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Abstract. The two-user linear deterministic interference channel (LD-
IC) with noisy channel-output feedback is fully described by six para-
meters that correspond to the number of bit-pipes between each trans-
mitter and its corresponding intended receiver, i.e., 711 and %}22; be-
tween each transmitter and its corresponding non-intended receiver i.e.,
ni2 and na21; and between each receiver and its corresponding transmit-
ter, i.e., %11 and %22. An LD-IC without feedback corresponds to the
case in which %11 = %22 = 0 and the capacity region is denoted by
C(ﬁ}u, o2, n12,m21, 0, 0). In the case in which feedback is available at
both transmitters, Wn > 0 and %22 > 0, the capacity is denoted by
C(ﬁll,ﬁzg,mz,nm,%u,%22). This paper presents the exact condi-
tions on %711 (resp. $722) for observing an improvement in the capacity
region C(ﬁu, 722, niz, n2i, %11, 0) (resp. C(ﬁu, 722, niz, n2i, 0, Wgz))
with respect to C(ﬁu, 22,M12,N21,0,0), for any 4-tuple (Wlh ﬁzg,
n12, no1) € IN*. The exact conditions on %711 (resp.5722) to observe an
improvement on either a single rate, both single rates, or the sum-rate
capacity, for any 4-tuple (711, 722, ni2,N21) € IN* are also presented in
this paper.

Key words: Linear Deterministic Interference Channel, Noisy Channel-
Output Feedback, Capacity Region.

1 Introduction

Channel-output feedback is an interference management technique that brings an
unbounded increment on the degrees of freedom (DoF) of the two-user Gaussian
interference channel (GIC) [I]. Essentially, in the very strong interference regime,
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the DoF gain provided by feedback can be arbitrarily large when the interference
to noise ratios (INRs) grow to infinity. One of the reasons why feedback provides
such a surprising benefit relies on the fact that it creates an alternative path to
the existing point-to-point paths. For instance, in the two-user IC, feedback cre-
ates a path from transmitter 1 (resp. transmitter 2) to receiver 1 (resp. receiver
2) in which symbols that are received at receiver 2 (resp. receiver 1) are fed
back to transmitter 2 (resp. transmitter 1) which decodes the messages and re-
transmits them to receiver 1 (resp. receiver 2). A capacity region enlargement
due to the use of feedback is strongly dependent on several factors such as the
interference regimes of both transmitter-receiver pairs. In the case in which one
transmitter-receiver pair is in the very strong interference regime (the interfering
signal is stronger than the intended signal) and the other is in the very weak
interference regime (the interfering signal is weaker than the intended signal),
the use of feedback in the former link does not enlarge the capacity region.
Conversely, the feedback in the latter transmitter-receiver pair enlarges the ca-
pacity region depending on the signal to noise ratio (SNR) of the feedback link.
Another metric to determine the benefits of feedback is the generalized DoF
(GDoF), see [2] for a discussion on DoF and GDoF, as well as other metrics.
The GDoF gain due to feedback in the IC depends on the topology of the net-
work and the number of transmitter-receiver pairs in the network. For instance,
in the symmetric K-user cyclic Z-interference channel, the DoF gain does not
increase with K [3]. In particular, in the very strong interference regime, the DoF
gain is shown to be monotonically decreasing with K. Alternatively, in the fully
connected symmetric K-user IC with perfect feedback, the GDoF' are shown to
be identical to those in the two-user case and totally independent of the exact
number of transmitter-receiver pairs [4]. Nonetheless, the network topology, the
number of transmitter-receiver pairs and the interference regime are not the only
parameters determining the effect of feedback. Indeed, the presence of noise in
the feedback links turns out to be another relevant factor. In the case in which
feedback links are impaired by additive Gaussian noise, the benefits of feed-
back become less interesting as reported in [5]. In [B], the capacity region of the
GIC is approximated within a constant number of bits for the symmetric case.
However, for certain values of the feedback SNRs, no improvement is observed
in the capacity region. The exact values of the feedback SNRs beyond which
the capacity region is enlarged depend on all the other channel parameters: two
forward SNRs and two forward INRs. Hence, from the available descriptions of
the capacity regions with and without feedback, it is a complex task to identify
whether or not the existence of a feedback link with given SNR can enlarge the
capacity region.

