULO ~ Py, = —22 [ 8 Qp Ry e [aiuo (1 + AEL) + CadBapo + }g 11 55 032m0 | (ta,x4),
1

§1 j=1 152 j=1

where C4 is defined by :

3
c;:,;(l A;> g RS
v g ) g 11

Once again thanks to Lemma we obtain that Cy4 in fact reads Cy = 25; H?zl ﬁj_l. As a consequence we obtain
1

2.
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