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Abstract

This paper considers a forward BSDE driven by a random measure, when the underlying
forward process X is special semimartingale, or even more generally, a special weak Dirichlet
process. Given a solution (Y, Z,U), generally Y appears to be of the type u(t, X;) where u is
a deterministic function. In this paper we identify Z and U in terms of u applying stochastic
calculus with respect to weak Dirichlet processes.
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1 Introduction

This paper considers a forward BSDE driven by a random measure, when the underlying forward
process X is special semimartingale, or even more generally, a special weak Dirichlet process.
Given a solution (Y, Z,U), often Y appears to be of the type u(¢, X;) where u is a deterministic
function. In this paper we identify Z and U in terms of u applying stochastic calculus with respect
to weak Dirichlet processes.

Indeed the employed techniques perform the calculus with respect to (special) weak Dirichlet
processes developed in [2]. In that paper we also extend the stochastic calculus via regularizations
to the case of jump processes. Given some filtration (F;), we recall that a special weak Dirichlet
process is a process of the type X = M + A, where M is an (F;)-local martingale and A is an
(Fi)-predictable orthogonal process, see Definition 2.7. When A has bounded variation, then X
is a special (F;)-semimartingale. The decomposition of a special weak Dirichlet process is unique,
see Proposition 2.12. A significant result of [2] is the chain rule stated in Theorem 2.14, concerning
the expansion of F'(¢, X;), where X is a special weak Dirichlet process of finite quadratic variation
and F is of class C*!. If we know a priori that F(¢, X;) is the sum of a bounded variation process
and a continuous (F3)-orthogonal process, then the chain rule only requires F' to be continuous;
in that case no assumptions are required on the cadlag process X.

As we have already mentioned, we will focus on forward BSDEs, which constitute a particular
case of BSDEs in its general form. BSDEs have been deeply studied since the seminal paper [24]

*elena.bandini@polimi.it
ffrancesco.russo@ensta-paristech.fr



by Pardoux and Peng. In [24], as well as in many subsequent papers, the standard Brownian
motion is the driving process (Brownian context) and the concept of BSDE is based on a non-
linear martingale representation theorem with respect to the corresponding Brownian filtration.
A recent monograph on the subject is [26]. BSDEs driven by processes with jumps have also
been investigated: two classes of such equations appear in the literature. The first one relates
to BSDEs where the Brownian motion is replaced by a general cadlag martingale M, see, among
others, [4], [14], [6]. An alternative version of BSDEs with a discontinuous driving term is the
one associated to an integer-valued random measure p, with corresponding compensator v. In
this case the BSDE is driven by a continuous martingale M and a compensated random measure
1 —v. In that equation naturally appears a purely discontinuous martingale which is a stochastic
integral with respect to p — v, see, e.g., [33], [5], [32]. A recent monograph on BSDEs driven by
Poisson random measures is [13].

In this paper we will focus on BSDEs driven by random measures (we will use the one-
dimensional formalism for simplicity). Besides p and v appear three driving random elements:
a continuous martingale M, a non-decreasing adapted continuous process ¢ and a predictable
random measure A on  x [0,7] x R, equipped with the usual product o-fields. Given a square
integrable random variable £, and two measurable functions § : Q x [0,7] x R? — R, f:Qx
[0,7] x R?® — R, the equation takes the following form:

Y=t / (s, Yoo, Z,)dC, + / F(s, e, Ya_, Us(€)) A(ds de)
It,T] Jt, T]xR

- / Z,dM, — Us(e) (u — v)(ds de). (1.1)
1t,T] Jt, T]xR

As we have anticipated before, the unknown of (1.1) is a triplet (Y, Z,U) where Y, Z are adapted
and U is a predictable random field. The Brownian context of Pardoux-Peng appears as a partic-
ular case, setting p = A =0, (s = s. There M is a standard Brownian motion and £ is measurable
with respect to the Brownian o-field at terminal time. In that case the unknown can be reduced
to (Y, Z), since U can be arbitrarily chosen. Another significant subcase of (1.1) arises when only
the purely discontinuous driving term appears, i.e. M and ¢ vanish; under this simpler structure
the related BSDE can be approached by an iterative method: a significant example is represented
by BSDEs driven by a marked point process, as in [9]. Connections between the martingale and
the random measure driven BSDEs are illustrated by [22].

When the random dependence of f and § is provided by a Markov solution X of a forward
SDE, and ¢ is a real function of X at the terminal time 7', then the BSDE (1.1) is called forward
BSDE, the one that we have anticipated at the beginning. This generally constitutes a stochastic
representation of a partial integro-differential equation (PIDE). In the Brownian case, when X is
the solution of a classical SDE with diffusion coefficient o, then the PIDE reduces to a semilinear
parabolic PDE. If v : [0,7] x R x R is a classical (smooth) solution of the mentioned PDE, then
Ys = v(s, Xs), Zs = (s, Xs) O,v(s, Xs), generate a solution to the forward BSDE, see e.g. [27],
[25], [28]. In the general case when the forward BSDEs are also driven by random measures,
similar results have been established, for instance by [3], for the jump-diffusion case, and by
[8], for the purely discontinuous case, i.e. when no Brownian noise appears. In the context of
martingale driven forward BSDEs, a first approach to the probabilistic representation has been
carried on in [23].

Conversely, solutions of forward BSDEs generate solutions of PIDEs in the viscosity sense.
More precisely, for each given couple (¢, z) € [0, T| xR, consider an underlying process X given by
the solution X% of an SDE starting at  at time t. Let (Y% Zb% U%%) be a family of solutions of
the forward BSDE. In that case, under reasonable general assumptions, the function v (¢, x) := Ytt’m



is a viscosity solution of the related PIDE. A demanding task consists in characterizing the couple
(Z,U) := (Z*,U%*), in term of v; this is generally called the identification problem of (Z,U). In
the continuous case, this was for instance the object of [17]: the authors show that if v € C%!,
then Z, = 0,v(s, X;); under more general assumptions, they also associate Z with a generalized
gradient of v. At our knowledge, in the discontinuous case, the problem of the identification of
the martingale integrands couple (Z,U) has not been deeply investigated, except for particular
situations, as for instance the one treated in [9]: this problem was faced in [8].

In the present paper we discuss the mentioned identification problem in a quite general frame-
work by means of the calculus related to weak Dirichlet processes. When Y is a deterministic
function v of a special semimartingale X, related in a specific way to the random measure u, we
apply the chain rule in Theorem 2.14 in order to identify the couple (Z,U). This is the object
of Proposition 4.12. The result remains valid if X is a special weak Dirichlet process with finite
quadratic variation. In the purely discontinuous framework, i.e. when in the BSDE (1.1) M and ¢
vanish, we make use of the chain rule Theorem 2.16, which, for a general cadlag process X, allows
to express v(t, X;) without requiring any differentiability on v. In particular Theorem 2.16 does
not ask X to be a special weak Dirichlet process, provided we have some a priori information on
the structure of v(¢, X;). The identification in that case is stated in Proposition 4.18. We remark
that in most of the literature on BSDEs, the measure v, \,{ of equation (1.1) are non-atomic
in time. A challenging case arises when one or more of those predictable processes have jumps
in time. Well-posedness of BSDEs in that case has been partially discussed in [1] in the purely
discontinuous case, and in a slightly different context by [7], for BSDEs driven by a countable se-
quence of square-integrable martingales. Our approach to the identification problem also applies
to forward BSDEs presenting predictable jumps.

The paper is organized as follows. In Section 2 we fix the notations and we recall some
important results about the calculus related to weak Dirichlet processes with jumps developed in
[2]. In Section 3 we introduce a class of stochastic processes X related in a specific way to a given
integer-valued random measure p, and we provide some technical results on related stochastic
integration. Section 4 is devoted to solve the identification problem. In Appendix A we recall
some useful results related to the general theory of stochastic processes. Finally, in Appendix B
we report some basic results on the stochastic integration with respect to random measures; in
particular we emphasize the connection between integer-valued random measures and the jumps
of a cadlag process.

2 Preliminaries

In what follows, we are given a probability space (€2, F,P) a positive horizon 7" and a filtration
(Ft)e=>0, satisfying the usual conditions. Let F = Fp. Given a topological space E, in the sequel
B(E) will denote the Borel o-field associated with E. P (resp. P = P ® B(R)) will denote the
predictable o-field on Q x [0,T] (resp. on Q = Q x [0,7] x R). Analogously, we set O (resp.
O = O ® B(R)) as the optional o-field on Q x [0, 7] (resp. on ). Moreover, F will be o-field
F ® B([0,T] x R), and we will indicate by F*© the completion of F with the P-null sets. We
set F¥ = F¥ @ B([0,T] x R). By default, all the stochastic processes will be considered with
parameter ¢ € [0, T]. The symbols D*’ and L“? will denote the space of adapted cadlag and
caglad processes endowed with the u.c.p. (uniform convergence in probability) topology. By
convention, any cadlag process defined on [0, T is extended to R by continuity.

A bounded variation process X on [0, 7] will be said to be with integrable variation if the
expectation of its total variation is finite. A (resp. Ajo.) will denote the collection of all adapted

processes with integrable variation (resp. with locally integrable variation), and by A™ (resp .Afgc)



the collection of all adapted integrable increasing (resp. adapted locally integrable) processes. The
significance of locally is the usual one which refers to localization by stopping times, see e.g. (0.39)
of [20].

We will indicate by C12 (resp. C%!) the space of all functions

u: [0, T]xR—=R, (tz)— u(tz)

that are continuous together their derivatives dyu, du, dpzu (vesp. dyu). C1? is equipped with
the topology of uniform convergence on each compact of u, 9,u, Oypu, Ou. C%! is equipped with
the same topology on each compact of v and 0,u.

2.1 Cadlag processes and the associated jump measures

The concept of random measure allows a very tractable description of the jumps of a cadlag
process, and will be extensively used throughout the paper. For the convenience of the reader we
have summarized in Appendix A and B respectively the concepts on general theory of stochastic
processes and on integer-valued random measures we will need in the following, for more details
consult Chapter I and Chapter II, Section 1, in [21], and Chapter XI, Section 1, in [18].

Given a cadlag process X = (Xt)te[o, 7], its jump measure is the integer-valued random measure

pX(widtdz) = > Lyax.(w)op O(s, ax.(w) (dE dz). (2.1)
s€]0,T)

X

The compensator of X is called the Lévy system of X , and will be denoted by v=. The jump

measure uX acts in the following way: for any positive O-measurable function W we have

Z ]l{AXs¢o}Ws('aAXs)=/ Wi(-, z) WX (-, ds dz).
5€]0,7T) 10,T]xE

In the sequel we will make often use of the following assumption on the processes X:

Z |AX]? < 00, as. (2.2)
s€]0,T)

Remark 2.1. Condition (2.2) holds for instance in the case of processes X of finite quadratic
variation.

The two propositions below were the object of Propositions 2.4 and 2.7 in [2].

Proposition 2.2. Let p =1,2. Let X be a real-valued cadlag process on [0, T] such that

Z |AX P < o0, as. (2.3)
s€]0, T
Then
/ | |P Tja)<1} MX(ds dx) € Af;c. (2.4)
10, | xR B

Proposition 2.3. Let X be a cadlag process on [0, T satisfying condition (2.2), and let F be a
function of class C%'. Then

/]0 X )~ F(s, X0 )2 Lyngery 15 (ds dz) € Aroe, (2.5)
L]
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/ |z 0, F (s, Xs_)|? ]l{|$|<1},ux(ds dz) € Ajge. (2.6)
10, - ]xR -
In particular, the stochastic integrals
[ X+ 0) = 6 X)) gy (0 = ) (ds o)
10, -] xR
/ 21 <1y (W5 — v (ds da)
10, -] xR

define two purely discontinuous square integrable local martingales.

The following condition on X will play a fundamental role in the sequel:
| ol oy ¥ (dsda) € AT 27)
}07']><R

Remark 2.4. (a) Condition (2.7) holds for instance if X is a special semimartingale, see Corol-
lary 11.26 in [18].

(b) If X is a special semimartingale satisfying »_ 1o 71|AXs| < oo a.s., from point (a) and
Proposition 2.2 with p = 1, we have

/]0.]XR\xl,uX(ds dr) € Af .. (2.8)

We will be interested in functions F': [0,7] x R — R fulfilling the integrability property

loc*

/}0 . |F'(s, Xs— +7) — F(5, X5 ) = 20, F (5, X5 )| Lj)> 1) p (dsdx) € Af (2.9)
X

Remark 2.5. (i) Condition (2.9) is automatically verified if X is a cadlag process satisfying
(2.7), and F : [0,T] x R — R is a function of C%! class with 9, F bounded.

(ii) If X is a cadlag process satisfying condition (2.7), and F : [0,7] x R — R is a function of
class C%! fulfilling (2.9), then

loc?

/]0 - |F(t, Xi— +x) — F(t, X )| Lyjpps1y o~ (dtdz) € A
L] %

see Lemma 5.21 in [2].

Remark 2.6. Let ¢ : Qx[0,T] xR — R be a P-measurable function and A a P-measurable subset
of Q x [0, T] x R, such that

ol La ™ € A, (2.10)
o2 e % 1™ € AL (2.11)

Then the process ¢ belongs to GL_(u%).
As a matter of fact, (2.10) and Proposition B.18 give that ¢ 14 belongs to Qlloc(ux). On
the other hand, (2.11), together with Lemma B.21-2), implies that ¢ 1 4c belongs to G2 .(uX) C

glloc (MX)



2.2 Recalls on calculus related to special weak Dirichlet processes

In the present section we will recall the main results of calculus related to special weak Dirichlet
processes. The proofs of those results can be found in [2], to which the reader may also refer for
a more complete treatise of the subject.

