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Abstract: Precipitation of nanoparticles from a supersat-
urated solid solution is important in understanding and 
controlling the formation of nanostructure, and as a result, 
many physical properties of materials, such as conductiv-
ity, mechanical, thermoelectric, and magnetic behavior of 
materials. In each case, the precipitation state, including 
size, density, chemical composition, spatial distribution, 
particle morphology, and volume fraction, of nanoparti-
cles can all influence the properties of interest. In an effort 
to design nano/microstructures in steels, mainly for auto-
motive applications, it is important to be able to describe 
the time evolution of the precipitation state, including 
both the nucleation and the growth processes. The  present 
review is thus concerned with the homogenous precipita-
tion of carbo-nitride nanoparticles in α-ferrite. The inter-
facial process, the time evolution of both carbon and 
nitrogen into precipitates, and the effects of supersatura-
tion and spatial distribution are discussed and clarified. 
The involved mechanisms are discussed from a theoreti-
cal point of view; some major results are  illustrated from 
newly developed experimental methods, and their rel-
evance to topics of current interest is examined. At last, 

some major outstanding issues have been identified and 
avenues for further research suggested.

Keywords: carbo-nitrides; kinetics; nanoprecipitation; 
steels; thermodynamics.

1  Introduction
The development of modern steels depends on the increased 
understanding of the role of microalloying elements in the 
precipitation phenomena in the solid state [1–5]. This topic 
of major industrial interest has received considerable atten-
tion over many years. One of the main reasons for this is 
that a small addition of microalloying elements may yield 
significant improvements in mechanical properties [6–11]. 
Indeed, because of their strong affinity with carbon and 
nitrogen, microalloying elements such as niobium, vana-
dium, and titanium form a very fine dispersion of carbides 
and/or carbo-nitride nanoprecipitates in α-ferrite. This 
fine dispersion influences the mechanical properties in a 
number of ways. The particles interact with matrix disloca-
tions and lead to an increase of global strengthening com-
monly referred as to “precipitation hardening” (see review 
in [12]). The fine distribution of precipitates can also inhibit 
austenite grain coarsening during heating and, under 
certain circumstances, suppress ferrite recrystallization 
prior to ferrite-to-austenite transformation in high-strength 
steels [10, 13]. Besides this, the use of microalloying ele-
ments and controlled hot rolling may lead to production of 
fine ferrite grain through precipitation of fine carbides or 
carbo-nitrides [14, 15]. In a general manner, the presence of 
precipitates in α-Fe matrix can be either beneficial or dele-
terious for certain manufacturing applications. Indeed, the 
increase in strength is often accompanied by a reduction in 
ductility of the material. These properties depend mainly on 
metallurgical parameters such as nature, density, volume 
fraction, composition, and morphology of precipitates. 
Therefore, knowledge and control of the precipitation state 
is a prime necessity. For this purpose, a double approach 
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based on both experimental and modeling is required. One 
of the most difficult aspects of any experimental characteri-
zation arises from the nanometric size of the precipitates 
[16–18]. Hence, transmission electron microscopy (TEM) 
generally has to be undertaken, but further difficulties 
arise particularly due to the magnetic nature of α-Fe and 
the difficulty in measuring the chemistry of nanosized pre-
cipitates, especially their carbon and nitrogen contents. 
The advent and development of new advanced experimen-
tal techniques such as TEM and atom probe tomography 
(APT) is changing this situation. Apart from the experi-
mental aspect, a number of theoretical models have been 
developed to predict the kinetics, precipitation sequence, 
and chemistry of the precipitates in microalloyed steels [4, 
19–25]. From a kinetic point of view, most of the models are 
based on the classical theory for diffusive phase transfor-
mation and simultaneously treat the nucleation, growth, 
and coarsening steps from a mean field approach [19, 26, 
27]. According to this approach, the nature of the matrix 
does not modify the analytical form of the laws to be dis-
cussed here, only the values of the constants to be used. 
In the case of pure carbides, the particle size distribution, 
their number, and volume fraction can be predicted and 
compared successfully with experimental data [28–30]. 
Regarding the composition of precipitates, equilibrium 
conditions are usually assumed for calculations. Neverthe-
less, the occurrence of nitrogen in solid solution in steels 
makes the situation more complex. Indeed, one of the main 
difficulties is accounting for tri-atomic particles having a 
C/N ratio variable with time [24]. Furthermore, the diffusion 
rate of both carbon and nitrogen inside the nanoparticles 
play a more significant role than for pure carbides. In all 
cases, the interfacial process, including both the interfacial 
energy between precipitates and α-Fe and the contact con-
ditions at the precipitates-matrix interface, also plays a key 
role in the evolution of the precipitation state.

The present review is concerned with the homoge-
nous precipitation in α-ferrite of carbo-nitride nanoparti-
cles of formula M(Cy, N1-y), M being metallic atoms such as 
Nb, V, or Ti and C and N being carbon and nitrogen atoms, 
respectively. “Carbo-nitride” is used as a generic term, 
and both pure carbides and pure nitrides are considered 
here to be special cases of carbo-nitrides. However, the 
precipitation of carbo-nitrides with heterogeneous nitro-
gen contents induced by nitriding is excluded from the 
present discussion [31–35].

The interfacial process, the time evolution of both 
carbon and nitrogen into precipitates, and the effects of 
supersaturation and spatial distribution are discussed 
and clarified from a mean field approach. The involved 
mechanisms are mainly discussed from a theoretical point 

of view; some major results are illustrated from developed 
experimental methods, and their relevance to topics of 
current interest is examined.

