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Abstract

This paper is concerned with the pure-state N-representability problem for systems under
a magnetic field. Necessary and sufficient conditions are given for a spin-density 2 x 2 matrix
R to be representable by a Slater determinant. We also provide sufficient conditions on the
paramagnetic current j for the pair (R,j) to be Slater-representable in the case where the
number of electrons N is greater than 12. The case N < 12 is left open.

1 Introduction

The density-functional theory (DFT), first developed by Hohenberg and Kohn [1], then further
developed and formalized mathematically by Levy [2]|, Valone [3] and Lieb [4], states that the
ground state energy and density of a non-magnetic electronic system can be obtained by mini-
mizing some functional of the density only, over the set of all admissible densities. Characterizing
this set is called the N-representability problem. More precisely, as the so-called constrained
search method leading to DFT can be performed either with N-electron wave functions [2, 4],
or with N-body density matrices [3, 4], the N-representability problem can be recast as follows:
What is the set of electronic densities that come from an admissible N -electron wave function?
(pure-state N-representability) and What is the set of electronic densities that come from an ad-
missible N-electron density matriz? (mixed-state N-representability) This question was answered
by Gilbert [5], Harriman [6] and Lieb [4] (see also Remark 1).

For a system subjected to a magnetic field, the energy of the ground state can be obtained by
a minimization over the set of pairs (R, j), where R denotes the 2 x 2 spin-density matrix 7] (from
which we recover the standard electronic density p and the spin angular momentum density m)
and j the paramagnetic current [8]. This has lead to several density-based theories, that come from
several different approximations. In spin-density-functional theory (SDFT), one is only interested
in spin effects, hence the paramagnetic term is neglected. The SDFT energy functional of the
system therefore only depends on the spin-density R. The N-representability problem in SDFT
are therefore: What is the set of spin-densities that come from an admissible N -electron wave
function? (pure-state representability) and What is the set of spin-densities that come from an
admissible N-body density matrices? (mixed-state representability). This question was left open
in the pioneering work by von Barth and Hedin [9], and was answered recently in the mixed-case
setting [7]. In parallel, in current-density-functional theory (CDFT), one is only interested in mag-
netic orbital effects, and spin effects are neglected [10]. In this case, the CDFT energy functional
of the system only depends on p and j, and we need a characterization of the set of pure-state and
mixed-state N-representable pairs (p,j). Such a characterization was given recently by Hellgren,
Kvaal and Helgaker in the mixed-state setting [11], and by Lieb and Schrader in the pure-state
setting, when the number of electrons is greater than 4 [12]. In the latter article, the authors
rely on the so-called Lazarev-Lieb orthogonalization process [13] (see also Lemma 5) in order to



orthogonalize the Slater orbitals.

The purpose of this article is to give an answer to the N-representability problem in the
current-spin-density-functional theory (CSDFT): What is the set of pairs (R,j) that come from
an admissible N-electron wave-function? (pure-state) and What is the set of pairs (R,j) that
come from an admissible N-body density-matriz? (mixed-state). We will answer the question in
the mixed-state setting for all N e N*  and in the pure-state setting when N > 12 by combining the
results in [7] and in [12]. In the process, we will answer the N-representability problem for SDFT
for all N € N* in the pure-state setting. The proof relies on the Lazarev-Lieb orthogonalization
process. In particular, our method does not give an upper-bound for the kinetic energy of the
wave-function in terms of the previous quantities (we refer to [13, 14] for more details). We leave
open the case N < 12 for pure-state CSDFT representability.

The article is organized as follows. In Section 2, we recall briefly what are the sets of interest.
We present our main results in Section 3, the proofs of which are given in Section 4.

2 The different Slater-state, pure-state and mixed-state sets

We recall in this section the definition of Slater-states, pure-states and mixed-states. We denote
by LP(R3), H(R3), C*(R?), ... the spaces of real-valued LP, H', C*, ... functions on R?, and
by LP(R3 C%), H'(R? C%), C>(R3,CY), ... the spaces of C?-valued LP, H', C* functions on
R3. We will also make the identification LP(R3, C?) = (LP(R?,C))? (and so on). The one-electron
state space is

LR = {0 = (61,097, 1z = [ 61F 416 <o)

endowed with the natural scalar product (®1]®2) := [ps (qb_gqbg + qb_iqﬁé) The Hilbert space for N-

electrons is the fermionic space AN, L?(R?,C?) which is the set of wave-functions ¥ € L?((R3,C?)V)
satisfying the Pauli-principle: for all permutations p of {1,..., N},

