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Abstract

We perform the asymptotic analysis of parabolic equations with stiff transport terms.
This kind of problem occurs, for example, in collisional gyrokinetic theory for tokamak
plasmas, where the velocity diffusion of the collision mechanism is dominated by the
velocity advection along the Laplace force corresponding to a strong magnetic field. This
work appeal to the filtering techniques. Removing the fast oscillations associated to the
singular transport operator, leads to a stable family of profiles. The limit profile comes
by averaging with respect to the fast time variable, and still satisfies a parabolic model,
whose diffusion matrix is completely characterized in terms of the original diffusion matrix
and the stiff transport operator. Introducing first order correctors allows us to obtain
strong convergence results, for general initial conditions (not necessarily well prepared).

Keywords: Average operators, Ergodic means, Unitary groups, Multiple scales, Homoge-
nization.

AMS classification: 35Q75, 78A35

1 Introduction

General framework. In many applications we deal with partial differential equations with
disparate scales. The solutions of the problems in hand fluctuate at very different scales
and for the moment, solving numerically for both slow and fast scales seems out of reach.
Depending on the particular regimes we are interested in, it could be worth to solve an
averaged problem with respect to the slow variable, after smoothing out the fast oscillations.
In this work we focus on parabolic models perturbed by stiff transport operators

1
{ Opu® — divy(D(y)Vyu®) + - b(y) - Vyu® =0, (t,y) € Ry xR™ (1)
us(0,y) = u(y), y € R™.

Here b: R™ — R™ and D : R™ — M,,,(R) are given fields of vectors and symmetric positive
definite matrices, and € > 0 is a small parameter destinated to converge to 0. If the vector
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field b is divergence free, the energy balance writes

1d

—— | (W (ty)dy+ [ D(y)V,u® -V, dy = 0.

Therefore, since the matrices D(y) are positive definite, the L? norms of the solutions (u):o
decrease in time, and we expect that the limit model still behaves like a parabolic one, whose
diffusion matrix field needs to be determined.

Motivating example. This work is motivated by the study of collisional models for the
gyrokinetic theory in tokamak plasmas. The fluctuations of the presence density of charged
particles are due to the transport in space and velocity (under the action of electro-magnetic
fields), but also to the collision mechanisms. In the framework of the magnetic confinement
fusion, the external magnetic fields are very large, leading to a stiff velocity advection, due
to the magnetic force qu A B* = qu A g. Here ¢ stands for the particle charge and B® = g
represents a strong magnetic field, when ¢ goes to 0. Using a Fokker-Planck operator for

taking into account the collisions between particles, we are led to the Fokker-Planck equation

8tf5+v-V$f5+% <E +vA f) Vo ff = v divy(OV,fS+ufe), (t,r,v) € Ry xR*xR? (2)

where E is the electric field, m is the particle mass, v is the collision frequency and © is
the temperature. Notice that in the Fokker-Planck equation, the diffusion occurs only in
the velocity space, and therefore is different from . Nevertheless, we expect that the
main arguments used for the treatment of still apply when investigating the asymptotic
behavior of , see Section The asymptotic analysis of , when neglecting the collisions
is now well understood [8| 25], 26, 28]. It can be handled by averaging the perturbed model
along the characteristic flow associated to the dominant transport operator. Recently, models
including collisions have been analyzed formally by using the averaging method [9, 10]. In
particular, it was emphasized that, averaging with respect to the fast cyclotronic motion leads
to diffusion not only in velocity, but also with respect to the perpendicular space directions,
see . At least at the formal level, the theoretical study presented in this work allows to
perform the asymptotic analysis of the Fokker-Planck equation, under strong magnetic fields,
see Section [3.2] The study of the averaged diffusion matrix field is crucial when determining
the equilibria of the limit Fokker-Planck equation ({2)), when e goes to zero. Numerical results
concerning strongly anisotropic elliptic and parabolic problems were obtained in [21], 24] 18].

The advection-diffusion problems with large drift in periodic setting have been extensively
studied by many authors [23| 22], 32} [, 33]. For the homogenization of the associated eigen-
value problems, we refer to [0, 29]. The aim of this paper is to obtain an homogenization
result for the problem without periodicity assumptions on the advection field and for
initial data not necessarely well prepared. The effective limit problem will be provided by
appealing to an ergodic theory result.

Our paper is organized as follows. The main results are introduced in Section We
indicate the main lines of our arguments by performing formal computations. In Section
we present a brief overview on the construction of the average operators for matrix fields
through the ergodic theory. Section[d]is devoted to obtaining uniform estimates for solutions
of , in view of convergence results. In Section |5l we establish two-scale convergence results,
in the ergodic setting, which allows us to handle situations with non periodic fast variables.
Up to our knowledge, these results have not been reported yet. The proofs of the main
theorems are detailed in Section [f] Some technical arguments are presented in Appendix [A]



2 Presentation of the main results and formal approach

The subject matter of this paper concentrates on the asymptotic analysis of , when ¢

becomes small. Obviously, the fast time oscillations come from the large advection field b(y)
Indeed, when neglecting the diffusion operator, the problem (|1 . reduces to a transport model
whose solution writes

u(ty) = um(Y (~t/5y), (ty) € Ry x R™ 3)
Here (s,y) € R x R™ — Y (s;y) € R™ stands for the characteristic flow of b- V,,

dY
5 = ¥ (s9), (s,9) eRXR™, Y(0y) =y, yeR™
This flow is well defined under standard smoothness assumptions

loc

3C > 0 such that |b(y)| < C(1+ |y|), y € R™.

{ b e WL (R™), @

Under the above hypotheses the flow Y is global and smooth, Y € I/Vll (R x R™). Moreover,
we assume that
b is divergence free, (5)

which guarantees that the transformation y € R™ — Y (s;y) € R™ is measure preserving for
any s € R. Motivated by , we introduce the new unknowns

vi(t z) =u(t, Y (t/e;2)), (t,2) e Ry xR™, >0 (6)

and we expect to get stability for the family (v°)c>0, when £ goes to 0. In that case we will
deduce that, for small € > 0, u® behaves like v(t,Y (—t/c;y)), for some profile v = lim\ o v°,
that is, u® appears as the composition product between a stable profile and the fast oscillating
flow Y (—t/e;y). We prove mainly two strong convergence results for general initial conditions
(not necessarily well prepared), whose simplified versions are stated below. For detailed
assertions see Theorems

Theorem We denote by (u®)e~q the variational solutions of and by (v°)e>0 the functions
vi(t z) =u(t, Y (t/e;2)), (t,2) e Ry xR™, ¢ >0.

1. Under suitable hypotheses on the vector field b, the matriz field D and the initial con-
dition u™, the family (v°).>0 converges strongly in L3S (Ry; L?*(R™)) to the unique
variational solution v € L*(Ry; L*(R™)) of (26]), whose diffusion matriz field (D)
comes by averaging the matriz field D along the flow of the vector field b (c¢f. Theorem

, that is

(D) = lim / Y (—s;Y (s;-))D(Y (s;-)) 'Y (—s;Y (s;-)) ds.

S—+oo S

2. Under additional reqularity hypotheses, we have the error estimate

sup |[u®(t,-) —v(t, Y (=t/e; )|l L2@m) < Cre.
te[0,7)



The problem satisfied by v° is obtained by performing the change of variable y = Y (t/e; 2)
in . A straightforward computation based on the chain rule leads to

Ot (t,z) = O (t,Y (t/e;2)) + % b(Y(t/e;2)) - (Vyu)(t, Y (t/e; 2)).

To deal with the diffusion term, we need to compute the action of the operator div,(DV,:)
when applied to a function of the form v o Y (—s,-) for some s € R. A tedious but straight-
forward computation shows that we can write, for any integrable function z +— w(z), any
matrix field y — C(y), and any s € R,

divy {CV,(woY(=s,-))} = (div,(G(s)C V,w)) o Y (—s,:) in D'(R™), (7)
where the family of matrix fields (G(s)C)s is defined by

(G(s)C)(2) :=0Y (53 2)C(Y (53 2)) 'Y (53 2)

=0Y (—5;Y (5;2)) C(Y (5;2)) '0Y (=s;Y (s;2)), (s,2) € R x R™, ®

Using those notations, the change of variable y = Y (t/e;2) in leads to

O® —div, ((G(t/e)D)V,v°) =0, (t,z) € Ry xR™ 9
{ v(0,2) = u(0, 2) = u™(2), ze€R™ >0 9)

The new diffusion problem @ seems simpler than the original problem , because the
singular term % b-V, has disappeared. Nevertheless, the new model depends on a fast time
variable s = t/e, through the diffusion matrix field G(¢/¢)D, and a slow time variable t.
We deal with a two-scale problem in time. As often in asymptotic analysis of multiple scale
problems, a way to understand the behavior of the solutions (v¢).~¢ when € goes to 0 and to
identify the limit problem is to use a formal development whose terms depend both on the
slow and fast time variables

v(t,2) = v(t,t/e, 2) + evl(t, /e, 2) + ... (10)

This method is used in many frameworks such as periodic homogenization for elliptic and
parabolic systems [1I, 31], transport equations [I3, [19] or kinetic equations [I1]. Plugging the
Ansatz in @ and identifying the terms of the same order with respect to ¢, lead to the
hierarchy of equations

Osv =0 (11)

Oy — div,(G(s)DV.v) 4+ v = 0 (12)

Equation says that the first profile v does not depend on the fast time variable s, that
is v = v(t,z). We expect that v is the limit of the family (v).~o, when e goes to 0. The
slow time evolution of v is given by , but we need to eliminate the second profile v!.
Actually v! appears as a Lagrange multiplier which guarantees that at any time ¢, the profile
v satisfies the constraint dsv = 0. In the periodic case, we eliminate v! by taking the average
over one period. However, without periodicity assumptions, we need to use ergodic averaging
techniques, that is to write

. R .
O — div, {( lim S/D G(s)D ds) Vzv} =0, (t,2)eRy xR (13)

S—+oo

v(0,2) = u'™(2), z € R™,



The key point is that (G(s))ser is a C%-group of unitary operators (on some Hilbert space to
be determined), and thanks to von Neumann’s ergodic mean theorem [34], the limit (D) =
Mg oo & fOS G(s)D ds makes sense. The Hilbert space which realizes (G(s))ser as a C°-
group of unitary operators appears as a L? weighted space, with respect to some field of
symmetric positive definite matrices. We assume that there is a matrix field P such that

'P=P, Pyt -£>0, EER™\{0}, yeR™, P~' PelLi (R™) (14)

[b,P] =0, inD'(R™), (15)

where the bracket between a vector field ¢ and a matrix field A is a matrix field formally
defined by
[c, A] := (¢ V) A — 9ycA — A9, c. (16)

The condition (15 naturally appears in our problem because of the following proposition.

Proposition 2.1 Consider a vector field ¢ € Wlifo(]Rm) (not necessarily divergence free)

with at most linear growth at infinity and A(y) € L (R™) a matriz field.

loc

1. We can express the commutator between the advection operator c-V, and the diffusion
operator divy(A(y)Vy) as follows

[c- Vy,divy(A(y)Vy)] = divy([c, A]V,) + ("A(y) Vydivyc) - V. (17)

In particular, if divye = 0, this commutator is also a diffusion operator with respect to
the matriz field [c, A].

2. The following assertions are equivalent

(a) We have [c, A] =0 in D'(R™)
(b) For any s € R, y € R™, we have

A(Y (s;y)) = 0Y (s;y)A(y) 'Y (s;y).

where Y stands for the flow associated with the vector field c.
(c) For any s € R, we have

where G is defined in .
Proof.

1. A straightforward computation first shows that the commutator between c - V, and
div, is given by

[c- Vy,divy)¢ = € - Vydivye — divy(9yc €), € € (C*(R™))™.
Using the above formula with { = A(y)V,u, for a smooth u, one gets
¢+ Vy(divy(A(y)Vyu)) — divy(c- Vy(A(y)Vyu))
= A(y)Vyu - Vydivye — divy (9yc A(y)Vyu). (18)
Taking into account that

¢ Vy(A(y)Vyu) = (c- V4 A)Vyu + A(y)(82u)c(y)
= (¢ V,A)\Vyu+ A(y)Vy(c- Vyu) — A(y) '0,cVyu



we deduce by
¢ Vy(divy(A(y)Vyu)) — divy (A(y)Vy(c - Vyu)) = A(y)Vyu - Vydivye
+divy (¢ VA — ,cAly) — Aw) 9,00V ),
which is the claimed formula.

2. This characterization is proved in [12, Prop. 3.8].

[

Let us now introduce some useful function spaces. We recall that for any two matrices in
M, (R), the notation A : B stands for tr(*AB).

Definition 2.1 For any matriz field M : R™ — M,,(R) € LZ _(R™) made of positive definite
symmetric matrices, we introduce the weighted L? space

Hy = {A : R™ — M, (R) measurable : MY2AMY? ¢ LQ} ,
which is a Hilbert space for the natural scalar product

(A, By ::/ (MY2ZAMY?) . (MY2BMY?)dy = | MA:BM dy, VA,B e Hy,.
m R'm

The associated norm is denoted by |A|nr.
Similarly we introduce the Banach space

Hy = {A : R™ — M, (R) measurable : MY2AMY? ¢ LOO},

equipped with the norm
|A| oo := |MY2AMY?| o0
M

Assume that there is a continuous function v, which is left invariant by the flow of b, and
goes to infinity when |y| goes to infinity

e CR™), poY(s;:) =1 forany s € R, lim (y) = +oc. (19)

ly|—+o0

Since the sets {1 < k}, for k € N are compact sets invariant by the flow of b, we will be able
to perform our analysis in the local spaces

Hfloc = {A : R™ — M (R) measurable : 1gy<pyA € Hyy for any k € N} )

We say that a family (A;); C Hploe converges in Hpy joc toward some A € H o iff for any
k € N, the family (1{¢§k}Ai)i converges in Hys toward 1yy<p) A.
We define similar spaces for vector fields.

Definition 2.2 With the same assumption as in the previous definition, we define
Xy = {c:R™ = R™ measurable : M'?c e L?}

which is a Hilbert space for the scalar product

(c,d)ar:= | M(y):cly) ®@d(y) dy, Ve,d e Xy,
Rm

and the Banach space
X590 = {c: R™ — R™ measurable : M'?c e L®(R™)},

equipped with the norm |c|xe 1= |MY2¢| oo



The following properties are straightforward.
Proposition 2.2 We consider the same assumptions as in the Definitions above.
e We have the continuous embedding C2(R™, M,,,(R)) C Hys

o If M~ e L} (R™) then Hy C L (R™; M (R)).
Moreover the space Hy;-1 can be identified to the dual of Hyy through the L? pairing
that can be writing as

{4, B) py— 22/ A(y) : B(y) dy z/ MY2ZAMY? . M~ 2BM~Y? dy
an Rm
<|Alm|Bly-1, VA€ Hy,VB € Hypou.