We start by recalling the notion of special weak Dirichlet process and some important results
associated to this concept.

Definition 2.7. Let X be an (F;)-adapted process. We say that X is (F;)-orthogonal if [ X, N] =0
for every N continuous local (F;)-martingale.

Remark 2.8. A basic example of (F;)-orthogonal processes are purely discontinuous (F;)-martingales,
see Theorem 7.34 in [18] and the comments above.

Definition 2.9. Let X be an (F;)-adapted process.

(i) X is called (F;)-Dirichlet process if it admits a decomposition X = M + A, where M is a
local martingale and A is a finite quadratic variation process with [A, A] = 0;

(ii) X is called (Fy)-weak Dirichlet process if it admits a decomposition X = M + A, where M
is a local martingale and the process A is (Fy)-orthogonal;

(11i) X is called (Fy)-special weak Dirichlet process if it admits a decomposition of the type (ii)
and, in addition, A is predictable.

When the underlying filtration is clear, we will often omit the filtration, speaking in particular
about Dirichlet processes, weak Dirichlet processes, special weak Dirichlet processes.

Remark 2.10. If S is an (F;)-semimartingale which is a special weak Dirichlet process, then it is
a special semimartingale, see Proposition 5.9 in [2].

Remark 2.11. We observe that the validity of condition (2.7) extends to the processes of the type
X =S5+ A, where S is a special semimartingale and A is a continuous process. This is the case
for instance when X is an (F;)-Dirichlet process.

A special weak Dirichlet process admits the following unique decomposition, which was the

object of Proposition 5.7 in [2].
Proposition 2.12. Let X be an (F)-special weak Dirichlet process of the type

X = M+ M+ A, (2.12)
where M€ is a continuous local martingale, and M is a purely discontinuous local martingale.
Supposing that Ay = Mél = 0, the decomposition (2.12) is unique.
Remark 2.13. (a) Decomposition (2.12) will be called the canonical decomposition of X.

(b) Identity (2.12) gives the most general form of a special weak Dirichlet process, since every
local martingale M can be decomposed as the sum of a continuous local martingale M€ and
a purely discontinuous local martingale M¢, see Theorem A.8.

We recall below a stability results for special weak Dirichlet processes, that is crucial in the
present work, which was the object of Theorem 5.26 in [2].



Theorem 2.14. Let X be an (F;)-special weak Dirichlet process of finite quadratic variation with
its canonical decomposition X = M¢ + M? 4+ A. Assume that conditions (2.9) and (2.7) hold.
Then, for every F : [0,T] x R = R of class C%', we have

F(t,X;) = F(0,X) + /t O F (s, X) dM¢
0
+ / (F(s, Xs_ + ) — F(s,X,_)) (1 — v (ds dx) + AT (t), (2.13)
10, ] xR

where AF . CO1 — DYP s a linear map and, for every F € C%', AF is a predictable (F;)-
orthogonal process.

Remark 2.15. We recall that (2.13) shows that (F'(¢, X;)) is a weak Dirichlet process and provides
its canonical decomposition.

In some cases, the differentiability requirements on F' stated in Theorem 2.14 will be no longer
necessary. This is illustrated in Proposition 2.16 below, which was the object of Proposition 5.29
in [2].

Proposition 2.16. Let X be an (F;)-adapted cadlag process. Let F : [0,T7] x R — R be a

continuous function such that the following holds.

(i) F(s,Xs) = Bs+ AL, where B is a bounded variation process and A’ is a continuous (Fy)-
orthogonal process;

(i) fo jum [F(s: Xs 4+ 2) = F(s, X )| ¥ (ds dz) € A

loc*

Then F(t,Xy) is an (F;)-special weak Dirichlet process with decomposition

F(t,X;) = F(0,Xo) + /]O ﬂXR(F(s,XS_ +x) — F(s, X,)) (p™ —v¥)(dsdx) + AT (t), (2.14)

where A is a predictable (F;)-orthogonal process.

3 A class of stochastic processes X related in a specific way to
an integer-valued random measure

Let p be an integer-valued random measure on [0, 7] x R, and v a ”good” version of the compen-
sator of p, as constructed in Proposition B.11-(c). Set

D = {(w,t) : p(w, {t} x R) > 0},

J ={(w,t) : v(w,{t} x R) > 0},

K ={(w,t) : v(w, {t} x R) = 1}.

Remark 3.1. D is a thin set, J is the predictable support of D, and K is the largest predictable
subset of D, see Proposition B.6 and Theorem B.10. The definition of predictable support of a
random set is recalled in Definition A.25.

We formulate now an assumption on a generic cadlag process X which will be related in the

sequel to the integer-valued random measure .

Hypothesis 3.2. X = X! + X?, with X' (resp. XP) a cadlag quasi-left continuous adapted
process (resp. cadlag predictable process).



Proposition 3.3. Let X be a cadlag adapted process fulfilling Hypothesis 3.2. Then the two
properties below hold.

(i) AXP1ipxizoy =0 and AX" Tiaxrsoy =0, up to an evanescent set.
(ii) {AX # 0} is the disjointed union of the random sets {AXP # 0} and {AX" # 0}.

Proof. (i) Recalling Propositions A.17 (resp. A.19), there exist a sequence of predictable times
(TF), (resp. totally inaccessible times (77),) that exhausts the jumps of X? (resp. X*?). On the
other hand, AX:I;Z. = 0 a.s. for every n, see Proposition A.17 (resp. AX%p =0 a.s. for every n,

see Definition A.1"8), so that

AX"Liaxrsoy = AX 1y, 1rpy = 0,
AXP Tyaxizoy = AXP 1y, ri = 0.

(ii) From point (i) we get

{AX # 0} = {(AX" + AXP) #£ 0}
= {(AX" Tgaxr—o) + AXPLiaxrz0}) # 0}
= {AX"Taxr_qy # 0} U{AXP # 0}
= {AX" £ 0} U{AXP #£ 0}

O

Proposition 3.4. Let X be a cadlag adapted process satisfying Hypothesis 3.2. Then the prop-
erties below hold.

1. {(w,t) : v¥(w, {t} x R) > 0} = {AXP £ 0},
2. {AXP # 0} is the largest predictable subset of {AX # 0} (up to an evanescent set).

Proof. 1. {AX # 0} is the support of the random measure p* (see e.g. Proposition B.8). By
Theorem B.10, the predictable support of {AX # 0} is given by {(w,t) : vX({t} x R) > 0}.

On the other hand, by Proposition 3.3-(ii), {AX # 0} is the disjointed union of {AX? # 0} and
{AX?+£0}. Since X' is a cadlag quasi-left continuous process, by Proposition A.26 we know that
the predictable support of {AX? # 0} is evanescent. By Definition A.25 of predictable support,
taking into account the additivity of the predictable projection operator, ? (]l (A X;éo}) = Liaxr20}
and this concludes the proof.

2. By Proposition 3.3-(ii),

{AXP #£0} C {AX #0}. (3.1)

Since {(w,t) : vX ({t} xR) = 1} is the largest predictable subset of {AX # 0} (see again Theorem
B.10), it follows from point 1. and (3.1) that {AXP # 0} coincides with {(w,?) : v ({t} xR) = 1}.
O

Remark 3.5. We remark that item 2. in Proposition 3.4 has an interest in itself but will not be
used in the sequel.

Proposition 3.6. Let X satisfy Hypothesis 3.2 with decomposition X = X+ XP. Let moreover
(Sn)n be a sequence of predictable times exhausting the jumps of XP. Then

vX({Sn},dz) = pX ({Sp}, dx) for any n, a.s. (3.2)



Remark 3.7. Since {AXP # 0} is a predictable thin set (see Definition A.4), the existence of a
sequence of predictable times exhausting the jumps of X? is a well-known fact, see Proposition
A.17 and Definition A.1 for the definition of an exhausting sequence.

Proof. Let us fix n and let (E,,),, be a sequence of measurable subsets of R which is m-class
generating B(R). Since X’ is a cadlag quasi-left continuous adapted process and S, is a predictable
time, then AXgn = 0 a.s., see Definition A.18. This implies that AXg, = AXgn a.s. by
Hypothesis 3.2. Consequently, for every m we have

1g,, (AXE ) :ILEm(AXsn):/R]lEm(x) X ({S,}, dz) as. (3.3)

On the other hand, by Proposition B.11-(b) and (3.3) we have

/ 15, (2) vX ({Sp}, dr) = E V 1p, (2) MX({Sn},dx)‘fsn_]
R R

= E [15,,(AX5,)|Fs, |

=1g, (AXE ) as.,

where the latter equality follows from Corollary A.24. By (3.3), there exists a P-measurable null
set NV, such that

/ 1, (z) v ({S,},dz) = / 1g, (z) wX({Sn},dz) for every w ¢ Ni,.
R R
Define N' = U,,N,,,, then
/ 1, (2)vX({Sp},dz) = / 1g, (z) pX ({Sn},dz) for every m and w ¢ N.
R R

Then the claim follows by a monotone class argument, see Theorem 21, Chapter 1, in [12]. O

We now recall an important notion of measure associated with p, given in formula (3.10) in
[20].
Definition 3.8. Let

(€2n)
o-finite measure on (Q,JEP), such that for every W : Q — R positive, bounded, FF-measurable
function,

be a partition of Q constituted by elements of O. ME denotes the

My(Wig ) =E[Wilg *pr]. (3.4)
Remark 3.9. Formally speaking we have Mg(dw, ds,de) = dP(w) p(w, ds, de).

In the sequel we will formulate the following assumption for a generic cadlag process Y with
respect to the random measure p.

Hypothesis 3.10. Y is a cadlag adapted process satisfying {AY # 0} € D. Moreover, there
exists a P-measurable map 7 : 2x]0, T] x R — R such that
AYy(w) Tyo, 7y(t) = Y(w, t, ) dME—a.e. (3.5)

Ezample 3.11. Theorem 3.89 in [20] states an It6 formula which transforms a special semimartin-
gale X into a special semimartingale F'(X;) through a C? function F : R — R. There the process
Y = X is supposed to fulfill Hypothesis 3.10



Remark 3.12. Let us suppose that p is the jump measure of a cadlag process X. Hypothesis 3.10
holds for Y = X, with 5(t,w, z) = x.
The role of Hypothesis 3.10 is clarified by the following proposition.

Proposition 3.13. Let Y be a cadlag adapted process satisfying Hypothesis 3.10. Then, there
exists a null set N such that, for every Borel function ¢ : [0, T| x R — Ry satisfying ©(s,0) =0
for every s € [0, T|, we have

Z o(s, AYs(w)) = / o(s,%(w, s,€)) plw,dsde), wé¢N. (3.6)

s<T 10, TTxR

Proof. Taking into account that {AY # 0} C D and the fact that ¢(s,0) = 0, it will be enough
to prove that

Z (s, AYs(w)) 1p(w,s) = / o(s,%(w, s,e)) plw,dsde), wé¢N, (3.7)

s<T 10, T]xR

for every Borel function ¢ : [0, T] x R — R..
Let (I,)m be a sequence of subsets of [0, T'] x R, which is a m-system generating B([0, 7]) ®
B(R). setting ¢, (s, z) =17, (s,x), for every m we will show that

ngm(s,AYs)]lD(-,s):/ Om(s,3(,s,€)) pu(-,dsde), a.s. (3.8)

s<T 10, T]xR

As a matter of fact, let ¢ : Q@ — R, bounded, (F;)-measurable. Identity (3.8) holds if we show
that the expectations of both sides against ¢ are equal. We write

E[¢ /}O,T}XR*”’”(S’“"S’e))“("d”e)}

- / AP(w) p(w, ds de) $(w) (5, 7w, 5, ))
Qx]0, T]xR

:/ dME(w,s,e)qb(w)st(Sﬂ(W,Sae))
Qx]0, T]xR

_ / M (0, 5,) $(w) o (5, AY3(w))
Qx]0,T]

:/ dP(w) p(w, ds de) p(w) om (s, AYs(w))
Qx]0, T]xR

— [ P 0w) 3 10w.s) onls AV [ 550 (d)

0<s<T R

=E|¢ > 1n(-9) pm(s,AY)

0<s<T

)

where we have used the form of u given by (B.3). Therefore, there exists a P-null set N, such
that

> on(s M@ s = [ pn(sise) plw.dsde), w ¢ N

0<s<T 10, T)xR

Define N' = U,,N,,,, then for ¢ = ¢, for every m we have

Z @m(‘s?AY;(w)) ]lD(w7S) = / @m(&:y('?sve))lu'(w?ds de)? w ¢ N.

0<s<T 10, T]xR

10



By a monotone class argument (see Theorem 21, Chapter 1, in [12]) the identity holds for every
measurable bounded function ¢ : [0, T| x R — R, and therefore for every positive measurable
function ¢ on [0, T] x R as well. O
We consider an additional assumption on a generic adapted process Z.
Hypothesis 3.14. Z is a cadlag predictable process satisfying {AZ # 0} C J.
We have the following result.

Proposition 3.15. Assume that X satisfy Hypotheses 3.2, with decomposition X = X' 4+ XP,
where X* (resp. XP) fulfills Hypothesis 3.10 (resp. Hypothesis 3.14). Then, there exists a null
set N such that, for every Borel function ¢ : [0, T| x R — Ry satisfying ¢(s,0) = 0 for every
s €10, T, we have

/ o(s, ) pX (w,ds dx) = / o(s,5(w, s,e)) plw,dsde) + VP(w) for every w ¢ N,
10, T] xR

10, T] xR
(3.9)
with VP (w) = 3 oo cr (s, AXE(w)). In particular,

/ o(s,z) i (w,ds dz) > / o(s,%(w, s,€)) plw,dsde) for every w ¢ N.  (3.10)
10, T]xR 10, T xR
Identity (3.9) still holds true when ¢ : [0, T] x R — R and the left-hand side is finite.