\Il(rp(l)vsp(l)a o 7rp(N)aSp(N)) = E(p)\ll(rlasla o 7rN75N)7

where £(p) denotes the parity of the permutation p, rj € R3 the position of the k-th electron, and
sk € {1,}} its spin. The set of admissible wave-functions, also called the set of pure-states, is the
set of normalized wave-function with finite kinetic energy

N
W™ = {‘P € [\ILQ(RB,CQ), [VEIZ2 < 00, [¥[Zagan) = 1}

where V is the gradient with respect to the 3N position variables. A special case of wave-functions
is given by Slater determinants: let ®;,®,...,®x be a set of orthonormal functions in L?(R3,C?),
the Slater determinant generated by (®1,...,®y) is (we denote by xj := (ry, s ) the k-th spatial-
spin component)

1
5 [(I)l, e ,(I)N] (Xl, . ,XN) = —| det ((I)i(xj))lsi,jSN .

VN1

The subset of WR™ consisting of all finite energy Slater determinants is noted W5*". It holds
that WPlater = WP and, Wilater ¢ WRE for N > 2.

For a wave-function ¥ € WX, we define the corresponding N-body density matrix I'y =
|W)(¥|, which corresponds to the projection on {C¥} in AN, L?(R3,C?). The set of pure-state
(resp. Slater-state) N-body density matrices is

GRe = {1'\1,, U W;’,ure} resp. GJS\}ater = {1'\1,, U e W]S\,later}.



It holds that GF**" = G} and that G ¢ G for N > 2. The set of mixed-state N-body
density matrices GE‘XE’d is defined as the convex hull of GR™:

G%iXEd = {Z nk|\I/k)\I/k|,0 <ng <1, Z ng =1,V € WJI\);HE}.
k=1 k=1
It is also the convex hull of G3***. The kernel of an operator I' € Gi**d will be denoted by
L(r1,81,.-,IN, SN T, ST,y Ty, S )-

The quantities of interest in density-functional theory are the spin-density 2 x 2 matrix, and
the paramagnetic-current. For I' ¢ G%‘“d, the associated spin-density 2 x 2 matrix is the 2 x 2
hermitian function-valued matrix

1" i

_[Pr Pr
Rr(r) = r),
) (P%T plﬁ)( :

where, for a, 8 € {1,1}?,
pl‘fﬁ(r) =N > f I(r,a,%,8;r,3,%,8) dz.
seft vy SR

In the case where I' comes from a Slater determinant #[®4,..., Py ], we get

N (1112 ot o

opl” o0
Rr(r)= Y ('—k 0. 1)
=i \oey,  lonf

The total electronic density is pr = pp + p%l, and the spin angular momentum density is mp =

trez[oRr], where
. 0 1\ (0 -i) (1 0
0= (UzagyaUZ): 1 0)’\i o)J’\o -1

contains the Pauli-matrices. Note that the pair (pr,mr) contains the same information as Rr,
hence the N-representability problem for the matrix R is the same as the one for the pair (p, m).
However, as noticed in [7], it is more natural mathematicaly speaking to work with Rp. The
Slater-state, pure-state and mixed-state sets of spin-density 2 x 2 matrices are respectively defined
by

jglater — {RF7 Te Gv?\}auter}7

j]{)]ure = {RF7 Te GE)\;JI‘E}7

j]l\];llxed — {RF7 Te G%med} ]
Since the map I' = Rr is linear, it holds that J'* c 7, e, mixed | that Jixed ig convex, and
is the convex hull of both Jy*°" and JH"™.

For a N-body density matrix I € G%ixed, we define the associated paramagnetic current jr =
13 with
JrHir wit

i@~ Tm [N f VoT(r, 0,7, 81, 0,7, 8
r (§E{T,ZL%N1 R3(N- =

In the case where I' comes from a Slater determinant S[®1,..., Py ], we get

N - J—
jr = > Tm (@L vl + oL vl ). (2)
k=1

Note that while only the total paramagnetic current j appears in the theory of C(S)DFT, the pair
(§',3") is sometimes used to design accurate current-density functionals (see [8] for instance). In
this article however, we will only focus on the representability of j.



3 Main results

3.1 Representability in SDFT

Our first result concerns the characterization of Jy Slater - 7 N ¢ and J, mixed  For this purpose, we
introduce

Cx ={R e My (L'(R,C)), R*=R, R0,
(3)
[ e [R1= N, VEe Mo (H!(R?,C))},

and C%; := {R € Cy, det R=0}. The following characterization of Cy was proved in [7].