An alternative for dealing with the challenges described above is to study
the GIC via its linear deterministic IC (LD-IC) approximation [6], for which
the capacity region is known [7]. The two-user LD-IC with output-feedback is
fully described by six parameters: (ﬁll,ﬁgg,nlg,ngl, 11, ng) € INS. There
exist a mapping between the parameters describing the two-user LD-IC and
the parameters describing the GIC. More specifically, there are two forward
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SNRs (Sﬁl > 1); two forward INRs (Ill\fﬁl > 1); and two backward SNRs
(%l > 1), withé € {1,2}. In the LD-IC, the parameters of the GIC are mapped
into the number of bit-pipes between each transmitter and its corresponding
intended receiver, i.e., Wy = |logy(SNR;)|; between each transmitter and its
corresponding non-intended receiver i.e., n;; = |logy (INR;;)|; and between each

receiver and its corresponding transmitter, i.e., 74 = |logy(SNR;)]. An LD-IC
without feedback corresponds to the case in which 13 = o2 = 0 and the
capacity region is denoted by C(Wll,ﬁgg,nlg,ngl,0,0). In the case in which
feedback is available at both transmitters, 11 > 0 and $90 > 0, the capacity
is denoted by C(H}ll, 722, ni2,MN21, %11, %22).

This paper presents the exact conditions on ATRE! (resp. %22) for obser-
ving an improvement in the capacity region C(ﬁu, T 99, 12, N21, T 11, 0) (resp.
C(Wu, 722, ni2,N21, 0, %22)) with respect to C(Wll, 722, ni12,MN21, 0, O), for any
4-tuple (ﬁ)n, 92, N2, No1) € IN%. More specifically, it is shown that there
exists a threshold for the number of bit-pipes in the feedback link of transmitter-
receiver pair 1 (resp. 2), beyond which the capacity region of the two-user LD-
IC with noisy channel-output feedback can be enlarged, i.e., C(ﬁu, a2, N2,
na1, 0, 0) C C(7 11, Moz, Nz, nat, 11,0) (vesp. C(T 11, Wz, n12,m21,0,0) C
C(Wll, 99, N2, M21, 0, ng))7 with strict inclusion. The exact conditions on n 11
(resp.%gz) to observe an improvement on either a single rate, both single rates,
or the sum-rate capacity, for any 4-tuple (ﬁ)n, 99, N2, no1) € IN* are also pre-
sented in this paper. Surprisingly, these thresholds on the feedback parameters
can be expressed in closed-form using relatively simple expressions that depend
on the exact interference regimes of both transmitter-receiver pairs. Based on
these results, several relevant engineering questions can be easily answered. Con-
sider that feedback can be implemented in only one of the transmitter-receiver
pairs. Several relevant questions arrive in this setting. For instance, in which of
the two transmitter-receiver pairs must the feedback link be implemented if the
objective is to increase: (a) the individual rate of the transmitter-receiver pair in
which feedback is implemented; (b) the individual rate of the other transmitter-
receiver pair; or (c) the sum-rate of both transmitter-receiver pairs. In each of
these scenarios, the feedback SNR, either Wll or WQQ, must be higher than a
given threshold for the capacity region enlargement to be observed. Interest-
ingly, for each of these scenarios there exists a complete different answer. As
a by-product, the exact values of Wu or %22 for which feedback is absolutely
useless in terms of enlarging the capacity region are also identified.

2 Linear Deterministic Interference Channel with
Noisy-Channel Output Feedback

Consider the two-user LD-IC, with parameters 711, %)22, nig, N21, 711 and
5799 described in Fig. The parameters i, n;; and S with i € {1,2}
and j € {1,2}\ {i}, are non-negative integers. 7 ;; represents the number of bit-
pipes between transmitter ¢ and receiver i; n;; represents the number of bit-pipes
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Fig. 1. Two-user linear deterministic interference channel with noisy channel-output
feedback.

between transmitter j and receiver i; and i represents the number of bit-pipes
between receiver i to transmitter ¢ (feedback). At transmitter ¢, with ¢ € {1, 2},

the channel-input XZ(.") at channel use n, withn € {1,..., N}, is a ¢-dimensional
T
binary vector Xgn) = (Xfﬁ), . ,Xi(’z)) , with ¢ = max (711, 7 22, 112, n21) and