Proof. Let ¢ : [0, T] x R — R,. Taking into account Proposition 3.3-(i) and the fact that
©(s,0) = 0, we have, for almost all w,

S s, AX, (w))

0<s<T

(]

s, AX{(w) + AXD(W)) Tyaxr=oy (w, 8) + Y (s, AXI(w) + AXE(W)) Lyaxeso} (w,5)

0<s<T s<T

= Z (P(S, AXé (C«))) ]l{AXP:O} (wa 8) + Z @(87 AXE(W)) ]l{AXP;tﬁO} (w7 S)
0<s<T s<T

= Y w5 AX(W) + ) wls AXI(W).
0<s<T s<T

By Proposition 3.13 applied to Y = X?, there exists a null set A" such that, for every w ¢ N/,
previous expression gives

/ o(s,) ¥ (w, ds dz) = / (5, 7(w,5,0) plw,dsde) + 3 (s, AXP(w)).
10, T]xR 10, TTxR 0<s<T

The second part of the statement holds decomposing ¢ = ¢ — ™. O

Remark 3.16. The result in Proposition 3.15 still holds true if ¢ is a real-valued random function
on 2 x [0, T| x R.

We will make the following assumption on .

Hypothesis 3.17. (i) D = K U (U,[[T}]]) up to an evanescent set, where (T%), are totally
inaccessible times such that [[TE]] N [[TE5]] = 0, n # m;

11



(ii) for every predictable time S such that [[S]] C K, v({S},de) = u({S},de) a.s.

Remark 3.18. Hypothesis 3.17-(i) implies that J = K, up to an evanescent set, see Proposition
B.13.

Remark 3.19. Let v denote the compensator of .

(i) v admits a disintegration of the type
v(w,dsde) = dAgs(w) d(w, s, de), (3.11)

where ¢ is a random measure from (2 x [0, 7], P) into (R, B(R)) and A is a right-continuous
nondecreasing predictable process, such that Ay = 0, see (B.1).

(ii) Given v in the form (3.11), then the process A is continuous if and only if D = U, [[T¢]],
where (T)),, are totally inaccessible times, see, e.g., Assumption (A) in [9]. In this case it
follows that J = K = (), and consequently Hypothesis 3.17 trivially holds.

For instance A in (3.11) is continuous when y is a Poisson random measure, see, e.g., Chapter
I1, Section 4.b in [21].

We are ready to state the main result of the section.

Proposition 3.20. Let p satisfy Hypothesis 3.17. Assume that X satisfy Hypothesis 3.2, with
decomposition X = X'+ XP, where X* (resp. XP) fulfills Hypothesis 3.10 (resp. Hypothesis 3.14).
Let ¢ : Qx [0, T] xR — R4 such that p(w, s,0) = 0 for every s € [0, T], up to indistinguishability,
and assume that there exists a P-measurable subset A of Q0 x [0, T x R satisfying

| Ta* ™ € Af ., [P Lacx ™ € A (3.12)
Then
/ (s, 2) (X = v¥) (ds da) = / 0(5,7(5,€)) (1 — v)(dsde) as. (3.13)
10, ] xR 10, ] xR

Remark 3.21. Under condition (3.12), Remark 2.6 and inequality (3.10) in Proposition 3.15 imply
that (s, z) € GL . .(u™) and ¢(s,5(s,e)) € GL. (). In particular the two stochastic integrals in
(3.13) are well-defined.

Proof. Clearly the result holds if we show that ¢ verifies (3.13) under one of the two following
assumptions:

(i) ||« pu* € Af

loc?

(i) o+ 0¥ € AL

loc*

By localization arguments, it is enough to show it when || * u* € AT, |o|? * p* € A*. Below
we will consider the first case, the second case will follow from the first one by approaching ¢
with ¢(s, ) Toc|zj<1/e Lsepo, 7] in L£2(pX), and taking into account the fact that u*, restricted to
e < |z| < 1/e, is finite, since ¥ is o-finite.

Let us define

M, = / o(+, s,) (,uX — VX)(dS dx),
10, t] xR

Ny = / o(+, 8,9, s,€)) (u—v)(ds de). (3.14)
10, t] xR

12



Notice that the processes M and N are purely discontinuous local martingales, see e.g. Definition
B.16. We have to prove that M and N are indistinguishable. To this end, by Corollary A.9, it is
enough to prove that AM = AN, up to an evanescent set. Observe that

AM, = /R o(rs.2) (1 —v¥)({s}, da) (3.15)

- / 90('787'%') (1 - ]lJ('as)) (:U'X - VX)({S}7 d.%') + / (P('?va) 1J('7S) (:U'X - VX)({S}7 d.%'),
R R

and
AN, = [ ps305.0) (= (s}, de) (3.16)
R
= / o(5,9(s,€) Ls(s) (n —v)({s}, de) + / o559 s,e)) (1 =14(,5)) (n —v)({s}, de).
R R
By definition of J, for every w and every s we have
v(w,{s},de) (1 —15(w,s)) =0. (3.17)

Moreover, since J is a predictable thin set, there exists a sequence of predictable times (R, ), with
disjoint graphs, such that J = U,[[R,]]. We recall that Hypothesis 3.17-(i) implies that J = K,
see Proposition B.13. By this fact, and taking into account Hypothesis 3.17-(ii), there exists a
null set NV, such that, for every n € N, w ¢ N,

ww, {Ry(w)}, de)1(w,s) = v(w, {Rp(w)},de) Ly (w,s).

By additivity, it follows that for every w ¢ N, for every s € [0, T1,

w(w, {s},de) 1;(w,s) =v(w,{s},de) L;(w,s). (3.18)

On the other hand, {AXP? # 0} C J by Hypothesis 3.14. Recalling that {AX? # 0} = {(w, s) :
vX({s} x R) > 0} (see Proposition 3.4-1.), we have for almost every w, for every s € [0, T], we
have

I/X(w, {s},dz)1;(w,s) = l/X(w, {s},dz) ]l{AXp?gO}(w, s), (3.19)
so that
VX(w, {s},dz) (1 —15(w,s)) = VX(w, {s},dz) (1 — Lyaxrr0y(w,s)) = 0. (3.20)

Now notice that there always exists a sequence of predictable times exhausting the jumps of X7,
see Remark 3.7. By means of Proposition 3.6 we can prove, similarly as we did in order to establish
(3.18), that for every w ¢ N, N possibly enlarged, for every s € [0, T7,

:U’X (w’ {S}’ d:C) ]l{AXP;AO} (W’ S) = VX(W’ {5}’ dm) ﬂ{AXP;AO} (Wa 5)' (3'21)

Finally, we notice that p*(w, {s},dz) 1;(w, s) = p™ (w, {s},dz) 1 jnax 0y (w, s). Taking into ac-
count that X' is a cadlag quasi-left continuous process, by Definition A.18 we have

J N {AX + 0} = (Un[[RnH N {AXZ + 0}) U (Un[[RnH n {AXp i O})
— U[[RJ] N {AXP £ 0) = {AX? £ 0},

This implies for every w ¢ N, and for every s € [0, T1,
MX(W7 {8}7 d.%') ]lJ(wv 8) = MX(W7 {8}7 d.%') ]lJﬂ{AX;aéO} (wv 8)
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= MX(W’{S}’dx) ﬂ{AXP;éO}(WaS)' (3'22)

Collecting (3.19), (3.21) and (3.22) we conclude that for every w ¢ N, for every s € [0, T}, for
every n € N|
X (w, {s},dx) 15(w, s) = v (w, {s},dz) 15 (w, s). (3.23)

Therefore, for every w ¢ N, for every s € [0, T], taking into account (3.17), (3.18), (3.20), (3.23),
expressions (3.15) and (3.16) become

AM, = /ch(s,x) (1 —14(s)) pX({s}, dx), (3.24)

AN, = / (5, 7(5,€)) (1 15(5)) ({3}, de). (3.25)

Now let us prove that, for every s € [0, T], AMs(w) = ANg(w) for every w ¢ N, namely up
to an evanescent set. Set

ps(w, t,x) == p(w,t,2) (1 —1;(w,t)) Ly (),

then AM, and AN, can be rewritten as
AMg(w) = / @s(w, t, ) ™ (w, dt dz),
[0, T]xR
AN (w) = / ws(w, t, Y (w, t,e)) p(w,dt de),
[0, T]xR
Then, Proposition 3.15 applied to the process o implies that (possibly enlarging the null set N),

/ ws(w, t, ) ™ (w, dt dz) = / os(t,7(w,t,e)) p(w,dtde) + VP(w) for every w ¢ N,
10, T]xR 10, T xR

or, equivalently, that

/ o(w, s, z) 1 (w, {s}, dr) = / o(w,s,5(w, s,e)) p(w, {s}, de) + V¥(w), for every w ¢ N,
R R

where

Ve (w) =) ps(w,t, AXP(W)) = p(w, 8, AXE(w)) Lyengaxero) (@, 5). (3.26)

t<T

Recalling that {AXP? # 0} C J by Hypothesis 3.14, it straightly follows from (3.26) that V*¥s(w)
is zero. In particular, up to an evanescent set, we have

[ olers.a) ¥ (s}, da) = [ ol 5w s, o (5}, do)
in other words AM = AN up to an evanescent set, and this concludes the proof. |

We end the section focusing on the case when X is of jump-diffusion type.

Lemma 3.22. Let p satisfy Hypothesis 3.17. Let N be a continuous martingale, and B an
increasing predictable cadlag process, with By = 0, such that {AB # 0} C J. Let X be a process
which is solution of equation

t t
X =Xo+ / b(s, Xs—)dBs + / o(s,Xs)dNs + / v(s, Xs—,€) (n—v)(dsde), (3.27)
0 0 10, ] xR
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for some given Borel functions b,o : [0, T] x R = R, and v : [0, T] x R x R — R such that

[ 1066, x,)1a, < o0 s, (3.25)

0

/t o (s, Xs)|* d[N, N]s < 00 as., (3.29)
0

(w, s,€) = (5, X~ (W), €) € Gloe(10)- (330)

Then X satisfies Hypothesis 3.2, with decomposition X = X' 4+ XP, where
Xi= [ X (u - v)dsde) (3.31)
10, ] xR
t t
XP =X, +/ b(s, Xs_)dBs +/ o(s, Xs) dNs. (3.32)
0 0
Moreover, the process X' fulfills Hypothesis 3.10 with ¥(w, s,e) = v(s, Xs_ (w), e) (1 — 1 (w, s)),
and the process XP satisfies Hypothesis 3.14.
Proof. Since N is continuous, it straight follows from (3.32) that
AXP =b(s, Xs_) ABs. (3.33)

We remark that X in (3.31) has the same expression as N defined in (3.14) where the integrand
o(w, s,5(w, s,e)) is replaced by (s, Xs—(w),e). We recall that Hypothesis 3.17-(i) implies that
J = K, see Proposition B.13. Similarly as for (3.25), we get

AXE= [ 35, Xum ) (1= 1c(5) s}, de) (3.34)

Since by Hypothesis 3.17 D\ K = U,[[T]] ((T}), being a sequence of totally inaccessible times
with disjoint graphs), (3.34) can be rewritten as

AX(w) = 7(s, Xo- (W), Bs(w)) Ly, [z (w, 9)- (3.35)

We can easily show that the process X satisfies Hypothesis 3.2, namely X? and X' are respec-
tively a cadlag predictable process and a cadlag quasi-left continuous adapted process. The fact
that XP is predictable straight follow from (3.32). Concerning X*, let S be a predictable time; it
is enough to prove that AX} T{s<oc} = 0 a.s., see Definition A.18. Identity (3.35) gives

AX (W) Ligcooy = (S, Xs— (), Bs(w)) Ty, (i (w, S(w)) Ls<oo}- (3.36)

Since the graphs of the totally inaccessible times T}, are disjoint, 1., 7ij(w, S(w)) I{s<oc} =
> n i (w, S(w)) L{s<oo}, and the conclusion follows by the definition of a totally inaccessible
time, taking into account that S is a predictable time, see Remark A.15.

The process X? in (3.32) satisfies Hypothesis 3.14. Indeed, by (3.33) we have

{AXP £0} Cc {AB#0} C J=K. (3.37)

Finally, we show that the process X' in (3.31) fulfills Hypothesis 3.10 with J(w,s,e) =
v(s, Xs—(w),e) (1 — 1g(w,s)). First, the fact that {AX? # 0} C D directly follows from (3.34).
To prove AX!(w) = F(w, s, ), dME(w, s)-a.e. it is enough to show that

E

/ (e, ds de) |3 (w, s,¢) — AXi(w)]| = 0.
10, T xR
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To establish this, by the structure of p,

E [/}QT]XRM(W’CZS de) |F(w, s,e) — AX(w)|| = Z E[Lp(-s) [3(s,Bs(+) — AX;()H

s€]0,T)

which vanishes taking into account (3.35). i

4 Application to BSDEs

4.1 About BSDEs driven by an integer-valued random measure

Let p be an integer-valued random measure defined on € x B([0,7] x R). Let M be a continuous
process with My = 0. Let (F;) be the canonical filtration associated to p and M, and suppose
that M is an (F;)-local martingale. Let §: Qx [0, T]xR? — R and f : Qx [0, T] xR? — R be two
measurable functions. The domain of f (resp. §) is equipped with the o-field F @ B([0, T] x R?)
(resp. F @ B([0, T] x R?)). Let A be a predictable random measure on 2 x B([0, T] x R). Let
¢ be a non-decreasing adapted continuous process, and £ a square integrable random variable. v
will denote a ”good” version of the dual predictable projection of y in the sense of Proposition
B.11. In particular, v(w, {t} x R) <1 identically.
We consider now the general BSDE

Y, = £—|—/ g(s, Ys—, Zs)d(s +/ f(s, e, Ys_, Us(e)) N(ds de)
Jt, 71

|t, TR

- / ZsdMg — Us(e) (i — v)(ds de) (4.1)
1¢,T) It, TIxR

which constitutes equation (1.1) of the Introduction.