"
Lemma 1. A function-valued matriz R = (pE ;) 1s in Cn iff its coefficients satisfy

p'h >0, plpt =0 >0, pr+fpl=
Vol e HY(R?), o,\/det(R) e WH32(R?),
|v0_|2 71 1(R3)

|v/det(R | Le L1(R3).

The complete answer for N-representability in SDFT is given by the following theorem, whose
proof is given in Section 4.1.

Theorem 1.
Case N =1: It holds that

jlslater _ jlpure _ C? and jmlxed
Case N >2: For all N > 2, it holds that
jSlater _ jpure jmlxed CN-

Note that the equality Jpi*ed = cxixed for all N € N* was already proven in [7].

Remark 1. Gilbert [5], Harriman [6] and Lieb [] proved that the N -representability set for
the total electronic density p is the same for Slater-states, pure-states and mixed-states, and is
characterized by

In = {peLl(R3), p>0, fRSp:N, \/ﬁeHl(RB)}. (5)

Comparing (5) and (3), we see that our theorem is a natural extension of the previous result.

3.2 Representability in CSDFT

We first recall some classical necessary conditions for a pair (R, j) to be N-representable (we refer

to [11, 12| for the proof). In the sequel, we will denote by p' := p'', p* := p" and o := p' the
1

elements of a matrix R, so that R = (pE pal)v and by p = p! + p* the associated total electronic

density.

Lemma 2. If a pair (R,j) is representable by a mized-state N-body density matriz, then

Re CN
{ i /p e L' (R?). (©)



From the second condition of (6), it must hold that the support of j is contained in the support
of p. The vector v := p~'j is called the velocity field, and w := curl(v) is called the vorticity.

Let us first consider the pure-state setting. Recall that in the spin-less setting, in the case
N =1, a pair (p,j) representable by a single orbital generally satisfies (provided that the phases
of the orbital are globally well-defined) the curl-free condition curl(p™'j) = 0 (see [12, 11]). This
is no longer the case when spin is considered, as is shown is the following Lemma, whose proof is
postponed until Section 4.2.

Lemma 3 (CSDFT, case N = 1). Let ® = (¢!, ¢*)T e WP be such that both ¢' and ¢* have well-
defined global phases in C*(R). Then, the associated pair (R,j) satisfies R e CY, |j|*/p € L'(R?),

and the two curl-free conditions
cu’rl(i _Im(@Vo) (ElVo)) =0, curl(i + Im @va) (ETVU)) =0. (7)
P pp P pp
Remark 2. If we write o =|ole'™, then, |o]* = p'p*, and
Im (GVo) = |o]*vT = p'p*vr. (8)
In particular, it holds that

curl( Im (cVo) . Im (6Vo)
pp pp!

) =curl (VT) =0,

so that one of the equalities in (7) implies the other one.
Remark 3. We recover the traditional result in the spin-less case, where o = 0.

In the case N > 1, things are very different. In [12], the authors gave a rigorous proof for the
representability of the pair (p,j) by a Slater determinant (of orbitals having well-defined global
phases) whenever N > 4 under a mild condition (see equation (9) below). By adapting their proof
to our case, we are able to ensure representability of a pair (R,j) by a Slater determinant for
N > 12 under the same mild condition (see Section 4.3 for the proof).

Theorem 2 (CSDFT, case N >12).
A sufficient set of conditions for a pair (R,j) to be representable by a Slater determinant is

e ReCy with N >12 and j satisfies |j|*/p € L*(R?)
e there exists 6 >0 such that,

sup f ()P lw(r)| < oo, sup f(r) 2 Vw(r)| < co, (9)

reR3 reR3

where w = curl (p~2j) is the vorticity, and
F(®) = 1+ (r)) (A + (r2)*) (1 + (r3)*).

Remark 4. The conditions (9) are the ones found in [12]. The authors conjectured that this
condition "can be considerably loosened”.

Remark 5. We were only able to prove this theorem for N >12. In [12], the authors proved that
conditions (9) were not sufficient for N = 2. We do not know whether conditions (9) are sufficient
in the case 3 < N <11.

Let us finally turn to the mixed-state case. We notice that if (R,j) is representable by a Slater
determinant .#[®1,..., Py ], then, for all k € N*, the pair (k/N)(R,j) is mixed-state representable,
where N is the number of orbitals (simply take the uniform convex combination of the pairs
represented by Z[®1], /[P2], etc.). In particular, from Theorem 2, we deduce the following
corollary.



Corollary 1 (CSDFT, case mixed-state).
A sufficient set of conditions for a pair (R,j) to be mized-state representable is R € CS, for some
N e N*, j satisfies |j|*/p € L*(R®), and (9) holds for some & > 0.