2   Homogenous nucleation of 
 carbo-nitrides in α-Fe

The formation of a new phase requires its nucleation in 
some regions of the system. Homogenous precipitation 
takes place uniformly in the system considered, con-
trary to heterogeneous precipitation, which takes place 
at special sites such as crystal defects. In this chapter, we 
present the general theory of classical theory. The rate of 
nucleation is analyzed under quasi-steady-state and non-
steady-state conditions, and the influence of the nature 
of the nucleus-matrix interface is discussed. The effects 
of strain energy associated to the precipitation of carbo-
nitride are not considered in this review.

Nucleation can be defined as the first irreversible 
 formation of a nucleus of the new phase. Fundamentally, 
it is a stochastic process in which the size of nuclei fluctu-
ates around a critical value. Since its initial formulation 
in 1926–1927 by Volmer and Weber, and Farkas [36, 37] 
and its modification in 1935 by Becker and Döring [38], 
the classical nucleation theory has been a suitable tool to 
model the nucleation stage in phase transformations. The 
success of this theory relies on its simplicity and on the 
few parameters required to predict the nucleation rate, i.e. 
the number of nuclei of the new phase appearing per unit 
of time and unit of volume. It allows rationalizing experi-
mental measurements, predicting the consequences of 
a change of the control parameters such as temperature 
and supersaturation, and describing the nucleation stage 
in mesoscopic modeling of phase transformations. In the 
classical nucleation theory, some of the heterophase fluc-
tuations reach a size large enough so they can continue to 
grow and lead to the formation of precipitates.

2.1  Nucleation rate

The classical nucleation theory is very important in 
describing the nucleation stage in solid-state phase trans-
formations. From a general point of view, classical nuclea-
tion theory assumes that the system reaches a steady state 
and that the stable nuclei appear at a rate given by the 
following well-known relation [39, 40]:

 
0

-exp ,
B

dN GZN
dt k T

∆
β∗  ∗

=     
(1)
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where β* is the absorption frequency of a substitutional 
atom by the critical nucleus, Z is a dimensionless term 
often called the Zeldovitch factor, with a magnitude 
typically close to 10-1, N0 is the number of substitutional 
sites per unit volume in ferrite, and ΔG* is the Gibbs 
energy barrier. The expression of the nucleation rate 
initially derived by Volmer and Weber did not contain 
the  Zeldovitch factor and led to an overestimation of the 
nucleation rate. This Zeldovitch factor was first introduced 
by Farkas to describe cluster fluctuations around the criti-
cal size [37]. Indeed, the nucleation rate would be equal 

to 0
-exp

B

GN f
k T
∆

β
∗

∗  
  

 only if every critical nucleus would 

continue to grow without going back to smaller sizes. 
However, the rate theory shows that a nucleus close to the 
critical size has a non-negligible probability to re-dissolve 
under thermal fluctuations. The actual nucleation rate is 
therefore reduced and is given by Eq. (1), where the term 

Z corrects for this effect. The quantity 0
-exp

B

GZN
k T
∆ ∗ 

  
 

can also be seen as the number of nuclei that reaches a 
size large enough to continue their growth. In the case of 
spherical nuclei, the corresponding radius r′ can be given 
an analytical approximation [24].

The Zeldovitch factor is a function of the second deriv-
ative of the cluster formation free energy at the critical size 
[41]. It can be shown, from an approach due originally to 
Zeldovich [42], that Z is proportional to

3

TZ
G

σ

∆ ∗
∝

where σ is the interfacial energy between precipitates and 
ferritic matrix.

The absorption frequency β* is the frequency at which 
an additional atom attaches to a critical cluster. It is pro-
portional to the cluster surface area for the reason that 
the growth-limiting process is the attachment reaction at 
the interface. As the growth is usually controlled by the 
long-range diffusion of solute atoms, the absorption fre-
quency is the product of the atom jump frequency with the 
number of solute atoms contained in a shell of thickness a 
(a being the lattice parameter of α-Fe) around a spherical 
cluster:

2

4

4
,X Xr D C

a

α απ
β

∗
∗ =

where r* is the critical radius, XD
α  and XC

α  are the diffusiv-
ity and concentration of solute atom in α-Fe, respectively.

Eq. (1) is often used in a different form that takes into 
account the so-called incubation time. During incubation, 
clusters grow from their initial size distribution to a final 
steady-state distribution. Approximate solutions of the 
time-dependent nucleation equation discussed by Chris-
tian [41] indicate that the time-dependent nucleation rate 
for a single component system may be approximated by

 

τ 
≈   Inc

-exp ,dN dN
dt dt t

 
(2)

where 
Inc

dN
dt

 is the final quasi-steady-state rate and τ is 

the incubation time. It is interesting to note that, recently, 
kinetic Monte Carlo simulation has been used to test the 
classical nucleation theory in the case of homogenous 
precipitation of niobium carbide (NbC) in α-Fe [30]. The 
atomistic approach used is well adapted for studying the 
very first moments of precipitation including the nuclea-
tion step (see an example in Figure 1). Surprisingly, the 
best fit is provided by a slightly different expression of 

Inc

dN
dt

 than Eq. (2):

 Inc

-1-exp .dN dN t
dt dt τ

  
≈        

(3)

In all cases, a good estimate for the magnitude of τ 
can be obtained using an argument introduced initially 
by Russell [40]. Indeed, the incubation time can also be 
seen as the time to form a significant number of supercriti-
cal nuclei. The latter is approximately the time required 
for clusters to reach size r* by absorption and emission of 
solute atoms at rate β*. By analogy with the random walk 
for atomic diffusion along the distance δ = 1/Z at a jump 
frequency β*, the following approximation can be derived:

