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Abstract—In this work, we consider the downlink of a single-
cell multi-user MIMO system in which the base station (BS)
makes use of N antennas to communicate with K single-
antenna user equipments (UEs). The UEs move around in the
cell according to a random walk mobility model. We aim at
determining the energy consumption distribution when different
linear precoding techniques are used at the BS to guarantee
target rates within a finite time interval 7. The analysis is
conducted in the asymptotic regime whereN and K grow large
with fixed ratio under the assumption of perfect channel stag¢
information (CSI). Both recent and standard results from large
system analysis are used to provide concise formulae for the
asymptotic transmit powers and beamforming vectors for all
considered schemes. These results are eventually used tmypide
a deterministic approximation of the energy consumption ad to
study its fluctuations around this value in the form of a central
limit theorem. Closed-form expressions for the asymptotianeans
and variances are given. Numerical results are used to valate
the accuracy of the theoretical analysis and to make compasbns.
We show how the results can be used to approximate the
probability that a battery-powered BS runs out of energy andalso
to design the cell radius for minimizing the energy consumpbn
per unit area. The imperfect CSI case is also briefly consided.

Index Terms—Energy consumption, multi-user MIMO, down-
link, linear pre-coding techniques, user mobility, random walk,
Brownian motion, large system analysis, random matrix, cetral
limit theorem.

I. INTRODUCTION

HE DATA traffic in cellular networks has been increasinL%

exponentially for a long time and is expected to contin

this trend, at least for the next five years [2]. Currentlye on

of the biggest challenges related to the traffic growth is t
increasing energy consumption of the cellular infrastreest
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equipments[B3]. This means that the energy consumption must
be taken into account from the outset when designing cellula
networks of the future. This is particularly important when
deploying base stations (BSs) in new rural regions of the
world, where the electrical grid is unreliable or even non-
existing. Off-grid deployments rely on combinations ofgie
generators, batteries, and local energy harvesting (eam
solar panels)[3]. Since the supply of energy is either Eahit
or fluctuates with the harvesting, it is of paramount impact&

to operate the BS such that it will not run out of energy (also
known as power outage).

A lot of work has been done recently to better understand
the energy consumption tradeoffs in cellular networks [4].
However, most of the analysis is carried out without taking
into account the impact of user equipment (UE) mobility.
This is a major issue since UE movements play a key role
in determining the required energy in outdoor scenarios.
Consider, for example, the case in which all UEs are pogtion
at the cell edge and assume that some target rate must be
guaranteed at each UE. This would result into an increased
power consumption, which might rapidly make the BS run out
of energy if the UEs remain at the cell edge for an extended
period of time (due to the lack of mobility). Therefore, it
is of major importance to quantify not only how often such
unlikely events happen, but also how long they last. All this
depends on the UE mobility model and in particular on how
heir positions, velocities and accelerations change times.
first attempt in this direction can be found ir [5] in whicleth
authors make use of stochastic geometry to model the energy
nsumption of a cellular network where each UE is connected
to its closest single-antenna BS. In particular, a refinestggn
consumption model is proposed that includes the energy of
broadcast messages, traffic activity, and user mobility.

The theory of random walks has been analyzed extensively
in probability theory and it has been applied to a variety of
fields. In a nutshell, it is a mathematical formalization of a
path that consists of a succession of random steps [6]. If
the time elapsed between two successive steps is relatively
small (possibly zero), then the central limit theorem iragli
that the distribution of the corresponding path-valuedcpss
approaches that of a Brownian motidn [7]. A more involved
model (known as Lévy flight) corresponds to a random walk
in which the step lengths have a probability distributioattis
heavy tailed([6]. Another one that has been widely investida
is the so-called random waypoint process in which a mobile
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user picks a random destination and travels with constant vew the new statistical characterization can be used to atemp
locity to reach it. Although human mobility is rarely randpmthe probability that a battery-powered BS runs out of energy
in [8], [9] the authors show that a Lévy flight contains somwithin a certain time period and also to design the cell radiu
important statistical similarities with human mobility.hiE  for minimizing the energy consumption per unit area.
suggests that a random walk model might be considered aghe remainder of this paper is organized as folldvdhe
a good one to achieve a reasonable tradeoff between accunsext section introduces the system model and formulates the
and analytical tractability [8]/[9]. Despite the well-usrdtood problem under investigation. Sectignl lll revisits the ol
properties of the random mobility models above, not mudimear precoder design in both finite and asymptotic regimes
progress has been made towards providing analytical sesi8ection[IV deals with the asymptotic analysis and design of
for the statistics of metrics in wireless communications.  MRT, ZF and RZF. All this is then used in Sectionh V to prove
Motivated by this lack, in this work we consider thehat in the asymptotic regime the energy consumption for all
downlink of a single-cell multi-user multiple-input myte- considered schemes converges to a Gaussian random variable
output (MIMO) system. The BS is equipped with an array okhose mean and variance are derived analytically. In Sectio
N antennas and serves simultaneouUslYJEs by using linear VI] numerical results are used to validate the theoretical
precoding. The UEs are assumed to move around in the aatlalysis and to make comparisons among different proagssin
following (independent) random walks. Based on the randasachemes. Some applications of the statistical charaatinz
walk mobility pattern, we aim at determining the statidticaof the energy consumption are also exemplified in Seéfidn VI.
distribution of the energy consumption required to guagantin addition, the imperfect CSI case is briefly addressedHer t
a given set of UE data rates within a finite time interval cfF and RZF precoding schemes. Finally, some conclusions
lengthT'. The analysis is conducted in the asymptotic regimend discussions are drawn in Section]VII.
where N and K grow large with fixed ratioc = K/N
and it is applied to several linear precoding schemes, under
the assumption of perfect channel state information (CSI)
at the BS. In particular, we first focus on the asymptoti¢- System model
design of the precoder minimizing the transmit power at eachwe consider the downlink of a single-cell multi-user MIMO
time slot while satisfying the rate requirements![10],|[11kystem in which the BS makes use df antennas to com-
Differently from [12]-[14], the asymptotic transmit poveer municate withX single-antenna UEs over the whole channel
and beamforming vectors are computed using the approagfhdwidth of W Hz. Linear processing is used for data
adopted in[[15], which provides us a much simpler means peecoding and perfect CSl is assumed to be available at the BS
overcome the technical difficulties arising with the apglion  As mentioned above, the imperfect CSI case will be briefly ad-
of standard random matrix theory tools (e[g./[13]). As alsea dressed in Sectidn V[AD. Th& active UEs are moving around
pointed out in[[12]-[14], in the asymptotic regime the omlm within the coverage celC of area|C|. We assume that the
values can be computed in closed-form through a nice andmber of UESK can increase arbitrarily, while the arg2
simple expression, which depends only on the average changénaintained fixed. To simplify the computations, we assume
attenuations and rate requirements. The asymptotic asalythat the cell is circular with radiu® such that|C| = 7R?
is then applied to design different heuristic linear préngd and that the BS is located in the centre of the cell with its
techniques, namely, maximum ratio transmission (MRT)pzer N transmit antennas adequately spaced apart (such that the
forcing (ZF), and regularized ZF (RZF) [16]=[19]. In partic channel components to any UE are uncorrelated). The latatio
ular, we concentrate on a RZF scheme (e.gl [17]l [18]) thet UE £ at timet is denoted by (t) € R? (in meters) and it is
exploits knowledge of the average channel attenuations=sf Ucomputed with respect to the BS. We ¢l = {x(t);t > 0}
in designing the beamforming vectors and provide the closeshd modelX;, andX; for k # j as obtained from identical
form expression for the optimal regularization parameter and independent random walks constrained into the re@ion
the asymptotic regime. [21]. We let/ be the (average) size of a step of the random
The asymptotic analysis above is then used to providewalk and let¢ be the corresponding (average) time elapsed
deterministic approximation of the energy consumptioni@ivh petween two successive steps. The (average) velocity of eac
is asymptotically accurate in the large system limit) and fgser between consecutive steps is thus given-by/¢. We
study its fluctuations around this value under the form of a
central limit theorem. We compute closed-form expressions The following notation is used throughout the paper. ThetimnsE, {-},
for the asymptotic means and variances of all consider¥gRz={-} andCOV.{-} indicate that the expectation, variance and covariance
.\ . are computed with respect #0 The notation||-|| stand for the Euclidean norm
schemes exploiting the connection between random walk reagS| is used to denote the cardinality of the enclosedSséte letT
Brownian motion. It turns out that the fluctuations inducedenote thei x K identity matrix, wheread x and0k are theK-dimensional
by the randomness in the UE positions make the variangdt and null column vectors, respectively. We GS¥(., -) to denote a muli-
. variate circularly-symmetric complex Gaussian distiitutwhereas\ (-, -)
of the energy decrease agK for all considered schemes. - p R
. e . 'stands for a real one. The notatieA~ denotes convergence in distribution
This makes the variability induced by the small-scale fgd'n/vhereasﬁi stands for almost surely equivalent. We dendig(-) the n-
less important for the analysis since it scales1@#&2 [1], order Bessel function and usg(z) to indicate the Gaussian tail function
[20]. The analytical expressions are validated by means Wile Q_*l(z) indicates its in\2/erse. We us¥ f(z) to indicate the vector
. . . ifferential operator wherea¥- f(z) stands for the Laplace operator. The
extensive simulations and are shown to Closely match t ationx ~ y with x, y real-valued numbers means thats approximately
numerical results for different settings. Finally, we exgify  equal toy.