In [11], the authors provide different sufficient conditions than (9) for a pair (p,j) to be mixed-
state representable, where p is the electronic density. They proved that if

(1+]-P)p|v(p )| e L' (R?),

then the pair (p,j) is mixed-state representable. Their proof can be straightforwardly adapted for
the representability of the pair (R,j), so that similar results hold. The details are omitted here
for the sake of brevity.

4 Proofs
4.1 Proof of Theorem 1

The mixed-state case was already proved in [7]. We focus on the pure-state representability.
Case N =1
The fact that JS12ter = JP™MC simply comes from the fact that GJlater = GY™¢. To prove JSlater ¢
CY, we let R e J2'™ be represented by ® = (¢!, ¢*)T e H'(R3,C?), so that
_ (|¢T|_2 ¢TE) _
prot ot

Since R e Jilater ¢ gmixed — ¢ and det R = 0, we deduce R € CY.

i)
We now prove that C{ c J5'%%". Let R = (p_ UL) €CY. From det R =0 and Lemma 1, we get

T p

p >0, p'pt=lof, f,pT+ p=1,

R3 R3
Vpllte HY(R?), o e WH2(R?), (10)
[Vo?/pe L' (R?).

There are two natural choices that we would like to make for a representing orbital, namely

T

q>1:(\//7, %)T and %:(ﬁa \/ﬁ) . (11)

Unfortunately, it is not guaranteed that these orbitals are indeed in H'(R?,C?). It is the case
only if |Vo|?/p* is in L}(R3) for @1, and if [Vo|*/p! is in L'(R?) for ®3. Due to (10), we know
that |Vo|?/p € L*(R3). The idea is therefore to interpolate between these two orbitals, taking ®;
in regions where p' >> p', and ®, in regions where p* >> p'. This is done via the following process.

Let x € C*(R) be a non-decreasing function such that 0 < x < 1, x(z) = 0 if x < 1/2 and
x(z) =1if z > 1. We write o = a + 18 where « is the real-part of o, and 3 is its imaginary part.
We introduce

2+ x2(p' [ ph) B2
Moo= v (lie) ;o =/l —x2(pf/pl)i,
Vot Vet
A - Oé)\l + ﬂ,ul - ﬂ)\l = Qi
2 = pT s M2 = pT )

and we set
¢' =N\ +igy and @' = Ay +ipa.



Let us prove that ® represents R and that ® = (¢!, ¢) € Wlslater. First, an easy calculation shows
that

2 202 2\ Q2 2
@+ (1) o
61 = X3+ = -y

pl pl ’
64?2 = (@ + %) (M +13) _ ﬁ - o,
(p')? p!
_ )\2 2
Re (¢T¢l) = Mo — i piz = (AT +p1) -,
of

BT +pf)
Vot

so that ® e L2(R?,C?) with |®| = 1, and ® represents R. To prove that ® e WAt we need to
check that A1, Ao, u1 and pso are in H 1(IR?’). For A1, we choose another non-increasing function
£e C(R) such that 0< £ <1, &{(z) =0 for x < 1, and £{(z) =1 for x > 2. Note that (1 - x)¢=0.
It holds that

Im ((bTE) = Ao + Aap = =B,

VA= (1-€(p'/p")) VA + (' [p") VA1 (12)
The second term in the right-hand side of (12) is non-null only if p' > p*, so that x(p'/p*) =1 on
this part. In particular, from the equality p'p* = |o|*, we get

(0 o)\ = w?m% (MW,
E(p'1p) Vi = (0 ) v/t

which is in L?(R3) according to (10). On the other hand, the first term in the right-hand side
of (12) is non-null only if p' < 2p*, so that (1/3)p < p* on this part. In particular, from the

following point-wise estimate
VVF + gl < IVV T+ 193l

which is valid almost everywhere whenever f,g > 0, the inequality (a + b)? < 2(a? + b?), and the
fact that a? + x?8% < |o|?, we get on this part (we write y for x(p T/pl))

\/7V\/CY2+X252 \/CY2+X2ﬁ2

and similarly,

IV ]? =
Pt
Va2 + 2827 (a® +X*B%)
<2 ; + e NAVIL
P (r*)
Lot o b2
R e S e
+ a +
pr pr
L2CIVBE 200
Pt l)QIV P

We finally use the inequality (p*)™' < (3/p), and the inequality |o|*/(p*)? = p!/p* <2 and get

2 112 112
o s o7 s oy (74T 2E)
p p p

V).
The right-hand side is in L!(R?) according to (10). Hence, (1-&2(p'/p*))|VA1| € L?(R?), and

finally \; € H'(R?).
The other cases are treated similarly, observing that,




e whenever p' > p', then x = 1, and ® = ®; where ®; was defined in (11). We then control
(p")~! with the inequality (p!)™t <2p7t ;

e whenever p' < p'/2, then x =0, ® = ®5. We control (p*)~! with the inequality (p*)~* < 2p7!