Remark 4.1. A general BSDE of type (4.1) is considered for instance in [33] (see formula (1.1)),
with the following restrictions on the random measures A and v:

A([0, T] x R) is a bounded random variable, A([0, ] x R) is continuous with respect to t,
v([0, t] x R) is continuous with respect to ¢. (4.2)

The author proves (see Theorem 3.2. in [33]) that under suitable assumptions on the coefficients
(¢, f,3) there exists a unique triplet of processes (Y, Z,U) € L2(CA\) x L2(M) x L2(p), with
E[supte[O’ 7] Y?] < oo, satisfying BSDE (1.1), where

T T
L3N : = {optional processes (Y7):e(o, 77 : E[/ Y2 dCS] —i—E[/ Y2 )\(dS,R)] < oo},
0 0
T
LEM):= {predictable processes (Zi)se(o, 1 : E[/ zZ? d(M>S] < oo}7
0

and £2(p) is the space introduced in (B.20).

In the sequel we will consider stochastic processes related to the random measure p in the
following way.

Hypothesis 4.2. X is an adapted cadlag process verifying Hypothesis 3.2 with decomposition
X = X'+ XP, where X* (resp. XP) fulfills Hypothesis 3.10 with some predictable process 7 (resp.
fulfills Hypothesis 3.14), with respect to the random measure fi.
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We consider some important examples.
Ezample 4.3. Let us focus on the BSDE
Yy = g(Xr)+ f(s, Xs, Ys, Zs, Us()) dS—/ Zs dWs — Us(e) (n—v)(dsde), (4.3)
1t, T 1t, T t, T)xR

which constitutes a particular case of the BSDE (4.1). This is considered for instance in [3]. Here
W is a Brownian motion and p(ds de) is a Poisson random measure with compensator

v(dsde) = \(de) ds, (4.4)

where ) is a Borel o-finite measure on R\ {0} and

/R(1 A le)?) M(de) < +oo0. (4.5)

Poisson random measures have been introduced for instance in Chapter II, Section 4.b in [21].
The process X appearing in (4.3) is a Markov process satisfying the SDE

dXs =b(X;)ds + o(Xs)dWs + / Y(Xs—,e) (u—v)(dsde), se€lt, T], (4.6)
R

where b : R — R, 0 : R — R are globally Lipschitz, and v : R x R — R is a measurable function
such that, for some real K, and for all e € R,

{wm,e)r <SK(1Ae]), weR, (4.7)

|v(z1,€) —y(xo,e)| < K |xy — x| (LA le]) 1, 22 € R.
For every starting point € R and initial time ¢ € [0, T, there is a unique solution to (4.6)
denoted X®* (see [3], Section 1). Moreover, modulo suitable assumptions on the coefficients

, ), 1t 1s proved that the .3) admits a unique solution (Y, 4, € X X , see
(g, f), it i d that the BSDE (4.3) admi i lution (Y, Z,U) € 8 x L% x L?(p)
Theorem 2.1 in [3], where

S?: = {adapted cadlag processes (Y7).e(o, 7] H sup |Y;
te(0, T

T
L2 = {predictable processes (Zt)iecfo, 7] E{/ 72 ds] < oo},
0

L%(u) - = {predictable random fields (Us(+))sepo, 1) : E[/}o S |Us(e)|? v(ds de)] < oo}.
, T

When X = X% the solution (Y, Z) of (4.3) is denoted (Y**, Z%*). In [3] it is proved that
u(t,x) =Y, (t,z) € [0, T] x R, (4.8)
satisfies Y9 = u(s, X1") for every (t,2) € [0, T] x R, s € [t, T]. O

Lemma 4.4. Let p and X be respectively the Poisson random measure and the stochastic process
satisfying the SDE (4.6) in Example 4.3. Then u satisfies Hypothesis 3.17 and X fulfills Hypothesis
4.2 with respect to u, with decomposition X = X'+ XP,

Xi= [ (e (u- v dsde), (4.9)
[0, ]

XP = /0 b(X,)ds + /O o (X,) dW,. (4.10)

In particular X satisfies Hypothesis 3.10 with 5 (w, s,e) = v(Xs_(w), €).
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Proof. Our aim is to apply Lemma 3.22. We start by noticing that v in (4.4) is in the form (3.11)
with Ay = s. Therefore Hypothesis 3.17 is verified, see Remark 3.19-(ii). On the other hand, the
process X satisfies the stochastic differential equation (4.6), which is a particular case of (3.27)
when Bs; = s, Ny = Wy, and b, 0, v are homogeneous. b and o verify (3.28), (3.29) since they have
linear growth. Condition (3.30) can be verified using the characterization of G} () in Theorem
B.19. In that context, setting W (w, s, €) = v(s, X,_ (w), €), we have W = 0, and we have to verify
that [W]*Lgw <1y * v + [W|Lgw|s1y * ¥ belongs to A . This follows from (4.5) and (4.7). '

Then, by Lemma 3.22, X verifies Hypothesis 3.2, with decomposition X = X'+ XP, where X"
and XP are given respectively by (4.9) and (4.10). Moreover, the process X* fulfills Hypothesis
3.10 with ¥(w, s,€) = v(Xs—(w), e), and the process X? satisfies Hypothesis 3.14. O

When ¢ and M vanish, BSDE (4.1) turns out to be driven only by a purely discontinuous
martingale, and becomes

Y, =&+ f(s, w, e, Yo_, Ug(e)) M(ds de) — / Us(e) (n —v)(ds de). (4.11)
1¢,T] J¢, T]xR
Below we consider two significant cases, given respectively in Examples 4.5 and 4.7.

Ezample 4.5. In [8] the authors study a BSDE driven by an integer-valued random measure
associated to a given pure jump Markov process X, of the form

Yi=g(Xr)+ [ f(s, Xe e Us())ds — / Ud(e) (u—v)(dsde).  (4.12)
Jt. T Jt, T]xR

The underlying process X is generated by a marked point process (T,,(,), where (T},), are
increasing random times such that 7,, €]0, oo[, where either the times (7},),, are a finite number
or limy, , T, = 400, and (, are random variables in R, see e.g. Chapter III, Section 2 b., in
[20]. This means that X is a cadlag process such that X; = ¢, for ¢t € [T},, T),+1[, for every n € N.
In particular, X has a finite number of jumps on each compact. The associated integer-valued
random measure g is the sum of the Dirac measures concentrated at the marked point process
(T}, ¢n), and can be written as

,u(dsde): Z ﬂ{Xs_;éXS}(S(s,XS)(dtde)- (4.13)
s€[0,T]

Given a measure y in the form (4.13), it is related to the jump measure x4~ in the following way:
for every Borel subset A of R,

/ 1ale — Xs—) pu(dsde) = / 1a(z) ™ (ds dz). (4.14)
10, T]xR 10, T)xR

This is for instance explained in Example 3.22 in [20]. The pure jump process X then satisfies
the equation

Xt:X0+ZAXS :X0+/ (e — Xs—) p(ds de). (4.15)
s<t 10,t] xR

The compensator of u(dsde) is

v(dsde) = \(s, Xs—,de) ds, (4.16)
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where A the is the transition rate measure of the process satisfying

sup At z,R) < oo, (4.17)
tel0,T],zeR

see Section 2.1 in [8].

Under suitable assumptions on the coefficients (g, f), Theorem 3.4 in [8] states that the BSDE
(4.12) admits a unique solution (Y,U) € £2x L2(p), where £2(u) and £? are the spaces introduced
in Example 4.3.

Theorem 4.4 in [8] shows moreover that there exists a measurable function w : [0, T] xR — R
such that

Vee€ E, t— u(t,e) is absolutely continuous on [0, T, (4.18)
u(s, X,) € £2 and u(s,e) —u(s, X;_) € L2(n), s € [0, T], (4.19)

and the unique solution of the BSDE (4.12) can be represented as

Ys =u(s, Xs), s€l0,T], (4.20)
Us(e) = u(s,e) —u(s, Xs—), (s, Xs—,de)ds-a.e. se€]0,T]. (4.21)
O

Lemma 4.6. Let X and p be respectively a pure jump Markov process and the corresponding
integer-valued random measure as in Example 4.5. Then u satisfies Hypothesis 3.17 and X fulfills
Hypothesis 4.2 with decomposition X = X', XP = 0. In particular, X" satisfies Hypothesis 3.10
with 5 (w, s,e) = e — Xs_(w).

Proof. Since v in (4.16) is in the form (3.11) with Ay = s, Hypothesis 3.17 is verified, see Remark
3.19-(ii).

The process X* = X satisfies (4.15). Recalling the relation (4.14) between p and u*, the
continuity of the above mentioned process A also implies that X = X is quasi-left continuous,
see Corollary B.9. Finally, by definition of u we have

E

/ u(dsde) (e — X, ) — AXS\] o,
10, T xR

therefore X* satisfies Hypothesis 3.10 with ¥(w, s,¢) = ¢ — X,_(w).
O

We start now describing the second example. In the recent paper [1], one studies the existence
and uniqueness for a BSDE driven by a purely discontinuous martingale of the form

Y, =&+ f(s, Yo, Us()) dAs — Us(e) (u —v)(ds de). (4.22)
1t,T] Jt, T xR

Here p(dsde) is an integer-valued random measure with compensator v(dsde) = dAs ¢s(de),
where ¢ is a probability kernel and A is a right-continuous nondecreasing predictable process,
such that 74(R) = AA, < 1 for every s. For any positive constant 3, &7 will denote the Doléans-
Dade exponential of the process SA. We consider the weighted spaces

T
E%(A) D= {adapted cadlag processes (Ys)qeqo, 77, s.t.IE[/ EPY,_|? dAs] < oo},
0
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Qg(,u) D= {predictable processes (Us(-))sepo, 17, -t-

101132 ) ::E[/ EX|Us(e) = UsPv(dsde) + > EZ|ULP(1 - AAY)] < oo}.
B 10, T] xR 5€]0, 7]

A solution to equation (4.22) with data (3,€, f) is a pair (Y, Z) € Ez( ) [23( ) satisfying
equation (4.22). We say that equation (4.22) admits a unique solution in £2( ) Q (p) if, given
two solutions (Y,U), (Y',U’), we have Y; =Y/ dP®dA-a.e. and ||U — U’H G2 ( particular
U = U'[[G2,y = 0)-

In [1] one requires suitable assumptions on the triplet (f, &, 8). In particular f is of Lipschitz
type in the third and fourth variable and £ is a square integrable random variable with some
weight. Moreover, the following technical assumption has to be fulfilled: there exists ¢ €]0, 1]
such that

2Ly 2 [AA? <1—¢, P-as., Vtelo,T], (4.23)

where L, is the Lipschitz constant of f with respect to y. Under these hypotheses, for 3 large
enough, it can be proved that there exists a unique solution (Y,U) € E%(A) X Qg(u) to BSDE
(4.22), see Theorem 4.1 in [1].

At this point some comments may be useful. Two random fields U and U’ in 9120(:(:“) will be
said to be equal if U = U’ Mb-a. e. (i.e., dP(w) v(w, dtde)-a.e.).

Uniqueness in Theorem 4.1 in [1] means the following: if (Y,U), (Y',U’) are solutions of the
BSDE (4.22), then Y = Y’ and, by Proposition B.28, there is a predictable process (I5) such that
U()=U'() =11k, v-a.e.

Given a solution (Y,Uy) of BSDE (4.22), the class of all solutions will be given by the pairs
(Y,U), where U = [ 1 + Uy for some predictable process (ls). In particular, if K = (), then the
second component of the BSDE solution is unique in the smaller space £2(1).

Ezample 4.7. Let us now consider a particular case of BSDE (4.22), namely a BSDE driven by
the integer-valued random measure i associated to a given Markov process X, of the form

Yoo+ [ s X Ve U dA = [ Uy - )(dsde), (421)
It,T] Jt, TIxR

where p(dsde) is an integer-valued random measure with compensator v(dsde) = dAs ¢s(de),
where (¢8)86[0,T] is a random probability kernel and A is a right-continuous nondecreasing pre-
dictable process.