2

.
2
δ

τ
β∗

≈

A specific Taylor expansion of ΔG shows that [43]

 
2

4 1 .
2 Z

τ
π β∗

≈
 

(4)

2.2  Thermodynamic aspects

In the nucleation regime, the system evolves through 
localized fluctuations. In a general manner, the Gibbs 
energy for the formation of nucleus contains two main 
contributions. The first one is a volume contribution: by 
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forming nuclei of the new phase, the system decreases 
its free energy. The gain is proportional to the nucleation 
driving force Δgv. The second one is the surface contribu-
tion: the creation of an interface between the matrix and 
the nuclei of the new phase has a certain cost that depends 
on the interfacial energy σ. In the case of the formation of 
a spherical nucleus of carbo-nitride, the following rela-
tion is classically considered:

 
3 24 4 ,

3vG g r r∆ ∆ π σ π= +
 

(5)

where Δgv is the driving energy for nucleation per unit 
volume (usually called the driving force), r is the radius of 
the nucleus, and σ is its interface energy with the matrix. 
An expression for the driving energy Δgv is needed for 
the derivation of the size and composition of the critical 
nucleus.

In the simplest treatment, the Gibbs energy barrier 
ΔG* [see Eq. (1)] is obtained as the maximum value of the 
Gibbs energy as a function of nucleus size (Figure 2). The 
corresponding size is called the critical size r* because the 
nucleus may be regarded as being in a state of unstable 
equilibrium with the surrounding parent phase. From a 

mathematical point of view, this results in the following 
relations:
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 =
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− =



=
  

(6)

The determination of both the driving force and the inter-
face energy is crucial for calculating both the Gibbs energy 
barrier and, as a result, the nucleation rate [see Eq. (1)].

2.2.1  Driving force for nucleation

Let us imagine the formation of a β phase of formula 
M(CyN1-y) from a solid solution α-Fe. The driving force for 
nucleation can be regarded as the quantity of the free 
energy transferred to dn molecules of M(CyN1-y) from the 
supersaturated solid solution to the precipitate, which is 
in equilibrium with the α-Fe solid solution. In the simple 

0 s 11 s

60 s 210 s

A B

C D

Figure 1: An example of Monte Carlo simulation of NbC precipitation in α-Fe at a given temperature (adapted from [30]). The niobium 
and carbon atoms are represented in red and gray, respectively, and the corresponding time is given in the bottom left of each snapshot. 
The density of NbC nuclei can be followed at different times and temperatures.
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,( ) ( ),e
i i i ix xβ β α αµ µ=

where ,e
ix
α  is the equilibrium composition of the i element 

in α-Fe.
Therefore, relation (7) becomes

β α α β α α β α α

β α β α β α

∆ µ µ µ

µ µ µ

= + +
+ +

, , ,
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0 0 0
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M
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By taking into account the stoichiometry of precipi-
tates, we obtain the following equation:

, , ,
M C N

0 0 0
M C N

1 1 1( ) ( ) ( 1- ) ( )
2 2 2

1 1 1- ( ) ( ) ( 1- ) ( ) .
2 2 2

e e e
m v M C N

M C N

V g x y x y x

x y x y x

α α α α α α

α α α

∆ µ µ µ

µ µ µ

 
= + +  
 

+ +  

The chemical potentials are thus developed as a func-
tion of the molar fractions according to the ideal solid 
solution assumption, and the concentrations in solid 
solution ss

ix  are also introduced. This leads to the follow-
ing expression [22, 24, 46]:

 

CM N
, , ,

M C N

- ln ln ( 1- ) ln .
2

ssss ss

v e e e
m

xx xRTg y y
V x x xα α α

∆
 

= + + 
    

(8)

2.2.2  Composition of the critical nucleus

Relation (8) clearly shows that, contrary to the case of 
pure carbide or pure nitride, the driving force for nuclea-
tion of a carbo-nitride depends on its stoichiometry para-
meter y, which gives the carbon and nitrogen contents in 
the precipitate. There is no objective reason to consider 
a priori y as a constant during nucleation and growth of 
the precipitate.

Eq. (8) uses the equilibrium composition of each 
element i in α-Fe , .eix

α  Strictly speaking, their deter-
mination requires a complex thermodynamic calcula-
tion. However, it is possible to overcome this difficulty, 
as shown in [24, 47]. Indeed, the equilibrium between 
the ferrite matrix and the carbo-nitride M(CyN1-y) can be 
described by the following mass action law under the 
assumption of ideal solution:

 
1-

, , , 0
M C N M(C N )[ln ln ( 1- ) ln ] ,

y y

e e eRT x y x y x Gα α α ∆+ + =  (9)

where 
1-

0
M(C N )y y

G∆  is the Gibbs energy of formation of the 

carbo-nitride. The carbide MC and the nitride MN are 
often both of face-centered cubic NaCl-type crystal struc-
ture with very similar molar volumes. We thus consider 

∆G

∆G

V∆gv

Sσ

∆G*

0
rr*

Figure 2: Schematic evolution of the Gibbs energy during the 
formation of a spherical nucleus as a function of the radius of the 
particle. Both the surface and volume contributions are shown 
(adapted from [44]).

G

Gα

Gβ

Vm ∆gv

A BxB
0

Figure 3: Schematic representation of the driving force for nuclea-
tion Δgv from the Gibbs energy diagram in a model A–B binary 
alloys. In the simplest approach, the product VmΔgv, Vm being the 
molar volume of the precipitate β, is determined from the common 
tangent (in dashed line) to Gα and Gβ and the tangent to Gα passing 
through the nominal composition 0

Bx  of the given alloy [45].

case of a binary compound of formula AB, the driving 
force for nucleation Δgv is schematically represented in 
Figure 3.