Il. SYSTEM MODEL AND PROBLEM STATEMENT



assume that after each step the user performs a next step ic@efficient isD = ¢2/(4¢) = 1250 m?/minute. Under these
independent random directiEnThus,xk(t) can be expressedassumptions, the coherence tide of the small-scale fading
as a sum ovett/¢] independent and identically distributeds approximatelyAr ~ A¢{/¢ = 0.075 s. On the other hand,
zero-mean stepa\xy (i), i.e., xx(t) = S1/& Ax,.(i) with  the coherence time of UE movements (also known as forgetting
|Ax(i)] = €. As it is known (see Appendix B for a shorttime) is~ R?/D = 3.33 hrs, which is much larger tharr.
discussion on this), i# — 0 and ¢ — 0 with ¢2/¢ kept All this will be used later on to give some intuitions abou th
fixed, then the random walk converges (due to the central lindiifferent impact of small-scale fading and UE mobility oe th
theorem) to a Brownian motion with diffusion coefficie™t energy fluctuations.
such thaD = (2 /€.

We call hk(t) = [hkyl(t), hkﬂg(t), ceey hkyN(t)]T S CcNx1
the vector whose generic enthy, ,,(¢t) represents the channel

propagation coefficient between théh antenna at the BS and  We call s(t) = [si(t),s2(t), ..., sk ()]
the kth UE at timet. In particular, we assume that the signal transmitted at timé and denote byV () =
[vi(t),va(t),..., vk (t)] € CVN*K its precoding matrix. We
hi(t) = Vi(xk(t))wi(t) (1) assume thas(t) originates from a Gaussian codebook with

wherew, (f) ~ CA(0, 1) accounts for the small-scale fading?€© Mmean and covariance matiix[s(t)s" (t)] = Tx. The
channel and(-) : R? — R+ describes the large-scale channei@mpleyy.(t) received at theékth UE at timet takes the form
fading at different user Ipcations; that is(xx(t)) is the _ yr(t) = b () V()s(t) + na(t) (4)
average channel attenuation due to pathloss and shadowing

at distance||x;(t)||. As seen,l(x;(t)) is assumed to be wheren,(t) ~ CN(0,0?) is the additive noise. Under the
independent from the transmit antenna indexThis is a assumption of perfect CSI at UEs, the SINR at #ttle UE is
reasonable assumption since the distances between UEs eaglly written as[[19]

BS are much larger than the distance between the antennas

B. Problem statement
T c (CK><1

h (t)vi ()|
[22]. Since the forthcoming analysis does not depend on SINRy () = | k(B Vi ( )| (5)
a particular choice ofi(-) as long as it is a function of f: ]hH(t)v-(t)\QJro—?
the user distance and is bounded from below, we keep it imtien " !

generic. Moreover, in all subsequent discussions we assume . - —
that {I(x(£)): k = 1,2 K} are known at the BS (seeW ereas the achievable rate in bit/s/Hz is given by

Sectior[VI-D for a brief discussion on this). Ry (t) = log, (1 4 SINR, (1)) . (6)

Example 1. In the simulations, we assume that the averaggile conventional systems have large disparity betweeik pe
channel attenuation at a generic positionis dominated by ;. average rates, we aim at designing the system so as to

the pathloss and is evaluated as [23] guarantee a fixed rate, at UE k at each time slot fok =
BN\ 1 1,2,..., K. ImposingRx(t) = r\, into () yields
I(x) = 2Ls <1+ ”’fg ) @) ,
- ] - SINRy(t) = [ @it - 7
where 8 > 2 is the pathloss exponent,> 0 is some cut-off k(t) = K 5 =k 7
parameter andL; is a constant that regulates the attenua- > b Ovi(t)] +o?

tion at distancez. The average inverse channel attenuation i=Llizk

Ex{l7*(x)} plays a key role in all subsequent discussionsvherevy, is the target SINR of UE obtained agy;, = 2" —1.
Simple integration shows that, ifx) is given by(@) and The transmitted poweP(t) = Eg[||V(¢)s(t)||?] at timet is
the initial positions of UEs are assumed to be uniformlgiven by
distributed within the cell, then

X X s ) - P(t)=tr (V(t)VI (D)) (8)
Ic| /c @dx = 2%8L, (2 + 8 + ﬁ) ' ) while the energy consumptiai; within a given time interval
We assume that the temporal correlationgwf,(¢);t > 0} [0, 7] s obtained as
are such that the coherence timeAs ~ \¢/¢, where ) is T T =
the wavelength and/¢ is the velocity of each UE due to the Er = /0 P(t)dt = /0 tr (V) V(1)) dt. 9)
random walk.

Since V(¢) depends on the realizations oW (t) =
Example 2. Consider a cell with radiusR = 500 m and [wi(t), wa(t),...,wi(t)] € CN*K as well as on the user
operating at the carrier frequency of. = 2.4 GHz so that positions {x(t);k = 1,2,..., K}, the energyEr in @) is
A = 0.125 m. Assume/ = 50 m and{ = 30 seconds. clearly a random and time-dependent quantity. To charaeter
Therefore, the average velocity of each UE within two coms statistics, we exploit the large system limit in which
secutive time steps /¢ = 100 m/minute and the diffusion K, N — oo with fixed ratio ¢ = K/N. This will allow us

) _ _ _ to measure the energy consumption of the system witids
The model can be generalized to include correlated step$n[This case,

¢ and ¢ will correspond to the length and time over which the cotretain .relatively Iarge but also to capture- Fhe tem.poral correh‘ﬂi.
the direction of the walker is lost. induced on the energy by UE mobility and its corresponding



asymptotic distribution. The asymptotic analysis will bene with c} (¢) being thekth column of
ducted for most of the common linear precoding techniques. K 1
We begin with the precoder that minimizes the powt) i X o H
while satisfying the rate requirements. Then, we concéntra cr(t) = Z;)‘i (8)hy (t)b" (t) + NIy H(t). (16)
on the asymptotically design of MRT, ZF and RZF. = ) ) ]

. . As seen,Voup(t) in (12) is parameterized b\*(¢) and
Remark 1. A known problem with using the asymptotig,*(z), where A*(t) needs to be evaluated by an iterative
analysis is that the target rates are not guaranteed to Qﬁocedure due to the fixed-point equations [l (13). When
achieved whetV is finite and relatively small (see for exampleg N — o0 with K/N = ¢ € (0,1], some recent tools
[14]). This is because the approximation errors are trasth in |arge system analysis allow us to compute the so-called
into fluctuations in the resulting SINR values. Howevers¢hedeterministic equivalents (see [26], [27] for more detaits

errors vanish rapidly also in the finite regime whahis large  this subject) ofA*(¢) and p*(t). For later convenience, we
enough, which is the regime envisioned for massive MIM&|

systems[[24]. e K

Vi
=1- = 17
7 K257, (17)
Ill. OPTIMAL LINEAR PRECODING VIA LARGE SYSTEM and
ANALYSIS 1 ~
Alt) = = ‘. 18
We assume that at each time stothe precoding matrix ®) K Z 1(x;(t)) (18)

V(t) is designed as the solution of the following powe

minimization problem: Ji’he following theorem provides the asymptotic value of the

solution to [10).

