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THE FOKKER-PLANCK EQUATION
WITH SUBCRITICAL CONFINEMENT FORCE

O. KAVIAN, S. MISCHLER

ABSTRACT. We consider the Fokker-Planck equation with subcritical confine-
ment force field which may not derive from a potential function. We prove the
existence of an equilibrium (in the case of a general force) and we establish
some (polynomial and stretch exponential) rate of convergence to the equilib-
rium (depending on the space to which belongs the initial datum). Our results
improve similar results established by Toscani, Villani [29] and Réchner, Wang
[27]: the force field is more general, the spaces are more general, the rates are
sharper.
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1. INTRODUCTION
In the present work, we consider the Fokker-Planck equation
(1.1) of=Lf=Af+div(fF)

on the density function f = f(t,z), t >0, x € R?, d > 1, which is complemented
with an initial condition

(1.2) f(0,2) = fo(x), VaeR%L
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We will always assume that the force field F € C*'(RY, RY) satisfies

(1.3) z-F(x) > |z ()", div(F(z)) < Cplz|"™2, Vze Bg,
as well as
(1.4) |DF(z)| < Cp (z)Y72, V& eRY

for some constants Cp > d, Ry > 0, C'z > 0 and an exponent
(1.5) v € (0,1).

Here and below, we denote (x) := (1 + |z[?)'/? for any = € R%.

It is worth mentioning that we have made two normalization hypotheses by tak-
ing a diffusion coefficient equal to 1 in (1.1) as well as a lower bound constant equal
to 1 in the first condition in (1.3). Of course, these two normalization hypotheses
can be removed by standard scaling arguments (in the time and position variables)
and thus do not restrict the generality of our analysis.

A typical example of a force field is the one associated to a confinement potential
(z)
F(z):=VV(z), V(z):=—"—+V, WeR
v

In this case, we may observe that
(1.6) G(z) == e V@ e LYRY) N C?(RY),

is a stationary solution of (1.1), and even an equilibrium state. We may assume
that G is a probability measure, by choosing the constant V adequately. We also
observe that contrary to the case v > 1, a Poincaré inequality of the type

Ge>0. [ U@ ea(-Vie)ds <c [ 195 (Vo))

for f such that [, f(x)exp(—V(z))dz = 0, does not hold but only a weak version
of this inequality remains true (see [27], below (1.11) and section 4). In particular,
there is no spectral gap for the associated operator £, nor is there an exponential
trend to the equilibrium for the associated semigroup. Similarly, the classical log-
arithmic Sobolev inequality does not hold but only a modified version of it, see the
discussion in [29, Section 2].

In the general case of a force field which is not the gradient of a potential, one
may see easily that the above Fokker-Planck equation preserves positivity, that is

f(ta)Z(), Vtzov lf fozov

and that it conserves mass, that is

M(f(t,-)=M(fo), Vt>0, with M(g):= / g(x) dx.
Rd
Moreover, the Fokker-Planck operator £ generates a positive semigroup in many
Lebesgue spaces. However, due to the lack of compactness of this associated semi-
group, the standard Krein-Rutman theory does not apply directly in the case
v € (0,1), and the existence of a stationary solution is not straightforward. We
refer to the recent work [26] and the references therein where the Fokker-Planck
equation with general force field (1.1)—(1.5) in the case v > 1 is considered.
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Before stating our existence result, let us introduce some notations. For any
exponent p € [1, 0c], we define the polynomial and stretch exponential weight func-
tions m : R? — R, by

(1.7) m(x) == (x)*, for some k > max(d, k*), with k* := Cp/p/,
where p’ := p/(p — 1) is the conjugated exponent associated to p,

(1.8) m(z) := exp(k (z)?), for some 0 < s <~ and k > 0,
or
(1.9) m(z) := exp(k (z)7), for some k € (0,1/7),

as well as the associated Lebesgue spaces
LP(m) = {f € LipeR?); [ fllzo(m) = lfmllr < 00},

We also use the shorthands LY = LP(m) when m(z) = (z)"*. It is noteworthy that,
for such a choice of weights m(x) and when the parameter k satisfies k(p—1)/p > d,
we have LP(m) C L'(R%).

As a first step, we have the following existence and uniqueness result.

Theorem 1.1. For any exponent p € [1,00], any weight function m satisfying
either of definitions (1.7), (1.8) or (1.9), and an initial datum fo € LP(m), there
exists a unique global solution f to the Fokker-Planck equation (1.1)—(1.2), such
that for any T > 0,

feC(o,T]; L*(RY)) N L>®(0, T; LP(m)).

Moreover the associated flow preserves positivity and conserves mass. Also, the
operator L generates a strongly continuous semigroup Sc(t) in LP(m) when p €
[1,00).

On the other hand, there exists a unique positive, unit mass, stationary solution

G > 0 such that for all k € (0,1/7)
G € L™ (exp(k (x)7)) and AG 4+ div(GF) =0.
Next, we are interested in the long time behaviour of the solution f(¢,-). We
consider separately the following two cases:

Case 1. Following [27], we consider the case when furthermore the above steady
state G fulfills a weak Poincaré inequality. More precisely, we assume that there

exist some constants Ry, c1,co > 0 such that the function V := —log G € C*(R%)
satisfies
(1.10) Vx € Bg,, c x| < Viz) <eglxl?,

and also that there exists p > 0 such that for any f € D(R?) with M(f) = 0, we
have

(1.11) /|V(f/G)|2de > i /f2 ()22 G da.

Such a weak Poincaré inequality is known to hold when ¢; = ¢3 in (1.10), see [27,
Example 1.4(c)].

The weak Poincaré inequality is also a consequence of a “local Poincaré inequal-
ity” together with the fact that the following Lyapunov condition (see for instance
[4, 3])

(1.12) Aw —VV -Vw < w(—((x) + Mxgr), YzecRY
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holds for some well chosen function w : R? — [1,00). Here it is assumed that M
and R are two positive constants, xg(z) := x(2/R) is a truncation function defined
through a certain y € D(R?) such that 1ig1<1 < X < 1<z and ((z) := Go ()2(=7)
for a constant (p > 0. It is worth emphasizing that, in this case, the force field F
can be written as

(1.13) F=VV+Fy, divieVFy) =0,

with no other specific condition on Fy except that F still satisfies conditions (1.3)—
(1.5). Under these circumstances, we can give a sharper rate of decay to the equi-
librium and provide a simpler proof than in the general case. For future use, we
define the critical decay exponent by setting

(1.14) ok =0l = %

Case 2. This corresponds to the general case when F satisfies only conditions
(1.3)—(1.5), without any further assumption on the stationary state G, which in
general cannot be determined explicitly. Using the above notations for M, R, xr
and ¢ used in the inequality (1.12), the assumptions (1.3)—(1.5) made on F imply
in particular the following inequality

(1.15) L*mP := AmP —F -VmP <mP (—((z) + Mxg), Yz cR%
which is a generalization of (1.12). In this case, we define the critical decay expo-
nents o} and o} by setting

. 1 . gl
(1.16) oL = T o =g
where |s| stands for the integer part of the real number s.
The main and fundamental difference between these two cases is that the first
one involves the equilibrium state G = e~V and a certain type of behavior on it,
while the second one only involves the force field F.

When a(t) > 0 and b(t) > 0 are two functions of time ¢ > 0, we write a(t) < b(t)
to mean that there exists a positive constant ¢y independent of ¢ such that one has
a(t) < cob(t) for all t > 0.

Our main result is as follows:

Theorem 1.2. Let F satisfy (1.3)-(1.5), and let the exponent o} be defined by
(1.16) corresponding to Case 2, or by (1.14) when F satisfies the conditions (1.10)
and (1.11), which correspond to Case 1 above. Then for any 0, with 0 < 0 < 1,
any p € [1,00], any weight function m satisfying either of definitions (1.7), (1.8)
or (1.9), and any initial datum fo € LP(m), the associated solution f = f(t,x) to
the Fokker-Planck equation (1.1) satisfies

(1.17) [£(t,.) = M(fo) GllLe S Om(®) [ fo — M(fo) GllLr(m),

with the function ©,, being defined as follows. When m(x) = (x)¥, we take S €
(0, (k= k*)/(2 —7)) arbitrary and we take

(1.18) Om(t):= (1 +1t)".