)

e whenever p'/2 < p' < p*, then both (p')™! and p' are controlled via (p')™* < 3p~! and
(P <20,
Case N > 2.

Since Jyater TN e Jimixed _ 0 it is enough to prove that Cy ¢ Jaate". We start with a key
lemma.

Lemma 4. For all M,N € N2, it holds that Jyater = gilater 4 gdlater,

Proof of Lemma 4. The case Jyter ¢ JRItr + JIT is trivial: if R € Jy2ter is represented by
the Slater determinant .#[®1,... ®Pyiar], then, by denoting by R; (resp. Rs) the spin-density
matrix associated to the Slater determinant .#[®q,...,®y] (resp. L [Pn41,...,PN+1]), it holds
R = Ry + Ry (see Equation (1) for instance), with R € jﬁ,later and R € jﬁ}"“er.

The converse is more involving, and requires an orthogonalization step. Let R; € jﬁlater
be represented by the Slater determinant .#[®;,...,®x], and Ry € Jo**" be represented by
the Slater determinant . [51,...,51\4]. We cannot directly consider the Slater determinant
L[ P,... Dy, By, ... ,@M], for (®1,...,®y) is not orthogonal to (P1,...,Pyy).

We recall the following lemma, which is a smooth version of the Hobby-Rice theorem [15] (see
also [16]), and that was proved by Lazarev and Lieb in [13] (see also [12]).
Lemma 5. For all N € N*, and for all (fi1,...,fn) € L*(R3,C), there exists a function u €
C>(R?), with bounded derivatives, such that

Vi<k<N, f Frel® = 0.
R3
Moreover, u can be chosen to vary in the r1 direction only.

We now modify the phases of 5;, e ®,; as follows. First, we choose @7 as in Lemma 5 such
that,

X VAR >
VI<k<N, fRB(aﬁkaﬁﬁ%%)e =0,

and we set @y, = @6, Note that, by construction, ®y,; is normalized, in H'(R3,C?), and
orthogonal to (®1,..., Py ). We then construct @3 as in Lemma 5 such that

Tt L b L
V1<k<N+1, fRB(¢k¢Q+¢k¢2)e2_0,

and we set Py o = @ei%. We continue this process for 3 < k < M and construct @y, = ﬁeiﬁ;.
We thus obtain an orthonormal family (®4,...,®n,a7). By noticing that the spin-density matrix
of the Slater determinant Y[Zﬁ,,m] is the same as the one of [®ni1,...,PNinr] (the
phases cancel out), we obtain that R = R; + Rg, where R is the spin-density matrix represented
by L [®1,...,Pnsa]. The result follows.

O
We now prove that Cn ¢ J. ]%later. We start with the case N = 2.
Case N =2 ,
Let R =" Ul)ecg. We write \/ﬁz(g jl),Wlth 7’T,rle(H1(IR3))2 and s in H*(R?,C). Let
12 1 2 !
| Vo ISP sy
R' = (ng |s|2) and R':= (Erl |rl|2 . (13)



It is easy to check R = R' + R, that R"* are hermitian, of null determinant, and VR* ¢
Moyo (H'(R?,C)). However, it may hold that [p, trc2[R'] ¢ N*, so that R' is not in C3, for
some M e N*.

The case R' =0 or R* =0 are trivial. Let us suppose that, for ave {1, 1}, m® := [ps pgo #0. In
this case, the matrices R® = (m®)"'R" are 1n C?, hence are representable by a smgle orbital, due to
the first statement of Theorem 1. Let & = (¢} )T € Hl(]R3 C?) and &3 = (), ¢2)T e H'(R3,C?)
be normalized orbitals that represent respectlvely R and R'. Tt holds

3,87 =R = (m")'R" and $,8} = Rt = (m*) 'R

From the Lazarev-Lieb orthogonalization process (see Lemma 5), there exists a function u € C*°(R)
with bounded derivatives such that

(31]Be™) = fR (470} + 9iwt)e™ =0, (14)

Once this function is chosen, there exists a function v € C*(R) with bounded derivatives such
that