. H
win P(t) = tr (V(OV (1)) (10) Theorem 1. If K&, N — 0o with K/N = ¢ € (0, 1], then
subject to SINRy(t) > v k=1,2,..., K. (12) L max [An(t) = ()] =20 (19)
As shown in [10], the above optimization problem is not max  |pk(t) — 7 (1) L3 0 (20)
convex but it can be put in a convex form by reformulating k=12,...K

the SINR constraints as second-order cone constraints. Tigere \,,(¢) and p,(t) are the deterministic equivalents of

optimal linear precoder (OLPY oLp(t) is eventually found to \+(#) and p;(t) at time slott, respectively, and are given by
be [10], [11]:

3 _ Tk
i . Ak(t) = 1)) (21)
Vorp(t) = < A (t)h;(t)h (t)—i—NIN) H(t)\/P*(t) ~ - - 2 ,
i=1 12) Di(t) = W (POLP(t) + m (14 ) ) (22)
with
where H(t) = [hy(¢),hy(t),...,hg(t)] € CN*K and — _ co?
N(1) = [\ (1), M50 . (D] s the positive unique fixed Porp(t) = = -A(t) (23)

point of the following equations fok = 1,2, ..., K 1), [23]: being the deterministic equivalent of the transmit powét)

1 in (@).
(1+—)/\;(t): o ) )
Tk Proof: Similar results have previously been derived by
1 applying standard random matrix theory tools to the right-
. K . -1 ' hand-side of [(1I3). However, the application of these tools
hy (t) (121 Ar(Ohi(H)h () +NIN) hy(t) to the problem at hand is not analytically correct since the

(13) Lagrange multipliers in[{13) are a function of the channel
vectors{h;(t)}. To overcome this issue, we make use of the
Also, P*(t) = diag{pj(t),p5(t),...,p}(t)} is a diagonal same approach adopted in[15] whose main steps are sketched
matrix whose entries are such that the SINR constraints @meAppendix A for completeness. On the other hand] (22) is
all satisfied with equality wheV(t) = Vorp(t). Plugging proved using standard random matrix theory results and is

@) into (11), the optimap*(t) = [p1(t), p5(t),...,pk ()T omitted for space limitations. [ |
is obtained as Observe that the Lagrange multipliewy;(¢) is known to
act as a user priority parameter that implicitly determines
p*(t) =0’ D7 (H)1k (14)  how much interference the other UEs may cause to AJE

[25]. Interestingly, its asymptotic valugy () in @1) turns
out to be proportional to the target SINfR, and inversely
L hH (e ()2 for k=i proportional tol(x(¢)) such that users with weak channels
D)), = {% 15 *’“ ) _ (15) have larger values. This means that in the asymptotic regime
— by (t)ei (2)] for k& # i higher priority is given to users that require high perfonta

where the(k, i)th element ofD(t) € CK*X is [25]



(i.e.,vx > 1) and/or have weak average propagation conditiofsr ¥ = 1,2,..., K. Setting SINR;(¢) in (31) equal toyg

(i.e., l(xx(t)) < 1). yields
The following corollary can be easily obtained from Theo- - _ 52 )
rem[1 and will be useful later on. Pr(t) = —=—= | P(t) + ——= (1 + ax(t)! t .
a ) = s (PO + iy (1 an 1xu0)0)°)
Corollary 1 ([13]). If the same target SINR is imposed for (33)
each user, i.e., : : . . —
B 24 Plugging [(38) into[(30) and solving with respect®gt) leads
Y =71k (24) {0 the following result.
then A (#) in (2) reduces to Lemma 1. If SINRy(t) = v for k = 1,2,..., K, thenp,(t)
5 5\ takes the form in(33) and
Ae(t) = 1-c 25
0= e (115 2) Blt) = — LA (3

1—u2F(t) — cB(t)

and Porp(t) becomes . o .
with A(t) and p being given by(18) and (32), respectively,

-1
Porp(t) = co? <1 —c > A(t). (26) 2d
I+~ 1 i ¥i
B(t) = — - 5 (35)
IV. HEURISTIC LINEAR PRECODING VIA LARGE SYSTEM K= (4 aa(®)l(xi(t)p)
ANALYSIS Py = L 30 ol (0)) a6)
Inspired by the optimal linear precoding in{12), we also N —~ (1 + i (D)1(xs (1))

consider suboptimal precoding techniques that build omigeu

tics [28]. To this end, we leV (1) take the generic form: The above results are next used to characterize the asymp-

totic structure of MRT, ZF and RZF.
—1

K
V(t) = (Z ai (t)hy (t)h’ (t) +NPIN> H(t)\/P(t) (27) A. Maximum Ratio Transmission
=1

Settinga(t) = 0k andp = 1 into (21) leads to
where a(t) = [a1(t), as(t),...,ax(t)]T is now a given 1
vector with positive design parameters gnd> 0 is another Vurr(t) = NH(t) P(t) (37)
design parameter. Note that {27) is basically obtained from .= . ,
(@2) by setting\(t) = ax(t)/p for all k. As before, the whlc_h is thg well known MRT precoder. The following corol-
power allocation matrixP (¢) is computed so as to satisfy alll2"y iS obtained from Lemmi] 1.

the SINR constraints with equality in the asymptotic regimeCorollary 3. If MRT is used, them, (¢) reduces top,(t) =
If V(t) takes the generic heuristic form i {27), then for (ﬁMRT(t) 4 ) where

any givena(t) andp the results of Theorem 1 in [16] lead to! (1) 1k ()
the following corollary. _ co?
o . Prrer(t) = 7 T A1) (38)
Corollary 2 ([16]). If V(t) is defined as if24) and K, N — -
oo with ¢ € (0,1], then andy is the average of target SINRSs:
P(t) - P(t) 30 (28) | XK
SINRy (£) — STNR& (1) %5 0 (29) 1% ; Vi (39)
where P(t) and SINRy(t) are given by Since Pyrr () must be positive and finite, it follows that
. K the asymptotic analysis can be applied to MRT only when the
Pt) =L pi(t)l(xi(t)) _ 30) following condition is satisfied1 — ¢y > 0. If = y1y, this
K~ (1 + oy (t)U(xi(t)) 1) implies v < 1/c or, equivalently,r < log, (1+ 1). If the
SN (1 i () (x (1)) 2 31) above condition is met, theR\rr(t) is positive and finite.
k() = = 3 > ) o :
P+ 2 (1 +ak(t)l(xk(t))u)2 On the other handPyrr(t) diverges to infinity whenr

162k (8))
and p is the solution to the fixed point equation
-1 B. Zero Forcing

log, (1 + %)

K
- <i 3 alxi(t) p> (32)  Sefting a(t) = 1x into (@2) yields V() =
N = 1+ aa(®)l(xi(0)u (H(t)H" () + Nply) " H(t)/P(t) from which using the
with ¢/ in (30) being its derivative with respect ta Woodbury matrix identity and imposing= 0 the ZF precoder
is obtained

The above corollary is now easily used to compute the

-1
asymptotic powerP(t) required to satisfiSINRy(t) = i Vze(t) = H(t) (H” (t)H(1))

P{). (40)



The following corollary can be obtained from Lemida 1.  Taking the derivative oPrzr(t) in (48) with respect tg, one