By generalizing the simple case of a binary compound 
to a ternary compound of formula M(CyN1-y), one can write

 
M M M C C C N N N

0 0 0
M M C C C N N N

[ ( ) ( ) ( )]
-[ ( ) ( ) ( )],

m v

M

V g x x x x x x
x x x x x x

β β β β β β β β β

β α β α β α

∆ µ µ µ

µ µ µ

= + +
+ +  (7)

where μ is the chemical potential. The equilibrium 
between the β phase and α-Fe imposes the classical fol-
lowing relation:
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the carbo-nitride as an ideal mix of MC and MN, and fol-
lowing Hillert and Staffansson [48], we can write

 1

0 0 0
M(C N ) MC MN( 1- ) [ ln ( 1- ) ln( 1- )],

y y
G y G y G RT y y y y∆ ∆ ∆

−
= + + +

 (10)

where 0
MCG∆  and 0

MNG∆  are the Gibbs energy of forma-
tion of MC and MN, respectively. Eq. (10) gives a thermo-
dynamic representation of a complex carbo-nitride from 
the thermodynamic of corresponding pure carbide and 
nitride. However, Eq. (10) does not account for a pos-
sible interaction between MC and MN. In other words, 
the excess molar free energy of mixing of MC and MN is 
neglected.

The thermodynamic functions 0
MCG∆  and 0

MNG∆  are 
related to the solubility products for the individual MC 
and MN compounds in equilibrium with the matrix by the 
following classical relations:

 

0
, , MC
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0
, , MN
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ln( . )

ln( . )

e e

e e

G
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α α

α α

∆
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=


 =  
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By substituting Eq. (10) into Eq. (9), it is easy to show 
according to [49, 50] that

 

, ,
MC M C

, ,
MN M N

. 
,
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e e

e e
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α α

α α
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(12)

where KMC and KMN are the product solubility of carbide MC 
and nitride MN, respectively.

Using Eq. (12), the unknown equilibrium composition 
in solid solution ,e

ix
α  can be replaced by the solubility 

products of carbide KMC and of nitride KMN into Eq. (8):

 

∆
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MC MN
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(13)

It is thus stated that the nuclei that appear in the 
matrix are those that produce the maximum variation 
of Gibbs energy during their formation. Accordingly, the 
composition of the critical nucleus is defined as the value 
of y that minimizes the driving force for nucleation in 
Eq. (13). The expression is found to be

 

-1

MCN
nucl

MNC

1 .
ss

ss

Kx
y

Kx
 

= + 
    

(14)

This equation shows that the composition ynucl of the 
critical nucleus does not depend on the metallic atoms 
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Figure 4: Solubility data. (A) VC and VN, (B) NbC and NbN [51].

concentration M in the solid solution and depends exclu-
sively on the temperature, via the ratio of the solubility 
products, and on the C and N composition of the solid 
solution.

If carbon and nitrogen in a solid solution are of equal 
orders of magnitude, the nucleus will be very rich in 
nitrogen because the nitride of a given material is much 
more stable thermodynamically than the corresponding 
carbide, as shown by the temperature evolution of solubil-
ity product of some nitrides and carbides given in Figure 4 
[2, 51].

Obviously, the composition of both C and N in 
nuclei is expected to evolve with time at a given tem-
perature because the compositions in solid solution 
decrease during the precipitation process. Accessing 
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composition information of such nanoprecipitates can 
be achieved through techniques combining analytical 
capabilities with sub-nanometer-scale spatial resolu-
tions. TEM remains the most widely used high-resolution 
technique (in imaging and analytical modes). One of the 
most  challenging problems that has to be addressed for 
TEM/STEM chemical characterization of carbo-nitrides 
is specimen preparation. Indeed, specimens have to be 
electron transparent, i.e. must have a thickness smaller 
than 100 nm. Even for thin specimens, the thickness of 
the foil is significantly larger than the particle diameter. 
Conducting an analytical investigation of such embed-
ded precipitates will lead inevitably to a mixed matrix-
precipitates analysis. Only when the elements of interest 
in the precipitate are completely depleted in the matrix 
can a quantitative chemical analysis of the particle be 
achieved. An alternative specimen preparation has been 
developed, namely extraction replicas. It consists of dis-
solving the surrounding matrix after deposition of an 
electron transparent film. Most widely used films are 
amorphous carbon, but for evident reasons, the presence 
of carbon in the film has to be ruled out. Therefore, alter-
native aluminum oxide-based films are preferred. Using 
extraction replicas based on either sub-stoichiometric 
radiofrequency (RF)-sputtered amorphous AlxOy (x≈y≈1) 
films or DC-sputtered bilayer Al2O3/Al films, Scott and 
Drillet [52] have shown that as long as no residual C or 
N signal was originating from the oxide films, C sensitiv-
ity as low as 0.04 wt% can be achieved [52]. Using this 
approach, quantitative determination of absolute C and 
N content in nanoprecipitates could be obtained [17, 51, 
53]. In particular, regarding the evolution of carbo-nitride 
composition, as shown in Figure 5, Scott has demon-
strated a clear evolution of the N/(C+N) ratio as a func-
tion of carbo-nitride size. As the precipitate size increases 
with ageing time, this evolution can also be regarded as 
an evolution of their composition with time.