When m(z) = exp(k (z)®), with notation (1.16) and o € (0, min(c},s/(2—7)], for
some X € (0,00), we take

(1.19) O, (t) := exp(—At7).
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Remark 1.3. When the force field F and the equilibrium G are as described in
Case 1, some previous results are known. A less accurate result than the one given
by (1.17)-(1.18), actually a decay rate of order O(t~(#=2)/(2(2=7)) in L'-norm, has
been proved in [29, Theorem 3] under the additional assumptions that the initial
datum fy is nonnegative, it has finite energy and finite Boltzmann entropy, and
that v € (0,2). Estimate (1.17)-(1.19) has been proved in [27] for a subclass of
functional spaces, which corresponds essentially, with the settings presented here,
to the case p > 2, s =y and Kk = 1/2.

Remark 1.4. Estimate (1.17)-(1.18) has been proved in [14, Corollary 3.5] in
Case 1 when v € [1,2).

Remark 1.5. The same kind of decay estimates remain true when, on the left hand
side of (1.17), the norm LP is replaced by a weighted Lebesgue norm LP(m?) with
0 < § < 1. More precisely, when m(z) = (z)* and 6 is such that k*/k < § < 1, we
choose 8 := k(1—0)/(2—~), and if 0 < § < k*/k, we choose 8 € (0, (k—k*)/(2—7))
arbitrary. In both cases, we define ©,, through (1.18). When m(z) = exp(x (z)*)
the definition of the decay rate ©,, is unchanged.

Remark 1.6. When the weight function is given by m(z) := exp(k(z)?), one
could consider a field force F satisfying the first condition of (1.3) and div(F) <
Ch <x>7/’2, with v/ < 27, or v/ = 2v but with C. small enough, and obtain similar
results. However we do not push our investigations in that direction, since the
general ideas of the proof are essentially the same.

Remark 1.7. When the weight function m(z) = (z)¥, the decay rate in (1.17) is
given by (1.18), which is better than the decay rate one might obtain by a mere in-
terpolation argument between L?(exp(r(x)7)) and L'(R%). More precisely, assume
that when the weight function m(z) = exp(x(x)7), the function ©,, being given by
(1.19) with s := v/(2—7), we have (1.17), as well as the estimate || f ()| .1 < || foll:
for any fo € L'(exp(x(z)Y)) such that M(fy) = 0. Then for any R > 0 we have
M(folpg,) = —M(folB%), and thus we may write fo = fo1 + fo2 + fo3 where

for == (fo— M(folpp)) 1Br, fo2:= folpe, fo3:=M(folpe)lpy-

Therefore for ¢t > 0, denoting by f;(t) the solution of (1.1) with initial datum foj;,
one has

IfF Ol < MO + [ 2Ol + | f5(E)]| e
S exp(=MYC) || forll Lt expitayy) + ozl + [l fosll oo
S exp(= M C) [[(fo — M(fo 1,)) 18,1l L1 (explniz) ™)
+ 1M (folpg)1lpelrr + 1 folsglln
S exp(= A ) e B ol o+ (RF + R9)(1 £l s
< (exp(=A7/ =) 4 v (R)) + BRI 1y

Assuming that t > (2k/)\)2=7)/7 we may choose R so that x(R)Y = At/ (=7 /2,
we find that when k > d, for any t > (2k/X)?=7/7 we have

d)

—(k—
IF@Ollr St 2=

[ foll -



6 O. KAVIAN, S. MISCHLER

This decay estimate is not as sharp as the one given by Theorem 1.2 when the
weight function is m := (z)*, since according to the definition (1.18) in this case
we have actually a decay rate of O(t~%) for any K € (0,k/(2 —7)). O

Remark 1.8. In a few previous papers, due in particular to Caflisch [7, 8], Liggett
[19], Toscani and Villani [29], Guo [15] or Aoki and Golse [1], a certain number of
models, arising from statistical physics, has been considered for which only polyno-
mial or stretch exponential (but not exponential) rate of decay to the equilibrium
can be established. As it is the present case, one can associated to each of these
models a linear(ized) operator which does not enjoy any spectral gap in its spectrum
set and that is the reason why exponential rate of convergence fails.

We also refer to Rockner and Wang [27] where the same problem for the Fokker-
Planck equation with subcritical confinement force corresponding to case 1 is con-
sidered and where a cornerstone step of the strategy we follow here has been devised.
This work has been subsequently carried on by Guillin and collaborators in [10] and
[11, Theorem 3.2 & Section 5.1]. These last works are based on the Lyapunov con-
dition method, that we discuss in the presentation of case 1 and which we believe
is related to the method we use here. The Lyapunov condition method has been
extensively studied during the last decade, and we refer for instance to [4, 3] and
the references therein for more details.

An abstract theory for non-uniformly exponentially stable semigroups (with non
exponential decay rate) has also been recently developed and we refer the interested
reader to [5, 6] and the references therein. We finally refer to [9] where similar
semigroup analysis as here is developed and applied in order to establish the well-
posedness of the Landau equation in large spaces.

Let us briefly explain the main ideas behind our method of proof. In Case 1, and
as a first step, we may use the argument introduced in [27] (see also [16, Lemma
1.3]) which we briefly recall now. We consider three Banach spaces Fs, E; and Ey,
such that Fy C By C Ey C L', and more precisely E; is an interpolation space of
order 1 — 1/« between Ey and Es for some « € (1,00), that is

(1.20) 1z < CallFIES N f I V€ Es,

and such that the semigroup S, () associated to the Fokker-Planck equation can be
solved in each of these spaces. Moreover, assume that for any fo € Fso, the solution
Sr(t)fo = f(t) to the Fokker-Planck equation (1.1)—(1.2) satisfies the following two
differential inequalities

d d
(1.21) IOl < =AlFOlle,  ZIf @, <0,

for some constant A > 0. Using the fact that || f(¢)|| g, < || follE,, as a consequence
of the above second differential inequality, together with (1.20), we obtain the closed
differential inequality

d —a —(a—1 @
QIS e I e FOIS
We may readily integrate it and we obtain the estimate

(1.22) IF e SVl foll .-

Now, choosing By = L*(G™1/2), Ey := L*(G~'/2(2)7"1) and Ey = L>®(G™ '), one
may see that the first differential inequality in (1.21) is an immediate consequence
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of the weak Poincaré inequality (1.11). The second differential inequality is a kind
of generalized relative entropy principle (see [27, 20]). The above estimate (1.22) is
a somewhat rough variant of estimate (1.19). It is noteworthy that for o € (1,2),
we get that the associated semigroup S, defined by Sc(t)fo = f(t) satisfies in
particular ||Sz||g,—r, € L'(0,00).

We then generalize the decay estimate to a wider class of Banach spaces by
adapting the extension theory introduced in [25] and developed in [14, 22]. In order
to do so, we consider the two Banach spaces & := LP(m) and & := LP, and we
introduce a splitting £ = A + B, where A is an appropriately defined bounded
operator so that B becomes a dissipative operator. Then, we show that for ¢ = 1
and ¢ = 2

[S8Alle,—e, € L'(Ry), [198lle,—e, € L'(Ry), [|ASBlle,—e, € L'(Ry).

If 7;, with ¢ = 1,2, are two given operator valued measurable functions defined on
(0,00), we denote by

(T1xTz) (t) ::/O Ti(7)T2(t — 1) dr

their convolution on Ry. We then set 7¢9) := I 70D .= T and, for any k > 2,
TER) = 7k=1) 5« T. We may show that for n € N sufficiently large (actually
n > 1+ (d/2) is enough), we have

(1.23) 1(S5A) ™ | pymey € LERy), (A llgssp, € L (Ry)-

Next, from the usual Duhamel formula, the solution of (1.1) can be written as
ft) = Ss(t)fo+ fot Sg(t — 7)AS,(T)fodr. Thus, using the above notations for
the convolution of operators valued functions, we have Sy = Sz + Sp * (AS.), and
interchanging the role played by £ and B in this expression, we get the following
operators versions of Duhamel formulas

(1.24) Sr =S+ S (ASg) = S+ (SgA) *S¢
(1.25) =S+ Sc x (AS) = S+ (ScA) * Si.