Corollary 4. If ZF is used, thef, (¢) reduces tG, (t) — 7xo” gets (the mathematical steps are omitted for space limits}i

P — ) A(t
and 2 BP]F(;ZF(t) _ 90252 (1 N) (t) ; (48)
— p 2
Por(t) = 1“’ A(t). (41) (u (c +p(1+p) ) - cz)
— C
) _ : ) From the above equation, it turns out that the minimum power
izz)lo;.rgsu?::ann%gyi:e;jg into (32) and using simple mathemat-ls achieved whenu is such thatu = . Plugging this result
into (47) yields [44). [ |
1K 1 To the best of our knowledge, this is the first time that
pp=1—c+ ~ Z T i (42) the value ofp that minimizes the power consumption in the
o LG asymptotic regime is given in the explicit form 6f{44). Mast

_ 1 K 1 works have only looked for the value pfthat maximizes the
Letting o = pp one getsp =1 —c+ x 3 .is1 T @e/s  sum rate of the network (see for examplel[16]). Interesying|
from which it fo!loyvg thatgf_j L—cwhenp — 0. This means o raqits of Lemma 2 can be used to prove the following
that »» goes t? infinity as—- ngenp — 0. Therefore, from corollary, which states that RZF is asymptotically equevel
(33) one easily getp, (t) — yxo” — 0 whereas[(36) leads 0, e ptimal linear precoder when the same rate constraint
B(t) — 0 and u?2F(t) — c. Plugging these results intd_(34);5 imposed for all UEs.

yields [41). O

Corollary 5. If the same target SINR is imposed for each user,

i.e., v = v1lg, then RZF becomes optimal in the asymptotic
C. Regularized Zero Forcing Y =K p ymp

regime.
Assume thaty;(t) = 1/1(x;(¢)) for anyi, then the process- Proof: If 1«
: : : : :If v = 71, then [44) reduces to* = - — = and
ing matrix V(¢) in (I2) reduces to (see alsp [17]) Vrzr(t) in (43) becomes equivalent to (12) after rep?ack‘,gg
K -1 with X\ given by [25). [ |
VRzr(t) = (Z w;(H)wi (t) + NpIN> H(t)\/P(t) (43) Observe that ifx(t) is set tol g, thenV(t) in (12) reduces
i=1 to [16]:

which is referred to as RZF precoder in the sequel. Difféyent -1

K
from OLP that requires to compute the fixed point of a set of Vrzr(t) = (Z h;(H)h (t) + NpIN> HVP(t). (49)
equations, the optimization of RZF requires only to look for i=1

the value ofp. This can not generally be done in closed-forms shown in [18], if K, N — oo with ¢ € (0,1] and
but requires a numerical optimization procedure! [25]. ¥ thv,.(t) is given as above, then the value @fminimizing
asymptotic regime is analyzed, then the following result ig(¢) = tr (V(¢)V* (t)) while satisfying the rate constraints

obtained. is obtained as
Lemma 2. If a RZF precoder is used anfl’;, N — oo with ) 1 1 E I(x:(1)) -
K/N = c € (0, 1], then the optimal regularization parameter = w N Co 1+ 1 () (50)
is found to be '
1 . with p* being solution of the following fixed point equation:
pr=== (44)
y 1+2 . i 1(xs(1)) i i (1xs(1)))°
with v given by (39). The deterministic equivalent of the = (11 0))? )\ QO+ U () )
transmit power reduces to (51)
. ) v o\T! In addition, it turns out that [18]
P t) = 1—c—= At 45
rzF(t) = co ( c1 +1> (t) (45) Prsr(t) — co? A1) 2
1= (w)2F () — cB(1)
whereasp,, (t) = ”7’“(? 2 (t) + =2 (1+ 7)2) — , .
k () ' R JENO) L) whereA(t) is given by [I8) whileB(¢) and F(t) are obtained
Proof: Settingay; = 1/1(x;(t)) for i = 1,2,..., K into from (38) settinga;(t) = 1 Vi and replacing: with p*. The
[@2) and [(34) -[(36) yields above results are used in [18] to prove that the conventional
) RZF processing given by (19) becomes optimal in the asymp-
— 9 (T4 p)” A(t) totic regime only if the ratio betweety, andi(xx(t)) is the
PRZF (t) = Cco (46) . . . .
1 2\ same for anyk. Although possible, this assumption is not
M(c—i—p( +u)) cy o ; . ;
very realistic in practical systems as it would imply a styon
with dependence between rate requirements and UE positions. For
1 this reason, we focus our analysis on the RZF given by
. whose optimality holds true under a more reasonable
M A p ) (47) h imality hold d bl
I+p assumption of identical target UE rates.



V. ENERGY FLUCTUATIONS The following theorem summarizes one of the major results

We are now left with studying the fluctuations &, in Of this work.

the large system limit. Towards this end, observe that th®eorem 2. If linear precoding is used at the BS, then the

large system analysis above shows that, for all considergflowing convergence holds true in the large system limit:
schemes, the transmit powBt) = tr (V(t)V# (t)) hardens

to a deterministic quantity, which takes the following gexe VK (ET _ 6> SN N(0,1) (59)
form: V) KN
) 2 K where
— co co Yi K
P(t)=—A(t) = ——= Y (53) co? [ 1 1 [ 1
n n K~ 1(x(1)) e=T— | — Yi —/ —dx (60)
: . . : = noA\K ; ICl Je 1(x)
with n being specifically given by
LK 0\’ (1 & ,)\ TR
1—?,_2111% for OLP Y= (7) <?Z% 7@ (61)
= i=1
K
l—ey=1-£> % for MRT with © being computed as iG7).
_ - i=1
T=9Y 1-¢c=1- % for ZF (54) Proof: The proof is given in Appendix D. [ ]
i . Theorem[R says that the fluctuation @&f arounde is
1— C% —1—¢ ileI for RZF. approximately Gaussian with variané&/ K. Some intuition
2 K+ v on this result is as follows. As mentioned earlier, the terapo

] o ) variability of the energyEr basically depends throug¥ (¢)
As seen, in the large system limit the power expenditurelof @, the variations of the small-scale fading maW (¢)} and
considered schemes is a function of time due to the fluctostiqhe yE positiongx;(¢);i = 1,2, ..., K} in the cell. However,
induced on the average channel attenuation{Ry(¢);i = the statistics of these two contributions and their impact o
1,2,..., K}. The statistics of the large-scale UE movementge fiyctuations of are relatively different. To see how this
can be exploited to calculate the temporal fluctuations oheacomes about, recall that the coherence tifee of W(t) is
term in thg right-hand-side oE_(}SS). These resplts are d;tr_ﬂte ~ A&/ where is the wavelength and/¢ is the UE velocity
the following two lemmas, which are proved in Appendix Cphetween two successive steps. In addition, the variandeeof t

Lemma 3. The average value df ! (x;(t)) does not depend POwer required to only compensa¥ t) (which corresponds

on the UE movements and hardens to a deterministic quani@ythe case 20f motionless UEs) is known to SC?|91¢K2
independent of time which is the same for all UEs and givendue to theK® degrees of freedom dW (¢) [20]. This means

by that the energy fluctuations induced by the compensation of
1 1 the small-scale fading only behaves roughly ~asA7/K?2.
Ex, [l_l(xk(t))] _ _/ — dx (55) Differently from the small-scale fading (where the coheen
Cl Je U(x) distance is~ \¢), the coherence distance of UE movements
with |C| = mR2. (defined as the distance after which the correlation between