N the blocklength. At receiver 4, the channel-output ?En) at channel use n is
T
also a g-dimensional binary vector ?E") = (?Eﬁ), ey ?ET;)) . The output-input
relation during channel use n is given as follows
(n) _ gq—=7ii x (1) —nij x ()
Y —ge i x (™ 4 ganu x () (1)
and the feedback signal available at transmitter ¢ at the end of channel use n is:

375”):5(%%0* ?Enfd% (2)

where d is a finite feedback delay, additions and multiplications are defined over
the binary field, S is a q x ¢ lower shift matrix, and ()™ is the positive part
operator.

Transmitter ¢ sends M; information bits b;1,...,b; a, by sending the code-
word (Xgl), cey XEN)>. The encoder of transmitter ¢ can be modeled as a set
of deterministic mappings fi(l), . .,fi(N), with fi(l) : {0, 1} — {0,1}7 and
Vne{2,..., N}, ™ {0,1}M: x {0,1}9=1) - {0,1}9, such that

XO =" (b1, biag,) and (3)
Xgn):fz(n) (bi,h R bi,Mia ?z('l)’ Tt v(nil)) (4)

%
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(1)

At the end of the block, receiver i uses the sequence Y, ,...,YEN) to gener-

ate the estimates l;i,l, ...y biar,- The average bit error probability at receiver i,
denoted by p;, is calculated as follows
1 &
P= 3 2 Lt} (5)
=1

A rate pair (R1,Rs) € ]Rf_ is said to be achievable if it satisfies the following
definition.

Definition 1 (Achievable Rate Pairs). The rate pair (Ri,R2) € R% is
achievable if there exists at least one pair of codebooks Xi and Xy with code-
words of length N, with the corresponding encoding functions fl(l), . fl(N) and
fz(l), ey Q(N) such that the average bit error probability can be made arbitrarily
small by letting the block length N grow to infinity.

Lemmadetermines the set of all the rate pairs (R;, Ry) that are achievable
in the LD-IC with noisy channel-output feedback and parameters 711, 722,
ni2, N21, %11 and %22. Denote by C(ﬁll, 722, ni2,N21, %11, %22) the capacity
region of the LD-IC with noisy channel-output feedback and parameters 711,
722, ni2, N21, %11 and %22

Lemma 1 (Theorem 1 in [7]). The capacity region C(ﬁn, a9, N1, No1,
Wll , %22) of the two-user LD-IC with noisy channel-output feedback is the set
of non-negative rate pairs (Ry, R2) that satisfy Vi € {1,2} and j € {1,2}\ {i}:

R;< min (max (775, 1;) , max (7, 145)) » (6)

R;< min (max (ﬁ)”,nﬂ) ,max (ﬁ)“, %jj — (%)jj — nﬁ)+)) , (7)

Ry + Ro< min (max (7 11,m12) + (92 — n12)+ ,max (7 22, na1) (8)
+ (%}11 - n21)+ ),

Ry + Ro< max ((ﬁ)u — n12)+ ,ngl) + max ((722 — n21)+ ,n12> 9)

+
+< (nlz — (max (%}11,”12) - %11)+) — (n12 — H>11)Jr
N +
— min (ﬁll,ngl)—l—min <(ﬁu —nlg) ,7121))
+
+< (n21 — (max (72277121) - szﬁ) — (no1 — 722)Jr
N +
— min (722, ni2) + min <(722 —na1) 77112) ) )
2R; + Rjg max (7jj,nﬁ) + max (ﬁ)”,n”) + (ﬁ“ — nji)+ (10)
. + +t
—min (755 —nji) " nyy) + ( (njs — (max (755, n5) — 573) ")
)+

+
_ (nji — Wjj — min (ﬁjj,nij) + min ((Wjj - nj¢)+ ,nij) ) .
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3 Preliminaries

