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Identification of the twisting function for the dynamic
Schrodinger operator in a quantum waveguide

MOURAD BELLASSOUED, MICHEL CRISTOFOL, ERIC SOCCORSI

Abstract

1 Introduction

1.1 Statement and origin of the problem

The problem. Let w be a bounded open subset of R? with C2-boundary. Furthermore
we assume that w contains the origin of R%. Set Q := w x R. For z := (11,2, 73) €
we write z := (x,, x3) with =, := (z1,z5). Put

V, = (01,0,)", A, 1= 07 + 03, 0, := 1,05 — 120,.

We assume that 6 = 6(z35) € C*(R) and denote by 6 the derivative of 6 wrt to 3. Define
H, as the self-adjoint operator in L*(2)

Hy = —Ar — (0(x3)0, + 95)*. (1.1)

with Dirichlet boundary conditions on I' := 0f2.
Given T' > 0, qo € and h €, we then consider the Schrodinger equation

—1q'(t,x) + Hyq(t, ) =0, (t,z) € (0,T) x Q

q(t,z) = h(t, ), (t,x) € (0,T) x T (1.2)
q(0,2) = qo(7) z € Q,

/
where the ¢ stands for 3.

Twisted waveguide. Define the twisted domain

Qp = {ry(x3)(z), = € Q},

where
cosf(xz) sinf(xz) 0
ro =re(r3) := | —sinf(xz) cosf(zxz) 0 |,
0 0 1

and introduce the transform
(Ug) () == Y (ro(x)), x € Q, ¥ € L*(Qy),
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which is unitary from L?() onto L?(2). Then we have H; = Up(—A)U; where A
denotes the Laplacian operator in L?(€Qy). Moreover if ¢ is the solution to (1.2) then
u 1= Uy q obeys the system

—w!/(t,z) — Au(t,x) =0, (t,2) € (0,T) x Qy
= Ush(t,))(x), (t,z) € (0,T) x 0
), xr € Qg.

Hence (1.2) describes, modulo a unitary transform, the quantum motion of a 'charged
particle in the twisted waveguide €.

In this paper we examine the inverse problem of determining the second derivative
6 of the twisting function @ from some suitable localized, either interior or boundary,
measurement of the solution ¢ to (1.2).

1.2 Main results

Set I := (—d,d) and €(d) := w x I; for all d > 0. For £ > 0 and € > 0 we define the
set of admissible twistings as

O = {0 € C3(R), 0 € Co(Iy) and |||z, < €}

The first result establishes Lipschitz stability in the inverse problem of identifying g
from the measurement of ¢ and its time derivative ¢’ in € j, := wy % I, for some L > /.
This claim is valid for any arbitrarily small wy with positive R2-Lebesgue measure such
that

(O, O) ¢ Wo (13)

and
Owy N Ow = (). (1.4)

Theorem 1.1. Let T > 0, £ > 0, w and ) be the same as in §1.1. Let wy fulfill
(1.3)-(1.4) and pick go € H*(Q) NH(Q) in such a way that

dq > 0, |0,40(z)| > q, a.e. x € Qy :=wy x R. (1.5)

Let qo € H*(Q) NHE(), let 6 (resp. 0) belong to ©. and note q (resp. §) the solution to
(1.2) (resp. to (1.2) where 0 and Gy are substituted for 0 and qo). Then, for every L > {
there exists a constant C' > 0, depending only on L, T, (e and wy, such that

160 — 9||i?(1[) <C (qu - q,Hi?(O,T;Hl(QO(L))) + [lgo — q~o||%12(90)> :

In contrast with Theorem 1.1 only boundary, instead of volume internal measurement
of the solution are required for the following result to hold.

!Here the various physical constants are taken equal to 1.
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Theorem 1.2. Let T > 0, L > 0, w and S be the same as in §1.1. Pick G € H*(Q)
obeying (1.5) for some open subset wy C w fulfilling (Cy). Let 0 (resp. ) belong to ©,
and note q (resp. §) the solution to (1.2) (resp. to (1.2) where 6 and o are substituted
for 6 and qo). Then there is a constant C" > 0, depending only on T, L,wy and ¢, such
that

16— 021,y < € (1690 = D)o racqray + oo — doliecey ) -

1.3 Outline

The derivation of Theorems 1.1 and 1.2 is based on a global Carleman estimate for the
operator H;. A Carleman inequality for the dynamic Schrodinger operator defined in a
compact manifold M C R", n > 2, with smooth metric g, is established in Proposition
2.1 in §2. Its proof being quite lengthy it is postponed to Appendix A. The inverse
problem of determining the twisting function (actually the second derivative of the
twisting function) is addressed in §3, which contains the proofs of Theorems 1.1-1.2.