L 4 Th . g1 q q h the initial and final position becomes small) is related te th
emma 4. Ihe covanance o (xx(t)) depends on_t € cell radiusR and the corresponding coherence time can be
temporal correlation induced by UE movements and is Su?gughly quantified as- R2/D with 4D — (2/¢. The latter is

that . much larger thamAr ~ \¢/¢ for typical parameter settings
_ _ TR? (see Exampl€]2). In addition, the variance of the power due
1 1 o ’
//O COVx, [I77 (e (1), 17" (xi(s))] drdls = D ° to the randomness ofx;(¢)} scales asl/K rather than as
(56) 1/K? (see Appendix D). Putting these two facts together, it
follows that the energy fluctuations induced by UE mobility

here
W - ) L , ) are on the order ok~ R?/(K D) and thus largely dominate
o Z 20 / <1 _ e_%) i (57) the variability of the small-scale fading, which is on theler
i1 K?Jg(fii) 0 of ~ AT/KQ.
and Example 3. Assume that the pathloss functitix) is mod-

1 elled as in(@). In these circumstances,
b = 2/0 mJg(mz)zdz (58) wo? (1 K RP 5 =8
with x; being theith zero of.J; (z). n \K = 28PLz \2+8 R

The values of ;} in (57) and[(58) can be found iA [28, pp.and the coefficient§e; } in (€1) take the fornfl
390] whereaq ¢;} can be calculated explicitly using formulae RB 1
in [29, pp. 684]. Observe also that the sum[inl(57) requires $i = —57— / 2 Jo(kiz)zdz. (63)
only to compute a few terms as it converges fast to its effecti vJ0
value. 30bserve thatfo1 Jo(kiz)zdz = 0.




TABLE |
PARAMETER SETTING

Parameter Value Parameter Value
Bandwidth W =20 MHz Diffusion coefficient D = 1250 m?/minute
Cell radius R =500m Pathloss coefficient =4
Cut-off parameter T=25m Average pathloss attenuation &t Lz =—-93 dB
Carrier frequency fe=2.4GHz Noise power 02 = —97.8 dBm
Average step size length ¢ =50 m Time interval T =3,6,12 or 24 hrs

TABLE Il
NUMERICAL VALUES OF E [Er] /e AND KVAR [E7] /3 FOR THE PARAMETER SETTING INFIGS.[I -{3.WHEN T = 3,6, 12 AND 24 [HRS].

Fig. 1 Fig. 1 Fig. 2 Fig. 2 Fig. 3 Fig. 3
E[Er]/e | KVAR[EL]/S || E[Er]/e | KVARIEZ]/Y || E[E7] /e | KVAR[EL] /S
T = 3 [hrs] 1.030 1.1887 1.023 1.1207 1.019 1.0675
T =6 [hrs] 1.011 1.1287 1.008 1.0901 1.006 1.048
T =12 [hrs] 1.005 1.0659 1.004 1.0428 1.003 1.021
T = 24 [hrs] 1.001 1.0459 1.000 1.0211 1.000 1.018
If B =4, using the formulae in[[29, pp. 684] one gets V1. NUMERICAL VALIDATION AND APPLICATIONS
1 W28 A. Numerical validation
/0 @7 Jo(kix)rds = Ao (ki) Kl (64 The accuracy of the above asymptotic statistical charac-

terization is now validated numerically by Monte-Carlo sim
Plugging the above results in{@&7) yields© = QR with ulations. The results are obtained for 1000 different aniti
positionsx(0) for k = 1,2,..., K within the coverage area.
1 = 32(k2—8)2 [1 _w2pre\ 2 The simulations were performed using Matlab and the code is
Q= 2282 Z 110 /0 <1 —e = ) dt. (65)  available for downlodt] which enables reproducibility as well
¥ =1 ! as simple testing of other parameter values. The parameter
setting is given in Tablé]l. The pathloss functidfx) is
modelled as in[{2) with3 = 4 and Lz = —93 dB. The latter
9y 2 K ) is such that forf. = 2.4 GHz the attenuation at is the same
Y= (CL) (l Z 3) QERQﬁ_ (66) as that in the cellular model analyzed in[22].
D Figs.[d L3 show the cumulative distribution function (CDF)
of Ep/T for different values ofi, N andT'. The ratioc =
From the closed-form expressions @2) and (66), it follows K/N is kept fixed and equal te = 0.5 whereas the user
that the mean and variance &f depend heavily on the valuesratesr, are all set tol.5 bit/s/Hz. As seen, the simulation
of the path-loss exponeptand the cell radiusi. results match pretty well with the theoretical ones for both
Remark 2. From the results of Theorem 2, it follows that theOLP/RZF gnd ZFin aI.I mvest_lgated scenaiipshis validates .
mean and variance ofi are both proportional to the time the theoretical analysis of this work and shows a subsfantia

interval T'. This means that the variability & /T will be less Ener?hy reductlcl)Jn ;ln using ?IE;Pb,:ThengLFpETT/dT;c;FMRL it
important asT becomes large. Observe also thaf/ifis such as the same behaviour o S0 an and it is

that DT/R2 > 1 then the integral inf57) converges to unity not r.eported for il]ustration purposes as the average power
and the ratioX/T becomes independent frof This large reqw.red by MRT is Iarger than ZF a.n(_j.OLP (or RZF) and
time limiting behavior is complementary to the largé and thu; I Wou_ld have comprlse_d the Ieg|bll|ty of the results. |

N analysis performed in this work. We will elaborate furthePart'CUIar’ it turns out that if MRT is used then the mean

on this result later on in Sectidn VIl as it can be exploited t%ﬁalgisffﬁ_/r 1S increased btyt a fa;]ct:)r df'QbQ with _rlesp;ztct_ d
consider an alternative regime in whichi and N are finite 0 - TNIS 1S In agreement to what can be easily obtaine
while T grows large. computing the ratio between the two different values[of (54)

for OLP and MRT. A close inspection of Figs. 11 3 reveals
Remark 3. It is worth observing that the results of Theorenthat for a givenT" there is a progressive agreement between
can in principle be extended to other linear pre-codingumerical and theoretical results ASincreases (see also the
techniques in whichP(¢) has a more involved structure. Innumerical values reported in Taljlé I). This is due to the fac
particular, it can be extended to the classical RZF precodéhat the finite size effect of” becomes less relevant d§
whose asymptotic powe?Prz - (t) is given in(G2). Although grows large. A similar behaviour is observed if one compares
being in a more complicated form thg®3), the mean and

variance of Er are still computable as they basically require “https:/github.com/lucasanguinetti/energy-consuerpth-MU-MIMO-

. . ith-mobility.
to evaluate the fluctuations induced by UE movements on t’HgRecall that RZF becomes equivalent to OLP when the user aatesll

different terms.*, A(t), B(t) and F'(t). the same (see Corollafy 5).

The varianceX in (61)) is eventually obtained as

i=1



09

0.8

/N
3 o6l

AN
05r- T
S
04 4
a8
03 b
0.2 b
—— T=12[h]-Sim. T =12 [n] - Sim.
— — — T =12[h] - Theory 4 01k ) == — T=12[h] - Theory H

—— T=3[h]-Sim.
— — — T=3[h] - Theory
T T T

T =3 [h] - Sim.
— — — T =23 [h] - Theory
T T T

17 18 19 20

10 11 12 13 14 16 17 18 19 20 10 11 12 13 1.

15 4 1‘5 16
o [Watt] a [Watt]

Fig. 1. Outage probability P(rETT > a) of OLP and ZF whenK = 16 Fig. 3. Outage probability P(rE—TT > a) of OLP and ZF whenK = 64
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Fig. 2. Outage probability P(rTT > a) of OLP and ZF whenk = 32 B=6andT = 3 or 12 hrs.

andT = 3 or 12 hrs.