We assume that X is a Piecewise Deterministic Markov Process (PDMP) associated to the
random measure p, with values in the interval ]0,1[. Such a process has random jumps (7))
and a deterministic motion between jumps according to a drift A :)0, 1[— R which is Lipschitz
continuous. When the process reaches the boundary, it will instantaneously jump inside the
interval. We will follow the notations in [10], Chapter 2, Section 24 and 26. For every x €]0,1],
we will express by t.(z) the first time such that the process X starting at z reaches 0 or 1.
The behavior of X is described by a triplet of local characteristics (h, A, @), where h is the drift
introduced before, A :]0, 1[— R is a measurable function satisfying

sup |A(x)] < oo, (4.25)
z€]0,1]

and @ is a probability transition measure on [0, 1] x B(]0,1[), such that

for some £ > 0, Q(z, B:) =1 for x € {0,1}, where B, = {z €]0,1[: t.(z) > €}. (4.26)
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Set Ny =, ey 1t>7,. By Proposition 24.6 in [10], under conditions (4.25) and (4.26) we have
E[N] < oo VteR,. (4.27)
Notice that the PDMP X verifies the equation
t
X, = X +/ h(X,)ds + ) AX,. (4.28)
0 s<t

In particular X admits a finite number of jumps on each compact interval. By 26.9 in [10], the
random measure j is

pldsde) = " Lix, o, 1300, xp) (dsde) = Y Lix, 2x,30( x.)(ds de), (4.29)
neN s€[0,T)

which is of the type of (4.13). This implies the validity of (4.14), so that (4.28) can be rewritten
as

t
Xt:Xo—i—/ h(XS)ds—i—/ (e — Xs—) u(ds de).
0 10, ¢]%]0,1[

In the following, by abuse of notations, p will denote the trivial extension of previous measure to
the real line. In particular (4.28) can be reexpressed as

t
X =Xo+ / h(Xs)ds + / (e — Xs—) p(dsde). (4.30)
0 10, ] xR

The knowledge of (h, A, Q) completely specifies the dynamics of X, see section 24 in [10].
According to (26.2) in [10], the compensator of y has the form

v(dsde) = (AN Xs—)ds + dp;) Q(Xs—, de), (4.31)

where -
PF = Lt Lixr, o1} (4.32)

n=1

is the process counting the number of jumps of X from the boundary of its domain.
From (4.31) we can choose A, and ¢4(de) such that dA; = A(Xs-)ds + dpf and ¢4(de) =
Q(Xs—,de). In particular, A is predictable (not deterministic) and discontinuous, with jumps

AAs(w) = Us(w, R) = Api(w) = Lix,_(w)efo,1}}- (4.33)

Consequently, 7(w,R) > 0 if and only if 74 (w,R) = 1, so that

J={(w,t) : p(w,R) >0} = {(w, 1) : n(w,R) =1} = K, (4.34)

and
K = {(w,t) : X;—(w) € {0,1}}. (4.35)
O

Lemma 4.8. Let X be the PDMP process we have considered in Example 4.7. Then
/ le — X,_|v(dsde) € Af .
]07 ] xR
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Proof. We start by noticing that
/ le — Xs_|v(dsde) < oo as.
10, T xR
Indeed

/ le — Xs_|v(dsde) :/ le — Xs—| (M Xs—) ds + dpl) Q(Xs—, de)
10, T]xR 10, 7] x]0, 1]
< |Alloo (T + p7)-

For every t € [0, T'] the jumps of the process
Y}::/ le — Xs_|v(dsde)
10, t] xR

are given by
A}/t = / ’6 - Xt—‘ ﬁt(de) S ﬁt(R) S 1.
10,1]

Since Y; has bounded jumps, it is a locally bounded process and therefore it belongs to Af;c, see

for instance the proof of Corollary in pag 373 in [29]. O

Lemma 4.9. Let pu and X be respectively the random measure and the associated PDMP satisfying
equation (4.30) in Example 4.7. Assume in addition that there exists a function B : {0,1} —]0, 1],
such that

Xs=pB(Xs—) on{(w,s): Xs_(w) €{0,1}}, (4.36)

and

Q(z, de) = dg(y)(de) ass. (4.37)

Then p satisfies Hypothesis 3.17 and X fulfills Hypothesis 4.2 with decomposition X = X' 4+ XP,
with

X! = / (e — Xs—) (n—v)(dsde), (4.38)
10, t] xR
XP = Xy —i—/o h(Xs)ds + /]O’ﬂ </R(e - X)) Q(Xs_, de)> (M Xs—) ds + dp?). (4.39)

In particular X* satisfies Hypothesis 3.10 with 7(w, s,e) = (e — X,_(w)) Lix,_ (w)eloafy (W, s).

Proof. Let us prove that Hypothesis 3.17-(i) holds. We recall that the measure p was characterized
by (4.29). We define € := p1je, and v°:= v 1 e. v°is the compensator of u¢, see paragraph b)
n [19]. Taking into account (4.31), (4.33) and (4.34), we have

vé(dsde) = N Xs—) Q(Xs—,de) ds. (4.40)

By Remark 3.19-(ii) we see that D NJ¢ = U,[[T!]], (T?),, totally inaccessible times. On the other
hand, since by (4.34) J = K, we have D = K U (D N J¢), therefore Hypothesis 3.17-(i) holds.

Let now consider Hypothesis 3.17-(ii). Taking into account (4.35), we have to prove that for
every predictable time S such that [[S]] C {(w,t) : X;—(w) € {0,1}},

v({S}, de) = n({S},de) a.s. (4.41)

22



Let S be a predictable time satsifying [[S]] C {(w,t) : Xi—(w) € {0,1}}. By (4.29), u({S},de) =

dx4(de), while from (4.31) we get v({S}, de) = Q(Xs—, de) . Therefore identity (4.41) can be
rewritten as

Q(Xs—, de) = 0x4(de) as. (4.42)

Previous identity holds true under assumptions (4.36) and (4.37), and so Hypothesis 3.17-(ii) is
established.

In order to prove the validity of Hypothesis 4.2, we will make use of Lemma 3.22. We recall

that the process X satisfies the stochastic differential equation (4.30), which gives, taking into
account Lemma 4.8,

X, = Xo + /Ot h(X,)ds + /M </R(e — X,) Q(X,, de)) A(X,) ds

+ /}O,t] (B(Xs—) — X)) dpl + / (e — Xs—) (u—v)(dsde). (4.43)

10, e} xR

We can show that previous equation is a particular case of (3.27). Indeed, we recall that, by
(4.32) and (4.35), the support of the measure dp* is included in K. We set B; = s + p*(s)
and b(s,z) = (h(x) + [p(e — ) M) Q(x, de)) Lge(s) + (B(x) — ) Lk (s). The reader can easily
show that the sum of the first, second, and third integral in the right hand-side of (4.43) equals
fg b(s, Xs_) dBs, provided we show that fOT |b(s, Xs—)| dBs is finite a.s. In fact we have

/Ot Ib(s, X,_)| dBs
g/o \h(xs)\ds+/]o t]‘/R(e—XS_))\(XS_)Q(XS_,de) Laee(s) + (B(Xs_) — X ) 1xc(s)| dB,
= [necolas+ [ ] [ o= %) QU de) (X Liels) + 11c(5)| (s + ()
0 10,4 Jr
g/o \h(XS)\ds—i—/}O t]/R]e—XS_]V(ds, de). (4.44)

Recalling Lemma 4.8, and taking into account that h is locally bounded, we get that fo |b(s, Xs—)| dBs
belongs to .Afgc. Then, setting Ny = 0 and 7(s,z,e) = e — x, we see finally that X is a solution
to equation (3.27).

Then, by Lemma 3.22, X satisfies Hypothesis 3.2, with decomposition X = X+ X?, where X*
and XP are given respectively by (4.38) and (4.39). Moreover, the process X' fulfills Hypothesis
3.10 with J(w, s,e) = (e — Xs—(w)) (1 = 1g(w,s)) = (1 — 1g(w, ) Lix,_(w)ejo,13 (W, ), and the
process X? satisfies Hypothesis 3.14. m|

4.2 Identification of the BSDE’s solution

We consider the following assumption on a couple (X,Y") of adapted processes.

Hypothesis 4.10. X is a special weak Dirichlet process of finite quadratic variation, satisfying
conditon (2.7). Y; = v(t, X;) for some (deterministic) function v : [0,T] x R — R of class C%!
such that F'=v and X verify condition (2.9).

Let us remark the following facts.

23



Proposition 4.11. Assume that X is a process satisfying Hypothesis 3.2, with decomposition
X = X'+ XP, where X (resp. XP) fulfills Hypothesis 3.10 (resp. Hypothesis 3.14), with respect
to p, with corresponding 7. Let in addition v : [0,T] x R — R is a function of class C%'.

(a) If > scr |AX;|? < ¢ a.s., then
‘U(S,XS_ + "~)/(S, 6)) — 1)(8,)(8_)’2 ]l{\’y(s,e)\gl} * U € Aloc- (445)

(b) If X and F = v satisfy conditions (2.7) and (2.9), then

‘U(S,XS_ + "~)/(S, 6)) — U(S,XS_)’ ]l{\’y(s,e)bl} * U € 'Angc- (446)

(¢) If X and F' = v satisfy conditions (2.7) and (2.9), and moreover 3 IAX,|? < < a.s.,
then
v(s, Xow + (s, 0)) = v(s, Xy ) € Gioo().

Proof. Ttem (a) follows by Proposition 2.3 and inequality (3.10) in Proposition 3.15, with p(w, s, ) =
[u(s, Xs—(w) + @) — v(s, Xs—(w))[?> L{jz<13, allowing ¢ also depending on w.

Item (b) is a consequence of (2.7) and (2.9) together with Remark 2.5-(ii) and inequality (3.10)
in Proposition 3.15, with p(w,s,z) = |v(s, X5 (w) + z) — v(s, X5 (w))| L{jz>1}, allowing ¢ also
depending on w.

Finally, item (c) is a direct consequence of items (a), (b), and Remark 2.6, with ¢(w,s,e) =
v(s, Xs—(w) +F(w, s,€)) —v(s, Xs_(w)) and A = {(w, s,e) : |[Y(w, s,e)| > 1}. O

Proposition 4.12. Let u satisfy Hypothesis 3.17. Let X be a process verifying Hypothesis 4.2
with decomposition X = X' 4+ XP, where 7 is the predictable process which relates p and X' in
agreement with Hypothesis 3.10. Let (Y, Z,U) be a solution to the BSDE (4.1) such that the pair
(X,Y) satisfies Hypothesis 4.10 with corresponding function v. Let X¢ denote the continuous local
martingale M€ of X given in the canonical decomposition (2.12).

Then, the pair (Z,U) fulfills

Zy = 0yv(t, Xy) % dPd{M)-a.e., (4.47)
/ Hg(e) (p—v)(dsde) =0, Vte€|o,T], as., (4.48)
10, t] xR
with
Hg(e) :=Ug(e) — (v(s, Xs— +7(s,€)) —v(s, Xs_)). (4.49)
If, in addition, H € G2, (1),
/ |Hy(e) — Hy g (s)|?v(dsde) =0 as. (4.50)
10, T]xR

Remark 4.13. Since the pair (X,Y") in Proposition 4.12 satisfies Hypothesis 4.10, then X and v in
the statement satisfy (2.7) and (2.9). By Proposition 4.11-(c) it follows that v(s, Xs— +7(s,e)) —
v(s, Xs—) € GL (n). Since U € G2 (1) C G .(n), this yields H € Gl (u).
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Proof. By assumption, X is a special weak Dirichlet process satisfying condition (2.7), and F' = v
is a function of class C*! satisfying the integrability condition (2.9). So we are in the condition
to apply Theorem 2.14 to v(t, X;). We get

v(t, X¢) =v(0,Xo) + /}0 t]XR(v(s,XS_ +2) —v(s, X,_)) (u — ) (ds dx)

+ O,v(s, Xs) dXS + AY(), (4.51)
10,]
where A : C%1 — D¥? is a map such that, for every v € C%!, A? is a predictable orthogonal
process. We set
o(s,x) :=v(s, Xs— +2) —v(s, Xs5_).

Since X is of finite quadratic variation and verifies (2.7), and X and F' = v satisfy (2.9), by
Proposition 2.3 and Remark 2.5-(ii), we see that the process ¢ verifies condition (3.12) with
A = {|z| > 1}. Moreover ¢(s,0) = 0. Since p verifies Hypothesis 3.17 and X verifies Hypothesis
4.2, we can apply Proposition 3.20 to (s, x). Identity (4.51) becomes

v(t, Xy) =v(0,Xo) + /}0 t]XR(v(s,XS_ +9(s,e)) —v(s, Xs—)) (n — v)(ds de)

+ [ Buu(s, X,) dXC + A(2). (4.52)
10.1

At this point we recall that the process Y; = v(t, X;) fulfills the BSDE (4.1), which can be
rewritten as

Y}:YO—F/ stMs+/ Us(e) (n —v)(dsde)
10,1]

10, {] xR
—/ g(s, Ys—, Zs)d(s —/ f(s, e, Yo, Us(e)) Mds de). (4.53)
10,¢] 10, ] xR
By Proposition 2.12 the uniqueness of decomposition (4.52) yields identity (4.48) and
/ ZsdMs = Ozvu(s, Xs) dX5. (4.54)
10,¢] 10, ¢]
In particular, from (4.54) we get
0= </ ZsdM; — O,v(s, Xs)dXS, M)
10, ¢] 10, ¢]

d(Xc, M>S
— |z, — [ ouu(s, x) B2 s gy
/}O,t] W) 10,4 (s Xe) d(M)s (M)

_ /M (ZS — B,u(s, X) %) d(M)s,

that gives identification (4.47).
If in addition we assume that H € QIQOC(,u), the predictable bracket at time t of the purely
discontinuous martingale in identity (4.48) is well-defined, and equals

/ Hy(e) = Hy1y(s)2 vldsde) + S [HL2(1 = 5(R)) 1y e (5), (4.55)
10, ] xR s€]0, 1]

see Theorem B.22, identity (B.25), and Remark B.23. The conclusion follows from the fact that
under Hypothesis 3.17 we have J = K, see Remark 3.18. O
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We apply now previous result to the case of Example 4.3. We start with a preliminary result.

Lemma 4.14. Let p and X be respectively the Poisson random measure and the stochastic process
satisfying the SDE (4.6) in Example 4.3. Let u : [0, T] x R — R be a function of C%' class such
that © +— Oyu(s,z) has linear growth, uniformly in s. Then condition (2.9) holds for X and
F=u.