(B1|D1e™) = (D] Poe ) = (e [B 16V = (Do| Poe') = 0. (15)
We finally set

D, = (\/_<I)1+\/_<I>2e)

7
and

9= % (\/77?51 - m5gei“)eiv

From (14), we deduce | ®1]* = |®;]* = 1, so that both ®; and ®; are normalized. Also, from (15),
we get (®1]®3) = 0, hence {®1, P2} is orthonormal. As ®; and &5 are in H'(R?,C?), and u and
v have bounded derivatives, ®; and ®5 are in H'(R?,C?). Finally, it holds that

@1‘1)1 + @2@; =

1 ~ ~ ~ ~ ~ ~ .
=3 (m'®13] +m' @85 + 2/ mimiRe (B,35e7)

+ mT$1$I + m@2$; - 2vVm'miRe (515§e_i“))
= mT5151L + ml525§ =R.

We deduce that the Slater determinant .#[®;,®,] represents R, so that R € J3'**". Altogether,
Cy c J5'% and therefore Co = Ji312%eT,

Case N > 2.

We proceed by induction. Let R € Cny4+1 with N > 2, and suppose Cy = . We use again
the decomposition (13) and write R = R' + R*, where R"' are two null-determinant hermitian
matrices. For a € {1,1}, we note m® := [ps pgo. Since m' +m! = N +1 > 3, at least m' or m* is
greater than 1. Let us suppose without loss of generality that m! > 1. We then write R = R + Ry
with

1.
j]% ater

Rl = (mT)—lRT and R2 = ((1 _ (mT)fl)RT +mlRl).

It holds that Ry € CY = 75" and Ry € Cy = JN™" (by induction). Together with Lemma 4, we
deduce that R € 7, ]%lf‘fer The result follows.



4.2 Proof of Lemma 3

Let ® = (¢',¢") € H(R3,C?) having well-defined global phases in C'(R), and let (R,j) be the
associated spin-density matrix and paramagnetic current. It holds

pt o 0" ¢Tot
R = E | = l_T 2l
p Pl ¢
For a € {1,1}, we let 7 be the phase of ¢*, so that ¢* = \/p@e'”" . Setting 7 = 7" — 7}, we obtain
o =|olel™ =\/p'ptel”. The paramagnetic current is
j=p'vrt + ptvrt = pvrt 4 plvr = pvr! - ptyr

In particular, using (8),

Y I (5 s 1
J Hl((TlVU) _J-r VT = vrt (16)
p pp p
is curl-free, and so is
I (5
1, m@%0) g an)
p pp

4.3 Proof of Theorem 2

We break the proof in several steps.
Step 1: Any R e¢Cy can be written as R = R; + Ry + R3 with Ry ¢ CR,k, Ny, > 4.

Let R = (p; Zl) eCn, with N > 12. We write \/E = (;T jl)’ with rT,rl € (Hl(R3))2 and s in
H'(R3 C). We write R = R"+R* where R'/* were defined in (13). As in the proof of Theorem 1 for
the case N = 2, R'* are hermitian, of null determinant, and VR € Mayo (H'(R?,C)). However,
it may hold that [ trcz[R'] ¢ N*, so that R' is not in CY, for some M € N*. In order to handle
this difficulty, we will distribute the mass of R' and R' into three density-matrices.

More specifically, let us suppose without loss of generality that [ tre2[R'] > [ trez[RY]. We set

Ri=(1-&)R"+ &R
Ry=&(1-&)R (18)
R3=(1-&)R' + &R,

where &1, &>, &3 are suitable non-decreasing functions in C*°(R?), that depends only on (say) 71,

such that, for 1 <k <3, 0 <& < 1. We will choose them of the form & (r) = 0 for z1 < ay and
&k(r) =1 for all 21 > By > ag, and such that

(1-61)82=(1-8)8=(1-£61)83=0. (19)

Finally, these functions are tuned so that [ trcz(Ry) € N* and [ trez2(Rg) >4 for all 1 <k <3
(see Figure 1 for an example of such a triplet (£1,82,&3)). Although it is not difficult to convince
oneself that such functions & exist, we provide a full proof of this fact in the Appendix.

From (19), it holds that for all 1 < k<3, Ry, € CJOVK, and that Ry + Ro+ R3 = R' + R = R.
Step 2 : The pair (R1,j;) is representable by a Slater determinant.
In order to simplify the notation, we introduce the total densities of R! and R*:

fr=rtP +1s® and  f'e= |t o+ s

10



N

4 &(1F&s) A

\.
©  (-&) \\ ya:

Figure 1: Weights of the matrices R' (black) and R (gray) in (a) Ry = (1 -&)R" + &RY, (b)
Re = 62(1 —63)]%T and R3 = (1 —fg)RT + ngL.