B. Dimensioning of cell battery

the results of Fig$.1133 fixing” while lettingT increase. This  a possible application of the results of Theor&in 2 is as
is because increasirig allows each UE to cover larger areagp|lows. Assume that the energy lev@lof a battery-powered
of the cell and, as a consequence, the energy consumptihas to be designed such that a certain rate is guaranteed at
becomes less random and closer to the mean. This in tyd-n UE and the probability of running out of energy (before
reduces the corresponding fluctuations. replacement or reloading) is smaller than some given tiotdsh

To evaluate the impact of the pathloss coefficient on the Mathematically, this amounts to saying that By > &) <
energy consumption statistics, we get= 6 (as an extreme y. From the results of Theorel 2, one gets
case). In these circumstances, the integral on the rigid-ha

side of [63) can be computed as [29]: Pr(Ep > &) =Q <\/E g\/_§> (68)
1 4_ 94,2 from which it follows that
/ 2P Jo(kix)zde = 6J0(ni)w. (67) VE
0 i E>—Q~ + €. 69
> \/KQ (X) +¢€ (69)

Fig.[d show the CDF ofer /T for 3 = 6 whenK = 32, N = Fig. @3 illustrates the battery level as a function of rate
64 andr, = 1,5 bit/s/Hz. Comparing the results of Figl 4for different values ofK when N = 128,53 = 4 and the
with those in Fig[R, it is seen that both the mean and varian@placing (or recharging) tim@ is 12 hrs. Marks indicate
values of Ep /T largely increase ag becomes larger. simulation results while solid lines are obtained thecsdly.
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N =128,T =12 hrs
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Fig. 5. Battery level that is required by OLP, ZF and MRT to teeFig. 7. Cell radius obtained with OLP, ZF and MRT to minimize tenergy
Pr(Er > &) < 1% when K = 16, 64 or 112. consumption per unit area whed = 16, 64 or 112.
N =128

N =128,T =12 hrs

10 T 500

:
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@ @ 5
s g s
‘ ‘

Battery levelE [Watt-hr]

200

150 I I I I I
16 32 80 96 112

48 64
Number of usersiK

10° I I I

16 32 96 112

48 64 80
Number of usersK

Fig. 6. Battery level that is required by OLP, RZF and ZF to med9- 8. CQII radius qbtained with OLP, RZI_: and ZF to minimihe €nergy
Pr(Er > €) < 1% whenry, € [1,4] bit/s/Hz. consumption per unit area when € [1, 4] bit/s/Hz.

Fig.[d reports the values @f as a function ofK in the same (see [30] for more q_etails). However, all _these guantitias c
operating conditions of Fiff] 5 with the only difference thaty € Somehow quantified off-line and easily addedctdor a
the UE rate requirements take values within the intefval] ~COTect design.

bit/s/Hz. From the results of Figsl 5 6, it follows that®OL

and RZF provide a substantial energy saving with respect@ Optimization of the cell radius

ZF whenK increases. As expected, the saving is more relevantassume that a system designer must optimize the cell radius

for moderate values of rate requiremenisince ZF is known for minimizing the average energy consumption per unit area
to be suboptimal in that regime. From Hig. 5, it follows that f Jefined as:

low data rates (in the range of= 0.5 bit/s/Hz) MRT requires e+ 9T
the same battery level of OLP while a substantial increase is F=— (70)

2
observed ag grows up tolog, (1 + 1/¢). R

Note that the conditioly = 1% makes the necessary batter;?v here) _accouEr;;s fl(_)rthe phow(ejzr gon§umpti07r2) tha_t ris needed
level £ be substantially higher thaB [Er]. It is also worth or running a BS. Taking the derivative df {70) with respect

observing that the above value accounts only for the enell&rR yields

required to transmit the signal¢) within the time interval n 9\ B2
T. An accurate design of the battery level should also take R =z} (1 + 2ch—§) 72 (71)
into account the power amplifier efficiency as well as the o

energy required for digital signal processing, channelirapd Figs.[T andB show the optimal cell radius in the same setting
and decoding, channel estimation and precoding, and so foof Figs[% and B, respectively. Marks indicate simulatiosuits
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of RZF and ZF with imperfect Fig. 10. Outage probability F(rE—TT > a) of RZF and ZF with imperfect

Fig. 9. Outage probability P(rE—TT > a2
CSI, K =32, T = 3,12 hrs andr? = 72 = 0.15 Vi.

CSl, K =32, T = 3,12 hrs andr? = 72 = 0.05 V4.

der investigation using standard random matrix theorystool

set tol8 Watt and corresponds to the fixed power consumptidAMitting the mathematical details, from the results of Bect
required for control signals, backhaul, and so forth (tekue |V IN [37] the asymptotic power consumption with imperfect

is taken from([31L]). From the results of Fig$. 7 &nd 8, it folfo CSl takes form:

while solid lines are obtained theoretically. The paramétis

that OLP and RZF allow a substantial increase of the coverage _ o1 X !
area compared to ZF especially whEnis large and low rate P(t) = 7% Z 1:(1)) (72)
requirements are imposed. =1
wherev; = 1 and
D. Imperfect CSI e
/-2
So far, the analysis has been carried out under the as- 1_6_6;:1%‘71' for ZF

sumption of perfect knowledge df(xx(t)) and hy(t) for n = £ K (73)
k=12,... K. Observe_ thaﬁ(gk(t)) correspon_ds to the 1—c—=—— —¢3 472 for RZF
average channel attenuation, which changes in time (rgughl K+3 v i=1

i=1

three orders of magnitudes slower that the fast fading aklann _ ) )
hy,(t) [32]. More specifically, the characteristic time of chang®ith 7 accounting for the accuracy or quality of the estimate
of hy(t) is the time it takes for the UE: to move by a of h,(t) [37], i.e.,7; = 0 corresponds to perfect CSI, whereas

wavelength, i.e~ A&/ while that of {(xy(t)) is ~ RE/L. for ; = 1 the CSI is completely uncorrelated to the true
Therefore,l(x (t)) changes far slower thahy(t) by a fac- channel. As seen[ (F2) has the same general formi_df (53)
tor ~ R/\. In practice, this means thdtxy(t)) maintains when imperfect CSI is available. Slmlla_r conclusions can be
constant for a sufficiently large number of reception phasg&wn for MRT. To validate these analytical results, Figs- 9
to be accurately estimated at the BS (for example, througR show the CDF ofr /T in the same operating conditions
measurements of the received signal strength indicatiy TOF Fig- @ whenVi 72 = 72 = 0.1 and7? = 7% = 0.2,
makes it reasonable to assume perfect knowledgéxqft)). repecuvely. Thg computation efandX is pgrformed through
On the other hand, the fast variations lof(¢) might result (€0) and [61) simply replacing and {;;i = 1,2,..., K}
into large estimation errors or outdated estimates (eafygci With 77" and{~j;i =1,2,..., K'}. As seen, in both cases the
in high mobility environments) and thus should be takesimulation results n_1atch with the th.eoret|cal ones obtaine
into account to avoid a severe degradation of the systdfm Theorem 2 using the asymptotic power given byl (72).
performance. This is why the impact of imperfect knowledggPMparing the results of Figsl 9=110 with those of Eig. 3, it
of hy(¢) has been extensively investigated in multi-user MiMd$ Seen that imperfect CS leads to an increase of the average
systems either in the finite number of antennas and us&f€rgy consumption.
regime (e.g.[[33]+[35]) or in the asymptotic regimel[1&6],
[37]. While the power minimization problem with imperfect VII. CONCLUSIONS ANDDISCUSSIONS
CSl is still much open for OLP in both regimes, it can be In this work, we have studied the energy consumption
handled for both ZF and RZF. In the asymptotic regime, orynamics in the downlink of a single-cell MIMO network
might for example use the results illustrated|[inl[37]. with N antennas at the BS in whickk UEs move around
Although applied to a completely different context, theaccording to a random walk model and linear precoding is
analytical results in[[37] can be adapted to the system umsed to guarantee target rates. The analysis has been tediduc
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for a finite time interval of lengthl” when K, N — oo from which letting
with a fixed ratio when perfect CSI is available at the BS. Vi

Under these assumptions, we have shown that the energy di, = Nel(xr) (76)
consumption converges in distribution to a Gaussian random . .