3.1 Definitions

Let a; € Q be the interference regime of transmitter-receiver pair i, with i €
{1,2} and j € {1,2}\ {i}, "
i

o 7o (11)
For each transmitter-receiver pair ¢, there exist five possible interference regimes
(IRs): very weak (VWIR), i.e., o < 1, weak IR (WIR), i.e., 3 < a; < 2, moder-
ate IR (MIR), i.e., % < a; < 1, strong IR (SIR), i.e., 1 < a; < 2 and very strong
IR VWIR, i.e., a; > 2 [8]. The scenarios in which the desired signal is stronger
than or equal to the interference (a; < 1), namely very weak IR, weak IR and
moderate IR, are referred to as low-interference regimes (LIRs). Conversely, the
scenarios in which the desired signal is weaker than the interference (a; > 1),
namely strong IR and very strong IR, are referred to as high-interference regimes
(HIRs). In the two-user LD-IC, it is possible to observe up to twenty-five pos-
sible interference regimes, given «; and «as. However, only fifteen cases are of
real interest. This is because the transmitter-receiver pairs can be indifferently
labeled and thus, for instance, studying the case in which a; < % and ag > 2 is
the same as studying the case in which a; > 2 and ag < %

The main results of this paper are presented using a list of events (Boolean
variables) that are fully determined by the parameters 711, 722, Nn12, and noj.
For instance, given the parameters (711,722,7112,7121)7 the events —
describe some combinations of interference regimes that are particularly inter-
esting.

E;: a1<1 A as<l, (iand jin LIR) (12)
Es;: «; g% A 1<a;<2, (i in VWIR and j in SIR) (13)
Es;: «; g% A @;>2, (iin VWIR and j in VSIR) (14)
E,;: %<ai <§ A a;>1, (iin WIR and j in HIR) (15)
Es;: §<ai <1 A 1<a;<2, (iin MIR and j in SIR) (16)
Eg; : §<a,; <1 A @;>2, (i in MIR and j in VSIR) (17)
Eq;: %<a,— <1 A a;>1, (i in WIR or MIR and j in HIR) (18)
Eg; : a;>1 A o<1, (iin HIR and j in LIR) (19)
Ey,; : %<ai <1 A 1<@;<2, (i in WIR or MIR and j in SIR) (20)
FEqo: a1>2 A aggg, (i in VSIR and j in VWIR or WIR) (21)
Eii: o; <z A a;<]1, (iin VWIR and j in LIR) (22)

’ 2
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1 2 2

Eis :§<ai<§ N aj<§7 (i in WIR and j in VWIR or WIR) (23)
2 1

Ei3, :§<ai<1 A Oéjgﬁ, (i in MIR and j in VWIR) (24)

2 2

E14,i Z§<Oéi§§ A §<Oéj<17 (i in WIR and j in MIR) (25)
1 1 2

Eis, :§<ai<1 A §<aj<g, (¢ in WIR or MIR and j in WIR) . (26)

Some other auxiliary events are considered. The event in which the signal from
transmitter ¢ is stronger in its intended receiver than in its non-intended receiver
is denoted by

E16,iiﬁ>ii>nji~ (27)

The event in which the sum of the bit-pipes in the direct links is higher than
the sum of the bit-pipes in the cross-interference links is denoted by

Er7:T 11 + Waa>nia + nay. (28)

Finally, the event in which the bit-pipes in the direct link j are higher than the
sum of bit-pipes in both cross-interference links is denoted by

Elg,iiﬁjj>nij + Tji- (29)
Combining the events —, four main events can be determined:
S1,::(E1 ANE16,) V (B2 AE16,:) V (Esi AEi6i AE17) V (Eai AEis; A Eq7)

V (Es,i ANE16,i AE17) V (Egi AEg6; AE17), (30)
S2,i:(Esi AE1s; AE17) V (E7 AE1s; AE17) V (E1 AEgs ) (31)
S3,i:(E1 AE16,i) V (B2, AE16,i) V (Esi AE1s; ABi16) V (Eai AE16,j A Ete,i)

V (Es,i AE16,; AE16,:) V (Es AE16,;) V (E1 AE16;) V (Esy), (32)
S1i:(E11,i ANE16, AE16,) V (E12,s AE16,i AE16,5) V (E13: AE16,: A Eigj)

V (E14,s AE16,i AE17) V (E15,i AE16,i A E1g5) - (33)

For all ¢ € {1,2}, the events S ;, Sa2,; and S3; are mutually exclusive.