2.2.3  Particular sequence of precipitation

A particular nucleation mechanism has recently been 
shown in model FeNb(CN) alloys. Indeed, a combined 
field ion microscopy (FIM), APT, and high-resolution elec-
tron microscopy (HRTEM) investigation of the early stages 
of precipitation has demonstrated the existence of Guinier 
Preston (GP) zones. GP zones, which are well known and 
documented in the precipitation sequence of aluminum-
based alloys [55], are particular nuclei of a second phase 
that adopt the same structure as the parent matrix. In 
most cases, they adopt a particular platelet shape, with 
one or several atomic planes in thickness. Such platelets 
have been observed not only in model FeNb(CN) alloys, as 
shown in Figure 6, but also in nitrided FeTi [57] and FeCr 
[58] alloys and in industrial steels [59, 60], leading to high 
strength increase.

2.3  Interfacial energy

The interface energy σ between particles and α-Fe matrix 
plays a key role on both nucleation and growth steps. It is 
clear through Eqs. (1) and (6) that a small change in σ can 
lead to a dramatic change in the calculated nucleation rate. 
As a consequence, the knowledge of σ is a prime necessity 
for studying the precipitation of carbo-nitrides in ferrite, 
even if its experimental determination is a tedious process 
[61] and a wide range of values has been reported [22, 23, 
26, 30, 62]. Also, it is important to recognize that the most 
common approach is to consider the interface energy σ as 
a fitting parameter that is, for the sake of simplicity, often 
considered as a constant value [23, 26, 28, 30, 62]. Obvi-
ously, there are some clear limitations to this approach as 
discussed below.

In a general manner, and from a theoretical point of 
view, the interfacial energy can be calculated from the 

0.8

A B

N
/(

C
+

N
)

V
/(

V
+

T
i)

1

0.6

0.4

0.2

0

0.8

1

0.6

0.4

0.2

0
0 10 20 30 40

Precipitate size (nm)

50 60 0 10 20 30 40

Precipitate size (nm)

50 60
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difference in cohesive energies between the interfacial 
region and the bulk:

 
- / M (C,N) - / - M (C,N) / M(C,N)

1- ( - ),
2Fe Fe FeE E E

α α α
σ=

 
(15)

where Eα-Fe/M(C,N) is the sum of bonding energies across 
the α-Fe/M(C,N) carbo-nitride interface and Eα-Fe/α-Fe and 
EM(C,N)/M(C,N) are the sum of the bonding energies across 
the planes parallel to the interface in the ferrite matrix 
and M(C,N) carbo-nitride, respectively [63]. A value of 
interface energy of 493  mJ/m2 was calculated for coher-
ent α-Fe/TiC interface [63]. This value can be compared 
with the value of 1.22 J/m2 for coherent α-Fe/NbC interface 
adjusted from Monte Carlo calculations [30] and with the 
value of 0.78 J/m2 for α-Fe/Nb(CyN1-y) adjusted from the time 
evolution of the measured chemical composition of carbo-
nitrides [25]. These values of interfacial energy are not 
directly calculated but fitted using a mean field model for 
precipitation. Therefore, they are source of possible error.

The interface energy σ given in Eq. (15) includes a con-
tribution from both the chemical bonding energy and the 
structural strain energy [63, 64].

This would suggest that the interfacial energy depends 
on the degree of interface coherency. Accordingly, it is 
often proposed to express the interfacial energy as [65]

 0 1( - ),Cσ σ δ ε= +  (16)

where σ0 is the interfacial energy of a coherent interface, 
C1 is a coefficient related to dislocation density, δ is the 
misfit between the two lattices, and ε is the strain at the 
interface (ε = 0 for an incoherent interface and ε = δ for a 
coherent interface). Therefore, σ varies from low values 
for coherent interfaces to high values for incoherent inter-
faces, and thus, nuclei with coherent interfaces precipi-
tate preferentially [66].

Most of the carbides and carbo-nitrides [TiC, NbC, 
V(C,N), etc.] exhibit a face-centered cubic crystal structure 

Figure 6: Atomic-scale evidence of GP zones in FeNbCN model steel. (A) HRTEM, (B) FIM, and (C) APT [56].
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Figure 7: Schematic illustration of atomic arrangement of a coherent 
α-Fe/TiC interface with the Baker-Nutting orientation relationship.

form with the NaCl structure and have a Baker-Nutting ori-
entation relationship with the ferrite matrix [11, 30, 67, 68].

A schematic illustration of the atomic configuration 
at the interface between bcc-Fe and MC carbide having the 
Baker-Nutting orientation relationship ((100)α//(100)M(C,N) 
[010]α//[011]M(C,N)) is given in Figure 7.

The lattice parameters of most carbides and nitrides 
are between 0.4 and 0.48  nm [69, 70]. The lattice misfit 
between ferrite and carbide or carbo-nitride, defined 

as M (C,N) -

M (C,N)

- 2
,Fea a

a
αδ=  is thus between 3% and 15% (see 

Figure 8).
As a consequence, a contraction of the M(C,N) lattice 

is necessary to maintain the coherency at the interface 
with the ferrite matrix. This leads to two main remarks. 
First, the elastic strain energy associated to the precipi-
tation of coherent M(C,N) in α-Fe can be significant and 
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be uniform at this stage. As a result, the precipitate will 
spontaneously grow by incorporating solute atoms. This 
process involves three physical phenomena that will be 
analyzed in sequence:
1. local equilibrium at the precipitate-matrix interface,
2. solute transport toward the interface,
3. precipitate-matrix interface motion.

For the sake of simplicity, the inherent simplifications in 
the mean field modeling are discussed from the simple 
case of mono-atomic precipitates (for example, the case 
of precipitation of copper in binary Fe-Cu). Most of the 
assumptions remain valid for the growth of bi-atomic MC 
or MN or tri-atomic M(C,N). This is justified by realizing 
that the kinetics of growth of a carbide or carbo-nitride are 
limited by the diffusion of the slow substitutional atom 
(M), with the interstitial atoms (C and N) being very fast 
diffusers. In the following paragraphs, we will introduce 
the necessary refinements when extending the growth 
laws to the bi-atomic MC and to M(C,N) precipitates.