Finally, the maps A € Hyy — MAM € Hy;1 and B € Hy; 1+ — M 'BM~' € Hy,
are linear isometries that are reciprocal one from each other.

We can now come back to the problem of giving a sense to the average process in .

Given a matrix field P satisfying , , we set @ = P~! and we shall prove that the
family of applications G(s) : Hg — Hg,s € R, is a C-group of unitary operators on Hg (see
Proposition [3.1)). Thanks to the von Neumann’s ergodic theorem (see Theorem and [34]

for more details), we find that the average of a matrix field (A) := limg_, o0 = [, G(s)A ds
is well defined and coincides with the orthogonal projection on the invariant subspace {B €
Hg : G(s)B = B for any s € R} see also [I2, [13]. Under the assumption (19), the group
(G(s))ser also acts on Hgoc. In particular, any matrix field of HE C HQoc possesses an
average in H( joc, still denoted by (-), as for matrix fields in Hyg.

Theorem 2.1 Assume that , , , , hold true. We denote by L the in-
finitesimal generator of the group (G(s))ser.

1. For any matriz field A € Hg we have the strong convergence in Hg

r+S
(4) == lim ;/ Y (=5;Y (57))A(Y (s53-)) '0Y (=5;Y (57+)) ds = Projye, A

S——+o0
=(G(s)A)(y)

uniformly with respect to r € R.
2. If A€ Hg is a field of symmetric positive semi-definite matrices, then so is (A).

3. Let S C R™ be an invariant set of the flow of b, that is Y(s;S) = S for any s € R. If
A € Hg 1is such that

Q2 (Y AW)QRY (y) > aln, yES,

for some o > 0, then we have
QV?(y) (A) )Q"*(y) = al, ye S
and in particular, (A) (y) is positive definite for y € S.
4. If A€ HoN HE, then (A) € Ho N HY and

(Ao < 14lg, [{A) Iy < Al



5. For any matrix field A € Hg oc, the family

(; /0 TV (s V(s DAY () DY (—5: V(55 ) ds)

5>0

converges in Hg joc, when S goes to infinity. Its limit, denoted by (A), satisfies

Lip<i) (A) = <1{¢§k}A> , for any k € N

where the symbol (-) in the right hand side stands for the average operator on Hg. In
particular, any matriz field A € HE has an average in Hqoc and |(A) |H5o < ’A‘Hff'
If A€ Hgjoc is such that

Q2 (Y AY)QY?(y) > al,, yeR™,

for some o > 0, then we have
QY (y) (A) ()R (y) > alpn, y € R™

The construction presented above of the average matrix field relies on the hypotheses
, , . However, the asymptotic analysis of the family (u®).>o requires to estimate
the derivatives of (u%)c>0, up to the order three, see Propositions To obtain those
estimates, it is very convenient to use derivatives along vector fields which commute with the
derivatives along b, such vector fields are said to be in involution with respect to b. In this
case, the uniform regularity of (u®).~¢ comes easily by taking the derivatives of along
these vector fields in involution with respect to b. More precisely, we shall assume that there
is a matrix field R(y) such that
det R(y) #0, y € R™, R LL.(R™) 20

(b-Vy)R+ RIb=0in D'(R™). (20)

The equation satisfied by R in is equivalent to R(Y (s;y))0Y (s;y) = R(y), (s,y) €
R x R™, which also writes

Y (s;y)R™H(y) = R (Y(s39)), (s5,y) €RXR™, (21)

and is finally equivalent to (b- Vy)}T1 = 8be*1, saying that the columns of R~! are vector
fields in involution with b, see [12] Proposition 3.4. for more details. The vector fields in the
columns of R~! are denoted b;,1 < i < m. At any point y € R™ they form a basis for R" cf.
and are supposed smooth and sublinear

<

)|

which guarantees the existence of the global flows Y;(s;y) € I/VlifO(R x R™),i € {1,...,m}.
We claim that the hypotheses imply , . Clearly R~! € L (R™), since b;, which

loc
are the columns of R~!, are supposed to be locally bounded on R™. Since y — R~ (y) is
continuous, the function y — det R~!(y) remains away from 0 on any compact set of R,
implying that R = (R™!)~! € L{° (R™). In particular ‘RR, ("RR)™! are locally bounded,

and therefore locally square integrable on R™. We define Q = 'RR,P =Q ' = R~ 'R™!

1 <m,
<Ci(1+yl), yeR™,

loc

b € Wo°(R™), divyb; € L°(R™), 1 (22)
Vi € {1,...,m}, 3C; > 0 such that |b;(y



and observe that , are satisfied. Indeed, P(y) is symmetric, positive definite, locally
square integrable, together with its inverse Q = P~! and, thanks to , we have

P(Y(s;9) =R '(Y(s;9) '"R™ (Y(s;p))
= 0Y (s;) R\ (y) 'R () '0Y (s:)
= Y (s;y)P(y) 'Y (s;y)

saying that [b, P] = 0 in D'(R™) cf. Proposition Under the hypotheses (22)), the spaces
Hq, Hp satisty

Hg = {A:R™ - M,,(R) measurable : R A'R e L*(R™)},

HY ={A:R™ — My, (R) measurable : R A'R e L®(R™)}.

Given the family (b;)1<i<m of vector fields in involution with respect to b, we construct the
following Sobolev-type space on R™

H}, .= m dom(b; - V)
=1
={u € L*R™) : b;- Vyu € L*(R™),Vi € {1,...,m}}

(23)

which is a Hilbert space with the scalar product
m
(u,v)g = / u(y)v(y) dy + Z/ (bi - Vyu)(b; - Vo) dy, u,v € H.
m i=1 /R™
The associated norm is denoted by |- |r. The operators b; - V,, are the infinitesimal generators
of the C%-groups of linear transformations on L?(R™) given by
mi(s)u:=uoY(s;-), uec L*R™), scR, ic{l,..m}.

The hypothesis divyb; € L*(R™) plays a crucial role when looking for a bound for the
Jacobian determinant of 0Y;.

Remark 2.1 Notice that every element of H}lz has a gradient in the distribution sense that
belongs to L2 (R™). More precisely, for any u € H}, we have

Vyu="R(by - Vyu,...,by - Vyu),

and
|ulfy = [l 2 gmy + [Vulp. (24)

It will be convenient in the sequel to make use of the following differential operators
Vb= "RV, = (b1~ Vy,....bm - Vy),
as well as its higher order versions
(VE @V =0 Vy(b; - Vy), i,5€{l,...,m},

(VI VER V0= Vy(b; - Vy(br - Vy)), i,5,k€{1,..,m}.

The results in Section |3[ hold true under the hypotheses , , but in Sections
|§| and Appendix [A| we shall need the stronger hypotheses instead of , .



Moreover we assume that
{tD_D, DeHy, be Xy

25
Ja >0 such that QV2(y)D(y)QY?*(y) > al,,, y € R™ (25)

where Q = 'RR and the columns of R™! are given by the vector fields b1, ..., by,.
In view of Theorem the formal limit problem of the family of systems @D becomes

{ O — div,((D) V,0) =0, (t,2) € Ry x R™ (26)

v(0,2) = u'™(2), z € R™.

Under some regularity assumptions (see Section @, we will obtain a strong convergence result

for the family (v¥)es in LS (R4 ; L2(R™)), toward the solution v of the problem (26]). Coming

back to the family (u®)c~0, through the change of variable in @, and thanks to the fact that

for any s € R, Y (s;-) is measure preserving, we justify that at any time t € Ry, e > 0, u®(¢, )

behaves (in L?(R™)) like the composition product between v(t,-) and Y (—t/e;-), that is
tim [u(t, ) —v(t, Y (=t/e5 )2 = lim 0" (2, ) — o(t, |2 =0,

uniformly with respect to ¢t € [0, 7], for any T' € R,..

Passing to the limit in @D, when € \, 0, requires a two-scale analysis. This can be achieved
by standard homogenization arguments, in the setting of periodic fast variables. The aim of
this paper is to obtain results without periodicity assumptions, a framework where not so
much results are available. The key point is to appeal to ergodic means along C°-groups of
unitary operators. More precisely, the main difficulty is passing to the limit in the integral
term

—+00
/ / G(t/)DV 0 - VB ddt
0 m

that appears in the variational formulation of @, for any smooth test function ®. The
argument combines the weak convergence of (V.v%)e=0 as ¢ \, 0 in L2([0,T); Xp),T € Ry,

and the strong convergence of ( fo Dds) " as S — +o00, in Hg joc. More exactly,
s>

we prove that for any family of functions (w?)g~, admiting the same modulus of continuity
in C([0,T); Xp) and converging weakly in L2([0, T]; Xp), as 3 \, 0, toward some w’, we have

T T
lim / / O(t,y) @ w’(t,y) : G(t/e)D dydt = / / 0(t,y) @ w'(t,y) : (D) dydt
(5’5)%(070) 0 m 0 m

for any 6 € L%([0,T]; Xp), see Propositions The strong convergences of (V,v%)z>0
in L2([0,T); Xp) and (v%)eso in L°°([0,T]; L>(R™)) come by energy balances. This is a
consequence of a general result, see Proposition Under the coercivity condition in ,
we prove that the weak convergence of (w”)gso in L2([0,T]; Xp) toward w® together with
the inequality

T
lim sup //m (t,y) @ wP(t,y) : G(t/e)D dydt < /0 /mwo(t,y) @ w’(t,y) : (D) dydt

(B,e)—(0,0)
imply the strong convergence of (w?®)g~q in L2([0,T]; Xp) toward w®.

Theorem 2.2 Assume that the hypotheses ., (15) , , , . ) hold true together
with all the regqularity conditions in Proposition|/. We suppose that ul™ € H and we denote
by (uf)e>o the variational solutions of and by ( “)es0 the functions

V(L z) =u(t, Y (t/e; 2)), (t,2z) € Ry xR™, > 0.

10



Then the family (v°)eso converges strongly in LS (Ry; L2(R™)) to the unique variational

solution v € L®(Ry; L*(R™)) of (26). The function v has the reqularity

8“}7 V?U, sz ® va € Lloc?c(R-i-; LQ(Rm))v 875V§U € leoc(R+; L2(Rm))
and (V,v°)eso converges toward Vv in L2 (Ry; Xp) when e goes to 0. Moreover, the strong
convergence of (v°)eso in LS (Ry; L2(R™)), when € goes to 0, holds true for any initial
condition u™ € L2(R™).

It is easily seen that (uf).~o converges weakly in L= (R, ; L2(R™)), as € \, 0, toward (v), see
also [12]. We deduce that (u®).~o converges strongly in L (R; L2(R™)), as € \, 0, toward

loc .
v iff v = (v), or equivalently, iff the initial condition is well prepared, i.e., u™ € ker T .

Under additional hypotheses we can justify that v° = v + O(g) in LS (Ry; L2(R™)), as
suggested by the formal Ansatz (10)).

Theorem 2.3 Assume that the hypotheses , , , , hold true. Moreover, we
assume that the solution v of the limit model 18 smooth enough, that is

Vive L. (Ry; L2(R™), VE® Vv e L, (R L2(R™))
Vfaﬂ) S Llloc(R-l—; LQ(Rm»? vf ® Vi{aﬂ) S Llloc(R+; L2<Rm))
VEoVEoVEy e [E .(Ry; LA R™), VEoVEoVEe VEy e LL (R, ; L2(R™))

loc

and that there is a smooth matriz field C € HY, that is
divy(RC), by - Vydivy(RC), by - Vy(by - Vydivy(RC)) € L>®(R™), k,l € {1,...,m}
RC'R, b, -V, (RC'R), by-V,(b -V, (RC'R)) € L®(R™), k,l€{l,..,m}
such that the following decomposition holds true
D =(D)+ L(C), (C)=0.

We denote by (uf).>o the variational solutions of . Then for any T € R4, there is a
constant Cr such that

sup |[[u*(t,-) —v(t, Y (=t/e;-)) |2 @m) < Cre
te[0,T]

T 1/2
</0 \Vul(t, ) — Vyo(t,Y(—t/e; )P dt> < Cre.

3 The average of a matrix field

3.1 Definition and properties

Motivated by the computations leading to , we consider the family of linear transformations
(G(s))ser, acting on matrix fields. It happens that (G(s))ser is a C°-group of unitary
operators on Hg. For any function f = f(y),y € R™, the notation fs = fs(z) stands for the
composition product fs = foY(s;-).

Proposition 3.1 Assume that the hypotheses , , , , hold true.

11



1. The family of applications
A = G(s)A =Y (s;-) Ay t@Yfl(s; ) =0Y (—s;Y(s;+)As TOY (—5;Y (s;-))
is a CO-group of unitary operators on Hg.
2. If A is a field of symmetric matrices, then so is G(s)A, for any s € R.
3. If A is a field of positive semi-definite matrices, then so is G(s)A, for any s € R.

4. Let S CR™ be an invariant set of the flow of b, that is Y (s;S) = S, for any s € R. If
there is a > 0 such that Q2 (y)A(y)QY2(y) > aly,y € S, then for any s € R we have

Q2 (y)(G(s)A)()QV*(y) > o,y € S.

5. The family of applications (G(s))scr acts on Hg joc, that is, if A € HQ oc, then G(s)A €
Hg joc for any s € R. Moreover, we have

1{¢§k}G(S)A = G(S)(1{¢§k}A), Ac HQ,loca seR, keN.

Proof.
1. Thanks to the characterization in Proposition [2.1] we know that

P, = 0Y (s;-)P'0Y (s;-), s €R. (27)

For any s € R we consider the matrix field O(s;-) = ;/28}/(5; Q2. Observe that O(s;-)
is a field of orthogonal matrices, for any s € R. Indeed we have, thanks to (27))

tO(s;)O0(s; ) = QM2 1Y (s;)QL/2QL/0Y (s;)Q /2
= Q V(Y Y (s: )P oY T(s;) T QY
= Q_l/Qp—lQ—l/Q
—1,

implying that for any matrix field A we have
QVPG()AQY? = QVP0Y 7 (s;) Ay '0Y ! (5:)QY? = T0(s:)QYPAQPO(s; ). (28)
It is easily seen that if A € Hg, then for any s € R
G)Alg = | QG(94Q!?: Q'C(s)AQ™” dy
= / ‘0(5; Q42 AQ7O(s3-) + 'O(55)Qy* A,QY?O(s;-) dy
— [ QPa.Q QP A.Ql ay
Rm
— QI/QAQI/Q . Q1/2AQ1/2 dy _ |A|2Q

R7YL

proving that G(s) is a unitary transformation for any s € R. The group property of the
family (G(s))ser follows easily from the group property of the flow (Y (s;-))ser

G(s)G(t)A = Y ' (s;)(G(H)A)s'0Y ! (s; )
= OV " (5;)0Y T (1Y (550)) (Ar)s 'Y THE Y (s550)) FOY TH(s; )
=YV Mt + 8 ) Ay OY Tt 4 s5) = Gt +5)A, A€ Hg.