Lemma 2. For all ¢ € {1,2} and for all (711, ﬁgg,nlg,ngl) € IN%, only one of
the events S ;, Sa2,; and Ss; is true.

Proof: The proof follows from verifying that for ¢ € {1,2}, the events
1'1} are mutually exclusive. For instance consider that the event E; AEq¢;
in (30]) is true. Then S ; is true and Ey ;, Es;, Eq i, Es 4, E¢ i, E7; and Eg; are
false. Thus, all events in and (32)) are false. The same verification can be
made for all the remaining events i. This proves that if Sy ; is true then
Sy,; and Ss ; are simultaneously false. The same verification can be done for Sy ;
and S3 ;. Finally following the same reasoning it can be verified that if any pair
of the events {S1,S52,,55,} is false, the remaining event is necessarily true.
This completes the proof. [ ]
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3.2 Rate Improvement Metrics

The rate improvement metrics are given in terms of the following metrics [7]:
(a) individual rate improvements A; and As; and (b) sum-rate improvement X,
with A; € Ry and X € Ry for i € {1,2}.

Let C; = C(ﬁn, 72277112,”217 %11, 22) and Cy = C(Wuy 7227%2, na1, 0, 0)
be the capacity region with noisy channel-output feedback and without feedback,
respectively. In order to formally define Ay, A; and X, consider an LD-IC with
parameters 711, 722, n12, No1, %11 and %22. The maximum improvement
Ai(ﬁlla 722, ni2,N21, %11, %22) of the individual rate R7 due to the effect of
channel-output feedback with respect to the case without feedback is

Ai(T 11, T a2, M2, nan, 11, %22)2218;56 sup R; — R;r, (34)
7 (Rl, R]) S Cl
(Rj, R]) € Co

and the maximum sum rate improvement Z(Wu, T 99, M19, N21, 11, %22) with
respect to the case without feedback is

2(7 11, Waa, n12, a1, W11, Man)= sup Ry + Ry — (RI + R;) (35)
(Rl, Rz) S Cl
(RI,R}) e C,

4 Main Results

4.1 Enlargement of the Capacity Region

In this subsection, the capacity region of an LD-IC with parameters (711,
a2, 12, n21), When feedback is available only at transmitter-receiver pair
i, ie %” > 0 and lej = O is denoted by 6(711,722,7112,7?,21,%“‘) ins-
tead ofC ( ni1, 722yn12, na21, %117 ) or C ( 11, %)22, ni2,no1,0, 22) when i =
1 or i = 2, respectively. Following this notation, Theorem [I] identifies the
exact values of ﬁ” for which the strict inclusion C (711, 722,7112, n21,0,0) C

C (711, 722,7112,7’1,21, %”) holds with 7 € {1 2}

Theorem 1. Let i € {1,2}. Assume that S3; = True. Then, for all ST €
]N C(nu,ﬁgg,nu,ngl,o 0) C(Wll,ﬁzg,nlz,nzl,% ) Assume that either
1,; = True or Sy ; = True. Then, for all S0 < %”,6(711,722,11,12,7121,0 0) =
( 1, 22,7’7/12,77,21,%”) and for all % > % C(’I’Lll,ﬁgg,nlg,ngl,o 0) C
(n11,722,n12,ﬂ21, i), with

eon {max (nji, (ﬁn‘ — nij)+> if S1,; = True

S

s

zi

QW
¢

i . (36)
" %)jj + (%)” - nl-j)Jr Zf Sgyi = True.

Theorem (1| shows that under conditions S3; in , implementing feedback
in transmitter-receiver pair i does not bring any capacity region enlargement.
Alternatively, under conditions Sl ;in and Sy ; in , the capacity region

can be enlarged whenever W” >
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4.2 Increase of the Individual Rate R; by Using Feedback in Link 2

Theorem [2| (resp. Theorem [3|) identifies the exact values of 11 (resp. %22)
for which the individual rate R; (resp. R2) can be improved, for parameters
(ﬁu, 722,7112, n21) and %22 =0 (resp. %11 = 0) in the LD-IC.