3.1.1  Hypotheses

Let us consider a precipitate of composition ix
β  growing 

in a matrix of composition .ss
ix  The usual hypotheses for 

an elementary treatment are the following:
1. the precipitate is spherical,
2. local equilibrium stands at the precipitate-matrix 

interface,
3. the precipitate growth is limited by solute diffusion in 

the matrix.

In a binary system, local equilibrium at the interface 
simply states that the precipitate and matrix compositions 
in the immediate vicinity of the interface keep their values 
prescribed by the thermodynamic equilibrium at the given 
temperature. This constrained local equilibrium creates a 
composition gradient in the matrix, which is the driving 
force for solute diffusion toward the precipitate.

3.1.2  Various approximations for parabolic growth

The kinetic law for growth r(t) is the solution of both 
 conditions: (i) mass conservation at the interface and (ii) 
solution of the diffusion equation in the matrix. Assuming 
that the diffusion coefficient in the matrix is a constant 
D, various approximations are possible for the diffusion 
problem, depending on the expression of the solute diffu-
sion flux at the interface. Starting from an infinitely small 

should not be considered as negligible with respect to 
the driving force for nucleation [71, 72]. Second, for this 
large atomic misfit, it would be energetically favorable 
to replace the coherent interface with a semi-coherent 
interface and even an incoherent interface. This oper-
ates through dislocations that are introduced in the inter-
face to accommodate the misfit between the two phases. 
Therefore, the result is a coherency loss, and the inter-
facial energy is expected to evolve with time during the 
precipitation process. In general, σ ranges between 200 
and 500  mJ/m2 during nucleation (for a semi-coherent 
interface) and may reach up to 1 J/m2 during growth and 
coarsening (for an incoherent interface). This aspect is 
often neglected in many models of precipitation of carbo-
nitride in ferrite [23, 24, 26, 62]. Furthermore, as noted by 
[30, 67], the chemical interface energy between Baker-
Nutting-oriented ferrite and carbo-nitrides is likely to be 
highly anisotropic, and as a consequence, the assump-
tion of spherical nuclei is certainly questionable in many 
cases.

3  Growth

3.1   Laws for growth: case of the 
 mono-atomic precipitate

In this section, we deal with the laws of growth of pre-
cipitates. The nature of the matrix does not modify the 
analytical form of the laws to be discussed here, only the 
values of the constants to be used. Let us then consider 
one precipitate observed at the end of its homogeneous 
nucleation process. It is embedded in a supersaturated 
α-Fe matrix, the composition of which is supposed to 

Figure 8: Lattice misfit of carbides and nitrides with α-Fe matrix [67].
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precipitate (r = 0 at t = 0), all solutions have the form of a 
parabolic growth

 2 2( ) ,r t Dtλ=  (17)

where λ2 is a constant (for more details, see [73]) and is a 
function of the supersaturation ratio k defined as

 

/

/

-
2 ,

-

ss
i i

i

x x
k

x x

α β

β α β
=

 
(18)

where /
ix
α β  is the concentration of i at the interface on the 

matrix side.
Three approximations, valid for small supersatura-

tion values, are in decreasing order of precision: (1) the 
exact solution, (2) the stationary interface approximation, 
and (3) the invariant field approximation, for which λ2 = k. 
The functions λ2 (k) are drawn in Figure 9.

As can be seen in Figure 9, the three approxima-
tions meet when k tends to zero. In usual situations 
of  microalloying, the solute fractions in solid solution 
are  < 0.1 at%. As a consequence, the supersaturation ratio 
is usually  < 10-3. Under this condition, the three approxi-
mations are within a relative difference of  < 1%. They can 
be considered practically equivalent. Thus, the invariant 
field approximation can safely be adopted for its simplic-
ity. Under its differential form, it is known as the Zener 
equation [74]. It is expressed, assuming that both phases 
have the same molar volume, as

 

/

/

-
,

-

ss
i i i

i i

D x Xdr
dt r X X

α α β

β α β
=

 
(19)

where r is the radius of particle and iD
α  is the diffusion 

coefficient of element i in the ferritic matrix. This equation 
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Figure 9: Laws for growth in an infinite medium. Comparison of the 
various approximations: λ2 parameter as a function of the super-
saturation ratio k.

is also valid in the case of precipitate dissolution. It can 
be used for non-isothermal situations where both ss

ix  and 
iD
α  vary with time and temperature. In the general case, 

Eq. (19) has to be integrated numerically, starting from 
any initial situation (r = r0 at t = t0).

3.1.3  The Gibbs-Thomson effect

Direct use of the invariant field solution is, however, 
scarcely possible. The first reason is that the Gibbs-Thom-
son effect has to be taken into account for nanometer-
scale precipitates. The latter was first observed for small 
liquid particles in equilibrium with gas by Thomson [75]. 
Then, Gibbs formulated a relation for the concentration 
evolution around small curved particles [76]. In fact, the 
interface curvature introduces a deviation in the matrix 
local concentration as a function of the precipitate radius:

 

/ / 2( ) ( ) exp ,p
i i

V
x r x

r RT
α β α β σ 

= ∞  
   

(20)

where / ( )ix
α β ∞  is the equilibrium value given by the phase 

diagram, i.e. for a precipitate of infinite radius, σ is the 
interfacial energy, Vp is the molar volume of the precipi-
tate, and R is the gas constant. In this case, the invariant 
field solution is no longer valid. However, the Zener equa-
tion [Eq. (19)] can still be used and integrated numerically, 
provided the / ( )ix rα β  expression given in Eq. (20) is used.