Upon replacing recursively S, in either of the expressions on the right hand side
by either of the Duhamel’s formula, we get, for instance:

Sy =S+ Sp * .A{SB + (SB.A) * SL}
= Sp + Sp * (ASp) + (SpA)*? xS,
By induction on the integers ny > 0 and ny > 0, we thus obtain
ni+ns—1

(1.26) Se= Y Spx(AS)"H + (SpA)™) xS x (ASE) "),

k=0

Using the above formulas (1.26) and estimates (1.23), as well as the decay esti-

mate (1.22) for initial data in the space Eo, we conclude that ||Sz||e, e, € L (Ry)
which is nothing but a rough version of the estimates presented in Theorem 1.2.
While the method leading to (1.22) in E; can be performed only in very specific
(Hilbert) spaces, the last extension method is very general and can be used in a

large class of Banach spaces & (once we already know the decay in one pair of
spaces (E1, E»)).
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Finally, in Case 2, we start proving an equivalent to estimate (1.22) in one
appropriate pair of (small) spaces. In order to do so, we adapt the Krein-Rutman
theory to the present context. On the one hand, it is a simple version of the Krein-
Rutman theory because the equation is mass conserving, a property which implies
that the largest eigenvalue of £ is A\; = 0. On the other hand, it is not a classical
version because the operator £ does not have a compact resolvent (however it has
power-compact resolvent in the sense of Voigt [30]) and more importantly 0 is not
necessarily an isolated point in the spectrum. First adapting (from [13, 24] for
instance) some more or less standard arguments, we prove that there exists G, a
unique stationary solution of (1.1) which is positive, has unit mass and is such that
G € L>=(exp(r(z)7)), for all k € (0,1/v). Next, we prove an estimate similar to
(1.22) by establishing a set of accurate estimates on the resolvent operators Rp(z),
R, (z) and by using the iterated Duhamel formula

5
Se = Sp* (ASs) "M + Sp  (AS)*0,
k=0

together with the inverse Laplace formula

i1 +ioco dn
Sg x (ASp) "9 (1) = i | ethz—n [Re(2)(ARg(2))%] dz,

which holds true for any time ¢ > 0 and any integer n.

To finish this introduction, let us describe the plan of the paper. In Section 2,
we introduce an appropriate splitting £ = A 4+ B and present the main estimates
on the semigroup Sg. In Section 3, we deduce that the semigroup S, is bounded in
the spaces LP(m). In Section 4, the proof of Theorem 1.2 is carried out in the case
when a weak Poincaré inequality is satisfied (Case 1). Finally, Section 5 is devoted
to the proof of Theorem 1.2 in the general case (Case 2).

Acknowledgements. The second author’s work is supported by the french “ANR,
blanche” project Stab: ANR-12-BS01-0019.

2. THE SPLITTING £ = A+ B AND GROWTH ESTIMATES ON Sp
We introduce the splitting of the operator £ defined by
(2.1) Af = MXxrf, Bf:=Lf—Mxgrf

where M is positive constant, and for a fixed truncation function x € D(R?) such
that 1500,1) < x < 1B(0,2), and for R > 1 which will be chosen appropriately as
well as M, we set xr(x) := x(z/R).

2.1. Basic growth estimates.

Lemma 2.1. For any exponent p € [1,00] and any stretch exponential or polyno-
mial weight function m given by (1.7), (1.8) or (1.9), we can choose R, M large
enough in the definition (2.1) of B such that the operator B is dissipative in LP(m),
namely

(2:2) 1S5l Lr(m)y—sLe@my <1, VE>0.
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Moreover, if m(z) = (z)*, set B = k(1 —0)/(2 —7) for k*/k < 6 < 1, and
B e (0,(k—k*)/(2—7)) arbitrary when 0 < k*/k. Then the function O, being
defined by (1.18), we have
(2.3) 1580 Le(m)— Lo (me) S Om(t)-
If m(x) = exp(k(z)®) satisfies (1.8) or (1.9), the above inequality holds, provided
the function ©,, is defined by
O (1) = exp(=At*/ 7)),

where A > 0 can be chosen arbitrarily when s < vy, and A < A\, with

Ay = (k(1 — 9))(2727)/(277)(,{7(1 _ ,w))v/(%'r),
when s = 7.

Proof of Lemma 2.1. The proof is similar to the proof of [14, Lemma 3.8] and [22,
Lemma 3.8].

Step 1. We first fix p € [1,00), assuming m is as in the statement of the Lemma.
We start recalling an identity satisfied by the operator B (see the proof of [22,
Lemma 3.8]). For any smooth, rapidly decaying and positive function f, we have

[ B mrds
Rd

=—(p-1) /Rd |V (mf)]? (mf)P~2dx + g frmP wfn,pdx,

with
2-p)Am 2 |Vm|* 1 Vm
(2.4) = —+—-——5—+ 5 div(F) - F- — — M xx.
p mopm p m

Observe that

Vm _ kra(z)®—2

m

A

— = krd (@) + s(s = 2)nfaf*(2)" " + vleHz) >

where we have set
s:=0, k=1, v:=k(k—2), when m(z) = (x)F,
k:=s, vi= (sK)?, when m(z) = exp(k (z)°).

In this latter case, for s € (0,~], the third term in the definition of ’L/J?nw is negligible
with respect to the first and second terms, and thus

mp 2?77 — —a" = (k) — Ry <0 if s=7,
’ |z|— 00
Yol 77— —at =00 i 0<s <.

|z|— 00
When m = (z)¥, and k > k*(p) := Cp/p’, the first and second terms are
negligible with respect to the third term, and then

1
1imsupw70np |z|>77 < —a* := (1 - =)Cr —k <0.
’ p

|z|— 00
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We deduce that for any a € (0,a*(m,p)), we can choose R > 1 and M large
enough in such a way that ¢, (2) < —a(z)7**72 for all € R?, and then

(2.5) / Bf) 7~ < —a / PP ()2 — (p— 1) / IV (fm) P(fm)rt

In particular, using only the fact that the RHS term is negative, we conclude
that the operator B is dissipative and we classically deduce that the semigroup
Sg is well-defined on LP(m) for p € [1,00) and that it is a strongly continuous
contraction semigroup, in other words, (2.2) holds for any p € [1,00). Since we
may choose R, M such that the above inequality holds true for any p € [1, c0) when

€ (0,a*(m,0)), we may pass to the limit as p — oo in (2.2) and we conclude
that Sp is a contraction semigroup in L?(m), for any p € [1, oc].

Step 2. Take p € [1,00) and k > k*(p) = Cr/p’, and finally, assuming first
that 6 > k*/k, set £ := 0k € (k*,k). If fo € LP(m) with m = (z)*, denote
f(t) :== SB(t) fo. Dropping the last term in (2.5), we have for a € (0,a*(m,p))

& 18 ot < —ap [ 1117 @wpee

Using Holder’s inequality

/fp (/fp <$>;D€+W—2)n(/fp <x>pk)17”

with n := (k= 0)/[k — £+ (2 —v)/p] € (0,1), and the fact that the semigroup
Sr is a eontraemon semigroup in L} by (2.2), upon denoting a := n/(1 —n) =

p(k—4€)/(2—7), we get

d
GYo(t) < —apYolO V0 where V(0= [

Integrating the above differential inequality yields

< ) Y1(0),

Yo(t) < (apt

k—¢
which in turn implies (2.3) with ©,,(¢) replaced with (%) *7 . Since for
0 <t <1 we have clearly Yy(t) < Y1(0) the proof of (2.3) is complete when p < oo
and m(z) = (x)* and £ := k6 > k*.

In the case where ¢ = k0 < k*, it is enough to pick 6y > 6 so that k0y > k* and
observe that we have Yy < Yp,: in this way one is convinced that (2.3) holds for all
p<ooand 0 <0 <1.

We deduce the same estimate for p = oo by letting p — oo in (2.3).

Step 3. Similarly, when the weight function m is an stretch exponential as defined
n (1.8) or (1.9), take p € [1,00). Given an initial datum f, € LP(m), denote
f(t) :== Sg(t)fo, and set Yy(t) := ||f(t)||’£p(m9). Thanks to the above Step 1 we
haveforallt >0and 0 <9 <1

Yo(t) < Yp(0).

For p > 0 denote by B, the ball of R? centered at the origin with radius p. Using
the estimate (2.5) w1th the weight function m?, neglecting the last term of that
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inequality, we have successively
G =p [(B5) -t
—ap [ Ufpme? (e
B

P

IN

< —ap (o) / PP

P

< —ap () b ap (ot [ (g

P

< —ap (o 4 ap @ mlp) 70 [ g

B3
< —ap(p) Ty +ap (0)7H 2 mlp) PO [ | fol? mP

Integrating this differential inequality we deduce
Yy(t) < exp(—apt {p)""*7%) Yy (0) + m(p) "1~ ¥y (0).
< (exp(—apt (p)7772) + exp(—p(1 - 0) p*)) Y(0).