2 Carleman inequality for heterogeneous Schrodinger
operators

Let n > 2 and M be a n-dimensional domain with smooth boundary M and smooth
metric g. This section is devoted to establishing a Carleman estimate for the dynamic
Schrodinger operator

B = Z@t + Ag, (26)

acting in L?(Mr) where My := (=T,T) x M. Here A, denotes the Laplace-Beltrami
operator associated to the smooth metric g. In local coordinates, it is given by

A, = \/M Z 0; ( det g ¢** 6k) ) (2.7)

J,k=1

where g1 := (¢7%)1<; 1<n is the inverse of g := (gjx)1<jk<n-
We notice from (1.1) that Hy coincides with A, in the particular case where n = 3
and . ' '
1+ 60%2 —0?z,05 —0x,
g = —92I1$2 1+ 921’% 91‘1 . (28)
—éﬂfg é.ﬁlfl 1

2.1 Notations

For each © € M we define the inner product

g(X,Y) = (X, Y)g = > gia(®);Br, X = (a)1<jn, Y = (Bj1<jen €C", (2.9)

J,k=1



and the norm |X|, := (X, 7>91/2.

2.2 Carleman estimate

Assume that there exists ¢ € C*(M;R?%) such that
D*)(,§)(x) + [(Vgd(@), €)gl* > 0, z € M, £ € R"\ {0}, (2.10)

where V, 0 := ¢g~'Vd and D? is the Hessian of ¥ wrt the metric ¢, and suppose that ¢
has no critical points on M,
min |V, ()2 > 0. (2.11)
zEeQ)

For further reference let us notice that:
(i) First, (2.10) may be rephrased into the following equivalent statement
D?I(E,E)(z) + (V (z), &) > >0, 2 € M, £ € C™\ {0}, (2.12)
since D29(€,€) = D?9(€x, £x) + D?9(Er, &) where £ = Re (€) and & = Tm (€);
(ii) Second, (2.11) yields the existence of some constant 3 > 0 satisfying

: 2
min [Vd(z); = 5. (2.13)
Moreover we impose on ¥ the following condition

W(z) > 2 sup V(x), v € M, (2.14)
3 zeM

which can be fulfilled by substituting ¢ + C for ¢, for any sufficiently large real number

C.
Further define

o 7(@) 2l _ o79(@)

Vo) =y " S Ty

, (2,1) € Mo, (2.15)

and introduce M := e *"Be’" = M; + M>, where

My = 10, + Ay + 5°|Vn)? (2.16)
My = 150+ 2sVn -V, + s(Agn). (2.17)

Next we consider a subboundary I'y C OM satisfying
{z e, (V,d(x),v(z)), >0} C Ty, (2.18)

where v denotes the outward unit normal to OM wrt the metric g. Finally we define
Oyw:=Vw-vond:=(=T,T)xT.



Proposition 2.1. Assume (2.10)-(2.11) and (2.18). Let 1, n be given by (2.15),
and M;, j = 1,2, be defined by (2.16)-(2.17). Then there exist s > 0 and Cy =
Co(M, T, ||gllc2rmy) > 0 such that the following Carleman estimate

I(w) = SHGﬂ"Q/fl/Qvgw”i%MT)n + 53’\678n¢3/2w|’i2(MT) + Z ”Mjefsani%MT)
j=1,2

< Co (|l Buwlsuey) + slle™ 0, wlEags, )

holds true for every s > so whenever w € L*(=T,T; H}(M)) and Bw € L*(Mr).

2.3 Twisted waveguide

For L € (¢,+00) fixed, set r := ({ + L)/2 and let M be any smooth bounded open
subset of (L) containing (r):

Q) Cc Qr)c M cCQ(L).
Pick a = (ay, ag,a3) € R3\ M such that

dg =a3— L > 0, (219)
and put
I(z) = |r —al?, x € M. (2.20)
For further reference we notice from (2.15) and (2.19)-(2.20) that ny = n(0,.) fulfills
((13 — l‘g)G'm al 2d3
no(x) =2 T > T T E M. (2.21)