12



The continuity of the group, i.e., lim,_,0 G(s)A = A strongly in Hg, is left to the reader.
2. Notice that G(s) commutes with transposition
HG(s)A) = (oY H(s;)As POY (53 4))
=Y " Y(s;) PA TOY (s )
= G(s)'A.
In particular, if ‘A = A, then '(G(s)A) = G(s)A.

3. We use the formula . For any &,17 € R™, the notation ¢ ® 7 stands for the matrix
whose (4, j) entry is &n;. For any £ € R™ we have

G(5)A: Q6@ Q2 = Q'PG(5)AQ'? ¢ €
= '0(5:)QV*AQP0(s:) 1 € © €
= Q)P A,QY%: O(s;) (€ @ &) 'O(s5 )
= Q;/?4:Q : (0(5:)€) © (O(s:)¢)
= 4, : (Q20(s;)¢) @ (QY?O(s;)€).
As A is a field of positive semi-definite matrices, therefore G(s)A is a field of positive semi-
definite matrices as well.

4. Assume that there is o > 0 such that QY/24QY2 > al,, on S. As before we write for any
EeR™ ye S

Q'2G(s)AQY? : € ® & = (QV2AQY?), : (O(s;)€) ® (O(s;-)€) = a|O(s;-)€]* = afé]?

saying that QV/2G(s)AQ'/? > al,, on S.

5. Here G(s) stands for the application A — Y (—s;Y (s;-))A(Y (s;+)) 10Y (=s;Y (s;+))
independently of A being in Hg or in Hg joc. As 9 is left invariant by the flow of b, so is
1¢y<py, for any k € N. If A belongs to Hg 1oc, we have

Liyp<iyG(s)A = G(s)(1y<yA) € Hg, k€N, s€R

saying that G(s)A € Hg joc, s € R. Moreover, the applications (G(s))scr preserve locally the
norm of Hg

Ly G(s)A|, = [G(s)Aypeny )| = [LpenAly . FEN, s€R.

We denote by L the infinitesimal generator of the group G in Hg

L :dom(L) C Hg — Hyg, domL:{AGHQ .3 gy A=A

s—0 S

in HQ}

and we set L(A) = lims_; W for any A € dom(L). Notice that C}(R™) C dom(L)
and L(A) = (b-Vy)A — 9,bA — A t9,b, as soon as A € C}(R™) (use the hypothesis Q €

L% (R™) and the dominated convergence theorem). The main properties of the operator L

are summarized below (see [12, Prop. 3.13] for details)
Proposition 3.2 Assume that the hypotheses , , hold true.

1. The domain of L is dense in Hg and L is closed.
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2. The matriz field A € Hg belongs to dom(L) iff there is a constant C' > 0 such that
|G(s)A—A|g < Cls|, seR.
3. The operator L is skew-adjoint in Hg and we have the orthogonal decomposition Hg =
l_
ker L & Range L.

Remark 3.1 When working on Hq joc, the generator of (G(s))ser, which is still denoted by
L, is defined by

G(s)Ay<iyA) — Lip<ip A

A € dom(L) zﬁﬂlg% . € Hy, keN
and G(5) (Liperr A) — Lyery A
1pepy L(A) = lim —2 s 7 sk 20 g o,

s—0 S

The transformations (G(s))ser also behave nicely in weighted L spaces. More precisely,
for any s € R, and any A € Hp’, we have G(s)A € HZ and ‘G(S)A|H50 = |A|ngo. Indeed,
thanks to (28]) and to the orthogonality of O(s;-), we can write

QV2G(5)AQ'? 1 QV2G(5)AQ'? = '0(s;)Qy2A,QyO(s:)  'O(s: ) Q32 AQyO (s )
— (QI/QAQ1/2 . QI/QAQ1/2)5-
We are now in position to apply the von Neumann’s ergodic mean theorem.

Theorem 3.1 (von Neumann’s ergodic mean theorem, see [34]) Let (G(s))scr be a
C-group of unitary operators on an Hilbert space (H,(-,-)) and L be its infinitesimal gener-
ator. Then for any x € H, we have the strong convergence in H

1 r+S
lim / G(s)x ds = Projge,cx, uniformly with respect tor € R.
S—+o00 S r

The proof of Theorem comes immediately, by applying Theorem to the group in
Proposition

Proof of Theorem 2.1l The first and second statements are obvious.
3. For any £ € R™, ) € C9(S), > 0 we have 1(-)P'/2¢ @ PY/2¢ € Hg and we can write,
thanks to ([28)

(G(s)A, () P?e @ PV2¢) g = / D(y)Q*G(s)AQY? 1 ¢ ® ¢ dy
Rm
= me(y) O(s;y)QY? AQY?O(syy)€ - € dy
= | P A.Q” : Olsiy)e ® O(siy)e dy
> a [ 0 0)¢Pu) dy
Rm
2
= dy.
alél? [ i) dy
Taking the average over [0, S] and letting S — 400 yield

[ ww)@ ) Qs € dy = (1) 6P e P00 = [ alguty) dy
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implying that
Q7 (y) (4) )Q(y) > aly, yeS.

4. Obviously, for any A € Hg, we have by the properties of the orthogonal projection on
ker L that | (A) |g = |Projer . Alg < |Alg. For the last inequality, consider M € M,,(R) a
fixed matrix, ¢ € CY(R™),4» > 0 and, as before, observe that YPY2MPY? ¢ Hg, which
allows us to write

(G(s)ApPY2 M PY?) g = / QY2G(s)AQY? : y M dy
Rm
=/ fO(s;9) Qi *A:QY*O(s1y) - M dy

_ /R QM2A,QY? : O(s;y) M 'O(s:y) dy

< [ VA0V QYA VOl N 0T 5) : O )3 1O dy
< Al (M : M)"/? me(y) dy.
Taking the average over [0, S] and letting S — 400, lead to
/R QUVHA) QY2 My(y) dy = ((A), ¢ PVPMP?) g < | Al (M = M)'/? W) dy.
We deduce that

QY2 (y) (A) QY (y) : M < | Al (M : M)'V?, y €R™, M € My (R)

saying that

[ (A) |1 = es5 supyege/Q/2(0) (A) ()QV2(y) : Q/2(1) (A) ()Q2(y) < |Al s
5. Let A be a matrix field in Hg joc. For any k € N, 11,41 A belongs to Hg, and by the first

statement we know that

1

It is easily seen that for any k,l € N we have

N S
SETOOS/O G(s)(Lgp<iyA) dSZSETOOS/O G(s)(Lyy<ppA) ds

almost everywhere on {1 < min(k,l)}, and thus, there is a matrix field denoted by (A),
whose restriction on {t) < k} coincides with (1< A) for any k € N. Notice also that for
any k € N we have <1{¢§k}A> = 0 almost everywhere on {¢) > k} and thus we obtain

Liy<ry (4) = (Lip<ipd) s keN.

Observe that for any k£ € N, we have the convergence in Hg

. L[ 18
Glm 1{w<k}5/0 G(s)(4) ds = SEIEOOS/O G(s)(LpempA) ds = (Lp<ryA) = Lip<n) (A)
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saying that limg_, o + 3 fo s)Ads = (A) in Hg loc. The inclusion HZ C Hg joc follows by
the compactness of {¢ < k}, k: € N. By the fourth statement we have

| (A) [y = sup Lip<ny (A) g = ig§| (Lyp<nyA) lmy < sup Ly Alny = |Alng -

Let A be a matrix field of Hg o, such that Q'/2(y)A(y)QY?(y) > aly,,y € R™, for some
a > 0. For any k € N we have 1,<11A € Hg and

QY2 () 1y AW)QY2(y) > alm, y € { <k}.

By the third statement we deduce that for any k € N
QW) 1y<ry (A WQ2(Y) = QY2 (1) (LwenA) W)Q2(Y) = alm, y € { <k}

saying that Q/2(y) (A) (y)Q*(y) > aly,, y € R™. -

3.2 Examples

In this section we explicitly compute the average matrix field in three cases. We deal with
periodic and almost-periodic flows.

3.2.1 Periodic flow

Consider the vector field b(y) = (yy2, —By1), for any y = (y1,y2) € R?, with 3,7 € R%. The
function 1 (y) = By° +~y3,y € R?, is a coercive invariant associated to the field b. We denote
by Y (s;y) the flow of the vector field b. We intend to determine the average along the flow
Y of the matrix field

_ (Ml 0
D(y)_( 10y )\2(:1/) )? y€R2

where A1, Ay are two given functions. It is easily seen that the flow is 27/+/Fv-periodic and
writes Y (s;9) = R(=s; 8,7)y, (s,y) € R x R?, with

cos(v/Bv s) —\/gsin(\/ﬁv s)
\/;Sln(\/ﬁ'y s)  cos(vBys)

By Theorem [2.1] we deduce that

2n /By
() = L2 [T oy (Y (5 DY (51) 0Y (=55 (s ds
2m/v/By
= \g? V73(8;577)17(3/(5; NR(=s;7,8) ds
_ ( (D) D)y )
(D)gr (D)ay
where )
(D >11—§<)\1 + cos( 2\/> > <)\21—cos 2\/> >
_ VB Nal
(D)5 = (D)y; = ﬁ <)\1 sin(2 ﬁy)> ~ 2B <)\2 sin(2+/ By )>
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(D)as _ <)\11*COS (2¢/B7)] > <)\21—cos (2v/B7-)] >

and for any function h the notation (A;h(-)) stands for *5~1 f%/‘ﬁ)\ ;y))h(s) ds, i €
{1,2}. Notice that when A\, Ay are constant functions along the flow Y( ) (that is, when
A1, A2 depend only on B(y1)? + v(y2)?), the expression for (D) reduces to

1
)\1+ )\2 0
<D>:< 0 B+ 3 )
2y T A2

Observe that even if Ay = 0 everywhere (in which case D(y) is nowhere definite positive),
then the averaged diffusion matrix (D) can still be definite positive everywhere.

3.2.2 Almost-periodic flow

Consider the vector field b(y) = (ya2, —w? y1, Y4, —w3 y3),y = (y1, Y2, Y3, y4) € R*, with wy,wsy €
R* incommensurable, i.e wi /wy ¢ Q. The function 1 (y) = wiyi +y2 +wsys +y3, with y € R?,
is a coercive invariant associated to the field b. We denote by Y (s;y) the flow of the vector
field b. We consider the matrix field

My) 0
pw=| o M
0 0

( , Y€ RrR?
0 Ai(y)

0
0
0

where A\j, A2, A\3, \y are four given functions, which are constant along the flow Y (s;-). The
flow writes Y (s;y) = R(—s;w1,w2)y, (s,9) € R x R, with

cos(swi) _w% sin(swi ) 0 0
‘ | wisin(swi) cos(sw1) 0 0
Rlsien;wa) = 0 0 cos(swa) —w% sin(swg)
0 0 wosin(swe)  cos(swa)

The incommensurability condition ensures that the flow is not periodic with respect to the
variable s. Nevertheless it is almost periodic with respect to s. By Theorem we deduce
that

D ZSETms/ Y (=5 Y (55)D(Y (5:)) ‘0 (5 Y (s5°)) ds
ZSEToos/ R(s1w1,w2) D(Y (5:-)) "R (5301, w9) d
ENi() + 5t e(v) 0 0 0
_ 0 T (y) + 2ha(y) 0 0
- 0 0 53(y) s A1 (Yy) 0
0 0 0 “ENa(y) + 3ha(y)

3.3 The Fokker-Planck equation

We inquire now about the Fokker-Planck equation. For simplicity, we assume that the mag-
netic field is uniform B¢ = (0,0, B/¢), z € R3. In the finite Larmor radius regime (i.e., the
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typical length in the orthogonal directions is much smaller then the typical length in the
parallel direction), the presence density of charged particles f¢ satisfies

B
O, f°+ <max1mam)f€+v38x3f€+%E-Wﬂ%ﬁ@ﬁm—vlaw)ff — vdiv, {OV, f*+uf°}.

(29)
In this case, the flow
(z,v) € R} X R® = Y(s;2,v) = (X(s;2,0), V(s;z,v)) € R® x R3,
to be considered corresponds to the vector field
_ _qB 6
b(x,v) - Vi = 0105, + 020z, + we(v20y, — 010y,), We = o (z,v) € R®.
We introduce the notation ¢(x,v) - Vg, = v30,, + %E - V. It is easily seen that
ey 0 R(-wes) | T _
X($;7,0) =T+ — — ———= 0, Xs(s;z3) =23, V(s;0) = R(—wes)v, V3(s;v3) = vs3

where we have used the notations Z = (21, 22),? = (v1,v2), 0 = (v2, —v1) and R(f) stands
for the rotation in R? of angle § € R. The Jacobian matrix of the flow writes

I 021 %:wcs)g O2x1
0 1 0 0
) Y (s;2,v) = 1x2 1x2
Y ( ) O2x2 02x1 R(—wes) 02x1
O1x2 0 01x2 1

where 0, xp, stands for the null matrix with m lines and n columns, and £ = R(—n/2). We
indicate the main lines for the asymptotic analysis of the Fokker-Planck equation . We ap-
peal to the weak formulation of (29), written for the test function (t,y) — ¢(t,Y (—t/e;y)),y =
(,v),Y = (X,V),p € CHR, x RY). Denoting by fi, the initial density, we obtain

~ [ o0 du= [ Fenon - Lo (T 01 (-t/e0) duit
= [ et 0 (t/50) (T Y (/) due
[ ™ oyt (Ve () it
= [ (Ot 0 00 (tfei) (Vo) (-t/es0) .
We introduce the new densities (¢°). given by

felty) =gt Y (—t/e;y)), (ty) € Ry x RO

and we use the identity

bY (~t/e1y)) — ,Y (~t/=:y) bly) = 0.
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After performing the change of variables z =Y (—t/e;y), the above formulation reduces to

_ /Rsfin(z)@(o, z) dz — /OJFOO/RGQEG’ DOlt, 2) dadt

_ /0+Oo/mgeayy(—t/€; Y (t/e;2))e(t, Y (t/e;2)) - Vap(t, z) dzdt
=—v /+°O 00,Y (—t/e;Y (t/e;2)) 10,V (—t/e; Y (t/e;2))V.g° - V.o dzdt
0 R6
+oo
_ V/O /RGga(t, Z)GUY(—t/é‘; Y(t/g; Z))V(t/g; Z)gg(t, Z) ) vz@ dzdt.