variable for most of the common precoding techniques afi‘t'j"d using[(l) we eventually obtain

we have computed its mean and variance analytically. We K -1

have shown that user mobility plays the dominant role in 4, — iwg 1 ﬂwin +1In wi.  (77)
determining the energy fluctuations. In particular, it &iout N N Tk di '

that the variance of energy consumption scale$/ds rather N ] -
than asl/K? as it happens for motionless UES. NumericdiSsume that the quantitiesl, } are well deflned, posmve_a_nd
results have been used to show that the analytical expressig!Ch thal) < di < d <... < dk. Then, using monotonicity
yield accurate approximations wheli is of the order of arguments, froml(77) it follows that
tens (see for example Tablg Il). As an application of these K-1 -1
results, we have dimensioned a battery-powered BS to watisf{, < lwg (i Z —iwinH + 1N> Wy =
a certain probability of running out of energy and we have N N -1 dre
also computed the cell radius to minimize the energy per unit K—1 -1
area. The imperfect CSI has been also briefly addressed. — dKiwg (i Z viw,wl + dKIN> wx  (78)
The analysis has also pointed out that in addition/fo N N =1
there is another pa_rameter_that plays a key _roIe in desgribi@r' equivalently,
the energy fluctuations. This parameter is givendy/R?, .
where R is the cell radius and is the so-called diffusion 1 4 (1 K1 .
constant of random walks (or Brownian motions). The quantit 1 < =Wk | Z Yiwiw; +dlIn | wi. (79)
DT/R? roughly describes to what extent the UEs have been i=1
around in the cell area. When it is relatively small (as it hasssume now thatlx is infinitely often larger tham + ¢ with
been assumed in this work), each UE has not had the chance tgiven by [IT) and¢ > 0 some positive value [15]. Let
visit most of the cell and thus the energy consumed to setveas$ restrict ourselves to such a subsequence. (79y usin
of them is a random quantity whose fluctuations are basicafiyonotonicity arguments we obtain
controlled by K. However, whenDT'/R? is relatively large, K1 —1
then each UE has likely had the time to move around all L g1 oo H
the coverage area, and thus the energy consumed to servleS NVK (N Z} WWiWi o+ (77+£)IN> Wi (80)
each of them becomes approximately deterministic. Thigitres . - . . .
suggests an alternative regime for the asymptotic anat;fsis'a‘pply'r.1g standard results in ra.mdom r_natnx theory alongwit
energy consumption: the finit& and NV but largeT" (or more the union bound and Markov inequality one géts| [15]
properly largeDT/R?) regime. This case has been analyzed ( K—1
H
Wk

-1
in some detail in[[38] but it is still pretty much open. In — 1 E ywiwil 4+ (n+ 0)Iy wig —e(l) =0
e : : ; At N N <
addition to this, another interesting direction for futwerk i=1

is to consider other mobility models such as the Lévy flight, . . . ) (81)
which seems to contain some important statistical sintiézri With ¢(¢) being the unique positive solution to
with human mobility [8], [9]. The extension of the analysisa | K . -1
multi-cell network with imperfect CSI and pilot contamircat e(l) = <_ Z Y — n+ Z) . (82)
is also an interesting topic for future research. N i=1 1+ ie(f)
From [81), recalling[(80) yields
APPENDIXA .
PROOF OFTHEOREM[T Am infe(f) 2 1. (83)
We star_t assuming _that_ the $INR constraints are such tlu}ging the fact that(0) = 1 (recall that is defined as i (17))
the following assumption is satisfied: and thate(¢) is a decreasing function df, it can be proved
K that for any? > 0 [15]
. i
BN 2 T, < (74) Jim supe(t) < 1. (84)

Under these circumstances,in (I7) is a positive quantity. This however goes again§t {83) and creates a contradiction o
Observe that: € (0,1) is sufficient for the above conditionthe initial hypothesis thadx > 1 + ¢ infinitely often. There-
to be satisfied. To proceed further, we rewrliel (13) as fdadlowore, we must admit thatx < n+¢ for all large values ofx.

(using simple calculus) Reverting all inequalities and using similar argumentddge
1 dy > n — ¢ for all large values ofi{. Putting all these results
K .
v lom (1 oy L H together yields) — ¢ < d; < dy < --- < dg < 1+ £ from
r - Nhk N Z Aihibit + NIy i (75)  which we may writemaxg—1 2, |dx —n| < ¢ for all large

=17k values of K [15]. Taking a countable sequence bfjoing to
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zero, we eventually obtaimaxy—12.. x |dx —n| — 0 from B. Computation of the transition probability
which using [(76) and assuming thiaih koo sup ;t5 < 00 The transition probabilit(x, x'; t —#') solving [85) over a

the result in () follows. bounded domaii€ can be expressed in the following general
form [40Q]:
APPENDIXB P(x,x';t—t') = Z Z g;7m(x)gn’m(x/)efen,m(tft’) (88)
RANDOM WALK AND BROWNIAN MOTION no m

The convergence of a random walk towards the BrownidH'€re gn.m (%) is the (”’mz)th (normalized) eigenfunction
motion model is basically due to the central limit theorenf! the Laplacian operatok’™ in C satisfying the boundary

More precisely, observe tha,(¢) — Z-Li/fJ Ax (i) has zero- conditions andenzm is the corresponding eigenvalue. The
mean and variance [[xx(t)|?] = Mgz/—é Assume now that aPove result basically follows from the fact thig, m(x)}

¢ is fixed and¢ — 0, in the sense that/¢ — oco. Thus, the form a basis in the Hilbert spade?(C) and thus any function
variance ofx,(t) can be kept finite only if the ratié*/¢ is candbe Wr|ttenf|n terms Oggn=”?|(’;)g_(we refer the rllntergs;d
kept fixed and finite. In this limitx,(¢) becomes a Brownian rﬁa erto [,Afo] or/a_morr]e feta| ef iscussion on this). er
motion with diffusion coefficientD given by D = £2/(4¢). t.at]P’(??x X _ft) In the form o h@) meer{]BG) and {87)
In practical systems, however, neither the step siner the SINCe the eigenfunctions are such that [40]:

corresponding timg¢ vanishes. Nevertheless, the equivalence N -

still holds true since we are basically interested in theglon Cg"hml (%) m (X)AX = Oy s O (89)
term (corresponding to large values ©)fand large distance * N — 62(x — x' 90
statistics of a random walk with finité and ¢ wherein each ;Xm:gn,m(x)gnﬂm(x) (x =) (°0)
walker changes position according to a transition rule dimdy 0 ) ) ) )
depends on its current position. In these circumstances, Whereé=(x) is the two-dimensional Dirac delta fur_1ct|f)n. The
random walk boils down to a Markov process, whose statisticgPnditions above can also be used to show that i " < ¢
properties in the large time and distance regime are still wéhen

captured by simply treating it as a Brownian motion. /]P’(x, X3 t—t") P(x, x"; ' —t")dx' = P(x,x"; t—t") (91)
c

which is a consequence of the Markov property of Brownian
motions.

The transition probabilityP(x,x’;t — ¢') of a Brownian Computing the eigenfunctions in closed-form is not always
motion in a given ared is defined as the probability of beingpossible for any regiog. However, ifC has a circular sym-
at a locationx’ at timet¢ given that the walker was atat time metry with |C| = 7R? and the reflecting boundary condition
' < t. MathematicallyP(x, x'; t — ') is obtained solving the is imposed, then the eigenfunctions can be expressed im pola
following diffusion equation[[39] coordinateqr, ¢) as [40]:

Kn,mT im
gn,m(rv ¢) = (An,m)l/QJm (’T) € ¢ (92)

where k,, ., is the nth non-trivial zero of the first deriva-
under appropriate boundary conditions (specifying the beive of the m—Bessel function J,,(-) and A;! =
haviour of the user when reaching the bound&6 of C) 7R? (J2 (kn,m) + JZ_1(kn,m)) and the eigenvalue S.m =
2