Moreover, in the framework of Theorem 1.2 we shall impose in addition to (2.19) that
a; = (a1, a2) € R?\@ be taken far enough from w in such a way that

d, = dist(a,,w) = inf |z, — a,| (2.22)
TrEw
is so large relative to L and d3 that
AL(L+d
wnB <aT, d, + %) C w. (2.23)

By [1][Lemma 4.1] we have 4D%0(g~'6,9'€) = {0, {0.0}}(x.£), where g(z,€) =
> k=1 gM(x)&;€; for € M and € € R™. This, combined with (2.8) and the fact that

g% = 5+ 0(x3)b*, 1 < 4,k < 3, yields
D*3(g™'€,97'€) = Hess(9)(€,) + Ol 1) [€1°),

where Hess(1)) denotes the Hessian of ¢ wrt the Euclidian metric. Therefore we have
D*9(g~"€, g7'¢) = 2¢* + O([6llcr 1, [€), € € R,

by an elementary calculation, whence D?9(¢, €) > C€|? for all £ € R™ and some constant

C > 0, upon taking Hé”cl(m sufficiently small. Namely, there exists ¢ > 0, depending
only on w, ¢ and a such that (2.10) holds true for every 6 € ©..
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3 Inverse problem

In this section we investigate the inverse problem of identifying 6 from partial knowledge
of the solution ¢ to (1.2). We shall prove that 6 can be determined uniquely and stably
from some suitable localized, either interior or boundary, measurement of ¢, as stated in
Theorem 1.1 and Theorem 1.2. In both cases the method used in the derivation of the
corresponding stability estimate preliminarily requires that the problem under study be
centered around ¢ = 0, then appropriately “linearized” and differentiated w.r.t. the time
variable t.

3.1 Time symmetrization and the linearized problem

Time symmetrization. Following the idea of [2] we extend (1.2) to negative values
of the time variable ¢ in order to center the problem around ¢t = 0. Indeed, for any real
valued initial data qg, the solution g to (1.2) extended to @ := (=T,T) x Q by setting

q(t,z) := q(—t,z) for a.e. (t,z) € R* x Q, (3.24)
is easily seen to be solution to the system
_Zq/(tv ZL‘) + Heq(t,l‘) = 07 (tv ZL‘) € Q
q(t,x) = h(t,x), (t,x) e ¥ :=(-T,T) xT (3.25)
q(0,2) = qo(x), x € Q,

provided we have preliminarily set

h(t,z) :== h(—t,x) for a.e. (t,z) € R* xT.

The “linearized” problem. Let ¢ denote the solution to (3.25) where 6 and ¢ are
replaced by 6 and ¢y, a straightforward computation shows that y := g — ¢ satisfies the
“linearized” system

—wy'(t,x) + Hyy(t,x) = R(t,x), (t,x)€Q
y(t,z) =0, (t,z) € X (3.26)
y(O,SL’) = (qo - (10)(37)7 YIS Qa
where
ai=0—0and R:= (H: — Hy)q = (a((6 + 6), +205) + ). (3.27)

Further, by differentiating (3.26) w.r.t. t, we get that z := %’ is solution to
—2'(t,x) + Hyz(t,x) = R'(t,x), (t,x)€Q
z(t,x) =0, (t,x) € X (3.28)
Z(O,l‘) = Z(R(O,l‘) - Hey(ov ZL’)), T e Qa
with .
R = (al(0+ 8)0, +205) + )0, (3.20)
according to (3.27).



3.2 Proof of Theorem 1.1

Let w; be any non empty open subset of wy and pick two cut-off functions p € C?(w; [0, 1])
and p € C*(R; [0, 1]) satisfying

)1 inw _J 1 inl,
pla,) = { 0 in w\wo and p(z3) = { 0 in R\, (3.30)

in such a way that y := pu € C*(Q; 0, 1]) fulfills

x(@) = { ) gl\wg)zo(r). (3:31)

By left multiplying (3.28) by x, we get that 3 = xz is solution of the system

—13/(t,x) + Hy3(t,x) = xR/ (t,x) + [Hy, x|z, (t,z) € Mrp
3(t,z) =0, (t,x) € OMp := (=T,T) x OM
3(0,2) = —x(R(0,2) — Hyy(0, z)), x e M.
(3.32)
From this and Proposition 2.1 then follows that

1(3) = slle™ " 2V g3l[E2pagye + 810 250 2 pany + Y M55 B0t

7=1,2
S COHG_SH(XR/(t)x) + [HG X]Z)H%P(MT)? S Z S0-

In light of (3.29) and the expression [Hy, x| = —(2V,x - V + Ayx), this yields

1(3) < G Z (Heisnxa(m)H%,Q(—T,T;L2(Qo(£))) + HeisnvmzH%12(—T,T;LQ(QO(T)\Q1(€)))> ;S 2 S0,
m=0,1
(3.33)
for some constant C; = Cy(w, L, T,¢) > 0, where a® (resp. a() stands for a (resp.
Q).
Having established the Carleman estimate (3.33), the remaining of the proof now de-
composes into four steps.