Motivated by Theorems we expect that (¢°). converges in L2 (R, ; L?(R%)) to the

solution of the problem

loc

0yg +C(t,2) - V.9 = vdiv.{OD(2)V.g + V(2)g}, (t,z) e Ry x RS
g(o,z):fin(Z), ZERG

where the matrix field D and the vector fields C,V are given by ergodic averages

S
D(z) = lim 1/0 0,Y (—5;Y (552)) '0,Y (—s;Y (s;2)) ds

S—+o00 S
Clt,2) = SEToos/ O,Y (—s: Y (55 2))e(t, Y (s: 2)) ds (30)
V() = Jim < / Y (—8:Y (s:2)) V(s: 2) ds (31)

- im0 (Y (s 2) 0V (52 .

Observe that D is the average of the diffusion matrix D entering the Fokker-Planck equation

cf. Theorem
3
_ _ [ Osx3  O3x3
D_Zem@evi—(()gxs Is >

After direct computations we obtain (thanks to the periodicity of the flow)

S
D(z) = lim ;/0 0yY (—s;Y (5;2))D'0,Y (—s;Y (s;2)) ds

S—+o00
27 Jwe

_ We v O3x3  O3x3 \ ¢ V(e

=5 OyY(—s,Y(s,z))< Ogws L > 0yY (—s;Y (s;2)) ds
% 01 —& 02
O1x2 0 O1x2 0

= 32
£ O2x1 I O2x1 (32)

01)(2 0 01)(2 1

Notice that the averaged Fokker-Planck kernel D contains diffusion terms not only in velocity
variables (as in initial the Fokker-Planck kernel D) but also in space variables (orthogonal
to the magnetic lines). This was actually observed in gyrokinetic theory and numerical
simulations [15, [16] 17, 27, [35].
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It remains to clarify the existence of the ergodic average for vector fields. This comes
from the fact that the family of maps

ce Xg— 0yY(—s5Y(s;:))c(Y(s;-)) € Xg, seR

forms a C°-group of unitary operators in X, see also Proposition Consequently, thanks
to the von Neumann’s theorem, we deduce that the vector fields C and V introduced in ,
are well defined (see Theorem [2.1]).

4 Well posedness for the perturbed problem and uniform es-
timates

For solving , we appeal to variational methods. We use the continuous embedding H}% —
L%(R™), with dense image (since C}(R™) C Hp).

Proposition 4.1 Assume that b satisfies , , , that R and R™' satisfy and
, and that D satisfies .

1. For any € > 0, the bilinear form a° : Hy x H}, — R defined by

1
CLE(U,U> = R D(y)vyu ' Vyv dy + 5/]1{ (b : Vy“)“(y) dy7 u,'U € H]1%7

is well defined, continuous and coercive on H}% with respect to L2(R™).

2. The bilinear form (a) : Hy x Hj, — R defined by
@ wv)i= [ (D) )Vyu- Yy dy. wve

is well defined, continuous and coercive on H}% with respect to L?(R™).

Proof.
1. For any u,v € H}% we have

ID(y)Vyu - Vyo| = [QY2(y)D(y)QY2(y) : (PY2V,0) © (PY*V,u)]
< D|ug [P (y)Vyo| [PV (y)Vyul, y € R™

and
b(y) - Vyu o(y)] = Q"2 (1)b(y) - P2 (y)Vyu v(y)| < [blxgg [PY2(y)Vyul [o(y)], y € R™
Therefore, it is easily seen, thanks to , that
1
|a*(u, v)| < [Dlug [Vyulp[Vyolp + —[blxg [Vyul pllvl 2 @m)

1
< <|D\H,30 + 8\51X5>> lulrlv|r

showing that the bilinear application a®(-,-) is well defined and continuous. We inquire now
about the coercivity of a® on H}%, with respect to L2(R™). For any u € H}% we have, thanks
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to the anti-symmetry of b-V,
a®(u,u) + ozHuH%Q(Rm) = /RmD(y)Vyu - Vyu dy + OZH'U/H%Q(RWL)
- /R QY2 () Dy)QV2(y) : (P2(y)V,yu) & (PY2(y)Vyu) dy + allul 2 zm
>a [ [PV Yyl dy -+ olulfagen
= o (1Vyulb + [ullfagam) ) = aluf?
We emphasize the following inequality, which will be used several times in the sequel
D(y)Vyu-Vyu > a|Vfu|2, u € Hp. (33)
2. We follow the same lines as before since Theorem gives that
QY2(y) (D) (1)Q2(y) > al, y € R™
and [ (D) |ug < |D|ug - -

Proposition 4.2 Assume that b satisfies , , , that R and R™" satisfy and

, and that D satisfies .
There exists u® (resp. v) a unique variational solution of (resp. (26))). Moreover, we

have

c in c ”UinHL?(Rm)
|u ||L°°(R+;L2(Rm)) < [lu HLQ(Rm)a [Vyu ||L2(R+;Xp) < W’ e>0
" )
. Uln LQ(Rm)
”U||L°°(R+;L2(Rm)) < HUmHLZ(Rm)a ||VzUHL2(R+;Xp) > W‘

Proof. By [20, Theorems 1 and 2, p. 513] (see also [30]) we deduce that for any u™ € L2(R™),
there is a unique variational solution u° for the problem ({)), that is u® € Cy(Ry; L*(R™)) N
L*(Ry; Hp), 0pu® € L*(Ry; (Hp)') and

uf(0) = u'™, uf (t,y)e(y) dy + a®(uf(t),) = 0, in D'(Ry), for any ¢ € Hf,.

aRm

Similarly, there is a unique variational solution v for the limit model , that is v €
Co(Ry; LA(R™) N L2 (R s HE), do € L2 ([R5 (HE)') and

|
o0) =u", 5 [ ot 26() dy+ @) (v(6),9) =0, in D(R.), for any v € Hj,
Rm
The above estimates come immediately by the energy balance
1d .
5 Sl (@) 2oy + 0" (05 (0), w5 (1) = 0, in D'(R)

which implies

1 ¢ 1 in
SO aam + | @@ (7), (7)) dr = 3 ey, t € R
0

In particular we deduce ||u®(t)|| 2@rm) < [[u™||f2(rm), for any t € Ry, e > 0, and

¢ t
2a/ \V,uf (7)|3 dr < 2/ a®(u®(7),u® (7)) dr < ||um||%2(Rm), teRy, e6>0
0 0

||UinHL2(Rm)

saying that [|[Vyu®||L2®, xp) < V2o

(|

, for any € > 0. The estimates for v follow similarly.
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Remark 4.1 The family (v°(t,-))es0 = (u(t, Y (t/e;-)))es0 satisfies the same estimates as
the family (uf)e0.
Indeed, performing the change of variable z — y = Y (t/¢e; z), which is measure preserving,
one gets .
0% O3 gm) = 1150 Bagamy < [0 Bany, ¢ € Ry, &> 0.

Moreover, thanks to , we have

VEE(t, 2) = TR7Y(2)V0°(t, 2) = 'R7N(2) 'Y (t/e;2) Vyuf (1, Y (t/e; 2))
= YOY (t/e;2) R (2))Vyuf (1, Y (t/e; 2))
= "R () (Y (t/e;2))Vus(t, Y (t/e; 2)) = (VyRuE) (t,Y(t/e; 2))

and therefore
2 e 2 R 2
|’V2U8HL2(R+;XP) = /0 ‘VZUS(T”P dr = /0' ||vz UE(T)||L2(]R7") dr

—+o00 —+oo
:/0 IV 5 ()12 ey dT=/O Vyus (Db d7 = IVl ll72@m, xp)

HumH%Q(Rm)

- 2

Using twice the formula
bi - Vvt () = by - Vo (u(t) o Y (t/e;-)) = (bi - Vyus(£) o Y (/)
we deduce that
bj - Va(bi - Vo5 (1)) = bj - V2 [(bi - Vyus(t)) o Y (t/e3-)] = [bj - Vy(bi - Vyu® (£))] 0 Y (¢/e;-) .

Therefore ||bj - V. (bi- V0= (1)) | L2mm) = |05 - Vi (bi - Voyus ()| 2mm) s 3,7 € {1,...,m} as soon

as those norms are finite.

Up to now, we have considered solutions with initial condition v € L?(R™). In order to
study the stability of the family (v%).>o when € goes to 0, we need more regularity. This will
be the object of the next propositions, in which we analyze how the regularity of the initial
condition propagates in time. The idea is to take the directional derivative b; - V,, of ,
leading to

1
Oy (bi - Vyu©) — divy (D(y)Vy (bi - Vyu©)) + gb. Vy(bi - Vyu©) = [bi - Vy, divy (DVy)]u®. (34)

Notice that the key point was to take advantage of the involution between b; and b, for
any i € {1,...,m}, which guarantees that there is no commutator between the first order
operators b; - V, and b - V,. More generally, if we apply the directional derivative c¢-V, in
, the right hand side of the corresponding equation in will contain the extra term
%[b -Vy,c- Vy]u®, which is clearly unstable, when € goes to 0, if b and ¢ are not in involution.
The estimate for b; - V,u® follows by using the energy balance of , observing that, thanks
to the anti-symmetry of b - V,, we get rid of the term of order 1/e. We assume that for
any 4,5 € {1,...,m}, the coordinates of the Poisson bracket [b;, b;] in the basis (bi)1<r<m are
bounded

[bisbj] = > afibr, afj € LOR™), i,4,k € {1,...,m}. (35)
k=1
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Proposition 4.3 Assume that the hypotheses , , , , hold true. Moreover
we assume that for any i,j € {1,...,m}
b; - Vydivyb; € L>°(R™), divy(RD) € L>(R™)
m
R[b;, D] 'R € L®(R™), > b;- Vy(R[bi;, D] 'R) € L™(R™).
i=1
If the initial condition belongs to H}%, then we have for any T € Ry

sup HviueHLw([O,T];m(Rm)) = sup ||V5U€HLO<>([0,T];L2(Rm)) < 400
e>0 e>0
sup [V @ VI || 2o 2 @my) = sup [[VE @ V|| 2o, 19,p2memy) < +00
e>0 e>0
sup HatUEHL2([07T];L2(Rm)) < +00.
e>0

Proof. We want to estimate the L? norms of b; - Vyu®, i € {1,....,m},e > 0. This can
be done by analyzing the translations along the flows Y; and estimating the L? norms of
(u®(t,Yi(h;y)) — u(t,y))/h uniformly with respect to h € R* and ¢ > 0. For simplicity, we
justify the estimates only for smooth solutions and coefficients (and therefore we use classical
derivatives).

We use to express the commutator in the right-hand side of , then we multiply
this equation by b; - Vyu®. Integrating with respect to y over R™ and observing that the
contribution of the singular term %b - Vy(b; - Vyu®) cancels by the anti-symmetry of the
operator b-V,, we obtain

%% (b - Vyu (£)* dy+ | D(y)Vy(bi - Vyus () - Vy(bi - Vyui (1)) dy - (36)
Rm™ Rm™

T / [bi7 D]Vyus(t) ’ vy(bi ’ Vyue(t)) dy

m

+ | D(y)Vyus(t) - Vydivyb; (b - Vyu(t)) dy.
Rm

By hypothesis we have
DV, (b - Vyu (1)) - Vy (bi - Vyus (1) = QY DQ'? (37)
. P2V, (b; - V,us (1)) @ PY2V,(b; - Vyus(t))
> a| PPV, (b - Vyus ()P = ol V(b - Vyus (1)

=) (b - Vy(bi- Vyus(1)))>.
j=1
Combining , leads to
1d R 2 R R 2
537 IVFwE O oy + @ V5 © Vw2 g (38)
<= [ I DIV 9y - V0t (0) dy
=1
=71
+3 [ DVuE(t) - Vy(divyb;) (b - Vyus(t)) dy.
i=1 LR
12
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In order to bound the term I} in the right hand side of we write
I} :/ R[b;, DI'R:'"R7'V,u(t) @ 'R™'V,(b; - V,us(t)) dy

= [ Rib, DI'R:Vus(t) @ V(b - Vyus(t)) dy.
Rm

Notice that for any j € {1,...,m} we have
bj - Vy(bi - Vyu© (1)) = bi - Vy(bj - Vyu(t)) — [bi, bs] - Vyu© (1)
=b; - Vy(bj - Vyus(t)) — i afjbk - Vyus(t)
k=1

and therefore we obtain

Vb - Vyus(t) = b - Vy (VEuS(t) — AV s (t)
where the matrix A; is the one whose entry (j, k) is afj. Combining , yields

I} = / _R[b;, D] 'R V() @b - Vy (Vs (t)) dy

_ / Rlbi, D)'R: VINE() © AVIE(r) dy

=J + J7
To estimate the term J!, we use the symmetry of the matrix field D and the formula

bi - Vy(R[bs, DI'R: Vs (t) @ VIus(t)) = b; - Vy(R[bi, DI'R) : Vi (t) @ Vi (t)

(39)

(40)

+ 2R[b;, D] 'R : VJus(t) @ b; - Vyy (VU (t)).

Integrating by parts leads to

m

>

i=1

2

= '_ ) /R _divyb; R[bi, D' R : Vyus(t) © Vy/us () dy
=1

- / S b Vy(Rlbi, DIR) : VRGE (1) @ VEuE () dy
"i=1

m

> bi- Vy(R[bi, D]'R)

< (Z [divybi | oo | R[bs, D] Rl oo +
i=1

=1
X |V ()| 72 gomy-

)

The estimate for the term Jf follows immediately, thanks to the hypothesis

| JZ| < | R[bi, D) Rl| oo () 1A | oo (rem) | Vg0 (8) | 72 e

and finally there is a constant C depending on maxi<i<nm, ||[divyb;|| oo, maxi<i<m ||Aillzoc,

maxi<i<m ||R[bz, D] tR”Loo, || Z:zl b; - Vy(R[bi, D] tR)HLoo such that

>0

i=1

< ClHVfUE(t)H%Q(Rm), t e R+, e > 0.
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For the term I? we can write, using the inequality (R(y)D(y)‘R(y) : R(y)D(y) ‘R(y))"/? <

Il =|[ RD'R'R'V,uf(t) "RV, (divyd;) (bi - Vyus(t)) dy

R'm
< 1Dl V5l ey [ V(O] b 9y (0)]

< |Dage |V divybi| oo ) [V g ()17 2 gom

implying that there is a constant Co depending on ]D\ngo , Max| <i<m ||V divybs|| 0o gm) such

that .
D1

i=1
Combining , , and applying Gronwall’s lemma imply

IV R ()| 2y < eCFO VIR gy, tE Ry, € >0

< CollVJu Ol fgmy tE Ry, >0, (42

and

e(cl+02)t

V2a

The first and second conclusions follow thanks to Remark [£.I] For the last one, notice that

IV & V|| 2o rpr2@my) < IV ™| 2 gmy, € > 0.