Theorem 2. Assume that either Sy, = True or S3; = True. Then, for
all (Rl,RQ) S C(ﬁll,ﬁgg,nm,ﬂzl,%n,O) there always exists a (Rll,RQ) S
C(ﬁll,ﬁgg,nlg,ngl,o,()) such that R1 = Rll Assume that 3171 = True.
When %11 < %J{l, for all (Rl,Rz) S C(ﬁll,ﬁQQ,?’llQ,an,%ll,o) there al-
ways exists a (R}, Rs) € C(ﬁll,ﬁgg,nlg,ngl,o,()) such that Ry = R}. When
1 > %117 for all (R},R2) €C (711,72271112,712170,0) there always exists a
(Rl,Rg) eC (ﬁll,ﬁgg,nlg,ngl, %11,0) such that Ry > Rll, with

%4{1 = Imax (7121, (711 — n12)+) . (37)

Theorem 3. Assume that either Sy, = True or S35 = True. Then, for
all (Ry,Rs2) € C(Wll,ﬁgg,nlg,ngl,o,ﬁgg) there always exists a (Ry, R}) €
C(ﬁll,ﬁgg,n12,n21,0,0) such that R2 = RIQ Assume that SLQ = True.
When %22 < %32 for all (Rl,RQ) S C(ﬁn,ﬁgg,ﬂ12,n21,o,%22) there al-
ways exists a (R, Ry) € C (ﬁll,ﬁgg,nlg,ngl,0,0) such that Ry = RS. When
oy > %327 for all (Ry,Ry) €C (711,72277112,712170,0) there always exists a
(Rl, Rg) eC (711, ﬁgz,nlg, N1, 0, %22) such that Ry > RIQ, with

%;2 = max (nlg, (722 - n21)+) . (38)

Theoremhighlights that under conditions Sy 1 in and Sz in , the
individual rate Ry can not be improved using feedback in transmitter-receiver
pair 1, i.e., Al(ﬁ)n,ﬁgg,nlz,ngl,%u,O) = 0. Alternatively, under condition
Si,1 in (30)), the individual rate Ry can be improved whenever > %, and
thus, Al(ﬁll, 722, 12, MNo1, %11, 0) > 0. It is worth noting that under condition
Sy,1 in , the capacity region can be enlarged but the individual rate R;
can not be improved. More specifically, (Al(ﬁu, 99, M1, M21, 711, 0) =0 and
AQ(WH,WQQ,TMQ,HQM%11,0) > O). On the other hand, when the individual
rate R; can be improved under condition S in and %11 > %L, the
individual rate R» is also improved. That is, (Al( 11, 22, N1, N21, T 11, 0)>0
and AQ(WH,WQQ,nu,ngl, %11,0) > O) (see for instance Figure . The same
analysis holds for Theorem [3|inverting the roles of the transmitter-receiver pairs.

4.3 Increase of the Individual Rate R; by Using Feedback in Link %

Theorem | (resp. Theorem identifies the exact values of %729 (resp. %11)
for which the individual rate R; (resp. Rs) can be improved, for parameters
(ﬁ117 ﬁgg,nlg, n21) and %11 = (resp. %22 = 0) in the LD-IC.
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Fig. 2. Capacity regions of C(3,3,1,1,0,0) (thick red line) and C(3,3,1,1,3,0) (thin
blue line).

Theorem 4. Assume that S35 = True. Then, for all %22 € NN, C(ﬁ)n, 722,
ni2, N21, 0, 0) ZC(WH, WQQ, Nni2,N21, 0, %22). Assume that either 51,2 = True or
52,2 = True. When %22 g %32 for all (R1, RQ) S C(ﬁu, 722, ni2, N21, 07 %22)
there always exists a (R}, R2) € C (ﬁ)u, ng,nlg,ngl,0,0) such that Ry = R].
When 722 > %;2, for all (R}, Ry) € C(ﬁlhﬁ)gg,nu,ngl,0,0) there always
exists a (R17R2) eC (711, ﬁgg,nlg,’ngl, 0, %22) such that R, > Rll, with

7l = {max (mz, (a2 — n21)+) if S1,2 = True (39)