The first step involves relating & to 3(0,.) with the aid of (3.32). Namely, by mul-
tiplying the initial condition in (3.32) by e *"  squaring and integrating over M, we
deduce from (3.27) that He’”’oﬁv(jodeig(Qo(m is majorized (up to some positive mul-
tiplicative constant Cy depending only on w, L, T and ¢) for all s > 0 by the sum
le™*™3(0, )20y + e Hgy(0, )2y + 6" x|[F2(g, (- Taking into account
that |0,40|x > qx, this yields

lle™™ X126 0
< Gy (He_smé(oa ')H%Q(M) + [le™*™ Hyy(0, ')H%Q(Qo(r)) + ||e_8n°X04||i2(M)) , (3.34)

where Cy = Cy(w, L,T,e) > 0. The next step is to derive a suitable upper bound on
He_s’mgj(O, )HLQ(M) involving He_S”X(szLz(QO(Z)), from (333)
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Lemma 3.1. There exists a constant C3 = Cs(w, L, T, &) > 0 such that we have

le™*™3(0, )72

< 035_3/2 Z (He_snxa(m)Hi?(fT,T;L?(QO(Z))) + ||e_snvmzHiQ(fT,T;LQ(QO(r)\Ql(f)))> )
m=0,1

for all s > sq.

Proof. Set ¢ := e~*"3 and recall that ((—T,.) = 0 so that

7 = |le™*™3(0, .)”i2(M) = /_OT /M 0:¢(t, z)[Pdadt = 2Re (/_OT /M ¢ (t, x){(t,:c)d:cdt) .

In view of (2.16) this identity may be rewritten as

_ﬂm(/ / (Mi)C tx@m>

so we get |Z| < 2||Mie™*"3{|12(mqp [[€7°"3] L2 (A from the Cauchy-Schwarz inequality. As
inf ¢ 2ycQ ¥ (t, ) > 0 according to (2.15), there is necessarily a constant ¢ > 0, depending
only on 7', such that we have

121 < 57 (e 23 Bagaan) + 1M1 3 B agyy ) < e5721(), 5> 0.

This, combined with (3.33), proves the result. O

The third step consists of showing that [|e™*" ya/||12(p) can be made negligible w.r.t.
le™* x|l 20 upon taking s sufficiently large.

Lemma 3.2. We have

e le™"™ x |2 (@), s >0,

xallL2 o) \/—
where dz is defined in (2.19).

Proof. Bearing in mind that «(£f) = 0, an integration by parts yields

1
/ e M\ addr = / e M p’ i = ——/ Ouy(e75™)pa*d.
Q0(0) Q0(0) 2 Jao

Therefore,



Further, as
2

d T
/ e M\ 2adde < s / e\ aldr 4+ — e >my?atdr, s >0,
Q0(0) T2 Jaoe d3s Jao(e)

from Young inequality, (3.35) yields

d T?
s/ e 2sm <770 — —3) Yioltdr < — e M0 262dz, s > 0.
T2 s
Q0(0) 32 JQo(0)
This, together with (2.21), completes the proof. O

In view of (3.34) and Lemmae 3.1-3.2 we thus may find some constant Cy = Cy(w, L, T,e) >
0 such that the following estimate

le™*™ xdllF2(qq (e < Ca <||e_smHé?/(Oa ME2000ry) + Z He_snvm'zHiQ(T,T;LQ(QO(T)\Ql(Z)))> ;
m=0,1
holds true upon choosing s sufficiently large. Taking into account that ||e™" || e rip) < 1

and inf,cay ) e=*M(®) > ( for any s > 0, this entails

Ixcllzz o < Cs <HH9~y(O, NE2(0(ry) + ”zHiQ(fT,T;Hl(QO(r)\Ql(Z)))) : (3.36)

under the same conditions on s, where Cj is some positive real number depending only
onw, L, T and €.
The last step involves noticing that

Ixéllez ey = @ mes(wr)lléllezy, s >0, (3.37)

since x(z) = 1 for every z € (¢) and &(x3) = 0 whenever x3 € R\ I, by (1.5) and
(3.30)-(3.31).