A. Transition probability

OP(x,x';t—t) D_, , ,
— < =—_V-P it—t 85
= DV B 1) (89)

and subject to: K2
/P(X’x/;t —t)dx =1 (86) APPENDIXC
T / / 2 p PROOFS OFLEMMAS 3 AND 4
lim P(x,x';t —t') = 6 (x — x'). (87)

t—t/ In this appendix, we rely on the Brownian motion model
Note also thaP(x, x’; t—t') = P(x/, x;t—t') since the Lapla- (()sfele_lA ppetr;gilﬁ_ﬁt)a tf% r(r::])gprléteu::]ees r:;eee‘ca\l/l?;l:: and covariance
cian operator in[(85) is both real and Hermitian. Although a (i (2)). q
large variety of boundary conditions can be imposed [7], theEx, [I7"(xx(t))] = Ex,(0) [Exyxe(0) [I7" (xx(2))|x5(0)]]
most typical ones are the following twd): the walker exits (93)
C when it reaches the boundaég; ii) the walker bounces
back intoC when it hitsdC. The former choice requires to
imposeP(x € 9C,x';t —t') = 0 while the latter needs
r’'VP(x € 0C,x';t — t(;é: 0 with r being the unit vector
along the radial directiof.

whereEy, (o) [2[xx(0)] denotes the conditional expectation of
z with respect to the initial positios (0) € C. On the other
hand, the covariance @f ! (x,(t)) takes the form in[{34). To
simplify the notation, in the following derivations we drtpe
UE index k and relabelxy(t), xx(t") andx;(0) as follows

5 _ _ xi(t) = x, x,(t") — x” andx;(0) — x’. In addition, we

Observe that if the walker bounces back, ti¥x, x’;t — t’) is always I , h babili h he UE h
properly normalized irC (since the probability of exiting is zero). This ca F.(x,.t|x ,.0? the pI’O a “Fy t a.\t the reac es"?‘t a
condition is known in the literature as Neuman boundary it generic timet if its position at timed is x’. From Appendix B,
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COVx, [17M(xk(t)), I (x£(t"))] = Exp(0) [Exxepm(oy [ (i (0))1 (3 () |%1(0)] ] —
— Ex0) [Exupei(0) [ (31 (8)[%1(0)] Exty (o) [ k(1)) %k (0)]] . (94)

we have that'(x, t|x’,0) = P(x,x';t) with P(x,x’; t) being Plugging the above results together info](94), we eventuall
the solution of the diffusion equation ih {85). obtain
We start computing the mean bf! (x(¢)). Under the above L L
COVX I x), 7' (x")] = (106)

assumptions, we may write
I x) X Q(x, x t, ) dxdx" . 107
Ex [I~ I |C| //l Hx)P(x,x';t)dxdx’  (95) [ // ( ) (107)

where we have taken into account thdtis uniformly dis-
tributed within the circular cell of are| = 7R2. Recallingl ~ Q(x,x";t,t") = P(x,x";t — ") — P(x,x";t +¢"). (108)
that P(x, x';t) = P(x/,x;t) and using [, P(x’,x;t)dx’ = 1
(see [(8b) in Appendix B) one gets

whereQ(x, x";t,t") is defined as

We are now left with substituting intd_(ID6) the closed-
form expressions oP(x,x"”;t +¢”) andP(x,x";t — t") as
1 1 obtained through (88) using the eigenfunctions given[by.(92
Ex [I~ - (96) ;
|C| After standard but lengthy computations (hot shown for spac

. . ._limitations), we eventually get the result in_{56) of Lempia 4
The covariance requires to evaluate the two terms in the-ngh ) v 0156) m

hand-side of[(94). Let us start with the first one, which isgiv

°Y APPENDIXD
1 1 PROOF OFTHEOREM[Z]
X/ E x! l l — 97 . . - N
T ] ®7) In this appendix, we outline the proof for the central limit
/ / / U x)UH (x") F(x, t,x" 1" |x, 0)dxdx" dx’. theorem of the energy consumptidiy-. The first step is to
Icl (08) observe that since the underlying Brownian motions of UEs

are continuous, we may think of the integral i (9) as a limit
Thanks to the Markov property of Brownian motions, one gef§ @ finite sum, i.e.,

T L
F(x,t,x",t”|x’, 0) = F(x,t|x”, t/I,X/, O)F(Xll,tlllxl, 0) ET — / P(t)dt — lim Z Z P (X(n),W(n)) (109)
= F(x, t)x",t")F(x", s]x',0)  (99) 0 Lo Lo
or, equlvalenty, F(x,t,x",t"[x',0) = P(x,x";t — wherex(n) and W(n) corresponds tox(t) and W(t) eval-
#)P(x",x';"). Plugging this result |nto[:(97) and usmguated att = nT/L = n&, respectively. In writing the above
]P)(X//’X/;t//) = P(x',x";t") with fc X, x";t")dx' = 1 equation, we have explicitly specified the dependenc@(o)j
one gets on the UE positions(n) = {x;(n);k =1,2,..., K} and on
the fading coefficientd¥ (n) = {Wk(n);k = 1,2, ..., K}
Ex/ [Extx [1™ 1( )l 1( Nx]] = (100) We assume that for any the channel fading coefficients in
1 y ) W (n) are independent over since the fast fading channel
il //l )P(x, x5t — t")dxdx". (101) W (t) decorrelates approximately as\¢/¢, which is much

smaller than the sampling tinmee
We are now left with the computation of the second term in To proceed further, we leNE; = E; — E[E7] be the

(©4), which is explicitly given by difference betweenE; and its average valu€ [Er] and
rewrite AEr as the sum of two terms, i.eAEr = A1 + A
Exr [Excper [171(3)1x'] Extper [I7H(x")IX]] = (102)  \yith ! T
///l Y)Y (x) P(x, % 1) P(x”, x5 ") dxdx" dx'. T_
Icl Ay =Ep — / P(t)dt (110)
(103) 0
T
Using P(x”, x’;t") = P(x’,x"”;t") and [91) lead to Ay = / P(t)dt — E [Er] (111)
0
E [Expe [171(x)|x] Expoe [T (x")[x]] = (104)  opserve that the variance d, is just 7" times the variance
//l L) () P, X £+ ) dxdx”  (105) of P(t) — P(t) averaged over user locations, i.e.,
C Y _
el VAR[A,] = TEx [VARw [P(t) = P(1)]].  (112)

“This comes from the fact that the probability of reachingtii the same —= s
time interval) the pointx starting fromx’ is the same as that of reaching In [20], the authors show that'VAR [P(t) - P(t)] is finite

starting fromx (see Appendix B). in the limit K — oo. Since the pathloss function is bounded



from below, it follows thatK Ex [VAR [P(t) — P(t)]] is also
bounded, i.e.,

KliinOO sup KEx [VAR [P(t) — P(t)]] < oo.

(7]

[8]
(113)

This means that the fluctuations &f; are of orderO(K —1).

To analyze the second terfx,, we use[(583) and observe that
the integral in[(11I0) can be written as a sum over independélr‘?ﬂ
Brownian paths of thé( users in the system. Using the results
of Appendix C, the term corresponding k¢h UE has mean [11]
and variance given by

1 co2 /TE { i ] ’ykTCO'Q/ 1 dxu() [12]
—— — | = s — < aXi(T
K Jo lexe@)] 1CIKE 7 JolGa(n) "
(114)
[13]
and
1 co? 2 T Yk Vi [14]
— [ — cov , =
K> < 7 > // o [f(ka) f(xus»}
TR2 /[co2\? [15]
A2 -
e ( ; ) S} (115)

where® is obtained as if{37). HencA, has finite mean and [16]
fluctuations of orded —'/2 and its variance can be obtained
summing [(11b) ovek. This leads to

) K [17]
co? 1 5\ TR?
B 18
As a result of the above, we eventually have that 18l
ET — € D
vK (W) K,E)MN(O’ 1) (117) [19]

as stated in Theorern] 2. As seen, the proof is basically
articulated in two steps. First, we exploit the resultsifij[® (20
point out that that the power variance due to the fast fading
scales a$)(K ~2) for all considered schemes. Then, we takgi]
advantage of[(33) and use the results in Lemfas 3and 4 to
deal with the UE movements and to prove the results.
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