O (t,2) = O (t,Y (t/e;2)) + %b(Y(t/E; 2)) - Vyus(t,Y (t/e;2)) (43)
= divy (DVyu® (1)) (Y (t/e;2))

which implies
1000 (1) = vy (DY (1) 2

By direct computation we obtain
divy, (DV,uf) = divy (D 'RV u) = divy(RD) - Viu® + RD'R : 0,(V,/u )R~
= divy(RD) - Vu* + RD'R : V] ® V}tu®
and therefore
Sup 10ev (| L2 (j0,73;22 (R Y) = Sup | divy (DVyu®)| L2 (j0,7);02 (&Y
< VT||divy(RD)| . mm) sup IV 5w || oo (0,77:22 R
+ |Dlmgy Sup IVE® Vil r2orr2@my), T € Ry

[

Performing similar computations, we can propagate more regularity. The goal is to obtain
a uniform bound for (9;VEv®).~o in L2 (R ; L2(R™)) which will be necessary for applying

loc

Proposition This can be achieved for any initial condition u™ € Hﬁ. The proof is
postponed to Appendix [A]

Proposition 4.4 Assume that the hypotheses , , , , hold true. Moreover
we assume that for any i,j,k € {1,...,m}

Vil € L°(R™), Vidivyb; € L°(R™), Ve Vidivb; € L°(R™),
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divy(R[b;, D]) € L(R™), R[b;, D]'R € L®(R™), Y b;-V,(R[bi, D|'R) € L™(R™)
i=1
R[bj, [b;, D]]'R € L°(R™), divy(R[bj, [bi, D]]) € L°(R™)
R t oo (M R R t oo (M
V,/(RD'R) € L(R™), V,/®V/(RD'R) € L*(R™).
If the initial condition u™ belongs to HI%U then for any T' € Ry we have

Sup IV © Vit || Lo o,r)22(Rm)) = Sup IVE @ VI oo po.17;22(mmy) < +00
g g

sup IV © ViE @ Vi oz @my) = sup IVE @ VE @ VI || 2o L2 @my) < +00
> e>

and
83%’ HatVzRU€HL2([0,T];L2(R’”)) < +oo.
€

Here the notation VI @ VI @ VEw stands for the tensor whose entry (i, j, k) is by - V(b; -
V(b; - Vw)).

Similar computations allow us to estimate the solution of the limit model . The arguments
are a little bit tedious and we refer also to Appendix [A] for details.

Proposition 4.5 Assume that all the hypotheses of Proposition[{.3 hold true, together with
(19). Then we have for any T € Ry

Vi e L2([0,T]; L2 (R™)), VE @ VEv e L2([0,T); L*(R™)), 9w € L%([0,T); L>(R™)).

Proposition 4.6 Assume that all the hypotheses of Proposition[{.) hold true, together with
(19). Then for any T € Ry, we have

VEe Vi e L>([0,T); L?), VEeVEe Vv e L2([0,T];L%), 0,VEv € L*([0,T); L?).

Proof. Apply exactly the same arguments as in the proof of Proposition after observing
that the matrix field (D) satisfies the same hypotheses as the matrix field D (see the proof
of Proposition {4.5]). O

5 Two-scale analysis

We intend to investigate the asymptotic behavior of , or equivalently @ For any smooth,
compactly supported function v (t,z) we have to pass to the limit, when & \, 0, in the
formulation

. +oo +o0
—/ u™(2)¥(0, z) dz — / / ve(t, 2)0pp dzdt + / G(t/e)DV v - V1) dzdt = 0.

m 0 m 0o Jrm
Clearly, the main difficulty comes from the last integral, which presents two time scales : a
slow time variable ¢ and also a fast time variable s = t/e (not necessarily periodic). We detail

here a general two-scale convergence result, based on ergodic averages. We use the notations
introduced in Definition [2.1] and Proposition
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Proposition 5.1 Let T' be a positive real number. Consider C € L>(R; Hg), such that the

family of averages (% fS°+S C(s) ds)S . converges strongly in Hg toward some C c Hy,
>

50
uniformly with respect to sy € R, when S — 4o00. Let B, C C([0,T]; Hp) be a bounded set in
LY([0,T); Hp), of functions which admit as modulus of continuity in C([0,T); Hp) the same
function w : [0, T] = Ry i.e.,

|B(t) — B(t")|p < w(|t—1t]), t,t' €[0,T], B€ B,

with w non decreasing and limy\ o w(\) = 0. Then

T

T _
timy [ (B(0).C(t/e)) g dt = /0 (B(1),C)p g dt

uniformly with respect to B € B,,.

Proof. For any § > 0, there is S5 > 0 such that

1 80+S o
‘ / C(s)ds—C

< 4, for any § > S5 and sg € R.
S Js 0

Performing the change of variable s = é in the above integral, leads to

‘1 /tﬁT Clt/e) dt— T

T < 0, forany T'> eSs = Ts. and tg € R. (44)
to

’Q
We split the interval [0, T into a finite number of intervals of size greater or equal than T ..
For example let k5. be [%} If T/Ts, is an integer, that is T'/T5. = ks, we consider the
intervals

[kT(S,Ev (k + 1)T(576[7 0<k< ké,e -1

and if T'/T5. is not an integer, we take the intervals
[kTg’E, (k + 1)T57E[, 0<k< k(;,g —2, and [(k6,s — 1)T5’€,T[.

Notice that in both cases we have ks, intervals, whose sizes are between T5. and 27s.. We
denote by (txsec)o<k<ks., or simply (tx)o<k<ks., the end points of these intervals. The last
point is always t; . = T'. Therefore we can write for any B € B,

T

/OT (B(t),C(t/e)) pg dt —/0 (Bt),C)p dt‘ = ‘/OT (B(1).C(t/) = C) dt‘

Foe 1y oty _
< / (B(t),C(t/e) —C’>Pth‘
k=0 7tk ’
ké,a_l tht1 o
< / (B(t) - B(tx). C(t/2) — T) g, dt'
k=0 I/t ’
ké,sfl tht1 .
+ / (B(t), C(t/2) = C) pg dt‘
k=0 7tk 7
=: 2 + 2. (45)
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Since the function ¢t € [0,7] — B(t) € Hp admits w as modulus of continuity, we obtain the

following estimate for 3

ks,e—1 te+1 o
i< Yo [ wlle ) (/) - Clo di (46)
k=0 7tk
k575—1
< 3 w@T5) tr — 1) 2C e irrg)
k=0
= 2||C| oo (r; )W (2T5.6) T
The estimate for X5 comes by using
koe 1 tot1 L
ESY / (PB(tr)P,C(t/e) — C)q dt' (47)
k=0 7tk
ks,e—1 tet1 o
= > (PB(tk)P, (C(t/e) — O) dt)
k=0 t Q
ks,e—1 tht1 -
=Y (B, [ewe -0y ar)
k=0 tk PQ
k‘g’g—l
< O(tk+1 — )| B(tk)| P

=0
<8 [IBll o1y 1p) + w(2T5)T] .

Thanks to , , we deduce
T T o
| B0.C/N g dt= [ (B0.C)g ] < 20N pigl2Tre)T

+ 6 [IIBll 1(jo,19;1p) + w(2T5.)T] -

Let n be a positive real number and ¢ > 0 small enough such that §||B|| 11 (jo,r);,) < /2
uniformly with respect to B € B,, (which is possible since B, is bounded in L'([0, T]; Hp)).
Observing that lim.\ o 75, = lim\ g S5 = 0, and lim\ g w(275.) = 0, we deduce that there
is € = e(n) such that for any 0 < € < ()

20Cll s 1) (2T5.)T + 6w(2T5.)T < 7

Finally we obtain

T
| BO.Ct/hpg at- [

for any 0 < £ < €(n), uniformly with respect to B € B,,. O

T

_ n
(B(t),C)pg dt‘ < OBllLrorymp) + 5 <7

Remark 5.1 The conclusion ofProposition holds true for any pair (B, C) € L'([0,T]; Hp)x
L>*(R; Hg) such that <% st0+5 C(s) ds)s , converges strongly in Hg toward some C € Hg,

>
uniformly with respect to s € R, when S — 400. Indeed, observe that

T T
| Bo.c/eng a- [ (B0.0),, dt\s2|rB||L1<[o,T};H,,)HOHMR;HQ)

28



and thus, by using the density of C([0,T]; Hp) in L*([0,T); Hp), it is enough to consider
B € C([0,T); Hp). But in this case, the uniform continuity of B allows us to pick a modulus
of continuity w : [0,T] — R4

w(A) = sup |B(t) — B(t")|p, A\€[0,T]
t,t'€[0,T],|t—t'| <A

and all the arguments in the proof of Proposition[5.1] apply.

In the sequel, we present some consequences of Proposition [5.1| which will be used when
justifying the main result in Theorem Everytime that y — A(y) : B(y) belongs to
L'(R™), by the notation (A, B)p o we understand JamA(y) : B(y) dy.

Proposition 5.2 Let T be a positive real number. Consider D € HY a symmetric matriz
field and W,, € C([0,T); Xp) a bounded set in L?([0,T); Xp) of functions which admit as
modulus of continuity in C([0,T]; Xp) the same function w: [0,T] — Ry, i.e.,

|w(t) - U](t/)|p < w(|t - t,’)v t’t/ € [OvT]7 w e Ww

with w non decreasing and limy~ow(X\) = 0. Then for any family (w?)g=o C W, which
converges weakly in L*([0,T]; Xp) toward w® when B\, 0, we have

)

T T
fim /O (o) ® w?(1), G(t/o)D)  di = /O (001) 9 (1), (D)) pg At (48)

(B,e)—=(
for any 0 € L*([0,T); Xp).
Proof. Notice that for any §,w € L?([0,T]; Xp) we have

T T
/ () @ w(t), G(t/e)D)pg dt Z/ 0(t,y) @ w(t,y) : G(t/)D dydt
0 0JR™
T
B /0/ (POt y) @ (P2 ()w(t ) : Q2 ()G (/) DQYA(y) dydt
T

S/O |G(t/e) Dl /Rm\Pl/2(y)9(t,y)l\Pl/Q(y)w(t,y)\ dydt

T 1/2 T 1/2
< 1Dl ([ [ Pt -own avae) ([ [ Pyt we )
= Dl 101 2o, 1);x ) 1wl 20, 77; 5)
and similarly, by using | (D) | HE < |D| HE
T
/O (0(t) @ w(t), (D)) pg dt < [Dlag 101l z2(0,1:x0) 1wl £2(0,77,xp)- (49)

As the family (w?)ss is bounded in L%([0, T]; Xp), it is enough to check for any 6 in a
dense subset of L([0,T]; Xp), for example for any @ such that P'/26 € C?([0, T] x R™). Take
k € N large enough, such that k& > ¢(y),y € supp (P1/29). As D € Hgf belongs to H joc,
the matrix field Dy = 1(y<x} D belongs to Hg N Hy. We appeal to Proposition with
C(s) = G(s)Dy,C = (Dy) = 1gy<py (D), cf. Theorem and B={0®@w : weW,}. By
Proposition we know that (G(s))ser is a C%-group of unitary operators on Hgy, implying
that C' € L>*(R; Hg). By Theorem we deduce that

1 so+S o
lim S/ C(s) ds = C, uniformly with respect to so € R.
50
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For any w € W,, we write

T 1/2
10 ® wl| L1 (jo 71 p) = /O < / (PY20) @ (PY%w) : (P%0) @ (P'?w) dy> dt

m

T
< [ 1ol ool de
0
< |PY20|| 12 (0.1 Lo () 1w | 22 (0,79: 1)

and therefore the boundedness of W, in L?([0,T]; Xp) implies the boundedness of B in
LY([0,T]; Hp) (since P20 € C%([0,T] x R™)). We search now for a continuity modulus of
B. For any w € W,, t,t' € [0,T], we have

0(t) @ w(t) = 0(t") @ w(t')|p < [0(t) — 0(t) | xze[w(t)|p 4 10(t) | xse|w(t) —w(t)|p
< |PY20(t) — PY2O(t) || oo (romy [ w(t) | p + [|IPY20(t) || oo (romyw (|t — £'])
< wy(lt — tDlwlleqorxpy + @t = DIPY20]cogo 11xmm)

where wy is a continuity modulus for P*/20 € C9([0, T] x R™). The claim follows if we manage
to show that W, is also bounded in C ([0, T7]; Xp). This comes easily by noticing that for any
t,t' € [0,T],w € W,, we have

w(®)[p < (lwt)]p +w(lt —t']))* < 2wt + 2*(T).

Integrating with respect to ¢’ € [0, 7] one gets for any ¢ € [0, T

2
w(®)fp < 2wl o150 + 23(T)

saying that W, is bounded in C([0,7]; Xp). By Proposition for any n > 0, there is
g(n) > 0 such that for any 0 < e < &(n),8 >0

n

dt| < .

<

[ (00w 0.1 0mn6w0p) ar- [ (00000102 ()

P?Q

As supp (P'/20) c {¢) < k}, the above inequality also writes

/OT <9(t) @wﬂ(t),a(t/g)p> dt — /OT <9(t) ® wh(t), <D>>

n
dt| < 2,0<e < B> 0.
o ‘ 5 e<e(n),pB

)

By we know that w — fOT (0(t) @ w(t),(D))pg dt is a linear continuous application
on L2([0,T); Xp), and since (w”)g=o converges weakly in L%([0,T]; Xp), toward w’, when
B\, 0, there is 3(n) > 0 such that for any 0 < 8 < 8(n)

[ (e0rewnum), o= [ @00 o), 0 <]

Therefore, for any n > 0, there is f(n) > 0,e(n) > 0 such that for any 0 < 5 < 5(1),0 < e <
e(n)

/OT (6(t) @ w (1), G(1/¢)D) dt—/OT (0(0) @, (D)) dt' <n

)
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Remark 5.2 The previous arguments show that if D € H, then
T T
tim [ (w(t) ©w(t).Gt/eD)pg dt = [ (W) © ) (D)pg dt  (50)
€ 0 0

for any w € L?([0,T); Xp). Indeed, taking into account that the bilinear application
(0,w) € L2([0,T]; Xp) x L2((0,T]; Xp) —>/ B @ w(t), (D)) pg dt € R

is continuous, it is enough to establish for w in the set {6 € L*([0,T); Xp) : PY?0 ¢
CY([0, T} xR™)}, which is dense in L*([0,T]; Xp). And this is a direct consequence of Remark
applied with Dy = 1gy<py D,k > 9(y),y € supp (PY/29), since for any 6 € L*([0,T]; Xp)
such that P'/20 € C2([0,T] x R™), we have

T 1/2 T
10 @ 0| L1 (jo, 7)) = /O ( Rm|P1/2'9\4 dy> dt g/o IP20(t) | o romy || P2/20(8) | 2 emy dlt
< 101l z2 o, 13;x20) 101l L2 0,77, x ) < 00

When the matrix field D is p081tlve definite, the behavior of the upper limit with respect
to (,¢) for the quadratic term fo (wh(t ®w5( ), G(t/e)D>PQ dt characterizes the strong

convergence of the family (w?) 5>0 as shown in the following result.
Proposition 5.3 Assume the same hypotheses as in Proposition 5.3,
1. If the matriz field D is positive semi-definite, then we have

/ (w(t) @ w’(t), (D)) dt < liminf)/OT <w’3(t)®w5(t),G(t/5)D>RQ dt.