Finally, bearing in mind that ||H;y(0,.)|lt200)) < Cslly(0,.)|lm2(00 (), Where the
constant Cg > 0 depends only on wy and €, we get the result by combining (3.36) and
(3.37).

3.3 Proof of Theorem 1.2

Set 3 := pz, where u denotes the cut off function defined by (3.30). Since 3 is solution to
the system (3.32) where p is substituted for x, we have the following Carleman estimate

165) < Co (e~ (uf () + [Hys 1) Rauar) + slle™ 0203 sy ) o5 > s0,



arising from Proposition 2.1. Putting Q(¢,r) := Q(r)\Q(¢) and Xo(r) := (=71, T) xTy(r)
with To(r) := Iy N (Ow X I,.), there is thus a constant C] > 0, depending only on, such
that we have

1(3)

< [Z <He*s"a(m)Hiz(_T,T;Lz(Q(@)) + He*s”VmZ|!L2<7T,T;L2<Q<z,r>>>) + 5”63"@4132(2&3)?})

m=0,1

for all s > sg.

The strategy of the proof of Theorem 1.1 applies unchanged provided (3.33) is replaced
by (3.38). Indeed, arguing as in the derivation of (3.34) from (3.32), we find out some
positive constant Cy = C4() satisfying

e 0,0 &l 2aniey < O (e ™30, Zapng + ™™ Hyp (0, ) iy + e alZaarey )

(3.39)
for all s > 0. Further, by substituting (3.38) for (3.33) in the proof of Lemma 3.1, we
find out that

C5° 250, )[F2 )
< Z <Heisnoa(m)”%ﬁ(—T,T;L?(Q(ﬁ)))+ Heisnv(m)zH%ﬂ(—T,T;L?(Q(Z,r))))
m=0,1

+SHeisnaqu12ﬁ(zo(r))a (3.40)

for s > s and some constant C§ = C() > 0. Last, by mimicking the proof of Lemma
3.2, we find out that

2

He nOOzHL2(Q(g d He nOOéHL2(Q(g) s > 0. (3.41)

Now, upon setting
obs := [le™8, 2][T2 (5 + €™ 22 ey + 167 Hyy(0, Miaioqy),  (342)
it turns out by putting (3.39), (3.40) and (3.41) together, that
le™*™ 0,0 cF2(0y < Cilobs +572(le™ ™| F2qq)), (3.43)

provided s is sufficiently large. Here C} is some positive constant depending only on .
The next step of the proof involves splitting He_smo}”iQ(Q(Z)) into the sum He_sn(’dﬂig(ﬂo(z))jL
le™smq||?, o\ (0)): Where the subset £o(¢) = wo X I, is chosen in accordance with the
following statement
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Lemma 3.3. Assume (2.22)-(2.23). Then there exist two proper open subsets of w,
wi C wy, with positive R2-Lebesgque measure, satisfying:

m; = su T) < moy= inf T).
' xegﬁam( J<mo= o™

Proof. For e = 2L(L + d3)/d., where d, is the same as in (2.22), we put
wj ={z, €w, |z, —a;| >d; +(j+1)e}, 7=0,1,
in such a way that w; C wy € w according to (2.22)-(2.23), and

inf |z, —a.|> sup |z, —a.|+e (3.44)

TrEwl Tr EUJ\WO

Further, as |z, — a,|* + d3 < 9(z) < |z, — a,|* + (2L + d3)? for all x = (x,, x3) € Q(0),
by (2.19)-(2.20), it follows from (3.44) that

I z) > 9(2) + R(zL), v € W (0), o' = (2, 25) € Q) \ Qo(0), (3.45)

where R(z)) = 2¢(|2) —a,| —d,) + €. Since |2.. —a,| > d, from (2.22), then R(x.) > €
and
I(x) >I(2) + e, v € Wl), ' €QU)\ Ql).