Recall that p = f' + f*. We consider the previous decomposition R = R; + Ry + R3, and we
decompose j in a similar fashion. More specifically, we write j = j1 + jo + js with

f! f
=)Dy men) v (Lemeen).
/! _
jngl(l—ég)(?j—lm(sVs)), (20)
f 1
o= - Ly en) v (L-mevs)
Let us show that the pair (Ry,j1) is representable. Following [12], we introduce

1 z 1
o) =0 Lo 1+ yyaon

where 9§ is the one in (9), and m is a constant chosen such that £(c0) = 1. We then introduce

() = E(r + a),

2
m2(r) = mé(»’cl +B)(1-m(r)),
; (21)
ma(r) = s +7) (1= () =),
1
k() = 5 (L-m(r) —n2(r) —n3(x)) for 4<k<N,
where «, 3, are tuned so that, if p; := trc2 R; denotes the total density of R,
V1< k< Ng, '/]1%37’]17kp1:1. (22)

It can be checked (see [12]) that 715 > 0 and Y., 71, = 1. We seek orbitals of the form
1 s .
D1k =Mk (\/ (1-¢&) (;) +v& (rl)) ek 1<k <Ny,

11



and where the phases uj j will be chosen carefully later. From (19), we recall that (1 - & )& =0,
so that, by construction, ®; ; is normalized, and

Dy 1 ®7 =1kl

Let us suppose for now that the phases u; ;, are chosen so that the orbitals are orthogonal. This will
indeed be achieved thanks to the Lazarev-Lieb orthogonalization process (see Lemma 5). Then,
Uy :=S[Py,1,...,P1 ] indeed represents the spin-density matrix R;. The paramagnetic current
of W is (we recall that 7! and 7 are real-valued, and we write s = |s|e!” for simplicity)

Ny
Ju =Y ma(1=&) (|r'Pvur e +|sP V(-7 +uik)) +
1

Ny
+ > mbe (IsP V(T +urp) + r P Vus k)
k=1

Ny
(- +ef) (z m,kwl,k) (6= (1-&) 5P
k=1

Since |s|*V7 =Im (5Vs), this current is equal to the target current j; defined in (20) if and only if

J <&
p1= = p1 Z M VUL - (23)
p k=1

In [12], Lieb and Schrader provided an explicit solution of this system when N7 > 4. We do not
repeat the proof, but emphasize on the fact that because condition (9) is satisfied by hypothesis,
the phases u; can be chosen to be functions of 7 only, and to have bounded derivatives. In
particular, the functions ®; j are in H'(R? C?). Also, as their proof relies on the Lazarev-Lieb
orthogonalization process, it is possible to choose the phases u; ; so that the functions ®; ; are
orthogonal, and orthogonal to a finite-dimensional subspace of L?(R3,C?).

Altogether, we proved that the pair (Ry,j1) is representable by the Slater determinant .#[®1 1, ..., P1 n, |-

Step 3: Representability of (R»,j2) and (R3,js), and finally of (R,j).
In order to represent the pair (Rg,j2), we first construct the functions 7y 5 for 1 < k < Ny of the
form (21) so that (22) holds for ps := trcz R2. We then seek orbitals of the form

1 .
Qo 1 = /N2 k€1 (1 - €3) (;)emz”‘, for 1<k<N.

Reasoning as above, the Slater determinant of these orbitals represents the pair (Rs,j2) if and
only if
J2 G
pP2— =p2 Z N2,k VU2 k-
P k=1

Again, due to the fact that Ny > 4, this equation admits a solution. Moreover, it is possible to
choose the phases ug ;, so that the functions ®3 ;, are orthogonal to the previously constructed ®, ;.

We repeat again this argument for the pair (Rs,js). Once the new set of functions 7z is
constructed, we seek orbitals of the form

and construct the phases so that the functions ®3 j, are orthogonal to the functions ® ; and ®5 ;.

Altogether, the pair (R, j) is represented by the (finite energy) Slater determinant .#[®4 1,...,P1 N, P21, ...

which concludes the proof.