711 + (%}22 - ’I’L21)+ ’Lf SQ’Q = True.
Theorem 5. Assume that S3; = True. Then, for all i € N, C(ﬁn, 722,
ni2, N21, 0, 0) =C (711, ﬁgg, ni2,N21, %11,0). Assume that either 5171 = True
or 5271 = True. When %11 g %j{l for all (Rl, Rg) eC (711, 722, ni12,MN21, ﬁll; O)
there always exists a (Ry, R}) € C (711, 722,7112,7121,0,0) such that Ry = Rj.
When 111 > %%1, for all (Ry, R)) € C(ﬁlhﬁggmlg,ngl,0,0) there always
exists a (Rl,Rg) eC (ﬁlla 722,7112,7121, %11, 0) such that Ry > Rlz, with

%i _ {max (’17,21, (711 — n12)+) ’Lf 5171 = True (40)

H 7w T —ni2) " if So1 = True.
22+ (711 12) f S21

The relevance of Theorem [4] is that it shows that under conditions Ss
in , implementing feedback in transmitter-receiver pair 2 does not bring
any capacity region enlargement. That is, Al(ﬁll,Wzg,nlg,ngl,o,%22> =0
and A2(ﬁ>11, 722, ni2, Moy, 0, %22) = 0, and thus, the individual rate
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R; can not be improved. Alternatively, under conditions S; 2 in and
Sa2 in , the individual rate R; can be improved whenever oo > %%2,
that iS, Al(ﬁn,ﬁgz,nlg,ngl,o, %22) > 0. It is worth noting that under con-
dition S5 in , the individual rate Ry can not be improved, that is,
Ag(ﬁu, 1 92,M12,N21, 0, %22) = 0. When the individual rate R; is improved
under condition Sp 2 in (30) and %22 > Wéw the individual rate Ry is also im-
pI"OVGd. That iS, Al(ﬁu, T 22,M12,N21, 0, %22) >0 and Ag(ﬁn, 722, ni2, N21,
0, %22) > 0. The same analysis holds for Theorem [5| inverting the roles of the
transmitter-receiver pairs (see for instance Figure [3)).
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Fig. 3. Capacity regions of C(5,1,3,4,0,0) (thick red line) and C(5,1,3,4,4,0) (thin
blue line).

4.4 Increase of the Sum-Capacity

Theorem |§| identifies the exact values of Wii for which the sum-capacity can be
improved, for parameters (ﬁn, ﬁ)gg,nlg, ng1) and %jj = 0 in the LD-IC, with
ie{1,2}.

Theorem 6. Assume that Sy ; = False. Then, for all %“ eNN Csum(ﬁn, 722,
Nni2, N21, %”) = Csum (%)11, 722, Nni2,N21, 0, 0) Assume that S47i = True. When

i < W, it follows that Caum (711, Wa2, 112, 121, 7 i) = Ceum(T 11, 729,
ni2, N21, 0, 0) When %ii > %Z, it fOHOWS that Csum (711, 722, ni12,MN21, %“) >

=375 ~
Csum (7 11, W22, M12,n21,0,0), with

i = max (”jia (i — nij)+) . (41)
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Theorem [f] identifies the conditions under which implementing feedback in
transmitter-receiver pair ¢ improves the sum-capacity whenever S > %Z, that
is, E(ﬁ)n, 722, N12,M21, W”) > 0. It is worth noting that condition Sy ; implies
that both receivers are in an LIR. However, the sum-capacity cannot always be
improved in the different combinations of LIRs.

5 Conclusions

This paper presented the exact conditions on the feedback parameters ATRE!
and %227 beyond which the capacity region of the two-user LD-IC can be
enlarged for any 4—tuple (ﬁll,ﬁzg,nlg,ngl) S IN4, i.e., C<ﬁ>lla 722, nio,
no1, 0,0) C C(Wll, 722, ni2, N21, %11,0) (resp. C(ﬁu,ﬁgg,nlg,ngl,o,()) C
C("11, 722, n12,No1, 0, ng)), with strict inclusion. The exact conditions on %11
(TGSp.%Q?) to observe an improvement on either a single rate, both single rates,
or the sum-rate capacity, for any 4-tuple (ﬁll,ﬁgg,nlg,ngl) € IN* were also
presented. Interestingly, there are conditions in the two-user LD-IC in which the
use of feedback does not enlarge its capacity region.
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