This entails inf e, ¢ V() > Sup,eap) oo ¥(*), hence the result by (2.15). O

Since [|e™*°0,qo |12y = q [[e”*™ 120 ()) by (1.5), we deduce from (3.43) that
(9— 0411573/2)Hefsmd”i%szo(z)) < Cj(obs + 373/2HeisnOdHiQ(Q\Qo(ﬁ)))'
Therefore we have
Hefsdei%Ql(z)) < C5(obs + 573/2”efsnod|’i2(ﬂ(z)\no(z)))a (3.46)

for some C = C%() > 0 and all s large enough. Here Q;(¢) is the same as in Lemma 3.3
so (3.46) yields

3/2,—s(mo—m1)

e M (mes(wy) — s ‘e mes(w))HdHig(m < C% obs, (3.47)

under the above prescribed conditions on s. Finally, by recalling (3.42) and noticing
that

obs < Cé(||8,,z||iz(20(r)) + (|22 (- rm ey + [1Y(0, ')H%I?(Q(r)))?

where Cf = C§() > 0, the desired result follows directly from this, (3.47) and Lemma
3.3 upon taking s sufficiently large.
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4 Appendix : proof of Proposition 2.1

4.1 Preliminaries
Put

dngX \/E Z@ \/ det Oz] Ozj 1<j<n c Cn

in such a way that (2.7) reads Ag = div,V,. For X and f in H (M) we have

divg(fX) = (Vyf, X)y + feliv X, (4.43)
For X and f in H'(M) we have the following Green formula
/ divy(X) f dv, = —/ (X, Vyf)g dv, + X -vfdwy, (4.49)
M M oM
which yields
/ (Agw)f dv, = —/ (Vow,Vyf), dv, —i—/ (Opw) fdwy, (4.50)
M M oM

whenever f € HY(M) and w € H*(M).

4.2 Completion of the proof

In light of (2.16)-(2.17) we shall first compute each term in the rhs of the following
identity

Re( MywMyw dv, dt) = Y L (4.51)
My

jk=123

separately. We start by noticing that

L1 = Re (/ w'(—wsn'w) dv, dt) = sRe (/ w'n'w dv, dt)
MT MT

= —sRe (/ w(n"w + n'w') dv, dt) = —sRe </ n'|w|? dv, dt) — Iy,
Mrp M

where we used the fact that w(£7") = 0. Hence

S

L= ——/ ' |w|*dv, dt. (4.52)
2

Next, bearing in mind that w(+7") = 0, we have

Lo = 2sRe (/ 1V n, Vo) 0" dv, dt) = —2sIm </ (Vyn, Vo) 0" dv, dt)
MT MT
= 2slm </ (Vg1 Vo) g + (Vgn, Vou'),) w dv, dt) , (4.53)
Mr

12



with, in addition,

/M<Vg777 V') gw dvg = — /M divy (Vgn)w)w'dv, = — /M((Agn)w+<vgna Vgw)g)w'dvg,

by taking into account that w’ vanishes on M. Therefore, it follows from this and
(4.53) that

I 5 = 2slm </ (Vg , Vo) g — (Agn)w’) w dv, dt) — I,
My

from where we get that

I 5 = syIm ( / (V(AGD 4+ |V I 0" — ' (Vg, Vaw)y) w dvy dt) : (4.54)
Mt
Further we have

I, 5 := sRe </ w'(Agn)w dv, dt) = —svyIm ( V(AGY + 7|V 2 )wu’ dv, dt) :
MT MT
(4.55)
and o1 := Re (fMT (Ayw)(—wsn'w) dv, dt) = sIm (fMT (Ayw)n'w dv, dt), where

/ (Ayw)n'w dv, = —/ (V. Vo) w dvy — / 0 (Vgyw, V@), dv,,
M M M

since w = 0 on M, so we find that

Iy = —syIm < YV, 0,V ,0)w dv, dt) . (4.56)
Mr
Now, putting (4.54), (4.55) and (4.56) together we obtain that
Liog+ I3+ I3 = —2syIm < YV, 0,V ,0)w dv, dt) ) (4.57)
Mr

We turn now to computing lrs := 2sRe (fMT(Agw)(Vgn, V@), dv, dt). In light of
(4.50) we see that

/M(Agw)(vgn, V), dv, = _/

M<ngv Vg(Vgn, Vgi)g)g dV9+/ (Vgn, Vy0)40,w duw,.

oM

(4.58)

Bearing in mind that w = 0 and hence V w - 7 = 0 on OM, where 7 denotes the unit
tangential vector to OM, we have (V,n,V,0), = (Vn-1v)0,w, hence