We may choose p such that a (p)7+5=2t = (1 — ) p*, that is we may take p of order
t1/(2=7) | which allows us to conclude that (2.3) also holds in the exponential case.
As indicated above, the estimate (2.3) for p = oo is obtained by letting p — co. O

The following two lemmas state that when the weight function is exponential,
that is m(z) := exp(k(x)7), the semigroup Sp is ultracontractive in the spaces
LP(m), that is it maps L'(m) into L°(m) for t > 0. As it is pointed out in
[17] (see Remark 2.2 of this reference for a proof based on Probability arguments,
and Remark 5.2 for a simple proof based on comparison theorems for parabolic
equations), when one considers an operator of the type Lf := Af 4+ VV - Vf with
V satisfying, for some constants R > 0 and ¢y > 0,

1/2
V.TEBI%, AVVTQ-FCQZO,
and if there exists a positive constant ¢; > 0 such that V(x) > ¢; for all z € B,
then the semigroups Sr,(t) and Sp-(t) are ultracontractive in the spaces LP (exp(V))
(the above condition on AV'/2/V1/2 is a sort of convexity condition at infinity).
Here the operator B is not exactly of the same type as L, but nevertheless the
ultracontractivity of the semigroup Si(t), as well as that of (S)*, holds. (Recall
also that the ultracontractivity of the semigroup Sz is equivalent to an appropriate
form of Nash inequality for the operator B).

Lemma 2.2. Consider the weight function mg = exp(k(x)?), for 0 < rky < 1.
Then there exists Rg, My > 0 such that for M > My and R > Ry we have

(2.6) Vit >0, 1SB)]| L1 (mo)— 1.2 (me) S 4™

Proof. The proof is similar to the proof of [14, Lemma 3.9], see also [22, Section 3],
[23, Section 2] and [16]. For the sake of completeness we sketch it below.
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Consider fo € L%*(mg) and denote f(t) = Sg(t)fo. From (2.4) with p = 2 and
throwing out the last term in that inequality, we find

d1
G5 [ s mids <= [ 19(5(0mo) P,
dt 2 Rd Rd
Using Nash’s inequality for g := f(¢)mo ([18, Chapter 8]) stating that for some

constant ¢ > 0
4

T iz
(2.7) / g’dr < c (/ |Vg|2dx) (/ |g|dm)
R R4 R4

we get (for another constant ¢ > 0)
(2.8) X'(t) < —2¢Y ()Y X (1),
where for brevity of notations we have set
X(0) = 1fO2mey Y = 1F O]z (no)-

Since according to (2.2) we have Y (t) <Y} for ¢t > 0, we may integrate the differ-
ential inequality (2.8) and obtain (2.6).
O

The next result states that the adjoint of B generates also an ultracontractive
semigroup in the spaces LP(my).

Lemma 2.3. Consider the weight function mg := exp(k(z)?Y), for 0 < ry < 1.
Then there exists Ry > Ry and My > My (where My and Ro are defined in the
previous lemma) such that for M > My and R > Ry, the semigroup generated by
B, the formal adjoint of B, satisfies

(2.9) Vi>0, 185 (0Lt (o) r2(me) S YN
Consequently, for M > M, and R > Ry, we have
(2.10) Vt>0, 1SB)]| L2 (mo)— Lo (me) <t~ Y%

Proof. We first observe that if the operator B is of the form
Bf=Af+b(z) -Vf+a(z)f,

and we make the transform h := fm, then the corresponding operator B,,h :=
m B(m~1 h) is of the same type and is given by
A 2
Byh = Ah + [b(z) 2V—m] - Vh+ [—m+2 W”;' +a—b)- 2 p
m m m m

Observe also that the formal adjoint of B, denoted by B, to avoid any misunder-
standing, is given by

B.g=Ag—b(z) Vg + (a(z) — div(b(x))) g.
Applying these observations to Bf = Af+F -V f+ (div(F) — Mxgr) f, we get that
for h := gmyg the operator B, ,,, associated to the formal adjoint B, is given by

(2.11) B*7mh:Ah—{F—Qv—m]-Vh—k[A—m—MXR—F-v—m h.
m m

m

Thus, if gg > 0 is a smooth initial datum, then the solution g of

atg:B*ga g(o,lﬂ) :go(‘r)a
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yields the function h := gmg which satisfies the evolution equation
(2.12) Oth = Bimyh, h(0,2) = ho(x).
Now, one can verify easily that for hy € C2°(R?) and hg > 0, the solution h to the

equation
O¢h = Ah +b(x) - Vh + a(x) h, h(0,x) = ho(z)
satisfies h(t,z) > 0 and for 1 < p < oo we have the identity
d1 1
T / h(t,z)P dx =—(p—1) / |Vh|? hP~2 dx + — /(p a(x) — div(b(x))) h? dz.
p p

As a consequence, applying this to the operator B, ,,,, we have that the solution h
of equation (2.12) verifies

d1
E—/h(t,x)p dr < —(p — 1)/IVhIth*de+/hpw*,mo,pdwa
p

where, for convenience, we have set

—2). . Am, 2 |Vmg|? 1 . vm
(213)  hupny = LB ZIVIOE L gy - p Y e
p mo p My p mo

Proceeding as we did above in the study of the function defined in (2.4), we may
choose, if necessary, M and R large enough (in particular larger than My, Ry given
by Lemma 2.2), so that for all € R? we have Y ,mo, < 0. Therefore we conclude
that

d1 _
(214) GolnOIE, < -1 [ 1A ds

On the one hand, taking p := 1, we deduce that the semigroup generated by B.
is a contraction semigroup in L'(R?), that is |h(t)||L: < ||hol|lz: for all ¢ > 0.

On the other hand, taking p := 2 and using Nash’s inequality (2.7), together with
the fact that ||h(¢)||11 is non increasing, we deduce that if we set X (t) := ||h(t)|%.,
then for some constant ¢ > 0, the function X (¢) satisfies the differential inequality

d

ZX(0) < —cllholl " X (1) /.

Integrating this, we get that for all ¢ > 0
1h(®)llzz S ¢ |lhollzr,  thatis  [|g(t)L2ime) S ¢ llgollLr (mo)-

From this, by a density argument and the splitting of any initial datum as the
difference of two nonnegative functions, we conclude that for any go € L*(mg) the
associated solution to 0;g = B.g satisfies

(2.15) 155. (g0l 22m0) = 19O 22m0) St~ g0ll 1), ¥t > O,

which is precisely (2.9). To conclude the proof of the Lemma, observe that for
f,9 € C=(R?) we have

(Bf|g)Lz(m0):/Bfgmgdx:/Bmo(fmo)(gmo)dz

- / (f 110) Bu o (g 1m0) diz = / (f 10) 5 Bu o (g m0) mo(a)? di
= (fIB«9) L2 (mo)-



14 O. KAVIAN, S. MISCHLER

This allows one to verify that (Sg(t))* = Sg, (t), the adjoint being taken in the sense
of the Hilbert space L?(mg), where we assume that this space is identified with its
dual. Therefore, since with these conventions we have that (L(mg))’ = L>(my),
thanks to (2.15), we conclude that (2.10) is established. O

Putting together the previous estimates, we get the following ultracontractivity
result on the semigroup Sp and on the iterated convolution family of operators

(.ASB)(*").

Lemma 2.4. Consider the weight function mg := exp(k(z)?Y), for 0 < ry < 1.
Then, M, R being large enough as in Lemma 2.3, there exists A, € (0,00) such that
for any p,q € [1,00], p < q, and for any 0 < O3 < 01 < 1, the semigroup Sp satisfies

~

— _ _ /(2=7)
(216) S50yt sty S 1 VDOPHD AT g,

Moreover, if n > d/2 is an integer, for all A\ < X\, and all t > 0, we have

“n ERNEYICEY)
(2.17) 1(ASB) ™ ()| 21 (mo)spoemp) S €T

Proof. Writing Sp(t) = Sg(t/2)Sp(t/2), and using (2.6) together (2.10) we deduce
that for any ¢ > 0 we have

1S L1 (mo)— Lo (mo) < 1SB(H/2) || L2(mo) = L (mo) 158(E/2)[| L1 (mo)— L2 (m0)
(2.18) <2,

Since on the other hand we have also [|S5(t)follLr(mo) < IlfollLr(me), @ classical
interpolation argument yields that for 1 < p < ¢ < oo we have

(2.19) I1SB(E) | Lo (o) — La(mo) < 1= (d/2)(1/p=1/q)
Using Lemma 2.1, since
1S5 () 0 omay s oty S exp(—XE D),

one sees that the proof of (2.16) with ¢; = 1 is complete. To see that (2.16)
holds with 6; < 1, it is enough to observe that mgl (x) is of the same type as
mo(x) = exp(k(x)?) provided k is replaced with 6.