(B,e)—(0,0

2. If (w?)g=o converges strongly in L2([0,T]; Xp) toward w® when B\, 0 (the evistence
of a modulus of continuity w in C([0,T); Xp) for the family (w”)g=o is not necessary
here), then we have

/<w ) @ w( (D)) pg dt= lim )/OT<wf3(t)®w5(t),G(t/a)D>RQ dt

(B,e)—(0,0

3. If there is a > 0 such that Q'/2DQY? > al,,, and

4 0 0
dtg/o (w(t) @ w (t),(D)>P’Q dt

)

limsup)/OT <w5(t) ® w’(t), G(t/e)D>

(B,e)—(0,0

then the family (w®)gso converges strongly in L*([0,T]; Xp) toward w® when 8\, 0.

Proof.
1. As the matrix field D is symmetric and positive semi-definite, so is the matrix field
G(t/e)D for any t € [0,T] and £ > 0, and thus

T
[ (wrewo.aeon), a= [ [ wneen G a
< [ @)@ w0 6P () &0 1) D) v

< ([t @ v, 6/e), g o) 1/2( [(ww ewo.aemn), dt)m,

31



Passing to the lower limit with respect to (3,¢) yields, thanks to Proposition

T 0 0 g 0 0
/0 <w (t) @ w (t),<D>> dt < liminf {(/ <w (t) @ w (t),G(t/ﬁ)D>P7Q dt)

P (8,6)—=(0,0)

T 1/2
x (/0 (w'(t) & w? (), G(t/2)D > o t> } (51)
Thanks to Remark we know that
T T
lin /0 (w'(t) © (), G(t/e)D) o dt = /0 (W) ® u’(t), (D)) pg At (52)

Using the equality in the inequality leads to our claim.
2. Pick 7 a positive real number. By Remark [5.2] there is () such that for any 0 < & < £(n)

g 0 0 g 0 0 n
/0 (w(t) @ w (t),G(t/e)D>P’Q dt—/o (w(t) ®w (t),<D>>P7Q dt‘ <3

It is easily seen, thanks to the strong convergence of (w”)s= in L2([0,T]; Xp) toward w®,
that there is 3(n) > 0 such that for any 0 < 8 < 8(n), and any € > 0

/OT <w5(t)®w5() G(t/e)D P dt—/ (w°(t) ® w'( (t/e)D>P,Q dt‘

n
< IDlags lw? = wllzaqomyxe) (I?llzzgomyx,) + o ||Lz<[o,T];XP>) <3

1/2

Therefore the second assertion holds true.
3. We know by Proposition that QY2G(t/e)DQY? > al,,, for any t € Ry ,e > 0 and
therefore

B . 0y2 ’ By — w® Bty — w
oo’ =wlLagoryxe < (W) - 'O @ [0~ w (t)]’G(t/E)D>P,Q &

T
:/0 <wﬁ(t)®wﬁ() G(t/e)D P, dt+/ (w'(t) @ w°(t), G(t/e) D), dt

- /oT <wﬁ(t) ®w(t), G<t/€)D>PQ

By Proposition [5.2] we know that

T T
im wﬁ w? € = im w 5
i /0 (w9 ue).Ge/eD), = Tm / (') © w’1),G(t/5)D) | d
T
:/O (w(t) ® w0 (), (D)) ., dt

dt — /OT ()@ wﬁ(t),a(t/s)D>PQ dt.

)

and by Remark [5.2] we have

: T 0 Lt 0
limy /0 (W°(t) @ w'(t), G(t/e) D), dt = /O (w’(t) @ w’(t), (D)) . dt.

Finally we obtain

T
alimsup ||w® — w°|? oy < limsup / w’(t) @ wP(t), G(t/e)D dt
NV POTEXR) = 5 ) 200y Jo < >P,Q

_ /T (W) @ w'(t), (D)) dE <0
i ,

which proves that (w5)5>0 converges strongly in L?([0,T]; Xp) toward w® when 8\, 0. —
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6 Proofs of the main theorems

We establish two convergence results. In Theorem [2.2 we state strong convergence results for
the families (v%)e>0 in LS (R4 ; L2(R™)) and (V,v%)cs0 in L2 (Ry; Xp). In Theoremwe
investigate the rate of the above convergences, by introducing a corrector, that is, we justify

the leading term in the developement .
Proof of Theorem Assume that 4™ belongs to Hz%:» which is the space defined by

Hg:={ue€ Hf : Vi®Viue L*(R™)}. (53)

As u® is the variational solution of (I}, we have for any ® € C}(Ry x R™)
+00 Fo0
—/ / u(t,y)0r P dydt—/ u™ (y)®(0, y) dy—i—/ D(y)Vyu® -V, @ dydt
0 m Rm™
+o00
—/ / (t,9)b(y) - V4@ dydt = 0. (54)

Actually the above formulation holds true for any compactly supported function in Ry x R™,
which belongs to W1 (R, x R™). Pick a test function ¢ € C} (R, x R™) and let us introduce
the function ®°(t,y) = ¥(t,Y (—t/e;y)), (t,y) € Ry x R™. Thanks to the hypotheses (4),
the function ®° is compactly supported in Ry x R™, belongs to W>°(R, x R™) and thus
satisfies . We perform the change of variable z — y = Y (t/e;2). Taking the time and
space derivatives of the equalities ¥(t,2z) = ®(t,Y (t/e;2)) and v°(t,z) = us(¢,Y (t/e;2))
gives

Ou(t, ) = O (1, Y (153 2)) + (Y (t/532)) - V871, Y (/3 2)

Vo(t,z) = LOY (t)e;2) V, @5 (, Y (/g 2)), Vu°(t,2) = '0Y (t/e;2) Vyus(t,Y (t/e; 2))
and the weak formulation (54)), written with the test function ®¢(t,y) becomes

_/O+°°/mve(t,z)at¢ dzdt_/mui“(z)¢(0,2) dz

+ /+OO oY Y(t/e; 2)D(Y (t/e; 2)) LOY ~L(t/e; 2)V .0° - V,op dzdt = 0.
0o Jrm

Therefore v¢ is the variational solution of @ By Propositions we have, for any
T e R+

Sgg{‘|vs|’Lw(R+;L2(Rm)) + IV Lo oy z2@m)) + IVE @ VEO || 1o (0,77:02(RmY) } < +00
€

Sglg{HatUEHLQ([O,T];L2(Rm)) + HatVfUEHLz([O7T];L2(Rm))} < +00.
€

Let us consider a sequence (gx); converging to 0 such that

lim v =" weakly x in L%°(R,;L*(R™)) (55)
k—-+o0
lim V.0 = V,0? weakly % in L>([0,7]; Xp), T € R,. (56)

k——4o0

We claim that v° is the variational solution of . For any n € C}(Ry) and ® € H},, the
variational formulation of @ yields

- /0 +°o/mv€k (t, 2)n' (t)®(z) dzdt — / muin(z)n(O)@(Z) dz

+oo
+ / G(t/er) DV 0% - n(t)V.® dzdt = 0.
0 RrR™
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As 7/® belongs to L'(R; L2(R™)), the weak x convergence in L (R, ; L2(R™)) of (v*)y

gives
+00 +oo
/ / v (t 2)n (1) ®(2) dedt — / (t,2)n' ()P (z) dzdt.
0 m k—+o0 m

We use now Proposition with 7 > 0 such that suppn C [0,T[, and W,, = {wk =
V.%o rjxgm @ k € N}. Obviously, W, is bounded in L*([0,T]; Xp) and for any k € N,
t,t' € [0,T], we can write

V.0 (8) — Voo (1) p = [ VR0 (1) — TR ()] 2 < /6= 01 1070 | o oy
Therefore W,, is contained in C([0,7]; Xp) and admits the continuity modulus

w()\) = \/XSI;}[Z)) ||8tVZRv5\|L2([07T];L2(Rm)).
Applying Proposition [5.2] with 6(t, z) = n(t)V.®(z) € L?([0, T]; Xp) we deduce that

/ +OO/ G(t/er) DV 0% - (1) V. ® dzdt = / ' (N()V.® © V.0 (1), G(t/e,) D) p o dt
0 m 0

T
(n(t)V-@ © V" (), (D)), dt

k—)-‘rOO )

+oo
/ / n(t)V.® dzdt.

Therefore, passing to the limit, when & — 400, in the variational formulation of v, implies

- /0 +oo/mv0(t, 21 (£)®(2) dzdt — / u™(2)n(0)®(2) dz

+oo
/ / n(t)V.® dzdt = 0

and thus v° is the variational solution of (v% = v). By the uniqueness of the solution
for the limit model , we deduce that the convergences in , actually hold for the
whole family (v°).

hi"%v = v weakly x in L®(R,; L*(R™)), li{% V.v° = Vv weakly * in LS (Ry; Xp).
g g

The regularity of v follows by Propositions |4 in particular O € L2 (Ry; L2(R™)).
Actually the time derivative d;v belongs to Ly, C(R+, L?(R™)). This comes immediately by the
regularity of (D). Indeed, by the proofs of Propositions we know that div,(R (D)) €
L>®(R™),R(D) 'R € L>°(R™) and we obtain

Ay = div,((D) V,v) = div,((D) 'RVv) = div.(R (D)) - VFv + R(D) : Vv
= div,(R(D))-VEv + R(D) 'R: VE @ Vv € L (Ry; L2(R™)).

We concentrate now on the strong convergence of (v°).>¢ in LS (Ry; L2(R™)) and (V,0%)e>0
in L2 (Ry;Xp). By the energy balance associated with (9) we deduce

loc

t
lo* ()72 gem) +2/0 (Vo0' (1) @ Voo™ (1), G(1/€)D) p g dr = [u||72(gmy t € Ry (57)

Similarly, the energy balance associated with gives
t
o) sy +2 | (Vo0(r) @ Vo0(r), (D)) g dr = " gy t € R (59
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By the first statement in Proposition [5.3] we know that

/0 (V:0(7) ® V0(r), (D) g d < lim /0 (Vo< (1) © Ve (7), G /) D) pgy dr. (59)

Combining , , one gets

)

1. . . ¢

3 o0y — 1900 3y} = s { [ (9000 @ 9.0(0), (D)) o
—/0 (V0 (1) ®VZUE(T),G(T/E)D>P,Q dT}

_ /O (Vov(7) © Vau(r), (D)) pg dr

t
~liminf / (V0% (7) @ Vari (1), G(7/6) D) pgy dr < 0
eNO Jo ’

proving that at any time ¢ € R, we have

tim sup |0 ()12 ey < 02 (50m (60)

g
Applying Fatou lemma to the family of non negative functions ¢ — |lu™||

%%Rm) —[[ve(2) ”%2(]1%7”)
we deduce that

T T
| it gy = 070 a3 < it | By = 00 e}

or equivalently
T T
lim sup/ ||U€(t)H%2(Rm) dt < / lim sup Hvs(t)H%z(Rm) dt.
e\0 0 0 eNo0

Therefore, the above inequality, together with the weak convergence of the family (v%).~¢ in
L?([0,T); L>(R™)) toward v and imply

T T
timsup [ o8 (Ol dt < [ 100 ey
eNo 0 0
saying that (v¥).=o converges strongly in L?([0, T]; L*(R™)) toward v for any T' € R
g 2
. c _
tmg [ 07(6) = (03 gam dt = .

We deduce that there is a sequence (), converging to 0 such that

lim |[v®*(t) — v(t)||%2(Rm) =0, fora.a. te€[0,T]. (61)

k——+o0

As v € L*([0, T); L*(R™)) and sup.~g |00 || 2(jo,1);22(rm)) < 00, it is easily seen that
holds true for any ¢t € [0, 7], T € R4, and thus for any ¢ € Ry. Actually we have

lim [[v*(T) = o(T)|[72mmy =0, T € Ry
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which implies, thanks to ,

T
: _ 1 in| 2 1 : 2
im sup /0 (V" (1) ® Vo' (1), G(t/2)D) pg At = 51" [Ba(amy = 5 lim [0°(T) ey

1 in 1
= 5”“ ”%Q(Rm) - §||U(T)H%2(Rm)
T
= [ 9000 9 V.0, (D) .

By the third statement of Proposition we deduce that (V,v%).~0 converges strongly in
L3([0,T); Xp) toward Vv, for any T' € R,. Finally, in order to prove the convergence of
(v°)e>0 in L§2 (Ry; L2(R™)) toward v we take the difference between the equations (9] and

loc
(26)
Or(v® —v) —div,{G(t/e)DV ,v°* — (D) V v} =0, (t,2) € Ry x R™.

Writing the energy balance, we obtain for any ¢ € R
1 t
Sv°(®) = vl L2 @m) +/0 (Voo™ (1) = Vou(7)] @ Vo' (1), G(T/€) D) p g dT

- /0 t (V5 (7) = V(1) ® Vou(7), (D)) py dr = 0.
As in the proof of Proposition [5.2] we have
[(V-07() = V20(r)] @ V2% (7). G(r/2)D) pg| < 1Dl V0" (7) = V()| |V (1)
and
[(1920°(7) = Vau(r)] © V(). AD)) pg| < 1Dling V207 (1) = Veo() [p|Vao(r)]p
and we deduce that for any t € [0, 7] we have
1(v* = 0)@)II72 < 2IDlg V20" = Vol 20130 (V20" 220 17:x0) + 1V 20l 220,77 5))-

The strong convergence of (v¥)eso in L°°([0,T]; L>(R™)) toward v comes from the strong
convergence of (V,v).~ in L?([0,T]; Xp) toward V,v, when & \, 0.