Proof. We have
/ lu(s, Xs— +x) —u(s, Xs—) — 2 0pu(s, Xs- )| Lfjz>1} 1~ (ds dx)
10,-] xR

= Z ‘U(S,XS) - u(s,XS_) - 83&“(37)(5—) AXS‘ IL{|AXS|>1}
0<s<:

1 1
< Z IAX| Tjax,>1) (/0 |amu(s,Xs+aAXs)|da—|—/o |(9xu(s,Xs)|da>

0<s<:

<20 ) X [|AX ] Tgax, sy + D IAXLP Clyax,s1y

0<s<- s<t

=20 [ ol ol 8oy 1 ) + ST IAX, P Loy (1.56)
X

s<-

Since X is of finite quadratic variation, the second term in the right-hand side of (4.56) is in A"
if and only if

D AX € A (4.57)

loc?
s€]0, -]

see Proposition 2.2. Since by (4.6) AX, = [ v(Xs—, e) u(ds de), we have

S oaxp= Y 1 [ Xt e

5€]0, -] 5€]0, ]

2

— /m X e lds de)
I X

and (4.57) reads
/m PO P s de) € A (4.58)

Condition (4.58) holds because |y(z,e)| < K (1 A le|) for every z € R, [,(1 A |ef*) A(de) < oo
(see, respectively, (4.7) and (4.5)), and taking into account the fact that the integrand in (4.58)
is locally bounded.

Finally, the first term in the right-hand side of (4.56) belongs to Afgc since X _ is locally
bounded (see e.g. the lines above Theorem 15, Chapter IV, in [29]) and X satisfies (2.7). The
conclusion follows. O

We are ready to give the identification result in the framework of Example 4.3.

Corollary 4.15. Let (Y, Z,U) € 8? x L2 x L?(u) be the unique solution to the BSDE (4.3). If the
function u defined in (4.8) is of class C%' such that x +— Oyu(t,x) has linear growth, uniformly
in t, then the process (Z,U) satisfies

Zy = 0zu(t, Xy) dPdt-a.e., (4.59)

/ Hg(e) (p—v)(dsde) =0, Vtel0, T], as. (4.60)
10, t] xR
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where

Hg(e) :=Usg(e) — (u(s, Xs— + (s, Xs—,€)) —u(s, Xs-)). (4.61)
If in addition H € G2 (1),

Us(e) = u(s, Xs— + (s, Xs—,€)) —u(s,Xs—) dP\(de)ds-a.e. (4.62)

Proof. We aim to apply Proposition 4.12. By Lemma 4.4, u satisfies Hypothesis 3.17 and X
fulfills Hypothesis 4.2 with decomposition X = X’ + XP, where X' satisfies Hypothesis 3.10 with
(s,e) = (s, Xs—,€e). Moreover, since X is a special semimartingale, it is of finite quadratic
variation and (2.7) holds because of Corollary 11.26 in [18]. By Lemma 4.14, condition (2.9)
holds for X and F' = u, which implies that Hypothesis 4.10 is verified.

We can then apply Proposition 4.12: since X¢ = M = W, (4.47) gives (4.59), while (4.48)-
(4.49) with 5(s,e) = v(s, X,_, e) yield (4.60)-(4.61). If in addition H € G(u), since H = 0 (v is
absolutely continuous with respect to the Lebesgue measure), (4.50) yields

/ |Hy(e)|* \(de) ds = 0, (4.63)
10, T] xR

and (4.62) follows. O

Remark 4.16. When the BSDE (4.3) is driven only by a standard Brownian motion, an identifi-
cation result for Z analogous to (4.59) has been established by [17], even supposing only that f
is Lipschitz with respect to Z.

Let us now consider a BSDE driven only by a purely discontinuous martingale, of the form
(4.11). We formulate the following assumption for a couple of adapted processes (X,Y).

Hypothesis 4.17. (i) Y = B+ A’, with B a bounded variation process and A’ a continuous
orthogonal process;

(ii) Yy = v(t, Xi) for some continuous deterministic function v : [0,T] x R — R, satisfying the
integrability condition

loc®

/}O o X ) o X )| ) < 4] (4.64)
P

We have the following result.

Proposition 4.18. Let i satisfy Hypothesis 3.17. Let X wverify Hypothesis 4.2 with decomposition
X = X' 4 XP, where 7 is the predictable process which relates p and X' in agreement with
Hypothesis 3.10. Let (Y,U) be a solution to the BSDE (4.11), such that (X,Y") satisfies Hypothesis
4.17 with corresponding function v.

Then, the process U satisfies

/ Hg(e) (p —v)(dsde) =0 Vt€]0, T], as., (4.65)
10, {] xR
with

Hg(e) :=Usg(e) — (v(s, Xs— +7(s,e)) —v(s, Xs_)). (4.66)
If in addition H € G2 (1),

/]0 . |Hy(e) — Hy g (s)|? v(dsde) =0 as. (4.67)
J T %
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Remark 4.19. The assumption of continuity for v(¢,z) in Hypothesis 4.17-(ii) is somehow restric-
tive since it can be relaxed with respect to x. However our purpose is to illustrate the methodology
and the assumption of continuity simplifies the proof.

Proof. By assumption, the couple (X,Y) satisfies Hypothesis 4.17 with corresponding function v.
We are then in the condition to apply Proposition 2.16 to v(t, X;). We get

v(t, X¢) =v(0, Xo) + /]0 t]XR(v(s,XS_ +z) — (s, Xs_)) (p —vX)(dsdx) + A°(t),  (4.68)

where A" is a predictable (F;)-orthogonal process. Set
o(s,z) = v(s, Xs— + ) —v(s, Xs_).

By condition (ii) in Hypothesis 4.17, the process ¢ verifies condition (3.12) with A = Qx [0, T]xR.
Moreover ¢(s,0) = 0. Since p verifies Hypothesis 3.17, and X verifies Hypothesis 4.2 we can apply
Proposition 3.20 to (s, z). Identity (4.68) becomes

v(t, X)) =v(0, Xp) + /]0 t]XR(v(s, Xso +9(s,€)) —v(s, Xs—)) (n —v)(dsde) + A¥(t).  (4.69)

At this point we recall that the process Y; = v(t, X;) fulfills the BSDE (4.11), which can be
rewritten as

Y =Y +/ Us(e) (u — v)(dsde) — / f(s, e, Yo, Us(e)) A(ds de). (4.70)
10, f]xR 10, ] xR

By Proposition 2.12 the uniqueness of decomposition (4.69) yields identity (4.48). If in addition we
assume that H € QIQOC(,u), the predictable bracket at time ¢ of the purely discontinuous martingale
in identity (4.48) is well-defined, and equals

/ [H(e) = HoLy(s)Pv(dsde) + D [Ho* (1 = 25(R)) 1y (s), (4.71)
10, ] xR s€]0, 1]

see Theorem B.22; identity (B.25), and Remark B.23. The conclusion follows from the fact that
under Hypothesis 3.17 we have J = K, see Remark 3.18. O

Previous result can be applied to the framework of Example 4.5. We start with a preliminary
observation.

Lemma 4.20. Let X, u be respectively the pure jump Markov process and the corresponding
integer-valued random measure in Example 4.5. Let u : [0, T] x R — R be a continuous function
satisfying (4.18), (4.19) and (4.20). If we set Yy = u(t, X;), then (X,Y) satisfies Hypothesis 4.17
with corresponding function u.

Proof. From (4.15) and the fact that w is continuous, it follows that

u(t, X¢) = u(0, Xo) + > (u(s, Xoo + AX,) —uls, X,_)). (4.72)

s<t

Obviously Y; = u(t, Xy) has a finite number of jumps on each compact. We have ngt lu(s, Xs—+
AX;) —u(s, Xs—)| < oo ass. for every t € Ry. Therefore, condition (i) in Hypothesis 4.17 holds
with B = u(0, Xo) + >, (u(s, Xs— + AX;) —u(s, Xs-)), A" =0.
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To verify the validity of condition (ii) of Hypothesis 4.17 with corresponding function v = u,
we have to show that (4.64) holds with v = u. Denoting [|Al|cc = supsc(o, 1], ver A (¢, 2, R)], by
(4.14) we have

E

/}0 TR lu(s, Xs— + ) —u(s, Xs_)| MX(dS d:c)]
; X

=E

/ lu(s,e) —u(s, Xs—)| u(ds de)]
10, T xR

=E

/]0 - lu(s,e) —u(s, Xs_)| A(s, Xs_, de) ds]
5 X

1/2

< T YA [fu(s,€) — uls, X122,

and the conclusion follows since u(s, e) — u(s, Xs_) € £2(u) by (4.19).

We have the following identification result in the framework of Example 4.5.

Corollary 4.21. Let (Y,U) € L% x L?(u) be the unique solution to the BSDE (4.12) and X, u
respectively the process and the function appearing in Example 4.5. Assume moreover that u is
continuous. Then the process U satisfies

Ui(e) = u(t,e) —u(t,Xe—) dPA(t, Xy—, de) dt-a.e. (4.73)

Proof. We aim to apply Proposition 4.18. By Lemma 4.6, u satisfies Hypothesis 3.17 and X fulfills
Hypothesis 4.2 with decomposition X = X!, X? = 0, where X' satisfies Hypothesis 3.10 with
Y(s,e) = e— X _. Moreover, by Lemma 4.20, (X,Y") satisfies Hypothesis 4.17 with corresponding
function v = u. We can then apply Proposition 4.18. We have

Hy(e) := Us(e) — (u(s, Xs— + (s, €)) — u(s, Xs-))
= Us(e) — (u(s,e) —u(s, Xs-)), (4.74)

which belongs to £2(1), and therefore to G2(1). Since moreover H = 0 (v is absolutely continuous
with respect to the Lebesgue measure), (4.67) yields

/]0 o |Hy(e)|*> (s, X5, de)ds = 0, a.s. (4.75)
T %

and (4.73) follows. O

Finally, we apply previous results to Example 4.7.

Lemma 4.22. Let (Y,U) € L2 x G%(i1) be a solution to the BSDE (4.24) and X, u respectively
the process and the function appearing in Example 4.7. Assume that Y; = u(t,X;) for some
continuous function u : [0, T| x R — R. Then (X,Y) satisfies Hypothesis 4.17 with corresponding
function v = u.

Proof. Since the process X has a finite number of jumps on each compact, the same holds for
Y: = u(t, X;). We set

By:= ) AY, A;:=Yi-B. (4.76)
0<s<t
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Obviously B has bounded variation, and the process A’ is continuous by definition. Since Y
satisfies by assumption BSDE (4.24), for every local continuous martingale N we have

[Yv N]t = f(S, X8—7 Yts—a Us('))d[A7N]s - [/ Us(e) (M - V)(dee)7N : (4'77)
10, ] 10, -] xR ‘

Since A is a predictable increasing process, therefore has bounded variation, [4, N] = 0 by Propo-
sition 3.13 in [2]. The second term in (4.77) is zero because f]07 xR Us(e) (u—v)(dsde) is a purely
discontinuous martingale. Therefore (4.77) vanishes. Recalling that B has bounded variation, it
also follows that [B, N] = 0, so that A’ is a continuous (F;)-orthogonal process, and condition (i)
in Hypothesis 4.17 holds.

It remains to show that u(t, X;) satisfies condition (4.64) with v = w. Since w is continuous,
we have

/]0 xR lu(s, Xo_ +2) —u(s, Xo_)| p (dsdx) = Z lu(s, Xs) —u(s, Xs_)| = Z IAY]. (4.78)

0<s<: s<-

The process Y takes values in the image of [0, T] x [0, 1] with respect to u, which is a compact
set. Therefore the jumps of Y are bounded, and (4.78) belongs to .Afgc, see for instance the proof
of Corollary in pag 373 in [29].

O

Corollary 4.23. Let (Y,U) € L% x G*(u) be a solution to the BSDE (4.24), and X the piece-
wise deterministic Markov process with local characteristics (h, A\, Q) appearing in Example 4.7.
Assume that Yy = u(t, X;) for some continuous function u. Assume in addition that there exists
a function 5 :{0,1} — R, such that

Xs=pB(Xs—) on {(w,s): Xs_(w) €{0,1}}, (4.79)

and
Q(z, de) Lizeq0,13}(8) = dp(a) (de). (4.80)
Then the process U satisfies

/ Hy(e) (p—v)(dsde) =0 V¥t €0, T),as., (4.81)
10, e} xR

where
H(e) := (Us(e) — (u(s, €) —uls, Xs)) Lix,_eo,}(s) + Us(e) Lix,_efo,131(5)-
If in addition Hy(e) € G2 (),
Us(e) = u(s,e) —u(s,Xs—) dPANXs-)Q(Xs—, de) ds-a.e. (4.82)

Remark 4.24. 1f H € G2 (1), the value of Us(+) can be chosen on K = {(w, s) : Xs_(w) € {0,1}}
as an arbitrary P-measurable process, see Proposition B.28.

Proof. We will apply Proposition 4.18. By Lemma 4.9, p satisfies Hypothesis 3.17 and X ful-
fills Hypothesis 4.2 with decomposition X = X* 4+ XP?, where X' satisfies Hypothesis 3.10 with
F(w,s,e) = (e — Xs—(w)) Lix,_(w)ejo,13 (W, s). Moreover, by Lemma 4.22, Hypothesis 4.17 holds
for (X,Y). We are then in condition to apply Proposition 4.18. Identity (4.65) yields

/ Hy(e) (p—v)(dsde) =0 Vtel0,T], as., (4.83)
10, t] xR
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where

Hy(e) = Us(e) — (u(s, Xs— +7(s,€)) — uls, Xs-))

= Us(e) = (u(s, Xs— + (e = X ) TLyx,_ejoap(s) — uls, Xs-))
= (Us(e) — (u(s,e) —u(s, Xs-)) Lyx,_coap(s) + Us(e) Lx, _eq0,131(8),
= (Us(e) — (u(s,e) —u(s, Xs_)) Lge(s) + Us(e) 1k (s), (4.84)
where in the latter equality we use the fact that K = {(w,s) : Xs_(w) € {0,1}}.