In order to show (2.17), first note that the operator A consisting simply in a
multiplication by a smooth compactly supported function, thanks to the above
Lemmas we clearly have, for all £ > 0,

(2.20) [ASBE | Lo1 (mo)— L2 (m2) S T e M,

where it is understood that « := d/2 if (p1,p2) = (1,00), and « := 0 when
p1 = p2. We claim that the three estimates for three choices (p1,p2) = (1, 00), and
p1 = p2 = 1, as well as p; = pa = oo, imply that for all integers n > 1 we have

(2.21) 1CASE) ™ (Ol o1 (o) 192 (may < Cnt" 17 e,

from which one readily deduces (2.17). We prove (2.21) by induction. Estimates
(2.21) are clearly true for n = 1. Let us assume that p; = 1 and ps = oo, for which
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(2.21) is true for a certain n > 1. Introducing the shorthand notation u := ASp
and H . ||P1—>p2 = H . HLpl(mo)_)LPQ(mg), we have

/2
D) (1) 10 < / 14 — )10 l1u(3)]101 ds
0
t
4 / 10 (¢ — 8)llaoso0 [14(5) 1500 ds
t/2

L pt)2
< C,CLe MB / (t— s)"otn=lds
0

.ot
+C,CLe " / (t—s)" 15 Ods
t/2

. 1/2
< CpCre it { / (-7 tdr
0

1
+/ (1- rynlre dr} ,
1/2

where we have used that t7 < (t — )7 + s? for any 0 < s <t and o € (0,1). This
proves estimate (2.21) at rank n + 1 and (p1,p2) = (1, 00).

The proof of the other cases (p1,p2) = (1,1) and (p1,p2) = (00, 00) is similar, if
not much simpler, and can be left to the reader. (I

2.2. Additional growth estimates. In order to deal with the general case in
Section 5, we will need a more accurate version of the previous estimates.

Lemma 2.5. Consider mg := e2*®)" with x € (0,1/(47)) and define the sequence
of spaces

m ~ (r ()
(2.22) Xy = L2(my), mpi=—, wpla) = Z —
Vk = 1
for any k € N. There exist some constants R and M in the definition of B and
some constant B > 0 such that for any k,j € N, k > j and any o € (0,a),
a* :=1/2(1 — ), the semigroup Sp satisfies the growth estimate
J

< oA ()20 D ( _ kK
(2.23) 1550 x,_,—x, Se TN ey

) Vit > 0.

Proof. We easily compute

Vmy, Y2 T+ .+ (& @)M)F 1/ (k- 1)
= 9 _

pra ) [ 1T+ ..+ (k (z))F /& ]

from what we deduce v
22| < 2 al (@)72,
my
and
mG

—F

< - T (x)""* V€ Bg,.
= TRl () € Bp,

As a consequence, we have

%/ﬁmﬁg—/|Vf|2m§+/f2mi¢k,
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with
Vmil? 1 . vm
v = #—i——dlv(F)—F- b Myg
my 2 mp
1
< AR [l ()7 4 S O ()

—y k|| (z)7 2 1pg —MXr
< -2\ <z>2(v—1)

for any z € R? and k € N, by fixing x > 0 small enough (as we did) and then R
and M large enough. We deduce

d
(2.24) E/f%ni < */|Vf|2mi — 2\ /mei ()21,
and in particular
Yi(t) = /f2 mi < Yj(0) for any k> 0.

We now observe that for any j € N, 0 < j <k, there hold mj; < my_; as well as

mo() _ W mp—;(x x d
) S @ e R e ) T ERS

The two inequalities together, we have proved

kI

(2.25) Vji<kVzeR? my(z) < (1 A ) Mp—; ().

KJ <:C>'Y]

As a consequence, for any p > 0, we have

R R
B, B

B B kI 2
< <p>2(1 v) /f2 mi <x>2(’Y 1) + (1 A i <p>7j) Yi—;.

Coming back to (2.24), we deduce
kI
APRE

d
LY, < —20 (020D Y, 42X (p)20D (1 A

o )2 Yy (0),

which in turn implies

2(y—1 kj
Yk(t) < {672/\ (p)2(r=1¢ + (1/\

2
A : > .
— <p>w) }Yk_J(O) VE>0,p>0

We conclude by making the choice p = t* for any a € (0, a*). O

Lemma 2.6. Consider mq := ¢*®" with x € (0,1/(2v)). There exist constants
C, ) € (0,00) such that Sg satisfies

C N\ 405
(2.26) HSB(t)HLz(M())—)Hl < me AtTB gy > 0.

Proof. The function f = Sp(t)fo satisfies
0:0;f = A@Zf—i—(azdw(F))f—f—dw(F) Gif—i—aiFj@jf—i—F-V@if—M(’)ifo—MXRc’)if,
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so that
53 [ 19sEmd = = [102 i+ 5 1952805~ [ @) s md
- [tawe®) Vs vt - [om050;1m - 5 [ aiv(E) |9 smd

1 .
75/|Vf|2F~Vm%JrM/dw(Vme%)fQf/MxR|Vf|2

<5 [ rmi s [1rPniet+ [ fge

with
1Amg 1 |Vm | Vm
1 0 0 0
== DF -M
(0 2 m2 +2| iv(F)| m2 | | — o~ XR
and
. 1A vm \V,
Y2 = (div(F))? + = 5 mmo |d F|| ol +M|AXR|+M|VXR|| mO'
0 0

Choosing M and R large enough, we have
W< —a(@07Y, a>0, ¢ <C@07Y, CeR,
and, choosing then 1 > 0 small enough, we get
d 1
G [ eaviPmd < <5 [QVAP 4 alD? Py
~a [+ VP md (a0,

On the one hand, keeping only the second term and arguing as in the proof of
Lemma 2.1, we get

(2.27) 1S8(O) |z (mo), 1Y) < Om(t), VE=0.
On the other hand, using the elementary inequality
1
[19smt == [ s 4 [ 528w < 151 11 + OV
the differential inequality
d
VA2 na) € =ID* T2 (mg) + 1972 1112 (m)
and the contraction in L2(mg), we then obtain
d _
NV 120y < =1 oll 22 mo) IV £ 2oy + 1921221 fo 1 Z2rme) -
As in the proof of Lemma 2.1, we deduce
C
(2.28) IV £l may < 1 follZ2(mey V't € (0,1).

We easily deduce (2.26) by gathering (2.27) and (2.28). O
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3. BOUNDEDNESS OF S,

In this section, we establish some estimates on Sz which are simple results yielded
by the iterated Duhamel formula (1.26) and the previous estimates on Sg.

Lemma 3.1. For any exponent p € [1,00] and any weight function m given by
(1.7), (1.8) or (1.9), there exists C(m,p) such that

1Sc®)l|#(rr(m)) < C(m,p), Vt=0.
Proof. First the estimate
is clear and is a consequence of the fact that S, is a positive and mass conserving
semigroup.
Step 1. We consider first the case p = 1 and we write the Duhamel formula
Sy =S+ SgxAS,,
which allows one to deduce that

1Scli—ey <Ssllr—ry +198ley, ,~er * 1AScllpisry,, <C,

because the second term on the right hand side of the first inequality is a bounded
function of time thanks to (3.1) and, by choosing ¢ := 2(2 — ) and applying (2.1),

we have [[Sglzr r2 S ()77, which is clearly in L*(0, 00).

Step 2. In order to study the case 1 < p < oo, we write the iterated Duhamel
formula (1.26) with ny := £+ 1 and ny := 0 and we get

Se =S+ -+ S (ASp) ") 4 Sp x (ASE) Y (AS,)
with £:=d/2+ 1 and we get

£—1
*0
182z (my) < ; 1S5l1 51 my) * IASB] S
=0

+ 1158l Lo ()= Lo () * 1 (ASB) | Lr () Lo w2) * [ ASEN Lo (m)— L1 (),

where w := e’ {*)” with v € (0,1/7) large enough. Using (2.20) and (2.17), we see
that the RHS term is uniformly bounded as the sum of ¢ 4+ 1 functions, each one
being the convolution of one L*° function with less that ¢ integrable functions. [J

Remark 3.2. When p = 1, m = (z)¥ and f(t) > 0, the above estimate means
exactly that for k > 2 — v > 1, there exists a constant C such that

My (Sc(t)fo) < Cr My(fo), Mi(f) := /Rd fa)* da.