It remains to show that our convergence result still holds for any u™™ € L?(R™). Indeed,
for any § > 0, by density we can consider vl € H% such that ||u™ — uil|| r2mm) < 6/2. We
denote by v§ (resp. vs) the variational solution of (9)) (resp. (26])) with the initial condition
ugn. Thanks to the energy balance we obtain easily

[v® = vl Loo (o, 17:22®m)) < 107 = V5[l Lo (0,11 22@®m)) + (105 — Vsl Lo (0,77 22 (R m))
+ [Jvs = vl oo (0,122 (RY)
< 2[[u™ = ug' || 2@m) + |5 — Vsl oo (o, 73;22®m))-
By the first part of the proof, since ui;n € HIQ%, we know that for any § > 0,

i{% |v§ — vsll Lo (jo,17;L2(RmY) = O

and therefore

lims(l)lp [v° = vl oo (o, 77:L2RmY) < 0, 6 >0,
3

which gives that limex g [|v° — v|| oo (0, 17;L2(Rm)) = 0, for any T' € R O
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Remark 6.1 Under the assumptions of Theorem the family (v¥)e>0 converges strongly in
L2 (Ry; L2(R™)), which is a much better situation compared with the usual homogenization
results for parabolic equations [1])]. The above convergence in L (Ri; L2(R™)) relies on
energy balances thanks to Proposition . The uniform estimates of (9;v°)e0, (0: V%) 50
in L2 (Ry; L2 (R™)) (which are available for initial conditions u™ € H% cf. Proposz'tz’on

loc

play a crucial role, in order to apply Propositions [5.5

The above considerations show that v* = v + o(1) in L (Ry; L2(R™)), when ¢ N\, 0. As

loc

suggested by , we expect a convergence rate in O(e). This can be achieved assuming that
the limit solution v is smooth enough and that there is a smooth matrix field C' such that

D = (D) + L(C) (62)
that is, cf. Remark

d
Ly D = (L) D) = 3 1s=0G(8) (Lip<iy €), k €N.

The existence of the matrix field C is essential when constructing the corrector term w!,

see (65)).

Proof of Theorem [2.3l  We introduce the functions @°(t,y) = v(t,Y (—t/c;v)), (t,y) €
Ry x R™ e > 0. As in the proof of Theorem we check that 4° is the variational solution
of the problem

{2y {GUUE) (D) 7Y+ 200) T =0, (05) R xR
ﬂs(ovy) = um(y)v y € R™.

By construction, the average matrix field (D) belongs to Hg® and verifies G(t/¢) (D) = (D).
Therefore the functions (4°).~¢ solve the problems

Oyt — divy, {(D) V@) + $b(y) - Vya© =0, (t,y) € Ry x R™ (63)
u(0,y) = u™(y), y €R™.
Recall that the functions (u®).>¢ satisfy
Owu — divy {DV,u} + Lb(y) - Vyus =0, (t,y) € Ry x R™ (64)
u?(0,y) = u™(y), y €R™.

Notice that both families (4%)c0, (u%)e>0o verify the same initial condition. The key point for
obtaining a convergence rate is to introduce a corrector term. We consider the function

u'(t, s,y) = —div.(CV0(0)) (Y (=s;9)) + divy, {C(y)Vyu(t,Y (—s;y))} (65)
= —7(=8)div.(CVv(t)) + divy {C(y) Vy[r(=s)v(t)]}, (ts,y) € Ry x R x R™

where we use the notation 7(s)f = f o Y(s;-) for any function f. By we have
ut(t,s,Y (s;2)) = div,(G(s)CV.0(t)) — div.(CV u(t)) (66)

and taking the derivative with respect to s (here L is the infinitesimal generator of the group

G) leads to

ds
= div,{G(s)L(C)Vv(t)}
= {divy[L(C)Vy7(=s)v(t)]}(Y (s;2)).

Osu'(t,5,Y (s;2)) + b(Y (s52)) - Vyul(t,s,Y(s;2)) = div, {dG(s)C Vzv(t)}
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Notice that for the last equality we have used again . Therefore the corrector u' verifies
(88 + b(y) : vy)ul (ta S, y) - divy{L(C)VyU(ta Y(_S; ))}(y) = 07 (tv S, y) € R+ XRxR™ (67)

and by definition u!(t,0,y) = 0, (t,y) € Ry x R™. The equation is exactly the equality
coming out at the leading order when plugging the Ansatz u®(t,y) = v(t,Y (—t/e;y)) +
eul(t,t/e,y) + ... into (64). Indeed, the above Ansatz also writes

uf (1, Y (t)e;2)) = v(t, 2) +eul(t, t/)e, Y (t/e; 2)) +
and by observing that
D, (/e52) = 0 (¥ (/252)) + 20V (1/2:2) - V(1Y (1/2:2)
= [divy (DV,u®(1))](Y (t/e;2)) = div,[G(t/e) DV u(t,Y (t/e; 2))]
we obtain

Opv(t, 2) + edu (t,t/e, Y (t/e; 2)) + Osul(t,t/e,Y (t/e; 2)) (68)
+ (Y (t/e;2)) - Vyul (t,t/e,Y (t/e;2)) + ... = div,(G(t/e) DV ,v)
+ div,[G(t/e) DV, (eul (t, t/e, Y (t/e; 2)))] + ... .

Taking into account that dyv = div.((D) V,v), we deduce from (68)), thanks to (7)), that
(0s + b(y) - Vy)ul(t, s,y) = 7(—s)div,[G(s) DV v(t)] — 7(—s)div,[(D) V v(t)]
= divy[(D = (D)) Vy7(=s)v(t)]
= divy[L(C)Vy7(=s)v(t)]
which corresponds to . In particular, for s = t/e, one gets
(05 +b(y) - Vy)u' (t,t/e,y) — divy (L(C) V@ (1) (y) = 0, (,y) € Ry x R™, e >0
and we obtain the following equation for @l := u'(t,t/e,y)
_ : - 1 -
O(etl)(t,y) — divy (L(C)V @ (1)) + gb(y) SV (el (t,y) = e (t,t/e,y). (69)
Summing and yields
1
0u(@° + eag) — divy[({D) + L(O)) Vyu] + Z0(y) - V(@ + eiy) = edpu'(t,t/e,y)  (70)
which also writes, thanks to (62)
O (€ + e} ) — div, [DV, (@ +eal)] + b( ) Vy (@ +eil) = e[0pu’ — div, (DV,ub)|(t, t/e,y).
Combining and , it is easily seen that
1
O(uf — @ — eul) — div, [DV, (v — @ — eil)] + gb(y) Vy(u — @ — etl)
= —¢[0wu’ — div, (DV, ub)|(t, t/e,y).
Using the energy balance together with the hypothesis Q/2DQ/? > aI,, we obtain
— i — el 2 + IV (uF — @ — ci) [} < elluf — @ — eiil| 2

X [|0pu’ (t, /e, -) — divy (DVyu' (t, t/e, )| 2my, t € Ry.
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Notice that (u® — @ —e@i})|;=op = u™ —u™ —0 = 0 and therefore, after integration with respect
to t € [0,T], one gets

T
H'LLE - — Eﬁ;HLm([O,T];LQ(Rm)) < 5/0 H@tul(t,t/e, ) - divy(DVyul(t,t/a, ‘)HL2(Rm) dt
and
g 12 1
a/o [Vy(u® —u® —et,)|p dt < ellu” — u° — et || oo o, 17;22(Rm))

T
« / 180 (1, t e, -) — divy (D yul (£, /2, )| 2 o)
0
T 2
< g? (/ [0pu’ (t,t/,-) — divy (DVyul(t, t/e, )| 2@m) dt) :
0

We are done if the corrector u'(t,s,y) satisfies uniform estimates with respect to the fast
variable s

ul € L®([0,T); L (Rg; L*(R™))), dpu' € L*([0, T]; L°(Rs; L*(R™)))
div, (DV,u') € L' ([0, T]; L®(Rg; L2(R™))), V,u' € L*([0,T]; L= (Rg; Xp)).
Let us estimate the L?(R™) norm of u!, uniformly with respect to (¢,s) € [0, 7] x R. Thanks
to we have
[ut (t, 5, ) L2 @emy < Mldivz(G(s)CV0(t)) — diva (CV20(1))l| 22@m)

<2 su]g [div.(G(s)CV . 0(t)) || L2 mm)-
sE

For any s € R we can write, using the formula div,(X¢) = div,'X - £ + X : 9.&, for any
smooth matrix field X and vector field £

div,(G(s)CV,u(t)) = div.(G(s)C'RVEu(t)) (71)
= div,(RG(s)C) - VEu(t) + RG(s)C'R: 0,VEv(t)R™}

= div,(RG(s)C) - VEu(t) + RG(s)C'R : VE @ VEu(1).

We claim that div,(RG(s)C) = 7(s)div,(RC). Indeed, for any smooth compactly supported
vector field ® = ®(y) we have, thanks to (21)

/mdivz(RG(s)C) - P(Y(s;2)) dz = — RmRG(S)C :0.{®(Y(s;2))} dz (72)

=— | RG(s)C'R:(9,®)(Y(s;2))0Y (s;2) R~' dz
Rm

_ / (ROTR)(Y(s:2)) : (9,8 R1)(Y (s 2)) dz

m

=— [ RC'R:9,0R ' dy
R'm

=— RC : 0,® dy
Rm
= [ aw(re)- o) ay

= /mT(s)[divy(RC)] - ®(Y(s;2)) dz.
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Coming back to we obtain

div,(G(s)CV,(t)) = 7(s)[div, (RC)] - VEu(t) + 7(s)(RC'R) : VE @ VEu(t) (73)
and therefore
Idiv.(G(5) OV 0 ()| p2wmy < [1divy (RO)[| oo om) | VE0 ()| 2 @omy +|Clags | VE@V o ()| 2y
saying that

[ut | oo (0,790 (Rosz2Rmy)) < 20|divy (RC)|| poo @) IV 0|l poo (0,73 £2(Rm))

+2/Clug | VE @ VE0(b) || oo (0,17:02m)) -

Similarly, taking the derivative of with respect to ¢ yields

18 | 1 0,7 Lo (Ras 2Ry < 20 divy (RO Lo ey IV £ 800l 11 10,7752 em )

+2[Clug IVE ® V0w ()| 1 o102 @em)) -

It remains to estimate the space derivatives of u'. The key point is that V# commutes with

7(s), i.e.

VET() ) = VHIY (5:))} = (VDY (55)) = 7(s)(Vf)

for any smooth function f = f(y). Indeed, for any i € {1,...,m} we have

i V. (r(5)f)(2) = Tim L Yih2)) = J(V(s52))

h—0 h
_ iy TR Y (552))) = F(Y (s32))
h—0 h

=bi(Y(s;2)) - (Vyf)(Y(s:2)) = 7(s)(bi - Vyy.[)(2).
Applying the operator V in and using , lead to
(Vful(t, 5,))(Y(s;-) = VEul(t,5,Y (s;-)) = VE[div,(G(s) OV, v(t)) — div.(CV,v(t))]
= VE[r(s)(divy(RC)) - VEu(t) + 7(s)(RC'R) : VE & Vv(t)]
— VEdiv,(RC) - VEu(t) + (RC'R) : VE @ VEu(1)]. (74)

Appealing one more time to the commutation between 7(s) and V# we deduce that for any
ke{l,..,m}

by, - V. [1(s)(divy (RC)) - VEu(t) + 7(s)(RC'R) : VE @ VEu(t)] (75)
= 7(5)(by, - Vydiv, (RC)) - VEu(t) + 7(s)div, (RC) - (bg - V. V(1))
+7(s)(by, - V,(RC'R)) : VE @ VEu(t) + 7(s)(RC'R) : by, - V. (VE @ VEu(1)).

Therefore there is a constant K depending on ||div, (RC)| Lo (rm)+[| RC ' R|| oo mmy+ >3y [0k
Vv (RO)| ey + S5y b - ¥y (RC LR)| ey stuch that

IVt (£, ) ooy r2@my) < K{IVE0@) | r2@my + IVE © V(8] 12 omy
+IVE® VE @ V()| 2@m)}-
We deduce that
IVyul | 2oy ®exp)) < KAVEVI L2010, L2mmy) + IVE @ VI 2210 1712 Rm))

+IVE® VE® Vil 2o 7y;2RmY) }-
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For the second space derivatives of u!, we write as before
div,(DVyu') = divy(D'RV}u') = divy(RD) - V! + RD'R : V] @ Viu'!.

Notice that divy(RD) - Vful belongs to L'([0,T]; L>®(Rs; L?(R™))) since by hypotheses
divy(RD) € L*®(R™) and we already know that V,ul € L?([0,7]; L®(Rs; Xp)). As the
matrix field RD'R belongs to L>°(R™), it remains to check that Vf ® VyRu1 belongs to
LY([0,T); L (Rs; L>(R™))). For doing that, we apply one more time the operator VI in
, or equivalently the operator b; - V, in . Using again the commutation between 7(s)
and b; - V, we obtain

b - Vo{bg - V.[7(s)(divy(RC)) - V ( )+ 7(s)(RC'R) : VE @ VEu(1)]}

= [by - Vy(br, - Vy (divy (RC)))]s - VEu(E) + [bg - Vyy(divy (RC))]s - [br - Vo (VEu(t))]

(dwy<R0>> {by - V2o - Vo (VEu()]}
b - Vy(RC'R)], : by - Vo(VE @ VEu(t))
(ROtR> b - V(b - V(VE @ V(1))

+ [be - Vy(divy (RC))]s (bk-V( v(t))) +
+[br- Vy(by - Vy(RC'R))]; : vR®vR (t) +
+ [br - Vy(RCR))s : by, - Vo(VE @ VEu(t)) +

which belongs to L([0, T]; L= (Ry; L2(R™))), thanks to the hypotheses on the matrix field C
and the solution v. ]

A Proofs of Propositions [4.4],

Proof of Proposition For any 1, j, k: € {1,...,m} we introduce the notations u; = b; -
Vyus,vi = b;- V05 0, = b;-Vy (b Vyus), v5 = bV, (bi- V%), u ”k—bkv (b -V (bi-Vyu®))

» Pig ? ’Lj

and Uik = b - Vz(bj - V(b - V207)). With these notations, the equation (34)) becomes

1
Opu; — divy (D(y)Vyui) + Zb- Vyui = divy((bi, D] 'RV ) + D'RV S - Vydivyb;.
Taking now the directional derivative b; - V,, yields
1
8,5’&% — ley(D(y)vafj) + gb . Vyuf] = divy([b]’, D] thR 6) +RD thR 6 VRdIVyb
+ bj - Vydivy ([bi, DIV,yu®) + bj - Vy (D 'RV Juf - Vydivyb;).  (76)
Thanks to the commutation formula , we have

bj - Vydivy([bs, DIVyu®) = [bj - Vy, divy([bs, DIVy)u® + divy ([bi, DIV (b; - Vyu))
= div,([bj, [bi, D]]Vyuf) + [bs, DIV yuf - Vydivyb; + div, ([bi, D]V, (bj - V,u))
= divy([bj, [bi, D] 'RV ju®) + R[b;, D] 'RV [fu® - V[ divyb; + divy([bs, D] 'RV ju5).  (77)

Combining , we obtain

1
Opugy — divy(D(y)Vyugy) + b Vyuj; = divy([bj, D] 'RV u§) + RD 'RV Jus - V[idivyb;
+ divy([bj, [bi, D) "RV Eu®) + Rlbs, D] 'RV Juf - Vi divyb;
+ divy([bi, D] 'RV [u5) + bj - V) (D'RV Juf - Vydivyb;).
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Multiplying by u;; and integrating on R™ lead to