3.1.4  Effect of solute exhaustion

Precipitation of the solute atoms naturally leads to a 
decrease of the solute content in the matrix: the hypoth-
esis that ss

ix  remains constant is true only for short reac-
tion times. In general, solute depletion of the matrix 
has to be taken into account to get a proper kinetic law. 
Various expressions for the mass balance can be written, 
depending on the geometry of the problem, and yield an 
expression of ss

ix  as a function of r to be inserted in the 
Zener equation [Eq. (19)]. That insertion ensures that for 
a long isothermal annealing, ss

ix  will tend properly to its 
equilibrium value given by the phase diagram and that 
the particle radius will tend to its asymptotic value.

3.1.5  Effect of spatial distribution

As a result of the nucleation stage, or as a result of the fab-
rication process, the spatial distribution of the particles 
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will rarely be uniform. On the contrary, some of the par-
ticles will be clustered, whereas some regions will look 
particle-free, at least in a two-dimensional (2D) section. 
During growth, when the diffusion length scale reaches 
the average distance between the particles, the growth 
kinetics of a given particle will be influenced by its neigh-
boring particles (effect called soft impingement). Knowing 
this, the question is whether the time evolution of the 
average radius of the particles is accurately predictable.

A three-dimensional (3D) model has been used and is 
illustrated in Figure 10A. Precipitates of the same radius 
r0 were randomly distributed over space, and the growth 
of each particle has been calculated through a 3D finite 
volume scheme [30]. We observe that clustered particles, 
having to share the solute atoms with one another, grow 
slower that the isolated ones. However, it appears that 
the average radius  < r >  of the distribution obeys a kinet-
ics that is exactly that of a single representative particle of 
initial size r0 (Figure 10B). In other words, the mean field 
approximation is fully justified here.

3.1.6  Effect of size distribution

In most situations, the knowledge of the average radius 
of precipitates together with their volume number is 
enough information for practical use, in particular, for 
the evaluation of the mechanical properties of the alloy. 
In some cases, however, the whole size distribution can 
be of importance. Kampmann and Wagner [19] provided 
two numerical approaches in this prospect: (i) in the Lan-
grarian approach, the particles are distributed in classes 
of age, whereas (ii) in the Eulerian approach, the parti-
cles are distributed along existing classes of size. Both 

approaches yield the same results in terms of mean radius 
and volume number [77]. Furthermore, in cases where the 
size distribution is monomodal, the mean field approach 
based on the average precipitate radius has proven to be 
an excellent approximation, together with a very high 
computing efficiency.

3.2  Bi-atomic precipitate

The growth of a bi-atomic precipitate such as NbC or NbN 
precipitate can be treated similarly to the case of a mono-
atomic precipitate: as diffusion of the metallic atoms will 
be rate limiting, allowing for the use of a variant of the 
Zener equation. However, coupling of the local equilib-
rium condition with the local flux compatibility at the 
interface has to be taken into account to evaluate the 
interfacial concentration.

During the growth of a carbide MC, for example (the 
treatment would be the same for a pure nitride MN), a gra-
dient in M concentration builds up around the precipitate. 
As carbon atoms diffuse very much faster, the concen-
tration profile of carbon remains almost flat, assuming 
no carbon-metal interaction. The Zener equation is then 
written as, with obvious notations,

 

/
M M M

/
Fe MC M

-
.

/ -

ssD x xdr
dt r V V x

α α β

α β
=

 
(22)

In this equation, the use of atomic fractions makes the 
ratios VFe/VMC appear, where VMC is the volume of 1 mol of 
MC. In the ternary Fe-M-C phase diagram, the local equilib-
rium at the precipitate-matrix interface takes the form of a 
solubility product, modified by the Gibbs-Thomson effect:
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Figure 10: Effect of the spatial distribution of nuclei on the growth kinetics. (A) Initial state of the finite volume calculations (2D section, 
precipitates in red). (B) Time evolution of the mean radius compared to the analytical model [Eq. (19)] [30].
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/ / MC
M C MC

2exp ,
V

X X K
r RT

α β α β σ 
=     

(23)

where KMC is the solubility product for MC in the matrix. 
This equation is an approximation that holds only in the 
case of diluted solid solution and stoichiometric precipi-
tates. For the general case of multicomponent precipi-
tates and non-dilute solid solution, the reader can refer 
to [78]. Eq. (23) is not enough to determine the interfacial 
M concentration in the matrix /

M ,X α β  and a compatibility 
equation has to be used. In the general case, the compat-
ibility condition originates from the equality of the growth 
rates of Eq. (22), whichever solute element of reference is 
used (C or M). The simplest approach, valid as long as the 
matrix is dilute compared to the precipitate composition, 
is to write the flux compatibility condition: the incoming 
fluxes of C and M have to be equal at the interface for the 
stoichiometry of MC to be respected. In the invariant field 
approximation, this is written as

 / / /
C C C M M M( - ) ( - ).ssD X X D X Xα α β α α β α β=  (24)

Eq. (24) defines an almost vertical straight line in 
the (xC, xM) isotherm graph (Figure 11). Graphically, the 
solution of the set of Eqs. (23) and (24) is the intersection 
between the equilibrium isotherm and the flux compat-
ibility line. During an isothermal precipitation treatment, 
the matrix composition decreases along the stoichiom-
etry line, and consequently, the M interfacial composition 

/
MX
α β  increases from an initial value to its equilibrium 

value.