It remains to prove (4.82). We recall that v¢ := v 1 je verlﬁes vé(dsde) = N(Xs) Q(Xs, de)ds
by (4.40). We set v?:= v1; since J = K, we have

vi(dsde) = v(dsde) 1 (s) = Q(X,_, de) dp! = dp(x,_)(de) dpg. (4.85)

If H,(e) belongs to G2 (1), recalling identity (B.32) in Remark B.23, identity (4.67) and (4.84)
yield

0= / |H,(e)|? v¢(ds de) + / |H,(e) — Hy1 g (s)|? v (ds de) (4.86)
10, T]xR 10, T] xR
= / \Us(e) — (u(s, e) —u(s, Xs_))|* v(ds de) + / Us(e) — Us 1x(5)|? v¥(ds de).
10, TTxR 10, T]xR

Taking into account condition (4.85), (4.33) and (4.35), we have

Us1k(s) :/RUS(e) l/d({s}de) = /RUS(e))(Sﬁ(XS)(de) 1x(s) =Us(B(Xs—)) Li(s).

Consequently
[ e = o) vidsde) = [ 0e) = Datie(s) P S, (de) do =0,
10, 7] 10, T]xR
Therefore (4.86) gives simply
0= [ L) ~ (u(s.e)) — s, X )P ACY) QXerde) s,
10, T]xR

and (4.82) follows. O

Remark 4.25. In all the considered examples, the underlying process X was a Markov process
which is a semimartingale. However, in the literature there are plenty of examples that are not
semimartingales, even in the continuous case.

Let X be a solution of an SDE with distributional drift, see e.g. [16, 30, 15], of the type

dX, = B(X,) dt + dW, (4.87)

for a class of Schwartz distributions . In particular in the one-dimensional case [ is allowed to
be the derivative of any continuous function. In this case X is not a semimartingale but only a
Dirichlet process, so that, for v € C%!, v(t, X;) is a weak Dirichlet process. FBSDEs related to a
forward process X solving (4.87) have been studied for instance in [31], when the terminal type
is random.
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Appendix

In what follows we refer to the notations introduced at the beginning of Section 2. (F¢):e[o, 1]
will be a fixed filtration fulfilling the usual conditions, and it will be often omitted. A random
set will be a subset of Q x [0, T] U{oc}, and [[r,7']] will denote the stochastic interval {(w,t) :
t €0, T)U{oo}, 7(w) <t < 7'(w)} associated to two stopping times 7,7’. For a stopping time
7 taking values in [0, T] U {oo}, F,— will denote the o-field generated by Fy and the events
ANn{t < 7}, where t € [0, T] and A € F;, see (0.30) of [20]. In the sequel, a random set will
be called predictable (resp. optional) if its restriction to Q x [0, 7] is P-measurable (resp. O-
measurable). Analogously, a stochastic process which is P-measurable (resp. O-measurable) will
be called predictable (resp. optional).

A General theory of Stochastic Processes

Definition A.1 (Definition 1.30, Chapter I, in [21]). A random set A is called to be thin if it is
of the form A = U,|[[T}]], where (T},) is a sequence of stopping times; if moreover the sequence
(T) satisfies [[T,)] N [[Tn]] = 0 for all n # m, it is called an exhausting sequence for A.

Remark A.2. Any optional random set whose sections are at most countable is thin in the sense
of Definition A.1, see the comments below Definition 1.30, Chapter I, in [21].

Definition A.3 (Definition 1.15, [18]). Let (2, F,P) be a probability space, let G be a sub-o-field
of F. A random wvariable & is called to be o-integrable with respect to G if there exists {1, € G,
Qn, T Q a.s. such that each € 1q,, is integrable.

Definition A.4 (Definition 7.39 in [18]). An optional process X = (X;) is said to be thin if
{AX # 0} is a thin set. A typical example of thin optional process is the jump AX of an adapted
cadlag process X.

Definition A.5 (Definition 7.33, in [18]). Let M and N be two local martingales. If [M,N] =0,
we say that M and N are mutually orthogonal.

The notion of purely discontinuous martingales appears for instance Definition 7.21, in [18].
Below we recall a useful characterization of such processes given in Theorem 7.34, in [18], the
comments above and obvious localization arguments.

Theorem A.6. Let M be a local martingale with My = 0. Then M is purely discontinuous if
and only if it is orthogonal to every continuous local martingale.

Definition A.7 (Definition 1.10, Chapter I, in [21]). A random set A is called evanescent if
the set {w : 3t € [0, T] U {oo} with (w,t) € A} is P-null; two E-valued processes are called
indistinguishable if the random set {X # Y} = {(w,t) : Xt(w) # Yi(w)} is evanescent, i.e., if
almost all the paths of X and Y are the same.

Theorem A.8 (Theorem 4.18, Chapter I, in [21]). Any local martingale M admits a unique (up
to indistinguishability) decomposition

M = M°+ M*?
where Mod = 0, M€ is a continuous local martingale and M? is a purely discontinuous local
martingale.

In the sequel H?? (resp. 7-[12()’?) will stand for the set of square integrable (resp. locally square
integrable) purely discontinuous martingales.
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Corollary A.9 (Corollary 4.19, Chapter I, in [21]). Let M and N be two purely discontinuous
local martingales having the same jumps AM = AN (up to an evanescent set). Then M and N
are indistinguishable.

Proposition A.10 (Proposition 2.4-(a) and Proposition 2.6, Chapter I, in [21]). If X is a pre-
dictable process, then AX is predictable. If moreover T is a slopping time, then X; 1 oy is
Fr_-measurable.

A.1 Predictable and totally inaccessible stopping times, predictable projection

Definition A.11 (Definition 2.7, Chapter I, in [21]). A predictable time is a mapping T : Q —
[0, T]U {00}, such that the stochastic interval [[0, T[[ is predictable.

Remark A.12. If 7 is a predictable (finite) time, then [[7]] € P, see e.g. the comments after
Definition 2.7, Chapter I, in [21].

Proposition A.13 (Proposition 2.18-(b), Chapter I, in [21]). If X and Y are two predictable
processes satisfying X, = Y; a.s. on {1 < oo} for all predictable times 7, then X and Y are
indistinguishable.

Definition A.14 (Definition 2.20, Chapter I, in [21]). A stopping time T is called totally inac-
cessible if P(T = S < 00) =0 for all predictable time S.

Remark A.15. It straight follows from Definition A.14 that

]lHTi”(w, Tp(w)) ]]_{Ti<OO,Tp<OO} =0 as. (Al)

for any totally inaccessible time 7% and predictable time 7P.
Indeed, taking the expectation of the left-hand side of (A.1) we get

E [1[[Tz}}(,Tp()) 1{T’L<OO7TP<OO}:| = IF’(w cQ: Ti(w) = Tp(w) < OO) =0.

Lemma A.16 (Lemma 2.23, Chapter I, in [21]). If A is a predictable thin set, then A admits
an exhausting sequence of predictable times, namely there is a sequence (T,,) of predictable times
whose graphs are pairwise disjoint, such that A = U,[[T,]].

Proposition A.17 (Proposition 2.24, Chapter I, in [21]). If X is a cadlag predictable process,
there is a sequence of predictable times that erhausts the jumps of X. Furthermore, AX,; =0 a.s.
on {1 < oo} for all totally inaccessible time .

Definition A.18 (Definition 2.25, Chapter I, in [21]). A cadlag process X is quasi-left continuous
if AX; =0 a.s. on the set {T < oo} for every predictable time .

Proposition A.19 (Proposition 2.26, Chapter I, in [21]). Let X be a cadlag adapted process. X
18 quasi-left continuous if and only if there is a sequence of totally inaccessible times that exhausts
the jumps of X.

Theorem A.20 (Theorem 4.21, Chapter IV, [18]). For any adapted cadlag process X = (Xy)
there exists a sequence (T),)y, of strictly positive stopping times satisfying the following conditions:

(i) {AX # 0} C Un[[To]l;

(ii) each T, is predictable or totally inaccessible;

(1it) [[T,]] N [[Ton]] = 0 for every m # n.
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Theorem A.21 (Theorem 5.2, [18]). Let X be a measurable process such that for every predictable
time 7, X, is o-integrable with respect to F,_. Then there exists a unique predictable process,
called predictable projection, denoted by P X, such that for every predictable time T we have

E [XT ]]‘{T<OO}|‘FT*:| == pXT :U‘{T<OO} a.s.

Lemma A.22 (Lemma 1.37 in [20]). Let A be an increasing predictable process with Ay = 0. Then
there exists a sequence of increasing stopping times (T,,), such that, T,,(w) T +o0, and Ap a7 < n
for each n.

Lemma A.23. Let A be a predictable process such that sup,<,, |A¢| < oo a.s. Yu > 0. Then, for
every predictable time T taking values in |0, T U {+oo}, we have that A; 1.y is o-integrable
with respect to F,_.

Proof. We set A} = sup,«; As. A" is a predictable and increasing process. Moreover Ay = 0.
By Lemma A.22 there exists a sequence of stopping times (T},), such that T,, T 7 = inf{t : A} =
oo} = oo, with A7, < n for each n. Let Q,, = {T}, > 7} N {7 < oo}. Clearly Un€2, = {7 < oco}.
Moreover

n> Aflg, € L.

By Theorem 56, Chapitre IV, in [11], Q,, € F;_, so the result follows. |

Corollary A.24. Let A be a predictable process such that sup,<,, |A¢| < 0o a.s. Vu € [0, T]. Then
its predictable projection exists and PA = A.

Proof. Let 7 be a predictable time. By (1.5) in [20], A;1; o is Fr—-measurable. This, together
with Lemma A.23, gives
E[A- :ﬂ'{’T<OO}|‘7:T*:| = Arl{7c00) Qs

From Theorem A.21 we conclude that PA = A. O
Definition A.25 (Definition 2.32, Chapter I, in [21]). A random set A is called measurable if its

restriction to  x [0, T'] is measurable. The predictable support of a measurable random set A is
the predictable set A" = {P(14) > 0}, which is defined up to an evanescent set.

Proposition A.26 (Proposition 2.35, Chapter I, in [21]). Let X be a cadlag adapted process.
X is quasi-left continuous if and only if the predictable support of the random set {AX # 0} is
evanescent.

Remark A.27. For any totally inaccessible time 7% we have

P (Lgry Lricoo}) = 0.

Indeed, by Theorem A.21, for every predictable time 7, we have

P (L (1) Lizicooy) Lrooy = E [Liray (7) Lzt r<ooy|Fr—]

which vanishes since Lpi)(7) Liri <oy = 0 a.s., see Remark A.15.

As we will see in the next section, the notion of predictable projection for a measurable process
plays a fundamental role in the stochastic integration theory with respect to random measures.
We have the following important result.

Theorem A.28 (Theorem 4.56, point ¢), Chapter I, in [21]). Let H be an optional process with

Hy=0. We have PH = 0 and [ZSS_ |Hs|2]1/2 € A if and only if there exists a local martingale
M such that AM and H are indistinguishable.

34



B Random measures

In the present section some basic results on stochastic integration with respect to (nonnegative)
random measures are recalled. By default, excepted if the contrary is explicitely mentioned, all
the considered measures will be non-negative. These results are presented without proof, for a
complete discussion on this topic see, e.g., Chapter II, Section 1, in [21], or Chapter XI, Section
1, in [18].

In what follows (F, &) will be the measurable space constituted by £ = R and its Borel o-
algebra £. We remark however that the mentioned references consider the case when (E,E) is
any Blackwell space.

B.1 General random measures

Definition B.1 (Definition 1.3, Chapter II, in [21]). A random measure on [0,T] X E is a family
w= (u(w, dtde) : w € Q) of measures on ([0,T] x E, B([0,T]) @ E) satisfying the following.

1. For every A € B([0,T]) ® €, the map w — p(w, A) is a (measurable) random variable.
2. uw(w,{0} x E) =0 identically.

Let 1 be a random measure and W € O. Since (t,e) — Wi(w,e) is B([0,T]) ® E-measurable
for each w € Q, we can define the integral process W x u by

W s py(w) = / Wi(w, e) p(w, ds de).
10,t]x E

Remark B.2. We remark that for fixed w, previous integral is a Lebesgue type integral. When W
is positive (resp. negative), previous integral always exists but could be +o00 (resp. —o0).
In the sequel, given a random measure p as before, we will often omit the reference to w. In

other words, we will write p(dt de) instead of p(w, dt de).

Definition B.3 (Definition 1.6, Chapter II, in [21]).  (a) A random measure p is called optional
if the process W x u is O-measurable for every W € O. A random measure X is called pre-
dictable if the process W % X\ is P-measurable for every W € P.

(b) An optional random measure p is called integrable if 1% p € AT,

(¢) An optional random measure p is called P-o-finite if there exists a P-measurable partition
(A,) of Q such that each 14, * p € AT.

Theorem B.4 (Theorem 1.8, Chapter II, in [21]). Let pu be an optional P-o-finite random mea-
sure. There exists a random measure, called the compensator of u and denoted by v, which is
unique up to a P-null set, and which is characterized as being a predictable random measure
satisfying

E[W xvp| = E[W * ur],

for every nonnegative W € P. Moreover, there exists a predictable process A € At and a kernel
d(w,t,de) from (2 x [0,T],P) into (E, E) such that

v(w,dtde) = dAi(w) ¢(w, t,de). (B.1)

Of course, the disintegration (B.1) is not unique.
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B.2 Integer-valued random measures

Definition B.5 (Definition 1.13, Chapter II, in [21]). An integer-valued random measure is a
random measure that satisfies the following properties.