/ (Vyn, V) ,0,w dw, = / (Vn - 1/)|6Vw|2 dw, = —7/ (VY - 1/)|6Vw|2 dw,.
oM oM oM
(4.59)
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Moreover it holds true that
(Vow, Vg(Vgn, Vi) ) g = =7 (Vew, Vg ((V,0, V,0),)),
= —Y(Vow, Vy(V,0,Vw),), — ’721/"<V9197 ng>g|2- (4.60)
Further, as (V,w, V (V,9,V,0),), = V,w((V0, V,w),), we have
(Vgw, Vg(Vyd, Vyi))g = <Dvnggﬁv V) + (Vy0, Dvnggw>g
= ]D)219(ng, V,w) + ]D)QE(ng, V,9),
so (4.58)—(4.60) yields

Ly = 2sy YD*I(V,w, V) dv, dt + 2syRe <

YDPH(Vw, V) dv, dt)
M

M

12572 YV 0,V w),|* dv, dt — 2sy (VI - v)|0,w]* dw, dt.(4.61
" 9 gWig 9 " 9

The next step involves noticing that (V,n,V,(V,w,V,@),), = Vn((Vew, V,0),) is
equal to (Dy,,V,w, V), + (V,w, Dy, ,Vw),, in such a way that we have

(Vgn, Vg(Vaw, V10)4), = DQM(VW V) + ]D)QE(Vgn, Vw)
= -y (]D)Qw(vgﬁ‘, V,0) + ]D)Qw(vgﬂ, ng)) = —2v1YRe (]D2E(Vg19, ng)) ;

and consequently
2vRe ( / YD*W(V w, V,0) dvg) = / (Vyn, Vo (V,w,V,0),), dv,
M M
=~ [ AT ), dvy [ (90l da,
M oM
= _’7/ P(AY + ’Y|V919|?1><vgwa V), dvy + " Y(VI - V)|8vw|2 dwy,
M

by recalling that V,w - 7 =0 on dM. From this and (4.61) then follows that

Ly = 2s7 YD*I(V w, V,0) dv, dt — sy V(A + |V I2)(Vew, V), dv, di
MT MT

+257* VUV, Vaw),|* dv, dt — sy Y(VY - v)|d,w]? dw, dt. (4.62)
Mo oM

14



Let us now consider

I = sRe ( /MT(Agw)(Agn)w dv, dt) ~ _sRe ( /MTNgw, Y, (Ay))), dv, dt)
— e ( /MT<vgw, (A}, dv, dt) s /M (Bgn) (T, ) v,

= s “ w(AgﬁjL’V‘vgﬁ‘;xvngvg@)g dVg de

+ s7Re ( U(Vg(Agh +4|Vg0|2), V) gw dvgdt)
M

+ s7°Re ( V(AGY + 5|V I)2)(V 0, V g0 gw dvgdt) : (4.63)

M

The strategy now is to re-express each of the two last terms in the rhs of (4.63). To do
that we substitute (1/2)(V,0, V,|w|?), for Re ((V,9, V,W),w) in the last integral and
apply (4.49), getting

Re ( V(AGY + 4|V I)2)(V 0, V) gw dv, dt)
M

/ (W(A,Y + 7|vgz9|§)vgﬁ,vg|w|2>g dv, dt
M

N | —

1
=L a0 D 0
M

since w = 0 on OM. In light of (4.48) this entails

Re (’Y/ PY(AgI + 7|Vg19|3)<vg797 V) w dvg)
M
1
- 75 /M (G ((Agﬁ + 7|V919|52;)2 + (Vy(Ay0 + 7|V919|52;)> V919>g|w|2) dv,. (4.64)
Similarly, by bringing the penultimate integral in the rhs of (4.63) into the form

Re ( V(V, (A0 + 7|ng9|§), V,0) wdv, dt)
M

1
B " w<vg(Agﬁ+7|Vgﬁ|§)avg|w|2>g dv,dt,
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and then applying (4.49), we find out that
Re ( U(Vg(Agh + 4|V 0|2), V) guw dvgdt)
Mt

L
_ _§/M div, (5 (A0 + 1|V, 9[2) [wl? dv, dt

1
-3 /M U (Ag(Agd + 7|V 02) +7(Vyd, Vg(AgD +7|Vy0]7)g) [w]* dv, dt.