We then recover (with a simpler proof) and generalize (to a wider class of confine-
ment force fields) a result obtained by Toscani and Villani in [29, section 2].

4. THE CASE WHERE A POINCARE INEQUALITY HOLDS

In this section we restrict our analysis to the case when furthermore the steady
state G to the Fokker-Planck equation (1.1) is such that the “weak Poincaré in-
equality” (1.11) holds true and satisfies the large = behavior (1.10).
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4.1. Decay estimate in a small space.
We first recall the following decay estimate in a small space. We define

By :=L*(G™Y?), Ey:=L>®(G™Y).

Theorem 4.1 (Rockner-Wang [27]). Under assumptions (1.11)—(1.10) on the steady
state G, set Og(t) := exp(—M\t"/ =), Then there exists \* such that for X < .
the semigroup Sy satisfies for all t > 0

(4.1) [1Sc () fo = M(fo) Glle, S Ocl(t) [|lfo— M(fo) Gllz,-

We briefly sketch the proof of Theorem 4.1 and we refer to [27] for more details.
We define V' := —log G, we set Fo := F 4+ VV and we observe that div(FoG) = 0
and any solution f to the Fokker-Planck equation (1.1) satisfies

O,f = div[GV(f/G) + fF.

As a consequence, on the one hand, we compute

2dt /f - */GlV(f/GW + /diV[fFo]f/G
(42) < u [ PEpie

thanks to the weak Poincaré inequality (1.11) and because

[anlsrds/c = [ 1/6(GR)-9(1/G) =~ [(7/G)div(GED) =0

On the other hand, for any convex function j : R — R, the following generalized
relative entropy inequality holds (see [20], and also [27] and the references therein),

% j(é)g _ /j'(é)div[GV(f/G)]+/j’(£)div[fFo]
- [ (E)ywuer <o

In particular, taking j(s) = |s|P, we obtain

1F(®)/Gllze < [l fo/llzr,

and passing to the limit p — oo, we get

(4.3) 1£t)/G||, < || fo/G| e, VE>0.

We obtain (4.1) by gathering the two estimates (4.2) and (4.3). More precisely, we
write, with k := 2 — 2,

/fQG—l S f2 G_1+ f2 G—l
Br B%

<’ [ pet@reiselis [ G

Together with (4.2) and (4.3), we get for R > Ry

/f2 R*k/sz*H\fo/Gng /B omerlel”.

R
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Integrating in time, for any 6 € (0,1), we find a constant Cp > 0 such that

/fQG‘1 < e_Rfkt/fg G 4 Coe " fo /Gl T

At/ 2=

<e 1fo/Gll7
by choosing R := (t/(0c;))"/ 2= for t large enough and defining \ := (0c;) =1/ =7,
which is nothing but (4.1).

4.2. Rate of decay in a large space. In this section we present the proof of
our main Theorem 1.2 in the case when furthermore G satisfies the weak Poincaré
inequality (1.11) and the asymptotic estimates (1.10). We recall that the projection
operator I is defined by

If := M(f)G.

Step 1. Here we consider the case p € [1,2]. We begin by fixing m a polynomial
or stretch exponential weight function, and we introduce a stronger confinement
exponential weight mg(z) := exp(ko (x)7), with kg € (0,1/7). We denote by ©,,(t),
O, (t) and O (t) the associated rate of decay defined in (1.18), (1.19) and in the
statement of Theorem 4.1, and we may assume that ©,,,/0,,,05/0,, € L*(0,0).
We split the semigroup on invariant spaces

Sr ZHSL—F(I—H)SL,

and together with the iterated Duhamel formula (1.26) with ny =n > d/2+ 1 and
ng = 0, we have

n—1

Se—T = (I-I{Ss+ Y (SsA)D S} (=T
/=1

+{(I =TS} * (AS)*™ (= Ty).

In order to estimate the first term T}, we recall that
1S5 Le(m)y—re < Om(t), [SE)AllLr—Lr < Omy(t),

thanks to Lemma 2.1. We write

1Tl (e (m),Lry < U0 + - + Un—1
with, for £ € {1,...,n— 1},

*4
ug = C ||S5 Al 00, * 18210 (m),L7)-
Since clearly ©,1(t) < ©,1(s) 9,1 (t — s) for all 0 < s < ¢, we deduce
185 uell e < 105" SBAlL1 ((1r)) 1Om" S5l 5= (L2 (m), L7))

and then
Ty ()| (Lr (m),1r) < COm(t) YE>0.

In order to estimate the second term 15, we recall that from Lemma 2.1, Lemma 2.4
and Theorem 4.1, we have

I ASB)2(Lr (m), L1 (mo)) < Om(t),
H(AS )( (n= 1))( )HP/B(Ll(mo)yL“(ml)) < Gmo(t)a
1S =D g(Loe(c-1),22(G-1/2)) < Oc(t),
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where my 1= mo + G~!. We thus obtain that T, satisfies the same estimate as 7T}.
We conclude to (1.17) by gathering the two estimates obtained on T and Tb.

Step 2. The case p € [2,00]. Thanks to the iterated Duhamel formula (1.26), we
also have

Sp—T = (I_H){zn:sg*(ASB)<*4>} (=:T1)
=0

+55 % (ASp) W« ASL (I~ 1)} * (ASp)  (=:T3),

and we conclude in a similar way as in Step 1. (]

5. THE GENERAL CASE

In this section we present the proof of our main Theorem 1.2 in the general
case, that is assuming that the force field satisfies conditions (1.3)—(1.5), without
any further assumption on the existence and particular properties of a positive
stationary state. In order to do so, we define the “small” Hilbert space

X = Xo 1= L2(mo), mo = exp(26 ()7), k€ (0,1/(87)),

and we perform a spectral analysis of £ acting in X and establish a semigroup decay
in that space. The proof of the decay of the semigroup in a general Banach space
L?(m), with a weight function m which is a polynomial or a stretch exponential
function, then follows the same arguments as the ones which will be developed in
section 4.2 and may be skipped here. The only difference comes from the fact that
the rate of decay in the small space X is worse than in the small space L*(G~1/?)
(see section 4.2 for the notations), and then the rate of decay in the general Lebesgue
space LP(m) has to be modified accordingly.

5.1. Eigenvalue problem on the imaginary axis. We start recalling some stan-
dard notions and notations. For an operator A acting in a Banach space X, we
denote N(A) := A=1({0}) its null space, %(A) its spectrum, ¥ p(A) its point spec-
trum set, that is the set of the eigenvalues of A, while p(A) := C\X(A) will denote
the resolvent set and Rp(z), for z € p(A), the resolvent operator defined by

Ra(z) == (A—2)"h
We denote X the positive cone of X. In this section we shall prove

Theorem 5.1. There exists a unique steady state G € X, positive and normalized
(with total mass M(G) = 1) such that

(5.1) N(L™) =span(G), Vn>1.
Moreover, there holds
(5.2) Yp(L)yn{zeC; Rez>0} = {0}.

We start by recalling some elementary properties regarding the positivity of the
semigroup Sg(t).

Proposition 5.2. The operator L and its semigroup Sy satisfy the following prop-
erties:
(a) The semigroup Sr. is positive, namely Sp(t)f > 0 for any f >0 and t > 0.
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(b) The operators L and L* satisfy Kato’s inequality, that is if f € D(L) is complex
valued, then we have

1
(5.3) LIf] = m%(f Lf),  Lrlgl= H%G(ﬁﬁ*g) in D'(RY).

g
The above inequality means in particular that for all ¥ € D(L*) N X4 and all
p € D(L)N X4 we have

(Ifl, L) = Re(|fI7 FLF ), (Lo, lg]) = Relp, |g] ™" G Lyg).

(¢) The operator —L satisfies a “weak mazimum principle”, namely for any a > 0
and g € X4 there holds

(5.4) feDL)and (—L+a)f=g imply f>0.

(d) The opposite of the resolvent operator is a positive operator, namely for any
a>0 and g € X there holds —Rp(a)g € X4.