(i) p(w,{t} x E) <1 identically;
(ii) for each A € [0,T] x E, u(-, A) takes values in N.
(iii) u is optional and P-o-finite.

Proposition B.6 (Proposition 1.14, Chapter II, in [21]). Let p be an integer-valued random
measure. We set

D = {(w,9)| plw, {s} x E) = 1}. (B.2)

The random set D is thin (D is called the support of p) and there exists an E-valued optional
process 3 such that

pw, dtde) = " 1p(w, s) 8(s,p, (w)) (dt de). (B.3)

s>0

Remark B.7. Let pu be an integer-valued random measure, with associated support D and process
B in the sense of (B.3). Then, for any W € O, we have

W =Y Wi(Bs)1p(s). (B.4)

s€]0, ]

Proposition B.8 (Proposition 1.16, Chapter II, in [21]). Let X = (X;) be an adapted cadlag
FE-valued process. Then

p X (w,dtde) = 7 Tyax, (w20} O(s, ax.(w) (dE dz) (B.5)
s€]0, T

defines an integer-valued random measure on [0, T X E, and in the representation (B.3) we have
D ={AX # 0} and = AX.

Corollary B.9 (Corollary 1.19, Section II, in [21]). Let X be an adapted cadlag process and ™
be the measure associated to its jumps by (B.5), and vX its compensator. Then X is quasi-left
continuous if and only if there exists a version of v that satisfies identically v (w, {s},de) = 0.

Theorem B.10 (Theorem 11.14 in [18]). Let p be the integer-valued random measure with support
D, and let v be its compensator. Set

a=(a), a=v{{t}xE), t>0, (B.6)
J={a> 0}, (B.7)
K ={a=1}. (B.8)

Then a is a predictable thin process, 0 < a <1, J is the predictable support of D, and K is the
largest predictable set contained in D (up to an evanescent set).

Proposition B.11 (Proposition 1.17, Chapter II, in [21]). Let p be an integer-valued random
measure, v its compensator, and J = {(w,t) : v(w, {t} x E) > 0}.

a) J is a predictable thin set.
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b) For all predictable times T and nonegative W € P (or, equivalently, for every W € P such
that [, W(r,e) u({7}, de)1 ;o) exists)

/ W, (e) v({r}, de) [/ Wi (e) u({7}, de) (f _} on {7 < oo} (B.9)

¢) There is a version of v such that v(w,{t} x E) < 1 identically, and the thin set J is exhausted
by a sequence of predictable times.

Remark B.12. Because of the validity of property (B.9), the compensator v is also called the dual
predictable projection of .

Proposition B.13. Let u be an integer valued random measure with support D. Let J and K
be the associated sets defined in (B.7) and (B.8). If D = K U (Uy[[Sy]]), where (Sy)n are totally
inaccessible times, then J = K up to an evanescent set.

Proof. We start by noticing some basic facts. From the definition of predictable support of a
random set in Definition A.25, we have

1;="(1p). (B.10)
Moreover, since K is predictable, by Corollary A.24 we get
P(Ik) =1k; (B.11)

on the other hand, by Remark A.27 the predictable projection of 1|, is zero since S, is a totally
inaccessible finite time. Consequently we obtain

P(Au,(is,) = Y P(Ays,p) = 0. (B.12)

n
Finally, identities (B.10), (B.11) and (B.12) imply
1;="(1p) =1k,

therefore J = K. O

B.3 Stochastic integrals with respect to an integer-valued random measure.

From here on p will be an integer-valued random measure on [0, 7] x E, and v a ”good” version
of the compensator of y1 as constructed in Proposition B.11-(c).
We set 74(de) = v({t},de) for all t € [0, T'| and, for any W € O, we define

~

Wt == / Wt l/t(de) t > 0 (B13)

W, = /Wt p({t},de) /Wt )Y Dr(de) = Wi(B) Lp(t) — Wy, >0, (B.14)

with the convention

Wi = +oo0 if W, is not defined. (B.15)

g and D in (B.14) are respectively the optional process and the support associated to pu, see
Proposition B.6. For every ¢ € [1, oo[, we also introduce the following linear spaces

Gl(p) = {W cP: [Z |I/T/s|2]q/2 S A*}, (B.16)

s<-
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gt ={wep: [Swp]" eap). (B.17)

s<-

We have G?(u) € G¥ () for every ¢’ < q.

Remark B.14. The sets in (B.17) corresponding to ¢ = 1,2 coincide respectively with the spaces
G(u) and G%(p) introduced in [18], pages 301 and 304. In particular, under convention (B.15),
any element W € Gl () satisfies |W;| < oo for every t € [0, T1.

Remark B.15. If W € GL_(u), then exists a local martingale M such that AM and W are
indistinguishable.

This is a consequence of the fact that the predictable projection of W is zero, see observations
below Definition 1.27, Chapter II, in [21], and of Theorem A.28 with H = W.

Definition B.16 (Definition 1.27, point b), Chapter I1, in [21]). If W € GL (1), we call stochastic
integral of W with respect to p—v and Wx(u—v) denotes any purely discontinuous local martingale
M such that AM and W are indistinguishable.

Remark B.17. By Corollary A.9, if W € GL (), all the stochastic integrals W * (u — v) are equal
up to indistinguishability.

Proposition B.18 (Proposition 1.28, Chapter II, in [21]). Let W € P, such that [W | u € A
(or equivalently, by Theorem B.4, |W|xv € Al ). Then W € GL (1) and

loc
Wx(p—v)=Wsxpu—W .

For any W € P, let now define the following two increasing (possibly infinite) predictable
processes

COV) =W =W v+ Y (1 —04(B)) W%, (B.18)
CW)e = [W = W+ Y (1-0(E)) |W.

The sets GL (1) and G2 (1) can be characterized in the following way.

Theorem B.19 (Theorem 1.33, point ¢), Chapter II, in [21]). Let W € P. Then W belongs to
GL () if and only if C(W') + C(W") belongs to A", where

loc?

{ W= W =W)Lyw i<y + W<y
W= W =W) Ly i1y =W Loy

Proposition B.20 (Proposition 3.71 in [20]). Let W € P. Then W € G?*(u) if and only if
C(W)e At.

By Proposition B.20, the space G?(x) can be rewritten as
G2 () ={W eP: ||Wlga( < oo},

where

W22 = E[COW)] = E[/]O BLCCRL TR SR n(B)]. (B19)
4 X s<T
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Let us introduce the space
£2(M) = {W S 75 : HWH£2(“) < OO} (B.QO)
with

W ||z = E[/ |Ws(e)|2u(dsde)].
10,T]xR

We have the following result.
Lemma B.21. 1. If W € £L?(u), then W € G*(u) and

W]122y < [IW 122 (B.21)

2. If (W« € At then W € G2 _(n).

Proof. Let W € P. For every t > 0, since #(R) < 1, we have
ST WA - 0y(B) < S WL < 3 u(B /\W V2ou(de) < [WPsw.  (B.22)

s€]0, 1] s<t s<t
Assume now that moreover W € £2?(u). Then (B.22), together with the triangle inequality,
implies that

E[ S WP - o(E ))} 0, E[/ (W(e) — Wi|? v(ds de)| < oo,
€]0,T] 10,T)x E

i.e., W € G?(uu). Moreover, taking into account that

W xv = Wil 55(E), Vvt >0, (B.23)

s<t

the process C'(W) defined in (B.18) can be decomposed as

C(W)t = ’WP *Vp— 22 ‘WSP + Z ‘WS‘Q ﬁS(E) + Z ‘WS‘Q (1 - ﬁS(E))

s<t s<t s<t

= (WP = W (B.24)

s<t
In particular, we have
Wiy =E[ [ WP stdsde) = Y W] < Wi,
10,T]xR s€]0,T]

This establishes point 1. Point 2. follows by usual localization arguments. O

Theorem B.22 (Theorem 11.21, point 3), in [18]). Let W € P. The following properties are
equivalent.

(i) W belongs to GE,_.().
(ii) C(W) belongs to A"

loc*

(iii) W belongs to Gl (1) and W x (u — v) belongs to Hiﬁ-
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In this case, we have

(W (p—v), Wk (p—v))=C(W). (B.25)
If in addition |W|? x v, € A _, then

(W (= v), W (= v))e = [WPsv =Y Wl (B.26)

s<t

Remark B.23. Let W € P, and p an integer-valued random measure with support D. We recall
that the random sets J and K have been introduced in Theorem B.10. By definition of W, J and
K. We have

W=wiy, (B.27)
V(E)1x =1k, (B.28)
1-2(E)>0 onJ\K. (B.29)

Taking into account (B.27), (B.28) and (B.29), we see that the quantity C'(WW) in (B.18) can be
rewritten as R R
CW) =W = WL« v+ (1= 05(E)) [Wel* Ly (s). (B-30)

s<-

In the particular case of K = J, previous identity reduces to
CW) = |W =W Lg|?*v. (B.31)

Denoting v =11k and v° = v 1k, then

cC(W) = / |We(e)|? v°(ds de) —i—/ |[Ws(e) — W, 1 (s)|? Vd(ds, de). (B.32)
10, ]xR 10, ]xR

Remark B.24. Tt directly follows from (B.31) and from the definition of the G?(j1) seminorm (see
(B.19)) that if K = J, then

WGy = W = W k|72 = W = W72,
Proposition B.25. Let (I5) be a predictable process. Then C(l1k) = 0.

Proof. By definition

—

(ls1k(s)) = / ls1i(s)Us(de) =151 (s) Us(E) =1 1k(s), (B.33)
E
where the latter equality follows from (B.28). Then (B.30) in Remark B.23 gives

Cllik) =11k —11x[>*v+ > (1 — 05(E)) 1 (s) lls]* Ly s (s) = 0.

s<-

Proposition B.26. Let W € P. Then for any predictable process (Is),

C(W) = C(W +11k).
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Proof. We designate W° = W + [ 1. Taking into account (B.33), we have
W2 = (Ws +151x(s)) = Ws + 15 1k (s).
Then, recalling (B.30), we get

CWO) = WO = WO1, 25w+ (1= 0(E)) WP 1k (s)
s<-
= ‘W +l]lK - W]lj —1 1[(‘2 * UV + Z(l - ﬁS(E)) ‘WS + ls ﬂK(S)P ]lJ\K(S)

s<-

=W —W1,2xv+ Y (1—04(E) [Wi> Ly x(s) = C(W).

s<-
O
Corollary B.27. Let (Is)sco, 1] be a predictable process. If W € G*(u), then
W11k € G%(n), (B.34)
and
(W +11kl|gz() = [IWllg2()- (B.35)

Proof. (B.34) (resp. (B.35)) is a consequence of Proposition B.26 and Proposition B.20 (resp.
formula (B.19)). O

Proposition B.28. If W € G?(i) and [Wllgz(uy = 0, then
[W = Wikl g2( = 0. (B.36)
In particular, there is a predictable process (ls) such that
Ws(e) =1ls1k(s), v(dsde)-a.c.

Proof. Since ||W{|g2(,) = 0, we have C(W)7 = 0 a.s., see (B.19). Recalling (B.30), this implies

{|W—W1J|2*IJ:0,
2o (1= 25(E)) W2 1\ xe(s) = 0.

Since 1 — #(E) > 0 on J \ K (see Remark B.23), previous identities imply

‘W—WILJP*V:O,
WILJ\K:(L

which gives (B.36). .
Remark B.29. If K = (), then
HWH(ZJQ(M) = 0 if and only if HWH%Q(M) —0.

Indeed, by Proposition B.28, K = () and ||W||é2(u) = 0 imply that ||W||%2(ﬂ) = 0. The opposite
implication follows from the fact that HW\@Q(“) < ||W|Z2 () See Lemma B.21.
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We end this section with an important result of the stochastic integration theory.

Proposition B.30. Let W € Gl (), and define My = f]o xR Ws(e) (uw—v)(dsde). Let moreover

(Zt) be a predictable process such that

" Z2aM,2 € A, (B.37)
s<-

Then fo ZsdMs is a local martingale and equals

/ ZsWs(e) (u—v)(dsde). (B.38)
10,-] xR

Remark B.31. Since M is a local martingale, \/[M,M]; € Al | see e.g. Theorem 2.34 and

loc?

Proposition 2.38 in [20]. Taking into account that M is a purely jump local martingale, by
Proposition 5.3 in [2] this is equivalent to /> o [AM;|* € A . Then condition (B.37) is

verified if for instance when Z is locally bounded.

Proof. The conclusion follows by the definition of the stochastic integral (B.38), see Definition
B.16, provided we check the following three conditions.

(i) [y ZsdM, is a local martingale.

(ii) fo ZsdMy is a purely discontinuous local martingale; in agreement with Theorem A.6, we
will show [ fo ZsdMg, N] =0 for every N continuous local martingale vanishing at zero.

(il)) A ([ ZsdMy), = [z Zi Wi(e) (u({t},de) — v({t},de)), tel0,T).
We prove now the validity of (i), (ii) and (iii).
Condition (B.37) is equivalent to \/fot Z2d[M,M], € A .. According to Definition 2.46 in
[20], fot ZsdMs; is the unique local martingale satisfying

A (/ g dM8> =Z; AM;, t € [O,T]. (B.39)
0 t

This implies in particular item (i).
By Theorem 29, Chapter II, in [29], it follows that

[/O stMS,N} :/0' Zg d[M, N,

and item (ii) follows because M is orthogonal to N, see Theorem A.6.
Finally, by Definition B.16, taking into account (B.39), A ( [y Zs dMj), equals

28, = [ Z0Wi(e) (e} de) = ({1}, do)

for every t € [0, T'], and this shows item (iii). O
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