Along with (4.63)-(4.64), this yields

Ly = sv Y(AGY + ’Y|Vg19|3)<vng V) dvy dt
M

S
- % " (0 [Ag(Agﬁ + ’V‘VQ"‘?E;) + 2’7<Vg797 vg<Agﬁ + "Y|Vgr‘9‘52;)>g
+Y(Ag0 + 7| Vd2)?] [wl]* dv, dt. (4.65)

Further, the case of

I3, == s’Re (/ IV gnlow(—m'w) dv, dt) = Im </ IV gnl2n'lwl* dv, dt) =0,
Mr Mo
(4.66)

being easily treated, we turn our attention to the computation of
Ly, = 25°Re (/ |Vgn|§<vgnv V) ,w dv, dt) = / |Vgn|§<vgn, V,|wl?), dv, dt
M Mr

- / divy (V1Y )l dv, dt.

M

From this and the two identities div,(|Vyn|2Vyn) = [Vynl2Agn + (Vn, V4| Vgnl|2), and
(Vn, Vg Vnl2)g = =70 (29| V0|2 4 (V0, Vg |V40]2),) then follows that

Ly = s°° y VBY |V IE + (Vg0 Vo | Vod|2)g + [V 02A,0) dvy di.  (4.67)

Finally, we get

hia= s [ VAol dv, de= =552 [ GVl TR DI dv,
: : (4.68)
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by straighforward computations. Now, putting (4.51)-(4.52), (4.57), (4.62) and (4.65)—
(4.68) together, we have obtained that

Re ( MywMw dv, dt) (4.69)
Mo
= 2577 VUV 0, V), > dvy dt +2sy [ ¢D?*I(V,w, Vyw) dv, dt
Mo M
+ 25344 VYV )5 w|* dvg dt — 37/ (VY- v)|0,w|? dw, dt — R, (4.70)
M OMr

where the remaining term R collects the integrals which are negligible wrt to either
7% [apy VUV 0, Vyw),|* dvy dt or sy [ b* V0| gJw* dv, dt:

S

R = —/ n'|w|?* dv, dt + 2syIm ( YV 0, Vi) qw dv, dt)
M

2 Mo

+ I (A 20w dv, dt
2 Jo,

2
S
+ o [ (A0 20950, V() + AV 0] ol? dv,

+ 57’ y b (DAY + (V40, Vo (Ag0))] [w]* dv, dt

574 41,12
+ Y|V, Jw]® dv, dt
2 Sy

— PP [ V0, V| V0 w]? dv, de. (4.71)
Mt

Since

YV, Vaw)gw dvg dt' < / |¢/|1/2|<V9197 Vyw)y|* dv, dt+/ 9> w]? dv, dt,
My Mo

1.,
by Young inequality and

0 <t x) < Cy(t,2)’, [¥(t2)] < Cy(t,2)?, In"(t )] < CY(t,2)°, (t ) € Mr,
for some constant C' = C(T") > 0, depending only on 7', by (2.14), we deduce from
(4.71) that

IR| < C (57 V[(V0, Vyw),|? dvy dt + s°4° VP w|? dv, dt + sy* Y|w|* dv, dt) :
M M M
(4.72)

whenever s > 1 and v > 1. Here C' > 0 denotes some positive constant which depends
only on T
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The last step of the proof involves putting the following basic identity

/ |Mw|? dv, dt = / (|Myw|* + |Mow|?) dv, dt + 2Re ( MywMw dv, dt) :
Mrp M

Mr
and (4.70) together, getting

457 V|(Vy0, V,w),|* dv, dt+/ (|Myw|* + [Myw|?) dv, dt
MT MT

+ 4dsy YD*Y(V w, Vw) dv, dt + 45374/ VYV s |w]? dv, dt
MT MT

< / |Mw|? dv, dt + 2sy V(VY - v)|d,w]? dw, dt + 2|R],
MT a/\/tT

and then using (2.13) and (4.72). We obtain that

ot [ U vy e [ (Ml () av, d

+ sy YD*I(V 0,V 0) dv, dt + s*y* V3 w|? dv, dt
My Mo

< C (/ |Mwl|? dv, dt + 2sy Y(VY - v)|d,w]? dw, dt
MT BMT

+ 57/ |(V,0, ng>g|§ dv, dt + s*+* V3 w|? dv, dt + sy* Y|w|* dv, dt) ,
M M M

for every s > 1 and 7y > 1, the constant C' = C(T, ) depending only on 7" and /. This
easily entails

ot [ U0l vy i [ (Ml () av, d

+ sy YD*I(V 0,V 0) dv, dt + s*y* V3 w|? dv, dt
My Mo

< C (/ |Mwl|? dv, dt + sy V(Y- v)|0,w])? dw, dt) :
Mrp OMr

upon taking s and v sufficiently large, so the desired result follows immediately from
this, (2.12) and (2.18).
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