Proof. The argument to establish (5.3) is a classical one, but we outline it briefly.
For a smooth complex valued function f if we set f. := (¢2 + |f|?)}/? — ¢, then for
1 <7 <d we have

Re(f 9, f)
(5.5) ajf€:W7
f9jj Tik Re(F 0, 1))
(5.6) 9 f- = Re(f 95 [) 19, f (Re(f0;1))

IR T R (TR
Observe that f. — |f| in HL_(R?) as e — 0, we have 9;|f| = |f|"'Re(f9;f) in
HE _(R?). Also since
19, 12 (Re(F 0, /)"
E+IPV2 (2[R~
we conclude that 9;; f- > f=! Re(f d;;f). Passing to the limit in the sense of the

distributions we obtain 9;;|f| > |f|~! Re(f 9;; f), and using the expressions of the
operators £ and £* we obtain (5.3).

The properties (a), (c) and (d) are classical consequences of (5.3), applied to
real valued functions, see for instance [2] or [21]. O

Remark 5.3. For later use, we point out that if f € H2_(R?) is complex valued
and moreover is such that |f| > 0 on R?, then as ¢ — 0 one may pass to the limit
in (5.5) and (5.6) and obtain the following equalities

Re(fO;
(5.7) o151 = %
o Re(Fouh) 0P (Re(F0; 1))
58) Ol =17 7] 7l

Proposition 5.4. The operator —L satisfies a “strong mazimum principle”, namely
for any given real valued function f € X\{0}, there holds

£ 1fle DL), Lf=0 and L|f|=0 dmply f >0 or f<O.
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Proof. Consider f € X\{0} such that f € D(L) and Lf = 0. By a bootstrap
regularization argument, we classically have f € C(R?). By assumption there exist
then zop € R?, and two constants ¢,7 > 0, such that |f| > ¢ on B(zg,r). From
Lemma 2.1, we also have that the operator £ — al is dissipative for a large enough,
in the sense that

(5.9) VfeDL) ((L-a)flf)x < -Ifllk-
For instance one can take a := M + 1, where M is the constant entering in the
definition of B, using the fact that B is then dissipative and that the same holds
for L — M1T because 0 < A < M.

We next observe that for o > 0 large enough, the function

g(x) == cexp(or? — ol — x0]?)

satisfies g = ¢ on B(x,r) and
(~L+a)g=(a+do+oF -2 —div(F) —o?|z|*) g <0 on B(xg,r)".
We define h := (g — |f|)* and Q := R\ B(zq, 7). We have h € H} (92, mdz) and
(L—a)h > 0'(g—I|f1)L(g—|f]) —ah
= P(g— DL —a)g+alfl] 20,

where we have used the notation 0(s) = s*. Thanks to a straightforward general-
ization of (5.9) to H} (2, m), we deduce

0 < ((£ = a)hlh)L2i@m) < —IIhlZ2(m):

and then h = 0. This implies that we have |f| > g on Q = B(xo,r)", and thus
|f| > 0 on RY. Since f € C(R?), we must have either f > g >0or f <—g<0. O

Proof of Theorem 5.1. We split the proof into four steps.

Step 1. We prove that there exists G € N (L) such that G > 0, which yields in
particular that 0 € ¥p(L£). In other words, we prove that there exists a positive

and normalized (with mass 1) steady state G € X. For the equivalent norm ||| - ||
defined on X by

IFI = sup {152 (@) fllx,
t>0

we have ||Sz (&) fll < |If]l| for all ¢ > 0, that is the semigroup S, is a contraction
semigroup on (X, ||| - ||). There exists R > 0 large enough such that the intersection
of the closed hyperplane H := {f ; M(f) = 1} and the closed ball of radius R in
(X, I 1IN is a convex, non empty subset. Then consider the closed, weakly compact
convex set
K:={feXy; Ifll <R, M(f)=1}.

Since S (t) is a linear, weakly continuous, contraction in (X, ||-|||) and M (Sz(¢) f) =
M(f) for all t > 0, we see that K is stable under the action of the semigroup.
Therefor we apply the Markov—Kakutani fixed point theorem (see for instance [12,
Theorem 6, chapter V, § 10.5, page 456] or its (possibly nonlinear) variant [13,
Theorem 1.2]) and we conclude that there exists G € K such that S.(¢)G = G.
Therefore we have in particular G € D(L) and LG = 0. Moreover since G > 0,
G # 0 and G € C(R?), we may conclude that G > 0 on R%.

Step 2. In this step we prove that N(£2) = N(£), which implies that N (L") =
N(L) for all n > 1. Otherwise, there would exist g3 € D(L) with ||g1| = 1 and
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g2 € D(L) such that Lg; =0 and Lg2 = g1. Then, since S;(t)g1 = g1 for all t > 0,
one sees easily that one must have S (t)g2 = g2 + tg1. However, since g1 # 0,
this is in contradiction with Lemma 3.1, that is the fact that the semigroup S, is
bounded on X with ||Sz(t)||lx-x < C(m,2).

Step 3. We prove here that N(£) = span(G). Since L is a real operator, we may
restrict ourselves to real valued eigenfunctions. Consider a real valued eigenfunction
f € N(L) with f # 0. First we observe that thanks to Kato’s inequality

0= (Lf)sen(f) < LIf]-

Actually this inequality must be an equality, since otherwise we would have

0# (LIfL1) = (f],£71) =0
which is a contradiction. As a consequence, we have also |f| € N(£), so that the
strong maximum principle, Proposition 5.4, implies that either f > 0 or f < 0, and
without loss of generality we may assume that f > 0, and up to a multiplication
by a normalization factor, we may also assume that M(f) = 1. Now, using once
more Kato’s inequality we have
0=L(f~G)1p-asq < L(f —G)F,

and due to the same reasons as above, we may conclude that this last inequality is
in fact an equality, that is (f —G)*T € N(L). Since (f—G)* = |(f —G) ™|, the strong
maximum principle implies that either (f —G)T =0 or (f — G)* > 0 on R?. This
means that either we have f < G or f > G on R?. Thanks to the normalization
hypothesis M (f) = M(G) = 1, the second possibility must be excluded and thus
we have f < G on R?. Repeating the same argument with (G — f)* we deduce
that G < f and we conclude that f = G.

Step 4. We prove here that iRNXp(L) = {0}: the only eigenvalue with vanishing
real part is zero, or in other words, (5.2) holds. We consider a couple (f,u) of
eigenfunction and eigenvalue, with p := iw € iR, and normalized so that M(|f]) =
1. Using the complex version of Kato’s inequality (5.3), we have

(5.10) cifl > ﬁ%em) 0.

Computing (L] f],1), thanks to the above inequality, we get

0 < (LIf,1) = (f],£"1) =0
which implies that the inequality is in fact an equality, that is £|f| = 0, and since
M(G) = M(|f]) = 1, we conclude that |f] = G.

Next, using Remark 5.3 and (5.7)—(5.8), one sees that for any complex valued
function f such that |f| > 0 on R?, we have

|fILIf| = Re(fAf) + Re(fF - V) + div(F)[f|* + |V f|* — |;|2 \%6(7Vf)|2
:§Re(7£f)+|Vf|2f# Re (FV)[>.

Because here |f| = G > 0, the above identity applies. Together with LG = 0 and
thus Re(f Lf) = 0 from (5.10), we get

(5.11) V2 - |fl|2 Re(FV 1) = 0.
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This implies that f = exp(i0) G for some constant 6 € [0,2x], and thus Lf =
exp(if) LG =0 and w = 0.

Indeed, in order to see that f = exp(i6) G, for some 0 € [0, 27|, let us write f =
u +iwv for two real valued functions u and v. Then, since Re(f Vf) = uVu + vV,
relation (5.11) means that

(u® +v2) (|Vul]? + [Vo]?) = [uVu +oVo]?,

which yields vVu —uVv = 0. Since uw and v are not both identically equal to zero,
assuming for instance that u # 0, this means that V(v/u) = 0, that is v = au for
some « € R and thus, setting a := 1 + i we have f = au. Finally one sees that
|u| = G/lal > 0, and so u has a constant sign, that is f = +a G/|a|] = exp(i6)G for
some 6 € [0, 27]. O

5.2. Decay estimate. We mainly adapt an argument used in the proof of [24,
Theorem 2.1]. We consider the sequence of spaces (X )ken, as defined in (2.22),

and X, = L2(m(1)/2). We observe that X C Xpi1 C X for any k € N. For
0 <n < 1wealso denote X}, ,, the space defined by Hilbertian interpolation between
Xio=Xrand Xp 1 :={f € X; Lf € X}, that is, with the notations of L. Tartar
[28, Chapter 22, page 109],

ka = (Xk, kal)m? .