12
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5 Appendix

We explain in this section how to construct three functions &, &2, &3 € (C*(R))? like in Figure 1.
In order to simplify the notation, we introduce

flr) = [[RXRtrCz(Rl)(r, r9,13) dradrs,
9= [ e (B)(ry.2) dradrs,

where R', R* were defined in (13). We denote by

F(a) = [: f(x)dr and G(«a)= [: g(z)dz,

and finally F = F(o0) = [p f and G = G(o0) = [, ¢. Note that F' and G are continuous non-
decreasing functions going from 0 to F (respectively G), and that it holds F + G = N. Let us
suppose without loss of generality that F < G, so that 0 < F < N/2< G < N. If F =0, then
R' =0 and we can choose Ry = Ry = (4/N)R' € CJ and R3 = (N -8)/NR" € C%_g. Since N > 12,
it holds N -8 > 4, so that this is the desired decomposition. We now consider the case where F # 0.

In order to keep the notation simple, we will only study the case F < 8 (the case F > 8 is
similar by replacing the integer 4 by a greater integer M such that F < 2M < N —4 in the sequel).
We seek for a such that

(5 f(@)dz <4 and [ f(x)+ [ g(x) >4,
[Z f(x)de <4 and [ g(z)dz+ [ f(z)dx >4,

or equivalently
F(a)<4 and F(a)+G-G(a)>4,
F-F(a)<4 and F-F(a)+G(a)>4,

that is
F-4<F(a)<4, and F(a)+4-F<G(a)< F(a)+G-4. (24)

Let a(z_4y be such that F(az_4)) = F -4 (with a(z_4y = —oc0 if F < 4), and a4y be such

that F(a(sy) =4 (with a4y = +oo if 7 <4). As F is continuous non-decreasing, the first equation
of (24) is satisfied whenever a(z_4) < a < a(g).
The function [o(r_4), 4] 3 @ = m(a) = F(a) +4 - F goes continuously and non-decreasingly
from 0 to 8 — F, and the function [a(r_4),04] > @ = M(a) := F(a) + G -4 goes continuously
and non-decreasingly from N -8 to G between a(z_4y and 4. In particular, since G(a) goes
continuously and non-decreasingly from 0 to G, only three cases may happen:

e There exists ag € ((r_4y,(sy) such that m(ap) < G(ap) < M(ap). In this case, (24) holds
for a = ag. By continuity, there exists € > 0 such that

Fla+e) <4,

Fla)+G-G(a+e) >4,
Gla)+F-F(a+e)>4.

13



Let & € C*°(R) be a non-decreasing function such that &x(z) =0 for 2 < « and & (z) =1 for
x> a+e. Then, as 0 <& <1, it holds that:

/R(1—52)fSF(a+5)<4
and -
fR(l—'f2)f+L+€92F(a)+g—G(a+5)>4.

We deduce that there exists an non-decreasing function &3 € C*°(R) such that £5(z) = 0 for
r < o+ ¢, and such that

[a-e)freg-a
Note that (1 -&2)& =0. On the other hand, from
Jpbof <F-F(a)<4

fR§2f+f_aoogz.7:—F(a+5)+G(a)>4,

we deduce that there exists an non-decreasing function & € C*°(R) such that & (z) =1 for
x>,

[a-e)grer-a
and (1-¢§1)&2 = (1-§1)&3 = 0. Finally, we set
Ri=(1-&)R"+ &R
Ry=6(1-&)R'
Ry=(1-&)R' + &R

By construction, R = R'+RY=R;+Rs +R3, Ry € CE and R3 € CE. We deduce that R, € CJO\FS.
Together with the fact that NV > 12, this leads to the desire decomposition.

For all o € (a(£-4y, (a)), it holds G(a) < m(«). Note that this may only happen if m (c4)) >
0, or F <4, so that G > N -4 2>8. It holds G(a(z_4)) =0, so that g(r) is null for r < a(z_4y.
Let ag be such that a(r_4) < ap < aqq). As

fRf:]-‘>4 and f::f—F(ao)<4,

0

there exists a non-decreasing function & € C*°(R) satisfying &1(z) = 1 for z > ap and such

that
[ar-1
R
Now, since G(av4)) < m(cq)) =8~ F, it holds that

{ Je(1-£&1)f < F(awy) =4

Jr =€) f+ [ 92> F(aza) + G- Glaw) > 4.

There exists a non-decreasing function £ € C*°(R) satisfying &2(z) = 0 for = < a9 and such
that

[a-)r+gg-a.
Note that (1 -¢§1)82 = 0. Finally, we set

Ri=&4 R

Ry = (1-&)R'

Ry =&R'+ (1-&)R'.

By construction, it holds that R = Ry + Ry + R3, and that R; € CJ and R3 € CY. We deduce
Rs € C%_g, and the result follows.
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e For all a € (o(x_4),(a)), it holds G(a) > M (cr). This case is similar than the previous one.
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