Initial
matrix

Initial
interface

XC

XM
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Flux
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Figure 11: Time evolution of the matrix and interfacial compositions 
during an isothermal heat treatment. For clarity, the Gibbs-Thomson 
effect has been neglected here.

3.3   Growth of carbo-nitride M(C,N):  
the core-shell model

A major difference with the previous case is that a carbo-
nitride M(Cy,N1-y) allows for a wide range of composition on 
the interstitial sub-lattice: in fact, possible carbo-nitrides 
of general formula M(CyN1-y) range from MC (y = 1) to MN 
(y = 0), and the composition of a given particle will gradu-
ally change with time during its growth. Consequently, 
the composition distribution has to be taken into account 
together with the size distribution of the particles. The 
mathematical treatment developed in [24] is summarized 
in the following.

The kinetic equation for growth is analogous to that 
for MC and is written as

 1

/
M M M

/
Fe M(C ,N ) M

-
,

/ -
y y

ssD x xdr
dt r V V x

α α β

α β

−

=

 
(25)

where 
1M(C ,N )y y

V
−

 is the volume of 1 mol of M(CyN1-y). Growth 
occurs by accretion of successive shells of variable compo-
sition y. The calculation of the shell composition is done 
together with the calculation of the matrix composition in 
the vicinity of the interface by the simultaneous resolu-
tion of the local equilibrium and the flux compatibility 
conditions, Maugis and Gouné [24] showed that a very 
good approximations is given by
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α β

 
= = + 

   
(26)

It appears that, for each time interval, the compo-
sition of the shell yg during growth is the same as that 
of the critical nucleus [see Eq. (14)] and is only driven 
by the composition of carbon and nitrogen in the solid 
solution, irrespective of the diffusion coefficients of M, 
C, and N.

The model allows for describing the evolution of 
the precipitation state of M(Cy,N1-y) particles in a ferritic 
matrix, as shown in Figure 12.

In the core-shell model used here, carbon- nitrogen 
interdiffusion inside the particle is supposed to be 
very slow compared to the diffusion in the matrix. The 
alternative hypothesis of infinitely fast intraparticle 
diffusion could have been used, which would have led 
to slightly different results: in particular, under this 
second hypothesis, the precipitate equilibrium compo-
sition would be reached at the end of the growth regime, 
which is contrary to our experimental measurements 
(see Figure 12).
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but also due to the nucleation of new precipitates of radius 
r′. In terms of average growth rate, the coupling is simply 
additive and is rendered by the following equation [29]:

 Nucl-Growth Growth

1 ( - ),dr dr dN r r
dt dt N dt

= + ′
 

(27)

where the first term in the right-hand side is the growth 
rate of a precipitate of radius r and the second term is the 
effect of nucleation. In cases of isothermal heat treatments 
or moderate heating rates, this procedure has proved to be 
an excellent approximation relative to a Kampmann and 
Wagner numerical resolution or by comparison with more 
sophisticated models [62].

The coupling between nucleation and growth thus 
allows for describing the evolution of precipitation state 
of M(Cy, N1-y) in the ferritic matrix, as shown in Figure 12.

4  Conclusion
The present review highlights the difficulty of dealing 
with the nucleation and growth of tri-atomic and com-
position varying nanoprecipitates in the ferritic matrix. 
From a theoretical point of view, the mean field approach 
is a powerful method to describe quantitatively both the 
nucleation and the growth steps. More particularly, the 
results obtained, in terms of precipitate composition, 
allow a better understanding of the complex precipitation 
sequence: from a pure nitride to a carbo-nitride incorpo-
rating more and more carbons. However, as it stands, the 
present kinetics models do not take into account a number 
of involved phenomena. First, the heterogeneous nuclea-
tion of the carbo-nitride precipitates on defects such as 
dislocations in ferrite. In that precise case, the elastic 
interaction between dislocation and solute atoms could 
potentially modify the precipitation sequence. Second, the 
elastic strain energy associated to the formation of precip-
itates. The latter may modify the time evolution of carbo-
nitrides composition, the nucleation and growth rate, and 
above all, the shape evolution of precipitates. Indeed, a 
non-negligible part of the elastic stress can be accom-
modated by crystal shape optimization, and a deviation 
from the Wulff shape, which minimizes surface energy, is 
thus expected during precipitation. However, it is known 
that plastic deformation, variant selection, and modifica-
tion of equilibrium state are known as the mechanisms 
of stress relaxation. As a consequence, a competition 
among all the possible mechanisms of stress relaxation 
is expected. In such a case, the main question is through 

3.4  Coupling nucleation and growth

Nucleation and growth are not successive stages, but are 
actually overlapping and hence are strongly coupled. In 
the mean field approximation, this coupling can be intro-
duced mathematically through a nucleation and growth 
equation: during a heat treatment, the average radius r 
evolves not only due to growth of all existing precipitates, 
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Figure 12: Time evolution of the precipitation state in a Fe-Nb-
C-N alloy aged at 750°C and 650°C. (A) Comparison between the 
calculated and the measured mean radius at both 650°C and 750°C. 
(B) Comparison between the  calculated and measured nitrogen and 
niobium precipitate elements at 750°C. (C) Calculated mean com-
position of precipitates at 650°C and 750°C. The experimental data 
are given at 650°C. Here, the ratio C/N in the alloy is close to 1, and 
the nucleating particles are nitrogen-enriched and tend to the alloy 
stoichiometry only in the late coarsening stage.
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which mechanisms does a system relax stresses and why? 
To our opinion, if this key question is not answered, it 
would be unrealistic to make a reliable prediction of both 
the coherency loss and the shape evolution.
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