Lemma 5.5. Let us fix an integer j > 2(1 — )/ > 0. There exists a constant C
such that for any 01,02,k € N, k> j, ¢; > 1, we have for all z € C with Rez > 0
(5.12) |R5(2)||x,_,—x, < Cr:=Ck,

(5.13) I AR5(2) ARB (2)2 || xo—xo < (C1Ma!) CHH2 /()12

where z = x + iy, z,y € R.

Proof. We use the representation formula

Rp(z) = —/OOO e *t Sg(t) dt

together with the estimates established in Lemmas 2.1, 2.4 and 2.5 in the following
way. In order to simplify the presentation, we only consider in the sequel the
boundary case Rez =z = 0.

On the one hand, we define, as in Lemma 2.5, a* := 1/2(1—+), so that a*vj > 1,
and we observe that the LHS term of (2.23) belongs to L'(R.). Therefore, with
the notations of Lemma 2.5, we have for any y € R

. <Ck.
ayj—1 7~

. kN7
R x,, - < Co+ (7))

K

On the other hand, from (2.26), we have

(5.14) sup | Ris (i) .o < / 1S8(1)]| oo s dt < C.
ye 0
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The latter estimate together with (5.12) yield that, for any y € R and ¢y € N*| we
have
AR (iy) || Xo— X0 /2 <
< N ARB(Y) || x e = X012 IBBY) X0y 25— X0y —1y; *+ 1BB(Y) | x0-x;,
(5.15) < (L)) C*2.
On the other hand, from the identity
Rs(z) = =" (Ra()B— )
and an interpolation argument, we deduce that

1R5(9) x0.1/2x, < C/ )2,
and therefore for any /1 € N

MR (9) | xq.1 20 < ()0 /() 2.

It is now clear that the above estimate together with (5.15) completes the proof of
estimate (5.13). O

Lemma 5.6. Let us fizx again an integer j > 2(1 — ~)/y > 0. There exists a
constant C such that for any { € N*, denoting by Il the projection on G, that is
II(f) :== M(f)G, we have

(5.16) sup [[(7 = IR (=) xpxa < C* (8.
ez>0

Proof. Since the operator £ — al is dissipative for any a > 0, we clearly have

Crai= suwp [[(I =IRc(2)lIxo»x0 S _sup [[Re(2)]x0-x. <00,

Re z> ez>a

and thus we have only to prove that the constant Cr , does not blow up when
a— 07,
Step 1. We claim that for any fixed M, there holds

(5.17) sup [|(I = INRz(2)x,_;—»x, < Cwm C,
z2€Qn

where we define Qy = {z =2 +iy € C, 0 < = < 1, |y| < M} and we recall
that Cj, is defined in (5.12). We argue by contradiction, assuming that there exists
y € [-M, M] and a sequence (z,) in Qs such that

Zp — z:=1y and C;1||R[;1(zn)||3g(x X,) — 09,

n=j
with £, := I+ £, where for brevity we note IT+ := I —II, despite the fact that II is
not an orthogonal projection. The last family of blowing up estimates means that
there exist sequences (f,)n and (gn )y, such that

Coll fallx, = 000 Gnllx, =1, fa=Re,(20) Gns
or, equivalently, that there exist (f,,), in X, and (g,), in X,,—; satisfying

I fullx, =1, Cn”gn”anj =0, gn= (L1~ 2zn) fn
This in turn would imply that
(5.18) Ris(2n) AT fro + T fry = 20 R (20)1Lfr = R (20) g,
with

[R5 (2n)gnllx, < Callgnlx, ; =0,
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by using (5.12). Since (f,), is bounded in X,, C Xo = L2*(e*{®7) by weak
compactness of this sequence in X, we find f € X and a subsequence denoted
again by (f,)n such that f, — f weakly in X, and then AIl*f,, — AIl* weakly
in Xg. Together with (5.14), we deduce that
(5.19) R (2,) A" f,, — Rp(2)ATI-f  strongly in Xj.
Now, passing (weakly) to the limit in (5.18), we have
Rp(2) Al f + I f — 2Rp(2)ILf = 0.

We claim that f # 0. If not, we get from (5.19) that

RB(ZH)AHLfn —0 and IIf, — 0 strongly in X
and then together with (5.18) that ||TI* f,||x, — 0. Thus we would have

L= fallx, < IMfallx, + I fullx, — 0,

which is a contradiction. As a consequence, we have exhibited an f € X, \{0}
such that (£, — 2I)f = 0. This means that f is an eigenvector for £; = II+L
associated to an eigenvalue z € iR; however this is in contradiction with the fact
that X p(II*+£) NiR = (). Thus the proof of (5.17) is complete.

Step 2. In this step we complete the proof of the Lemma. We begin by recalling
that £ = A+ B and then we write
Re(z) = Rp(z) — Re(2)ARp(2)
and
R (2)(1 = V(2)) = Rg(z) — Rp(z) ARp(=), where V(z) := (ARgp(2))”.

Let )~(k be defined as X, but with a coefficient k > & so that )~(k C )?Oo C Xo C X
with embedding constants uniformly bounded with respect to k. First we may fix
M large enough such that |[V(2)|sx,) < 1/2 and [|[V(z )||J(X) < 1/2, for any
z = x + 1y, with |y| > M: this is indeed possible thanks to (5.13) by choosing
{1 = l5 = 1. Next, we write the expansion

Re(z) = Rp(2) — (Rs(2) — Rs(2) ARp(2 (ZV )ARB z),

where the series converges normally in 2(X,) and in %(X,). More precisely, for
z = +iy and |y| > M we have

[1Re(2) ] x0j—x0 < [1B5(2) ] x0 - x0

+ 1185 = B AR5) (=) 5, x, (- IV, 5, ) 14BS |y, ,
j=0

(5.20) < IRs(2)I x4 »xi + 2 |(Rs — Rs ARB)(2)ll 5, x, IARBl x, %,

The right hand side of the above inequality being bounded by a constant C Cy, we
conclude that

sup |[(I =ID)Re(2)|[x,;—x, < CCh.
|Re z|>M

Together with (5.17), we conclude the proof of (5.16) in the case when ¢ = 1. For
the general case ¢ > 1, we argue similarly as we did in the proof of (5.13). (I
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Theorem 5.7. Let o} :=1/[2/~] be defined by (1.16), and let mo(x) := exp(r(z)?)
and 0 < ky < 1/8. Then for any o € (0,07] and 6 < 1 there exist A > 0 such that
forallt >0

[£(t) = M(fo) GllL2(mgy S exp(=At7) || fo = M (fo) GllL2(mo)-

Proof. We write the representation formulas (taken from [24])
5

(5.21) Se(t)f =T1f +> (I —1)Sg  (ASs) () f + T(t)f,

£=0
i a+iM
where T (t) := lim —/ e* (I — TR, (2) (AR5(2))% dz,
a—iM
for any f € D(L£),t >0 and a > 0.

Thanks to Lemma 2.4, we know that each term ||(I —I1)Sg * (ASp)*9(¢) f|| in
the above expression of S¢(t) is bounded by O(0,,,(t)). In order to conclude, we
have to estimate the last term.

We introduce the shorthands ®, := R, (I —II), ®, = ARp, for 2 < ¢ < 7, and
we perform n integration by part in the formula giving 7 (¢) to get

. - 7
i1 fatioe L d?

(5.22) T(t) = — dz—n(H D;(2)) dz.

m
2wt a—ioco i

Using the fact that all the functions appearing in the integral are bounded on the
imaginary axis, together with the resolvent identity
mn

R} (2) := o
we find in #(Xy), thanks to Leibniz formula and for any z = x + iy € C with
0<y<1,

a7

dan NI sw ||Hdzm,

aeN” |al=n ,

RA(z) = nlRa(2)",

7
<7 sup [ leal(I = 1) R anl ARG a7 ARG (2))

h aeN7 Jal=n ;"
< O™ () (y) 2,

where in the last step we have used Lemma 5.6 for some integer j which will be
fixed later. Next, using the bound n! < (C'n)", we get

7@ <CrntHme™ V>0, Vi >0.

For any t > t*, where t* is large enough and depends on j, we choose n € N such
that _
t>20n'" >1/2,

and we obtain
[T (@) < (C*it= 1 < (1/2)" < (1/2)#17T v > 0.

As a consequence, with the choice j := |[2(1 —v)/v] + 1, we have proved that for
all t > 0 we have

T[] < exp(—AtTH),
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which clearly ends the proof. O
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