1d
th/R (u%)Q dy —|—/R DV yu;; - Vyus; dy = —/ R[b;, D] tRVguf . Vgufj dy

+ [ RD'RVES - VEdiv,b, u; dy + / div([b;, [bi, D] RV ), dy
Rm™ Rm™

+ RmR[bi,D] 'RV s - ViH(divyb; ug; dy + /R mu%divy([bi,D] 'RV ) dy

- / u§;bj - Vy(D'RV fuf - vy (divyb;)) dy

= K}, + K+ KJ; + K5 + K, + KJ). (78)
By hypothesis we have, cf.
DVus; - Vyus; > o P2V 02 = o VEE 12, (79)

Exactly as before we obtain
Vi) = b - Vy(Viu§) — A;V s

which allows us to replace Kl-lj by

KL = /R Rlbj, D) RV u (1) - AV i () dy

1
+3 / bV, (Rlby, D)'R) - VI () @ VIE() dy

1
4y [ ivby)Rlbs, DR Vit (6)© Vi () dy.

m

Thanks to our hypotheses, there is a constant C3 (not depending on ¢ or t) such that

m

NE

KS| < Csl|VE @ VIl (8) 2 m). ¢ € Ry 2> 0.
=1 i=1

<
Il

Obviously, there is a constant C4 (not depending on ¢ or t) such that

m
SN TIKE < CallVE @ VIO [32my, tERy, €>0.
=1 i=1

<

We consider now the term K?2.. which writes

R

K}y = / us;(t)divy (R[bs, [bi, D)) - Vus(t) dy

m

+ / us;(t)R[b, [b;, D 'R : VE @ VI (t) dy.

m

It is easily seen that there is a constant C5 (not depending on ¢ or ) such that
m m
> RS+ K]+ 1K) < s (1V5 @ Vi ()| 2y | V0 (0 L2 gm)

j=1i=1

HIVE @ VIOl 2n ) o L ERy, &> 0.
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It remains to estimate the term Kf’] For any 7,7 € {1,...,m} we have

and therefore Kfj writes

K=Y / ok (£)divy ([bi, D] 'RVFuS (1)) dy
k=17R™"
+ / muji(t)divy([bi, D]'RV[fus(t)) dy
= i Rmvﬁ(afju;(t)) - R[bs, D]"RV Ju5(t) dy
k=1
_ Rmvf(bi - Vyu§(t)) - Rlbs, DI"RV s (t) dy =: K + K.

Clearly, there is a constant Cg (not depending on € or t) such that

m

YD KD < Co (IIVy © Vi ()] 2 ) 1V ()] 2 )

j=1 i=1
+HIVE® vfjus(t)yy;mm))  teR,, £>0.

For the last term Kfj we use and we get as before

K} = RmAfo’uj(t) - Rlb;, DI'RVEu(t) dy

- / bi - Vy(VIuS(t) - Rbi, D] 'RV [us(t) dy

— R R
— | ANVRE() - Rlb, D) RVES (1) dy

Rm
1
+5 / (divybi) R[b;, D] 'R VIuS(t) @ VIS (t) dy
1
+5 /R bi - Vy(R[bi, D]'R) - VEuE(t) @ VEE(L) dy

implying that there is a constant C7 (not depending on ¢ or ) such that

m m
SOSIKS| < CrlIVE @ VEGE(1) 2oy, tE Ry, 2> 0.
j=1 i=1

Putting together , and the estimates for all the terms KJ;,i,j € {1,...,m},r €
{1,...,8} we deduce that

1d

5@”%]} ® Vi |22 gmy + | Vi @ Vi © VI 22 gmy < ClIV @ Viiu®|| L2 @my

7
x (193 © Vi gy + 1930 2@m)) » €= 3 G
r=3
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Applying Gronwall’s lemma yields, for some constant C7 depending only on T and the
coefficients afj, the vector fields b; and the matrix field D
IVE® Vil o1 p2@my) = IVE ® V| oo 0,77, L2 Rm))
< Cr(IVyu™| 2@my + V) ® Vw2 @em)), € >0
and
IV ® Vi@ Vius|l 2oy c2@my = IVE © VE @ V|| 20,72 rem))
< Or(|Viu™ | p2mmy + |V @ V™| 2 @m)), e > 0.

For estimating 8tVZRv5 we take the directional derivative b; - V, in . As the vector fields
bi, b are in involution, that is [b;,b] = 0, the flows Y;, Y are commuting [2] 3], and therefore
the derivative along b; commutes with the translation along the flow of b (take the derivative
with respect to h, at h = 0, of the equality f(Y (s;Y;(h;-))) = f(Yi(h;Y(s;-))) ). We deduce

that
Oi(b; - V,0°)(t, 2) = [b; - Vydivy(DV,u®)|(Y (t/e; 2))

which implies
186V 0% ()| 2@y = [V divy (DVyu® (6))| 2 @y
= [|Vydivy (D 'RV u® (1)) L2y
= ||V (divy(RD) - Viuf () + VI(RD'R : VI @ V(1)) 2.

We claim that for any 7 € {1,...,m} we have the equality

div,(RD); Zb -V,(RD'R);; + Z (RD'R);;divyb;. (80)
Jj=1 j=1

Indeed, for any i € {1,...,m} we can write (here (eg)1<k<m stands for the canonical basis of
R™)

m m
(divyRD); = div,(RD'R'R™"); =) 0, Y (RD'R);;R,}
k=1 j=1

Zayk [(RD Rzy(bj ek)]
k=1

I
WE

<.
Il
—_

I
Ms

dlvy[(RD tR)ijbj] .

<.
I
—

Thanks to our hypotheses and formula , it is easily seen that there is a constant depending
only on the coefficients ., the vector ﬁelds b; and the matrix field D such that

5
0050 | gemy < CUVEUE D2y + IV © V()| 2
+[[VE @ V@ Vi (8)]| 2m))-
Thanks to the uniform estimates satisfied by Vﬁ“ue, fo ® VyRue in L°°([0,T]; L>(R™)), and
by V5®VyR®V5u€ in L2([0,T7; L2(Rm)) we obtain that, for any 7" € R, there is a constant

Cr (depending only on T" and «, o b;, D) such that

'L]’

10:V o[l 20,1322y < Cr (Vg u™ [l 2@y + | Vy © V|| p2gm)) » € > 0.
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Proof of Proposition 4.5, We perform exactly the same computations as in the proof
of Proposition (it does not matter that has no the term 1b - V.v). Nevertheless,
we have to check that all the hypotheses on the matrix field D in Proposition are also
satisfied by the matrix field (D). By Theorem we deduce that ! (D) = (D), (D) € Hgy,
| (D) |H5° < |D|ngo, QY?(D)Q"Y? > al,, and therefore the hypotheses corresponding
to the matrix field (D) hold true. We also need to show that R[b;, (D)]'R € L*°(R™),
divy (R (D)) € L>®°(R™), Y1, b; - Vy(R[bi, (D)]*R) € L>°(R™), provided that the same con-
ditions are satisfied by the matrix field D. The key point is that for any i € {1,...,m}, the
groups (Gi(h))ner, (G(s))ser are commuting, where G;(h) is defined by

Gi(h)A = 8 (h; ) A(Yi(h; ) 'O, (hs ).

It is easily seen that for any s,h € R

(G(s) 0 Gi(h)A = G(5)(Gi(h)A) = aY " (s;-)(Gi(R)A) (Y (s3-)) 'Y ~'(s; -) (81)
= Y (53 )0Y; (B; Y (5)A(Ya(h; Y (s34))) FOY; (B Y (s54)) PO~ (s54)
and
(Gi(h) 0 G(s)A = Gi(R)(G()A) = Y, (h; ) (G(s)A) (Yi(h; ) '9Y; (B3 ) (82)

= 0Y; ! (h; )Y ! (53 Yi(h; ) A(Y (s Yi(h; ) 'Y~ (s: Yi(hs -)) 'OY; ! (hs ).

7

By the involution between b and b;, we know that
Yi(h;Y (s;-)) = Y (s; Yi(h;-)) (83)
and by differentiation one gets
9Y;i(h;Y (s;-))0Y (s;-) = OY (s; Yi(h; -))0Yi(hs -)
which also writes
Y "(s;)0Y; H(h; Y (s5)) = oY, (h; )oY L (s; Yi(hs ). (84)

Combining , , , we obtain the commutation property between the groups
(Gi(h))her, (G(s))ser, for any i € {1,..,m}. Notice that the hypothesis R[b;, D]'R €
L>(R™), or equivalently [b;, D] € Hg, should be understood in D'(R™), that is, there
is a matrix field, denoted [b;, D], which belongs to Hg’, such that for any A € CHR™) we
have

D (=b; - Vy A — (divyb;) A — '0b; A — Adb;) dy = / [bi, D] : A dy. (85)

m

Rm
We introduce the operator L;(D) = [b;, D] and its formal adjoint

Li(A) = —b; - V,A — (divyb))A — 'Ob;A — Adb;, A € CHR™).

Using these notations, becomes

D: L A) dy = / Li(D):Ady, AecCHR™).
R‘"L

m

Notice that H o Is the topological dual of the space

Hb: = {A :R™ — M, (R) measurable : / (P(y)A(y) : A(y)P(y))"/? dy < +oo}

m
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and thus [b;, D] € HZ iff there is a constant C; such that [p,D : Li(A) dy < Cj |A|H1
for any A € C’(}(Rm). A straightforward computation shows that if B € Hg is such that
Gi(h)B € Hj for any h € R and h € R* — (G;(h)B — B)/h is bounded in Hg, then
(Gi(h)B — B)/h converges toward L;(B) weakly x in Hg’, when 7 — 0. Indeed, for any
A e CHR™) C H}, we have

' B —1(7,. (. tay—1(p..)
/mGl(h)fB;Ady:/maYl (hiy) B (R yil) O (i) = BW) ., gy gy
) /mam—h; n(h;y»B(mmyQ i hYilhiy) = B) 4o

= [ {deu(@Yi(—h; 2)Yi(—h; 2)B(=) OYi(—hi )  A(Vi(—i2)) = B() : A(2)} s

_ / det(aYi(—hh% D =Ly hs 2) B(=) V(=i 2) s A(Vi(—hs 2)) s

+/mB(Z) OYi(=h; z)A(K(—h;]j))OE(—h; )~ Al)

- div,b; B(z) : A(z) dz — / B(2) : (b - V. A+ '0b; A+ Adb;) dz
— Rm m

_ /mB(z) . LH(A) dz.

We deduce that any weak x limit point in H¢y satisfies

/ w lim Gi(hk)B_B:Ady:/ B:L{(A)dy
m hk—>0 hk m

for any A € C}(R™). Therefore all the family (G;(h)B — B)/h converges weakly * in Hg’,

as h — 0, and L;(B) = limy,_q G"(h%lB_B, weakly * in Hgy.

We claim that for any s € R, we have L;(G(s)D) = G(s)(Li(D)), that is

G(s)D: L¥(A)dy = | G(s)Ly(D): Ady, Ac CLR™). (86)
R™ R™

By density arguments (notice that B, — B weakly x in Hg’, implies G(s)B, — G(s)B
weakly x in Hgy, for any s € R) it is enough to show that L;(G(s)B) = G(s)L;(B) for any
smooth, compactly supported matrix field B. Let us consider a smooth, com{)actly supported
matrix field B. Obviously, for any h € R* we have G;(h)B € Hg and L;(B)
weakly x in H¢, when h — 0. We deduce that Gi(h)G(s)B = G(S)G (h)B € Hy for any
h € R and

Gi(h)G(s)B —G(s)B _ G(s)Gi(h)B —G(s)B

h B h

weakly x in Hg’. By the previous remark, we obtain L;(G(s)B) = G(s)L;(B) for any s € R.
Now it is easily seen that L;((D)) = [b;,(D)] € H, if Ly(D) = [b;; D] € Hg. Indeed,
averaging with respect to s one gets

1 o L% . 1 s ) . 1/mm
/RmS/o G(s)D ds : L (A) dy—/RmS/O G(s)Li(D) ds: Ady, A€ C'R™),

Taking into account that & fo s)D ds — (D) in Hg joc, when S — +o00, that PLf(A)P €
Hg and noticing that

‘; /OS G(s)Li(D)

Gi(hWB-B |
SRLZZS o Gls)Li(B)

= G(s)

S/ (G()La(D) |1 ds = |Li(D) 3
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we deduce that any weak x limit point in HEy of ( fo ds) satisfies

/m<D):Li(A) dy:/me*SEIJrrlooS/ G(s )ds: Ady

for any A € C}(R™) C H}, saying that L;({(D)) = limg_ 400 & fOS G(s)Li(D) ds, weakly * in
Hgy. In particular ]Li((D>)]H5o < ‘Li(D)‘Hé’f-

We concentrate now on the hypothesis Y ;" b; - Vy(R[b;, D|'R) € L>°(R™). For any s € R
we have

RG(s)[bi, D)'R = ROY 1 (s; )[bi, DI(Y (5:-)) 'OV " (5;-) 'R = (Rlby, D] 'R)(Y (5; )
and since [b;, b] = 0, we obtain
bi - V.(RG(s)[b;, D]'R) = b; - V.((R[b;, D] 'R) 0 Y (s;-)) = (b; - Vy(R[b;, D]'R)) 0 Y (s;-).

Multiplying by a smooth compactly supported matrix field A € C}(R™) and averaging with
respect to s one gets

/dlvz /G ds: 'RAR ds — S/ (s s: 'R(b;- V.A)R dz
m R™

:/RmS/o (bi - V4 (RLi(D) 'R))(Y (s; 2)) ds : A(z) d=.

We use now the weak x convergence in H¢y

lim S/ G(s)Ly(D) ds = Ly((D))

S——+oo

and the facts that ‘RAR € Hp, divyb; € L>®°(R™) implying that
—/ ZdivzbiRLi(<D>)tR:Adz—/ ZRL WER:b; -V, Adz (87)
R™i=1

/ lim /Z(bz--Vy(RLi(D)tR))(Y(s;z))ds:A(z)dz.
R =1

mS——+o00 S
For passing to the limit in the last integral we use the weak x convergence in L>(R™), since

the family (37, (b; - Vy(RL;(D)*R)) o Y (s; '))seR is bounded in L*>°(R™). We deduce that

S—+oo

m S m
> b Vy(RL(D) ') = w lim ;/ﬂ Z(b,-.vy(RLi(D)tR))oY(s;-) ds € L%(R™).

It remains to observe that for any s € R, div,(RG(s)D) = divy(RD) o Y (s;-) (see (72) for
details), which implies

_ A L o0 (o
dlvz(R(D>)—W*S£1J1r1mS/O div,(RD) o Y (s;-) ds € L=(R™)

where, as before, the last limit should be understood in the weak x L>°(R™) sense. ]
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